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Both an experimental and a theoretical investigation of the fracture propagation mechanisms acting at the process zone scale in
glassy polymers are presented. The main aim is to establish a common modeling for different kinds of glassy polymers presenting
either steady-state fracture propagation or stick-slip fracture propagation or both, depending on loading conditions and sample
shape. On the experimental point of view, new insights are provided by in-situ AFM measurements of the viscoplastic strain
fields acting within the micrometric process zone in a brittle epoxy resin, which highlight an extremely slow unexpected steady-
state regime with finite plastic strains of about 30% around a blunt crack tip, and accompanied by propagating shear lips. On the
theoretical point of view, we apply to glassy polymers some recently developed models for describing soft dissipative fracture
that are pertinent with the observed finite strains. We propose a unified modeling of the fracture energy for both the steady-state
and stick-slip fracture propagation based on the evaluation of the energy dissipation density at a characteristic strain rate induced
in the process zone by the competition between the crack propagation velocity and the macroscopic sample loading rate.

1 Introduction

Fracture propagation in glassy polymers has been widely stud-
ied in the ’70s and ’801–3. Although glassy polymers share
very similar linear properties up to yielding, the kinetics of
fracture propagation at a macroscopic scale appears to be very
different depending on the structure of the macromolecular
network.

For thermoplastics (such as PMMA) slow fracture propa-
gation is a smooth process up to a maximum velocity Vmax

where an instability occurs leading to dynamic crack propaga-
tion. The fracture properties are described by a curve report-
ing the toughness* KC(V, T ) or the fracture energy Γ(V, T )
as a function of the steady-state crack propagation velocity V
and temperature T (cf. Fig. 1(top))1. The quasi-static slow
regime and the dynamic regime are associated to the two pos-
itive slope regimes of the Γ(V ) curve, which are separated
by a hypothetic negative slope region (dashed in Fig. 1(top))
where steady-state crack propagation is unstable and can not
be measured4. The slow quasi-static regime extends over sev-
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* In this manuscript we systematically refer to mode I (opening) toughness,
which is the most relevant for bulk fracture propagation.

eral decades of propagation velocities and the Γ(V ) curve is
dominated by viscoplastic dissipation in a crack-tip process
zone of the size of tens of micrometers according to Dugdale
model5,6.†

For thermosets (such as epoxy resins) fracture propagation
is affected by stick-slip dynamics9. A static crack will not
propagate up to an initiation value Kstart(δ̇, T ) that is a de-
creasing function of the loading rate δ̇ applied to the sam-
ple and an increasing function of temperature. Then dynamic
propagation will follow (V ∼ 100 m/s) inducing a rapid un-
loading of the sample10. Eventually, the crack will stop for
a lower value of K, called Kstop, which is quite insensitive
to both the rate of loading and temperature11. Kinloch and
Williams9 have shown that the measurements of Kstart(δ̇, T )
for several epoxy based glassy polymers can be condensed
into an elegant master curve (cf. Fig. 1(bottom)) when plot-
ting the ratio of Kstart(δ̇, T )/Kstop against the yield stress
σy of the material, which is an increasing function of the strain
rate ε̇ (and thus the loading rate δ̇) and a decreasing function
of temperature T . When increasing the loading rate (or de-
creasing temperature), the amplitude of the stick-slip dynam-
ics progressively fades into a macroscopically stable brittle
crack propagation regime, which is quite insensitive to both
δ̇ and T .

In section 2 an original in-situ AFM investigation with

† Let us stress that the term “process zone” for the viscoplastic dissipative re-
gion is not universal. In some different community this is used to mean the
intrinsic damage region 7.
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Fig. 1 (top) Steady-state crack propagation curve Γ(V ) in a typical
thermoplastic glassy polymer (PMMA, data from 5,8). (bottom) Mas-
ter curve for the stick-slip crack propagation for several thermosets:
Kstart/Kstop as a function of the yield stress σy , which is an in-
creasing function of the loading rate δ̇ and a decreasing function of
temperature (from 9).

nanometric resolution is presented. It shows for the first time
that for brittle thermosets like epoxy resin, a steady-state slow
crack propagation behavior can be observed in the same way
as in thermoplastics, but with velocities limited to less than
one nm/s. Moreover, it allows unprecedented visualization
and real-time measurement of the strain fields at the scale of
the micrometric process zone during crack propagation.

In section 3 a theoretical modeling inspired by both these
novel observations and by recent developments on the frac-
ture of soft dissipative materials12 is introduced. The aim is
to show that the steady-state crack propagation curve KC(V )
and the characteristic stick-slip curve Kstart(δ̇) are two com-
plementary facets of a unified crack propagation physics for
all glassy polymers, in an analog way to what is observed in
the peeling of adhesive tapes4.

In section 4 the unified model is evaluated in light of our ex-
perimental measurements as well as complementary data and

investigations from the literature on glassy polymers leading
to a better physical interpretation of the basic ingredients of
the model, before the main conclusions are summarized in
section 5.

2 In-situ AFM investigation of slow crack
growth

2.1 Materials

As a model thermoset polymer the epoxy-amine DGEBA-IPD
(DiGlycidyl Ether of Bisphenol A, cured with a stoichiomet-
ric ratio of IsoPhorone Diamine, both from Sigma-Aldrich) is
selected13. After 30 minutes stirring and degassing in a vac-
uum oven, the mixing was cured at 60◦C for 12 h and then
at 195◦C for 24 h. The cured sample was allowed to slowly
cool down to room temperature in order to minimize internal
stresses. The set polymer is then machined into DCDC sam-
ples.

This curing process results in a very densely cross-linked
chemical network, with an elevated glass transition temper-
ature of Tg = (167 ± 10)◦C and a Young modulus E =
(1.9± 0.2) GPa (both measured by DMA at 1 Hz, cf.13). The
room temperature compressive yield stress is reported in Table
1 as a function of the applied strain rate. This was measured
by uniaxial compression tests performed on cylindrical pillars
of 4 mm diameter and 5 mm height lubricated by molybde-
num disulfide grease as reported in Fig. 2. We can remark
that the present epoxy resin does not present any apprecia-
ble post-yield softening. Although we represented the failure
point for the compressed cylinders in Fig. 2, this should not be
interpreted as a material parameter, since it depends both on
the stress triaxiality and on the erratic failure modes of com-
pressed cylinders.

2.2 Extension of DCDC technique to glassy polymers

The Double Cleavage Drilled Compression (DCDC) sample
was initially developed by Janssen15 to study slow fracture
in silicate glasses, which possess very high values for both
Young modulus E ≈ 70 GPa and yield strength σy ≈ 10 GPa.
The sample (Fig. 3a) consists of a prism of dimensions 2L ×
2w×2t (corresponding to x, y, z directions) with a cylindrical
cross hole of radius R drilled through the specimen thickness
2t. The sample is loaded with a compressive force F , and thus

Table 1 Yield stress σy measured by compressive tests on cylindrical
pillars as at variable strain rates (cf. Fig. 2). The values of σy were
extracted with the method of tangents according to Ref. 14

ε̇ (s−1) 10−3 10−2 10−1 100 101

σy (MPa) 108 118 125 143 152
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Fig. 2 Uniaxial compression testing up to failure (star symbol) of
cylindrical samples of DGEBA-IPD at T = (23±1)◦C for increasing
values of the strain rate reported in Table 1 (Figure after Ref. 13).

