N

N

Logarithmic stable recovery of the source and the initial
state of time fractional diffusion equations

Yavar Kian, Eric Soccorsi, Faouzi Triki

» To cite this version:

Yavar Kian, Eric Soccorsi, Faouzi Triki. Logarithmic stable recovery of the source and the initial state
of time fractional diffusion equations. 2021. hal-03498181

HAL Id: hal-03498181
https://hal.science/hal-03498181

Preprint submitted on 20 Dec 2021

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-03498181
https://hal.archives-ouvertes.fr

LOGARITHMIC STABLE RECOVERY OF THE SOURCE AND THE INITIAL STATE
OF TIME FRACTIONAL DIFFUSION EQUATIONS

YAVAR KIAN, ERIC SOCCORSI, AND FAOUZI TRIKI

ABSTRACT. In this paper we study the inverse problem of identifying a source or an initial state in a time-
fractional diffusion equation from the knowledge of a single boundary measurement. We derive logarithmic
stability estimates for both inversions. These results show that the ill-posedness increases exponentially
when the fractional derivative order tends to zero, while it exponentially decreases when the regularity of
the source or the initial state becomes larger. The stability estimate concerning the problem of recovering
the initial state can be considered as a weak observability inequality in control theory. The analysis is mainly
based on Laplace inversion techniques and a precise quantification of the unique continuation property for
the resolvent of the time-fractional diffusion operator as a function of the frequency in the complex plane.
We also determine a global time regularity for the time-fractional diffusion equation which is of interest
itself.

1. INTRODUCTION AND MAIN RESULTS

1.1. Settings. Let Q C R% d = 2,3, be a bounded domain containing the origin, with C? boundary 0.
With reference to [31], the Riemann-Liouville integral operator of order 3, denoted by I” is defined by

1 Eon(r, )
Iﬁh(t,-) = F(ﬂ)/o T dr,

and the Riemann-Liouville fractional derivative of order § is Dtﬁ =00 I'78. Set
07 h = D} (h = h(0,-)), h € C([0,+00); L*(2)).
The operator 85 is called the Caputo fractional derivative of order /3, as we have

O’h=1""P9,h, h e WL (R, ; L3(Q)),

where Ry := (0, 4+00).
For a € (0,1) fixed, we consider the following initial boundary value problem (IBVP)

OXu(t,x) — Au(t,z) = g(t) f(z), (t,z) € Ry xQ,
(1) u(t, z) = up(x), x € Q,
u(t,z) =0, (t,x) € (0,400) x 09,

where f € L3(Q), g € L°(R;) and ug € H}(2). In this article, assuming that the function g is known and
satisfies an appropriate condition that we will make precise further, we aim to study the stability issue in
the inverse problem of determining either the source term f or the initial state ug, from a single boundary
measurement d,u = Vu-v on Ry x 992, of the solution u to (1). Here and in the remaining part of this text,
we denote by v the outward unit normal vector to 9€2.

The time-fractional diffusion system (1) describes anomalous diffusion in homogeneous media. It has
multiple engineering applications in geophysics, environmental science and biology, see e.g., [1, 8, 19]. From
a mathematical viewpoint, the time-fractional diffusion equation of (1) can be seen as a corresponding
macroscopic model to microscopic diffusion processes governed by a continuous-time random walk, see e.g.,
[6, 29].
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1.2. A brief review of the existing literature. Inverse source problems have received a lot of attention
from the mathematical community over the last decade, owing it to the major impact they made in many
areas, including medical diagnosis and industrial nondestructive testing. We refer the reader to [15, 5] for an
overview of inverse source problems for partial differential equations, and to [19, 28] for the study of these
problems in the framework of fractional diffusion equations.

While several authors have already addressed the inverse problem of retrieving the space-varying part of
the source term in a fractional diffusion equation, see e.g., [12, 34], only uniqueness results are available in
the mathematical literature, see e.g., [16, 19, 22, 25, 33] (see also [20] for some related inverse problem) with
the exception of the recent stability result of [9] stated with specific norms. This is not surprising since the
classical methods used to build a stability estimate for the source of parabolic (o = 1) or hyperbolic (a = 2)
systems, see e.g., [10, 14, 24, 3], do not apply in a straightforward way to time-fractional diffusion equations.

