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Abstract: In multispecies electrolyte solutions, each individual species can migrate according to its
specific ionic properties. This process is called electrochemical migration or electro-diffusion and is
well-described by the Nernst–Planck equation. The common approach for solving the corresponding
mathematical system is based on the null current (NC) assumption, which expresses the electric
potential in terms of charges and concentrations of chemical components. This assumption has a
great advantage as it eliminates the electric potential from the Nernst–Planck equation. However, the
NC assumption has limited capacities in describing electro-diffusion processes when the domain is
subjected to an external electric field. The validity of the NC assumption could be questionable, even
in the absence of an external electric field. This topic has never been investigated in the past. The
main goal of this work is to evaluate the validity of the NC assumption and to understand its effect
on the model outputs. Thus, we present a new reactive transport model that allows for a reliable
representation of the electrochemical migration process. This model is based on the Nernst–Planck
and Poisson (NPP) equations which are solved together. We also implement a model based on
the NC assumption. Both models have been validated by comparison with CrunchFlow, based on
several benchmarks. The results show that in the case of high sorptivity, the NC assumption is
no longer valid. Therefore, in the case of sorption processes, the NPP should be used to simulate
coulombic interactions.

Keywords: electrochemical migration; electro-diffusion; Nernst–Planck equation; null current
assumption; Poisson equation

1. Introduction

Mass transfer accompanied by chemical reactions, or reactive transport (RT), in porous
media is central to a wide range of applications in the fields of geology, hydrogeology,
engineering, and environmental research. For instance, RT processes are encountered
in geological carbon dioxide sequestration [1,2], geothermal systems [3,4], groundwater
pollution [5], and nuclear waste disposals [6,7].

Several applications involving RT processes reveal the necessity of the development of
new models to better describe the chemical processes. Many modern codes have extensive
capabilities and have been used to simulate RT in different applications and at differ-
ent scales. In particular, CrunchFlow [8], Phreeqc [9], TOUGHREACT [10], MIN3P [11],
PHT3D [12,13], and PHAST [14] exemplify the RT simulators established in previous years.
In recent years, significant advances have been achieved in the development of RT codes
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due to the increase of capability in coupling transport simulators with geochemical reactive
codes. For instance, modules have been developed that couple Phreeqc, a widely used
geochemical package [15,16], to other simulators [17,18].

Most of the RT codes mentioned above, neglect the coulombic interactions between the
charged particles, as they are based on the classical Fick’s law. However, it is well known
that coulombic interactions processes cannot be simulated with Fick’s law that assumes a
constant diffusion coefficient for each dissolved species. This classical view assumes that
the movements of each dissolved species in a system are merely based on concentration
gradients. However, in a multicomponent electrolyte solution, each individual dissolved
species migrates differently according to its ionic properties such as charge, ionic size,
or ionic mobility [19]. Therefore, the features of a multicomponent electrolyte system
cannot be fully represented by Fick’s law, and including electrochemical migration to a
multicomponent reactive transport model requires a departure from Fick’s law by the
use of the Nernst–Planck equation (Equation (1) in Section 2.1). This equation takes into
account the ionic interactions by including the electric field generated by such interactions.
Among the previous studies on electrochemical migration, more attention is given to the
electro-diffusion process where the diffusion of charged particles is combined with their
migration in a self-consistent electric field [20–24]. The common assumption in these
studies is that no electric current is passing through the domain. This assumption is known
as the null current (NC) assumption (Equations (7) and (8) in Section 2.2). It leads to an
explicit expression of the electric field in terms of species concentration (Equation (10)
in Section 2.2). The advantage of the NC assumption is that it simplifies the numerical
solution of the system of governing equations by reducing the number of unknowns. The
NC assumption is widely used in the literature because it makes easy the implementation
of the coulombic interactions processes into existing numerical codes. Indeed, the electro-
diffusion processes are represented with the standard Fick’s law, but with specific diffusion
coefficients that depend on concentrations. In recent years, the NC assumption-based
models have been used to solve problems with higher levels of sophistication and non-
linearity. For instance, three benchmarks are presented in [25]. These benchmarks are used
to provide accurate analyses on the role of electrochemical migration in the mass transport
processes. A 2D multicomponent reactive transport model is developed in [18] takes the
electrostatic interactions during transport of charged ions in physically and chemically
heterogeneous porous media into account. In [26] a multidimensional modeling approach
is proposed, illustrating the importance of coulombic coupling in diffusive-dispersive
Nernst–Planck-based fluxes in one, two, and three-dimensional porous media domains.

