N

N
N

HAL

open science

An anisotropic inhomogeneous ubiquity Theorem
Edouard Daviaud

» To cite this version:

‘ Edouard Daviaud. An anisotropic inhomogeneous ubiquity Theorem. 2021. hal-03491030

HAL Id: hal-03491030
https://hal.science/hal-03491030

Preprint submitted on 17 Dec 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-03491030
https://hal.archives-ouvertes.fr

Under consideration for publication in Math. Proc. Camb. Phil. Soc. 1

An anisotropic inhomogeneous ubiquity theorem

By Edouard DAVIAUD

Université Paris-Est, LAMA (UMR 8050)
UPEMLYV, UPEC, CNRS, F-94010, Créteil, France

(Received 12 October 2021; revised ... ... l..)

1. Introduction

Let (B, )nen be a sequence of balls in R?, d > 1, endowed with any norm || - ||. Starting
from some simple geometric property of the set of points falling in infinitely many of the
By’s, ie. limsup,,_, | . By, finding estimates for the Hausdorff dimension of the limsup
sets of shrunk versions of (B, )nen into smaller sets is a natural and old question, which
has been studied in depth. The first result goes back to Jarnik and Besicovitch, who
proved that for every 7 > 1, the dimension of the set [, cy- qu>Nk* Upez B(p/4, 1/¢%7)

q

has Hausdorff dimension % (although the result was not stated in terms of sequence
of balls such that the limsup has full Lebesgue measure, the proof uses explicitly this
geometric fact).

It was first established by Jaffard [15] that if limsup,,_,, ., By, has full Lebesgue mea-
sure, then for every 7 > 1, the Hausdorff dimension of limsup,_, . B} (where for
a closed ball B = B(x,r) of center z and radius r» > 0, the ball B” is defined by
B™ = B(x,r7)) is bounded by below as follows:

REESE

dimy (limsup B]) >
n—-+oo

Thanks to this result, Jaffard was able to compute the multifractal spectrum of cer-
tain lacunary wavelet series [15]. This so-called ubiquity result was generalized by Dod-
son & al. in [10], where the notion of ubiquitous system is introduced, and further
refined by Beresnevitch and Velani in [6]. Given a metric space X and an Ahlfors regular
Radon measure p (i.e. there exists a > 0 such that for every ball B of radius r small
enough, one has C~1r® < pu(B) < Cr® for some uniform constant C' > 0), Bersenevich
and Velani prove that as soon as limsup,,,, ., B, has full y-measure, then one has
H7 (limsup,,_,, o, B) = +oo, where H* denotes the Hausdorff measure of dimension
=. Different approaches, using various distribution properties of the centres of the balls
B,,, were also developed intensively (see the monographs [9] and [11]).

The inhomogeneous case, i.e when the information about limsup,, ,, ., By, is not given
by the Lebesgue measure, or an Ahlfors regular one as in [15] and [6], but rather by a
multifractal measure possessing scale invariance like properties, has been studied by Bar-
ral and Seuret in [2] [3]. For instance, they proved that for a quasi-Bernoulli probability
measure p (see Definition 2-3)), if p(limsup,,_,, ., Bn) = 1, then the same type of result
stands. Namely, if dim(x) denotes the dimension of the measure u (see Definition 2-2 and
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Proposition below), then one has

dimg (limsup B;)) > i (y1) .

n—-+oo T

(1)

This type of result has many applications to the multifractal analysis of functions, mea-
sures and capacities (see, e.g., [2] [4] [5]).

Recently, in an other direction, Wang and Wu, working with the || -||c norm, dealt with
the anisotropic case, when the balls (which are Euclidean cubes) are shrunk into thin
rectangles and when the reference measure is the Lebesgue measure (or an Alhfors regular
one) in [I8]. More precisely, for any sequence of balls (B,, = Hle[xfl,x; + 7n])nen in
(R || [loo), given 1 < 71 < 75 < ... < 74, these authors consider the collection consisting
of the B,’s shrunk into rectangles defined by

d
R, = H[x;,x; + 7], for every n € N. (1-2)
i=1

They proved that if limsup,, ,, ., B, has full Lebesgue measure, then

(dJF Di<i<iTi— Tj)

Ti

dimg (limsup R,,) > min (1-3)

n—+oo T 1<i<d
Later, based on the remark that the technique used in [18] carries a certain form of
genericity, Rams and Koivusalo were able to deduce a general principle of computation
for balls shrunk into sets of arbitrary (open) shapes in [16].