As far as we know, the only mathematical work dealing with the stability issue of the inverse source
problem under consideration in the present article, can be found in [9, 18, 26]. While the authors of [18, 26]
studied this problem in the peculiar framework of a cylindrical domain €' x (—¢, ), where Q' is an open
subset of R9~1 and ¢ € R, the Lipschitz stability estimate presented in [9] is derived for a € (1,2) under a
specifically designed topology induced by the adjoint system of the fractional wave equation.

However, we could not find such thing as a stability inequality with respect to the usual norm in L?(£2), of
the space-dependent part of the source term of time-fractional diffusion equations posed in a general bounded
domain, in the mathematical literature. Besides, the main achievement of this article is the logarithmic-
stable determination through one Neumann data, of either the space-varying part of the source term or the
initial state of the IBVP (1). The corresponding stability estimates are given in Theorems 1.1 and 1.2 below,
but prior to stating these two inverse results, we turn our attention to the direct problem associated with

(1).

1.3. The direct problem. With reference to [11, 22, 27], we define a weak solution to the IBVP as a

function u € L}, (R4 ; L?(2)) satisfying the three following conditions simultaneously:

i) Dgtlu — up)(t, ) — Au(t, z) = f(x)g(t) in the distributional sense in Ry x Q;
ii) I'~*u e Wh (Ry; H2(Q)) and I'~*[u — u](0,z) = 0 for a.e. = € Q;
iii) po :=inf{r >0: e "'u e L'(Ry;L*(2))} < oo and

—+o0
Ip1 > po, Vp € C, Rp > p1 = u(p,-) :=/ e Plu(t, ) dt € Hy(9Q).
0

Here and the remaining part of this article, Rz (resp., Jz) denotes the real part (resp., the imaginary part)
of the complex number z. Notice from iii) that @ is the Laplace transform in time of u with respect to the
time-variable ¢.

As long as finite time evolution is concerned, we can rely on the results of [22, 27, 34]. Indeed, they ensure
us for all € (0,1), all T > 0 and all (f,g,uo) € L*(Q) x L>®°(Ry) x (Hg () N H?(2)) that the IBVP (1)
admits a unique weak solution u € LE (Ry; H?(Q) N HJ()) satisfying

lull 220,712 (02)) + 105 ull 20,1y x0) < C (9]l 0,11 f | 22(02) + 1wl regy) »

for some constant C' > 0 depending only on «, 2 and T. However, since C' may blow up as T tends to
infinity, it is not clear how the global time properties of the solution on R, needed by the analysis of the
inverse problem under study in this article, can be inferred from the above estimate. For this reason we
proceed by establishing the following global time existence and uniqueness result.

Proposition 1.1. Let a € (0,1) and let (f,g,uo) € L*(Q) x (L*(R4) N L>®(Ry4)) x (Hg(2) N H?(2)). Then,
there exists a unique weak solution u € L™(Ry; H1(2)), r > a~L, to the IBVP (1). Moreover, we have

(2) lell ity < © (l9llzrolfllzacay + o)

for some positive constant C depending only on a and €.
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Having expressed Proposition 1.1, whose proof can be found in Appendix A, we turn now to stating the
two main results of this article. Each of them is concerned with one of the inverse problems described in the
introduction.

1.4. Inverse problems. In this section we present two stability estimates. The first one is associated with
the determination of the source term f of the IBVP (1), by one boundary measurement of the solution
over the entire time-span R, . The second one is related to the same inverse problem where the unknown is
replaced by the initial state ug. Prior to stating these two inequalities, we introduce the following notations.
Firstly, for all 7 € R, we note |7| the integer part of 7. Secondly, for all k£ € N := {1,2,...}, we denote by
HE(Q) the closure of C§°(Q) in the topology of the k-th order Sobolev space H*((Q).

