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In [1], the authors have “conducted experiments in order to verify the thermal nature of the stimulated Hawk-
ing process at a white hole horizon in a fluid analogue gravity system” namely the linear mode conversion
giving rise to negative energy waves i.e. the classical ingredient at the root of the Hawking effect in astro-
physics. However, here we show that these experiments in Vancouver operated in a weakly non-linear regime
that obscure them as was the case for the seminal experiments in Nice within a stronger non-linear regime
[2]. We finally shed some light on these matters by demonstrating that the linear conversion of water waves
on a counter-current takes place with or without a dispersive white hole horizon as anticipated in the Nice ex-
periment no matter the frequency is conserved within the entire process provided there is an absence of wave
breaking during the wave-current interaction. The main novelty is the role of free (and not forced as usual in
non-linear effects) harmonics generation in the interpretation of both the Nice (for at least the stimulating mode)
and Vancouver (for the converted modes only) experiments. Unfortunately, the thermality of the spectrum is not
demonstrated in the Poitiers reproduction of the Vancouver experiments based on the analysis of the scattering
coefficients themselves and not just of their ratio as was done previously.

Hawking radiation is a linear scattering process with an
amplification of both classical and quantum fields ruled by
a dispersion relation featuring a Doppler-shift of the field fre-
quency and a linear relationship between the co-moving fre-
quency and the wavenumber in the long wavelength approxi-
mation (see the Appendix). The latter shift is due to either a
moving inhomogeneous medium (or a space-changing phys-
ical characteristics of the medium) or a gravitational space-
time and leads to the existence of negative energy modes
whose relative frequency for a co-moving observer is nega-
tive (as well as their conserved norm associated to phase in-
variance). The frequency of some waves or modes may be-
come negative if it is measured in a coordinate system which
is moving faster than the phase velocity of dispersion-less
waves [3–8]. A resulting amplification of outgoing positive
energy modes (the universal Hawking effect) that are propa-
gating away from the horizon towards an asymptotic observer
is predicted by the very appearance of the outgoing negative
ones inside the horizon of real black holes or their analogues
[8–15].

Historically, the quantum vacuum noise, namely quantum
field fluctuations seen as pairs of particle-antiparticle, has
been predicted by Stephen Hawking in 1974 to be sepa-
rated by a curved space-time featuring an event horizon (for
dispersion-less modes obeying Lorentz invariance): negative
norm modes corresponding to antiparticles are absorbed in-
side the horizon whereas the positive norm modes (the as-
trophysical Hawking radiation) are amplified and emitted as
a quantum field radiation at the horizon towards flat space-
time regions [16]. The domain of existence of the negative
modes inside the black horizon is dictated by the dispersion-
less behavior of the light in the curved space-time of the black
hole which corresponds to supercritical (the current speed is

superior to the waves speed) flows in analogue systems. It
was realized by White in 1973 that acoustic waves feel simi-
larly a moving medium (like wind) as an effective space-time
with a corresponding acoustic metric and a Doppler-shifted
frequency due to the flow current [17] (see the Appendix for
a graphical resolution of the dispersion relation in many set-
tings). Independently, Anderson and Spiegel in 1975 noticed
that light waves propagating in a moving medium could be
kinematically trapped within an effective optical metric akin
to the acoustic metric of White [18]. In 1981 Unruh, will-
ing to observe in the laboratory such an effect, transposed the
reasoning of Hawking to dumb holes featuring a trapping su-
personic region due to a trans-sonic flow for non-dispersive
acoustics waves propagating in a flowing air and he predicted
an analogue acoustic Hawking radiation [19]: the Newton es-
cape velocity plays the role of an analogue current flow ve-
locity in a trans-sonic regime that reaches the speed of waves
at the horizon [9–12]. Barcelo [12] and a special issue af-
ter a Royal Society of London Meeting [14] have recently
summarized the current state of affairs in the growing field
of ”analogue space-times” or ”analogue gravity” and the re-
cent achievements in the comprehension of Hawking radia-
tion seen as a universal phenomenon common to astrophysics
(Hawking’s original prediction) and condensed matter physics
(including classical hydrodynamics as discussed in the review
issue included in [15] and our own works [20–32]).

Here, we reveal that weakly non-linear effects (as opposed
to catastrophic non-linear regimes like wave breaking) have
played a critical role in the Vancouver experiments (like in the
Nice experiments [2, 21] and Chapters 5 and 7 of [11]) for the
very same reasons that were not accounted for in [1, 33, 34].
We have reproduced in Poitiers the experimental setup and
data analysis of the Vancouver team using exactly the same
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obstacle geometry, flow parameters and range of stimulating
frequencies, but with different wave amplitudes (see details in
the Appendix and in [26, 32]): we used smaller wave ampli-
tudes than in [1, 34] and still got significant nonlinear effects.

FIG. 1. (Top) Experimental setup of the 2010 Nice experiments [24]
with geometrical parameters: maximum water height h = 1.6m
downstream and upstream of the bottom obstacle, minimum water
height h = 0.5m on the flat part of the geometry, ascending slope an-
gle 18.5◦ for the water current, descending slope angle 7.5◦, length
of the ascending slope 3.3m, length of the descending slope 8m,
length of the flat part of the obstacle 4.8m; (Bottom) A picture of
the water channel seen from the center of the tank’s width which is
1m80 looking towards the wave-maker.

In 2006-2010 [2, 21, 24] (see Fig. 1), one of us belonged
to a team who designed a dispersive white hole flow (the time
reversed of a black hole flow, featuring a -zero group velocity-
dispersive white horizon and a decelerating sub-critical water
current) in order to observe the mode conversion of a long
stimulating incoming free surface water wave (easily gen-
erated but hardly imaged) (see the Appendix for an exten-
sive discussion on the effect of dispersion on mode conver-
sion). The latter denoted as an I(ncident) mode, produced by
a downstream wave-maker, should convert into a pair of short
(hardly generated but easily imaged) positive and negative
energy modes denoted as the B(lue) and N(negative) modes
propagating on the counter-current in the water channel with
a bottom obstacle and a given initial water depth [2] (see Fig.
2). This wave-current interaction system [35] was supposed
to reproduce part of the Physics of the quantum emission of a
white hole horizon in General Relativity by probing the clas-

sical counterpart of Hawking prediction and this was formu-
lated at that time by the following expression ”the classical
ingredient at the root of Hawking radiation” or ”the simulated
Hawking radiation” [9]. The purpose of the experiments was
to test the analogy put forward by White-Unruh between the
propagation of light waves in curved space-time and the prop-
agation of hydrodynamics waves (sound, free surface waves)
in a flowing fluid (air, water) [17, 19, 35].

FIG. 2. (Top) Modes conversion for a wave-current interaction above
a bottom obstacle in a water channel [21]: the so-called stimulated
Hawking radiation corresponds usually to the mode conversion at the
constant frequency ω of the wave-maker from the incoming mode kωI
towards a pair of a blue-shifted mode kωB and a negative mode kωN
without a transmission mode kωT and retrograde mode kωR in terms of
wavenumber; (Bottom) The theoretical dispersion relation with free
harmonics for pure gravity waves on a counter-current [1, 2, 11, 21,
35] including the transverse modes ktp whose transverse component
is ky = pπ/W where p is an integer and W is the width of the
channel.

