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SURJECTIVE SEPARATING MAPS ON NONCOMMUTATIVE
LP-SPACES

CHRISTIAN LE MERDY AND SAFOURA ZADEH

ABSTRACT. Let 1 < p < oo and let T': LP(M) — LP(N) be a bounded map between
noncommutative LP-spaces. If T is bijective and separating (i.e., for any z,y € L?(M)
such that 2"y = zy™ = 0, we have T'(z)*T(y) = T'(z)T(y)* = 0), we prove the existence
of decompositions M = M; %Mg, N = N1 &N> and maps T1: LP(M1) — LP(N1),
T>: LP(M2) — LP(N32), such that T = Ty + T», T1 has a direct Yeadon type fac-
torisation and 7> has an anti-direct Yeadon type factorisation. We further show that
T~ is separating in this case. Next we prove that for any 1 < p < oo (resp. any
1 < p#2< o0), asurjective separating map T': LP(M) — LP(N) is S'-bounded (resp.

completely bounded) if and only if there exists a decomposition M = M; %Mz such
that T'|r»(a,) has a direct Yeadon type factorisation and My is subhomogeneous.

1. INTRODUCTION

This paper deals with separating maps between noncommutative LP-spaces, 1 < p < oo.
These operators were investigated recently in [1,4, 5], to which we refer for background,
motivation and historical facts. Recall that a bounded map T': LP(M) — LP(N') between
two noncommutative LP-spaces is called separating if for any =,y € LP(M), the condition
x*y = zy* = 0 implies that T'(z)*T'(y) = T'(x)T(y)* = 0. It was shown in [4, Proposition
3.11] and [1, Theorem 3.3 & Remark 3.4] that T': LP(M) — LP(N) is separating if and only
if there exists a w*-continuous Jordan homomorphism J: M — N, a positive operator B
affiliated with A and commuting with the range of J, as well as a partial isometry w € N/
such that w*w = s(B) = J(1) and

T(x) =wBJ(x), (x € MNLP(M)).

Such a factorization (which is necessarily unique) is called a Yeadon type factorization
in [4,5]. We further say that 7" admits a direct Yeadon type factorization if the Jordan
homomorphism J in this factorization is a *-homomorphism. It is proved in [5, Proposition
4.4] and [1, Theorem 3.6] that any separating map 7': LP(M) — LP(N) with a direct
Yeadon type factorization is necessarily completely bounded. It is also proved in [5,
Proposition 4.5] that any such map is S'-bounded (see Section 2 below for the definition).
The main purpose of the present paper is to establish a form of converse of these results
for surjective maps. More precisely, we prove the following characterizations.

Theorem. Let 1 < p < oo, let M, N be semifinite von Neumann algebras and let
T: LP(M) — LP(N) be a surjective separating map. The following are equivalent :

(i) T is S'-bounded:;
Key words and phrases. von Neumann algebras, noncommutative L”-spaces, separating maps, operator

spaces.
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oo
(ii) There exists a direct sum decomposition M = M; & My such that the restriction
of T to LP(M) has a direct Yeadon type factorization and My is subhomogeneous.

Moreover if p # 2, then (ii) is also equivalent to :
(iii) T is completely bounded.

These results will be proved in Section 4. We also provide an example showing that the sur-
jectivity assumption cannot be dropped. In section 3, we establish a general decomposition
result for bijective separating maps which plays a key role in the above characterization
results. We prove in passing that the inverse of any bijective separating map is separating
as well. Section 2 is preparatory.

2. BACKGROUND

In this section we recall some necessary background on semifinite noncommutative LP-
spaces and subhomogeneous von Neumann algebras.

Let M be a semifinite von Neumann algebra with a normal semifinite faithful trace
Tam. Assume that M C B(H) acts on some Hilbert space H. Let L°(M) denote the
x-algebra of all closed densely defined (possibly unbounded) operators on H, which are
7,-measurable. Then for any 1 < p < oo, the noncommutative LP-space associated with
M can be defined as

LP(M) = {z € LOM) =y (|zP) < o0}.

1
We set ||z, := Tm(|z[P)? for any @ € LP(M). Then LP(M) equipped with |-, is a
Banach space. The reader may consult [3,8,12] and the references therein for details and
further properties.

We let SP, 1 < p < oo, denote the noncommutative LP-space built upon B(f£?) with its
usual trace; this is in fact the Schatten p-class of operators on ¢2. For any m > 1, we let
Sh, denote the Schatten p-class of m x m matrices. Whenever E is an operator space, we
let SH,[E] denote the E-valued Schatten space introduced in [6, Chapterl].

