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Abstract

In order to mix highly viscous fluids with minimal energetic input, a new active in-

line mixer has been developed in our previous study (El Omari et al., Phys. Rev.

Fluids, 2021 [18]). Based on the principle of mixing by chaotic advection, we present

in this paper an experimental characterisation of chaotic mixing of Newtonian fluid

flows, at low Reynolds number. First, the flow is characterized using velocity field

measurements. Distinct flow topologies are detected in the flow. The trajectories of

the fluid particles are computed and show the generation of complex structures in the

flow. Residence time distributions reveal that the fluid particles spend more time in

the mixer under favorable controlling conditions. Finite size Lyapunov exponents are

calculated and indicate that the flow is more chaotic for these conditions. Next, the

mixing patterns are visualized and showed that the mixing is more homogeneous under

the same favorable conditions for which the fluid particles are sufficiently subjected to

the stretching and folding mechanism.
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Nomenclature
T Period of rotation of the cylinders s

x,y Cartesian coordinates m
t Time s
H Height of the channel m
W Width of the channel m
L Length of the channel m
R Radius of the cylinders m
U Inlet velocity of the flow m/s
l Divergence of the fluid particles m
l0 Initial divergence m
lm Maximum divergence m
C⇤ Dimensionless concentration field
I Grey level
Imax Maximum grey level
Imin Minimum grey level
Abbrevations
RAW Rotating arc-wall
PIV Particle image velocimetry
LIF Laser-induced fluorescence
FSLE Finite size Lyapunov exponent
Re Reynolds number
St Strouhal number

k
Ratio of the transverse flow velocity

to the axial flow velocity
Supscript
¯ Mean value
Greek letters
W Angular speed of the cylinders rad/s

W0
Amplitude of the angular speed of the

cylinders
rad/s

m Dynamic viscosity Pa.s
r Density kg/m3

s Standard deviation
l Lyapunov exponent
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1. Introduction

Many industries require efficient mixing of highly viscous fluids, such as food,

cosmetics, pharmaceutical, oil industries, etc. The global purpose of mixing is to en-

sure the homogeneity of the final product resulting from two or more fluids initially5

separated.

A natural mechanism of mixing is molecular diffusion. Molecular diffusion is a

random process by which molecules of one species undergo a random motion among

molecules of a second species. The kinetics of this phenomenon is quantified by the

diffusion coefficient D. The characteristic time required to mix by simple molecular10

diffusion is tD µ d2

D , where d is the characteristic length over which the diffusion is

active. In the case of viscous fluids, this mechanism is inefficient. This is simply

because the molecular diffusion coefficient D, which is inversely proportional to the

viscosity, is very small, and the diffusion time becomes too long for practical purposes.

Therefore, additional physical mechanisms are required to increase the contact sur-15

face between the fluid elements in order to achieve efficient mixing within realistic time

scales. The technique often used is to generate inertial turbulence [16, 15]. However,

the generation of turbulence in viscous fluid flow requires high energy consumption

[41, 27], in terms of stirring power for mixing in batch tanks or pumping power for

continuous flows. This represents a major drawback for most industries. On the other20

hand, in some processes, the fluids used are often complex fluids with long molecular

chains, which can be unintentionally broken by excessive shear stresses in turbulent

flows. Therefore, mixing of pasty materials with minimal energetic input and within

realistic time scales is a real challenge.

Chaotic advection is considered the most efficient mechanism for mixing viscous25

fluids [36, 34, 4]. It is used in many applications in order to intensify mass [43, 12, 48]

and/or heat transfer [1, 32, 13, 17]. It consists in generating complex trajectories while

being in laminar regime. It is based on stretching and folding of the fluid elements

which allow to increase the contact surface between the different species promoting the

mixing. In order to generate a chaotic advection regime, the number of degree of free-30

dom of the system should be larger than 2 [38, 9, 33]. Chaotic advection regime can be
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generated in two-dimensional time-dependent flows [3, 27, 40] or in three-dimensional

stationary [26, 25] or non-stationary [47, 46] flows.

Chaotic advection mixers can be categorized into passive and active mixers. Pas-

sive mixing can be achieved by using channels with specific shapes such as curved35

channels [25, 37, 32, 29] or by inserting obstacles in the flow that induce its perturba-

tion [7, 19, 30, 23]. Active mixers use an external energy source to promote mixing.

These external energy sources can be moving agitators [3], pressure disturbances [28],

acoustic vibrations [20], etc. An obvious advantage of passive mixers is that they re-

quire no external energy, but on the other hand, they offer less control over the mixing40

level.

Mixers can also be classified into continuous or batch mixers. Continuous mix-

ers offer many advantages over batch mixers, as continuous operations provide high

production rates and reduce the operating time by eliminating filling, discharging and

cleaning operations between two successive cycles. Continuous mixers currently used45

in industries are not yet fully optimized, mainly because mixing is performed along

the entire length of the channel using moving objects (e.g. screw extruders). When

the mixing length becomes longer than necessary, several drawbacks appear: product

degradation due to excessive mixing and increase in the price of the final product to

compensate for the additional energy consumption.50

Given the above mentioned reasons, we proposed in previous study [18, 49] a new

continuous active mixer with three rotating cylinders located on the walls. A theoret-

ical study was carried out based on two simple phenomenological arguments, one for

folding the fluid elements and the other for mixing by molecular diffusion. This study

allowed to estimate the mixing efficiency with two non-dimensional controlling param-55

eters: the Strouhal number based on the axial flow velocity and the period of rotation

of the cylinders, and the ratio of the transverse flow velocity to the axial flow velocity.

A numerical study was also performed for several Strouhal number and velocity ratio.

The mixing efficiency was quantified and the results were in good agreement with the

results obtained from the heuristic conditions. The numerical results also revealed the60

presence of an optimal Strouhal number for which the mixing is the most efficient.

Moreover, the numerical simulations showed that, in the cases of good mixing effi-
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ciency, chaotic advection is detected in the flow.

