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Abstract

A closure relation for moments equations in kinetic theory was recently
introduced in [38], based on the study of the geometry of the set of moments.
This relation was constructed from a projection of a moment vector toward
the boundary of the set of moments and corresponds to approximating the
underlying kinetic distribution as a sum of a chosen equilibrium distribution
plus a sum of purely anisotropic Dirac distributions.

The present work generalizes this construction for kinetic equations in-
volving unbounded velocities, i.e. to the Hamburger problem, and provides a
deeper analysis of the resulting moment system. Especially, we provide rep-
resentation results for moment vectors along the boundary of the moment set
that implies the well-definition of the model. And the resulting moment model
is shown to be weakly hyperbolic with peculiar properties of hyperbolicity and
entropy of two subsystems, corresponding respectively to the equilibrium and
to the purely anisotropic parts of the underlying kinetic distribution.

1 Introduction

This paper is a follow-up to [38] and aims at generalizing and analyzing the projec-
tive closures of moment equations.

Kinetic theory commonly describes the motion of a cloud of particles through its
density f in the phase space. This so-called distribution function depends on time
t € R*, position x € R? (the space dimension d is set to one in all the paper) and on
a state variable s € FF which can model various quantities representing the particles
such as the velocity v € R?, the internal energy I € RT for polyatomic gases or the
size S € RT for polydisperse sprays. In the spirit of Boltzmann’s H-theorem, the
kinetic equation commonly dissipates an entropy, which corresponds to saying that
the dynamic tends to push the distribution function to have a certain form. This
form, minimizing the entropy, corresponds to an equilibrium. In many applications
in physics, the hypothesis of thermal equilibrium is made and the distribution with



respect to this state variable is forgotten as only weaker information is required, i.e.
the mean density, momentum and energy which are moments of the distribution
function with respect to s. However, many applications in physics also involve out
of equilibrium regimes which need to be accurately modeled and simulated.

The discretization of f with respect to s presents several difficulties. First, the
computational cost is high because of the number of variables involved. Second,
capturing appropriately the equilibria requires special treatment. The method of
moment is a key technique for the reduction of kinetic equations into fluid models,
which can be interpreted as such a discretization. The moments f are weighted
integrals of the distribution function f with respect to s. This technique consists in
multiplying the kinetic equation by a set of basis functions of s and integrating it.
However, the resulting moment equations are commonly undetermined and require
supplementary equations, so-called closure, to be well-posed. The most common
idea to construct such closures consists in solving a truncated moment problem, i.e.
finding a distribution function from its moments and computing the unknown terms
based on this function. Such a construction also provides a kinetic interpretation
to the moment model.

The problem of constructing a closure has been widely studied and many sug-
gestions were provided depending on the field of applications and on the properties
required for the approximation. We exhibit here a (non-exhaustive) list of them
illustrating the main ideas. A first idea consisted in constructing the closure from
the equilibrium distribution, it leads typically to Euler equations or Navier-Stocks
through Chapman-Enskog expansion. A first alternative was proposed by Grad
([20]) and consisted in a polynomial perturbation of the Maxwellian. This leads
to non-strictly hyperbolic equations. Some regularizations (see e.g. [44, 8] and ref-
erences therein) dealt with this issue by a clever pertubation of the Maxwellian
but it commonly leads to non-conservative equations. The idea of reconstructing
the distribution minimizing the entropy ([30], see also e.g. [14, 22, 36] for other
applications) was shown to satisfy most of the properties desired for a closure. Es-
pecially, the resulting moment equations are symmetric hyperbolic and possess an
entropy directly related to the kinetic one. However, the numerical computation of
this closure requires special consideration (see e.g. [23, 5, 4, 33, 39]). Furthermore,
there exists moment vectors for which this closure cannot be constructed. This
was circumvented recently ([1, 2]) by a clever modification of the entropy. Another
approach, inspired by quadrature techniques to approximate integrals, consists in
approximating the distribution function by a sum of Diracs. This quadrature-based
method of moments (QMOM ; [34]) is very well-adapted to numerical applications,
but it leads to weakly hyperbolic models, while strong hyperbolicity can be expected
in some applications, and does not dissipate the entropy defined at the kinetic level
(though other entropies can be found). Many extensions of this model were pro-
posed to tackle e.g. the weak hyperbolicity, to capture certain Maxwellian regimes
(see e.g. [31, 47, 9, 40, 17]).

In [38], a generic construction of closures was suggested by computing the pro-
jection of any vector of moments toward a certain direction headed to the boundary
of the set of moments. This led to the interpretation of the closure as the sum
of a chosen equilibrium distribution plus a sum of Dirac measures. However, two
(strong) hypotheses were performed to obtain this distribution: 1-the equilibrium
function was chosen constant and especially independent of the vector of moments
from which the projection is performed; 2-the set of integration was chosen to be



a 1D bounded interval. Furthermore, if numerical applications were presented il-
lustrating the appropriate behavior of this model in various regimes, studying the
hyperbolicity and the entropy of the resulting moment models was left as a per-
spective. The present paper extends the construction of this closure to moments on
1D unbounded sets, i.e. in Hamburger case (the construction in Stieltjes [43] case
would follow similarly) and when the equilibrium function depends on the vector of
moments, especially when the equilibrium is represented by a non-fixed Maxwellian.
This study is completed with the study of hyperbolicity and entropy decay of the
resulting moment model in the case of an equilibrium represented by an entropy-
minimizing distribution. Especially, we show that the resulting model retains cer-
tain properties of the entropy-minimizing moment model and of the QMOM model,
since the underlying distribution is a combination of those of these two models.

The paper is organized as follows. The next section recalls the context, i.e. the
considered kinetic equation together with the construction of the projective closure
and its application in Hausdorff case. The following section extends the framework
of [38] in the case of Hamburger, i.e. when the set of integration is unbounded.
Especially, it is devoted to the study of the set of moments and includes represen-
tations of the vectors along all the boundary of the realizability domain. Section 4
extends the construction of the projective closure when the equilibrium function
depends on the vector of moments itself, including in the case of Hamburger with
a Maxwellian as equilibrium function. Finally, Section 5 analyzes the hyperbolic
and the entropic structure of the resulting model in a general framework. The last
section is devoted to conclusive remarks.

2 Preliminary on the projective moment models

In this first part, the considered kinetic model is presented and the construction of
the projective model from [38] is recalled with adapted notations.

2.1 The kinetic model

Consider a generic 1D kinetic equation of the form

Of + s0.f = Q(f), (1)

where the unknown f is a distribution function depending on time ¢ € R™, position
x € Z C R and a state variable s € E C R.

The method below aims to propose an appropriate approximation of the varia-
tions of f with respect to s € E C R. This state variable can be a velocity variable
v € R when modelling rarefied gases or plasmas, or direction of flight u € [—1,+1]
when modelling radiation. The method below also applies to spray models, where
the state variable commonly represents a size of droplets S € RT even though this
variable appears differently in the kinetic model.

We will assume that (1) possesses the following features that we aim to preserve
through the moment extraction presented in the next subsection

(P1) Together with appropriate initial and boundary condition, (1) possesses a
non-negative solution f > 0, and it has finite moments at least up to a certain



order N + 1, i.e.

Vi=0,...,N+1, /sif(s)ds<oo.
E
(P2) At fixed s, the left-hand side of (1) is a hyperbolic operator. Here, it is a
transport operator at speed s.
(P3) Equation (1) is assumed to dissipate a strictly convex entropy function 7, i.e.
OH(f) +0:T(f) =D(f) <0,

where the entropy-entropy flux pair (#, J) and the entropy dissipation D read
= d = d
)= [ s T = [ s
D(f) = [ A (FDQU s
E

Furthermore, the equality D(f) = 0 holds if and only if f = M equals a
certain Maxwellian which will be specified later.
2.2 Projective moment model
We consider polynomial moment models up to order N. For this purpose, define
b(s) = by(s) :=(1,...,s™M)7,

a basis of polynomials of s up to degree N. Computing the moments up to order
N of (1) w.r.t. the s variable provides the under-determined system

of +0,F = Q, (2)

where
t= [ b Fe [ wfees Q- [ beeueds @

The system (2-3) is under-determined and needs to be supplemented with a closure
relation. The choice of this closure of course impacts on the existence of an under-
lying positivity solution, on the hyperbolicity of this system and on the existence
of an entropy that correspond to the moment versions of the property (P1-3).

Following the property (P1) of the kinetic equation, the solution f is assumed
to be positive and integrable. In this direction, define the following set of functions
which is assumed to contain the solution f of (1) at all time

feLy(B)r = {f € LY(E) st. bfe LYBE)NT and esseiEnff(s) > 0}

and the associated set of moments, also called realizability domain, in which we will
aim to have the solution of (2) evolve

Ro={ [ b ferhmr).



In the next sections, we also widely exploit the following set obtained by replacing
the integral in the definition of Ry, by a finite positive quadrature formula

J
Rg = {Z ozib(si), J < o0, (Si)izL.HJ € EJ, (ai)izl,...,J (S (R+)'J} .
1=1

For a vector f € Ry, the projective closure is constructed by minimizing the
distance to some equilibrium function f¢? (and to its moments denoted £¢7). At
this step, this function f¢? can be a Maxwellian M satisfying D(M) = 0 or not. We
make some additional hypotheses constraining the choice of f¢4:

(H1) It is positive and has finite moments up to order N+1,i.e. f9 € L (E)T.

byt1

(H2) It depends linearly on the moments fy of order 0 and on the normalized

moments N = % as

[ = peaf) = fo fN).
(H3) Denote Hy g the half line starting in f and directed by d
He g := {f+ad, (XER+}.