Despite the popularity of the NC assumption and its major contribution in simulating
and understanding the electrostatic processes, this assumption is not able to describe a
domain subjected to an external field. In this case, the total electric field represented by the
Nernst–Planck equation is affected by both internal interactions of ions (liquid junction
potential) and an externally applied electric field [27,28]. In addition, the elimination of
the electric field from the transport equation makes the description of electro diffusion
processes independent from the permittivity of the medium and dielectric properties of
the porous media. Moreover, the NC assumption is not physically valid when the charged
species participating in the mass fluxes are not the total charged species existing in the
domain [29]. The aforementioned challenges of the NC assumption can be avoided by
using a more general approach that couples the Nernst–Planck equation with the Poisson
equation (NPP). In the Poisson equation, the electric field is linked to the total ionic
concentration of species in the system and the dielectric property of the medium. This
approach is rarely used in reactive transport codes because it cannot be easily implemented
in existing codes.
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Despite the common use of the NC assumption in models dealing with reactive
transport and electro-diffusion, the validity of this assumption is questionable. Thus, the
main goal of this work is to evaluate the validity of the NC assumption by comparing it
to a full model based on the NPP equations. To the best of our knowledge, this topic has
never been investigated in the past. Thus, we first present a comprehensive formulation of
the NPP equations. We develop a (1D/2D) finite element model to solve these equations,
using the mathematical module of COMSOL Multiphysics. With the same module, we
also develop a (1D/2D) finite element model based on the NC assumption. We validate
the developed models based on common benchmarks and we compare them in different
configurations of RT to evaluate the validity of the NC assumption.

2. Mathematical and Numerical Models
2.1. General NPP Model

The Nernst–Planck equation in combination with the conservation of mass equation
is used to describe the migration of interacting species. It accounts for molecular diffusion,
electro-diffusion, and advection:

∂Ctotal,i

∂t
+∇·Ji = 0; Ji = −Di

(
∇CD,i +

CD,iF
RT

zi∇ψ

)
+ CD,iq (1)

where Ctotal,i
[
mol/m3] is the total concentration of ith species, t [s] is the time, Ji [mol/m2·s]

is the total mass flux, Di [m2/s] is the species-dependent diffusion coefficient, CD,i [mol/m3]
is the dissolved concentration of ith species, F = 96,485 [C/mol] is the Faraday constant,
R = 8.341 [J/K·mol] is the gas constant, T [K] is the absolute temperature, zi[−] is the
charge number, ψ

[
V or J

C

]
is the electric potential and q [m/s] is the Darcy’s velocity.

The Poisson equation, giving the electrical potential as function of electrical charges,
is as follows:

εM∇2ψ = −F ∑
i

ziCtotal,i (2)

where εM [F/m] is the permittivity of the porous medium.
The permittivity of the domain depends on the soil porosity and permittivity of the

solid grains. According to the averaging method [30], the bulk permittivity, representing
the porous medium, is given as follows:

εM = φ× (εr)Wε0 + (1− φ)× (εr)Sε0 (3)

where φ[−] is the porosity of the porous medium, (εr)W [−] and (εr)S[−] are the relative
permittivity of water and solid grains, respectively and ε0 (=8.85× 10−12 [F/m]) is the
vacuum permittivity. The permittivity of water is higher than that of solid grains. Thus,
in saturated porous media, the increase of porosity leads to an increase in the average
permittivity of porous media. We neglect the effect of sorption on the permittivity of the
solid grains.

The NC assumption could be invalid in the case of sorption processes that occur with
the cations dissolved in multicomponent electrolyte systems due to the negatively charged
surfaces of clay soils [29]. The model used for simulating adsorptive reactive transport is
given here. For the sake of simplicity, linear isotherms have been considered in this study.
The sorbed concentration at each time step is therefore defined as a constant ratio of the
total concentration of each species. The total concentration for the species having sorption
is detailed as follows:

Ctotal,i = φCD,i + (1− φ)× ρbCB,i (4)

where, CD,i [mol/m3] and CB,i [mol/kg] are the dissolved and sorbed concentration of the
ith species, respectively. ρb = 2200 [kg/m3] is the bulk density of the medium.
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As is common in the literature, we assume that the porosity is not affected by the
sorption processes and consequently, the permittivity used in NPP models is not affected
by the sorption. Therefore, the continuity equation of each species is as follows:

φ
∂CD,i

∂t
+ (1− φ)× ρb ×

∂CB,i

∂t
+∇·Ji = 0 (5)