Recall that we may identify LP(M ® M,,) with LP(M) ® Sh, in a natural way. Let
N Dbe, possibly, another semifinite von Neumann algebra. We say that an operator T :
LP(M) — LP(N) is completely bounded if there exists a constant K > 0 such that

1T @ Igp : LP(M @ M) = LP(N ®@ My,)|| < K,

for any m > 1. In this case, the completely bounded norm of 7' is the smallest such
uniform bound and is denoted by ||T'||,. We further say that T is a complete isometry if
T ® Igr is an isometry for any m > 1.

In [5, Section 3], we introduced S'-valued noncommutative LP-spaces, which naturally
extend previous constructions from [2,6]. We recall this definition here.

For 1 < p < oo, the S!-valued noncommutative LP-space, LP(M; S1), is the space of all
infinite matrices [x;]; j>1 in LP(M) for which there exist families (a);r>1 and (brj)k,j>1
in L?P(M) such that >ik @ik and Yoy o by by converge in LP(M) and for all 4,7 > 1,

o0
T =Y aib;.
k=1
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We equip LP(M; S?) with the following norm
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where the infimum is taken over all families (a;); x>1 and (bx;)k,j>1 as above. The space
LP(M; S1) endowed with this norm is a Banach space.

For any integer m > 1, we let LP(M;S}) be the subspace of LP(M;S!) of matrices
[2i7)i.;>1 With support in {1,...,m}%

Following [5, Definition 3.8|, we say that a bounded operator T': LP(M) — LP(N) is
Sl-bounded if there exists a constant K > 0 such that

1T ® gy : LP(M; Sy — LP(N;SL)|| < K,

for any m > 1. In this case, the S'-bounded norm of T is the smallest such uniform
bounded and is denoted by ||T||si. We further say that T : LP(M) — LP(N) is an
Slisometry if for each m > 1, T ® I s1 is an isometry.

We proved in [5] that for any n > 1, LP(M,;S}) = Sh[S}] isometrically. Further, if

M, N are hyperfinite, then T : LP(M) — LP(N) is S'-bounded if and only if it is regular
in the sense of [7].

We note that any direct sum M = M; %3 M induces isometric identifications LP(M) =
LP(M,y) é LP(M3) and LP(M; S1) = LP(My; S1) é LP(May; SY) (see [5, Lemma 5.2] for the

last identification).

Recall that a C*-algebra A is called subhomogeneous of degree < N if all irreducible
representations of A are of maximum dimension N. If A is subhomogeneous of degree
< N, for some N, we simply say that A is subhomogeneous. It is well-known (see for
example [9, Theorem 7.1.1]) that M is a subhomogeneous von Neumann algebra of degree
< N if and only if there exist » > 1, integers 1 < n; < n9 < ... < n, < N and abelian
von Neumann algebras L (€1),..., L>(£2,) such that

2) Mz & L=y M,,).

1<j<r

If a von Neumann algebra M is not subhomogeneous of degree < N, it is well-known
that there is a non zero x-homomorphism ~ : My4+1 — M. Lemma 2.1 below makes this
more explicit in the semifinite case.

Lemma 2.1. Let M be a semifinite von Neumann algebra and let N > 1. If M is not
subhomogeneous of degree < N, then there is a complete isometry from Sﬁ,ﬂ into LP(M)

that is also an S'-isometry.

Proof. Let M = My % M be the direct sum decomposition of M into a type I summand
M and a type II summand My (see e.g. [11, Section 5]).

Assume that My # {0}. Following the same lines as in [5, Lemma 2.3], there is a
projection e in Mo, a trace preserving von Neumann algebra identification

(3) MQ =~ MN+1®(€M2€)
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and a finite trace projection € in e Mse such that the mapping
v:Myyr = My C M; Y(a)=a®e
is a non zero *-homomorphism taking values in L!(M), and therefore LP(M).

For every [a;j]i<i j<m in SﬁH_l ® SP, we have that

llai; @ elllLrmemtn) = llellplllailllLe vy @0m)

and therefore ||| 1y is a complete isometry from 5% | into LP(M). By [5, Lemma 5.1],
Ilai; @ elllLe(ms; s,) = lellplllaiilllsy,, s1s
and therefore || 17 is also an S'-isometry from S%,, | into LP(M).