We start with the determination of the source term f.

Theorem 1.1. Let a € (0,1), let f € HY(Q) for some k € N and let g € L>®(Ry) N LY(R,) satisfy the
condition

(3) Jeo >0, Vp € Ry, [g(p)| = co.
Assume that ug = 0 and denote by u the L (Ry; H7(Q))-solution to (1), and let s = 1+ 12].

Then, for all 6 € (0,1), there exists g = €9 (Q d,k,0, l“lfc‘ll‘Hk(m> € (0, 1) such that we have

‘ln||6 ull, 2 L2 @R, z'fsgd—i—%

L2(0Q ‘

(4) I fll2) < Cllfllar@) ( ))2( 2 .
s—d)(1 . d

2wy, L2<6m>‘ ifs>d+ 5

whenever |0, uH L2 ®, .02 € (0,e9). Here, C is a posztwe constant depending only on Q, d, k, 6 and cy.

(09))
The corresponding statement for the determination of the initial state ug, is as follows.

Theorem 1.2. Let a € (0,1) and let ug € HE(Q), where k € N. Assume that f = 0, denote by u the
La (Ry; Hi(Q))-solution to the IBVP (1), and let s = 1+ 12].
Then, for all 8 € (0,1), there exists g9 = g (Q d, k0 ‘uO”Hk(Q)) € (O7 1) such that we have

> luollL1(qy

‘lnHa ull, 2 ’ ifs<d+£
R.;L2(0Q = %

(5) luollz2 () < Clluollgx (o) & (Ry:L3( ))7
‘ 2(s—d)(1+0) fs N d—|—
& (Ry:L2(09)) 2k

provided |0, uH € (0,e0). Here, C is a positive constant depending only on Q, d, k and 6.

L& (Ry;L2(09))

To our knowledge, Theorem 1.1 (resp., Theorem 1.2) is the only existing mathematical result on the
stable recovery of the space-varying part of the source term (resp., the initial state) of a fractional diffusion
equation posed in a general spatial domain. As already mentioned in Section 1.2, there are two comparable
results available in [18, 26] but they only apply to cylindrical shaped domains.

Notice that the stability of the recovery of either f or wg, expressed in (4) and (5), respectively, degen-
erates exponentially fast as the fractional order o tends to zero. In contrast, this stability exponentially
improves as their Sobolev regularity order k increases.

The results of Theorem 1.2 can also be seen as a weak observability inequality that may lead to an
approximate controllability for the time-fractional diffusion equation in control theory [37, 4, 3]. This problem
is of importance in Photoacoustic imaging in the sub-diffusion regime [2, 35, 32].

1.5. Outline. This article is organized as follows. Section 2 contains the proof of the two stability estimates
of (4)-(5). In the Appendix A, we examine the direct problem associated with the IBVP (1) and give the
proof of Proposition 1.1. In Appendix B, we establish a unique continuation result, which is a cornerstone
in the proof of Theorems 1.1 and 1.2.
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2. PROOF OF THEOREMS 1.1 AND 1.2

In this section we derive the two stability inequalities (4) and (5). Our strategy is to study the IBVP
(1) in the so-called frequency domain, that is to say that we examine the elliptic system derived from (1)
upon applying the Laplace transform with respect to the time-variable ¢. This is made precise in the coming
section, which is a preamble to the proof of Theorems 1.1 and 1.2.

2.1. Preliminaries. Let u be the weak solution to (1) given by Propisition 1.1. In light of iii) in Section
1.3, the Laplace transform in time u(p, -) of u is well-defined provided the real part of p € C is sufficiently
large. As a matter of fact, it can be checked from [21, Theorem 1.3] or [22, Theorem 4.1] that u(p,-) is
well-defined for all p € C; := {z € C, R(z) > 0} and solves the following boundary value problem (BVP)
(6) (=A+p™)ulp, ) =g(p)f +p*tuo in Q,

u(p,) =0 on 0.
Notice that since g € L*(R), g(p, ) is well-defined for p € C; as well.