Fig. 3 Experimental setup: (a) Sketch of the DCDC geometry; (b)
picture of the experiment, including the DCDC sample on a loading
stage under the AFM probe.

a compressive stress σ = F/4wt applied to the two opposite
faces. This induces a tensile stress at the two poles of the
central hole aligned with the sample loading direction. During
the test in stiff and hard materials like glass, two symmetric
cracks of length c are spontaneously nucleated at the crown of
the central hole. The two cracks then propagate in opposite
directions along the midplane of the sample (direction x in the
x−z plane), driven by the mode I opening induced at the crack
tips.

In a previous paper16, this novel technique was shown to be
suitable to obtain both a successful crack initiation and well
conditioned steady-state crack propagation in PMMA sam-
ples, which is a typical thermoplastic glassy polymer with
a well known KC(V ) curve. Glassy polymers are less stiff
(E ≈ 1 GPa) and less hard (σy ≈ 100 MPa) than silicate
glasses. Moreover, they present a slow viscoplastic relaxation
at macroscopic scale. Since these materials are not brittle

enough to provide a spontaneous crack initiation from the cen-
tral hole, the crack initiation has to be implemented with the
help of instrumented blades17. Sample dimensions have to be
optimized in order to minimize buckling and yielding during
crack propagation while preserving the small sample dimen-
sion required by in-situ AFM investigations (for epoxy resin
this leads to 2L = 40 mm, 2w = 8 mm, 2t = 4 mm and
R = 1.33 mm). Due to the occurrence of stress relaxation,
larger deformations and plastic yield, especially in the shear
stress concentration region close to the central hole, the stan-
dard LEFM equations to evaluate the stress intensity factor K
from linear elastic finite element modeling of DCDC sample18

do not apply conveniently to glassy polymers19. An original
method was developed to estimate the stress intensity factor K
based on the fit of the experimental measurement of the crack
opening profile uy(X) at the millimetric scale of the elastic
region surrounding the process zone (far from the central hole
where bulk plastic yielding can occur)16 with the following
Williams expansion18:

uy(X) =
K

E′

√
8X

π

(
1 + 1.319

X

w
+ 0.515

(
X

w

)2
)

(1)

where X is the distance from the crack tip, and E′ = E/(1−
ν2) because plane-strain conditions are dominant in our spec-
imen at the scale of this measurement. Since the accuracy of
this technique is limited to 10%, which is comparable with the
small range of variation of KC(V ) for glassy polymers, this
fitting procedure should be limited to set the average value of
K during the test16. In order to obtain the complete KC(V )
curve, the crack length c is considered to be essentially un-
changed during slow crack propagation (v < 10 nm/s for
AFM investigations). The measured stress relaxation F (t) in
the DCDC sample is thus dominated by visco-elasto-plastic
creep. The recording of the measured applied force F (t) could
thus be used to directly obtain the relative time evolution of
KC(t). This was then combined with the measurement of
the crack tip velocity V (t) performed by optical or atomic
force microscopy. The KC(V ) curve obtained for PMMA
was shown to be in excellent agreement with data from the
literature5.

2.3 In-situ AFM observations in epoxy resin

Figure 4 represents a typical image that was obtained in the
process zone at the crack tip in our epoxy resins (right), which
immediately appears to be very different from our previous
observation on PMMA thermoplastic (left), revealing the rich-
ness of information on the detailed mechanisms in action at the
process zone scale.

The surface displacement in epoxy appears as a very smooth
field with a clear monotonic strain concentration towards the
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crack tip. This feature is very different from what was ob-
served for PMMA, where a very extended surface necking
region was associated to localized shear yielding due to low
stress triaxiality near the external surface, while secondary
grooves were interpreted as marks of secondary crazes orig-
inating at surface defects and propagating towards the bulk of
the sample16. The absence of crazing in epoxies is consistent
with literature and is generally attributed to the high crosslink-
ing density20.

By carefully handling the AFM drifts, three weeks of con-
tinuous in-situ AFM imaging was performed on the same loca-
tion corresponding to a crack tip that reached an arrest (stick)
after dynamic propagation in the pop-in phase (slip). The most
striking result is that this arrested crack in a brittle epoxy in-
deed keeps propagating at a very low velocity, with an average
of 8 pm/s, which is about an atomic step every ten seconds.
This is clearly illustrated in Fig. 5, where AFM deflection er-
ror images16 flatten out the surface topography to reveal the
smallest surface defects, which act as a speckle pattern on the
sample surface.

Moreover, when analyzing the full in-situ AFM image se-
ries (the movie is provided as a Supplementary Material) the
crack propagation velocity is found to be very regular and to
slowly decrease from 18 to 3 pm/s over three weeks, while the
measured applied force concomitantly decreases from 810 to
750 N. This allows to use the AFM image series to measure
the KC(V ) curve in the covered velocity range. Since the
crack length (c ≃ 4.5 mm) only increases by 15 µm during
the series, the decrease of the force (at constant applied dis-
placement) can be solely attributed to viscoplastic stress relax-
ation, according to the methods described in previous section.
The KC(V ) curves obtained for three different epoxy samples
with the same procedure are reported in Fig. 6.

While the measured KC(V ) curves for epoxy are quite sim-
ilar in slope to what can be obtained from the data of PMMA
in Fig. 1(top) (in the lower velocity domain), there is a striking
difference between these two materials, since the slow frac-
ture propagation in PMMA can be observed up to Vmax ≃ 1
cm/s,5 while in epoxy the maximum measured velocity before
the dynamic instability was found here to be Vmax ≃ 1 nm/s,
which is 7 decades smaller. In order to measure this max-
imum velocity, the displacement applied to the sample was
increased by steps and the load and crack propagation veloc-
ity were measured each time, up to the step where the fracture
becomes dynamic and the sample suddenly breaks. This very
low maximum velocity in the nm/s range, comparable to the
growth rate of humain nails, can explain why such propaga-
tion was never detected before, since most investigations on
fracture of epoxys were done in the ’70s mainly by optical
techniques11.

In-situ topographic AFM images directly provide the out-
of-plane component uz of the crack tip displacement field,

y: 50 µm

y: 40 µm

x: 50 µ
m

x
: 4

0
 µ

m

z: 4
.4

 µ
m

z: 1
0
.5

 µ
m

PMMA Epoxy

Fig. 4 3D representation of the topography of the crack tip region
measured by AFM at the free surface of PMMA (left) and epoxy
resin (right) samples. Left image from 16.

Fig. 5 2D flattened images (AFM deflection error signal) represent-
ing three successive steps of crack propagation in epoxy over three
weeks. The full size of the images is 50 µm. The crack propagates in
the x direction.
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Fig. 6 Measured KC(V ) curves for three different samples of the
DGEBA-IPD epoxy resin.

which is much larger than surface roughness. The in-plane
components (ux, uy) can be obtained by tracking the change
of relative position of a series of surface defects that are visi-
ble in Fig. 5. In order to estimate the 2D nominal strain tensor
components εyy and εxx of the sample surface, some triads of
remarkable points were chosen, such that they would form two
approximately orthogonal segments of gauge length LT ≃ 2
µm, aligned along x and y (the details of the technique can
be found in Ref16). The average strain components associated
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to the center position xT , yT of the triad are thus obtained by
dividing the appropriate displacement differences by the seg-
ment lengths. Fig. 7 presents the evolution of these strain com-
ponents as a function of their distance from the crack tip on a
couple of segments centered on the crack axis (yT ≃ 0 µm).
The extensional strain εyy orthogonal to the crack direction
presents a significant rise starting at a distance of about 7 µm
from the crack tip and then follows an approximately linear
trend up to a maximum of about 30%, measured at a distance
of about 2 µm from the crack tip. The longitudinal strain com-
ponent εxx did not present any significant trend out of the 5%
scatter that constitutes the detection limit. In light of the large
values of the measured strain field and the permanent nature
of both the out-of-plane and in-plane strain fields along the
crack lips after the crack tip has passed, the measured crack
tip fields can soundly be associated to plastic yield. It is to
be emphasized that the measured strain does not correspond
to the total strain, since the initial reference image is already
affected by an elastic strain (which can be estimated to be of
the order of the yield strain εy ≃ 8%), which affects a region
much larger than the image size and than the distance trav-
eled by the crack‡. The measured values for the process zone
size and the maximum plastic strain are compatible respec-
tively with Dugdale estimation of the process zone size6 and
with the maximum strain allowed by the stretchability of the
tightly cross-linked polymer network20. This handmade im-
age correlation technique is thus very efficient for identifying
the size of the plastic process zone and to evaluate the plastic
strain field inside it.