The title of the paper ”Observation of negative phase veloc-
ity waves in a water tank: A classical analogue to the Hawking
effect?” featured a question mark since the understanding of
what had been observed was incomplete. In the experiments
reported in [2], the flow current driven by a pump in a free
surface flow above a bottom obstacle was subcritical (the flow
speed was inferior to the speed of non-dispersive long grav-
ity waves akin to the light speed). This was considered as a
drawback since the White-Unruh analogy maps trans-critical
flows with an accelerating speed on one hand and black hole
space-times with a horizon where the Newton escape velocity
matches the speed of light on the other hand [17, 19]. White
holes (dispersion-less) are considered as unstable solutions in
General Relativity [36] so to use them in Fluid Mechanics was
already suspicious but subcritical dispersive white holes can
be created easily in the experiments as demonstrated for the
first time in [2]. Wave blocking is nevertheless possible but
itthus depends on the period of the incoming waves. In the
present work, we will try to answer to the following questions:

- Is Hawking prediction robust for these subcritical flows
[1, 2, 21, 26]?
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FIG. 3. Wave blocking at a dispersive group velocity horizon in the
2010 Nice experiments [24] (see also Figure 1 of [21] reporting a
similar picture about the 2008 experiments [2]): the short waves cor-
respond mainly to the blue-shifted modes Bω at the dispersive hori-
zon or wave blocking line (if amplified by the simultaneous appear-
ance of negative modes Nω , they would correspond to stimulated
Hawking radiation) and which are converted from the long incoming
modes Iω . In the near horizon region where kωI ' kωB one observe
sometimes partial wave breaking and parasitic capillary waves con-
version on the front wave. Picture by Olivier Monge, Agence MYOP.

We will show that the sub-luminal dispersion correction in
fluid mechanics extends the domain of validity of the original
Hawking prediction but Hawking radiation may not reach the
asymptotic observer because of harmonics (of a certain kind)
generation in some regimes.

- Can we observe positive energy modes and negative en-
ergy modes in pairs [21, 35] or separately [21]?

Both scenarii are possible because of the subluminal dis-
persion correction in fluid mechanics. Here, we will create
pairs of converted modes from both fondamental and harmon-
ics modes type.

- Are the scattering coefficients the same [37–43] as in
Hawking semi-classical calculation without dispersion [16]?

The answer is negative because of either dispersive wave
transmission or non-linear harmonics generation or the ap-
pearance of a dispersive zero frequency solution.

- Is unitarity à la Hawking [16] (norm or wave action con-
servation) checked [37–43]?

The answer is also negative because of either dispersive
wave transmission or non-linear harmonics generation or the
appearance of a dispersive zero frequency solution.

The constraint that the 2006 and 2010 Nice experiments re-
ported in [2, 21, 24] were performed with subcritical flows

was dictated by the fact that the free surface over an obsta-
cle remains flat (or features a small depression of the order
of the cm) for a large range of flow rate and initial water
depth (around 1.4 − 1.6m and a maximum obstacle height
of 1.1m) in the open channel that was used at that times. For
higher flow rates and/or small water depth above the maxi-
mum height of the obstacle, a turbulent hydraulic jump was
observed (see the Appendix for an illustrative picture of the
flow regime with the turbulent jump, the J regime of hydraulic
flows as reported in [15]): hence, this regime was dismissed
since counter-current incoming waves would not have reached
the non-dispersive white hole horizon without going through
the time-dependent aerated hydraulic jump. Hence, a disper-
sive and sub-critical white hole flow was used instead with a
flat surface (F regime) or a small depression (D regime) of
a few cm (depending on the flow rate) above the obstacle for
the dynamical depth at a give flow rate and a fixed initial water
depth which has the same value on either side of the obstacle
in the asymptotic regions. By F, D and J regimes, we refer
to the classification of the shape of the free surface reported
in the hydraulic phase diagram of our previous work starting
from an initial static free surface and by increasing the flow
rate to go through the many free surface shapes [15].

Waves with either positive or negative phase veloc-
ity/wavenumbers were definitely observed sometimes (de-
pending on the physical parameters) in the experiments [2, 21,
24] (even in the absence of a white-hole group-velocity hori-
zon) on the top of the long incoming waves as seen by naked
eyes and by cameras filming transversally the waves traces on
the side wall opposite to the former (see Fig. 3). Unfortu-
nately, the origins of those waves were unclear in particular
for the cases without wave blocking: because of the sign of
the phase velocity, the ”positive” waves were considered as
an indication of the classical Hawking radiation in the pecu-
liar case of wave blocking (the blue-shifted waves B using the
fluid mechanics terminology) however other ”positive” waves
in absence of wave blocking were also observed and super-
posed to the incoming stimulating modes I and whose nature
was debated (case (b) of Figure 8 of the paper [2]); similarly,
”negative” waves (both with and without wave blocking) were
also observed and considered as an indication of the negative
partners in astrophysics (the negative energy waves using the
same terminology) albeit with arguments in favor of a loss of
linearity since the period of the waves does not seem to be
conserved despite the fact that the period of the short waves
propagating backward with respect to the incoming waves I
was proportional to the wave-maker period hence of the in-
coming wave (either linear conversion or harmonics genera-
tion at double the frequency is compatible with this obser-
vation). In addition, space-time diagrams of the free surface
showed a dispersive wave blocking boundary (a line in 2D
transverse to the water channel, see Fig. 3) depending on the
incoming period of the wave-maker (demonstrating the exis-
tence of the conversion towards the positive energy mode à la
Hawking [20] because of the finite slope of the incoming/blue
positive modes at the dispersive group velocity horizon). The



4

space-time diagrams prove also the blue-shifting of the stim-
ulating mode wavelength by the changing slope of the wave
crest close to the dispersive group velocity horizon (see Fig-
ures 1 and 2 of [21]). However, the comparison with numer-
ical simulations in addition to the difficulty to test the con-
servation of the frequency (hence energy in the linear regime
only) with only optical visualisations on one side of the wave-
tank lead the authors to wonder whether they had observed
a parasitic non-linear phenomena blurring the interpretation
of the experiments : “It is conceivable that we have seen a
new fluid-mechanics phenomenon that significantly enhances
the Hawking effect. Could it be a nonlinear mode conver-
sion, a nonlinear process generating harmonics with nega-
tive frequencies? We observed that the incident waves become
steeper as they propagate against the current” [2]. In the Ap-
pendix, we revisit the physical origin of some of the mode
seen in absence of wave blocking in the light of the reproduc-
tion of the following experiments.

Indeed, another experimental setup in Vancouver was de-
signed shortly after the seminal Nice experiments. According
to the Vancouver team, the Nice experiments were plagued
with several problems (see the oral presentation at Pirsa in
2009 p. 40/80 of slide show [44]): “negative frequency waves
with wrong frequency (indicating non-linear effects); negative
frequency modes with and without acoustic horizons ; sep-
aration of flow”. The new experiments performed in Van-
couver lead to the claim that “Hawking radiation has indeed
been measured and shown to possess a thermal spectrum, as
predicted” [1, 33, 34, 45, 46]. Noticeably, the flow regime
featured a stationary undulation (the so-called U regime of
[15] with a depression followed by secondary waves called
whelps) namely a zero frequency solution of the dispersion
relation in presence of a current, see [11, 21, 47, 48]. All the
scattering experiments in Vancouver were done with an undu-
lation. In a separate paper [29], we have shown that the undu-
lation over-amplifies the Hawking scattering effect, a purely
dispersive effect due to the sub-luminal character of the wa-
ter waves dispersion relation [47] since the converted modes
propagates on the undulation up to the asymptotic observer
downstream of the obstacle. For the highest amplitudes used
in [2, 21, 24], partial wave breaking was reported in particular
in presence of wave blocking with potential parasitic capillary
ripples decorating the white hole horizon (see Fig. 3). The
Vancouver team [1] set up a flow with an undulation at the
limit of wave breaking [15]. Therefore, the incoming ampli-
tude superposed to the undulation must not combined so as to
reach a too high camber k × a otherwise wave breaking will
occur like in some of the Nice experiments (mainly in pres-
ence of wave blocking) [2, 32].