Next, for all z € C* \ iR, := {7 € C, —iT ¢ [0,4+00)} and for all ¢ € R, we set 27 := e?!°5% where
log denotes the complex logarithm function defined and holomorphic on C* \ {R;. Thus, for all w € R,
U(w,-) := ti(w=, ) is a solution to
(7) (—A + WU = §(wa)f+w? auy inQ,

U=0 on 0f.
Let us denote by (Ax)x>1 € RY the eigenvalues of the self-adjoint operator A in L%(f2), acting as —A on its
domain H(Q)NH2(Q), which is positive and has a compact resolvent. Since F := §(w@ ) f4+w? s ug € L2(Q),
the BVP (7) admits a unique solution U = (A — w?)~1F within the space HJ(2) N H?(Q2), provided we have
w € C\ {&iA\k, k > 1}. In particular, this entails that U(w,-) € H(Q) for all w € C.
Further, recalling that the Fourier transform ¢ of a function ¢ € L'(Q2) reads

N 1 —ix-
(®) 36 = 7 [ e oands, ¢ e R,
(2m)z Ja
we pick ¢ € S¥~! multiplying the first equation of (7) by e**¢ where w € R is fixed, and we integrate by
parts over €). We obtain that
(9 G ) f(iwe) + o’ 2w = (2m)”

B O,U(w,x)e*¢do(x), £ € ST weR,.
o0

The above identity is a stepping stone to the proof of Theorems 1.1 and 1.2.

2.2. Proof of Theorem 1.1. Since uy = 0 by assumption and |g(p)| > ¢o > 0 for all p € R, according to
(3), it follows from (9) that

(10) | Flit)| < 52 2m) % 10012 e |0, U (w, Y1200, € €577, we Ry,

where ko = sup,caqn |-
Next, we have u € L= (R, ; H# (2)) from Proposition 1.1, and hence 8,u € L& (Ry; H3(8Q)) C L& (Ry; L2(09Q)),
and

0,U(w,z) = yu(ws,z), © € 00, we Ry,

from [23, Step 2 in the proof of Theorem 2.2]. Thus, applying Holder’s inequality, we get that

+oo 2
10,U (@, Mzzeay < / e 0 u(t, )| L2 ony dt
0
2—a
+oo _iw%f 2
: </0 © dt) 102l 2 5,12 002
(11) < W0y

L& (Ry5L2(09)
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Now, putting (10) together with (11), we find for all £ € S?~! that

Fliws)| < im0t = e o,u) weR,.

LA (Ry5L2(69))

Since w s < (ZJFT‘*’)S for all w € Ry, where s := 1+ | 2], we deduce from the above line that

w ~

- . - _d 1
(12) (2+w> e Haw ’f(zw{)‘ < 001(27r) 2 1002 ||8VUHL%(R+;L2(BQ))’ w € [0,400).

Further, the right-hand-side on (12) being independent of &, we substitute —¢ for £ in (12) and obtain that

S
—Ww kow | 77+ —1 -4 B
(2 — w) o ‘f(zwf)‘ < ¢y (2m)72 1092 ||6”u||L§(R+;L2(aQ))’ w € (—00,0].

Then we use the fact that e"¢® > e=2f2e~r2% and (2 — w)~! > 371(2 + w) ™! whenever w € [~1,0), to get
that (;‘”) e~ raw ‘f(zwf)‘ < Z’)Scal(27r)_%62"Q |8Q|% ||8,,u||L for all w € [-1,0). From this and

T & (Ry;22(00))
(12) it then follows for all £ € S¥~! that
(13) ‘(2 iw) e_m“’f(iwf)’ <€ we [-1,400),
where
_ _d 1
(14) €= 3%y (2m) " 22" |9Q) 2 ||8,,uHL%(R+;L2(aQ)).