0 5 10 15

-0.1

0

0.1

0.2

0.3

yy

xx

Fig. 7 Strain components εyy and εxx on the section oriented along
the crack axis as a function of the distance X from the crack tip, as
obtained from both the individual triad tracking analysis (dots) and
the full DIC (lines).

‡ Let us note that the yield strain could be an underestimate of the elastic strain
very close to the crack tip where strain hardening is likely to dominate the
asymptotic stress field.

The smooth nature of the strain field in epoxys makes this
material very promising for the application of the Digital Im-
age Correlation (DIC) technique to measure the full strain field
in the process zone as described in Ref.21 DIC was success-
fully applied to the combined analysis of a selected series of
12 AFM images acquired at the same time each following day.
The image series corresponds to a well conditioned steady-
state crack propagation, with only minor long term variation
of the propagation velocity. The differential strain measured
by DIC analysis can thus be interpreted either as a strain rate
(if divided over the time lag of ∆t ∼ 1 day) or as the spa-
tial gradient of εyy along the direction of crack propagation x
(if divided over the traveled distance ∆c ∼ V∆t ∼ 1 µm).
DIC analyses can be performed either incrementally between
two consecutive images (1 day apart) as shown in Fig. 8(top),
or spanning a longer interval of time (11 days here) as in
Fig. 8(middle). It should be noted that the initial state is al-
ready much deformed by the presence of the loaded crack as
compared to the rest state. Nevertheless, assuming a steady-
state strain field being advected by the crack tip, it is possible
to estimate the total strain field from the rest state, even in the
absence of an AFM image of the latter. Such a total strain
field is shown in Fig. 8(bottom) and the complete description
of the present DIC procedure is detailed in a separate publi-
cation Ref22. When extracting the section aligned with the
crack axis, the εyy and εxx can be well adjusted by exponen-
tials with a characteristic length of ∼ 3 µm that turn out to be
in very good agreement with the handmade strain profiles as
shown in Fig. 7.

This analysis reveals that under steady-state propagation
condition the crack tip strain field presents two highly active
regions forming an angle of about 38◦ to the crack propagation
axis. The overall features of the measured process zone strain
rate field are evocative of the Von Mises stress fields associ-
ated to plane stress LEFM solutions expected at the sample
surface23. The forward tilt of the lobes is related to the nega-
tive T-stress values associated to the compressive condition of
the DCDC geometry7,24. It is to be stressed that the most im-
portant difference with respect to crack tip fields obtained for
the monotonic loading of a non-propagating crack, is that in
steady-state propagation the maximum attained plastic strain
remains stuck in a wake region left behind by the propagating
process zone (see Fig. 8(bottom)).

The differential DIC analysis was performed between 12
consecutive steps. The measured strain rate field was observed
to be very stable despite the 8% reduction in the force (and
thus in KC) and the reduction in the crack propagation veloc-
ity by a factor 6. This confirms that the maximum strain εmax

at the crack tip is very weakly dependent on the crack propa-
gation velocity in the observed range of the KC(V ) curve.
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Fig. 8 DIC analysis of the strain field εyy between the 50 µm size
AFM images obtained by using the software CorreliLMT 21. (top) In-
cremental field between two consecutive images separated by crack
propagation of about 1 µm. (middle) Cumulative strain in the whole
image series of 12 images. (bottom) Reconstruction of the total plas-
tic strain field from the rest state.

3 Unified model for the fracture toughness of
glassy polymers

In this section we propose a unified scenario for steady-state
and stick-slip fracture propagation in glassy polymers and
build an approximate model by starting with the crack velocity
dominated behavior and connecting it with the sample load-
ing rate dominated response through a local process zone that
governs failure.

The present in-situ AFM investigation with nanometric res-
olution has shown for the first time that for brittle thermosets
like epoxy resin, a steady-state slow crack propagation behav-
ior can be observed and characterized by a KC(V ) curve, in
a comparable way as for thermoplastics, although with a very
low velocity limit Vmax. An important complementary obser-
vation by Takahashi and Arakawa10 has allowed to character-
ize the dynamic crack propagation in epoxy resins as a KC(V )
curve with V systematically larger than 100 m/s, which is dif-
ficult to be measured during stick-slip dynamics, even with
a fast camera. Moreover, Bonamy and coworkers25,26 have
developed an advanced loading fixture that allowed to show
that PMMA can also present stick-slip dynamics under rapid
loading conditions. The combination of all these observations
suggests that the steady-state crack propagation curve KC(V )
and the characteristic stick-slip curve Kstart(δ̇) are two com-
plementary facets of a unified crack propagation physics for
all glassy polymers, in an analog way to what is observed in
the peeling of adhesive tapes27.

However, the link between these two curves is not trivial. In
the classical picture, stick-slip dynamics is represented as the
red cycle on the KC(V ) curve in Fig. 9, where the change of
slope in the KC(V ) curve induces a crack propagation insta-
bility27 (cf. § 3.3). According to this model, Kstart is iden-
tified with the peak value Kmax at the end of the slow quasi-
static branch of the KC(V ) curve and Kstop with the mini-
mum value Kmin of the dynamic branch. However, this pic-
ture can not account for the observed reduction of Kstart with
the sample loading velocity δ̇ as represented in Fig. 1(bottom)
for epoxy resins.

A unified scenario is now proposed to link the KC(V ) and
Kstart(δ̇) curves based on the insights of the in-situ AFM
microscopic investigation of the strain fields associated with
crack propagation, as well as on recent developments on the
fracture of soft dissipative materials12. The relevant space,
time and strain scales of the process-zone are extracted from
the AFM images. The energy dissipation associated with
crack propagation is estimated based on the finite strain vis-
coplastic behavior of the glassy polymer, which is character-
ized via uniaxial compression tests as a function of the strain
rate ε̇ (cf. Fig. 2 and Ref.13). The model will be formulated
in terms of a more fundamental curve for the fracture energy
Γ(ε̇PZ), where ε̇PZ is a characteristic strain rate at the scale
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Fig. 9 Classical representation of stick-slip dynamics as a cycle (in
red) on the KC(V ) curve of steady-state fracture propagation. When
the applied loading rate δ̇ corresponds to a steady-state velocity lay-
ing in the intermediate unstable negative slope branch (cf. Appendix),
the crack propagation becomes a jerky alternation of slow and fast
phases. In the slow phase (named ‘stick’) the crack propagation is so
weak that K increases due to the external loading rate up to Kmax,
where the crack velocity jumps to the dynamic branch. In the fast
phase (named ‘slip’) fast crack propagation over a finite crack length
increment leads to sharp drop of K down to Kmin, where the crack
velocity drops.

of the process zone, that can be expressed in terms of both the
crack propagation velocity V and the sample loading rate δ̇.
The following sections focus on limiting cases where ε̇PZ is
dominated either by V (§3.1) or δ̇ (§3.2) and then the more
general condition where a competition exists between the two
(§3.3).