If My = {0}, then M is of type I. Since M is not subhomogeneous of degree < N, it
follows from [11, Theorem V.1.27] that there exist a Hilbert space H with dim(H) > N+1
and an abelian von Neumann algebra W such that M contains B(H)®W as a summand.
Using this summand instead of (3) and arguing as above we obtain the result in this case
as well. O

3. BIJECTIVE SEPARATING MAPS AND THEIR INVERSES

The goal of this section is to provide a decomposition for bijective separating maps that
facilitates their study. We apply this decomposition to show that the inverse of a bijective
separating map is separating as well.

First we recall some terminologies and results that we will use. A Jordan homomorphism
between von Neumann algebras M and N is a linear map J : M — N such that

J(x*)=J(x)* and J(xy+yzx)=J(x)J(y) + J(y)J(x)

for all z and y in M. It is plain that x-homomorphisms and anti-*-homomorphisms are Jor-
dan homomorphisms. In fact, every Jordan homomorphism is a sum of a *-homomorphism
and an anti-x-homomorphism, as we recall here.

Let J : M — N be a Jordan homomorphism and let D C N be the w*-closed C*-
algebra generated by J(M). Then J(1) is the unit of D. By e.g. [10, Theorem 3.3],
there exist projections e and f in the center of D such that e + f = J(1), z — J(x)e
is a *-homomorphism, and  — J(z)f is an anti-+-homomorphism. Let Ny = eNe and

No = fNf. Definen : M — Ny and 0 : M — Ny by n(z) = J(z)e and o(z) = J(z)f,
for all # € M. Then J is valued in N'; & N5 and J(z) = n(x) + o(z), for all z € M.

Assume that M and N are semifinite von Neumann algebras and let 1 < p < co. In
[4], inspired by Yeadon’s fundamental description of isometries between noncommutative
LP-spaces, we say that a bounded operator T: LP(M) — LP(N) has a Yeadon type
factorization if there exist a w*-continuous Jordan homomorphism J: M — N, a partial
isometry w € N, and a positive operator B affiliated with A/, which satisfy the following
conditions:

(a) w*w = J(1) = s(B), the support projection of B;
(b) every spectral projection of B commutes with J(z), for all z € M;
(¢) T(z) = wBJ(x) for all z € M N LP(M).
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We call (w, B, J) the Yeadon triple associated with 7. This triple is unique. Following [5],
if J is a x-homomorphism (respectively, anti-x-homomorphism), we say that 7" has a direct
(respectively, anti-direct) Yeadon type factorization.

Following [4], we say that a bounded operator T : LP(M) — LP(N) is separating if for
every x,y € LP(M) such that z*y = zy* = 0, we have that T'(z)*T (y) = T(x)T(y)* = 0.
The following characterization has a fundamental role in the study of separating maps.

Theorem 3.1. ([1, Theorem 3.3/, [4, Theorem 3.5]) A bounded operator T': LP(M) —
LP(N) admits a Yeadon type factorization if and only if it is separating.

It is easy to see that for a separating map T : LP(M) — LP(N) with Yeadon triple
(w, B, J), we have that

(4) T(z") = wT(2)*w (z € LP(M)).

Also, if T has a direct (respectively, anti-direct) Yeadon type factorization, we get that
(5) T(zm) =T(z)J(m) (respectively, T'(mz) = T(z)J(m)),
for every z € LP(M) and m € M.

Remark 3.2. Let T : LP(M) — LP(N) be a separating map with Yeadon triple (w, B, J).
We observe that if T is surjective, then w is a unitary. Indeed on the one hand, we see
that 7' is valued in wLP(N'). Since ww*w = w, this implies that T is valued in ww*LP(N).
Hence, if T is surjective, we have ww*LP(N') = LP(N), which implies that ww* = 1. On
the other hand, T'(x) = T'(z)J(1), for any x € LP(M). Hence, T is valued in LP(N)J(1).
Hence, if T is surjective, we have LP(N)J(1) = LP(N'), which implies w*w = J(1) = 1.

Proposition 3.3. Let T : LP(M) — LP(N) be a separating map that is bijective. Then
there exist direct sum decompositions

M=MSMsy,  and N =N, dNo,

and bounded bijective separating maps Ty : LP(My) — LP(N7) with a direct Yeadon type
factorization and Ty : LP(Msa) — LP(N3) with an anti-direct Yeadon type factorization
such that T ="T1 + T5.