The present paper provides a systematic characterization of the chaotic flow and

the mixing based on the flow fields and the mixing patterns. This study proposes ex-65

perimental methods to quantify the chaotic advection mixing.

After validating that the active inline mixer is promising for producing chaotic mix-

ing, the present paper provides an experimental characterization of the chaotic mixing,

based on the flow fields and the mixing patterns, using several approaches. The paper

is organized as follows. The experimental setup is described in Sec. 2.1. The working70

fluid and the controlling parameters are presented in Sec. 2.2. The experimental meth-

ods are detailed in Sec. 2.3. The flow and the mixing are characterized in Sec. 3. The

paper closes with a summary of the main conclusions and several perspectives, Sec. 4.

2. Experiments

2.1. Experimental setup75

The Rotating Arc-Wall mixer (RAW mixer) is shown in Fig. 1. It is composed of

a main channel made of transparent polymethylmethacrylate (PMMA) walls allowing

the visualization of the flow; see Fig. 1(b).

The channel has a main length of L = 8 cm and a rectangular cross-section with

a width W = 2 cm and a height H = 4 cm. The active mixing zone consists of three80

PMMA cylinders with equal radii R = 1 cm. The cylinders are positioned vertically

over the entire height of the channel. Their axis of rotation are perpendicular to the

horizontal plane of the mixer. The distance between the center of the first cylinder and

the inlet of the mixing zone is equal to 2 cm. The distance between the centers of the

cylinders located on the same wall is equal to 3 cm. The third cylinder is located on85

the opposite wall, in the middle of the two opposite cylinders. The protrusion distance

of the cylinders in the channel is equal toD = W
6 = 0.33 cm.

The mixer has two inlets with a diameter of 0.5 cm each, and one outlet with a

diameter of 1 cm. Both inputs are positioned at the mid-height of the channel. They

feed a nozzle having a length of 2 cm and an angle of convergence of 45�. A removable90

separation is added between the two fluids to prevent mixing upstream of the inlet
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(a)

(b)

Figure 1: (a) Sketch of the two-dimensional Rotating Arc-Wall (RAW) mixer, (b) Photo of the RAW mixer.

section of the mixing zone. It is located at half width of the channel; see Fig. 1(b). The

outlet is positioned on the top wall to facilitate the total filling of the channel with the

fluid.

For laminar flows, the development length LD of the flow is given by LD
Dh ⇡ 0.06 Re95

where Dh = 4A
P is the hydraulic diameter of the cross-section, and A and P are re-

spectively the area and perimeter of the cross-section. Thus, in order to obtain a fully

developed flow at the inlet section of the mixing zone in the studied range of param-

eters, a section of length 1 cm is added after the nozzle. At the exit of the mixing

zone, a section of 2 cm length is added so that the measurements made at the exit of100

the mixing zone are not affected by back flows. The mixer is machined with a 4-axis

milling machine and the cylinders are made using a CNC lathe. The cylinders and the

6



channel walls are carefully polished to improve their optical transparency and to allow

the visualization of the flow.

The fluid supply system consists of two syringe pumps manufactured in-house. To105

ensure continuous flow for sufficient time, we have designed syringes of 6 cm radius

and 40 cm length. Each syringe can contain 4L of fluid. This volume is sufficient for

at least one experimental test in the range of parameters we used. High pressures are

required to drive viscous fluids at constant flow rate. To achieve this, the flow rate is

generated by connecting each piston to a very resistant and high-precision linear actu-110

ator (Thomson Linear Motion, Model PC32LX999B04-0400FM1). Given the forces

required to move the pistons, a rigid fixation of the entire supply system is necessary.

In addition, to ensure a linear and continuous translational movement of the pistons,

the assembly required very precise alignment.

Figure 2: Photo of the syringe pumps.

The rotational protocol of the cylinders is the following: the three cylinders oscil-115

late with the same amplitudeW0. The cylinders located on the same wall oscillate in the

same direction according to the sine function W = W0 sin
⇣

2p
T t

⌘
and the third cylinder

oscillates in the opposite direction W = –W0 sin
⇣

2p
T t

⌘
. Here, t is the time and T is the

period of rotation of the cylinders. A detailed explanation of the choice of the rotational

protocol of the cylinders is given in Ref. [18]. We have shown that the modulation of120

the angular velocities of the cylinders with a sine function and with opposite directions

of rotation generate two flow topologies that alternate smoothly between each other.
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Each of the topologies is formed by three elliptical regions. We have also observed

the formation of a hyperbolic point beneficial to the mixing. In order to make this

hyperbolic point in the middle of the mixing zone we have chosen equal rotational fre-125

quencies and velocity amplitudes for the three cylinders. The cylinders are controlled

independently by three stepping motors (from National Instruments, Model ST24-E).

2.2. Working fluid and controlling parameters

The Emkarox HV45 (from Croda, France) is the Newtonian fluid used in this study.

It is a mixture of polypropylene glycol and polyethylene glycol [2, 8]. It is supplied as130

a transparent, highly viscous fluid, miscible in water. In an undiluted state, its dynamic

viscosity is equal to 100 Pa.s at 20oC. This viscosity is measured using a controlled

stress rotational rheometer (Mars III, Thermofischer Scientific). The preparation con-

sists in diluting the right amount of Emkarox in water to reduce its viscosity. The

chosen Emkarox solution has a mass concentration of 50% and its dynamic viscosity135

m equal to 1.7 Pa.s. The density of the fluid is r = 1090.5 kg/m3, according to the data

sheet provided by the supplier. In this study, all experiments were performed with the

same inlet velocity U. The corresponding Reynolds number at the inlet of the mixer is

equal to Re = rUW
m = 0.1. The influence of the Reynolds number on the mixing, was

studied numerically in Ref. [49]. This study showed that, as long as the inertial effects140

are negligeable, for Reynolds number below 1, the mixing does not dependent on the

Reynolds number.