The present paper aims at shedding some light on how anistropic settings can be
handled within the inhomogeneous case. As a consequence of our main result, following
the previous notations, we obtain that if limsup,, , ., By, has full measure for a quasi-
Bernoulli measure p fully supported on [0, 1]¢, then

dim(,u) +Zl§j§iTi —Tj>

Ti

dimgy (limsup R,,) > min
n—-4o0o 1<i<d

2. Preliminaries and statement of the main result
2-1. Some notations.

The space R? is endowed with the infinity norm || ||oc-

For z € R% and r > 0, B(z,r) stands for the closed ball of center z and radius r,
and for ¢t > 0 and 7 € R, setting B = B(x,r), tB and B” denote the balls B(z,tr) and
B(z,r7) respectively.

If E C R, F and O denote its interior and its boundary, |E| its diameter, and if F is
a Borel set, B(E) denotes the trace of the Borel o-algebra B(R?) on E. Also, dimy (F)
and dimp(E) respectively denote the Hausdorff dimension and the packing dimension of
E (see, e.g., [12] for the definitions).

L4 stands for the Lebesgue measure on (RY, B(R?)), and P([0, 1]¢) stands for the set
of Borel probability measures on ([0, 1]¢, ([0, 1]¢)). For u € P([0,1]¢), one denotes by
supp (1) the topological support of p.

Mg(R) and O4(R) are the space of d x d real matrices and the group of orthogonal
matrices of Mg(R).

If r1,...,7rq are d real numbers, diag(ri,...,r4) stands for the diagonal matrix A €
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Md(R) such that Ai,j = 7’1'51'7]' for all 1 S ’L,] S d, where 5i,j =1ifi= ] and 51'7]' =0
otherwise.

Given p € P([0,1]%) and T : [0,1]? — [0,1]¢ a measurable function, one defines
Tp=poT L,

For p € N, D, stands for the set of closed dyadic subcubes of [0, 1]¢ of generation p, i.e

d
D, = {H[mp,(kﬁl)ﬂ] L VL<i<d, oskz-s%’—l}-

i=1
For D € D, we also denote p by p(D). Observe that D € D,p).
2-2. Some definitions and recalls
DEFINITION 2-1. Let p € P([0,1]%). For x € supp (i), the local lower and upper di-
mensions of u at x are
: . Jog(pu(B(z, 7))
and

ﬁloc(ﬂ, SC) = lim sup w
r—0+ log(r)

One also sets dim (1) = essinf,, (dimy,. (1, 7)) and dimp(u) = esssupu(di—mloc(,u,x)).

It is known that (see [12] for instance)
dimy (p) = inf{dimg (E) : E € B([0,1]%), u(E) > 0}
and
dimp(p) = inf{dimp(E) : E € B([0,1]%), w(E) = 1}.

DEFINITION 2-2. A measure p € P([0,1]%) is said to be exact dimensional if there
exists a € Ry such that for u-almost all z € [0,1]%, one has dimyoe (1, ) = dimy, . (p, ) =
a, i.e. dimgy(p) = dimp(p) = «. In this case « is simply denoted by dim(u).

We now define quasi-Bernoulli measures associated with the dyadic cubes (our main
results easily extend to the case of b-adic cubes).
DEFINITION 2-3. Let p € P([0,1]%). For D € B([0,1]%) such that u(D) > 0, define

KD = Pl
n(D)

When D is a closed dyadic subcube of [0,1]¢, Tp : D — [0,1]? stands for the canonical
affine mapping which sends D onto [0,1]%. In addition, when u(D) > 0 one defines

p? =Tpup € P([0,1]%).

The measure p is said to be quasi-Bernoulli when there exists a constant C,, > 1 such
that for every p € N and every D € D, with (D) > 0, one has

1
oM <pP < Cup. (2:1)
m
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The measure pp is the renormalized restriction of i to D and p” is the rescaled version
of up on the unit cube.

EXEMPLE 2-1. Define A = {0,1}, ¥ = AN, o be the shift operator on ¥, and endow ¥
with the standard ultra-metric distance. Let 7 the canonical projection of ¥ onto [0,1].
For any Hélder potential ¢ on X, denote by vy the unique equilibrium state associated
with ¢ on S (see [8]). Then the measure jiy = vyom~ ' is quasi-Bernoulli, and vy is also
called a Gibbs measure associated with . This follows from the fact that there exists a
number P(yp), the topological pressure of ¢, and C > 1, such that for all x € %, for all
n € N:
ve {y= ()2, €X: ys=u; foralll <i<n})

e~ nP(p)+31 2, w(oka)
Note that there exist quasi-Bernoulli measures obtained as projections of measures of
Gibbs type associated to potentials ¢ with much weaker regularity properties (see [17, 1] ).

cl<

<C.