Proof. Assume that w = 1. Consider a decomposition for J, induced by central projections
e and f, as recalled above. As detailed in [5, Remark 4.3], this induces a decomposition

N =N, %/\/’2 and separating maps
Ty: LP(M) — LP(N,), Ti(z) = T(x)e,
with Yeadon triple (e, Be, ), and hence a direct Yeadon type factorization, and
Ty: LP(M) — LP(N3),  Tu(z) =T(2)f,
with Yeadon triple (f, Bf,o), and hence an anti-direct Yeadon type factorization, such
that T =Ty + Ts.

Let M; := ker(o) and My := ker(w). Since M; and My are w*-closed ideals of M,
there exist central projections «, 3 € M such that M; = aM, and My = M. Set
Ms:=(1—a)(1 - B)M. Note that af € ker(o) Nker(w), and therefore J(af) = 0. Since
T is one-to-one, by [4, Remark 3.14(a)], J is one-to-one and therefore we must have that
af = 0. Hence,

l=a+8+(1—-a)(l-5).
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o0 o0
Consequently, M = M1 ® My @ Mj, and so we have the decomposition
p p
LP(M) = LP(My) & LP(My) & LP(Ms).

The result will follow if we can show that

LP(My) = ker(Tz), LP(M3)=ker(T1) and Ms3={0}.

To see that LP(My) C ker(T5), let © € My N LP(My), then
Ty(xz) = Bo(z) = 0.

Hence, M; N LP(M;) C ker(T) and therefore LP(M;) C ker(T:). Now suppose that x
belongs to ker(73). For any n > 1, let p, = X[—nn)(|7*|), the projection associated with
the indicator function of [—n,n] in the Borel functional calculus of |z*|, and z, := p,x.
Then, using (5), we have that

To(xy) = To(z)o(pn) = 0.

Hence, Bo(x,) = 0. Since s(B) = 1, this implies that o(x,) = 0, that is x,, is in M;.
Now because z;,, — x in LP(M), we obtain that = belongs to LP(M;). Hence,

LP(My) = ker(T5).

Similarly, we can show that LP(Ms) = ker(T5).

Finally, we show that M3 = {0}. Let x € LP(M). By surjectivity of T', there is
y in LP(M) such that T'(y) = Ti(x). Writing T'(y) = Ti(y) + T2(y), we obtain that
Ti(x —y) = 0 and Tr(y) = 0, that is z — y belongs to ker(T}) = LP(M3) and y belongs
to ker(Ty) = LP(M;), thus = belongs to Lp(./\/ll)éLp(Mg). Hence, M3 = {0}. This
completes the proof in the case w = 1.

In the general case, consider the map T:= w*T'(+), which takes any x € M N LP(M) to
BJ(z). By Remark 3.2, T is also a bijective separating map. Its Yeadon triple is (1, B, J).
We may apply the above decomposition to the map 7T to obtain decompositions M =
M & Mo, N =N, %3./\/'2 and bounded bijective separating maps 77 : LP(My) — LP(N7)
with a direct Yeadon type factorization and Ty : LP(Ms) — LP(N2) with an anti-direct

Yeadon type factorization such that T =Ty +Ty. Since wT = T, we obtain the result. [

Proposition 3.4. Suppose that T : LP(M) — LP(N) is a bijective separating map, then

(i) T~1: LP(N) — LP(M) is separating.
(i) If J : M — N is the Jordan homomorphism associated with T', then J is invertible
and J~1 : N = M is the Jordan homomorphism associated with T~!.

Proof. Using the decomposition given in Proposition 3.3, it is enough to show parts (i) and
(i) for a bijective separating map with a direct Yeadon type factorization. So, throughout
the proof we assume that this is the case. Note that by Remark 3.2, J(1) = 1.

(1) Suppose that a,b € LP(N) such that a*b = ab* = 0. We show that T~1(a)*T~1(b) =
T a)T7'(b)* = 0. Let & = T *(a) and y = T-1(b). Set pp := X[—n,n ([y]), for any
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n > 1. We have that

T(z"ypp)B =T (x*)J (ypn)B by (5)
=T(@")w*T (ypy)
= wT'(z)"T (ypn) by (4)
= wT'(z)"T(y)J (pn) by (5)

= wa*bJ(py) = 0.

Since s(B) = J(1) = 1, we obtain T'(z*yp,) = 0. Because T is one-to-one, we have that
*ypn, = 0. Now, since yp, — y, we get that z*y = 0. A similar argument using ab* = 0
implies that xy* = 0. Hence T~! must be separating.