The previous study, presented in Ref. [18], helped to validate this new mixing

concept. It has shown that the non-dimensional numbers that control the flow are: the

Strouhal number St = W
TU which represents the ratio of a characteristic time of the flow145

to the rotational period of the cylinders T, and the velocity ratio k = RW0
U of the largest

angular speed of the cylinders to the axial velocity of the flow.

2.3. Experimental methods

To characterize the flow, two measurement techniques are used: particle image

velocimetry (PIV) technique for the velocity field measurements and laser-induced flu-150

orescence (LIF) technique for the visualization of the mixing patterns.
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2.3.1. Optical system and data acquisition

For both measurement techniques, the same optical system is used. The flow is

illuminated by the laser light emitted by a solid state laser (RayPower laser from Dantec

Dynamics) with a power P = 5W and a wave length of 514 nm. The primary cylindrical155

laser beam is split by a beam splitter and each of the two beams is passed through a

block of cylindrical optics that converts them in two laser sheets that illuminate the

channel at its mid hight and are oriented as schematically illustrated in Fig. 3. The

rationale behind using two distinct laser sheets instead of a single one was to minimize

the formation of shadowed flow regions which form behind the stirring cylinders. We160

note that this method only allowed us to increase the light intensity in this zones but

did not completely remove the shadows. The flow is visualized from the top by a

digital camera (Basler ace USB 3.0 Camera, model acA1920-155um) with a resolution

of 1920 pixels⇥1200 pixels equipped with a 35 mm lens (from Edmund Optics). The

spatial resolution of the images is 41.67 mm/pixel. The camera is triggered by a real-165

time controller (cRIO 9045 from National Instruments). The synchronization is made

at the beginning of the rotational movement of the cylinders. Once the cylinders start

to rotate, the acquisition of images is triggered. By knowing at which time instant an

image is taken, we can determine to which moment of the period it corresponds.

2.3.2. Particle image velocimetry (PIV)170

The fluid is seeded with hollow glass spheres with a diameter of 10 mm (from

Dantec Dynamics). In this study, a constant inlet velocity is used for all measurements

and a single time step dt = 25 ms between two successive images is considered. It

is chosen so that the average displacement of the fluid particles is between 25% and

100% of the size of the smallest interrogation window (16 pixels). Once the images175

are acquired, they are successively passed through a PIV algorithm (Matlab code) that

has been previously developed in-house [50, 44, 39]. The algorithm applies the 2D

multigrid cross-correlation method using a sequence of squared interrogation windows

with sizes [128, 64, 32, 16] and an overlap of 50%. The instrumental error does not

exceed 4 % all over the mixer.180
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Figure 3: Schematic view of the experimental apparatus: FC- flow channel, S1, S2- syringe pumps, O-

fluid outlet, C1, C2, C3- cylinders, M1, M2, M3- motors, L- solid state laser, CO- cylindrical optics block,

LS1, LS2- laser sheets, CCD– digital camera, PC– personal computer. The CCD and the motors are con-

nected to the PC.

2.3.3. Laser-induced fluorescence (LIF)

The dye used for the mixing experiments is the molecular fluorescein. The mix-

ing experiments are performed by uniformly injecting two solutions: a solution with

molecular fluorescein and a solution without fluorescein; see Fig. 4. The region illu-

minated by the laser sheet and containing fluorescein appears bright while the other185

region without dye is dark. At the beginning of each mixing experiment, each fluid

occupies half of the channel. A modification of the interface is observed in the mixing

region due to the presence of the static cylinders. The concentration of fluorescein in

the dyed solution is equal to C = 0.022 g/L for which the relationship with the light

intensity is linear. The exposure time is equal to 6000 ms in order to use the 4096 grey190

level providing by the 12-bit camera while avoiding saturated areas. For more details,

please refer to Ref. [49].

2.3.4. Data analysis

Here, we present the methods we used to calculate the various parameters needed

to characterize the chaotic advection regime and the mixing.195

In order to identify the stretching and folding process and to highlight the sensitivity
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Figure 4: Initial distribution of fluids in the mixer while the cylinders are at rest. The yellow line indicates

where the standard deviation s(C⇤) of the concentration is evaluated.

of a chaotic system to the initial conditions, the fluid particles can be followed along

their trajectories [11, 24, 52, 51]. From the velocity field measurements obtained by the

PIV technique, the trajectories of 1000 "virtual" particles uniformly distributed along

inlet section of the channel are computed. They are positioned along the inlet section200

using Matlab. At each time step, the velocity field are interpolated within a 1000⇥1920

grid using the "griddata" function of Matlab.

At t = 0, all particles are positioned along the inlet section and the cylinders are

stationary. Once the cylinders start rotating, the particles move using the corresponding

velocity fields v(t). Each particle has an index. At each time step, the new position of205

each particle is calculated according to the expression:

x(t + dt) = x(t) + v(t)dt. (1)

The new positions are then interpolated within the same 1000 ⇥ 1920 grid and the

following interpolated velocity field is loaded. This procedure is repeated until all

particles exit the channel. By knowing the index of each particle and the position of

the indexed particle at each time step, we can plot the trajectory of any desired particle.210

In continuous flows, the fluid particles spend a limited time in the mixing zone

before leaving the mixer. A study of the residence time distribution of the particles

provides a lot of information on the flow behavior [43, 22, 10] and consequently allows

to predict the mixing quality. The residence time ts of a fluid particle inside the mixer

is defined as the time it takes to pass through the mixing zone, from the inlet to the215

outlet. Knowing the position of each particle at each time step as well as the time spent

between two consecutive time steps, we calculated the time each particle takes to pass

through the mixer. Then, the residence time distribution of the 1000 particles initially
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distributed along the inlet section is evaluated.