Having seen this, we put Q := {z € C, Rz > —1 and Jz < 0}, F(z) := (Zj-z) e‘“ﬂzf(izf) for all z € C
such that Rz > —1, and we apply Theorem B.1. We obtain that

(15) |F(2)] < Mm¥®) | 2z e Q\ {-1},

where M := 1+ (27r)%62”9||f|\L1(Q), M = SUPse_1 400y | F(H)| and w(z) = 2 (Z +arg(z+1)). Here and
below, arg z, for all z € C satisfying S8z > 0, denotes the angle 6 € (—g, g) such that z = |z| e?. Further,
since m < € from (13), and m(z) > 0 for all z € Q \ {—1}, (15) yields that

‘( z )Semzf(z'zé‘)‘ <M, zeQ\{-1}.

24z

In the particular case where z = —it, t € R, , this leads to (4_:;2)% J/c\(tf)‘ < Mev=i) and w(—it) =
% (g +arg(l — zt)) = % (g — arctan t) = %arctant‘l. As a consequence we have

- 4+1?)2 -
(16) Feo)| < wEELE oy eg,, g egi

Therefore, for all § € (0,1) and all R € (1, +00), we get

(17) Il 22(BRr.s0)) < hs(d, R),
through standard computations, where
, » R if s<d,
(18) hs(d, R) := 53 Cyex 2 Rk (5 R) and ky(6,R) :={ —Ind+R? ifs=d,
6=6=d L R if s> d,

and Cy is a positive constant depending only on d. Here and in the remaining part of this article, B,(0)

(resp., B,(0)), p € Ry, denotes the open (resp., closed) ball of R? centered at 0 and with radius p, i.e.,

B,(0) := {z € RY, |z < p} (resp., B,(0) := {z € RY, |z| < p}), and Br5(0) := Br(0) \ Bs(0). Notice that
the upper-bound on || f||z2(By 5(0)) given by (18) was obtained upon decomposing the annulus Bg s(0) into
Br1(0)U B 5(0) and majorizing ‘f(t{)‘ by 53 Me= aretan B0 for all t € Bg1(0), and by 53 Mt =S¢z arctan B~
for all t € By 5(0).
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Further, since f € L*(€), we have \f(g)‘ < (27)~#{|f]| 11 (o for all € € Re and hence \f(g)\ < @m) 5191 |l

by the Cauchy-Schwarz inequality. This entails that
o~ d
(19) 1 fllz2(Bsc0y) < OO fllmr )
where, here and below, C' denotes a generic positive constant depending only on d and €2, which may change

from line to line. Next, since the function f € HF(Q) extended by zero in RY \ Q, lies in H*(R?), we infer
from the Fourier-Plancherel theorem that

Aoz = [, || a
< wn [ ek fef
< m [ iy | a
< Ry

From this and (19) it then follows that |‘ﬂ|L2(Rd\BR’6(O)) < (0% + R 1|z (e2)» which together with (17)

yields [|f]lz2(ray < hs(8,R) + C(6% + R™%)| fllur(y- And since |[f]|z2() = || fl|L2@q) from the Fourier-
Plancherel theorem, we have

d _

(20) I1fllz20) < hs(8, R) + C(62 + R™F)|| fll e ()

The rest of the proof is to estimate hs(d, R) with the aid of (18). This leads us to examine the three cases
s <d, s=d and s > d separately.

First case: s < d. Taking § = R~ in (20), we find that

(21) 172 ey < 52 CaMRYe= e 5 4 CRT|| fl| v .