Using the sorption capacity, ( ∂CB,i
∂CD,i

), the above equation can be rewritten as follows:(
φ + (1− φ)× ρb ×

∂CB,i

∂CD,i

)
∂CD,i

∂t
+∇·Ji = 0 (6)

2.2. Electro-Neutrality and NC Assumption

Two physical requirements of the electro-neutrality are: (i) the total charge should
be zero at every point of the domain and (ii) no electric current should pass through the
domain. The following equations satisfy these two conditions, respectively:

∑
i

ziCtotal,i = 0 (7)

∑
i

zi Ji = 0 (8)

Various views of electro-neutrality have been discussed in the literature. It has been
defined as Equation (7) in [23]. However, Equation (8) is introduced as the only requirement
of electro-neutrality in [21]. These assumptions are investigated in [24], and it has been
shown that both are strictly equivalent and lead to the same formulation as long as there is
no initial electric charge and no electric current imposed to the domain.

In this work, the considered benchmarks deal with no initial charge no external electric
field in the domain. Thus, both approaches of the NC assumption are equivalent, and
we employ Equation (8). We substitute the Nernst–Planck flux from Equation (1) in this
equation. The following expression for the electric field can be obtained:

∇ψ =
RT
F
×

q ∑
Naq
j zjCD,j −∑

Naq
k Dkzk∇CD,k

∑
Naq
l Dlz2

l CD,l

(9)

where Naq is the total number of dissolved species.
If one assumes local electro-neutrality of the solution, Equation (9) can be simplified to:

∇ψ = −RT
F
× ∑

Naq
k Dkzk∇CD,k

∑
Naq
l Dlz2

l CD,l

(10)

Equation (10) represents the classical form of the electro diffusion model. ∇ψ is
substituted into the electro diffusion term of the Nernst–Planck model (Equation (1)).
Therefore, electric potential does not appear as an unknown in the final system of equations.
This means that only dissolved species concentrations should be calculated. This simplifies
the implementation of coulombic effects into existing RT codes. However, the validity of
the expression linking the electric potential to the dissolved species concentrations cannot
be valid in general. The validity of this expression, which in other words is the validity of
the NC assumption, will be discussed in the next sections.



Water 2021, 13, 2221 5 of 20

2.3. Equivalency of NPP Systems and Null Current Assumption Models

It has been proven that the local electro-neutrality and null-current assumptions
are equivalent. We show here that the NPP approach can be reduced to both previous
approaches for some conditions. Rearranging the Poisson equation gives:

ε

F
∇2ψ = −∑

i
ziCtotal,i (11)

This equation shows that if ε∇2ψ � F, then ∑i ziCtotal,i ≈ 0. This means that, in
a media with low dielectric permittivity and/or with a smooth distribution of electrical
potential, the Poisson formulation leads to the local electro-neutrality assumption. Consid-
ering the value of F = 96,485 [C/mol] and that of permittivity used in this work makes this
assumption more reliable.

2.4. Numerical Models

Two numerical models (1D and 2D) have been developed based on the NPP equations
and the NC assumption, respectively. The model based on the NPP equations is denoted
NPP-model, while the model based on the NC assumption is called NC-model. Both models
have been developed using the framework of the finite elements COMSOL multiphysics.
COMSOL is a software that can be used to simulate problems involving multi-physical
processes. It has two options to implement a model. In the first option, called the ‘wizard
model’, a model can be developed by selecting physics available in COMSOL. In the second
option, called “blank model”, a model can be developed by specifying the governing
mathematical equation. In this case, COMSOL can be seen as an advanced finite element
library for solving coupled partial differential equations. Electro-diffusion physics is not
included in COMSOL. The implementation of the NPP and NC-models, with the ‘wizard
model’ option, is not an easy task. The NC model can be developed using the physics of
the module ‘Transport of Diluted Species in Porous media—tds’, by assuming a variable
molecular diffusion, which is a function of the concentrations. The NPP model can be
developed by coupling physics from the modules ‘Transport of Diluted Species in Porous
media—tds’ and ‘Electric Currents—ec’. However, coupling these modules in COMSOL
does not allow for considering the electro-diffusion processes. To achieve that, the electro-
diffusion term should be defined as a source term in the mass transport equation. However,
this implementation with the ‘wizard model’ can only work for examples dealing with
Dirichlet boundary conditions. In the case of the Neumann boundary condition (i.e., a
constant total mass flux), the electro diffusive flux cannot be counted in the total mass flux
as it is calculated as a source term. Thus, due to this limitation, the NPP-model has been
developed with the mathematic modules in COMSOL (‘blank model’). For mathematical
consistency, we also developed the NC-model in the same way. For the NPP model, we
choose the ‘General PDE form—g’ from the PDE interfaces in mathematic modules to
implement the mass conservation equation. We define all terms separately, with the total
species concentrations as dependent variables. The ‘General PDE form—g’ is coupled with
the ‘Poisson’s equation—poeq’ module in the classical PDEs group of mathematic modules.
In the ‘poeq’ module, the electric potential is defined as the dependent variable, and it
appears directly in the mass flux defined in the mass balance equation. Therefore, there is
the possibility of formulating a complete definition of the mass flux consisting of all the
Nernst–Planck equation terms. For the classical NC model, the only requirement is a mass
balance equation given in the ‘General PDE form—g’ module. The electric potential can be
expressed as a function of dissolved species concentrations as shown before.
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3. Verification