Then we will suppose that for all f € Ry, the function

{ Rb _>Lf IE]‘?N(?)l wr
f = fea (f)07

is constant along Hg _geq(r)-

Some further hypothesis on the equilibrium function will be made in the next sec-
tion, related to the properties of hyperbolicity and entropy decay of the resulting
closure.

Then, one decomposes all f € Ry, into

f=aof+fP st. P € ORp. (4)

Remark 1. Hypothesis (H3) is a priori not necessary, but it simplifies the com-
putations below, and it is natural and satisfied by all the functions f°? we have in
mind. Especially, forall f € Ry, and a € (—00, ap(f)], we can simply relate the value
of the functions £¢?, f? and aq (from the decomposition (4)) in £* := f — af¢!(f) to
their value in f through

£OU(FY) = £U(F),  £P(£%) = £P(f) and  ao(f¥) = ag(f) — a. (5)

This is discussed with a particular choice of equilibrium function will be given in
Section 4. See also Appendix A for another characterization of this hypothesis.

A representation of the projection f? in the case of Hausdorff, i.e. with a bounded
set of integration E = [—1,+1], is first recalled from [38] before being extended to
the unbounded set £ = R in the next section.



2.3 Hausdorff case: F =[—1,+1]

In the following, we use extensively the notion of Riesz functional ([41]) to simplify
notations.

Definition 2.1. The Riesz functional Ry associated to the vector V sends any
polynomial AT'b onto RV()\Tb) =ATV. We also apply it componentwise to vectors
and matrices of polynomials.

When the set E of integration is an interval, typically F = [—1, 1], solving the
Hausdorff problem (see e.g. [24, 3, 28, 11]) provides a characterization of realizable
vectors f € Ryp. This also provides the existence of a unique positive measure (or
distribution) having such f? € Ry, for moments.

Proposition 1. Consider f € RNt1. Then f € Ry, if and only if

Even case N = 2K : Re (bxbl) and Re((1—s®)bg_1bk_;), (6a)
Odd case N = 2K +1: Re ((1+5)bgbj) and Re((1—s)bgbj) (6b)

are symmetric positive definite.

Proposition 2 ([11, 38]). Consider £ € RN, Then f € ORy if and only if
the matrices (6) are symmetric positive semi-definite and at least one of them is
singular.

In such a case, there exists a unique representing measure for f

J +1 J
f=) ab(s;) = / b(s) Y aids,(s), (7)
i=1 -1 i=1

where the masses a; > 0 are strictly positive, and the quadrature points s; € [—1,+1]
can be computed from the kernell of the singular matriz (6) and their number J < K.

This also provides o
Ri, = int(RY) C RE = Ry

by exploiting the convexity of these sets.
Using the decomposition (4), one simply obtains a representing measure for all
feRy

J +1 J
f = aof°? + Zaib(si) = [1 b(s) <aofeq(5)d5 + Zaiési(s)> .

=1

The projective closure is then obtained by replacing f by this reconstruction in (3)
which provides

F(f):/Esb( s)oo feUT) ds—l—ZalsZ (84)- (8)

The presence of Dirac measures in the decomposition (4) does not offer a simple
framework for the construction of the term Q(f) when the kinetic collision operator
Q@ is non-linear. Some intuitions on how to construct this term will be given in
Section 5.2 by suggesting constraints this function needs to satisfy.

Concerning the previous results from [38]:



e The decomposition (4) was shown to exist for all f € Ry, to be unique and
with ag > 0. This was proved in the general case E C R but only for a fixed
equilibrium function f¢9 € L11)N+1(E)+ independent of the moment f. This

result extends directly when f¢? depends on f but satisfies Hypothesis (H3).

e The realizability domain was shown to be open, again in the general case £ C
R. Especially, the vector f? € Ry, can not be realized by integrable functions.
However, the representation for f? € 0Ry as a sum of Dirac measures or
distributions (7) was shown to be valid only in the case of Hausdorff E =
[-1,+1] compact.

e Analytic formulae were also provided for all of the parameters involved in
decomposition (4,7), i.e. the Dirac masses a;, locations s; and «yp, as functions
of f and of the fixed f°? independend of f.

Concerning the present work:

e We extend the existence and uniqueness of a representation of the form (4)
when the equilibrium function f¢? depends on the unknown under reasonnable
hypotheses. This is typically the case when the equilibrium is given by a
Maxwellian corresponding to the fluid regime of a kinetic equation.

e So far, this closure is only restricted to moment models on bounded sets
of integration E = [—1,+1]. The reason for this restriction is that vectors
belonging to the boundary Ry, of the realizability domain for moments on
unbounded domains are not realized by such simple sum of Dirac deltas as
in (7). This issue is investigated and we provide some representations for
f? € ORyp in the case of Hamburger, i.e. when F = R. These representations
are only exploited in proofs in the rest of the paper, but they are not used for
the construction of a closure because they can not be interpreted as positive
distributions or measures.

e The computation of the parameters involved in the decomposition (4) is sig-
nificantly more complicated when f¢? depends on the moments f. The de-
velopment of an algorithm adapted to the computation of those parameters
is not discussed in this paper and it is left as the main perspective after this
work.

3 Extension of the formalism to Hamburger case:
E=R

In all this section, we denote similarly the number of moments in the even N = 2K
or odd N = 2K + 1 case. The difference between the two cases are discussed when
appropriate.

3.1 Realizability and recursiveness

Again, the problem of moments in the sense of L!'(R)" has been solved in various
manners (see e.g. [21, 11, 3]). We recall the one we will use below.



Proposition 3. Consider f € RN*!. Then f € Ry, if and only if Re (be:’};) is
symmetric positive definite.

In the odd case N = 2K + 1, one remarks that this constraint only applies to
the first moments (fy, ..., f2x )7 and the higher order moment for 1 is left free.
One deduces that the boundary is characterized by

fcORy, < Re(bgbk) issymmetric positive and singular.

However, contrarily to Proposition 1, not all the vectors on this boundary are
realized by a sum of Diracs. Through the notion of recursiveness, R. Curto and
L. Fialkow (see e.g. [11, 12, 15]) provided the description of the set RS realized
by Dirac measures which is closely related to Ry, also in the case of Hamburger.
However, contrarily to Hausdorff case RS # Rp. We first recall some results [11]
and their reformulation from [38].

Definition 3.1. Denote J = rank Re(bxb%). A vector f € RV*! is positively
recursively generated if

e Re(b J,lb?;_l) is symmetric positive definite.
e For all j > J — 1, then
Re(s¥~1) = Re(s'"'bJ_1)Re(by_1b]_) ' Re(s’by1),
Re(s*7) = Re(s’b]_1)Re(by_1b]_1) " "Re(s’by_1).
One remarks again that this definition imposes no constraint on the moment of
order 2J — 1 as the first equation for j = .J just rewrites Re(s%/ 1) = Re(s?/71).

Then the set of moments of Dirac measures is characterized by the following
proposition.

Proposition 4. Consider f € RN*1. The following assertions are equivalent:
Q
o fcRY,

o f is positively recursively generated,
J
o £ =Y a;b(s;) with J = rank Re(bgbk) and a; >0 for alli=1,...,J.
i=1

Remarking that the case J = K + 1 in the definition of positive recursiveness
implies f € Ry, (through Proposition 3), then this result provides Ry, C Rg. Espe-
cially, it provides a representation for f? € ORyp N Rg as a sum of J Dirac deltas
where J = rank Re(bxb%) < K +1.

Decomposing the boundary

Ry = (0Ry NRY) U (9R\RE)

one therefore obtains a representation for the first part of the boundary Ry, HRS .
However, contrarily to the case of Hausdorff, the other part 8Rb\7€§ that is not
represented through the last proposition is non-empty. Indeed, taking for instance
f = (0,0, 1)T provides a positive semi-definite matrix R¢(b;b?) while R¢(bobl) = 0



and f is not positively recursively generated. Therefore, in the case of Hamburger,
we only have o
Rp C RE C Ry

Since there is no reason for the projection f? € ORy, defined in (4) to be restricted
to ORyp ﬁRg, we need to find some other representation for the rest of the boundary
8Rb\7€§ . However, such a representation can neither be an integrable function (as
it belongs not to the open set Ryp) nor a discrete measure (as it does not belong to
RY).

We first specify some more properties of vectors in 8Rb\R§ exploited to con-
struct a representation.

3.2 Characterization of ORp\RY

First, we provide a lemma required in the proof of Proposition 5 below.

Lemma 3.2. Consider f € ORy, and W € Ker Rg(bgbk.) such that p:= WTby
is of lowest (non-zero) possible degree. Then p has distinct real Toots.

Proof. p has real roots: By contradiction, suppose that p has a pair of complex
roots, then
p(s) = (s +2bs + c*)q(s) with b* <ec.

Then
p(s)* = (5" + 2bs + ¢)*q(s)”

=((s+b)*+(c— 132))2 q(s)?

= (s+ b)4 q(s)* 42 (c - b2) (s+ b)2 q(s)? + (c — b2)2 q(s)?.
Each of these polynomials is squared. Then by the non-negativity hypothesis,
Re(p?) = 0 implies that Ry (q2) = 0. Especially, there exists W € RE+! such
that ¢ = VV?bK. This rewrites WTRf(be£>W = 0, then by the non-negativity
hypothesis W € Ker Re(bgbk). But deg ¢ < deg p which violates the hypothesis.

p has distinct roots: By contradiction, suppose that one of the roots of p has
a double multiplicity, then

p(s) = (s — s1)q(s).
Write W such that ¢ = W”bg. Then, by hypothesis
WRf(be};)W = 0= Re(pq), with p(s)q(s) = (s —51)%q(s)>.