Chaotic flows are characterized by an exponential divergence of the trajectories220

[35, 14, 31, 23]. The divergence of the trajectories of two successive particles, initially

located next to each other, is calculated. The initial distance l0 between two succes-

sive particles is equal to l0 = W
1000 = 2.10–5 m. The distance between two particles at

an instant t, l(t), is considered as the Euclidean distance between these two divergent

particles. The averaged divergence l(t) is computed using the 1000 divergence curves225

l(t) obtained; see Sec. 3.1.4.

We have noticed that the divergence of the trajectories is influenced by the presence

of the walls. The separation of the particles is exponential during only a finite time

which corresponds to a maximum limit of separation. For this purpose, finite size

Lyapunov exponents lFSLE, suitable for transport analysis in confined geometries [5,230

6], are calculated according to:

lFSLE =
1
t

ln
✓

l(t)
l0

◆
. (2)

lFSLE is calculated for each pair of particles initially located next to each other, using

their divergence curve l(t), for l(t)
l0 = 100. This is the maximum limit of separation;

see Fig. 13. t is the time when l(t)
l0 = 100. Then, the averaged value lFSLE (over the

1000 values of lFSLE) and the standard deviation s(lFSLE) of the finite size Lyapunov235

exponents are computed.

A classical quantitative parameter to evaluate the homogeneity of a mixture is the

standard deviation of the concentration field. It allows to follow the uniformisation of

the scalar field in time and/or space [32, 42, 45]. In this study, to quantify the mixing,

we calculated the standard deviation of the dimensionless concentration field C⇤ on a240

line located at the exit of the mixing zone (the yellow line in Fig. 4), according to:

s(C⇤) =

vuut 1
N

N

Â
i=1

(C⇤
i – C⇤)2. (3)

The dimensionless concentration is calculated as C⇤ = I–Imin
Imax–Imin

. I is is the grey level,

Imax and Imin correspond respectively to the maximum and minimum grey level at the

beginning of each experimental test. C⇤ is the averaged concentration on the exit line
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(the yellow line in Fig. 4). N is the number of data points provided on the exit line.245

Ideally, the standard deviation of the concentration decreases from 0.5 when the two

fluids are separated to 0 when the two fluids are perfectly mixed.

3. Results

3.1. Characterisation of the chaotic advection regime

In the present study, two parametric studies are performed. The first one consists250

in studying the influence of the Strouhal number St on the generation of the chaotic

advection regime. To this end, we proceed by varying the period of rotation of the

cylinders, given that the speed at the inlet of the mixer does not change. In the second

study, we study the influence of the velocity ratio k on the degree of chaos by varying

the amplitude of the rotational speed of the cylinders.255

3.1.1. Flow topologies

We present in Fig. 5 the velocity fields at different times of the period of rotation of

the cylinders, for St = 0.4 and k = 10. The flow topologies are repeated in an identical

way at each period since the rotational motions of the cylinders are periodic.

At t = T, T + T
2 and 2T (see Figs. 5(a), 5(c) and 5(e)), the rotational speed of the260

cylinders goes through zero and the flow velocity is minimal. The velocity vectors

are parallel to the channel walls. The velocity is larger at the center of the channel

and decreases as it approaches the walls. The velocity field is influenced by the pres-

ence of cylinders. The velocity of the flow is larger in the mixing zone where the

cross-sectional area becomes narrower because of the protrusion of the cylinders in the265

channel.

The flow topologies that correspond to the first and second half of the period are

similar to those observed in Figs. 5(b) and 5(d) respectively. The velocities are larger or

smaller depending on the rotational speed of the cylinders, which reaches its maximum

at t = T
4 and t = 3T

4 .270

During the first half of the period, the cylinders positioned on the same wall rotate

counter-clockwise while the opposite cylinder rotates in the opposite direction; see Fig.
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5(b). Three vortex structures, located next to the cylinders, are formed. These zones

act as a barrier to mass transport and reduce the flow cross-section. We observe that

the flow is accelerated in the area between these three recirculation regions.275

At the end of the first phase, the elliptical regions, present during the first half of

the period, disappear. During the second half of the period, the cylinders change their

directions of rotation; see Fig. 5(d). Three new recirculation zones are generated. They

are separated from the cylinders and cover almost the entire width of the channel except

small areas near the cylinders that allow the flow to pass around the elliptical regions.280

Back flows are also observed in Fig. 5(d), indicating that the fluid elements are folded

during the second half of the period.

The flow topologies, observed in Fig. 5, are schematically illustrated in Fig. 6.

Different features of chaotic flow are observed. Parabolic points represented by blue

dots appear at the walls. They are due to the non-slip conditions [21]. The flow goes285

from the unstable parabolic points to the stable parabolic points following the sepa-

ratrices represented by the blue lines in Fig. 6. During the first half of the period,

T < t < T+T/2, three elliptical zones appear next to the cylinders within the limit of the

separatrices. A part of the fluid particles travel between these zones and are directly

advected to the outlet of the mixing zone without being recirculated. At the end of the290

first half of the period, the three vortices disappear and three new vortices detached

from the cylinders appear during the second half of the period, T + T/2 < t < 2T. A hy-

perbolic point is observed and represented by a green square in Fig. 6(b). The central

flow follows the unstable direction (represented by the black arrows coming out from

the hyperbolic point), passes behind the elliptical zone, then follows the stable direc-295

tion of the hyperbolic point (represented by the black arrows going to the hyperbolic

point) and exits the channel. These two topologies alternate between each other since

the motion of the cylinders is periodic. During the switch from the topology 6(a) to the

topology 6(b) the separation lines and the elliptical zones, which form barriers to the

mass transport, are destroyed, the flow streamlines intersect and mixing occurs. These300

two flow topologies are completely consistent with the one observed in the numerical

study presented in Ref. [18].