Next, assuming without loss of generality that e € (0, 1), we pick 6 € (0,1), choose R = (—In e)ﬁ in (21)
and get that

2

, _1
Hf”L"’(Q) < 5§C’dM(_ 1n€)ﬁlae*;(*lne)arctan(flne) +9 +O(— lnf)_ﬁ”f”[{lﬂ(g)-

Since arctan u = fou 1_ir%dv and since the function v +— H-% is decreasing on [0, +00), we obtain arctan u >
Y for all uw > 0, and hence

1+u2
_0
2 (=Ine)l+®
Ifllz2) < 5%CdM(—1n€)“%9€ (=) TH0 +C(—1n€)7“%9||f||m(ﬂ)
2460
2 (71“)@
s d+k ™ _2
< (—lne) T [5ECM(~Ine)T e e maT 4 C|lf| g
This entails that
L/, 210
(22)  [flp < (T (52ch<—lne>ﬁ’5e-i(-ln€>1” +0||f||m(m) e (0,
d+k 1 %
Now, since lim¢jo(—In e)me_?(_h”) = 0, there exists ¢y > 0, depending only on €, d, k, s, 6 and
IELTAYE:S , such that we have
[ES)
ok
(23) [fllz20) < Cllf e (—Ine)" ™7, e € (0, ),

which immediately yields (4).
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Second case: d = s. Choosing § = e R in (20), we get (21) where the constant Cj is substituted for 2C}.
This leads to (4) upon arguing as in the First case.

Third case: s > d. Taking § = R™ % in (20), we obtain that
(24) I fllz2o) < 55 C M RA2 aretan R crp—k (1 n Rﬁ(“d(H%))) £l &% ()

where 2Cy is replaced by Cjy.
i) Ifs<d+ % then it is apparent that (24) yields (21), from where we get (4) by following the exact
same path as in the First case.
2
ii) If s >d+ g—k then (24) may be equivalently rewritten as

2 2 arctan R~ N
1fllz2) < 52CaMRYex e " 4 OR D fll e

which is the same estimate as (21) where the power k of the second occurence of R is replaced by z(giid)'

Thus, by arguing in the same way as in the derivation of (23) from (21), we obtain that

a2
[fllz2 @) < Cllfllar @) (=Tne)  TF0E=T, € € (0, €),

HfHle)
”fHHk(Q) ’

for some positive constant €y depending only on . d, k, s, 6 and giving (4).

2.3. Proof of Theorem 1.2. We keep the notations of Section 2.2. Assuming that f = 0, we infer from
(9) that

2—

(25) @0 (iwé)| < (2m)7 % 002 "2%w (|0, (w, )| 12 (00, w € Ry
Plugging (11) into (25) then yields

[t (iwe)| < (2m)~# |09 w™ler |9, ul|, w € Ry,

& (R15L2(69))

and since w™! < (2£2)° for all w € Ry, where we recall that s := 1+ | 2] € [3, +00), we end up getting that

W O\ ow 4 ok
(26) (525) e @) < @m0 10l 3 sy © € 00

The above estimate being similar to (12) where f replaced by ug and ¢y is equal to one, the desired result
then follows from (26) by arguing in the same way as in the derivation of Theorem 1.1 from (12).

APPENDIX A. PROOF OF PROPOSITION 1.1

This section is devoted to the proof of Proposition 1.1. For this purpose we introduce the self-adjoint
operator A in L%(), acting as —A on his domain D(A) := H?(Q) N H(2), that is to say the operator
generated in L2(Q2) by the closed quadratic form a(u) := [, |Vu|*dz, u € D(a) := H}(Q). Since H}() is
compactly embedded in L?(f), the operator A has a compact resolvent and consequently a discrete spectrum.
We denote by (Ax)ren the non-decreasing sequence of the eigenvalues of A, and by {¢x, k € N} a set of
eigenfunctions such that Agy = A\r¢y, which form an orthonormal basis in L?((2).

With reference to [27, 34], the L2 (R ; H2(Q2) N HE (2))-solution u to (1) reads

loc

(27) u(t) = So(t)uo + / Si(t - 5)fo(s)ds, t € Ry,

where

00
(28) So(t)h =" Ea1(=Mt®)(h, ¢x) 2@, t € Ry, h € L*(9),
k=1
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+oo
(29) S1(t)h := Zta_lEaﬂ(—)\ktO‘Nh, ¢k>L2(Q), teRy, he LQ(Q>,
k=1

and Eg, 5,, for (81, 52) € R%, is the the Mittag-Leffler function defined by

+oo Sk
(30) Eg, 8, (2) := kzzo T(Bik 1 Ba)’ zeC.