Finally, writing W such that WTbg(s) = (s — s1)q(s) =: 4(s), then again W &
Ker Re(bxbk) with deg G < deg p. O

For fP € ORy,, we observe the following properties on the dimension of the
matrix Re»(brb%) and its submatrices.

Proposition 5. Consider f € ORy, and write J = rank Re(bxbk). The following
assertions are equivalent:

o f¢72§,

o Re(bog_1) is positively recursively generated, but £ is not,



e rank Re(b;bl)=J foralli=J—-1,...,K,

J
o f =frec 4 frrec with £7°¢ = Y a;b(s;) positively recursively generated and

i=1

grree _ age’l if N=2K -even case, )
Tl age®® 4+ pre?Etl if N=2K+1 odd case,
non-positively recursively generated with oi; > 0 and e’ := (0,...,0,1,0,...,0)T

1s the i-th vector of the canonical basis.

Proof. Denote J < K the first integer such that Rg¢(b j—1b§_ 1) is positive definite

and Rf(bjb?]j) singular, i.e. such that rank Rf(bj71b§71) = rank Rf(bjb?]j) =J.
Either .J = J which corresponds to having f recursively generated, or j~ < J and

there exists K > J such that rank Rf(b.j71b§71) < rank Rf(bf(bj[:() =J+1

We first prove that K=K which implies J=J-1 through rank conditions:
By contradiction, suppose that K < K. By construction, rank Re(b;bl) =J

foralli = J—1,..., K—1. Especially rank Rf(bkilbgil) = rank Rf(bf(izbqu(72
Then there exists W € Ker Re(bz_ bz ) such that deg(W'by ) =K — 1.

Write W = (WT,0,...,0)7 such that

WP Re(bgbh)W =0 =W Re¢(by b~

) W.

As Re(bgb%) is non-negative, then YV € Ker Re(bixbg). Write the polynomial
p:=WT'b; , = WTby and define W such that W b (s) = sp(s). Then
WT R (brbE)W = Re(pq) with ¢q(s) = p(s)s°.

Since deg (q) = K+1 < K, then g € Span(bk) and Re(pg) = 0 = WP Re(bg bl )W.
Again, the non-negativity provides W € Ker Rg(bxbk).
Then, defining p(s) := sp(s), we have for all ¢ € Rz, [X] that Re¢(pg) = 0 and
rank Rf(bf(illﬂ)‘Tf(il) = rank Rf(bl"(b,zf;) which conflicts with the definition of K.
Therefore, K = K, and rank Rg(b;bl) = J foralli=J—1,...,K — 1, and
there exists P orthogonal such that
Re (bx_1b%_1) = PDiag (A, ..., Ay, 0,...,0) PT.

Then, writing by (s) = (bx—1(s)"'P, sK)T, one has

Diag()\h ey )\J) ORJX(K—J—l) ORJ ORJ
T
Rf(BKBT) o OR<K_J_1)XJ OR(K—J—l)x(K—J—l) OR(K—J—l) OR(K—J—l)
K) — T T )
OQIRvJ 0]17{(}(—.}—1) 0 a
ORJ OR(K—J—I) a b

where only the components Ry ((bK)K(f)K)K,l) = a and Re ((bK)%() = b that

appear not in the matrix Re(bx_1bk_1) and are a priori non-zero, i.e. the last
two components of the last row or column of Rf(BKB%).

By contradiction, suppose that a # 0, and define V = (0,...,0, —g, )T, then we
have VT Re(bgb%k )V = —b, which would prevent R¢(bxbZk) from being positive.
Therefore, a = 0 and Re((bx)xbx-1) € Span (Rf(bK_lbﬂil)). This implies that
Re(bag 1) is positively recursively generated. O

10



As a consequence, any realizable vector f € Ry, can be decomposed under the
form
f = aof® +£7°° + qpf""e, (10)

where f7¢¢ € IRy, DRS is positively recursively generated (a sum of b(s;)), ax >0
is non-negative and £"7¢¢ is of the form (9).

If £¢? and £7¢¢ have well-understood representation, writing f""°¢ in terms of mo-
ments is more problematic. Several methods to include this term in a representation
are provided in the next subsection.

3.3 Some representation results including (97210\723

In the next section, we focus on a particular choice of equilibrium function f¢?
that provides naturally a projection f? € 5’731,\73,? . However, we provide some
partial results of representation used (in proofs) in the next sections. These results
provide some mathematical understanding and could also be used to construct other
closures, even if they do not provide a straightforward kinetic interpretation.

3.3.1 Representation using the limit of a sequence of Dirac distributions

The first representation of any vector fP € 87%1)\738 follows simply from the def-
inition of this boundary as ORy, = Rp\Rp and therefore fP € ﬁ\RE. Since it
belongs to the closure set of the realizability domain, any vector on the boundary
is the limit of a sequence of realizable vectors. A first proposition is recalled.

Proposition 6. Considering moments up to an even N = 2J or odd N =2J — 1
order, the realizability domain is represented by exactly J different Dirac measures

J
Rby = {Zaib(si), a; >0, si€ ECR st s #s; Vi#]}.
i=1

This result has been formulated in various manners in the literature. The proof
can be found for instance in [13, 11].

Based on such a representation of realizable vectors, we may interpret any vector
on the boundary ORy, as the limit of a sequence in Ry,. In this spirit, one verifies
for instance that the last canonical vector reads

eV =limeVby(e7t) =lim [ ¥by(s)d-1(s)
e—0 e—0 Jr

which provides a representation of £f77¢¢ = eV. This can be extended with the
following result.

Corollary 1. Consider a vector f € ORyp with even N = 2K or odd N = 2K + 1
order moments. Then,

o Fither f € ORp N RS then £ can be represented by less Dirac measures
J
f=> ab(s), (11a)
i=1
with J < K such that a; > 0 and s; # s; for all i # j.

11



e Orfe 8Rb\7€§ then f can be represented by

J
i=1

are*Eb(+et) even case N = 2K,
flim ] o (S () g Sy o))

odd case N = 2K + 1,

with J < K — 1 such that a; > 0 and s; # s; for alli # j and ax > 0.

Proof. The case f € ORp N RS was treated in Proposition 4.
If f € ORy, Corollary 1 states that

J e2K if N =2K even case,
f= ;Olib(Si) + ak { e2K | Bye2k+l if N=2K+1 odd case,
with ag > 0. If ag = 0, one easily verifies that f is recursively generated and is
therefore in Rg. Then f € aRb\Rg imposes ax > 0. In the even case, one can
represent
2% = lim EZKbQK(Gil),
e—0

and in the odd case

(6 + Bice 1) = lim 1 [ + 81+ b ()

e—0 2
+ (€2K o 5K62K+1) b2K+1(_€_1)] ,

which correspond to the limit of the sum of two Dirac measures with positive masses
(if € is small enough). O

In the odd case of (11), the moment of order 2K of the two Dirac measures tend
to oo in the limit € — 0, but their sum vanishes to the finite value a.

This representation can be useful for proofs, as in Section 4 below. However,
it is useless for the construction of a closure since all moments of order superior
to N are unbounded in this limit. It is therefore a bad candidate for a closure
representation, as it does not provide finite higher order moments.

One remarks one more important representation result of the boundary.

Corollary 2. The part of the boundary ORp N RE is dense in ORp.

Proof. One simply observes that the number of deltas, i.e. at most J — 1 in the
even case or J in the odd case, before taking the limit in (11) is strictly lower than
the number in the interior RE, i.e. J in the even case or J 4+ 1 in the odd case.
Therefore, before the limit, the representation is in IRy N Rg . O]

3.3.2 Representation with derivatives of a Dirac distribution

As functions and discrete measures are rejected to represent f™7¢¢ € ﬁRb\RS, we
interpret moments in the sense of (differentiable) distributions in this paragraph.

12



Proposition 7. Consider f € BRb\RS, Then

J
o
f=> ab(s;) + —ﬂ?‘b@m(s;{),
i=1 ’

where a; > 0, the velocities s; are the roots of the polynomial p of lowest (non-zero)
degree such that Re(p?) = 0 and

o Fven case N =2K: sg € R can have any real value,

e Odd case N =2K +1:

J
Rf(82K+1) _ Z OziS?K-H
sk = (2K +1) =
Re(s?K) — >~ ays?E
i=1
Proof. Corollary 1 provides that (fy, ..., fax_1)7 is positively recursively generated

and is therefore represented by a sum of Dirac distributions. Finally, only the
J

last component Rg(s?5) # Y «;s?%. This can be corrected by adding a vector
i=1

b5 (sg) which has only zero components except those in 2K (and potentially

2K + 1 in the odd case). Especially, adding this term to the sum does not alter

R¢(bagx—1). Removing all the first eigenvectors provides

J
Re(bibi) = Y aibi(si)bx(si)” = Diag(0,...,0,ak).

i=1

J
This provides ax = Re(s*K) — 3" ;575 > 0. Rewrite
i=1

. a
Diag(0,.....,0,ax) = o5 (bxbi) * (sx)
2K!
and the matrix can be corrected by Re(bxbk) where f = 25b(25) (s, ) for some
sk . In the even case, no other moment is known, then b(QK)(sK) =(0,...,0,2K")T

for all sx. In the odd case, we still have R¢(s% T by ) € Span(Re(bibk.)) following
Corollary 1, then

J
Re (%K) — Zais?K = ag, Re(s?5F1) — Z%S?KH = (2K + 1)agsk,
i=1

which provides a unique sk. O

This provides a representation for all f € Ry, which is valid when the projection
fr € ORb N Rg and which continuously degenerates onto the known one when

fr e aRb\Rg. One may easily construct a closure out of this representation in a
general framework. However, it is not entirely satisfactory for several reasons:

13



e The positivity of a distribution in D(R)’ is understood here as the positivity of
the integral against all the positive test functions in D(R). This representation
is not positive since the last term b(?5)(s) is not represented by a positive
distribution but only by some derivative of a positive distribution. Such a
derivative of a distribution is not a positive distribution, and higher order
moments of such a representation do not satisfy the realizability property of
Proposition 3.

e In terms of application, if the sum of Diracs can have various interpretations
in the physics community (think e.g. of Klimontovitch equation or PIC simu-
lations in plasma, or more generally a BBGKY derivation in kinetic theory),
the present reconstruction can only be understood as some mathematical tool.

e Finally, the non-uniqueness of the velocity of this last term in the even case
is unpleasant the moment system is not closed at this step and there is yet no
reason to fix a certain value to sk.