3.1 Model for KC(V ) in steady-state crack propagation

The classical fracture propagation curve KC(V ) is defined un-
der steady-state crack propagation conditions, which means
a constant stress intensity factor K̇ = 0. Since the process
zone has a finite size RPZ (cf. Fig. 10)§, the steady-state crack
propagation velocity V can only be established after the crack
has traveled a distance that spans several times RPZ under
constant loading conditions. Thus a characteristic time tPZ is
proposed:

tPZ ∼ RPZ

V
(2)

below which steady-state fracture cannot be defined. Once
the crack propagation has been observed over a long enough
time t∗ ≫ tPZ , the steady-state crack tip strain field is well
established and it propagates at a constant velocity V . This
allows mapping spatial gradients of the strain fields along the
crack propagation direction x into temporal strain rates at a
given material point:

ε(x, t) = ε(x− V t)
∂ε

∂t
∼ V

∂ε

∂x
(3)

§ It should be stressed here that the circular shape in the sketch of the process
zone is a rough simplification for representing the characteristic size of the
process zone with no reference to a specific material behavior.

Fig. 10 Sketch of the lengthscales associated to crack propagation
and energy dissipation in soft dissipative materials 12. The small
black region R0 represents the intrinsic damage region, where the
final rupture of the polymer network occurs. The red region RPZ

represents the process zone where viscoplastic energy dissipation is
dominated by the propagating crack tip. The crack tip blunting ra-
dius ρ represents the region affected by large strain (plastic strain for
glassy polymers). The width h of the sample (very large here) is
represented for comparison with both RPZ and ρ.

Based on the present in-situ investigation (cf. Figs. 7-8) and
the characteristic picture of the process zone scales in Fig. 10,
the strain field is described at the scale of the process zone (red
region) as a constant spatial gradient of plastic strain εp up to
a finite maximum strain εpmax at the crack tip (black region).
This allows to estimate a characteristic strain rate ε̇steadyPZ in
the process zone under steady-state crack propagation using
(2) and (3):

ε̇steadyPZ ∼ εpmax

tPZ
∼ εpmaxV

RPZ
(4)

where all the quantities can be measured by the in-situ AFM
observations.

The typical value for the volume density of dissipated work
in the process zone is thus:

Wsteady
diss (ε̇steadyPZ ) ∼

∫ εpmax

0

σeq(ε
p, ε̇steadyPZ )dεp (5)

where the elasto-plastic constitutive behavior of the polymer
can be measured by compressive tests and characterized by
the hardening function σeq(ε

p, ε̇), which relates the equivalent
Von Mises stress σeq to the plastic strain εp for a given strain
rate ε̇.28 For the sake of simplicity, the effect of hydrostatic
stress on the hardening function is neglected, since it has only
a second order effect for glassy polymers20.
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According to Fig. 10, the quasi-static fracture energy Γ(V )
can be split into an intrinsic fracture energy Γ0 needed to break
the molecular network at nanometer scale (black region) and
a dissipative term Γdiss(V ) that represents the visco-plastic
dissipation at the micrometric scale of the process zone RPZ

(red region)¶:
Γ(V ) = Γ0 + Γdiss(V ) (6)

The dissipative term Γdiss(V ) can be estimated by consid-
ering the energy balance per unit surface over a basic steady-
state propagation unit dc ∼ RPZ . This involves multiplying
the typical volume density (5) by the volume of the process
zone bR2

PZ and dividing it by the cross sectional area bRPZ ,
where b = 2t is the transverse dimension of the sample:

Γdiss(V ) ∼ RPZWsteady
diss (ε̇steadyPZ ) ∼

∼ RPZ

∫ εpmax

0
σeq(ε

p, ε̇steadyPZ )dεp
(7)

where ε̇steadyPZ is related to the crack velocity V by (4). It
should be stressed that this argument is limited to the situa-
tions where the sample width h is much larger than the process
zone size RPZ . Moreover, if a more realistic non circular de-
scription of the process zone is considered, the RPZ in Eq. (7)
should be replaced with the width of the process zone in the
direction orthogonal to the fracture plane (direction y).

As argued in the next section, the intrinsic term Γ0 can be
measured through the crack arrest value of Kstop. The quasi-
static fracture energy curve is thus obtained through (6) and it
can then be converted into the toughness curve KC(V ), which
is more frequently used in the glassy polymer community, by
the equivalence relation:

KC(V ) ∼
√
EΓ(V ) (8)

For the sake of clarity in the presentation of the model for
the fracture energy, all along section 3 the elastic modulus E is
considered to be a material constant at the macroscopic scale
of the sample, since this does not change the core of the model
that is focused on the mechanical response inside the process
zone.

The present parameterless approach provides a descriptive
modeling for the steady-state fracture toughness KC(V ) of
glassy polymers. This is the first step towards a fully pre-
dictive model, that will require new physical ingredients for
predicting the dependency of the maximum plastic strain at-
tainable in the process zone εpmax(ε̇) as a function of the local
strain rate, and possibly of the local stress triaxiality. This is
related to the material physical failure criterion at the very end

¶ The kinetic energy term in the energy balance is here neglected since the cen-
ter of the dissipation peak for glassy polymers occurs at a crack propagation
Vmax well below the wave speed of ∼ 100 m/s. When necessary, standard
dynamic fracture arguments 29 will be followed for dealing with the fast frac-
ture branch.

of the crack tip at smaller scales than the process zone (the
local damage region identified in black in Fig. 10). With this
further ingredient, the model would be able to predict the crit-
ical velocity Vmax for the inversion of slope of the KC(V )
curve, which is associated with the onset of the stick-slip in-
stability according to standard models (cf. Fig. 9). The critical
velocity Vmax has very different values for different glassy
polymers and it is thus a very good physical quantity to test
any predictive model for the KC(V ) curve.

3.2 Model for Kstart(δ̇) in stick-slip crack propagation

Let us now consider the ideal case of unstable dynamic initi-
ation of a pristine|| static crack of length c during monotonic
sample loading at a rate δ̇. Let us suppose for simplicity that
no crack propagation occurs during the loading of the sample
up to the initiation toughness Kstart, i.e. ċ = 0 as in a clas-
sical ‘stick’ phase. The loading rate K̇ of the process zone is
thus simply proportional to the loading rate δ̇ of the sample
(cf. Appendix).

Under the hypothesis that for each value of K the strain
field developed in the process zone has essentially the same
shape as the one observed for steady-state crack propagation,
the strain rate of the process zone ε̇stickPZ can safely be assumed
to be a monotonically increasing function of K̇ and thus of
the sample loading rate δ̇. The material physical failure cri-
terion at the very end of the crack tip (black region) can also
be assumed to remain the same, characterized by εpmax(ε̇) as
defined in previous section. The volume density of dissipated
work and the different terms of the fracture energy can there-
fore be evaluated with the same eqs. (5,6,7):

Γstart(δ̇) ∼ Γ0 +RPZ

∫ εpmax

0

σeq(ε
p, ε̇stickPZ )dεp (9)

where this time ε̇stickPZ is related to the loading rate δ̇ (instead
of V , which is vanishing here) by:

ε̇stickPZ ∼ ε̇tip =
dεtip
dK

K̇ =
dεtip
dK

BK(c)δ̇ (10)

where the relationship εtip(K) should either be modeled by
finite elements or measured through an AFM investigation
during the stick phase. Γstart(δ̇) can then be converted to
Kstart(δ̇) by eq. (8). As for now, in order to provide approx-
imated estimates of ε̇stickPZ with the available data, the exper-
imental measurements of Kstart and Kstop in stick-slip dy-
namics9 can be used as follows:

ε̇stickPZ ∼ εpmax

tstick
∼ εpmax

Kstart −Kstop
BK(c)δ̇ (11)

|| By ‘pristine’ it is meant that the crack neighborhood has not been previously
affected by plastification. This is supposed to be the case for a crack arrested
after dynamic propagation.
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This can be justified by the following arguments. During
a typical stick-slip regime, the loading phase (‘stick’) always
happens after a previous cycle where the crack has arrested at
a finite loading Kstop, which is experimentally independent
from δ̇ and T .11 The crack arrest occurs at Kmin (cf. Fig. 9)
after dynamic crack propagation**, where plastic dissipation
tends to vanish. Therefore, both terms Γstop = Γmin can
be identified with the intrinsic fracture energy Γ0 needed to
break the molecular network at nanometer scale (black region
in Fig. 10). After each crack arrest, the crack tip is very sharp
due to the very small plastic deformation. Then a new loading
cycle starts again in conditions very similar to a pristine crack.