(ii) By part (i), T~ is separating. We let J’ denote the Jordan homomorphism of its
Yeadon triple. Let e € N be a projection with finite trace. For any y € eNe, we have
that T~1(y) = T~%(e)J'(y). Applying (5), we deduce that

y=TT '(y) =T (T (e)J'(y)) =TT '(e) JJ'(y) = e JJ (y).

Using the w*-continuity of J and J’, and the w*-density of the union of the eNe, for
T (€) < 0o, we deduce that y = JJ'(y) for any y € N. By [4, Remark 3.14(a)], since T is
one-to-one, J must be one-to-one. Hence, J is invertible with J~! = J'. U

Remark 3.5. Part (ii) of Proposition 3.4 shows that a separating invertible map T :
LP(M) — LP(N) admits a direct Yeadon type factorization if and only if 7-! does.

4. A CHARACTERIZATION OF COMPLETELY/S!-BOUNDED SURJECTIVE SEPARATING
MAPS

In this section we show that a separating map can always be reduced to a one-to-one
separating map and therefore we may confine ourself to the study of separating maps that
are surjective rather than bijective. The goal of the section is to provide a characterization
for surjective separating maps that are completely bounded (when p # 2) or S'-bounded.
We show that the surjectivity assumption is essential.

We require [5, Propositions 4.4 & 4.5] later on in our arguments in this section. We
recall the statements for convenience.

Proposition 4.1. Let T: LP(M) — LP(N) be a bounded operator with a direct Yeadon
type factorization. Then T is completely bounded and ||T || = ||T|.

Proposition 4.2. Let T: LP(M) — LP(N) be a bounded operator with a direct Yeadon
type factorization. Then T is S'-bounded and |T||g1 = ||T|.

Lemma 4.3. Let T : LP(M) — LP(N) be a separating map. Then there exists a direct
sum decomposition M = M, & M such that ker (T) = LP(My).

Proof. Let T : LP(M) — LP(N') be a separating map and J : M — N be the Jordan
homomorphism associated with 7" via its Yeadon type factorization. Let Mg := ker(J).
Then My is an ideal. Since J is w*-continuous, Mg is w*-closed. Hence we have a direct
sum decomposition

M= Myd M.
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It is clear that LP(Mg) C kerT'. Further J|5; is one-to-one. By [4, Remark 3.14(a)| this
implies that T Lr () is one-to-one. This yields the result. O

For any von Neumann algebra M, we let M denote its opposite von Neumann algebra.
Recall that the underlying dual Banach space structure and involution on M are the
same as on M but the product of x and y is defined by yx rather than zy. Note that the
Banach spaces LP(M) and LP(M°P) are the same. It is evident that, for von Neumann
algebras M and N, J : M — N is a *-homomorphism if and only if

JP MP 5 N; oz J(x),
is an anti-+-homomorphism. Hence, a separating map T : LP(M) — LP(N) has a direct
Yeadon type factorization if and only if

T : LP(MP) — LP(N); z— T(z),

has an anti-direct Yeadon type factorization.

Lemma 4.4 below is the principal ingredient of our characterization theorems. Its proof
relies on the relation between the completely bounded norm or S'-norm of the identity
map

I°P . LP(M) — LP(M®P)
and the norms of the transformations
[wijhi<ij<m = [Tjil1<ij<m
either on LP(M ® M,,) or on LP(M; S} ), in particular in the specific case when M = M,,.

We will use the fact that for any n > 1, we have LP(M,, @ M,,) ~ Sh,[Sh], isometrically,
provided that Sh is equipped with the operator space structure given in [6].

Let t,, denote the transposition map on scalar m x m matrices. Assume that M is

semifinite. The map
Ipgor @ty : MP @ M, - MP @ MP
is a trace preserving *-homomorphism, and so
ILp(Mop) (024 th LP(MOP &® Mm) — LP(MOP &® Mror{))

is an isometry. Moreover MP@M¥ = (M®M,,)°P, hence LP(MP@ M) = LP(M®M,,)
isometrically. For any [z;]1<i j<m in LP(M) ® Sp, since Ip(pop) @ try maps [x5] to [z],
we get that
(6) H[xij]HLP(MOP(@Mm) = H[xji]HLP(Mc@Mm)’

We now show that similarly, for any [zi;]1<; j<m in LP(M) @ S},

(7) H[xij]HLP(MOP; sLy — H[xji]HLP(M; SL)”
To verify the identity (7), assume that ||[2;][|zr(por; 51y < 1. Taking into account the
opposite product and (1), we can write