3.3.3 Representation with a modified equilibrium

f"’LT’eC

Another idea consists in merging this last order term in the equilibrium f¢¢

and defining a modified equilibrium
£69 .= £69 4 g fm7ec.
Decompose ¢4 under the form

fea — 1 feq QK gpeq
1+ag 1+ ag ’

where fP>¢? satisfies
Vi=0,...,N—1, P =£79 and R =1+ (1+ ak).

There remains to find an appropriate representation for £/’ € Ry,. This construc-
tion does not simplify the representation problem as we still need a representation
of a realizable vector, but it can be used to obtain the properties of the present
projective closure with another representation such as Grad’s ([20]) or quadrature
methods (QMOM ; [34, 47]). Especially, recent works ([40, 17]) aimed at turning
this last method strongly hyperbolic. Instead of enforcing strong hyperbolicity, the
present idea would provide an exact representation of the equilibria.

This idea is not pushed forward in the rest of the paper and is only left as a
perspective. In the next section, we focus on a representation of the form (4) that
always enforces f? € ORp N Rg.

4 A parametrization of R;, adapted to the projec-
tive closure

In order to avoid the difficulty of the representation over aRb\RS, we now construct
some appropriate equilibrium function such that £*7¢¢ = 0 in (9), or equivalently
such that the projection f? € ORy N Rg.

14



4.1 Preliminary

In the first place, the equilibrium functions we have in mind are the Maxwellians.
But the present results are more general. We make the following additional hypoth-
esis on f°? which is satisfied by all the Maxwellians:

4 e equilibrium 1s defined from parameters A € such that
H4) Th ilibri f€4 is defined f M A cRM h th
(N+1)— M =:2J iseven
and is of the form
Fer= ") A bar-), (12)

where n* is the Legendre dual of the strictly convex entropy 7. It satisfies
(n*) = (n)~! and such a distribution corresponds to one given by an entropy
minimization process ([6, 35, 30, 26, 42]).

Following the decomposition (4), our goal now is to reconstruct a measure of the
form

J
du(s) = (n*) ()\Tbel(s)) ds + Z a;0s,(8) (13)
i=1

from a vector f € Ry,. Remark that we have chosen to seek a decomposition with J
Dirac measures such that the number of parameters on this decomposition equals
the number of moments. Let us denote

V= ()\,041781,...,04J,3J) EEV CRN+1

the vector of parameters required to define the reconstruction. The set E, of pa-
rameters v will be defined in the next subsection.

Remark 2. Considering a vector f € Ry, , of size M, the distribution (12) is
commonly obtained as the unique minimizer (see e.g. [6, 35, 30, 26, 42]) of

fer = argint [,
feLy, (B)* E
/ bM—lf =fec ’R,bM71
E

and the coefficients A € A € RM correspond to the Lagrange multipliers associated
with the moment constraints. In the present context with f € Ry, with N > M —1,
one remarks:

e Adapting this optimization result, the equilibrium function f¢? solves

J

fel= arginf p*n(f) where p(s) = [ | (s — s;).
ferLiE* J Il

/prM—lf = Ry (p*brr—1)
E

However, this provides little information since the roots s; of p are also un-
knowns in our decomposition and further attempts relating the present de-
composition to an optimization problem are left as perspectives.
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e Furthermore, the coefficients A in (13) do not correspond to the Lagrange
multipliers associated with the reduced moment constraints

/ by 1 = Re(bar—1)
E
because Rg(bps—1) are the moments of f¢ and the sum > a;ds, together.

After choosing such an equilibrium function, (H2) rewrites:

(H2’) The strictly convex entropy 7 satisfies

V(p, K) € Ry[X] xR, K R st K'Y (p) = (") (Kp).

Indeed, with such a constraint, choosing

K= (L) (Apwae) as)

-1

provides (H2).

Remark 3. Condition (H2’) holds for instance for the entropies
e Boltzmann/Shanons’ n(f) = flog f — f, that gives (n*)(p) = exp(p),
e quadratic n(f) = f2, that gives (n*)'(p) = p
e or Burgs’ n(f) = —log f, that gives (n*)'(p) =p~ L.

However, other physical entropies such as those of Fermi-Dirac or Bose-Einstein

n(p) = (1= f)log(1 =+ f) F flog f provide (7*)'(p) = (exp(Fp) £1)~" which do not
enforce this property.

4.2 Bijection between moments f and parameters v

Let us first define the appropriate set Ey, of parameters v for the reconstruction (14).

4.2.1 Definition of the set F, of parameters

First, the set of appropriate Lagrange multipliers is denoted A and following classical
optimization result ([26, 42]), we set

A= {)\ eRM st (n*) ()\TbM—l) € L113N+1(E)+}

for its moments ¢ to be well-defined.

Second, in order to distinguish a Dirac from another in (14), we require that
they all have non-zero (and positive) masses and all different locations. Without
loss of generalities, let us order these locations and define

Ea,s = {(ai,si)izlw’J st. Vi, a; >0, s;€FE st. s1<850< < SJ}.
Finally, the considered set of parameters F, yields

E, =AxE,;.
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By abuse, let us denote f the function that sends v € Ey, onto Ry, as
E, —- Rp
J
V= (A,Oél,Sh..-,OéJ,SJ) = f(V) :/ b(n*)/ (ATbM—1> +Zalb(sl)

E i=1

(14)

Its Jacobian reads (in the form of a concatenation of a N x M matrix and

vectors)

JE(v) = (/E bbT,_, (i*)" (ATbM,l), b(s1), aib'(s1),..., b(sy), an’(sJ)>.

(15)
For this Jacobian to be well-defined, we therefore need to add another hypothesis.

(H5) The strictly convex entropy n satisfies
VAEA, (") (ATba1) € Ly, (E).

Remark 4. e This requirement could be refined to a condition on 7 using con-
vex analysis. We only remark that this holds when 7 is Boltzmann entropy
on E = R or with all the entropies mentioned in Remark 3 when F = [—1,1],

i.e. for all the applications we have in mind.

e The integrability against by4as—1 is sufficient for the Jacobian to be well-
defined, but we will also use this hypothesis in the next section for the con-
struction of the closure. This closure will require one order of integrability
higher.

e By convexity of n and the properties of the Legendre transformation, (n*)” is

positive.

Proposition 8. Under hypothesis (H5), the Jacobian J f(v) is invertible for all
v € Ey.

Proof. Define for instance a vector of polynomials 1 such that for all i < J
(s —s5)° (s —s5)°
bia(s) = [[o—25,  lails) = (s — ) [] -— 25,
2 1(5) H(Sifsjy 2 (5) (5 S)H(Sifsjy
J#i J#i

and the remaining ones, for all ¢ > 2J
J
li = H(S — Sj)zbi_QJ.
j=1

The Hermite interpolation polynomials form a basis as long as the interpolation
points are all different, i.e. s; # s; for all ¢ # j. Then one easily verify that the
components of the 1 are a basis of Ry[X]. This provides a change of basis matrix
P such that

* ‘ Diag(Jy,...,J5)

J
PJf(v)PT = .
Vi) /E | I(S —55)*bay—1bh, 1 (n%)” ()\TbM—1) 07x2m
j=1

o 1 ailg(si)
Ji - ( 0 (67} ) ’
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The right part of this matrix (composed of Jordan blocks) is composed of linearly
independent vectors as long as all o;; # 0 and s; # s; for 7 # j.

J
The block on the bottom left / H(s — 5;)*bar—1bl, i (n%)” ()\TbM,l) is
E
j=1

symmetric positive definite, then is also composed of linearly independent vectors,
which are also independent of those on the right side of the matrix.
Together, this provides the invertibility of J,f(v). O

Corollary 3. The function (14) is a Ct-diffeomorphism from E. into f(Ey) C Rp.

Proof. The bijection follows directly from the previous computation, and one ob-
serves that f(v) € Ry, is realizable as long as the masses a; > 0. O

Remark 5. Hypothesis (H3) always holds for an equilibrium function of the
form (12) satisfying Hypothesis (H2’) (see also Remark 3). This simply follows
from the fact that the function (14) is a bijection.