REMARK 2-2. It is easily seen that a quasi-Bernoulli measure w, if not supported on
an affine hyperplane, is such that u(9[0,1]%) = 0. For otherwise its orthogonal projection
onto at least one of the sets {0}* x [0,1] x {0}4~*=1 which is quasi-Bernoulli as well,
would have an atom at (0,...,0) or (0,...,0,1,0,...,0). This should imply that it is a

i d—i—1
Dirac mass, hence p is supported on a hyperplane. This property will be used in the proof
of our main result.

Let us recall the following result.

PROPOSITION 2-3 ([13]). A quasi-Bernoulli probability measure is exact dimensional.
2-3. Main statement

Our main result is the following. Recall our notations (I:2)) for (R, )nen-

THEOREM 2-4. Let u € P([0,1]%) be a quasi-Bernoulli probability measure fully sup-
ported on [0,1]¢. Let (B, := B(Zn,7n))nen be a sequence of balls in [0,1]¢ such that
limy, s yoo rn = 0 and p(limsup,,_, o By) = 1.

Let 1 <1 < ... < 74 be d real numbers, T = (11,...,74) and (Op)nen € Og(R)N be a
sequence of orthogonal matrices. For n € N, set

R, = 2, + On Ry, where R, = diag(r7,...,r7) - [0,1]% (2-2)
and
() = min (dl_mH(N) + ET:k1<j<k Th — Tj) _ (2:3)
One has
dimg (limsup R,,) > s(p, 7). (2-4)

n—-+o0o

REMARK 2-5. (1) For convenience, in particular to follow the point of view adopted
in [18], the results are stated with R endowed with || - || and for balls shrunk into
rectangles with one vertex equal to the center of the shrunk ball. However, we emphasize
that, up to very slight modifications of the proof (essentially by adding constants at some
places), they still hold for another norm and if the balls are shrunk into rectangles or
ellipsoids containing the center of the initial cube.
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(2) Given 7 > 1, by taking 7; = 7 for all 1 < i < d and O,, = I for allmn € N, ,
Theorem [Z-]) reduces to Barral-Seuret’s theorem [3] in the special case of quasi-Bernoulli

measures, i.e ().

(3) By taking u = L and O, = I; for all n € N, we recover the result established
in [18], i.e., formula ([3).

REMARK 2-6. The proof does not entirely use the exact dimensionality of u, the key
property is the quasi-Bernoulli property[Z-. However, the fact that dim () = dimg (p)
can be used to prove dimg (limsup,, ,, . R,) < s(p, 7) under additional assumptions.
The existence of upper bounds for the Hausdorff dimension of limsup of sets (e.g. of
rectangles) included in balls (By)n>n will be achieved in an independent paper, in a
general setting.

3. Proof of theorem[Z-7)

Fix once and for all the quasi-Bernoulli measure p, 1 < 73 < ... < 79 and T =
(71, ..., 7a). Recall that a = dimpy(p) is the dimension of p.

The lower bound of Theorem [2:4]is obtained by constructing a Cantor set included in
limsup,,_, | o Ry, and of dimension larger than or equal to s(u, 7). Before starting the
construction, two helpful results are recalled.

PROPOSITION 3-1 (Mass distribution principle, see [12]).

Let A € B(RY) and u € M(R)?. Suppose that there exists C >0 andr >0, 0 < s < d,
such that for every ball of RY B = B(z,r") with v’ <r, u(B) < C(r')*. Then H*(A) >
%. In particular, if u(A) > 0 then dimg(A) > s.

The second one is a classical technical lemma.

LEMMA 3-2. Let A = B(z,r) and B = B(2',r") be two closed balls, and q > 3 be such
that AN B # 0 and A\ (¢B) # 0. Then v <r and ¢B C 5A.

Proof. Consider z € A\ ¢B. One has

ar’ <z =2l Iz = 2l + [l — 2'Joo ST+ 7417
Hence q%lr’ < r, and in particular, one necessarily has ' < r and qr’ < 2r + 1" < 3r.
Furthermore, if y € ¢B, then

ly = @lloc < 12" = Ylloo + 2" = zfloc < gr" + 7" +7 <5

This concludes the proof. [

We construct thereafter a Cantor set K as well as a sequence of strictly positive real
numbers (€,)pen and a Borel probability measure i such that:

e K Climsup,,_, . R, and n(K) =1,

o The sequence (¢;)pen is decreasing with lim,_, . €, = 0 and there exists a con-
stant C such that for any p € N, there exists r, > 0 verifying, for any ball B C R?
of radius r less than 7p,

n(B) < C.pswm)=dsy, (3-1)
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Then, applying the mass distribution principle (Proposition B-l), since n(K) = 1 one
deduces that, for any p > 0,

dimg (limsup Ry,) > dimpg (K) > s(p, T) — 4ep,

n—-+oo
and letting p — 400 concludes the proof.