Hence, the results reported in [2, 21, 24] met strong crit-
icisms since the experimental configuration departs from the
expected transposition from astrophysics [35]: in particular,
the size, geometry and physical parameters retained by the
Nice group did not allow to create an analogue trans-critical
flow featuring a dispersion-less horizon but an inhomoge-
neous flows driven by the obstacle geometry (and not dissipa-

tion for instance [31]) with a zero-group velocity real horizon
or without wave blocking (a complex horizon [42] may albeit
be present) in a dispersive white hole configuration (a loose
version of the time reversed non-dispersive black hole studied
by Hawking). This choice was explained theoretically in [20]
since it was shown that the dispersion relation of pure grav-
ity waves allows a partial conversion without wave blocking
for any velocity. It was subsequently tempered by the inclu-
sion of the effect of surface tension which leads to a threshold
in speed (the so-called Landau speed related to the Landau-
Cerenkov wake, see Chapter 6 of [11]) for the mode conver-
sion into both positive and energy modes in addition to the
appearance of an undulation.

Criticisms of the Vancouver experiments have already been
formulated: the dispersive white hole group velocity horizon
(blocking point) was not present in the Vancouver experiments
for most of the stimulated frequencies, as checked both ex-
perimentally and numerically in [26]: only four experimen-
tal points out of nine involved a blocking point, a fact not
reported by the Vancouver team, because the stimulated fre-
quency of the incoming mode ωI > ω min = 2.4Hz was
superior to the minimum blocking frequency (computed theo-
retically from the dispersion relation) in this four regimes only
with the threshold |Ã|2 < 1/16 for the transmission coefficient
Ã: the so-called unitarity condition (norm conservation [1])
was modified accordingly to include a scattering coefficient
associated to transmission. In addition, the linearity with the
frequency of the measured natural log ratio of positive to nega-
tive norm components by the Vancouver team was shown to be
a consequence of the obstacle geometry using numerical sim-
ulations in the linear regime only [37, 40]. The present work
introduces more concerns about the observations reported in
[1] since we will take into account transmission, harmonics
generation without filtering our results at the wave-maker fre-
quency as was done in [1] to dismiss spurious effects like free
surface noise due turbulence for instance.

In [1, 34], the amplitudes of the long waves, generated
against the current in the region downstream of the obstacle,
were reported to be around 1 − 2mm without a possible de-
pendance on the wave-maker frequency whose mathematical
expression is the so-called transfert function relating the im-
posed mechanical amplitude to the resulting hydrodynamical
amplitude. Not knowing if this is the sine wave amplitude (a)
or peak-to-trough amplitude (2a), we decided to investigate
amplitudes less than 1mm. As we seek to verify the presence
or not of non-linearities, several incident wave amplitudes are
then studied: 0.05, 0.15, 0.35, 0.8mm corresponding to a me-
chanical displacement of the wave-maker of 0.25, 0.50, 1 and
2mm assuming small variations from one wave-maker fre-
quency to the other for the range probed by the wave-maker
in order to measure the mode mixing and the associated scat-
tering coefficients. Since the transmission at the lowest fre-
quencies have already been studied thoroughly [28] (see the
Appendix for complementary results on the envelope shape
when varying the frequency for a given flow rate), we decided
to focus on a blocking case (ωI = 3, 14Hz > ωmin = 2.4Hz)
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FIG. 4. (Top) Poitiers experimental setup: the length of the water
channel is 7m long and its width is W = 0.39m; (Middle) The sta-
tionary zero mode in the Vancouver flow regime; (Bottom) A zoom
on the stationary undulation where both medium gravity caustics and
small capillary caustics in-between appear beneath the free surface.

in the linear regime (wave transmission across the obstacle
may occur simply by increasing the asymptotic incoming am-
plitude).

The free surface is illuminated by a laser sheet and a re-
sulting green fluorescence trace imaged by three side cameras
(whose pictures are calibrated and glued together) is recorded
at the acquisition rate facqui = 20Hz (Fig. 4). Then, we use
the same method of extraction of the free surface with sub-
pixel accuracy as in references [1, 13, 25, 29, 30]. In the
Vancouver flow regime [1] with a flow rate per unit width
q = 0.045m2/s and an asymptotic dynamical water depth
hupstream = 19.4cm controlled by a downstream double-
weir (see the Appendix for a detailed description of the wave-
maker), one observes Hawking radiation at zero frequency
[11, 21, 47, 48] for subcritical flows with a subluminal dis-
persive behavior of the dispersion relation: the noise due to
the bulk turbulence excites a free surface wave turbulence that
stimulates with infinitely long period modes the dispersive
white hole horizon that emits a stationary undulation. The
downstream wave-maker generates water waves that propa-

FIG. 5. Space-time diagrams of the free surface fluctuations fil-
tered at different frequencies for a given asymptotic incoming wave
amplitude aI = 0.8mm where the zero mode has been removed
(see the Appendix for details): (Top) the interferences pattern of the
modes (incoming mode kωI , blue-shifted mode kωB and negative mode
kωN ) corresponding to the Vancouver filtering at the wave-maker fre-
quency ωI = 3.14Hz [1] ; (Middle) The interferences pattern of the
modes at 2ωI ; (Bottom) The interferences pattern of the modes at
3ωI . The upper part of each block corresponds to the spatial spec-
trogram with a concentration of the signal at integer values of the
dimensionless frequency f∗ = f/fI = ω/ωI namely 1, 2 or 3. The
color bars for the water fluctuations are in mm.

gate on the counter-current and then reach the bottom obstacle
region which does feature this zero mode solution or undula-
tion displayed in the Fig. 4. Then, one must be very careful
in using filters (see Fig. 5) to single out the many modes that
are generated in the wave-current interaction process and not
just dismiss the harmonics contribution as was done in [1] (see
also the Appendix for the several steps of the filtering proce-
dure including the zero mode).