4.2.2 Density of f(F,) into Ry,

In order to study the part of Ry that can be represented by a representation of
the form (14), we focus on the boundary of the set f(Ey ). For this purpose, let us
decompose the boundary FE, into

OFy = (0A X Eoy) U (A x 9F,.). (16)

By abuse of notation (since f is not defined on the boundary), we denote f(0Ey) =
Of(Ey) the boundary of the set of moments represented by (14). And we denote
f(OA x E, s) and f(A x OF, ) the parts of this boundary corresponding to the
decomposition (16).

At this step, the inclusion f(E,) C Rp ensures not that any realizable vector
f € Ry possesses a decomposition of the form (14) with positive masses «; and an
equilibrium function of the form (12). In fact, this never holds and we only have

f(Ey) € Rp.
Two illustrative counterexamples are provided to explain this issue:

e Consider a distribution of the form (14) but with less than J = YH=M
Dirac measures. This also corresponds to a boundary distribution f(v) with
v € OFy, i.e. v ¢ E. This can be represented in two manners in (14): a Dirac
with a zero mass ay = 0 at any location s; € R, or several Dirac measures
at the same location s; = s;41. Especially, this implies the non-uniqueness of
the parameters in such a limit and therefore the loss of the bijective property
along this boundary.

Such vectors belong to f(A x 0F, ;).
e M. Junk ([25, 26]) exhibited realizable vectors that can not be represented by
an entropy minimization reconstruction in the case of Boltzmann entropy for

the problem of Hamburger £ = R. This led to the fact that A is open and
possesses a boundary A\A # @ and there exists some A* € JA\A such that

flim — lim (/ bel(n*)/ (ATle)) S Rbe1 (173)
R

A= A8
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is realizable, but that have no representation of the form
IAeA st fim= / bar_1 (") ()\TbM_1> . (17b)
R

Since (14) is a bijection, adding some «;b(s;) in (17a) and taking the same
limit on A also leads to a realizable vector that can not be represented under
the form (17Dh).

Such vectors belong to f(OA x E, ).

Concerning the second point, we focus on a case (see hypothesis in Theorem 4.1
below) avoiding the appearance of such a Junk line ([25]). This hypothesis could be
softened, as one only needs such a Junk line not to open onto a part of the realizabil-
ity domain Ry \f(Ey) that can not be represented by our representation (14) and
that has a non-empty interior in RV*!. For simplicity, this discussion is avoided
here.

Concerning the first point, we may still quantify the part of the realizability
domain not covered by the present representation (14).

Theorem 4.1. Suppose that A # (0 and DANA = (. Then f(E,) is dense in Ry,.

In order to keep the main results highlighted in the core of the text, the (essen-
tially technical) proof of this theorem is given in Appendix B.

Remark 6. The hypothesis A N JA = () was also exploited by M. Junk in [26]. Tt
is satisfied when

e the equilibrium f¢? corresponds to a Maxwellians, i.e. when using Boltz-
mann entropy (n*)’ = exp for the Hamburger problem F = R and where the
equilibrium is modeled with M = 3 parameters,

e or with all the entropies discussed in Remark 3 for the Hausdorff problem
E=[-1,+1].

The other cases involving a Junk line, e.g. when the equilibrium is modelled with
higher entropy minimizer for Hamburger problem, would require further considera-
tions in order to prove that such a part of the boundary f (OA x E, s) does not open
onto a domain Rp\f(FEy ) with non-empty interior. This can be expected. However,
it would require further analysis to prove this result, and this is not discussed here.

4.3 Discussion on the set Ry \f(Ey)

In the spirit of [25], the existence of such realizable vectors f € Ry \f(Ey) may
seem problematic. The existence and uniqueness of parameters v € E, such that
f = f(v) are not ensured.

In fact, the previous result can be refined, and we prove the existence and
uniqueness of a representation of the form (13) for such vectors just by removing
the Dirac measures having zero mass.

Proposition 9. Under the hypothesis of Theorem J.1, for all £ € Ry, there exists
a unique representation of the form

f= /E b(s)(1*) (ATbM,l(s)) ds+§_];aib(si), (18)

19



with X € A, J < J and such that (i)imy JE (R*"‘)J~ are all strictly positive and
(Si)i:1 /

Proof. The case f € Ry, Nf(Ey) is covered in Theorem 4.1 with J = J.

In the case f € Rp\f(Ey), then f € RpNf(IE, ). Using the decomposition (16),
either f € Ry Nf(A x OE, ) or f € Rp Nf(OA X E, 5).

Lemma B.1 in Appendix B provides that f(0A x E, s) = ORp. But, since this
set is open Ry, Nf(OA x Ey 5) = Rp N ORp = 0.

Finally, the case f € Ry, N f(0A x E, ) corresponds to the case where f is
of the form (18) with less Dirac measures J < J (so we have existence of the
parameters). In that case, simply consider the reduced vector Re(by, ;. ,7). We

can use Theorem 4.1 again on this vector to obtain the uniqueness of J parameters
();—y ;7 € B’ such that (18) holds. O

..... 7€ R*) and (si);y

This provides that the realizability domain is in bijection with the set of measures
of the form (13), as long as the equilibrium function creates no Junk line.

5 Hyperbolicity and entropic structure

Now, we discuss the hyperbolicity of the projective models and the notions of en-
tropy that can be expected through this construction.

5.1 Weak hyperbolicity and wave speeds of the full system

We first study the hyperbolic structure of the full moment model through the fol-
lowing proposition.

Theorem 5.1. Under the hypotheses of Theorem /.1, the left-hand-side of (2,8)
is weakly hyperbolic as long as £ € f(Ey). Especially, the Jacobian of the fluzx is
similar to a matriz of the form

€q
JfF P( AB ORZZ;QK )Pl,

where
-1

a0 = ([ 1 ar b 60" (A b)) )
([ st 60" (N bara(9) ds).

K
A = Diag(Aa e Ao Ao = (5 ) 19 = L5

Sk

and some matriz B € R27>*M=1) " Especially, the spectrum of J¢F is composed of
the eigenvalues of A®? (multiplicity one) and each sy of multiplicity two.

Proof. Under the hypotheses of Theorem 4.1, we can decompose
K

f— / b(s)(n*)’ ()\TbM,l(s)) ds+_ a;b(sy),
2 i=1
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where J,f is computed in (15). Performing the same decomposition and computa-
tion for the flux reads

F:/Esb(s)( ) ()\ bar—1( )ds—&—Zalsz $i)s
JVF = (/Es(bbJTw—l)(S)(n*)N (/\TbM—l(S)) ds, (19)
s1b(s1), a1 (s1b'(s1) +b(s1)),..., b(ss), as(ssb'(ss) +b(sy)) )

Define the matrix P such that

Pb = <l2bM . bT)T,

J
B(s) = ((s). (s = s)B(s). .. Bs). (s—s)B() . 1) = [[2—2.

5 —8;
j=1 !
J#i

This new vector of polynomials forms a basis, thus P is invertible and we can

decompose
g J¢F = (Jof) [(PJ£) " (PJ,F)] (Jof) 7!

Computing the blocks provides

(PJf) = [ P?(s)(bar1bj, 1)( )(n™)” ()‘TbM 1(s )) ds ‘ OpN—a+1x27
T el )ee) (W) ds | B )

(PJ,F) = Ji 80%(s)(bar—1by; 1)( )(77 )" ()\TbM 1(s )) ds ‘ ORN—Mt1x2s
T i s(bbY;_1)(s) (ATbM 1 ) ‘ C ’

B = Diag(Bal,sly. .. ,Baj,sj)a C= Dzag(C’al’sl,. . "COZJ,SJ)a
Bo= (20000 ) = (g 2,

0 Q5 (67

Computing the inverse (PJyf)~! of the triangular block matrix (PJyf) and multi-
plying by (PJ,F) provides the result. Remark that the matrix B can be computed
explicitly, but its value does not impact on the eigenstructure of J¢F.

O

Based on the considered representation involving the propagation of Dirac dis-
tributions, weak hyperbolicity was highly expected. Indeed, such weakly hyperbolic
models are known to create and propagate d-shocks (see e.g. [29, 7, 16]), i.e. the so-
lution involves Dirac measures propagated with the flow. In the present case, those
d-shocks are exactly those appearing in (4). The same phenomenon appears with
the QMOM method ([34]), which also provides a weakly hyperbolic model as this
reconstruction is only composed of Dirac distributions. However, the equilibrium
part in (4) provides other benefits that are studied in the next subsection.

From [30], the wave speeds of the equilibrium system, i.e. without the delta
in (4), are simply the eigenvalues of A% where the polynomial 2 is set to 1.

We provide two corollaries for the applications we have in mind.
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Corollary 4. Suppose that N = 2J+1 is odd and f¢? € Ly, (E)™ is independent

of £ and such that £* € ORp N RS. Then the wave speeds are the s; (of multiplicity
two) and

fos ﬁ (s — 52279 (s)ds

5% =

fE 5—3Z 2feq(s)ds

Proof. Under the hypothesis, f° can be represented by J Dirac measures and there is
a bijection between E, ; and IRy QRS such that we can use the decomposition (14)
with the appropriate number of parameters. The rest of the proofs is identical. [

The hypothesis f* € IR N Rg always hold when F is compact, e.g. in the case
of Hausdorff problem E = [—1, +1] for radiative transfer which was studied in [38].

In the case of Hamburger ¥ = R, e.g. for rarefied gases, one may try to use a
precomputation of a Maxwellian, for instance by solving Euler equations, and use
the present projective method to study the perturbation from the thermodynamic
equilibrium. However, at this step, there is no reason for this Maxwellian to satisfy
f* € ORp N RS. For this purpose, one may use a Maxwellian that depends on the
moments f. The difference between those two approaches relies on the parameters
of this Maxwellian, either a precomputation, therefore independent of f and easier
to compute numerically, or a non-linear function of f fully coupled with the location

2
and the masses (and a priori p # £, u # fé and T # % — (%) ).