By varying St for a fixed k, the flow topologies are similar to those observed in Fig.
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(a) (b)

(c) (d)

(e)

Figure 5: Velocity fields measured by the PIV technique at different times of the period of rotation of the

cylinders, (a) t = T, (b) t = T + T
4 , (c) t = T + T

2 , (d) t = T + 3T
4 (e) t = 2T, of a Newtonian fluid flow for St = 0.4

and k = 10. The velocity scale is the same for each figure and evolve from low velocity (dark blue color) to

high velocity (yellow color).

6. Since the flow velocity at the inlet is constant, only the duration of each phase differs

between two cases realized with two different St. For example, we can observe in Fig.305

7 that the velocity fields measured for St = 0.1 and k = 10 are identical to those observed

in Fig. 5 for St = 0.4 and k = 10. However, for St = 0.1, the flow evolves slowly from

the first to the second topology, because the rotational period of the cylinders (T = 20 s)

is longer than the one corresponding to the flow realized with St = 0.4 (T = 5 s).

By varying k for a fixed St, the flow topologies observed during the first and second310

half of the period are identical to those observed in Fig. 6. However, the velocities are
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(a) nT < t < nT + T/2

(b) nT + T/2 < t < (n + 1)T

Figure 6: Topologies of the fluid flow that correspond to the (a) first and (b) second half of the cylinder

rotational period. The different symbols correspond to the parabolic points (•), elliptical points (•) and

hyperbolic point (⌅).

(a) (b)

Figure 7: Velocity fields of a Newtonian fluid flow for St = 0.1 and k = 10 at (a) t = T + T
4 , (b) t = T + 3T

4 .

more or less important depending on the value of k. For example, we can observe in

Fig. 8 that the velocities, for St = 0.4 and k = 15, are larger than those observed in Fig.

5 for k = 10 and for the same value of St, especially in the mixing zone which is the

most influenced by the rotational movement of the cylinders.315

From the velocity field measurements presented in this section, we can conclude
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(a) (b)

Figure 8: Velocity fields of a Newtonian fluid flow for St = 0.4 and k = 15 at (a) t = T + T
4 , (b) t = T + 3T

4 .

that for any given Strouhal number St and velocity ratio k, the flow patterns remain

the same: the fluid elements are strongly recirculated in the elliptical regions near the

cylinders during the first half of the period and they are folded during the second half

of the period.320

3.1.2. Influence of the Strouhal number on the chaotic flow

To study the influence of the Strouhal number St on the generation of complex

flows, experiments with Emkarox flows are conducted at fixed Re = 0.1, k = 10 and we

varied the value of the Strouhal number St between 0.1 and 2, which corresponds to a

rotational period of the cylinders between 20 s and 1 s respectively. The advection time325

ta = L
U corresponding to this flow is equal to 5.5 s. The trajectories of 1000 particles

initially distributed along the inlet section of the mixing zone are computed for the

several cases using the method described in Sec. 2.3.4. For visibility reasons, we

present in Fig. 9 the trajectories of 30 particles with 10 particles located close to the

wall (blue trajectories), 10 particles in the middle of the channel (black trajectories) and330

10 particles close to the other wall (red trajectories). The residence time distributions

corresponding to the different cases and calculated according to the method described

in Sec. 2.3.4, are presented in Fig. 10.

For St = 0.1, the fluid particles have not been trapped by the recirculations, formed

next to the cylinders, during the first half of the period. They are accelerated for a335

sufficiently long time equal to half period of rotation of the cylinders ( T
2 = 10 s). This

time is longer than the characteristic advection time of this flow. Most of the particles
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leave the channel during the first half of the period and a first peak is observed on the

residence time distribution for St = 0.1 and k = 10; see Fig. 10. We can observe in

Fig. 9(a) that the red particles next to the wall and the black particles in the middle340

exit the channel without being subjected to the stretching and folding process caused

by the motion of the cylinders and thus may contribute to a bad mixing detected at

the channel exit. The remaining particles are trapped by the recirculations induced

by the bottom right side cylinder during the second half of the period. The residence

time distribution shows that no particles exit the channel between t = 10 s and t =345

20 s. The blue trajectories show recirculations. We deduce then that the fluid elements

are subjected to the stretching and folding process during this time ( T
2 = 10 s) and

that the mixing is better during the second half of the period. The cylinders change

their direction of rotation again, and the particles are accelerated again and leave the

channel during the second period and a second peak is observed on the residence time350

distribution. The two observed peaks are almost equidistant from the average residence

time represented in Fig. 10 by the blue dotted line.

For St = 2, the rotational period of the cylinders, T = 1 s, is very short compared

to the advection time. The displacement of the cylinders during a half period (W0
T
2 )

is very small. Therefore, the flow is not sufficiently influenced by the motion of the355

cylinders. The transverse displacement of the flow is very small, the fluid elements

are not folded and chaotic trajectories are not generated; see Fig. 9(h). Moreover, the

residence time distribution observed in Fig. 10 for St = 2 and k = 10 is similar to that

of a Poiseuille flow, which confirms that the flow is not chaotic and that mixing is not

efficient for this set of parameters.360

For intermediate values of the Strouhal number, 0.2 < St < 1, we can observe the

generation of more complex trajectories. If we consider, for example, St = 0.4 (T = 5 s),

the fluid elements are accelerated during 0 < t < T
2 and then folded and trapped by

the recirculation zones during the period T
2 < t < T. During the first period, the fluid

particles remain in the channel (no particles leave the channel for t < 5 s; see Fig. 10)365

because the acceleration time is not enough to allow the particles to exit as for St = 0.1.

During the first half of the second period, T < t < T + T
2 , the flow is accelerated again.

The particles that have already crossed further leave the channel and a first peak around
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t = 7.5 s is observed in the residence time distribution; see Fig. 10. For T + T
2 < t < 2T,

the remaining particles are trapped by the recirculation zones. For 2T < t < T + 2T + T
2 ,370

the flow is again accelerated and a second peak around t = 12.5 s is observed in the

residence time distribution. The remaining particles are recirculated for 2T+ T
2 < t < 3T

and most of the particles leave the channel during the first half of the third period which

generates a third peak around t = 17.5 s.