The rest of the proof is to show that the function u defined by (27)-(30), lies in L" (R4 ; H3 () for all
r > a1, and that u satisfies the energy estimate (2). As will appear further, this essentially boils down
to the following properties of the Mittag-Leffler functions defined by (30), which can be found in, e.g., [31,
Section 1.2.7 (pp. 34-35)].

Lemma A.1. Let 5 € (0,2) and all B3 € R. Then, there exists a constant ¢ = ¢(f1, B2) > 0 such that

c
(3]‘) |Eﬁ1,52(7-)| < mv TE (_0070}7
and it holds true for all N € N that

N ok
32 E T)=— ——+ O (77Vh.
( ) Bl,ﬁz( ) ZF(ﬁQ *ﬂlk) T—)—OC(| | )

k=1
Here and in the remaining part of this appendix, we follow the convention used in [31] by setting

1

(33) T(m)

=0, meZ\N:={...,-2,—1,0}.
We recall that for all v > 0, D(A7) = {v € L*(Q), S5\ (v, ()O/C>L2(Q)‘2 < oo} is a Hilbert space with
the norm

k=1

1
“+o0o 2
2
||'UHD(AW) = ( E )\i’y ’(Ua(Pk>L2(Q)‘ ) , U S D(Afy),

C||So(t)uollpa), where, from now on, C' denotes a generic positive constant depending only on € and «,
which may change from line to line, and then deduce from (31) that

and that D(AY) C H?7(Q), the injection being continuous. In light of this we write ||So(t)uollp2(0) <

+oo
o 2
1So()uollFrzy < C Y AR [Ban (= At®)[* | (w0, dx)12(c) |
k=1
= A2 2
k
S O e [ )
c X

< /s )\i’<uo,¢k>L2(Q)‘2-
(1+ Mto)? kz::l

Thus, we have ||So(t)uo|| g2y < #HUOHD(A), and consequently

CH“OHD(A)

L teR,.
1+t +

S0 (t)uol| 2 () <
For 7 > a~ !, this entails that ¢ — So(t)ug € L" <R+; H%(Q)), with

(34) IISO(')UOIILT( < Clluoll 2 (-

R+;H%<n))
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Similarly, since ||Sl(t)f\|H%(Q) < C’HSl(t)fHD(A%) for all ¢ € R, we have
C2(e=1) ay|2 2
[|S1(t )f||H4(Q) < Ct Z)\ |Ea(=Xet™)|" [(f, ) r2(0)|
7
< Ct“‘”ZL [ERSYE
B k=1 (L4 Apt®)? ’ )
J :
. . =) At 1 1 _Ta

Taking into account that Tz =t 4 (1+§kt ) RISWE: <t~ forall k € N, we get from the above

estimate that HSl(t)fHZ%( < Cfla—D)—Fa yores *|(fs br) L2 2 which entails that

(35) 1S: Ol 13 0y < CEE D F 2y, ¢ € Rs

Further, applying (32) with 8; = 2 =  and N = 2, we have E, o(7) = Fz%i) + O (|7’|_3)7 by virtue of
T——00
(33). Thus, there exists a positive constant C, depending only on «, such that the following estimate
[t By o (—At™)| < Ot H(\t®) 72 < CA2 D) e (1, 400),

holds uniformly in £ € N. As a consequence we have

151 flF2) < CISIO) flIDa)

+oo

< ON Rt Bt (. d0) 20y |
k=1
+oo 9

< CZ)\gth(aﬂ) ‘<f, ¢k>L2(Q)| ,
k=1

and hence [|S1(t)f|lgz) < Ot~ V|| f|lp2(q) for all t € [1,400), where we used that A, < A{? for all
k € N. From this and (35) it then follows that

(36) 1910 F1l 3 0y < € (£8 oy () + @01 ) (1)), £ € Ry,

where the notation 1 stands for the characteristic function of any subinterval I C R. Putting (35) and (36)
together, we obtain that S;(¢)f € L! (R+; H%(Q)), with