Tij = Y bk
k

for some a;y,, by,; in L? (M) such that zzk a’.a;;, and Zk,j bk;y; have norm < 1 in LP(M).
This exacly means that [|[z;]||»(ag; s31) < 1. This shows the inequality > in (7). Reversing
the argument we find the other inequality.
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Identities (6) and (7), respectively, imply
) [ 1% LP(M) — LP(MP)|| , = sup || Lo @tm: LP(MRMy,) — LP(M@M,y,) ||,
m>1

and

|1 LP(M) — LP(MP)|| g = sup||Iro(ag) @ tm: LP(M; S),) — LP(M; S,,)]].
m>1

When M = M,,, the above identities can be more specific. In fact, as we show below,
we have that for any n > 1,

(10) [17: Sh — {SEY||,, = ||tn = Sh— SB[,
and
(11) HIOp: Sh—sy {SZ}OPHSI = th : SP— Sﬁ”sl.

Using (6) applied to M = M,,, to prove (10), it is enough to show that for any [z;;]1<;i j<m
in Sh @ Sh,,

(12) H[t xw HS" [SB] — H[%'imsﬁl[sﬁ]'

This follows from the fact that ¢, ® t, = t,, is an isometry on SH,[Sh] ~ Sk, and hence
| (tm tn)[tn(wm)]\\sg)n[sg} = H[tn(ﬂcz‘j)ms&[sm'

Since (tm ® tn)[tn(2i;)] = [25i], this yields (12).

Likewise, using (7) applied to M = M,,, to prove (11), it is enough to show that for
any [zij]1<ij<m in Sh @ Sk,

(13) itn (@il gpgsry = il gpis -

Assume that [|[t,(2;)]]|gz[s1 ] < 1. According to (1), we can write
'IZ] Z azkbk]

for some a;, by; in S2P such that sz a;ral, and Zk,j b,’;jbkj have norm < 1 in SE. Then

we have
L5 = Z tn(aikbk] Zt bk:] alk
k
hence
Z t bkz aj k
Further

Zt ajk a]k (Z agk%g)

and t, is an isomerty on Sﬁ. Consequently, > n(akj) tn(aj;) has norm < 1 in S}.
Similarly, 3, ; tn(bri)tn(bri)* has norm < 1 in Si. This shows that ||[zji]llspsr) < 1.
We have thus proved the inequality > in (13). Reversing the argument we find the other
inequality.

In the sequel, E(x) denotes the integer part of x.
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Lemma 4.4. Suppose that M is a semifinite von Neumann algebra.

(i) If M is subhomogeneous of degree < N for some N > 1, then for all [z;j] €
M,, @ LP(M), m > 1, we have that

< N2/2-1/pl I

H[%i]”m(M@Mm) [xij]”LP(M(@Mm)’

and
zgilll Lo misny < NHzig] e s s2)-
(i) Suppose that there exists K > 1 such that for all [z;;] € LP(M) ® Sh,, m > 1,
(14) llzjilllr (et < Kzl e (mensm)-
Then if p £ 2, M is subhomogeneous of degree < N with N = FE (Km>
(iii) Suppose that there exists K > 1 such that for all [z;;] € LP(M) ®@ Sh,, m > 1,
(15) il e ovsyy < Kllzig]lloe o s1,)-
Then M is subhomogeneous of degree < N with N = E(K).
Proof. (i) Assume that M = L*>(Q; M,,). Let m > 1 be given. We have that
LP(M ® M,,) ~ LP(Q; SE [SP]).
By Pisier-Fubini Theorem [6, (3.6)],
LP(M; Sp,) = LP(Q; S5 [Sp])-
Consequently,

(16)
110 (a1) ® tim: LP(M & My,) — LP(M @ My,)|| = ||tm @ Igp: SB[SP] — SP[SP]]].

and
A7) ooy @ tin: LP(M;Sy,) — LP(M; S| = || Tsz @ tin: SEIS,] — SEIS,]]-
Applying (8) to both sides of (16), we deduce

|17 LP(M) — LP(MP)|| , = |1 SE — {SE}P||
and applying (9) to both sides of (17), we deduce that

|17 LP(M) — LP(MP)]| o = ||[T7: SB — {SE}P| 61

cb’