To gain confidence in the correctness of the NPP and NC models developed with
COMSOL, we compare these models with the results of three benchmarks presented in [25].
These comparisons also allow for investigating the validity of the NC assumption. In [25],
these three benchmarks have been simulated based on the NC assumption with three
reactive transport codes: CrunchFlow, MIN3P, and PHREEQC. Since the results for these
three simulators agreed well with each other, here we compare the results of our COMSOL
models only with CrunchFlow. Besides electro-diffusion, benchmarks 1 and 2 deal with
pure diffusion processes, while benchmark 3 deals with advection and molecular diffusion.
Benchmarks 1 and 2 are in 1D, while benchmark 3 is a 2D problem. The chemical systems of
these benchmarks as well as a summary of the physical processes are presented in Table 1.
The detailed explanations on three benchmarks (i.e., boundary conditions, initial conditions,
and physical parameters) are given in Appendix A. We should mention that benchmarks
1 and 3 involve both Neumann and Dirichlet boundary conditions. As explained in the
introduction, Neumann boundary conditions are the main reason for using the blank model
in COMSOL. For the three benchmarks, the relative permittivity of water (εr)W and soil
(εr)S to vacuum permittivity are considered to be equal to 80 and 52 at the temperature
of 20 ◦C Benchmark 1 deals with pure water (porosity = 1). Thus, the equivalent to the
absolute permittivity is equal to that of water. For benchmarks 2 and 3, the porosity is
set to 0.5. The bulk permittivity is calculated with the weighted averaging method as in
Equation (4).

Table 1. Summary of the three multicomponent reactive benchmarks.

Benchmark Primary Components Process Dimension

1 H+, NO−3 , Na+, Cl− (Molecular/electro) Diffusion 1D
2 Na+, Cl−, 22Na+ 1 , H+, OH− (Molecular/electro) Diffusion 1D
3 K+, Cl−, Mg++ (Molecular/electro) Diffusion/Advection 1D/2D

1 22Na+ is another isotope of Na+ which is treated as a distinct component.

The results of the developed NPP and NC models, for the 1D benchmarks, are presented
in Figure 1. Similarly, the results of the 2D benchmarks are presented in Figure 2. The figures
show also the solutions obtained with CrunchFlow in [25]. Figures 1 and 2 show that the
three solutions are indistinguishable. This confirms, on the one hand, the correctness of
the implementation of the NPP and NC-models in COMSOL, and on the other hand, the
equivalency between the NPP and NC-models. These results confirm the validity of the
NC assumption for cases dealing with aqueous transport processes. In such cases, the total
concentrations of charges are the ones participating in the mass flux. Therefore, the electric
field calculated with the NC assumption on the mass flux is equivalent to a general case where
the electric field is calculated from the total charges existing in the domain, which is the same
approach used in the NPP model. This similarity between the NPP and NC approaches for
calculation of the electric field as the origin of electrochemical migration through the domain,
leads to the same results for both NPP and NC models.
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Figure 1. Comparison of the concentration results of the NPP, NC, and ‘Crunch’ models for the three 1D benchmarks. 
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4. Effect of Adsorption Reactions

The results of the previous section confirm the validity of the NC assumption in the
case of reactive transport of aqueous species. However, it is well-known that transport
processes are usually affected by sorption processes, due to the charge difference between
the dissolved electrolyte systems and the surfaces of clay soils. When sorption processes
occur, the charged species involved in the mass fluxes becomes different from the total
charged species existing in the domain. In this case, the NC assumption could become in-
valid. Thus, the main goal of this section is to investigate the validity of the NC assumption
in the case of adsorption reactions.