From the measurement of the free surface fluctuations
δh(x, t), a Fourier transform (in space and time δĥ(k, ω) or
just in time δ̃h(x, ω)) permits to observe the presence of non-
linearities for high wave amplitudes. As can be seen in the
Fig. 6, there is no modification of the fundamental frequency
which remains constant (there is no Benjamin-Feir type insta-
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FIG. 6. (Top) 2D Fourier transform of free surface fluctuations
|δĥ(k, ω)| calculated over the entire viewing window of the cameras
in the Poitiers experiments, for an incident frequency ωI = 3.14Hz
with an asymptotic wave amplitude aI = 0.8mm. The red lines in-
dicate the dispersion relation in the region downstream of the obsta-
cle, those in green lines correspond to the dispersion relation above
the obstacle where the Froude is maximum (the continuous/dotted
lines pertain to the positive/negative branch); (Bottom) A 3D plot of
the wave amplitude envelope δh (in mm) as a 2D function of both
the longitudinal position x along the water channel and the dimen-
sionless frequency f∗ = f/fI = ω/ωI .

bility with a frequency downshifting for instance [49, 50]) but
we observe an important distribution of amplitude on the har-
monic angular frequencies (2ωI , 3ωI , etc...). The frequency
of the stimulating wave is somehow conserved but new modes
of the harmonics type appear (we can infer that the energy
is distributing in all these new channels): so-called free har-
monics are created during the converted waves propagation
[51–54] as can be checked by looking to the peaks position in
the Fourier space [32] and by checking that the free harmon-
ics are solutions of the dispersion relation to the contrary of
bounded harmonics waves. The non-linearities of the positive
norm modes of the Hawking pairs kB are very peculiar with
k2ωB < kωB which makes this nonlinear channel more effective
in the process of reducing the waves camber (see the Fig. 6):
the system ”prefers” to excite free harmonics instead of induc-
ing wave-breaking when amplitude hence energy accumulates
too much on a given mode. On the contrary and for complete-
ness, the negative norm modes are such that k2ωN > kωN hence
negative harmonics mode are less excited than positive har-

monics mode. If the wave-current interaction is too strong,
forced harmonics and/or wave breaking will relax the energy.
The incoming wave is such that its frequency is conserved but
the converted modes corresponding to the positive and nega-
tive norm modes (analogous to the particle-antiparticle pair in
astrophysics) are distributing their amplitude hence their en-
ergy into harmonic modes at twice, three times etc. the value
of the incoming angular frequency ωI (see Fig. 7).

0.2 0.4 0.6 0.8 1 1.2

10-2

10-1

100

FIG. 7. Spatial evolution of the camber k× ai (where ai is the wave
amplitude of the mode i) of the several modes: fundamental Iω +
converted Bω + harmonics B2ω and t3ω (here positive to simplify)
for a wave-maker angular frequency ωI = 3.14Hz and an asymp-
totic incoming wave amplitude aI = 0.8mm. The predicted curves
for the linear theory were added on the basis of the wave action con-
servation [30, 32] demonstrating the disappearance of the converted
modes Bω downstream of the obstacle to the detriment of free har-
monics including longitudinal converted modesB2ω as well as trans-
verse modes t3ω [23].

As these free harmonics are still solutions of the dispersion
relation [55–58], they propagate at different speeds than the
corresponding fundamental mode contrary to the more usual
bounded harmonics à la Stokes that propagate at the very same
velocity and which are no more solutions of the dispersion
relation [51–54]. Hence, the norm conservation [1, 11] as-
sociated to the phase invariance of the wave equation in the
linear regime (|α|2 − |β|2 = 1 where α/β pertain to the pos-
itive/negative norm modes akin to the analogue pair of parti-
cle/antiparticle) must be generalized since new channels for
different harmonic frequencies are opened and populated by
the redistribution of the norm between both free and bounded
harmonics in general. Here, mainly the free harmonics chan-
nels are involved, as was the case for transmission at small
frequencies [26], and this is another strong departure from the
divergence behavior of the scattering coefficients α(ω) and
β(ω) as a function of the frequency for the small values of
the latter based on Hawking’s prediction [16]. Depending on
the asymptotic value of the incoming wave amplitude aI , the
evolving amplitude of the incoming and converted modes are
not the same when plotted as a function of space for a given
wave-maker frequency [32] (see Fig. 8 and the Appendix).
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FIG. 8. Normalized amplitudes of the incident and converted modes
as a function of space in the downstream region of the obstacle at
a fixed wave-maker angular frequency ωI = 3.14Hz for several
asymptotic incoming amplitudes aI (0.05 mm (blue), 0.15 mm (red),
0.35 mm (green), 0.8 mm (purple)).

In Fig. 9 we display the most salient features, namely the
plots of the scattering coefficients |α|2 and |β|2 as a func-
tion of the frequency f of the wave-maker. The scattering
coefficients are obtained from the ratio between the norm of
both converted modes to the incoming wave as discussed in
[29, 32]. So if the incoming wave amplitude varies with the
frequency of oscillation for a given mechanical stroke of the
wave-maker, the fact of taking the ratio dismissed this effect
and an eventual frequency dependence. Clearly, the scattering
coefficients do not diverge as the frequency cancels. Hence,
the expected thermal spectrum for trans-critical flow is not ob-
served, since the scattering coefficients vanish when the angu-
lar frequency goes to zero (in accordance with the numerical
and theoretical predictions for subcritical flows [37–43]).

As a major criticism of [1], the slope of the natural log
ratio of positive to negative norm components log(R) =
log
(
|β|2/|α|2

)
is not the same for several asymptotic incom-

ing amplitudes (even if it appears like a linear Boltzmann law
as a function of frequency), a fact not captured by the linear
treatment discussed in [37–43]. Because of the disappearance
of the converted modes at ωI downstream of the obstacle, the
Vancouver team was forced to measure the ratio of the norm
in the vicinity of the obstacle where the flow is inhomoge-
neous by introducing a change of variable (equation 2 of the
[1]), a procedure that we have reproduced carefully by taking
also the same window size. We notice that the blue-shifted and
negative modes (at the wave-maker frequency) propagate over
a shorter distance, before seeing their amplitudes transferred
to the harmonic frequencies, when the amplitude of the inci-

|α
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FIG. 9. Scattering coefficients in the downstream region of the ob-
stacle for several asymptotic incoming wave amplitudes (0.05 mm
(blue), 0.15 mm (red), 0.35 mm (green), 0.8 mm (purple)) as a func-
tion of the wave-maker frequency f = ω/2π for the positive norm
mode à la Hawking (Top) and for the negative norm mode akin to the
partner (Bottom).

dent wave becomes larger. These converted modes are then
diffused more weakly by the undulation because they propa-
gate on it over a shorter distance. Whereas, when the ampli-
tude of the incident wave is lower, the converted modes propa-
gate over a very large part of the zero mode, they then undergo
a larger wave scattering by the undulation [29] and the ratio
R = |β2|/|α2| increases (see Fig. 10). The Vancouver conver-
sion was probably linear but the propagation was non-linear
and does not allow an observation downstream from the ob-
stacle of the stimulated Hawking radiation since the converted
modes were transferred towards free harmonics for the range
of amplitudes that was probed. On the contrary, the Poitiers
reproduction has shown that to decrease the amplitudes of the
incoming mode allows to avoid harmonics generation to the
detriment of an extra scattering of the linear converted modes
by the undulation since the converted modes propagate down-
stream across the undulation before reaching the asymptotic
observer (as already shown in [29]). To use as in [1] the same
surface gravity dU/dx(xhorizon) whatever the frequency for a
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dispersive flow (with or without blocking) to infer an analogue
Hawking temperature is puzzling for the present authors since
the position of the group velocity horizon (whenever a wave
blocking line is present) changes with the incoming frequency.
Moreover, the expression of the surface gravity takes into ac-
count only the fact that the speed of the flow varies with the
position but not the speed of the non-dispersive long waves
c(x) =

√
gh(x) (see the generalized formula by Visser in

[9]) which is another oddity for the present authors which do
consider that the measurements of the scattering coefficients
should be done in a downstream homogeneous region...
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FIG. 10. Natural log of the ratio R = |β2|/|α2| of positive to neg-
ative norm components in the downstream region of the obstacle
for several asymptotic incoming wave amplitudes and linear least-
squares fit (continuous lines) as a function of the wave-maker fre-
quency f = ω/2π: 0.05 mm (blue), 0.15 mm (red), 0.35 mm
(green), 0.8 mm (purple). The black stars correspond to the Vancou-
ver experiments [1] with an asymptotic incoming wave amplitude aI
around 1− 2mm [1].