The construction of (K, n) is decomposed into several steps. Without loss of generality
we assume that s(u,7) > 0. Fix a decreasing sequence (g,)pen converging to 0 at oo,
such that eg < max(1, s(u, 7)/4).

Step 1: Initialization

Let us start with a definition.
DEFINITION 3-1. For v € P([0,1]%), >0, and €, p > 0, define
Efsr ={ze[0,1]*:V0<r <p, Blx,r)C[0,1]* and v(B(z,7)) <rP~c}.

Then set
1
Efﬁ — U Efaavﬁ_
n>1
With 8 = a = dimy (), since ([0, 1]¢) = 0 (due to Remark 2-2 and the assumption

that p is fully supported), for all £ > 0, one has ,u(EfL"E) = 1. For all p € N, consider
pp € (0,1) small enough so that

H(ES=P) > . (3:2)

N =

Now, recall the following covering theorem due to Besicovitch([7]):

THEOREM 3-3. There exists a positive integer Qg, depending only on the dimension
d, such that for every E C [0,1]%, for every set F = {B(z,r(x)) : * € E,r(z) > 0}, there
are Fi, ..., Fq, finite or countable collections of balls all contained in F such that:

e cach family F; is composed of pairwise disjoint balls, i.e V1 <i < Qq, L # L' € F;,
one has LNL' =0,
o E is covered by the families F;, i.e.

Ec | UL (3-3)
1<i<Qq LEF;
For z € Ej*»** Nlimsup,,_,, o, By, consider n, > 1 large enough so that x € B,,,
4Tnz < P1, and
7o' > max {4Qd40“51,p§d/”} . (3-4)

Set
L, = B(x,4r,,). (3:5)

Doing so for every x € Ej°* Nlimsup,,_, | o, By, provides us with a Besicovith covering
Fr={L,:z¢€ Ef-vrnlimsup,,_, 4 o By} such that for every z, the ball L, is natu-
rally associated with an integer n, > 1 such that = € B,,, and |L,| = 8ry,,. Also, the
shrunk rectangle R, verifies R, C B, C L;. This is illustrated by Figure ??.
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Applying now Theorem 33, from the family F' one can extract Qg finite or countable
families of balls F! , 1 < i < Qg, such that:

e V1<i< Qg VL# L' € F}, it holds that LN L' = {),

o LN limsup, 4o Bn CUj<i<q, ULe}‘} L.

Since p (Ez‘vsl*’”l N (lim SUD,, s 1 oo Bn)) > %, there exists 1 < iy < Qg such that

p(ESerer 0 (limsup,,_, 4 o0 Bn))
(U 1)== o Q

LeFi,

Denote by (L(l))keN the sequence of balls such that .7-1 = {L(l)} , (1) Jken the

sequence of points such that for all k € N, L( =L OB and set r( )y P There exists
k
N7 € N so that

) i)szar)

1<k<N;

Set F1 = {L,(:) . One has

}1§k§N1

w( U 1)z %Qd. (3:6)

LeF,

Recall that with every ball L,(Cl) are naturally associated the ball B i) and the rectan-
M

gle R (V) where n( ) = n (1), set R,(Cl) = Rn(l)' Then define K7, the first generation of
k
the Cantor set by setting

_[p® _
K1 = { B }1SkSN1 and K| = RE’JCI R.

Finally, measure 77 on the algebra generated by K; is obtained by concentrating the
p-measure of the balls L, on the rectangle R, . More precisely, for 1 < k < N set

(1)
771(R;(€1)) _ H (Lk )
-
219/31\5 ﬂ(Ll(c/))
Since for all 1 < k < Njp, the center x(l) of L(l) belongs to E7-<1f1, recalling that

L, (1)|/2 = 4r () < p1, the disjointness of the L( ), as well as the inequality (B:6]), we
get that for all 1 <k< DNy,

a—2¢e;

a—Eeq
m (R]gl)) S 4Qd (4Tn)(€1)) S (Tngcl)) 5 (37)
where (3-4) has been used.