Corollary 5. Suppose that N = 2J + 1 is odd and f°? is a Mazwellian, i.e. of the

form
eq _ 14 (5 N U)2
o) = VorT P (‘ 2T )

where the density p, the velocity u and the temperature T depend on f£. Then, the
wave speeds are the s; (of multiplicity 2) and the eigenvalues of

A% = ( Ekl‘[l s — s¥)2(bybl))(s) exp (—('521?)2> ds>
(/ESH s — s")%(bybd) (s )exp<—(5;T“)2>ds>.

k=1

This is a direct application of Theorem 5.1. One may find a simpler form of

the wave speeds of this system by using the change of variables o = f/%ﬂ in those

integrals.

5.2 Entropy dissipation

We provide here partial results around the entropy dissipation of the present closure.
At this point, we have not provided any hints on how to construct the moments
of the collision operator. Contrarily to many closures in the literature, one can
not define it just by plugging the chosen reconstruction in the definition of the
moments of the collision operator (3), because this reconstruction involves Dirac
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measures which are commonly inappropriate for most collision operators (typically
for Boltzmann or BGK).

We provide here two constructions providing some intuitions on constraints to
impose on this Q for the closed moment equations to have appropriate entropy
dissipation.

5.2.1 Symmetric hyperbolicity of the equilibrium subsystem

The equilibrium part of the reconstruction is closely related to the entropy min-
imizing closure. In [30], such a closure was shown to lead to a Godunov-Mock
([19, 37, 18]) symmetric form

AN + B(A)9,A = D,

with A symmetric definite positive and B symmetric. The definition of those relate
the hyperbolic moment equations with its underlying kinetic interpretation. Fol-
lowing [27, 45, 10], one commonly constructs a closure Q with such a closure, such
that it leads to a definition of the entropy dissipation operator Dy (depending on
A) that has non-positive components.

This property also inspired the construction of the ¢-divergence closure in [1, 2].

We exhibit here a property of the equilibrium function that leads to a similar
Godunov-Mock form.

Proposition 10. For a given function Q(f), suppose that the function f satis-
fies (2,8) in a neighborhood of (x,t) and such that it belongs to f(x,t) € f(Ey).
Then X satisfy the symmetric hyperbolic equation

A(V)OA 4+ B(v)0z A = Dy (v), (20)

with A symmetric positive definite and B symmetric. Those matrices and the op-
erator Dy depend on both X and on («, $;)i=1....s and are defined by

.....

A(V):[E12(S)(bM—lbﬁ_l)(8)(77*)”(>\TbM—1(S))ds>
B(V):/E812(8)(belbﬂ_l)(S)(n*)”(ATbel(8))d8’
D)\(V) = RQ(lQbM_l).

Proof. We have
Jofov + J,FO,.v = Q, (21)

where Jof is defined in (15) and JyF in (19). Define the matrix P such that
Pb = [?by;_1, then

PJvf = (A(V)7 ORIM—I gee ,O]RJ\I—I) s PJVF = (B(V), ORth N 70RM*1) .
Therefore multiplying (21) on the left by P reads (20). O

5.2.2 Entropy equation of the Dirac subsystems

Similarly, the singular part of the reconstruction is closely related to the QMOM
closure ([34]).
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In [7], it was shown that a system of moments represented by one Dirac measure
satisfied an additional equation of the form

O (0 H(s1)) + 0z (1s1H(51)) = DH,as)

for any convex function H. Commonly one choose to impose a non-positive entropy
dissipation term Dp o s < 0. This idea extends for multiple Dirac measures, e.g.
in [9] under the form

J J
Oy (Z 04sz(£¢)> + 0y (Z OéiSiHi(Si)> = Dpy.a,s(V),
i=1 i=1

for any convex functions H;.
We exhibit here a property of the singular part of the reconstruction that leads
to a similar entropy equation.

Proposition 11. For a given function Q(f) and given convex functions (H;)i=1,....s,
suppose that the function f satisfies (2,8) in a neighborhood of (x,t) and such that
it belongs to f(x,t) € £(Ey).

Then the coefficients (c, 8;)i=1,...,s satisfy an equation of the form

J J
0y (Z aiHi(si)> + 0, (Z aisiHi(sl-)> = Dpa.s(V). (22)
i=1 =1

The operator Dy o s depends on X, (o, 8;)i=1,....7 and on the choice of (H;)i=1,....1,
it is of the form
D ,a,s(v) = Rq(p) + KOz An—1,

for some p € Ry[X] and K € R.

We have found little interpretation for the values of p and K and their construc-
tion is only detailed through the proof.

Proof. The polynomials (of degree N = 2J + M — 1) orthogonal to Span(bpr—1)
with respect to the measure (7*)”(A'bys_1(s))ds form a space of dimension 2.J.
For our purpose, an appropriate basis of those can be obtained by projecting onto
this orthogonal set the Hermite interpolation polynomials, i.e. the polynomials
(Pi, di)i=1,...,s such that p;(s;) = 0= q;(s;) for j # ¢ and q;(s;) = 0 # q;(s;). For
completeness, we provide a technique to construct them and eventually obtain K
and p.
Define the Lagrange polynomials (non-normalized yet)

Lis) = [I(s =)

i

annihilating at all s; for j # i¢. Then, define p;o(s) =1 and for j=1,..., M

= S Bin(s)li(s)?s7 ()" ("TbM—l(S)> ds
pij(s) =[5 = > Dir(s)
’ P oo (Wb () 8
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Then, we denote p; := 12p; s and @; := 12p; a1 the polynomials of degree
M +2(J—1) = N —1 and N annihilating at all s; with j # 4 orthogonal to
all polynomials of degree respectively M — 1 and M with respect to the measure

()" (A"bas_1(s))ds.
Define P € RV*N such that

5 _ . \T
Pb:(bf/f—lﬂp17q1a"'7pJan) .
One computes

By | U
Opzsxu—1) | Diag(Bi,...,By) )’

By = /Ebel(S)bel(S)T(W*)N()‘Tbel(S))ds’

U= (bM_l(Sl),Ozlb/]VI_l(Sl), PN ,bM_l(SJ)7O[Jb3w_1(SJ)) ,

Pi(si) | aipj(si) > :
B, = = — Vi=1,...,J,
( Qi(sq) ‘ Oliq;(sz‘) !

PJf = (

and similarly

G v
PJVF_ < L ‘ Diag(Cl,...,CJ) >7
Co = / shar_1(s)bar1 ()T (") (Abas_1(s))ds,
E

V = (siba—1(s1), a1(bh;_1(s1) + siby—1(s1)),
Lar(by_1(ss) +ssbu-1(s1))),

f’;(sl) +pl( z)) .
quz Sz) ‘ Z( qg( )+(h( 1)) ) vz_l"""]'

Remark that, by construction of p;, only the integrals involving p; and s™ do not
cancel out in the matrix L.
For simplicity, define

0 ... 0 sMp(s)
0 ... 0 0
L= / @) (W Tbaa(s)ds,
P 0 0 sMps(s)
0O ... 0 0
L 5:Pi(s4) ‘ a;(s
Ci = ( (

a- (50 &),

We prove that this matrix is invertible by contradiction. Assuming B; is singular
and denoting Vj a zero left-eigenvector, then the polynomial

V0< q% ) =: W',

satisfies
WOJ, € Span (/ bNbTMl(n*)”(ATle)) .
E
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And especially there exists a zero left-eigenvector to Jyf which contradicts that
f € f(Ey). Therefore B; is invertible and

-1 _ 1 ( q;(si)  —Pi(si) >
’ Pi(51)d;(s:) — Pj(si)@i(si) \ —Qilsi)  Pi(s:)

Lastly, define (p;,q;)? = B;l(f)i,(]i) =: P'b. Then multiplying (21) by P?
provides the system

B

Or; + (8:0p0; + ;058;)+K(Pi ) O Apr—1 = RQ(pi), (23a)
ai(ats,» + Oé,‘SiaxSi) +H(Qi)axAJM—1 = RQ(qi)a (23b)

where
(00 = [0 OTowr (s = s U ey @
k() / sM i (5)(1")" (ATbyy_1(s))ds = _614(si)ﬁz(s?)i)(iéféii)qi(si)' (23d)

Summing over i the equations H/(s;)x(23b)+H;(s;)*(23a) provides the result
with

J
p:ZH{(si)qurH( i)Pi, (24a)
n-[ Z(q nadnl s f(())z(()))P()M(n) (ATbyri(s)) ds.
(24b)
O

One can interpret the polynomials p; and q; as the projections of the Hermite
interpolation polynomials anihilating at all s; for j # ¢ and such that the value of
its derivative for p; or the value of the polynomial itself for q; is zero in s;, onto
the orthogonal complement of Ry,_1[X] in Ry[X] with respect to the L? scalar
product weighted with (7*)”(ATb;_1) and normalized after projection.

Remark that the spatial derivative of the highest degree term Aj;_; in the
equilibrium functions remains in the entropy equation (22) after computations. Of
course, there is little chance that this derivative term remains signed along the
simulation. Therefore, imposing a non-positive dissipation term Dp o s requires
further assumptions, especially on the convex functions H;.