In summary, it is proposed that both the steady-state curve
KC(V ) and the stick-slip curve Kstart(δ̇) arise from the same
fracture energy relation Γ(ε̇PZ). But the stick-slip branch cor-
responds to a higher range of strain rates ε̇PZ (cf. next sec-
tion) where the slope of the dissipation term Γdiss(ε̇PZ) be-
comes negative, as it is typically the case due to the rheol-
ogy of viscoelastic and viscoplastic materials. While the con-
stitutive stress-strain laws generally have a monotonically in-
creasing dependency of stress with strain rate30, the maximum
strain at failure εpmax(ε̇) has a more complex behavior that de-
pends on the specific physics of failure of each material31,32.
When stick-slip is observed after some critical loading rate
δ̇max (corresponding to Vmax in Fig. 9, cf. Appendix), this
means that Γ(ε̇PZ) changes from positive to negative slope
after some critical strain rate ε̇max

PZ . This can only happen if
the failure strain εpmax decreases faster with strain rate than
the concomitant increase of stress, according to eq. (7). In
other words, the negative slope Kstart(δ̇) stick-slip curve pro-
vides experimental access to the negative slope branch of the
KC(V ) steady-state curve, which is not directly measurable
due to its intrinsic instability.

In this second modeling section, it is assumed that there is
no crack propagation during the loading phase of the stick-
slip regime, so that the crack propagation does not follow the
KC(V ) curve up to its constant maximum Kmax as sketched
in the standard picture in Fig. 9. This allows to explain why
Kstart(δ̇) is a decreasing function of δ̇, which is a major point
that lacked a sound interpretation in the literature.

The more general condition where both crack propagation
and sample loading rate are simultaneously present will be dis-
cussed in next section.

** Let us note that in the ‘slip’ phase, the crack always follows the dynamic
branch of the steady-state KC(V ) curve, since the micrometric process zone
size RPZ is renewed thousands of times in any macroscopic crack propaga-
tion (∆c ≫ RPZ ).

3.3 Competition between crack propagation and loading
rate

Our present observations demonstrated the occurrence of slow
crack propagation during what is called the ‘stick’ phase. Thus
if a ramp loading of the sample at a rate δ̇ is considered, the
most general condition is that both slow crack propagation and
macroscopic loading contribute to the local strain rates in the
process zone ε̇PZ , which in turn determines the fracture en-
ergy dissipation term Γdiss(ε̇PZ). However, for slow loading
rates the local strain rate ε̇PZ will be dominated by the crack
propagation velocity V , while for fast loading rates ε̇PZ will
by dominated by the loading rate itself.

�
�

V

c

K
�

V

K
�

�PZ
�

PZR

Fig. 11 Sketch of the two-scale competition between crack propaga-
tion and loading rate. At the macroscopic scale of the sample (left)
the competition between the macroscopic loading rate δ̇ (green) and
the crack propagation velocity V (blue) determines the crack tip load-
ing rate K̇ (violet) that enters the process zone. At the mesoscopic
process zone scale (right) a second competition between the meso-
scopic loading rate K̇ and the crack propagation velocity V deter-
mine the caractristic strain rate εPZ (yellow) of the process zone.

Indeed the competition between crack propagation and
loading rate happens at two different scales as sketched in
Fig. 11. At the macroscopic scale of the sample the loading
rate tends to increase K, while crack propagation tends to re-
duce it, so that steady-state propagation in a sample like Dou-
ble Torsion33 (which is frequently used for stick-slip tests in
epoxys, cf. Appendix for mathematical treatment of this and
more general samples) requires that:

K̇

K
=

δ̇

δ
− ċ

c
= 0 (12)

The macroscopic steady-state condition on K defines a
structural equivalence between δ̇ and the crack propagation
velocity V = ċ:

δ̇ =
δ

c
V (13)

The stick-slip instability appears when the sample loading
rate exceeds a first critical value δ̇max = δ

cVmax, which cor-
responds to the local maximum of the Γ(V ) curve in Fig. 9
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where the slope changes from positive to negative. The stick-
slip disappears when the sample loading rate exceeds a second
critical value δ̇min = δ

cVmin corresponding to the local mini-
mum of Γ(V ) where the slope goes back positive.

In the stick-slip regime, the equivalence condition (13) is
permanently violated. On the one hand, during the ‘stick’
phase, the crack velocity V is smaller than the equivalent load-
ing rate (c/δ)δ̇, and K will increase according to (12). In
particular, when δ̇ ≫ δ̇max the positive K̇ is essentially dom-
inated by the sample loading rate δ̇:

K̇

K
=

δ̇

δ
> 0 (14)

On the other hand, during the ‘slip’ phase, the crack velocity
V is larger than the equivalent loading rate (c/δ)δ̇, and K will
decrease according to (12). In particular, when δ̇ ≪ δ̇min the
negative K̇ is rather dominated by the fast crack propagation
velocity V = ċ:

K̇

K
= −V

c
(15)

The first part of this section dealt with the classical com-
petition between crack propagation V and loading rate δ̇ at
the macroscopic scale of the sample in order to determine
the local loading rate K̇ that is perceived by the process zone
(cf. Fig. 11(left)). In the second part of the section, a second
competition happening at the microscopic scale can be exam-
ined, where the crack propagation V and the local loading rate
K̇ compete in order to determine the average strain rate ε̇PZ

inside the process zone (cf. Fig. 11(right)).
When eq. (12) is not obeyed, a characteristic time of varia-

tion of K can be defined:

tK =

∣∣∣∣KK̇
∣∣∣∣ =

∣∣∣∣∣ δ̇δ − V

c

∣∣∣∣∣
−1

(16)

which is valid for both increasing and decreasing K.
As discussed in section 3.1, the KC(V ) curve describes

crack propagation when the average strain rate ε̇PZ at the
process-zone scale is dominated by the crack propagation ve-
locity V . This implies that the effects of the loading rate K̇
should be negligible over an observation time t∗ ≫ tPZ , cf.
eq. (2), which can be stated as the condition:

tK ≫ t∗ ≫ tPZ (17)

which is called the ‘V-dominance’ condition hereafter.
When the opposite inequality is fulfilled, then the loading

K will change significantly before the crack tip has advanced
by any significant fraction of the process-zone. Crack propa-
gation can thus be neglected and the average strain rate ε̇PZ

at the process-zone scale is dominated by the loading rate K̇,

which is called ‘K̇-dominance’ condition in the following. Al-
though some crack propagation is still present, fracture prop-
agation is not any more described by the KC(V ) curve, but it
can still be considered to be ruled by the relationship Γ(ε̇PZ).
In particular, when the ‘K̇-dominance’ condition occurs dur-
ing the loading phase of stick-slip dynamics, this can lead to
the crack initiation curve Kstart(δ̇) < Kmax that was dis-
cussed in section 3.2.