Step 2: Constructing the second generation

This step consists of two sub-steps: First we associate a set of dyadic cubes with each
rectangle previously obtained, and then we work inside each of these cubes.
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Sub-step 2.1: A set of dyadic cubes inside each R of Ky

Consider a rectangle R. There exists an orthogonal matrix O € O4(R), a point z €
[0,1]? and 0 < £4 < £5 < ... < {1 such that

d
R =1+ OR, with R = H[O,&].
i=1

Set p=— Llog2 (;%)J . Intuitively, 277 ~ 8—“—\?3, so that there are some cubes included
in R with side-length 27P. We associate with R the set of dyadic cubes

d
C(R) = {D €eD,:DCR, D= H[k:ﬂ*p, (ki +1)27P], 8lk;y, V1 <i < d} .
i=1

Observe that C(R) consists in dyadic cubes of generation p inside R that are quite far
from each other. This will ensure that the rectangles used at a given generation of the
construction of the Cantor set are well separated. Also, there exist a constant Cy > 1
depending only on the dimension d, such that the side length 277 of each C' € C(R)
satisfies Cd_lﬁd < 27P < Cyly, as well as a constant kg > 1 such that

d d y
T2 <#C(R) < g
Recalling (2-2), for every n € N, one gets

d i —T 41—
Kyt =TT < #C(Ry) < Kq - =1 T (3-8)

Now we construct a measure 72, which refines the measure 7; by distributing the mass
uniformly between the cubes of C(R) for R € Kj. For every 1 < k < Nj and every
De C(R,(cl)), set

(1)
m(Ry )
m(p) = 1)
#C(Ry ")

By construction, ng(R,(cl)) =m (R,(cl)). Recalling (3-7) and (B3:8)), one gets

a—2e1 4
1) (r 1) o214 5f ) Ta=Ti
nl(Rk ) nl(e) — T Td
= KRd Tn(l) .
k

n2(D) =

- 3:9)
1)y — Ele —Ta+Ti (
#C(Rk ) K;l . (Tngcl))

Sub-step 2.2: Construction in each cube of C(R)

We start with preliminary observations about the measure u. Recall Definition
Since p is a quasi-Bernoulli measure, for every ¢ € N, every D € Dy such that p(D) > 0,
for every z € [0,1]¢ and 7 > 0 such that B(z,r) C D, due to (ZI) one has

u(B(z,1) = u (T3 (Tp(B(.1)) = w(D)u® (B (To (@), 35 ))
< Cup(D)p (B (TD(w), 2—;)) :
Thus, for all = € [0,1]¢ and r > 0 such that B(z,r) C [0,1]¢ one has

p(B(Th' (x),r27) < Cp u(D)p(B(z, 7). (3-10)
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Also, for every p € N, (2-1)) yields

plER=r) 1

D a,e
E®ErPr) > —.
P (Eprr) > c. 2,

(3-11)

Moreover,
TBl(Effaapvpp)
= {T[_)l(z) : Vr < pp, B(z,r) C [0, 1]d, w(B(z,r)) < Tafsp}
= {TBI(HU) : Y < pp, Bla,r) € [0,1]% 4 (TD (B (T51($), L))) - ra—%},
and using (B3-I0), one gets
Tt (Bp=er)

- {T51(””> V< ppy Bla,r) € 0,17, M(B(TBM ((;)) r2-1))

< Cur“‘fp}
- w(B(y,7)) ro\eTer
= : < a 8D L — )
{y eD: Vr<p,277 B(y,r) C D, D) Cu(Q,q)

It follows that if we fix p as above and set

. - n(B(y,r)) ro\eTE
B =1 Bn N D: Vr<p,27% By, D,7<C(—) ,
D 7112-?-1;}3) {y € "= Pp (y T) C [L(D) — K 2—q
(3-12)
then by Definition 2:3 and the fact that p(limsup,, ., . Bn) = 1, we have
, _ , , B ") (D
WE) = (T To(E) = w(D)P (To(5g) = () AT 5 10D g 4
I3 I3

where we used (BI1).

We now continue the construction. Consider R € k5. Fix D € C(R). Recall that p(D)
is the unique integer such that D € Dppy. The set E}; is well defined since u(D) > 0
(the measure y has been supposed to be fully supported on [0, 1]9). For every x € E32,
consider n, large enough so that:

ez c B,
e n, > 2 and

4rp, < p22*p(D)’ and 7, > max {4Cqu -no(D)(4 - 2P(D))a762’p3*d/7'd} . (3-14)

Set L, = B(x,4r,, ), as in step 1 (see (3:0)). By repeating the same argument as in step 1,
one can extract from {L, : © € EF } a finite number Np of balls, LgD) =L ), LS\],:;) =
1

L oy such that for all 1 < k; # k2 < Np one has Lgf) N L,(c?) = () and by (B313)
Np

(D) w(EG) (D)
o( U L) =550 = 1Q.C, (3:15)
1<k<Np

and with each ball L,(CD) are associated the ball B and the rectangle R that

we denote by B,(CD) and R,(CD) respectively; we also set T](CD) = Tn (- Then define the
Tk

n (D) n (D)’
Tk Tk
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collection of rectangles of second generation by setting