Corollary 6. For a given function Q(f), suppose that the function £ satisfies (2,8)
in a neighborhood of (x,t) and such that it belongs to f(x,t) € £(Ey) and consider
a convex function H; such that

H;(s;) = K;Qi(s:), Hj(s;) = K;q;(s:),

where q; € Ry[X] is constructed in the proof of Proposition 11 as a non-trivial
polynomial such that

Gils;) =0=&\(s;) Vi#j,  and /E ai(5)bar (5) (1) (Abas_1(s)) ds = Ogares.

Then
O (iH;(si)) + 0 (isiHi(s;)) = KiRq(qQi)-
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Proof. Computing

) (i (s1) (—Q(s:)Pi + Pilsi) @)

H{(si)qi + Hi(si)pi = Pi(50)a,(si) — P, (s:)@(s:

+ @i(s:) (@i (si)Pi — Pi(si)ai) |
= K;q;.

Since the term in p; in p is zero, then x(p) = 0, and only the term Rq(p) remains
in Dy o,s which simplifies into Rg(Q;) O

Remark 7. e Ounly the value of H;(s;) and its derivative H[(s;) at s; impacts
on this result.

e Therefore, one easily finds a function satisfying this property, e.g. by con-
structing a quadratic polynomial from these two data together with a constant
K; such that sign(K;) = —sign(Rq(q;)), to obtain a non-positive dissipation
term Dy o5 < 0.

e This result was written for the i-th Dirac term, but this can of course be
adapted to any combination of deltas.

6 Conclusion and perspectives

6.1 Conclusive remarks

We have extended the framework for the construction of the projective closure
initiated in [38] in several directions:

e First, it was restricted to the Hausdorff problem (i.e. with F = [-1,+1] for
the set of integration) to the Hamburger case (i.e. with an unbounded set
of integration £ = R). Extension to other bounded or unbounded 1D sets
(Stieltjes E = R* or Toeplitz E = S') present no more difficulties.

e Several representation results were provided along the boundary of the re-
alizability domain. Since vectors along this boundary are known not to be
vectors of moments of integrable functions, these representations consist in
giving other interpretations of those vectors. In practice, these representa-
tions are a limit of Dirac measures, a sum of Dirac measures plus a derivative
of one, and a modification of the equilibrium function such that the projection
naturally avoids the difficulties of representation along the boundary.

In this generalized framework, the well-definition of the projective closure was
exhibited by providing a parametrization of the realizability domain well-adapted
to our closure. Especially, we showed that the projective closure is based on a one-
to-one function from the realizability domain and the set of measures of the desired
form.

Finally, the hyperbolic and the entropic structure of the resulting moment model
was analyzed. It was shown to be weakly hyperbolic, and its wave speeds were com-
puted. We exhibited interesting entropic properties of two subsystems related to the
equilibrium part and to the purely anisotropic part of the underlying distribution.
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6.2 Numerical perspectives

Contrarily to [38] where analytical formulae for the projective closure were given in
the case of a fixed equilibrium and simulation were performed, the present extension
to Hamburger case is still restricted to a theoretical study. And the first perspective
we have in mind are numerical. Here, we have shown that the closure exists when
the equilibrium distribution is a Maxwellian (or any distribution of the form given
by an entropy minimization process), but computing numerically the parameters of
such a distribution remains an open problem.

Numerical investigations in this direction can be related to the construction
of QMOM method (with its extensions ; see e.g. [34, 32, 31, 46, 47, 9, 17] and
references therein) which also requires to compute the masses and locations of Dirac
distribution. As a comparison:

e The QMOM closure for moments up to order 4 involves a reconstruction of
the form
fomom = a1ds, + aals,, (25a)

for moments up to order 5 where «; and s; can be computed from f.

o The EQMOM ([47]) closure for moments up to order 5 involves a reconstruc-
tion of the form

feomon(s) = p1exp (70(51 - 5)2) + p2 exp (—0(52 — 5)2) , (25Db)
where p;, s; and ¢ can be computed from f.

e The first non-trivial reconstruction of the present closure for moments up to
order 5 would be of the form

Jry (s) = pexp (—a(s — 51)2) + ads, (s) (25¢)

where we aim to compute the (unique set of) parameters p, s1, o, @ and s9
as functions of f.

In terms of properties, most closures are known to become ill-conditioned in the
limit £ approaching ORyp. This is typically the case for the entropy-minimizing
closure which has good properties at the continuous level (symmetric hyperbolicity
and kinetic entropy decay). The QMOM -closures can take several values in this
limit (see [9] and computations in Appendix B), but they can be computed and
this closure has better numerical properties in this limit. The present closure is in
between those two, and the idea would be to keep the number of parameters A low
enough in order to preserve the good continuous properties (symmetric hyperbolicity
and kinetic entropy dissipation) of the entropy-based closure while not deteriorating
the good numerical properties of the Dirac part. The first model we have in mind
is the one obtained from the reconstruction (25¢).

A Discussion on Hypothesis (H3)

This hypothesis states that the equilibrium moment vector is constant along a ray
starting in f and pointed toward —f¢?(f). This can be characterized by
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Proposition 12. Suppose that Hypothesis (H2) holds and that 4 is a C' function
of £. Then, Hypothesis (H8) holds if and only if

Je (f eq) (E)E(F) = Ognsr. (26)

57
Proof. One reformulates

JEUE) _ fOUE — af*9(F))
£a(f)  E9(E — afi(f))’

Then | fes fea
o <f§q (f — af(f)) — £ (f)> =0.
Having « tend to zero read (26). O

This characterization is not simpler nor more general than the original formu-
lation of (H3). However, it provides a numerical characterization of this hypoth-
esis. And following Remark 5, this hypothesis is always satisfied with the equilib-
rium (12). Therefore, it provides an additional numerical information on f¢?; and
therefore on the parameters A that could be used for numerical applications.

B Proof of Theorem 4.1

We prove here that the set of moments of the form (14) is dense in Ry,

B.1 Correspondance of OR, and f ((OA\A) x E, )

Before proving this result, we provide a technical lemma.

Lemma B.1. Suppose that A # 0 and ODANA =10. Then
£ ((OA\A) x E, o) NRY T = Ry, N RV,

Proof. Define the application

A — RbK
S DY H/ b (") (A ba—1)
E

for some integer K.

By hypothesis, A is a non-empty open set. Following optimization results
(see [26, 6]), this provides that gy;—1 is a bijection. Especially, any point on the
boundary f* € 9Rp,,_, can be represented as a limit for some A* € JA of

= lim bel('r]*)/(ATbjyjfl).
A—=A% g

According to Corollary 1, the vector f* correspond either to the moments of the
sum of K Dirac measures, where K < % in the case M — 1 even or K < y
in the case M — 1 odd, or to those moments plus the limit of one or two Dirac

measures of the form (11).
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Under the integrability assumption (H5) on (7*)'(ATbas_1), then its moments
of higher order also exists. Therefore, the only A* € 9A such that )\liH)l\ gn(A) is
— s

finite are those that match the moments at least up to order NV of a sum of K Dirac
measures.

Adding the remaining J Dirac measures from the reconstruction (14) and ob-
serving that this holds for all location s; and positive mass «; provides that all
boundary vector f € ORp can be represented as a limit of vlimvs f(v) for some

v € ((OA\A) X Eay). O

B.2 Decomposing the boundary

With Corollary 3, the function (14) is a C*-diffeomorphism from Ey, i.e. an open
subset of RN¥*! into f(F,), i.e. another open subset of Ry, € RV*1. Then the
boundary of the arriving set 0f (Fy) match with f(v) in the limit v — 0E}.

Using the decomposition (16) of this boundary, we have

Of(Ey) = £(OA x E, o) UF(A x 0Fq.,).

Using Lemma B.1, the first part f(OA x E, ) = ORp. There remains to show
that the remaining part f(A x OF, s) does not open onto a domain Rp\f(Ey) with
non-empty interior in R¥*!. In particular, we show that for all f € 9f(E,)\ORp
and all direction d € RN*! there exists € > 0 such that for all 0 < § < ¢, then
f+4dd e f(Ey).

B.3 Tangent and normal vectors to the boundary f(A x0E, ;)
Any vector f* € f(A x JE, ;) can be written under the form

J—-1

£ = /E b(7*) (Abar_1) + 3 asb(s:) (27)

=1

with at least one less Dirac measure than (14). It can therefore be written as the
limit
J—1
£ = / b(n") (Abar—1) + Zaib(si) + lim eb(s;)
E P e—0t

for any s; € R different from the other (s;);=1,... s—1. From this representation,
computing the Jacobian Jf(X, a1, $1,...,a5-1,S5-1,¢€, s) before the limit provides
a basis of RV*! of the form (15). By definition of the Jacobian, adding any of
the column vectors composing this Jacobian multiplied by an infinitesimal € to f*
corresponds to having the corresponding parameter vary in f°. One easily verifies
that having f* vary along the direction associated to A or any of the «; or s; for
i=1,...,J —1 does not alter the representation (14). Neither does the variation
along s;. However, one obtains that —b(s;) is a normal direction to the boundary
f(A x OFE, ) that points outward.

B.4 No hole in f(A x E, ;)

Let us study the half-line Hgs _y(,,) starting in f* and pointed toward —b(s;).
Since f* € Rp, then this ray intersects the boundary, i.e. Rp N Hps _p(s;) 1S a
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singleton. Since f(Ey ) is open and satisfies Ry C Of (Ey), then this half-line also
intersects Of (Ey), and since f(OA x E, s) = ORp, then it intersect the other part
of the boundary f(A x OF, ). This implies that there exists 6 > 0 such that

£5 — 5b(sy) = g° € £(A x 0Fq.).