Let us now consider the link between this understanding
and the classical picture of stick-slip dynamics sketched in
Fig. 9. In order for crack propagation to follow the red cy-
cle on the KC(V ) curve, the V-dominance condition should
be fulfilled during the whole cycle. While this is likely to be
the case for the slip phase, where V is dynamic and tPZ is
very short††, the V-dominance condition is likely to be vio-
lated during the stick phase where crack propagation is very
slow. However, as the loading is progressively increasing, the
V-dominance condition could still be attained before reach-
ing the instability at Vmax. The remaining part of the stick
phase would then be ruled by the KC(V ) curve up to Kmax.
The instability leading to the slip phase would thus occur at
a constant value Kstart = Kmax independent of the loading
rate δ̇ as in the classical picture. In order for this not to hap-
pen, the V-dominance condition should remain violated up to
the critical velocity Vmax. The strain rate of the process-zone
ε̇PZ would thus remain dominated by the loading rate δ̇ up to
the unstable crack initiation, leading to the variable Kstart(δ̇)
curve that is frequently observed.

A conservative estimate for the transition from the classical
Kmax behavior to the Kstart(δ̇) curve is written as follows:∣∣∣K

K̇

∣∣∣ = tK(Vmax) < tPZ(Vmax) =
RPZ

Vmax

δ̇
δ − Vmax

c > Vmax

RPZ

δ̇
δ > Vmax

(
1
c + 1

RPZ

)
≃ Vmax

RPZ

(18)

4 Discussion

4.1 The unified model

According to the unified modeling presented in section 3, the
steady-state curve Γ(V ) and the stick-slip curve Kstart(δ̇) ob-
served for epoxy resins are two different expressions of the

†† Concerning the ‘slip’ phase, where dynamic branch has both a very fast ve-
locity V and a very fast unloading rate K̇ < 0 it is convenient to think of
the steady-state condition (2) in terms of traveled distance: dcPZ ≫ RPZ .
Since the rapid drop of K happens over a finite slip amplitude ∆c, then the
V-dominance condition will generally be fulfilled if the amplitude of the slip
is larger than a process zone size: ∆c ≫ RPZ . While this is comfortably
satisfied when Kstart(δ̇) > Kstop, it can be questioned when the stick-slip
amplitude is vanishing in the pseudo-‘stable’ regime at high δ̇.
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same process zone mechanism. Both can be related to the
measured constitutive viscoplastic behavior σeq(ε

p, ε̇), but in
the first case the relevant strain rate of the process zone is de-
termined by the crack propagation velocity V , while for the
second it is determined by the loading rate δ̇. Let us emphasize
that this modeling is presently rather speculative, yet it does
not possess any adjustable parameter and it is thus formulated
in such a way that it can be experimentally tested by combin-
ing in-situ AFM techniques and rheological measurements on
several different glassy polymers. Although this modeling is
quite rough at present, its consistency with the available data
for fracture propagation and rheology in glassy polymers can
already be assessed as well as its compatibility with the exist-
ing knowledge about the mechanisms of fracture propagation
in these materials.

4.2 Γ(V ) curve

When considering typical values of the quantities measured
for glassy polymers we can obtain Γdiss ∼ RPZσyε

p
max ∼ 10

µm × 100 MPa × 0.3 ∼ 300 J/m2, and KC ∼
√
EΓ ∼√

3 GPa × 300 J/m2 ∼ 1 MPa m1/2, which provide the good
orders of magnitude for the fracture energy and toughness.
In principle, RPZ and εpmax depend on the crack velocity
V through the strain rate ε̇PZ . However, glassy polymers
are only weakly viscoplastic at ambient temperature due to
their elevated glass transition temperature above 100◦C. The
process zone size and crack opening displacement δCOD ∼
RPZ · εpmax in PMMA were observed to be only weakly
variable functions over many decades of crack velocity (cf.
Ref5 and Fig. 1(top)). In agreement with this observation, the
present in-situ AFM investigation has not revealed any signif-
icant change in the steady-state strain field of the process zone
after the crack propagation velocity decreased by one decade.
Thus the small slope of the Γ(V ) curves should be related to
the weak dependency of the constitutive behavior σeq(ε

p, ε̇)
with respect to the strain rate ε̇. According to eq. (4) the range
of strain rates εsteadyPZ in the process zone explored by the in-
situ AFM investigation is between 10−7 and 10−5 s−1, the
latter corresponding to the estimate of the upper limit of the
steady-state crack propagation. As it can be observed in Fig. 6,
Kc increases by about 20% over these two decades of veloc-
ity, which corresponds to a very weak power law exponent of
0.04. The same power law exponent describes the increase
of the yield stress with the strain rate as reported in Table 1,
although the available range of strain rate in the macroscopic
tests (10−3 to 101 s−1) is well above the strain rates explored
in the very slow crack propagation. Within the present level of
overall experimental precision, no more than an order of mag-
nitude of Γ can be estimated as well as the approximate slope
of Γ(V ) for each measured polymer. A thorough experimental
validation of this approach will require measurements on sev-

eral different polymers with significantly different rheological
properties, that should be characterized over a wider range of
strain rates and temperatures.

It is very encouraging that the present approach has pro-
vided a very good description of the adherence energy curves
Γ(V, T ) for the peeling of adhesive tapes with custom nonlin-
ear rheology as presented in Ref31. The main difference be-
tween the two models is that since the adhesive thickness h is
much smaller than the process zone size RPZ (cf. Fig. 10), the
integration of the energy density in eq. (7) should be limited
to h instead of RZP . This leads to the peculiar property that
adherence energy is proportional to the adhesive thickness.

4.3 Interpretation of Kstop and Γ0

Let us now focus on the physical interpretation of the Γ0

term corresponding to the intrinsic fracture energy needed to
break the molecular network at nanometer scale and its link
to the available measurements of Kstop. Following the ar-
guments of section 3.2, the crack arrest condition Kstop oc-
curs at the end of a slip phase where dynamic fracture occurs
at velocities above 100 m/s for glassy polymers and plastic
yield should be quite limited. It should thus be identified both
with the minimum Kmin of the dynamic branch (due to ‘V-
dominance’) and to the intrinsic fracture energy Γ0. These
conclusions are consistent with the observed insensitivity of
Kstop to both the loading rate δ̇ and temperature T .11 More-
over, they are consistent with the observed lower limit satu-
ration of Kstart(δ̇, T ) to the value of Kstop when increasing
the loading rate δ̇ (or decreasing temperature) that is shown in
Fig. 1(bottom). According to our modeling and our in-situ ob-
servations, (Γstart − Γstop) should thus be identified with the
viscoplastic dissipation Γdiss, associated to the plastic blunt-
ing of the process zone prior to the nucleation of a new dy-
namic crack, in agreement with the conclusions of other au-
thors9,34.

We remark that both experimental values of Γstop and Γmin

are of the order of 100 J/m2,9,26 which has the same order of
magnitude as the plastic dissipation term Γdiss in the stick-slip
regime. This large value may appear as surprising for mod-
eling the intrinsic fracture energy at nanometer scale, where
typical covalent bond energies correspond to about 1 J/m2.11

However, let us stress that glassy polymers are made of poly-
mer networks where random chains are coiled between chem-
ical crosslinks or entanglements. Although the polymers are
glassy and chain mobility is weak at ambient temperature, it
is sound that the rupture of covalent bonds also involves local
tension of polymer chains before rupture in a similar way to
what happens in rubbers. This energy dissipation mechanism,
called Lake-Thomas model for rubbers35, implies the loss of
the whole stretch energy of the chain, which can justify typical
values of 100 J/m2 such as observed for Γ0 in non-viscoelastic
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rubbers35. Moreover, although Kstop is quite insensitive to
most material parameters for epoxy resins, it was observed
to be correlated to the square root of the mass Mc between
crosslinks36, which is a typical signature of the Lake-Thomas
mechanism.