KR = (J {R§D>}1<k<ND and Ko = | J K(R),
DeC(R) == ReK,
and
K= ] R
ReEK2

One extends further the measure 7; to the algebra generated by the elements of the
set K1 U Ugex, C(R) UKz by distributing the mass according to u at that scale. More
precisely, for all R € K1, D € C(R) and 1 < k < Np, one sets
D
(L)
D
Z1§k'§ND N(Lgc' ))

772(R1(CD)) = 772(D)

Note the following facts:

e If Re Ky, D,D' € C(R), 1<k < Npandl<Fk' <Np are such that R"”) #

RP) € K(R), then 3B 03B = ¢,
e If Re K1, D € C(R) and 1 < k < Np, using the second assertion of (B-I4) and

the fact that the ball L,(CD) is centered on E7}, then

(D) (D) \ *7°2
w(L;"7) 4r
k S Clu, < k

2—p(D)

so that by ([BI3) and the third assertion of ([B:I4), we get
UQ(R](CD)) < (772(D)4Qdcu(4 . 2P(D))a—52) . (TI(CD))Q—EQ < (TI(CD))a—Qm_ (316)
Further steps: Induction scheme

We proceed as in step 2. Suppose that p > 2, and for all 1 < ¢ < p, a set K, and a
measure 7, defined on the algebra generated by the elements of U, <, Kp UReICp C(R),
have been constructed in such a way that (3-7) holds and:

(i) Forall 1 < ¢ <p, K, is a finite subset of {R,},-,
(ii) For all 2 < ¢ <p, for all R € Ky, there exists R’ € Ky_1 and D € C(R’) such that

R C D; one denotes by {R,(CD)} the family of rectangles of Ky included
1<k<Np
in D.
(iii) For all 1 < ¢ <p—1and R € K, if 77 is the length of the smallest side of R,
then
(r7®) % > p . (3-17)

(iv) Forall2<g<p, R€ Ky_1, D € C(R) and 1 < k < Np, with the rectangle R,gD)

are naturally associated a point :cch) S E;q, a ball L§€D) =B (xéD), 4r,(€D)), as well

as some integer n, € N, such that ng > ¢, :L',(CD) € B,(CD) = Bp, = B(Zn,, " n,)s

RI(CD) = Ry, r,iD) =r,, and 4r](€D) < 277(P)p,. In particular, due to (F1Z), one

has
(D) dr py \ @75
p(”) o2
oy = \=mr) (318)
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(v) Forall2<¢<p, Re K41, D,D' € C(R), 1 <k < Np and 1 < k' < Npr such
that R”) £ RP” | one has 3B 3B = 0.
(vi) Forall1 <¢g<¢ <pand R € Ky, n,(R) =ng(R).

(vii) Forall2<g<p, R€ K4—1, D € C(R) and 1 < k < Np, one has

1q(D) = %&? and (ri”)) "% > 4C,Qq - my(D)(4 - 22Dy (3.19)

(viii) Forall2<¢g<p, R€ K4—1, D € C(R) and 1 < k < Np, one has

(D)) < WD) .
@END L) 2 5o, (3:20)
and
(L)

. . (3-21)
Z1§k'§ND M(Ll(cl’)))

Notice that by (BI8), 319) (B20) and @B2I), for all 2 < ¢ <p, R € K41, D € C(R)

and 1 < k < Np, one has

(D) (D)
RPN = p (D) - L) < n.(D M
7711( k ) 77q( ) Zl<k,§NDM(LI(f,))) —7711( ),U(D)(4Qd)71
<n) ()" aQue, (2@) T < ()T )

Thus, for all 2 < g < p, R € K4—1 and D € C(R), denoting by r™ the length of the

smallest side of R, by 1), (38), (3:19),(3=22)) and (vi), one has

ng-1(R) L =22, 1+, T
= < < q—1 i=1Td—Ti
(D) = Zem) < s e '

a—2e, 1+5¢q Tg—T

< Ka (r”) b : (3-23)

Let us now explain the induction. Take R € K, and D € C(R). For every z € E3"",
consider an integer n, large enough so that:

e z€B,,,
o ng >p+1,4r,, < pps127PP) and

a— p(R) (D)(a—epi1) d/m)
Tportt > max | 497t 4040, 27 nop, .
( #C(R)
Using Besicovitch covering Theorem B3] one can extract from the covering of E
L, = B(z,4r, ) : ¢ € E*). a finite set of balls F .:{L”.:L;)}
{ (x,4r,,) : x '}, a finite set of balls F(D) 5 F S chen
such that