37 S1(- <C .
(37) IS8, ) W
Moreover, we have
t
00y < NSo00ly5 gy + [ 1S1(E= 915, L)

IS0l 3 ) + (151150 B ) * (l9l Tx,) (8), ¢ € Ry,

IA

from (27), and hence

el iy S 1500000, et ey 151 s N9

A

< C(lluollaz) + lgllor@ol fllz2 @) »

upon combining Young’s convolution inequality with (34) and (37). This completes the proof of Proposition
1.1.
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APPENDIX B. UNIQUE CONTINUATION

Let s € N, let £ € ST and let ¢ € LY(Q). Put H := {z € C, Rz > —1}. With reference to (8) we
introduce

(38) F(z) = (2 j Z>S e rr(izg), z€e H={z€C, Rz > —1},

where we recall that ¢ is the Fourier transform of ¢ and kg = Sup,cq || is the Euclidean diameter of €.
Evidently, F' is holomorphic in the half-plane H and continuous on OH = {z € C, Rz = —1}. Moreover,
we have

(39) |[F(2)| < (277)_d/262“9||¢\|L1(Q), z €H,
directly from (8). With reference to (39) we set for further use
(40) M =1+ (2m)"2e22||p|| 11 (0 € [1, +00).

As we aim to compute a suitable upper bound of F in the quadrant @ := {z € C, Rz > —1 and Jz < 0},
we introduce

2 —
(41) wz) == (g +arg(z + 1)) L 2€Q\{-1}={2€C, Mz > —1and Tz <0} \ {—1}
and we recall the following result, which is borrowed from [13].

Proposition B.1. The function w defined in (41) is a harmonic measure and is the unique solution to the
system

Aw(z) =0, z€Q,
(42) w(t) =1, te (7174’00);
w(—=1—14t) =0, te€(0,400).

Proof. To make the present paper self-contained and for the convenience of the reader we include the proof
of this result. First, we notice that w(t) = 2 (3 +arg(t+1)) = 2 (3 +0) =1 for all ¢ € (—1,+00) and
that w(—1—it) = 2 (2 4+ arg(—it)) = 2 (5 — ) =0 for ¢t € (0,+00). Next, in order to show that Aw =0
in @, it is enough to we rewrite w as

w(z) = % (g + Jlog(z + 1)) , 2 €Q,

where log denotes the complex logarithmic function log, defined in {z € C, —iz ¢ [0,4+00)}. The desired
result then follows from the holomorphicity of z — log(z + 1) in the quadrant Q. O

Theorem B.1. Let F be defined by (38), let M be given by (40) and let w be the same as in (41). Then,
we have

(43) |F(2)] < Mm®»®), 2 € Q\ {1},
where m = SUPye(_1 4o0) [F'(1)]-

Proof. By combining the estimate |F(¢)| < m for all t € (—1,+o0), with the basic identity m = M*~tm!
and the second line of (42), we obtain that

(44) |F(t)] < MO me® ¢ e (1, 400).
Further we have
(45) |F(2)| <M, 2z €Q,

from (39)-(40), hence |F(—1—it)| < M for all ¢t € (0,400). From this, the identity M = M'~%m° and the
third line of (42), it then follows that

(46) |F(—1—it)] < M C1=0me1=i0) e (0, +00),
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Summing up (44) and (46), we have
(47) |F(2)| < M'7vEmeE) 2 e aQ )\ {1}

Since F' is holomorphic in @ and w is a harmonic measure of ) by Proposition B.1, (45), (47) and the
Two-constants theorem (see, e.g., [30, Chap. III, Section 2.1] or [36]) yield

|F(2)| < M@ ;e Q.
Thus, by continuity of F' on 0Q and w on 9Q \ {—1}, we obtain that
|F(z)] < M'7Eme3) 2 e Q\ {-1}.
Finally, (43) follows readily from this and the inequality M > 1 arising from (40). |
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