By [5, Lemma 5.3],
[tn 2 S — S|, = n2VP=120 and ||t : SP — SPl g1 =7,
hence we obtain by (10) and (11) that
HIop: LP(M) — Lp(Mop)ch — n2/p=1/21 g HIOP: LP(M) — LP(MOP)Hsl =n.
When M is subhomogeneous of degree < N, there exist r > 1, integers 1 < ny <

ng < --- < n, <N and abelian von Neumann algebras L>(€), ..., L>(,) such that (2)
holds. Then for any m > 1, we have that
P P
LP(M @ M)~ & LP(Q;Sh[Sh]) and  LP(M;Sy,) ~ & LP(Q; S5 [Sp])-

1<j<r Jrom 1<j<r
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Using our previous argument and direct sums we deduce that
1197 - LP(M) — LP(MP)||y < N25721 and |19 : LP(M) — LP(MP)||g1 < N.
The result follows from (6) and (7).

1
(74) Suppose that M is not subhomogeneous of degree < N = E(K?21/2-1/»l). By
Lemma 2.1, there exists a complete isometry

S¥i1 = M.
This embedding implies that for any m > 1,
Htm®lsfv+1: SPISR 1]l — SEISR || < e (an) @t s LP(M®@ M) — LP(M@ My,)||.
According to (8) and (10), this implies that
xSy — Bl < 1775 2200 — L7007,
Hence .
|77+ (M) — LP(MP)|| > (N + 12572

Comparing this with inequality (14) above and applying (6), we get a contradiction.

(73i) The proof is similar to the proof of part (i7). O

Proposition 4.5. Let T : LP(M) — LP(N) be separating. If M is subhomogeneous then
T is completely bounded and S*-bounded.

Proof. Changing T to w*T, we can assume that w = J(1). By [5, Remark 4.3], we
can write T as a sum T = T} + T, such that 7T} has a direct Yeadon type factorization
and 75 has an anti-direct Yeadon type factorization. By Propositions 4.1 and 4.2, T}
is completely bounded and S'-bounded. Hence it suffices to show that 75 is completely
bounded and S'-bounded. Let I : LP(M) — LP(M°") be the identity map and set
TP =:Thol °p=1 Since T has an anti-direct Yeadon type factorization, T5” has a direct
Yeadon type factorization. So, by Propositions 4.1 and 4.2, T,? is completely bounded and
Sl-bounded. Since M is subhomogeneous, part (i) of Lemma 4.4 and its proof show that
I°P is completely bounded and S'-bounded. By composition, we obtain that Th = TyP o I
is completely bounded and S*-bounded. O

Proposition 4.6. Suppose that T : LP(M) — LP(N) is a bijective separating map with
an anti-direct Yeadon type factorization.

(i) If p # 2 and T is completely bounded then M is subhomogeneous.
(i) If T is S'-bounded then M is subhomogeneous.

Proof. (i) Suppose that T : LP(M) — LP(N'), 1 < p # 2 < o0, is a bijective separating
map with an anti-direct Yeadon type factorization. Assume that T is completely bounded.
Let I°P : LP(M) — LP(M°P) be the identity map and set T° := T o I°?~1. Since T
is bijective with an anti-direct Yeadon type factorization, TP is bijective with a direct
Yeadon type factorization. By part (i) of Proposition 3.4 and Remark 3.5, T°P~1 is also
separating with a direct Yeadon type factorization. Therefore, by Proposition 4.1, T°P~!
is completely bounded. Hence, I := TP~ o T is completely bounded. It now follows
from part (i) of Lemma 4.4 and (6) that M is subhomogeneous.

(i) The same argument as in part (i) with S'-bounded (norm) replacing completely
bounded (norm), Proposition 4.2 replacing Proposition 4.1, part (iii) of Lemma 4.4 re-
placing its part (i7) and (7) replacing (6) yields the result. O
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Remark 4.7. Suppose that T : LP(M) — LP(N), 1 < p < oo, is a surjective separating

isometry with an anti-direct Yeadon type factorization. The proof of Proposition 4.6

shows that when T is completely bounded and p # 2, M is subhomogeneous of degree
1

< E(|T)| 3% "*"). When T is S'-bounded, M is subhomogeneous of degree < E(||T'||s1).

Theorem 4.8. Let T : LP(M) — LP(N), 1 < p # 2 < o0, be a bounded separating map
that is surjective. Then the following are equivalent.

(i) T is completely bounded.

(ii) There exists a decomposition M = M, &My such that T|rp(pmy) has a direct
Yeadon type factorization and Ms is subhomogeneous.

Proof. (i) = (ii) Suppose that T': LP(M) — LP(N), 1 < p # 2 < oo, is a surjective
completely bounded separating map. In view of Lemma 4.3, we may assume 7' is bijective.