To do so, we consider sorption processes in the three benchmarks presented in the
previous section. To observe the sorption effects, the porosity of all benchmarks is set to
be 0.5. In this study, we have considered a linear sorption model with a constant sorption
capacity for each test case (Equation (6)). To quantify and analyze the effects of sorption,
we used two test cases, defined as ‘test case 1’ and ‘test case 2’ with low and high sorption
capacity, respectively. For low and high sorption capacity, sorption capacities of 5 × 10−5

and 10−4 [m3/kg] are considered, respectively. The domain is initially set to be at zero
charges. All the other parameters, the boundary, and initial conditions are kept the same
as in the previous section. The same COMSOL models used in the previous section are
modified to include adsorption reactions and then used in the simulation of the different
test cases in this section. The results are discussed in the next sections, in terms of total
concentration, total charge, total current, and electrical currents, respectively.

4.1. Total Concentration

The total concentration results of the NPP and NC-models for the three benchmarks
defined with sorption are shown in Figures 3 and 4. As we can see, the results of the two
approaches are different and the differences are more significant in test case 2 for each
benchmark, due to the higher sorption capacity considered for this test case. Some jumps
appear in the results of the total concentration of the NC-model which also implies jumps
in the results of dissolved and sorbed concentration. A mesh sensitivity analysis has been
performed to obtain mesh-independent solutions and to ensure that these differences are
not related to numerical artifacts. The jumps are mostly happening in the areas where the
imposed initial concentration changes. For instance, in benchmark 1, jumps take place
on the left, where the initial species concentration changes, to preserve higher and lower
amounts for positive and negative charges, respectively. This can be explained by the
underestimation of positive charges in the formulation of the electric field by the NC-
model. In benchmark 2, the jumps take place in the middle of the domain, where the
initial conditions for total species concentration change. Since benchmark 2 is a steady-
state problem, the initial condition does not affect the final results. Figure 5 compares the
results of the total concentration of the NPP and NC models with the initial condition for



Water 2021, 13, 2221 9 of 20

the species concentrations in the NC-model. A linear initial condition is assumed on the
domain. There are no jumps in the total concentration results of the NC-model with linear
initial conditions in this benchmark. However, the total concentrations of the species with
electro-diffusion as the driving force which are 22Na+, H+ and OH− (no initial gradient of
concentration is imposed for these species) are different in the NPP and NC-models, with
lower amounts of cations and higher amounts of anions in the NC, because this approach
does not consider the total amounts of cations in the formulation of the electric field.
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In benchmark 3 (1D), the jumps can be seen for the NC-model around the 1 cm middle
source that has been applied to the domain as an initial injection of ions to assure the
electrolyte solution. This is because the jumps in the NC-model preserve lower concentra-
tions for cations and higher concentrations for anions. For the 2D case, the same trend of
preservation for cations and anions is seen in parallel to the inlet Dirichlet boundary.

In the three benchmarks, we can see that the total positive charge is underestimated
in the NC-model and consequently, the total negative charge is overestimated. Although
currently there is no experimental evidence for the full-validation of these results, the
NPP-model with taking both sorbed and dissolved ionic species into account for the
calculation of electric field is theoretically more reliable. Therefore, in the applications of
solute transport, especially clay soils, the NPP model can be more representative of the
physical processes than the classical NC-model. It is well-known that the null current
assumption is not valid near charged interfaces. This can be seen as an interpretation of
the results presented here. In fact, the cations adsorbed at the surfaces of the solid grains
can be seen as local charged interfaces, leading to the invalidity of the NC model.

4.2. Total Electric Current

For a better understanding of the difference between the NPP and NC models, we
investigate the total electrical current. In this section, we plot the total electrical current
through the domain calculated as I = ∑i zi Ji which has been assumed to be equal to
zero in the NC assumption. Figure 6 shows the total electrical current for 1D simulations.
Obviously, the total electrical current for the NC-model is zero in all 1D test cases. We
presented it only for the no sorption case. For the NPP model, however, the total electrical
current deviates from zero, when considering sorption. This value increases by increasing
the sorption capacity in the model.

The total electrical currents of the 2D benchmark calculated with horizontal and
vertical fluxes are shown in Figure 7. Fluxes in the horizontal and vertical directions are
denoted ‘Ix’ and ‘Iy’, respectively. For the case without sorption, the values for Ix and Iy for
both models are too small, and they are considered to be zero in the numerical simulations
and are not shown. By introducing sorption to the model and increasing it, the total
electrical current in both directions increases in the NPP model. In the NC models, since
the electro diffusion is considered only in the vertical direction, the total electrical current
for the vertical direction is equal to zero and is not shown. For the horizontal direction,
the only considered flux is the advective flux. Therefore, in this direction, the electrical
current in both approaches receives a value. The results for the total electrical current in the
horizontal direction for NC and NPP models are in the same order of magnitude. However,
they are not the same due to the differences in the total concentration results which brings
the differences in dissolved concentration results.