We can observe that for intermediate St, the residence time distribution is more375

homogeneous. The residence times are centered around the average value (the blue

dotted line). The tail of distribution is shorter. This means that most of the particles left

the mixer at instants close to the average time, so the particles are relatively subjected

in the same way to the stretching and folding mechanism. The cylinders change the

direction of rotation several times when particles are present in the mixing zone. The380

fluid elements are stretched and folded several times before leaving the mixer. We can

also notice that for the intermediate St, the first peak appears later. This indicates that

the particles remain in the mixer for longer time, which can induce better mixing.

We can conclude that, to ensure good mixing, the fluid particles must spend more

time in the mixing zone and the cylinders must change the direction of rotation sev-385

eral times so that the fluid elements are sufficiently stretched and folded. This is done

by using intermediate values of the Strouhal number. For small values of the Strouhal

number, the flow approaches the stationary case, because the rotational period becomes

very long. The flow crosses the mixing zone before the cylinders change direction of

rotation. For large values of the Strouhal number, the displacement of the cylinders dur-390

ing a half period is small as well as the transverse displacement of the flow. Therefore,

it is preferable to use intermediate St to ensure good mixing.

3.1.3. Influence of the velocity ratio k on the chaotic flow

To study the influence of the velocity ratio k on the generation of complex flows,

experiments with Emkarox flows are conducted at fixed Re = 0.1, St = 0.4 (an interme-395

diate Strouhal number exhibiting chaotic trajectories) and we varied the velocity ratio

k.

Fig. 11 shows the trajectories obtained for three different values of k, k = 5, k = 10
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(a) St = 0.1, k = 10 (b) St = 0.2, k = 10

(c) St = 0.3, k = 10 (d) St = 0.4, k = 10

(e) St = 0.6, k = 10 (f) St = 0.8, k = 10

(g) St = 1, k = 10 (h) St = 2, k = 10

Figure 9: Trajectories of 30 particles of a Newtonian fluid flow for k = 10 and different values of St.

and k = 15. For k = 5, the cylinders make fewer turns as the fluid passes through the

mixing zone. For this case as well, as for large St, the displacement of the cylinders400

during half period (W0
T
2 ) is very small. The trajectories observed in Fig. 11(a) do not

show recirculation, the trajectories remain rather parallel to each other especially the

blue trajectories positioned next to the wall and the black trajectories positioned in the

middle. We can conclude that, for k = 5, the fluid elements are not subjected to the

stretching and folding process which results in poor mixing.405

The trajectories and the residence time distribution observed for k = 15 are rela-

tively similar to those observed for k = 10 (see Figs. 11 and 12). The maximum time

required for the fluid particles to exit the channel is larger for k = 15; see Fig. 12. For

higher values of k, the cylinders make more cycles. The fluid particles make more turns

in the recirculation zones, the black trajectories in Fig. 11(c) reveal more recirculations.410

Thus, better mixing can be expected for larger velocity ratio k.
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Figure 10: Residence time distribution of 1000 particles of a Newtonian fluid flow for k = 10 and different

values of St. The blue dotted vertical line represents the average residence time calculated for 1000 particles.

The vertical coordinate is the number of particles exiting the mixer at different time instants.

3.1.4. Quantification of the chaotic advection regime

In order to quantify the chaotic advection regime, we calculated the divergence of

the trajectories for each pair of particles located next to each other. Fig. 13 shows the

temporal evolution of the averaged divergence of the trajectories, computed according415

to the method described in Sec. 2.3.4, for some cases previously discussed. For the
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(a) St = 0.4, k = 5 (b) St = 0.4, k = 10

(c) St = 0.4, k = 15

Figure 11: Trajectories of 30 particles of a Newtonian fluid flow for St = 0.4 and different values of k.

Figure 12: Residence time distribution of 1000 particles of a Newtonian fluid flow for St = 0.4 and different

k. The blue dotted vertical line represents the average residence time calculated for 1000 particles. The

vertical coordinate is the number of particles exiting the mixer at different time instants.

different sets of parameters (St, k), we can see that the divergence of the trajectories

is exponential over a finite time after which the separation of the particles reaches a

maximum value due to the presence of the walls. Fig. 13 shows that the maximum

separation l(t)
l0 is approximately equal to 100. The static curve, shown in Fig. 13, which420

corresponds to the case where the cylinders do not rotate, never reaches this separation

limit.

Since the divergence of the trajectories reaches a maximum limit during a finite
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Figure 13: Time evolution of the averaged divergence of trajectories of a Newtonian fluid flow for different

values of (St, k).

time, we used the finite size Lyapunov exponents lFSLE as a parameter to quantify

the degree of chaos. It is defined as the inverse of the time needed for the trajectories425

divergence to reach a certain value. The averages lFSLE and the standard deviations

s(lFSLE) of the finite size Lyapunov exponents, computed according to the method

described in Sec. 2.3.4, are given in the table 1. The trajectories, for fixed St (St = 0.4),

diverge faster when k is larger; see Fig. 13. The average Lyapunov exponent lFSLE,

observed in table 1, is larger for k = 15. This indicates that the flow is more chaotic430

for larger velocity ratio k. The standard deviation s(lFSLE) is also larger for k = 15

indicating that the trajectories diverge differently and the particles do not follow the

same path.

The trajectories, in the cases with k fixed and equal to 10, and different St, diverge

faster for St = 0.4 while the divergence is slower for St = 0.1 and St = 2. Larger lFSLE435

and s(lFSLE) are observed for St = 0.4. This confirms that the flow is more chaotic for

an intermediate Strouhal number.