Finally, the Poitiers reproduction of the 2011 Vancouver ex-
periments demonstrates the linear mode conversion both close
to a dispersive horizon in case of wave blocking or in a conver-
sion band in absence of wave blocking (as shown by the inter-
ferences in the space-time diagram filtered at the fundamental
frequency) but then shows subsequent non-linear conversions
into free harmonics (keeping all the frequencies without fil-
tering them at the wave-maker frequency), during the down-
stream propagation of the converted modes away from the lin-
ear interference region: a classical analogue of the Zitterbe-
wegung region à la Schroedinger is seen where positive and
negative norm modes are mixed [59, 60]. An asymptotic ob-
server cannot measure Hawking radiation in the weakly non-
linear regime because of free harmonics generation that local-
ized the non-linear converted modes spatially to the detriment
of the linear converted modes that disappear, a scenario not
envisaged in Analogue Gravity until now. Regrettably, the
Vancouver team missed the harmonics generation by filtering
their results at the wave-maker frequency. Unfortunately, the
thermal Hawking spectrum was not verified in any fluid me-
chanics experiments so far. As far as the Nice seminal exper-

iments are concerned, we have shown that they operated in a
stronger non-linear regime (because of higher wave cambers)
with respect to the weakly non-linear experiment in Vancou-
ver in the sense that incoming modes generated free harmon-
ics in some of the Nice experiments in agreement with the
observations reported in 2008 but only converted modes gen-
erated free harmonics in the Vancouver experiments and not
the incoming modes.

As a conclusion, we plan to come back to a modern data
analysis of the old Nice experiments of 2006-2010 looking
to the traces of the negative modes and of a new scenario
featuring non-blocking of the incoming mode at ωI but the
production of its harmonics and a following linear conversion
with a Hawking process of this latter harmonics waves which
may be blocked or not depending on the frequency with a
total or partial conversion. These possibilities combining
weak non-linearity and dispersion were not anticipating in
astrophysics (Analogue Gravity is somehow more general
than General Relativity...) and may finally explain completely
the Nice observations in addition to the important step
reported in this work. We plan to study in the future the effect
of the Landau speed threshold on the robustness of stimulated
Hawking radiation which limits its propagation towards the
asymptotic observer but not its production: this is another
scenario not envisaged in astrophysics due to a dispersive
microscopic scale, namely the capillary length, akin to the
Planck scale in Quantum Gravity where Einstein’s equations
would not be valid anymore. As Carl Sagan used to say
”extraordinary claims require extraordinary evidence”, the
analogue Hawking radiation and its astrophysical prediction
are still keeping some of their secrets...
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[61] J. Fourdrinoy, L.-P. Euvé, J.-M. Mougenot et G. Rousseaux,
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APPENDIX

Theoretical section

Richard White in 1973 formulated a ray theory which
describes the propagation of sound in moving fluids which
are inhomogeneous and inviscid [17]. The dispersion rela-
tion of sound pulses can be written in a compact and 1+3
form within geometrical acoustics gµνkµkν = 0 with the
4D wave-number kµ = (−ωc ,k) and the so-called acous-

tic metric gµν =

[
1 Uᵀ/c

U/c U⊗U/c2 − 1

]
. The same metric

appears in the propagation equation (also derived by White)
1√
−g∂µ [

√
−ggµν∂νφ = 0] with g = det(gµν) where φ is the

velocity potential for sound waves [17]. The speed of acous-
tic waves c becomes the speed of long gravity waves

√
gh

in hydraulics for free surface flows as derived by Unruh and
Schützhold in 2002 with h the water depth and g the gravity
field (not to be mixed with the determinant of the metric) [35].
The resulting dispersion relation writes (ω −U.k)2 = c2k2

that is ω − U.k = ±c|k| with k =
√
k2x + k2y in the exper-

iments where U = Uex and U < 0 for a black/white hole
flow with a(n) acceleration/deceleration in the rest of the pa-
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per. The flow is directed along the x direction and the water
waves propagate in the plane (x, y) where y is the transverse
direction to the flow current and the channel.

FIG. 11. Mode mixing in the dispersion-less limit (kh << 1) by a
(a) conformal coupling when the wave c = c(x) varies with space
corresponding to the extreme shallow water limit (kFalling =>
kTrapped+kHawking+kPartner) as reported in [13] for a black hole
flow OR by a (b) ”Spontaneous” Hawking Process (kNoise+ =>
kHawking AND kNoise− => kPartner) with a seed of classical
(mechanical/thermal noise in aquatic analogues) or quantum (vac-
uum noise in astrophysics/Hawking’s original prediction) origin for
a transcritical flow with a Froude number Fr = U/c crossing one.
If Fr < 1, then U = Usub and if Fr > 1, then U = Usuper in the
graphics.

A falling ingoing modes (water or acoustic waves or light)
has negative wavenumber and lives outside of a black hole
horizon. When going through the trans-critical boundary or
horizon in the dispersion-less limit, the falling mode becomes
a trapped mode which cannot escape from the interior of the
horizon. If the speed c of waves does not vary with space,
the solution kFalling is totally converted into kTrapped with
obvious names for waves interacting with a black hole hori-
zon. However, when the wave speed varies with the posi-
tion according to c = c(x), then a partial conversion called
”conformal coupling” towards the pair of outgoing modes oc-
curs (kHawking and kPartner) but we insist on the fact that
this not the Hawking process which should occurs at the
horizon (whether its spontaneous or stimulated exemplifica-
tions): we have been testing experimentally this scenario re-
cently [13]. kHawking/kPartner is a mode which is propagat-
ing in the counter-current with a speed superior/inferior to it.
The genuine Hawking process corresponds to the conversion
where the outgoing modes origin corresponds to transplanck-
ian modes for which the wavelength goes to zero at the hori-
zon in the dispersion-less limit: we denote them as kNoise±

depending on the sign of their norm. kNoise+ /kNoise− leaves
in the subcritical/supercritical region of the black hole flows
such that the speed is Usub/Usuper (see Fig. 11).

FIG. 12. Stimulated Hawking Radiation from initial short grav-
ity waves in a subcritical black hole flow (k+ => kHawking and
k− => kPartner) or from long gravity waves in a white hole
flow [20] (kSub+ => k+ + k− in the subcritical region AND
k− => kSub− in the supercritical region from the group velocity
point of view in this dispersive regime) with a Froude number infe-
rior to one but a subluminal dispersive correction followed by a su-
perluminal dispersive correction. The incoming short gravity modes
originate from outside the dispersive horizon for example when look-
ing at a white hole flow as reported in the main text: (c) neglecting
surface tension whatever the water depth and (d) neglecting surface
tension in the deep water limit kh >> 1.