4.3. Total Charge

For a better understanding of the NPP and NC models, we investigate in this section
the total charge in the domain as, which is defined as: Z = ∑i ziCtotal i. Total charges for
the 1D benchmarks are plotted in Figure 8. The results show that, for the NPP-model, the
total charge in the domain tends to stay equal to zero. Therefore, in the areas with Dirichlet
boundary conditions in benchmark 1 and benchmark 2, there are some jumps in the results
of the total charge for the NPP-model because the non-zero total charge only exists at the
Dirichlet boundary of the domain. However, for the NC-model we see that the amount
of total charge increases with increasing sorption capacity. There are also some jumps
in the results of the NC model in benchmark 3, in the area with a significant change in
the initial concentration. Therefore, for the NC-model, despite the assumption of initial
electro-neutrality in total concentration for all the test cases, the whole domain deviates
from electro-neutrality as we introduce sorption to the model and increase it.



Water 2021, 13, 2221 13 of 20

Water 2021, 13, x FOR PEER REVIEW 12 of 20 
 

 

Figure 5. Comparison of total concentration results of the NPP and NC models for Benchmark 2 with linear initial con-
dition Figure 1.—left), high sorptivity (test case 2—right). 

In the three benchmarks, we can see that the total positive charge is underestimated 
in the NC-model and consequently, the total negative charge is overestimated. Although 
currently there is no experimental evidence for the full-validation of these results, the 
NPP-model with taking both sorbed and dissolved ionic species into account for the 
calculation of electric field is theoretically more reliable. Therefore, in the applications of 
solute transport, especially clay soils, the NPP model can be more representative of the 
physical processes than the classical NC-model. It is well-known that the null current 
assumption is not valid near charged interfaces. This can be seen as an interpretation of 
the results presented here. In fact, the cations adsorbed at the surfaces of the solid grains 
can be seen as local charged interfaces, leading to the invalidity of the NC model. 

4.2. Total Electric Current 
For a better understanding of the difference between the NPP and NC models, we 

investigate the total electrical current. In this section, we plot the total electrical current 
through the domain calculated as 𝐼 = ∑ 𝑧 𝐽  which has been assumed to be equal to zero 
in the NC assumption. Figure 6 shows the total electrical current for 1D simulations. 
Obviously, the total electrical current for the NC-model is zero in all 1D test cases. We 
presented it only for the no sorption case. For the NPP model, however, the total electri-
cal current deviates from zero, when considering sorption. This value increases by in-
creasing the sorption capacity in the model. 

  

Benchmark 1 Benchmark 2 

 

Benchmark 3 

Figure 6. The total electrical current for the 1D benchmarks with the NPP and NC-models.

Water 2021, 13, x FOR PEER REVIEW 13 of 20 
 

 

Figure 6. The total electrical current for the 1D benchmarks with the NPP and NC-models. 

The total electrical currents of the 2D benchmark calculated with horizontal and 
vertical fluxes are shown in Figure 7. Fluxes in the horizontal and vertical directions are 
denoted ‘Ix’ and ‘Iy’, respectively. For the case without sorption, the values for Ix and Iy 
for both models are too small, and they are considered to be zero in the numerical simu-
lations and are not shown. By introducing sorption to the model and increasing it, the 
total electrical current in both directions increases in the NPP model. In the NC models, 
since the electro diffusion is considered only in the vertical direction, the total electrical 
current for the vertical direction is equal to zero and is not shown. For the horizontal di-
rection, the only considered flux is the advective flux. Therefore, in this direction, the 
electrical current in both approaches receives a value. The results for the total electrical 
current in the horizontal direction for NC and NPP models are in the same order of 
magnitude. However, they are not the same due to the differences in the total concentra-
tion results which brings the differences in dissolved concentration results. 

‘T
es

t c
as

e 
1′

 

  

‘T
es

t c
as

e 
2′

 

  

Figure 7. The total electrical current for the 2D benchmark in the horizontal (left) and vertical directions (right). The NPP 
model is represented with colors and the NC model with lines: low sorptivity (test case 1), high sorptivity (test case). 