4.4 Shear lips

Although the present approximate modeling does not explic-
itly account for the shear concentration regions observed dur-
ing both steady-state (our investigation) and stick-slip34 frac-
ture propagation, their contribution to the energy dissipation
can easily be integrated in the model. The measured strain
field on Fig. 8 shows that across the shear lips (whose width is
approximately 10 µm) a total shear strain of about 0.1 is ob-
served. The lip width is similar to the size of the roughly cir-
cular confined process zone that was considered in the model
and explored by the section in Fig. 7. Since the whole field
propagates at a constant velocity, the typical strain field in the
shear lips is very close to the previous estimates, i.e. 10−7 s−1

for V = 10 pm/s. The viscoplastic behavior (and σy) should
thus be similar. In order to evaluate the contribution of the
shear lips to the fracture energy, a similar equation to (7) can
be used, but using the width hL spanned by the shear lips in a
direction normal to the crack propagation direction instead of
RPZ . Although hL ∼ 100 µm is larger than RPZ ∼ 10 µm,
the maximum plastic deformation involved in the shear lips
is smaller, and it decreases with the distance from the crack
tip. Thus the shear lips contribute to the energy dissipation
term with a similar order of magnitude as the confined pro-
cess zone. Moreover, the dependency on both crack propaga-
tion velocity and loading rate δ̇ should be similar. In future
developments, the in-situ AFM analysis of the strain fields as-
sociated to the shear lips will provide important fine evalua-
tions of the dissipated energy, especially when combined with
finite element modeling.

It should be noted that although thermosets frequently
present unstable shear localization into shear bands with well
defined contours of shear discontinuity, the incremental strain
fields measured by the present DIC analysis reveal a smooth
strain concentration field that propagates in steady-state along
with the crack tip. This observation is consistent with the ab-
sence of appreciable post-yield strain softening in the com-
pressive behavior.

4.5 Features of stick-slip

Let us now consider the initial issue of why some polymers
like PMMA generally present steady-state fracture, while
most brittle epoxy resins essentially present stick-slip fracture
with Kstart(δ̇) behavior. Although many mechanical proper-
ties such as E, σy, RPZ and Γ are similar for the two kinds of

glassy polymers, our present measurements allowed to iden-
tify a steady-state branch for the epoxy resin, but with a max-
imum velocity Vmax ∼ 1 nm/s, which is seven orders of mag-
nitude lower than the value of Vmax ∼ 1 cm/s for PMMA.
These correspond to typical strain rates in the process zone
respectively of 10−5 s−1 for epoxy and 102 s−1 for PMMA.
When using similar fracture test samples for the two materi-
als, the equivalent loading rate δ̇max for the transition between
steady-state and stick-slip (which is dependent on the kind
of sample used and its dimensions, cf. Appendix) will also
be seven orders of magnitude lower for epoxy resins. Since
typical loading times are a few seconds to minutes, obtaining
steady-state in PMMA and stick-slip in epoxy appear as ex-
pected. During our in-situ AFM measurements, the loading
stage is arrested, and thus slow steady-state fracture in epoxy
can comfortably be observed for several days.

Moreover, the previously proposed modeling also allows
one to explain why the stick-slip observed by Hattali26 for
PMMA at higher loading rates has the classical behavior with
a constant value of Kstart = Kmax (as in Fig. 9), while
epoxy resins present a decreasing function of the loading
rate Kstart(δ̇). When considering the V-dominance condi-
tion (17), the time to cross the process zone for PMMA at
Vmax is tPZ ∼ 3 ms, while it is 8 hours for epoxy (seven
orders of magnitude larger!). When compared to the typical
loading time of a few seconds or minutes, the V-dominance
condition at instability (18) is generally fulfilled for PMMA,
while it can not be fulfilled during the loading phase in epoxys.
Crack propagation during loading in epoxy samples can only
represent a minor fraction of the process zone and the strain
rate ε̇PZ is clearly dominated by δ̇ leading to the decrease of
Kstart(δ̇).

4.6 Dissipation peak and negative slope branch

Although there has been many debates on the existence of a
negative branch in the Γ(V ) curve that is not experimentally
accessible4,37, our modeling allows for a natural interpreta-
tion of this negative branch in terms of a change of slope of
the more general curve Γdiss(ε̇PZ), which is related to sound
physical properties by eq. (7) and to an equivalent crack prop-
agation velocity V by eq. (4). Moreover, this modeling en-
dows the Kstart(δ̇) curve with the status of a measurement of
the negative branch of the Γ(V ) curve. A typical strain rate
associated to the typical loading times of seconds to minutes
during the stick phase of a well developed stick-slip regime
in epoxy resin is about 10−3 s−1 to 10−1 s−1.11 This inter-
mediate strain rate range is consistently comprised between
the upper limit of the strain rates of 10−5 s−1 explored in the
slow steady-state branch (cf. Fig. 6), and the lower limit of the
strain rates of 10−1 s−1 where the stick-slip amplitude van-
ishes and a stable propagation velocity larger than 10−5 m/s
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can be observed again11. Further development of the present
modeling, including new physical insights on the failure cri-
terion inside the process zone εpmax(ε̇), can lead to predict
the critical velocity Vmax for the change of slope of the Γ(V )
curve. This would allow to explain why this important prop-
erty can change as much as seven orders of magnitude for two
glassy polymers that present overall similar mechanical prop-
erties.

Alternative interpretations exist in the literature for the
peak in the Γ(V ) curve and the related instability. In par-
ticular, Williams38 proposed an interpretation based on the
isothermal-adiabatic transition at the crack tip for PMMA. Al-
though their calculation provides a sound alternative estimate
of Vmax for PMMA, this interpretation can not be extended
to epoxy resins, where Vmax is seven orders of magnitude
smaller, and isothermal conditions are clearly fulfilled during
slow crack propagation close to the instability.

Another possible physical origin to be considered for the in-
stability is the nucleation of brittle dynamic cracks from ran-
dom defects existing in the material close to the slowly propa-
gating blunted crack front, which would be consistent with the
highly metastable character of the terminal region of the Γ(V )
curve close to the instability. Only a systematic experimental
testing on several glassy polymers will allow for discriminat-
ing between these different models.

5 Conclusion

By an original AFM in-situ investigation of the morphology
of the process-zone of a loaded crack tip in a brittle epoxy,
steady-state crack propagation was shown for the first time
to occur in brittle epoxys, with propagation velocities smaller
than nm/s, which were not accessible in previous investiga-
tions by optical microscopy.

Although this crack propagation velocity is too slow to mea-
sure the KC(V ) curve by a standard load relaxation tech-
nique39, a portion of the KC(V ) curve for our brittle epoxy
could successfully be measured by combining the intrinsic re-
laxation of the epoxy and the elevated velocity resolution of
AFM, as developed in a previous paper16. The results ob-
tained with three different samples with different crack length,
were observed to be fully consistent with each other, show-
ing that the KC(V ) curve can provide a good characteriza-
tion of slow fracture propagation for brittle epoxys in a sim-
ilar way to what happens for other glassy polymers such as
PMMA. Moreover, the measured KC(V ) curve is quantita-
tively similar to that for PMMA on both the values of KC and
the small value of the slope, which highlights that the most
important difference is in the value of the upper limit veloc-
ity Vmax, which is seven orders of magnitude smaller for our
brittle epoxy than for PMMA.