When including dispersion, two behaviors (see Figure 12)
are possible according to the sub-luminal (the group veloc-
ity ∂ω/∂k decreases with k) or sub-super-luminal (the group
velocity decreases then increases when including microscopic
Physics, here surface tension effect with a characteristic scale,
the capillary length, playing the role of the Planck scale)
regimes of the dispersive correction [9–11]. Another regime
(see Chapter 7 of [11]) with both shallow water and surface
tension effect with a pure superluminal corrections akin to
the one occurring in a Bose-Einstein condensate has been dis-
missed since the water depth is of the order of a few centime-
ters (it would have been relevant for the case of a circular jump
akin to a white fountain [22]).

To simplify the notations for a dispersive subcritical white
hole flow in the deep water gravity regime, the incoming mode
from outside the white hole and propagating on the counter-
current is denoted by kI in the main text (kSub+ in the Figure
12), the corresponding retrograde mode is kR propagating in
co-current and the pair of converted modes are the blue-shifted
one kB and the negative one kN [20] (k+ and k− in the Figure
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12).

FIG. 13. Stimulated Hawking Radiation from initial short capillary
waves in a subcritical black hole flow (k++ => k+ => kHawking

and k−− => k− => kPartner) or from short gravity waves in
a white hole flow (kSub+ => k+ + k− and k+ => k++ and
k− => k−− in the subcritical region AND k− => kSub− in the su-
percritical region from the point of view of the group velocity) with a
Froude number inferior to one but a subluminal dispersive correction
followed by a superluminal dispersive correction. The incoming cap-
illary modes originate from inside the dispersive horizon for example
when looking at a white hole flow as reported in [30]: (e) including
surface tension whatever the water depth and (f) including surface
tension in the deep water limit kh >> 1.

In the current work, the effect of capillarity induces a
threshold for the appearance of either mode mixing à la Hawk-
ing with positive and negative norm modes kB and kN in th
main text (the so-called Landau speed at 23.1cm/s for long
period [21]) or the appearance of an undulation (the zero fre-
quency solution ±kz = kB(ω = 0) = −kN (ω = 0) of
the dispersion relation in presence of a current as discussed
in [11, 21, 47, 48]). The extra modes due to capillarity (see
Fig. 13) will not studied here but the interested reader shall
have a look to the following references [11, 21, 30].

Experimental section

The Poitiers reproduction of the Vancouver experiments

The geometry of the Vancouver obstacle [1] is given by (see
Fig. 14):

o(x) =


2a(1− (x− x1)− e−b(x−x1))

0, 1
2a(1− (x− (x1 − x2))− e−b(x−(x1−x2)))

o(x4)− (x− x4) tan(4, 5◦)

x ∈ [x1, x2]
x ∈ [x2, x3]
x ∈ [x3, x4]
x ∈ [x4, x5]

(1)

with x1=-0,45 m, x2=-0,15 m, x3=0 m, x4=0,34 m,
x5=1,15 m, a=0,094, b=5,94.
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FIG. 14. (Top) Space-time diagram of the water height h(x, t) (in
mm) of the permanent regime used in the Vancouver experiments [1]
without incoming water waves except some random noise; (Bottom)
the average undulation in time featuring a depression (above the flat
part of the geometry where the speed is higher) followed by sec-
ondary waves or whelps 〈h(x, t)〉 in blue on the descending part of
the bottom obstacle in grey.

Let us first characterized the mean free surface over the
obstacle for the Vancouver obstacle in the Fig. 14 and pa-
rameters which are: flow rate Q = 17.5l/s ; flow rate
per unit width q = 0.045m2/s since the channel width is
W = 0.39m; asymptotic upstream dynamical water depth
hupstream = 194mm. The free surface measurements (opti-
cal measurement with the laser line using fluoresceine) show
that the maximum Froude number observed above the obsta-
cle is Fr = 0.67 (for hmin = 77.5mm corresponding to
the depression in front of the secondary waves of the undu-
lation) whereas the upstream Froude number is 0.22. The un-
dulation reaches a maximum amplitude of about 4mm and its
wavelength varies from 50mm to 120mm (see Fig. 14). The
zero mode is at the verge of wave breaking in order to have
a Froude number as large as possible and as close to 1 that
would correspond to a non-dispersive white hole horizon. In
other words, by slightly increasing the flow rate or by reducing
the overall dynamical height with the downstream weir then
the undulation would certainly break. The wave numbers kB
and kN are close to that of the zero mode kZ or the zero mode
is nothing else than the blue shifted kB(ω = 0) = +kZ and
negative kN (ω = 0) = −kZ modes at zero frequency. Hence,
the fact of superimposing both blue-shifted and negative solu-
tions (even of small amplitude) ”on the top” of the zero mode
which is itself at the limit of the breaking limit makes the blue-
shifted and negative modes non-linear. Their wave numbers
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are very close to that of the zero mode, and even assuming
that they are equal (although not exactly but almost), the max-
imum curvature would be equal to the sum of the curvatures;
that of the zero mode being already at the limit of the surge,
a slight addition generates the non-linearities which are ob-
served.

FIG. 15. Oscillating double-weir wave-maker used to produced the
counter-current water waves downstream of the obstacle (Picture
courtesy of Johan Foudrinoy, see [61]).

Water waves are produced downstream of the bottom ob-
stacle by a double-weir system (see Fig. 15). The first weir
is a usual one in open channel flows and serves to fix the
stationary dynamical water depth as a function of the flow
rate and connects the channel to the exit reservoir. Mounted
on the first weir with vertical and lateral sliders, a second
weir is driven by a linear motor Linmot from TransTechnik
(2PS01 − 23x160H − HP − R with a standard stroke of
60mm namely a maximum wave-maker amplitude ±am =
30mm with a maximum speed of 5.3m/s). A detailed study
of the transfert function (wave amplitude as a function of
the stroke displacement for several frequencies) of the wave-
maker was undertaken elsewhere [61].

In order to measure the velocity fields under the free surface
for this regime, a particle image velocimetry (PIV) method
was set up (see Fig. 16, 17 and 18). The flow is seeded
with polyamide particles (Vestosint 2158) whose small size
and density close to that of water (d50 = 20µm, ρ = 1016
kg/m3) allow to follow the displacements of the fluid. A
dual-cavity pulsed Nd: Yag (Dantec Dynamics Dual Power
2x50 mJ) LASER is used to generate two Laser layers sepa-
rated by a time interval ∆t (depending on the average speed
of the flow in order to to obtain an average displacement of 8
pixels between two images), in our case ∆t is between 2 ms
and 5ms depending on the region of the flow to be studied.
A CMOS camera (SpeedSense 1040 from Dantec Dynamics -
2320x1726) synchronized with the Laser then captures 4000
pairs of images at an acquisition rate of 40Hz. The measure-
ments are made in the plane (xOz), with ~z the vertical and ~x
the longitudinal direction of the flow, and in the center of the

channel. As the Laser sheet cannot be projected from above
because of the deformations that the free surface would in-
duce, a transparent PMMA obstacle had to be created so that
the sheet, which is emitted by below, can pass through it. In
order to have a good enough resolution, the camera is placed
so that it observes a field of 400mm wide. It is then displaced
to observe different regions of the flow (see Fig. 16): some of
the latter were reduced because of shadow zones due to the
reinforcement posts under the channel or due to the junctions
of the different parts of the obstacle.