We can also observe in Fig. 13 that the divergence curve for St = 2 and k = 10

overlaps with the one obtained for St = 0.4 and k = 5. For St = 2, the period of rotation

is too short, and for k = 5 the amplitude of rotation speed of the cylinders W0 is too low.440
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In both cases, the displacement of the cylinders during a half period (W0
T
2 ) is small and

the flow is not sufficiently influenced by the perturbation generated by the cylinders;

see Figs. 9(h) and 11(a).

lFSLE s(lFSLE)
St = 0.4 k = 5 0.4894 0.2310
St = 0.4 k = 10 0.7018 0.2736
St = 0.4 k = 15 1,0126 0.4818
St = 0.1 k = 10 0.5440 0.2458
St = 2 k = 10 0.5491 0.2294

Table 1: Averaged values (calculated for 1000 pairs of particles) and standard deviations of the finite-size

Lyapunov exponents for different sets of parameters (St, k).

These observations confirm that the flow is more chaotic for larger velocity ratio k

and for an intermediate Strouhal number St in the range of parameters studied.445

3.2. Characterisation of the mixing

After studying the influence of the Strouhal number St and the velocity ratio k on

the chaotic advection regime, we study in this section the influence of these parameters

on the mixing.

3.2.1. Influence of the Strouhal number on the scalar patterns450

We first present the study performed with Emkarox flows at Re = 0.1, k = 10 and

several values of St. Figs. 14(a), 14(b) and 14(c) show the mixing patterns for St = 0.2,

St = 0.4 and St = 1 respectively. For these cases, we distinguish two different mixing

patterns. The first one corresponds to the first half of the period. The lower cylinders

rotate counter-clockwise and the opposite cylinder rotates in the opposite direction.455

We notice the presence of three elliptical islands next to the cylinders. In these areas,

the fluid elements are strongly recirculated and the striations are formed. Between

these regions, the flow is accelerated as observed previously in Fig. 5(b) and the fluid

escapes downstream without undergoing the stretching and folding mechanism.The

second flow pattern corresponds to the second half of the period. The cylinders change460
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their directions of rotation and the fluid elements are folded. The two mixing patterns,

observed during the first and second half of the period are consistent with the results of

the numerical simulations presented in Ref. [18].

For St = 0.2, the flow is accelerated for a very long time (equal to T
2 ), and the fluid

escapes the channel. Unmixed regions are detected at the channel outlet during the first465

half of the period; see Fig. 14(a). As the cylinders change direction of rotation, the

fluid elements are folded and gradually exit the channel. Thick striations are observed

at the exit because the flow is not sufficiently subjected to the stretching and folding

mechanism, which results in a degradation of the mixing quality.

For St = 0.4, the mixing seems more homogeneous; see Fig. 14(b). The number470

of filaments is larger and their thickness is reduced. The rotational period is not too

long and the fluid elements spend more time in the mixing zone between the cylinders

and undergo the stretching and folding process several times which contributes to an

improvement in the mixing quality.

For St = 1, the elliptical regions are not detected. The rotation period is short (T =475

2 s) and the displacement of the cylinders during a half period is small. The flow is

not sufficiently influenced by the rotational motion of the cylinders. Poor mixing is

observed at the channel outlet. The transversal flow is not large enough to fold the

fluid elements and to enhance the mixing. These observations are consistent with the

numerical simulations presented in Ref. [18], where it was shown that mixing becomes480

less favorable for larger Strouhal number.

3.2.2. Influence of the velocity ratio k on the scalar patterns

To study the influence of the velocity ratio k on mixing, we fixed the Strouhal

number at St = 0.4 for several values of k. The mixing patterns for k = 5, k = 10 and

k = 15 are shown in Figs. 15(a), 15(b) and 15(c) respectively. Since the experiments485

are performed with the same inlet velocity, only the magnitude of the rotational speed

of the cylinders differs between these experiments. For larger velocity ratio k, the

cylinders make more complete revolutions when the fluid elements are present in the

mixing zone. Consequently, finer striations are generated for k = 15 and the mixing

is more homogeneous than that observed for k = 5 or k = 10; see Fig. 15. For k = 5,490
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(a) St = 0.2 k = 10

(b) St = 0.4 k = 10

(c) St = 1 k = 10

Figure 14: Mixing patterns of a Newtonian fluid flow, for k = 10 and several values of St, at two different

times.

the cylinders make fewer cycles as the fluid travels through the mixing zone, so that

the flow is less influenced by the rotational motion of the cylinders which results in

poor mixing. Thus, better mixing is observed for a higher velocity ratio k. These

observations were also noticed from the results of the numerical simulations presented

in Ref. [18].495

The mixing patterns presented in this section, for several set of parameters (St,

k), are completely consistent with the trajectory and the residence time distribution

analysis presented in Sec. 3.1.2 and Sec. 3.1.3, and with the quantification of the

chaotic advection regime presented in Sec. 3.1.4.
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(a) St = 0.4 k = 5

(b) St = 0.4 k = 10

(c) St = 0.4 k = 15

Figure 15: Mixing patterns of a Newtonian fluid flow, for St = 0.4 and several values of k, at two different

times.

3.2.3. Quantification of the mixing500

In order to quantify the mixing, we computed the temporal evolution of the standard

deviation of the concentration field at the exit of the mixer for the different cases we

studied, according to the method described in Sec. 2.3.4. Fig. 16 shows the temporal

evolution of the standard deviation of the concentration field s(C⇤) for the experiments

performed at fixed velocity ratio k = 10 and several values of St. Fig. 17 shows the505

temporal evolution of s(C⇤) for the experiments performed at fixed St = 0.4 and several

k.