Combining the AFM images of the propagating crack tip
at the scale of the micrometric process zone and digital im-
age correlation, the viscoplastic strain fields associated with
steady-state propagation could be characterized. In a very dif-
ferent manner from PMMA and polycarbonate where strong
localization mechanisms are active in the process zone3,16,40,
the strain field in epoxy presents a smooth strain concentra-
tion when approaching the crack tip, which is consistent with
the absence of appreciable post yield softening, reaching finite
plastic strains of about 30% associated to significant crack tip
blunting at the process zone scale of 10 micrometers. These fi-
nite strains, compatible with the maximum possible stretching
of the polymer network, are well beyond the values that are
sustainable at the macroscopic scale in the extension of such
brittle materials. Moreover, two shear concentration lips are
evidenced forming an angle of about 38◦ ahead of the crack,
extending over few hundred micrometers. These are similar to
what can be optically appreciated during the loading of a static
crack, as observed by Phillips et al.34 during stick-slip crack
propagation, but our analysis shows that the shear lips are plas-
tically active regions that propagate along with the crack tip.
The propagation of these shear lips leads to an effective dis-
continuity in plastic shear that is necessary to accommodate
the propagation of a heavily blunted crack tip with an incom-
pressible plastic flow, leaving a permanently deformed wake
zone behind the crack tip, in a similar way to what is observed
in the cutting of metals with a wedge blade41.

The similarity between the strain fields observed during the
slow steady-state propagation and the loading phase of stick-
slip crack propagation, combining blunting, finite strains and
shear lips has led us to develop a common interpretation for
modeling the fracture energy for both the KC(V ) curve and
the Kstart(δ̇), based on a modeling philosophy that was re-
cently developed for soft dissipative materials12,31,42–45. The
model provides an estimate of the viscoplastically dissipated
energy Γdiss(ε̇PZ) based on a characteristic volume energy
density associated to the finite strain of the blunt process zone
at a characteristic strain rate ε̇PZ that is obtained by combin-
ing the size of the process zone and the crack propagation ve-
locity. On the one hand, for slowly changing macroscopic
loading the typical strain rate in the process zone is driven
by the steady-state propagation of the plastic strain field at
the crack propagation velocity V , leading to a crack propa-
gation criterion in the form KC(V ). On the other hand, for
rapid macroscopic loading, slow crack propagation can be
neglected and the typical strain rate in the process zone is
driven by the macroscopic loading rate δ̇. This second con-
dition is frequently fulfilled during the loading phase of stick-
slip crack propagation, leading to a crack propagation crite-
rion in the form Kstart(δ̇). The transition between the two
regimes is associated with the comparison between a charac-
teristic time of the loading rate tK and the characteristic time
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for the crack to cross the process zone tPZ = RPZ/V . This
should not be confused with the transition between steady-
state and stick-slip crack propagation that is associated with
the velocity Vmax where the slope of the viscoplastic dissi-
pation term Γdiss(ε̇PZ) changes from positive to negative,
and which is very different between glassy polymers. Yet,
the dominance transition is frequently happening during the
stick-slip regime, especially for materials where Vmax is very
low, such as epoxy resins. The negative slope of Kstart(δ̇)
can thus be used to explore the unstable negative branch of the
Γdiss(ε̇PZ), which is not accessible through steady-state mea-
surements. This negative slope branch is associated with an
embrittlement transition as a function of increasing strain rate
or reduced temperature, which should be further investigated
by future modeling of the maximum strain for failure in the
process zone. Let us stress that this scenario is very different
from the classical stick-slip cycles based on the KC(V ) curve,
where Kstart would be a constant value (cf. Kmax in Fig. 9),
which can only be observed below some critical loading rate
predicted here.

In order to complete the model for the fracture energy, it
is argued that for both steady-state and stick-slip fracture the
plastic dissipation term should be added to an intrinsic frac-
ture energy term Γ0 that is needed to break the molecular net-
work at nanometer scale. Arguments were provided to iden-
tify this term Γ0 with both the lower threshold limit Kmin

of the KC(V ) curve and the crack arrest value Kstop during
stick-slip, which corresponds to the lower limit of the fast dy-
namic crack propagation branch. Let us emphasize that for
most glassy polymers Γ0 is quite large (∼ 100 J/m2) and is
comparable with the magnitude of the plastic dissipation term.
Such a high energy dissipation at the nanometric network scale
is soundly associated with the peculiar work of stretching of
polymer network chains before rupture as it is commonly ac-
cepted for rubbers35.

While the present modeling is quite approximate, it has
the advantage of being mostly based on measurable quantities
made accessible by our in-situ investigation technique and that
should be extended to a wider class of glassy polymers. On the
one hand, future experimental developments will hopefully al-
low one to measure strain fields during the loading phase of
stick-slip, where AFM measurements are very delicate due to
the mechanical drifts of the sample during the loading. On the
other hand, future developments of the modeling including fi-
nite element simulations should lead to a better understanding
of the physics of propagation of the nanometric damage zone
associated to the intrinsic fracture energy Γ0, which is embed-
ded into the soft dissipative process zone. This would allow
to model the dependency of the maximum crack tip strain on
the average strain rate and local stress triaxiality in the pro-
cess zone, and thus to change the present modeling from a
descriptive one to a predictive one. In particular this would

allow to model the critical velocity Vmax corresponding to the
change of slope of the KC(V ) curve that is very important
for engineering the transition from steady-state to stick-slip
crack propagation. Since Vmax can change over many orders
of magnitude between different glassy polymers, it can be a
very important benchmark to discriminate between different
physical models for the toughness curves.
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Appendix: Equivalent loading rate

Let us consider the loading of a generic LEFM sample with a
constant velocity δ̇ applied at the loading points, as sketched in
Fig. 11(left). The linear response of the sample can be char-
acterized by its elastic compliance J(c) that depends on the
crack length c:

δ = J(c)F

which allows to write the strain energy release rate as:

G =
1

2b

δ2

J(c)2
dJ

dc
(c)

and then to obtain the stress intensity factor:

K(c, δ) =
√
EG = BK(c)δ (19)

where BK(c) depends on the structure of the specific sample
though J(c):

BK(c) =

√
E

2b

dJ

dc
(c)

1

J(c)
(20)

By derivation of (19) the local loading rate K̇ can be ex-
pressed as a function of both the external loading rate δ̇ and
the crack propagation velocity V = ċ:

K̇ =
dBK

dc
δ · V +BK(c)δ̇ (21)
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The steady-state condition for fracture propagation (K̇ =
0), thus requires the following condition at the macroscopic
scale:

δ̇ = − δ

BK(c)

dBK

dc
V = Bϕ(c)δ · V = ϕ(V, c, δ) (22)

where Bϕ(c) is a sample specific function that can be derived
from BK(c) as:

Bϕ(c) = − 1

BK(c)

dBK

dc
(23)

The function ϕ defines an equivalence relation between the
loading rate δ̇ and the propagation velocity V that corresponds
to steady-state crack propagation for a given sample geometry.

This allows for example to express the critical loading
rate δ̇max = ϕ(Vmax) that corresponds to the transition be-
tween steady-state and stick-slip on a specific sample geome-
try. When substituting (22) back into (21), K increases when
the loading rate δ̇ is larger than the loading rate equivalent to
the crack propagation velocity:

K̇ = BK(c)(δ̇ −Bϕ(c)δ · V ) (24)

For fracture tests such as the Double Torsion, where the
compliance is a linear function of the crack length J(c) =
BJc, equation (21) can be simplified to (12) as used in the
main text.
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