4.3. Total Charge 
For a better understanding of the NPP and NC models, we investigate in this section 

the total charge in the domain as, which is defined as: 𝑍 = ∑ 𝑧 𝐶 . Total charges for 
the 1D benchmarks are plotted in Figure 8. The results show that, for the NPP-model, the 
total charge in the domain tends to stay equal to zero. Therefore, in the areas with Di-
richlet boundary conditions in benchmark 1 and benchmark 2, there are some jumps in 
the results of the total charge for the NPP-model because the non-zero total charge only 

Figure 7. The total electrical current for the 2D benchmark in the horizontal (left) and vertical directions (right). The NPP
model is represented with colors and the NC model with lines: low sorptivity (test case 1), high sorptivity (test case).



Water 2021, 13, 2221 14 of 20

Water 2021, 13, x FOR PEER REVIEW 14 of 20 
 

 

exists at the Dirichlet boundary of the domain. However, for the NC-model we see that 
the amount of total charge increases with increasing sorption capacity. There are also 
some jumps in the results of the NC model in benchmark 3, in the area with a significant 
change in the initial concentration. Therefore, for the NC-model, despite the assumption 
of initial electro-neutrality in total concentration for all the test cases, the whole domain 
deviates from electro-neutrality as we introduce sorption to the model and increase it. 

Figure 9 shows the total charge for the 2D benchmark, calculated by the NC-model. 
For the NPP models, the total charge for all the test cases (with or without) sorption is 
very small, and in numerical modeling, they are considered as zero. It is the same for the 
case without sorption in the NC-model. Therefore, in 2D, the total charge calculated with 
the NPP approach for all test cases and the total charge calculated with the NC approach 
for the case without sorption is not shown here. 

The results are consistent with [24], proving that for no sorption involvement in the 
electro-diffusion process, NC and zero charge assumptions are equivalent. For the cases 
with sorption, as is shown in Figure 9, the NC-model shows the total charge to increase 
with increasing sorption capacity resulting in non-electroneutrality. Indeed, the 
NC-model maintains a null current (or no charge according to [24]) for the water phase 
but allows charge accumulation on the solid phase. Thus, Figure 9 exhibits the sorbed 
charges in the case of the NC-model. 

  

Benchmark 1 Benchmark 2 

 

Benchmark 3 
Figure 8. The total charge for the 1D benchmarks with the NPP and NC-models. Figure 8. The total charge for the 1D benchmarks with the NPP and NC-models.

Figure 9 shows the total charge for the 2D benchmark, calculated by the NC-model.
For the NPP models, the total charge for all the test cases (with or without) sorption is very
small, and in numerical modeling, they are considered as zero. It is the same for the case
without sorption in the NC-model. Therefore, in 2D, the total charge calculated with the
NPP approach for all test cases and the total charge calculated with the NC approach for
the case without sorption is not shown here.
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The results are consistent with [24], proving that for no sorption involvement in the
electro-diffusion process, NC and zero charge assumptions are equivalent. For the cases
with sorption, as is shown in Figure 9, the NC-model shows the total charge to increase
with increasing sorption capacity resulting in non-electroneutrality. Indeed, the NC-model
maintains a null current (or no charge according to [24]) for the water phase but allows
charge accumulation on the solid phase. Thus, Figure 9 exhibits the sorbed charges in the
case of the NC-model.

4.4. Electric Field

We also investigate the electrical field, for a deep understanding of the difference
between the NC and NPP-models. In the NC models, the electric field is represented as a
function of dissolved concentrations. For the NPP models, however, it is calculated from
the derivative of electric potential as E = −∇ψ which is linked to the total concentrations.
The results of the electric field for the 1D benchmarks are plotted in Figure 10. For the
cases without sorption, the NC and NPP models for the three 1D benchmarks agree
well. By increasing the sorption capacity in benchmarks 1 and 2, the results of the two
approaches become different and in benchmark 3, some jumps appear in the areas of a
high concentration gradient. The electric fields for the 2D case of benchmark 3 calculated
by the NPP and NC-models are shown in Figure 11a,b, respectively. As we can see, for
the NPP-model, in benchmark 3, either 1D or 2D, the electric field does not depend on
sorption capacity. As shown in Figure 11b, there are some oscillations in the electric field
obtained from the NC assumption because of the dependence of the electric field on the
concentration gradient, which may require a finer mesh. These oscillations increase with
increasing sorption capacity for the NC-model.
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5. Conclusions