Because of the periodic oscillatory motion of the cylinders, the standard deviations

of the concentration oscillate around a mean value with a characteristic frequency equal

to that of the rotational frequency of the cylinders. Table 2 shows the mean values of510

s(C⇤), averaged over the last 5 periods, s(C⇤), and their levels of fluctuation s(s(C⇤)).
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Better mixing quality is observed in Fig. 16 for St = 0.4 since the time-averaged

value of the standard deviation of the concentration field is lower compared to the

values obtained for St = 0.2 and St = 1; see Table 2. The standard deviation that cor-

responds to St = 0.2, observed in Fig. 16, shows higher level of fluctuations induced515

by the concentration gradients. For St = 0.2, the rotational period is too long, the fluid

exits the mixer without being sufficiently stretched and folded. For St = 1, the charac-

teristics of chaotic advection are not observed, leading to a poor mixing and a higher

value of the mean standard deviation of the concentration field.
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0.1

0.15

0.2
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0.55

St=0.4 K=10

St=0.2 K=10

St=1 K=10

Static

Figure 16: Time evolution of the standard deviation of the concentration field measured at the exit of the

mixing zone for several values of St and fixed k = 10. The symbols refer to mean value of the standard

deviation of the concentration field of the corresponding case.

Fig. 17 shows that the mixing is more homogeneous for larger k. The cylinders520

make more revolutions during the presence of the particles in the mixing zone and the

generated striations are thinner which promotes the mixing. Therefore, smaller value

of s(C⇤) is observed for larger k; see table 2.

To ensure the best mixing, the time-averaged value of the standard deviation of

the concentration field should be as small as possible. The level of fluctuations of525

the standard deviation of the concentration around the mean also needs to be small

so that the resulting mixing can remain homogeneous over time. This is ensured for

intermediate Strouhal numbers St and high velocity ratios k.
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Figure 17: Time evolution of the standard deviation of the concentration field measured at the exit of the

mixing zone for several values of k and fixed St = 0.4. The symbols refer to mean value of the standard

deviation of the concentration field of the corresponding case.

A good qualitative agreement is noticed between the experimental results and the

numerical simulations presented in Ref. [18] where we have shown the existence of an530

optimal Strouhal number and the possibility to improve the mixing level by adjusting

the value of the velocity ratio k.

s(C⇤) s(s(C⇤))
St = 0.2 k = 10 0.3139 0.073
St = 0.4 k = 10 0.221 0.0354
St = 1 k = 10 0.3577 0.0315
St = 0.4 k = 5 0.3045 0.0338
St = 0.4 k = 15 0.2001 0.0319

Table 2: Time-averaged values s(C⇤) and standard deviations s(s(C⇤)) of the standard deviation of the

concentration field for different values (St, k).

4. Summary and outlook

An experimental study of Newtonian fluid flow at low Re is conducted to highlight

the role of different parameters controlling the chaotic mixing induced in a continu-535
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ous mixer with three rotating cylinders. The parameters controlling the flow are the

Strouhal number and the velocity ratio k of the transversal to the axial velocity of the

flow. The influence of these parameters on the chaotic mixing is studied using dif-

ferent approaches: trajectory analysis, residence time distribution analysis, finite size

Lyapunov exponents, analysis of mixing patterns and standard deviation of the con-540

centration field. We conclude that, in order to achieve good mixing in open flows,

the fluid elements must reside within the mixing zone as long as possible so that they

undergo sufficient stretching and folding. This conclusion has been also reached by

another study of mixing in open flows [21]. To achieve this goal, there exist several

alternatives. First, the period of rotation of the cylinders could be decreased in order to545

increase the number of the stretching and folding operations of the fluid elements while

they are in the mixing zone. But the period must not be too small so that the movement

of the cylinders can generate sufficient cross flow to fold the fluid elements. Second,

the rotational speed of the cylinders could be increased so that the fluid particles are

more recirculated while they are in the elliptical regions. However, this can lead to550

the degradation of the product due to excessive stirring and an increase in the price of

the final product to compensate for the additional energy consumption. It would be in-

teresting to estimate in future work the additional energy required when the rotational

speed of the cylinders is increased. Last, the mean inlet flow rate could be decreased

so that the fluid spends more time in the mixer. However, in a continuous open mixer,555

where flow rate directly controls the productivity, it is often undesirable to reduce it too

much.

This experimental study also served to validate the theoretical and numerical study

presented in Ref. [18]. After a systematic characterisation of the chaotic mixing gener-

ated in the RAW mixer, several future works could be considered. Future experiments560

could focus on studying the dependence of the chaotic mixing on the Reynolds number.

From a practical perspective, it would be interesting to study the efficiency of the RAW

mixer in mixing non-Newtonian fluids (e.g. shear thinning and/or yield stress fluids)

which are commonly encountered in a variety of industrial settings.
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*570

Appendix A. Qualitative comparison between the experimental results and the

numerical simulation results

In our previous numerical work [18], we studied the behavior of this mixer for a

wide range of parameters (Re, K, St). However, when carrying out the experimental

study presented here, it was not possible to perform an experiment that exactly repro-575

duces one of the numerically studied mixing configurations. In order to be able to

present a comparison between numerical and experimental results under exactly the

same conditions, we present here a complementary numerical study which concerns a

mixing configuration studied experimentally.

In the numerical study, the Reynolds number studied was equal to 1, while the580

experimental requirements led us to study a Re = 0.1 in the present work. It has been

shown in [49] that below Re = 1, the Reynolds number of the bulk flow has no effect

on the flow. Thus, the trends observed by the two studies remain comparable.

The configuration presented is as follows: Re = 0.1, St = 1 and K = 10. The

numerical method used is the one presented in the reference [18] (same numerical585

schemes, geometry, mesh, time step, etc.). However, it should be kept in mind that the

numerical simulation is two-dimensional, while the experiment is three-dimensional.

The numerical and the experimental mixing patterns are presented in Fig. A.18 at

5 different and equidistant times within one period. As it can be seen, these results

are quite similar to each other. We can see the same patterns forming in each period.590

The few differences can be attributed to the slightly different experimental conditions

compared to the numerical study, such as the presence of the walls in the third direction
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of space (3D flow) as well as an imperfect contact zone between the rotating cylinders

and the fixed walls.

(a) (b)

Figure A.18: (a) Numerical and (b) experimental mixing patterns of a Newtonian fluid flow for Re = 0.1,

St = 1 and k = 10 at different times of the period of rotation of the cylinders.
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