5p+1

o Vk# kK < Np, LiP) N L) = 0. In particular, 35, o (3Bn ) =0,
Ik/
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e one has

Ep+1 /L(l))
M(ED ) > 4Qdcu'

(3-24)

|~

u( U LI(CD))Z

1<k<Np

Consider the collection of rectangles naturally associated with the balls LECD)

D
Kpt1(R) = U {Rl(c )= Ry (D)} :
DeC(R) "k ) 1<k<Np

Then define
Kpri= |J KR and K, s = | R
ReK, ReKpi1

The probability measure 7, can be extended from the algebra generated by the el-
ements of Uy <<, KqgUUpex, C(R) to the algebra generated by the sets of the union
Ui<g<pt1 Ka UUgex, C(R) as follows: For R € K, and D € C(R), we impose that

WP(R)
= d D) = . -2
77p+1(R) WP(R) an 77p+1( ) #C(R) (3-25)
And then, for R € K,, D € C(R) and 1 < k < Np, we set
(L)

o1 (R)) = npy1 (D) - (3-26)

I
Z1§k'§ND N(Lgc/ ))

It is easily checked that properties (i) to (viii) hold for p+1 and this ends the induction.

Last step: the Cantor set and some of its properties.
Set Ko = [0,1]¢ and 70([0, 1]¢) = 1. Define
K= U’Cp and K = ﬂKp.
pEN peN

By construction, item (i) of the recursion implies that K C limsup,,_,. R,. Now, for
each p > 1, let 7, be the element of P([0,1]%) supported on K, and such that for every

R € K, the restriction of 1, to R has Zﬁ((g)) as density with respect to L',ldR. It is easily
seen, due to the separation property of the elements of /C,, for all p € N, that (7,)pen-
converges weakly to a Borel probability measure n such that n(R) = n,(R) for all p e N

and R € ICp.

Note that by construction the following properties hold:

e Uniform separation property: For all p € N and n € N such that R,, € K,
if n1,m2 € N are such that R, # Ry, € K(R,) = {R' € Kp+1: R’ C R,}, then
one has 3B,, N3B,, = 0. Indeed, in the case where R,, and R,, are elements of
the same D € C(Ry,), this follows from (v); otherwise, this follows from the fact
that two distinct elements D and D’ of C(R,,) are distant from each other by at
least 8-27P(P) where, as before, p(D) is the unique integer such that D € Dy D).
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e The estimates (3:22) and B:23) show (by induction) that for all p € N* and n € N
such that R, € K, one has

U(Rn) S Ta—28p,

n

and for all D € C(R,),
a—2ep+31<i<d Td—Ti

n(D) < vy IR () E L e

Upper bound for the n-measure of a ball.

Let C be a ball (recall that it is an Euclidean cube) of side length r contained in [0, 1]%.
Several cases are distinguished.

e When C intersects K, for at most finitely many p € N, it is clear that n(C') =0, and
we set pc = +o00.

e When C' intersects a unique rectangle of Ky, say R, (p), for infinitely many p € N,
then 7(C) < N(R,.p)) < r P for infinitely many p, so n(C) = 0. Again, we set

ne(p)
pc = +0o0.

e Suppose now that we are not in one of the previous cases. There exists pc € N such
that if p < pc, C intersects a unique rectangle of X, and if p > pc + 1, C intersects at
least two rectangles of K. Denote by R, . the unique rectangle in K, intersecting C.

Let v > 0 be such that r =7, .. Again, several cases are distinguished.

(i) Suppose r > r]4 (i.e. v < 74): Suppose, moreover, that r < r,., i.e. 1 < v < 7.
Recall that for D € C(R,,) one has (see (3:27))

a—2ep+31<i<q Td—Ti

n(D) < ra (ruc)

Also, there exists kg > 0, depending on d so that

#{DeC(Ry): DNC A0 s [] (B2

) T (%)

r
17 <V no T >
<7y T;;l"'dJFEi:TKU LR DI i

Provided that k4 was chosen larger than Kk, at first, one gets
This gives the following upper bound for n(C):

n(C) < > n(D)

DeC(Rn):DNC#D

< #{DEC(Rnc) - DNC A ra (rne

2 —2ep¢ 7d7—d+a+zi:7'i<u UJFZi:risz‘iJergigd Td—Ti
) 1)

2 —2¢po a+zi:7i<v VT
< K7 | The Tne

At <o VT

< K3 (7*25?0) r v

a+2i:7i<v VT
v

)0‘*25170 +El§i§d Td—Tj

=

The mapping f : v — reaches its minimum at one of the 7;, say 7;, with
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1 < ip < d. This can be rephrased as s(u, T) = minlgigd(a—kzlﬁ—fin_ﬁ) = f(r,). It
follows that

n(C) < kGrsT=2re, (3-28)

On the other hand, if r > r,,, i.e. v < 1, then by (8:22)), one has
N(C) < n(Rue) Sring” "0 <rore,

and ([3:28) holds as well, since a = f(m1) > s(u, 7).