Processes of adsorptive reactive transport with electro-diffusion are investigated.
These processes can be modeled using the Nernst–Planck equation, involving advective
and diffusive fluxes, accompanied by an electro-diffusion flux which considers the electric
potential effects. In the literature, the system of equations is often solved using the null
current assumption. This assumption allows for eliminating the electrical potential from the
governing equations and for representing the electro-diffusion processes with a diffusion
coefficient that is a function of concentrations. This simplification is highly important as
it allows for easy implementation of the electro-diffusion processes in existing codes of
reactive transport. In this work, we present a comprehensive formulation of the governing
equations without any assumption of null current or charge, by coupling the Nernst–Planck
equation to the Poisson equation giving the electrical potential as a function of electrical
charges. A 1D and 2D finite element models are developed using COMSOL multi-physics.
Numerical test cases, based on common benchmarks, show that the new approach, based
on the Poisson equation, leads to similar results as the usual null current approach if
the electrical charge is only considered for the water phase. However, this work proved
that important differences between both approaches occur when dissolved species create
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electric flow. Our results show a significant difference between the null current and Poisson
equation approaches in the case of adsorption reactions. In contrast to the null current
assumption, the new approach allows for considering the existence of an external electric
field and/or electromigration through media with heterogeneities on dielectric permittivity.
The existing benchmarks for electro-diffusion are based on the NC assumption. The results
presented in this paper can be used as a new benchmark without this assumption.

The current work is based on numerical simulations. A full analysis has been per-
formed to ensure numerical consistency of the solutions, but better confidence in the results
can be obtained by confronting numerical simulation to laboratory experiments. This
work shows, based on a case of sorption processes, the limitation of the NC assumption.
However, this limitation could be not limited to adsorption processes. Further studies
with more generic analysis can be performed to fully understand the validity of the NC
assumption. In the current model, we assume the permittivity of solid grains is constant.
However, this permittivity can be affected by the sorption processes. The effect of sorption
on permittivity could be an important topic for further investigations. While showing the
invalidity of the null current assumption in the case of adsorption reactions, this paper
could motivate further works on finding an appropriate simplification that will be helpful
in implementing electrochemical migration processes in existing reactive transport codes.
As discussed in the previous section, this paper presents new results for benchmarking.
However, the investigated benchmarks involve Dirichlet or Neumann boundary conditions.
Thus, developing new benchmarks with different types of boundary conditions [31,32] is
worth further investigations.
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Table A1. Boundary and initial conditions, chemical system, and parameters for benchmark 1.

Species Left Boundary Condition (mM) Initial Condition (mM)

H+ 0.001 0.1
Na+ 0.1 0.1
Cl− 0.1 0.1

NO−3 0.001 0.1
Parameters

Permittivity [F/m] 7.08× 10−10

Molecular diffusion coefficients [m2/s]

Na+: 1.33 × 10−9

Cl−: 2.03 × 10−9

NO−3 : 1.9 × 10−9

H+: 9.31 × 10−9

2. Parameters, boundary, and initial conditions for Benchmark 2
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Figure A2. Configuration of benchmark 2.

Table A2. Boundary and initial conditions, chemical system, and parameters for benchmark 2.

Species
Left Boundary Condition (mM)

(Initial Condition in the Left Half of
the Domain)

Right Boundary Condition (mM)
(Initial Condition in the Right Half of

the Domain)

H+ 1 × 10−4 1 × 10−4

Na+ 0.5 0.1
22Na+ 1 × 10−6 1 × 10−6

Cl− 0.5 0.1
OH− 1 × 10−4 1 × 10−4

Parameters
Permittivity [F/m] 5.85 × 10−10

Molecular diffusion coefficients [m2/s]

H+: 9.31 × 10−9

Na+, 22Na+: 1.33 × 10−9

Cl−: 2.03 × 10−9

OH−: 5.27 × 10−9

3. Parameters and Boundary and initial conditions for Benchmark 3
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Table A3. Boundary and initial conditions, chemical system, and parameters for benchmark 3.

Species Initial Source (1D) and the Tracer
Injection Ports (mM)

Initial Condition (1D) and Remaining
Injection Ports (2D) (mM)

K+ 0.29 1 × 10−6

Mg2+ 0.29 1 × 10−6

Cl− 0.87 3 × 10−6

Parameters
Permittivity [F/m] 5.85 × 10−10

Molecular diffusion coefficients [m2/s]
K+: 1.77 × 10−9

Mg2+: 6.26 × 10−10

Cl−: 2.03 × 10−9

Transverse dispersion coefficients [m2/s]
K+: 2.405 × 10−9

Mg2+: 1.745 × 10−9

Cl−: 2.425 × 10−9
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