By Proposition 3.3, there exist decompositions M = M %3/\/12 and N = Ny Z‘SNQ and
surjective separating maps 77 : LP(M;) — LP(N7) and Ty : LP(Ms) — LP(N2) such that
T7 has a direct Yeadon type factorization, T» has an anti-direct Yeadon type factorization
and T = T1 +T5. Since T is completely bounded, T5 is also completely bounded. By part
() of Proposition 4.6, My must be subhomogeneous.

(11) = (4) This is a consequence of Propositions 4.1 and 4.5. O
Theorem 4.9. Let T : LP(M) — LP(N), 1 < p < oo, be a separating map that is
surjective. Then the following are equivalent.

(i) T is S*-bounded.

(ii) There exists a decomposition M = M, &My such that T|rp(pmy) has a direct
Yeadon type factorization and Ms is subhomogeneous.

Proof. The proof is similar to Theorem 4.8, replacing completely bounded with S'-bounded,
part (i) of Proposition 4.6 by its part (i¢) and Proposition 4.1 by Proposition 4.2. O

The following example shows the surjectivity assumption in Theorems 4.8 and 4.9 is
essential. In fact in this example, on a non-subhomogeneous semifinite von Neumann
algebra M and for a given € > 0, we construct a separating isometry T : LP(M) — LP(N)
such that T is not surjective, ||T'||s < 1+¢, [|[T]|s1 <1+ ¢ and part (i) of Theorems 4.8
and 4.9 is not satisfied.

The isometry T in our example is set up between hyperfinite von Neumann algebras
and so || Tl < ||T||s1 (see [7, Proposition 2.2] and [5, Proposition 3.11]). Therefore, we
only need to verify that for such 7' we have that ||T']|q1 <1 +e.

Example 4.10. Let 1 < p < co. Consider the von Neumman algebra
M =12{M,} = {(xn)nzl :Vn>1, x, € M, and sup ||z,|e < oo},
n>1

o
the infinite direct sum of all M,,, n > 1. Let N/ := M @& M, the direct sum of two copies
of M. The noncommutative LP-space associated with M is

P{SE} = {(@n)nz1 : Y0 =1, 2y €SP and Y |zl < oo},

n>1
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equipped with the norm
[@nnzall, = (Z feall)”.

P
and so the noncommutative LP-space associated with N is P{Sh} & P{Sh}. Let (By)n>1
be a sequence in the interval (0,1). We may define two operators

Ty: P{SP} — (P{SP} and Ty: P{SP} — (P{SP}
by setting
Tl((xn)n21) - ((1 - Bn)%xn)n21 and TZ((xn)n21) - (/85 tn(xn))n21
for any @ = (z,)n>1 € P{Sh}. Consider
T (P{S) — {SIY & (ST}, T(x) = (Ti(z). Ta(x).

It is plain that T is an isometry. Indeed for any = = (z,,)n>1 € P{Sh}, we have
1T (@)l = T3 (@)1 + [1T2(2)15

Z L= B)llznlly + Zﬁnlltwnll” = Z lzally = llzll5-

Given € > 0, consider the above construction with

(I+e)p -1
Po="— 1

We show that T is S'-bounded with ||T||s1 < 1+ ¢. Indeed consider an integer m > 1.
We have
C{SEY[Sm] = E{SHISm]}

and therefore, we also have that
(wesréeisny) [sh) = eisHishl & e(szish,
Now let = (z,,)n>1 € P{SH[S}]} (here each x,, is an element of SL[S1]). Then

(g ©T)&) = (1= ) oy, (3 (10 © Ty o))
Consequently,

[e.e]

H(IS},L ® T)(ac)”i = Z(l = Bn)l ’anSP[Sl + ZﬁnH ® Isl ) (@ ”)Hgﬁ[sgn}

n=1

< Z 1—8) HanSp[Sl + npﬁonnHSp[Sl by [5, Lemma 5.3 (ii)]

(1+e)P lexn\lsp[sl = (1 +¢&)"ll=3-

It is clear that T is separating and that the Jordan homomorphism J: M — A in its
Yeadon triple is given by

J((l’n)nzl) = ((wn)nzl’ (tn(xn))nzl)-
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It follows that whenever M is a non zero summand of M, the Yeadon factorization of
the restriction of T to LP(M;) is neither direct nor indirect. A fortiori, 7' does not satisfy
the assertion (i) of Theorem 4.9.
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