(ii) Suppose now that r < 774 (i.e. v > 7q):

Recall that 772 is the length of the smallest side of the rectangle R,,. Since C' has
side length less than rid., and the side length of the cubes of C(R,,) is larger than or
equal to C’d r;d,, one deduces that C' intersects at most Cy of those cubes, where Cy
depends on d only. For all D € C(Ry,), such that C'N D # 0, denote by Ry, .. R,gg> .
the rectangles included in D that intersect C.

e Suppose first that 20r < 27P(P)p, .y (where D € D,p)): Note that for all 1 <
i # j < N¢p, 3B(D) N 3B(D) = (. Also, C intersects both B(D) and B(D), and by
construction, since L(D) N L = () and |L(D)| 4|B(D)| we have r > r( ). By Lemma

B2 applied to each pair {A = C B= B } and ¢ = 3, one gets U, ;< n.. ,, SB(D) C 5C.

(D) C 10C since L( ) 5B( ) for each i. Consequently,

S wE) < u(100).

1<i<Nc,p

In particular, U; ;< n,, , L

Further recall that, by item (iv) of the recurrence scheme, for any 1 < i < N¢ p the
ball Lgf) is centered on E‘EPC+1 Thus there is = € EZPC+1 N 10C. Since one has 10C' C
B(z,20r) and 5= 205 < ppot1, by BI8) we get

20 a—Ep
) (3-29)

#(10C) < u(B(z.200) < Cp (D) (s

It follows from ([3:24), (B:20) and (329) that

(D)

(D) M(Lki )
nCenD)< Y aR)<n(D) Y )
1<i<Ne,p 1<i<Ne.p 2a<jenpy M5 )

(D)

n(Ly,”)
D2 QD)

< 4Qq @M(loc)

(D)
< Cun(D)aQu (525) "

This yields
n(C) < > n(C N D)
DEC(Rn):CND#D
207 )O‘*EPCJrl

<C,C D)4 (_
= HDGC(Rir;aS?{CﬂDyé@n( ) 4Qq 2—p(D)
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Moreover by ([3:23)), for each D € C(R,,) such that CN D # 0,

n(D) < kq22PP)rc 9=swTP(D)

hence

~ 'S( 17—) 2 a—¢&p
n(c) < Cd Cu K 4Qd 22p(D)6pc (2—p(D)) = ( Or ) Epo+1

2-p(D)

Since Cy 27 7(P) > rrd. > rand the sequence (g, ),>1 is decreasing and bounded, it follows
that for some constant v depending only on the dimension d and p, one has

_ rooeswT)
yr 3 (2_p(D)) (T,

,rOt

9—p(D)(a—s(uT))

n(C) < yr=ire
Thus, as C427PP) > r and s(u, 7) < a (s0 that t > 0 — t*~57) is non decreasing), we
finally obtain

n(C) < 7 Cg T P Tie < O e e

e Suppose now that 20pp,+1 2-P(D) < < rrd: Again, by definition of p(D), one has
7 < Cq27PP). Consequently, C' is covered by at most |(Cyq/20ppc+1) + 1]¢ cubes of
side length 20pp.+1 2-P(P)| Denoting these cubes by Dy, ..., Dy, and recalling (B17),
the previous estimate yields

k
s(p,T)—3ep
n(€) <3 0(Ds) < [(Ca/20ppe 1) + 1) CF (2042277 ‘
=1

S ’71p;cd+1 768(/‘77')_3896‘ S Y1 rs(ﬂaf)_4‘3pc

for some constant y; depending only on d and p (we used that 20p,. 41 2-P(P) < r to
get the third inequality, and (iii) as well as the inequality €, > €p, 11 to get the fourth
one).

To conclude the proof, note that due to the uniform separation property outlined after
the last step of the construction of (K,n),

p(r) = inf{pc : C is ball of radius r included in [0, 1]}

tends to +o0o as r tends to 0.
Combining the previous estimates, setting 1 = max {71, ~.CY, mg}, we finally get

n(C) < Fur* B4,

In particular, for any p € N, setting r, = 3 sup {r : p(r) < p}, it holds that for any r < ry,
any ball C' of radius r,

n(C) < 71768(;177)—4%_

By Lemma [B-1] since n(K) = 1, it holds that

dimpg (K) > s(u, T) — 4ep,.

Letting p — 400 proves Theorem [2-4]
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