FIG. 16. (Top) Experimental setup of the Particle Image Velocimetry
(PIV) measurements with the LASER placed below the bottom win-
dow of the water channel and the side CMOS camera; (Middle) The
positions of the numbered windows used to reconstruct the longitu-
dinal velocity profile; (Bottom) A picture of the seeded particles in
the flow with the laser line on the obstacle corresponding to Window
1.

The results of the velocimetry (see Fig. 17 and 18) show
the generation of a boundary layer in the downstream part of
the obstacle. We observe that the upper limit of the boundary
layer is approximately equal to the maximum height of the
obstacle. Note that the minimum speed Uplug = 0.232m/s
(assuming a plug flow) is greater than Uγ = 0.231m/s,
the Landau threshold [21] for this speed range. In prac-
tice, the measured speed at the free surface is even higher
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FIG. 17. (Top) Horizontal component of the instantaneous veloc-
ity field Ux(x, z, t) (m / s) of the flow above the Vancouver obsta-
cle; (Bottom) Vertical component of the instantaneous velocity field
Uz(x, z, t) (m / s) of the flow above the same obstacle.

Ureal = 0.295m/s (only the waves with frequency 2.4Hz <
ω < 8.3Hz will be blocked because either the geometry does
not accelerate sufficiently the flow speed with a maximum
value or because the flow rate sets up a minimum speed com-
patible with the wave blocking line obtained by canceling the
group speed [21]). Hence, the hypothesis of a plug flow is
invalidated in our reproduction of the Vancouver experiments.
It is the measured downstream surface speed that must be used
to fit the experimental dispersion relation downstream of the
obstacle because of the thickening of the boundary layer as
reported elsewhere [32]. Therefore, the disappearance of the
converted modes cannot be associated to the Landau speed
threshold downstream of the obstacle but to the appearance of
free harmonics as demonstrated for the first time in this work
by changing the asymptotic amplitude of the incoming modes
(see the spatial spectrograms of Fig. 19 and the corresponding
videos).

The space-time diagrams of Fig. 20 (explaining the process
to remove the zero mode and the harmonics) and Fig. 21 (ex-
plaining the process to separate the stimulated mode from the
converted modes) permit to confirm the superposition of the
modes at the wave-maker frequency decomposed as, on the
one hand, the incoming mode I at ω, the blue-shifted mode
B at ω corresponding to Hawking radiation and the negative
mode N at ω as observed in the Vancouver experiment because
of the filtering of their results at ω and, on the other hand,
the additional harmonics modes for the converted modesB2ω ,
N2ω , transverse modes like t3ω and so on...

Concerning the wave-current interaction process, one no-
tices both the influence of the simulating frequency for a given
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FIG. 18. (Top) Horizontal component of the time-average velocity
field 〈Ux〉 (m / s) of the flow above the Vancouver obstacle ; (Mid-
dle) Vertical component of the time-average velocity field 〈Uz〉 (m /
s) of the flow above the same obstacle; (Bottom) Time-average ver-
tical profile of the horizontal component Ux(z) (m / s) for different
positions along the water channel. From left to right: x = - 0.580 m,
-0.120 m, 0.166 m, 0.561 m, 0.941 m and 1.572 m (in the center of
each window except for the one upstream). The shaded areas repre-
sent the boundary layer thickness.

asymptotic wave amplitude (see Fig. 22) as well as the influ-
ence of the asymptotic wave amplitude for a given stimulating
frequency on the presence of wave blocking or not (Fig. 23).
Hence, we confirm the transmission in most of the frequencies
used in [1] but not reported as discussed in [26]. This does not
prevent neither mode conversion or free harmonics generation
as shown for instance at a peculiar frequency in Fig. 24 in ac-
cordance with the observations of [2, 21, 24], a kind of gener-
alized Hawking radiation for some harmonics in absence of a
non-dispersive white hole horizon strictly speaking...

A revisit of the Nice experiments

Earlier, one of us had performed some experiments in 2006
[2, 21] and in 2010 [24] in the private company ACRI featur-
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FIG. 19. Spatial spectrograms δ̃h(x, ω) with the dimensionless fre-
quency f∗ = f/fI = ω/ωI in meter (x = 0m is the flat part
right extremity of the obstacle). Parameters: (Top) free surface noise
only; (Middle) wave-maker frequency = incoming wave angular fre-
quency ωI = 3.14Hz and an asymptotic incoming wave ampli-
tude aI = 0.05mm without free harmonics generation; (Bottom)
ωI = 3.14Hz and aI = 0.8mm with free harmonics generation.
See the additional videos.

ing a wave-tank 30 m long, 1.8 m wide and 1.8 m deep. The
wave-maker was of a piston-type and generated waves with
periods ranging from 0.35 s to 2.5s with typical wave heights
(2 × a) around 5 − 10cm from crest to through as usual in
coastal engineering. For comparison, the value of the wave
amplitudes in the Vancouver experiment was 1-2mm with a
range of periods from 1.49s to 50s [1]. We have shown con-
clusively that the Vancouver experiments were performed in a
non-linear regime for the converted modes whereas the stimu-
lating incoming mode did not suffer of either a Benjamin-Feir
instability (namely a frequency downshifting due to a strong
non-linear behavior [49, 50]) or of free harmonics generation
into a I2ω mode (a weaker non-linear effect). Thanks to this,
we are in position to finally understand part of the observa-
tions made in the 2006 Nice experiments [2, 21] by analyzing
the improved 2010 Nice experiments [24] avoiding flow recir-
culations by decreasing the downstream angle of the bottom
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FIG. 20. Space-time diagrams of the free surface deformations (in
mm) for an incident angular frequency ωI = 3.14Hz sent with
an asymptotic incoming wave amplitude aI = 0.8mm: (Top) un-
dulation + noise + waves namely the total depth h(x, t) without
the obstacle height; (Middle) by subtracting the stationary undula-
tion δh(x, t); (Bottom) by filtering at the incident angular frequency
which removes both the noise and harmonics δh(ωI , x, t) as in the
Vancouver experiments [1, 34].

obstacle in the light of both Vancouver experiments [1] and
its present Poitiers reproduction with interface extraction and
Fourier analysis.

We report in the Fig. 26 an observation of the generation of
free harmonics of the incoming mode without free harmonics
generation of converted modes since the flow velocity does
not allow the appearance of these converted modes. Hence,
we confirm that there was positive energy modes generation
of the type I2ω (see Figures 7 and 8 case (a) of [2]) with-
out wave blocking due to non-linear effects: the latter do not
conserved the energy of the incoming mode that keeps its fre-
quency constant during the propagation despite the fact that
a free harmonics appears that redistributes the energy in this
new conversion channel. The temporal Fourier transform (not
reported in [2]) of the resistive sensor measuring the water
depth as a function of time only displayed the appearance of a
peak at twice the frequency which was wrongly interpreted as
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FIG. 21. Space-time diagrams filtered at the wave-maker angular
frequency ωI = 3.14Hz for an asymptotic incoming wave amplitude
aI = 0.8mm: (a) a zoom of the Figure 20; (b) incoming mode kI ;
(c) blue-shifted mode kB ; (d) negative mode kN . The blue-shifted
and negative modes disappear in the vicinity of x = 0.8m because of
their conversions towards free harmonics and not because of viscous
dissipation as was assumed so far...