Especially, this g° is also of the form of (27). This provides that

J-1 J-1
/ b(n*) (ATby_1) + Z a;b(s;) —0b(sy) = / b)Y A Tbar_1) + Z a/b(s))
E i=1 E i=1

(28)
for some A" € A and o, > 0. However, one observes that f is also a C L_diffeomorphism
over the set of the form A x E, ¢ where the constraint on a; is replaced by a nega-
tivity constraint. Especially, this provides the uniqueness of a representation of the
form (28) and therefore the equalities A" = A, o/ = a; and s, = s;. This means
that £* +0b(s;) € f(Ey) remains represented by a distribution of the form (14) on
both side of £¢ for § sufficiently small.

References

[1] M. Abdel Malik. Adaptive algorithms for optimal multiscale model hierarchies
of the Boltzmann Equation: Galerkin methods for kinetic theory. PhD thesis,
Mechanical Engineering, May 2017.

[2] M. Abdel Malik and H. van Brummelen. Moment closure approximations of
the boltzmann equation based on ¢-divergences. J. Stat. Phys., 164(1):77-104,
2016.

[3] N. I. Akhiezer. The classical moment problem. Edinburgh : Oliver & Boyd,
1965.

[4] G. W. Alldredge. Optimization Techniques for Entropy-Based Moment Models
of LinearTransport. PhD thesis, University of Maryland, 2012.

[5] G. W. Alldredge, C. D. Hauck, and A. L. Tits. High-order entropy-based
closures for linear transport in slab geometry II: A computational study of the
optimization problem. SIAM J. Sci. Comput., 34(4):361-391, 2012.

[6] J. Borwein and A. Lewis. Duality relationships for entropy-like minimization
problems. SIAM J. Control Optim., 29(2):325-338, 1991.

[7] F. Bouchut. On zero pressure gas dynamics. Advances in kin. theory and
comput., 22:171-190, 1994.

[8] Z. Cai, Y. Fan, and R. Li. Globally hyperbolic regularization of Grad’s moment
system. Commun. Math. Sci., 67:464-518, 2013.

[9] C. Chalons and D. Kah M. Massot. Beyond pressureless gas dynamics :
quadrature-based velocity moment models. Commun. Math. Sci., 10(4):1241—
1272, 2012.

31



[10]

[11]

[12]

G.-Q. Chen, C. D. Levermore, and T.-P. Liu. Hyperbolic conservation laws
with stiff relaxation terms and entropy. Commun. Pure Appl. Math., 47:787—
830, 1994.

R. Curto and L. Fialkow. Recursiveness, positivity, and truncated moment
problem. Houston j. Math., 17(4):603-635, 1991.

R. Curto and L. Fialkow. Flat extensions of positive moment matrices: Recur-
sively generated relations. Memoirs Amer. Math. Soc., 136(648):1-56, 1998.

R. Curto and L. Fialkow. A duality proof of Tchakaloff’s theorem. J. Math.
Anal. Appl., 269:519-532, 2002.

B. Dubroca and J.-L. Feugeas. Hiérarchie des modeles aux moments pour le
transfert radiatif. C. R. Acad. Sci. Paris, 329:915-920, 1999.

L. Fialkow. The truncated K-moment problem: a survey. Theta Ser. Adv.
Math., 18:25-51, 2016.

P. G. Le Floch. An existence and uniqueness result for two nonstrictly hyper-
bolic systems. In Nonlinear evolution equations that change type, volume 27 of
IMA Volumes in Math. and its Appl., pages 126-138. 1990.

R. Fox and F. Laurent. Hyperbolic quadrature method of moments for the
one-dimensional kinetic equation. arziv, pages 1-29, 2021.

K. O. Friedrichs and P. D. Lax. Systems of conservation equations with a
convex extension. Proc. Nat. Acad. Sci., 68(8):1686-1688, 1971.

S. K. Godunov. An interesting class of quasilinear systems. Dokl. Akad. Nauk
SSSR, 139(3):521-523, 1961.

H. Grad. On the kinetic theory of rarefied gases. Commun. Pure and Appl.
Math., 2(4):331-407, 1949.

H. Hamburger. Uber eine Erweiterung des Stieltjesschen Momentenproblems.
Math. Ann., 82:120-164, 1921.

C. Hauck, C. Levermore, and A. Tits. Convex duality and entropy-based
moment closures: Characterizing degenerate densities. STAM J. Control Optim,
47:1977-2015, 2008.

C. D. Hauck. High-order entropy-based closures for linear transport in slab
geometry. Commun. Math. Sci., 9(1):187-205, 2011.

F. Hausdorff. Summationmethoden und Momentfolgen. Math. Z., 9:74-109,
1921.

M. Junk. Domain of definition of Levermore’s five-moment system. J. Stat.
Phys., 93(5/6):1143-1167, 1998.

M. Junk. Maximum entropy for reduced moment problems. Math. Mod. Meth.
Appl. S., 10(1001-1028):2000, 1998.

S. Kawashima and W.-A. Yong. Dissipative structure and entropy for hyper-
bolic systems of balance laws. Arch. Rational Mech. Anal., 174:345-364, 2004.

32



[28]

[29]

[30]

[31]

[32]

[33]

[40]

[41]

[42]

[43]

[44]

[45]

J.-B. Lasserre. Moment, positive polynomials, and their applications, volume 1.
Imperial college press, 2009.

R. J. LeVeque. Finite Volume methods for hyperbolic problems, volume 31.
2002.

C. D. Levermore. Moment closure hierarchies for kinetic theories. J. Stat.
Phys., 83(5-6):1021-1065, 1996.

D. Marchisio and R. Fox. Solution of population balance equations using the
direct quadrature method of moments. J. Aerosol Sci., 36:43-73, 2005.

D. Marchisio and R. Fox. Computational models for polydisperse particulate
and multiphase systems. Cambridge University Press, 2013.

J. McDonald and M. Torrilhon. Affordable robust moment closures for cfd
based on the maximum-entropy hierarchy. J. Comput. Phys., 251:500-523,
2013.

R. McGraw. Description of aerosol dynamics by the quadrature method of
moments. Aerosol S. and Tech., 27:255-265, 1997.

L. R. Mead and N. Papanicolaou. Maximum entropy in the problem of mo-
ments. J. Math. Phys., 25(8):2404-2417, 1984.

G. N. Minerbo. Maximum entropy Eddington factors. J. Quant. Spectros.
Radiat. Transfer, 20:541-545, 1978.

M. S. Mock. Systems of conservation laws of mixed type. J. Diff. Eq., 37(1):70—
88, 1980.

T. Pichard. A moment closure based on a projection on the boundary of
the realizability domain: 1d case. Kinetic and related models, 13:1243-1280,
december 2020.

T. Pichard, G. W. Alldredge, S. Brull, B. Dubroca, and M. Frank. An approx-
imation of the My closure: application to radiotherapy dose simulation. J. Sci.
Comput., 71:71-108, 2017.

A. Vié, R. Fox, F. Laurent. Conditional hyperbolic quadrature method of
moments for kinetic equations. J. Comput. Phys., 365:269-293, 2018.

M. Riesz. Sur le probléeme des moments, troisieme note. Ark. Math. Astr. Fys.,
17(16):1-52, 1923.

J. Schneider. Entropic approximation in kinetic theory. ESAIM-Math. Model.
Num., 38(3):541-561, 2004.

T.-J. Stieltjes. Recherches sur les fractions continues. Anns Fac. Sci. Toulouse :
Mathématiques, 8(4):J1-J122, 1894.

H. Struchtrup and M. Torrilhon. Regularization of Grad’s 13 moment equa-
tions: derivation and linear analysis. Phys. Fluids, 15:2668-2680, 2003.

W.-A. Yong. Entropy and global existence for hyperbolic balance laws. Arch.
Rational Mech. Anal., 172:247-266, 2004.

33



[46] C. Yuan and R. Fox. Conditional quadrature method of moments for kinetic
equations. J. Comput. Phys., 230(22):8216-8246, 2011.

[47] C. Yuan, F. Laurent, and R. O. Fox. An extended quadrature method of
moments for population balance equations. J. Aerosol Sci., 51:1-23, 2012.

Received xxxx 20xx; revised xxxx 20xx; early access xxxx 20xx.

34



	Introduction
	Preliminary on the projective moment models
	The kinetic model
	Projective moment model
	Hausdorff case: E=[-1,+1]

	Extension of the formalism to Hamburger case: E=R
	Realizability and recursiveness
	Characterization of RbRbQ
	Some representation results including RbRbQ
	Representation using the limit of a sequence of Dirac distributions
	Representation with derivatives of a Dirac distribution
	Representation with a modified equilibrium


	A parametrization of Rb adapted to the projective closure
	Preliminary
	Bijection between moments bold0mu mumu ffffff and parameters v
	Definition of the set Ev of parameters
	Density of f(Ev) into Rb

	Discussion on the set Rb f(Ev)

	Hyperbolicity and entropic structure
	Weak hyperbolicity and wave speeds of the full system
	Entropy dissipation
	Symmetric hyperbolicity of the equilibrium subsystem
	Entropy equation of the Dirac subsystems


	Conclusion and perspectives
	Conclusive remarks
	Numerical perspectives

	Discussion on Hypothesis (H3)
	Proof of Theorem 4.1
	Correspondance of Rb and f( () E,s)
	Decomposing the boundary
	Tangent and normal vectors to the boundary f(E,s)
	No hole in f(E,s)