a bounded harmonics à la Stokes but whose relative amplitude
with respect to the fundamental was considered as negligible:
the authors of [2] were unaware of the existence of free har-
monics, solutions of the dispersion relation. The bounded har-
monics would be naturally dismissed based on temporal mea-
surements only since they are understood as just a non-linear
deformation of the incoming mode propagating at the same
phase speed contrary to the free harmonics which are propa-
gating at different speeds with respect to the incoming mode.
In Fig. 26, one observed the absence of wave blocking in the
space-time diagram but the presence of free harmonics gener-
ation at twice the frequency of the incoming mode thanks to
the spatial measurements of the free surface trace with cam-
eras on the side of the water channel opposite to them. The
nonlinear free harmonics I2ω mode is superposed to the linear
incoming mode Iω and propagates with a speed smaller than
the fast incoming mode in the same direction if one looks to
the crests. When the wave-maker is stopped, the linear incom-
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FIG. 22. Wave envelope of the free surface fluctuations at the fil-
tered incident frequency made dimensionless by the amplitude of
the asymptotic incoming wave amplitude aI = 0.8mm. The color
of the curves corresponds to different angular frequencies sent by
the wave-maker ωI : (Top) 1.13Hz (blue), 2.14Hz (red); (Bottom)
3.14Hz (green), 4.21Hz ( purple). The decreasing part is an expo-
nential function of space provided that wave-blocking takes place
and is a signature of evanescent waves that are present inside the for-
bidden region in the geometrical optics approximation.
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FIG. 23. Wave envelope as a function of the distance for sev-
eral asymptotic incoming amplitudes of the stimulating mode in
a blocking case at the filtered angular frequency ωI = 3.14Hz:
aI = 0.05mm (blue), 0.15mm (red), 0.35mm (green), 0.8mm
(pink). The decreasing part is an exponential function of space.
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FIG. 24. Free Harmonics Generation in the Poitiers Experiments.
(Top) Mode conversion in a non-blocking case (without wave break-
ing) towards free harmonics B2ω , N2ω , etc (BUT without I2ω

free harmonics as in the 2006-2010 Nice experiments, see below).
Both converted modes are propagating in opposite directions as far
group velocities are concerned on the top of the incoming waves Iω

(ωI = 1.63Hz and aI = 0.8mm); (Bottom) The spatial spectro-
gram δ̃h(x, ω) in the asymptotic downstream region with a concen-
tration of the signal at integer values of the dimensionless frequency
f∗ = f/fI = ω/ωI namely 1, 2, 3, 4 or 5. The color bars for the
water fluctuations are in mm.

ing mode vanishes rapidly in the water channel since it is dis-
sipated by an absorbing beach at the end of the water channel
after the bottom obstacle whereas the non-linear free harmon-
ics mode are still propagating in a restricted region of space
over the obstacle as can be seen thanks to optical caustics on
the bottom of the water channel. This region of existence is
dictated by the range of the velocity speeds compatible with
free harmonics generation as in the Poitiers experiments for
the converted modes only. In the case reported here, most of
the flow speed downstream of the obstacle is inferior to the
Landau speed of 23.1cm/s and partly inferior to the mini-
mum group velocity of 17.8cm/s (see [21]), hence the extra
short waves on the top of the incoming waves are more likely
to be considered as harmonics than mode converted at the fre-
quency of the wave-maker. The Froude number which is the

FIG. 25. The turbulent hydraulic jump in the original setup of the
Nice 2008 experiments [2] at high Froude numbers seen downstream
just after the flat part of the obstacle whose boundary corresponds
to the inclined grey band in the lower part of the image. The wave-
maker with its cyan painting is located in the background of the pic-
ture: the flow points towards the picture from the lower right corner
to the upper left corner. This transcritical regime was replaced by a
subcritical one with a slower speed and an almost flat free surface or
with a small depression in order to propagate counter-current waves
on a smoother free surface from downstream the bottom obstacle.

ratio between the flow speed U and the long wave speed
√
gh

remains small around Fr = 0.13 for the case treated. The
water depth is quasi-constant along the water channel with a
small depression of a few cm at most above the flat part of the
bottom obstacle in the 2006-2010 Nice experiments (case D
(for depression) in the hydraulic diagram of [15]). The free
harmonics mode I2ω mimicked the converted mode Bω since
they propagate in the same direction and since they have simi-
lar wavelengths of medium sizes. Hence, one cannot discrim-
inate visually between the two in permanent regimes by a ba-
sic visual inspection: one must rely on a free surface detection
procedure with a spatial Fourier transform as first introduced
by the Vancouver team and applied in this work to the 2010
Nice experiments for the first time.

The 2006-2010 Nice experiments were seminal in the sense
that they raised numerous questions: do we need wave block-
ing in order to have mode conversion ? The answer is nega-
tive. The theoretical work [21] shows that modes can be con-
verted linearly without being blocked (see the wave phase dia-
gram with the many regimes in the Figure 7 of the [21] in deep
water with surface tension and its generalization in [11, 15]
whatever the water depth). The Nice and Vancouver experi-
ments were performed without blocking (a fact acknowledged
in Nice and done on purpose to reduce a stronger non-linear
effect namely wave-breaking due to the incoming amplitudes,
a fact not acknowledged in the Vancouver work and revealed
in the Poitiers reproduction [26]) or with blocking and in
two distinct non-linear regimes: free harmonics generation of
the incoming modes was observed in Nice whereas free har-
monics generation of the converted modes takes place in the
Vancouver experiments but was filtered and displayed in the
present Poitiers reproduction. Hence, what do we call Hawk-
ing radiation ? Do we need a (dispersive [21] or even complex
[42]) horizon ? Should the frequency stay conserved ? Both
answers are negative since the stimulated Hawking radiation
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FIG. 26. Free harmonics generation in the 2010 Nice experiments
corresponding to the reported mysterious (a) case of Figures 7 and
8 of [2]: (Top) Mode conversion in a non-blocking case (without
wave breaking) towards free harmonics I2ω which are propagating
in the same direction (red arrow) on the top of the incoming waves
Iω (wave-maker period TI = 1.5s or ωI = 4/3πHz, asymptotic
incoming wave amplitude aI = 5cm, counter-current speed (blue
arrow) U(x) = 0.274 − 0.03x m/s (0 < x < 10m, variator posi-
tion=3)); (Middle) The space-time diagram without wave blocking in
the region downstream on the obstacle (the color bar is in m); (Bot-
tom) The dispersion relation in the descending part of the obstacle
featuring both incoming Iω and harmonics I2ω modes contrary to the
Vancouver experiment [1] and its present Poitiers reproduction that
display free harmonics of the converted modes only and not of the in-
coming modes as in the Nice experiment (Utheory = 0.188m/s and
htheory = 0.95m on average in the region of interest to compute the
green (positive branches) and blue (negative branches) curves).

extends to free harmonics even in absence of wave blocking.
kωI and kωB are equal at the blocking line corresponding to a
dispersive group velocity white hole horizon in the case of
wave-blocking [20]; partial wave breaking is also observed
because of the growing of the wave camber close to the hori-
zon for the highest amplitudes and shortest periods. To con-
clude, the Vancouver experiments feature the same drawbacks
compared to the Nice experiments but the non-linear effects
were smaller due to the range of wave amplitudes probed:
“negative frequency waves with wrong frequency (indicating
non-linear effects); negative frequency modes with and with-
out acoustic horizons ; separation of flow” [44, 45].


