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Local Limit Theorem for Complex Valued Sequences

Lucas COEURET'

Abstract

In this article, we study the pointwise asymptotic behavior of iterated convolutions on the one dimensional
lattice Z. We generalize the so-called local limit theorem in probability theory to complex valued sequences.
A sharp rate of convergence towards an explicitly computable attractor is proved together with a generalized
Gaussian bound for the asymptotic expansion up to any order of the iterated convolution.

AMS classification: 42A85, 35K25, 60F99, 656M12.
Keywords: discrete convolution, local limit theorem, difference approximation, stability.

For 1 < g < 400, we let £9(Z) denote the Banach space of complex valued sequences indexed by Z and such
that the norm:

q
lulla i= | D fuy]
JEZ
is finite. We also let ¢°°(Z) denote the Banach space of bounded complex valued sequences indexed by Z
equipped with the norm

l[ullgoo := sup |uy.
JEL

Throughout this article, we define the following sets:
U:={2€C,|z|>1}, D:={z€C,lz| <1}, S':={z€C,|z|=1},
U:=StulU, D:=Stub.

For z € C and r > 0, we let B,(z) denote the open ball in C centered at z with radius r.

For E a Banach space, we denote L(E) the space of bounded operators acting on E and ||| ) the operator
norm. For T in L(F), the notation ¢(7T) stands for the spectrum of the operator 7'

Lastly, we let M,,(C) denote the space of complex valued square matrices of size n and for an element M
of M,,(C), the notation M7 stands for the transpose of M.

We use the notation < to express an inequality up to a multiplicative constant. Eventually, we let C (resp.
¢) denote some large (resp. small) positive constants that may vary throughout the text (sometimes within the
same line).

1 Introduction and main result

1.1 Context

We define the convolution a * b of two elements a and b of £}(Z) by

VieZ, (axb);:= Zalbj_l.
leZ

When equipped with this product, £!(Z) is a Banach algebra. For a € ¢1(Z), we define the Laurent operator
L, associated with a which acts on ¢%(Z) for g € [1,4+00] as

Vu € 1(Z), Lgou:=axu€ (7).

Young’s inequality implies that those operators are well defined and are bounded for all ¢ € [1,+00]. Fur-
thermore, we have that Lg., = L, o Ly, for a,b € ¢}(Z). Finally, Wiener’s theorem [New75| characterizes the
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invertible elements of £!(Z) and thus allows us to describe the spectrum of L, via the Fourier series F' associated

with a:
o(Lg) = {F(t) = ape'™ te R} :

kEZ

We observe that the spectrum is independent of the index ¢ and that F is continuous since a belongs to ¢(Z).

If we suppose that the sequence a has real nonnegative coefficients and ), _, ar = 1, then the sequence
a™ :=a*...*a is the probability distribution? of the sum of n independent random variables supported on Z
each with the probability distribution a. A lot is known on the pointwise asymptotic behavior of the sequence
a™ in this case. In particular, the local limit theorem states, under suitable hypotheses on the sequence a, that
there exists a family of functions (gs : R — R)gem 0,1} such that for all s € N* we have the following asymptotic
expansion for the elements a}

1 qg J 1
a! — ——ex g : = A 1
/ VarVn P ( ) = ns n—+oo (nz> (1)

with X, j = \/7 < where o = EkeZ kap and V = ZkeZ k2ay, — a? are respectively the mean and the variance of

n

a random variable with probability distribution a and where the error term is uniform with respect to j € Z (see
[Pet75, Chapter VII, Theorem 13| for more details). Furthermore, the terms in the asymptotic expansion (1)
can be explicitely computed using Hermite polynomials since the functions ¢, are explicit linear combinations of

derivatives of the Gaussian function x — exp <7—2) The asymptotic expansion (1) gives a precise description

of the asymptotic behavior of @ in the range |j — na| < /n and implies that the convolution powers of a are
attracted towards the heat kernel.

Following, among other works, [DSC14, RSC15, CF22|, we are interested in generalizing the local limit
theorem to the case where a is complex valued. This problem is relevant for instance when one studies the large
time behavior of finite difference approximation of evolution equations. Extending the works of Schoenberg
[Schb3], Greville [Gre66] and Diaconis and Saloff-Coste [DSC14, Theorem 2.6], the article [RSC15] of Randles
and Saloff-Coste already provides a generalization of the local limit theorem for a large class of complex valued
finitely supported sequences. By doing so, the authors of [RSC15] describe an asymptotic expansion similar
o (1) for s = 1 and identify the leading asymptotic term (the so-called "attractors" in [RSC15|). Our goal in
this paper is to generalize the result of [RSC15] by obtaining an asymptotic expansion similar to (1) for any
s € N with explicitely computable terms. We also prove a sharp rate of convergence together with a generalized
Gaussian bound for the remainder of our new-found asymptotic expansion (see Theorem 1). In the case where
a is the probability distribution of a random variable, as above, the main theorem of this paper would translate
in saying that, under suitable assumptions on a (namely that a is finitely supported with at least two nonzero
elements), for all s € N* there exist two constants C, ¢ > 0 such that

1 n J qa n j
a? — ———exp : E :
T V2rVn (

with X, ; = \/# As an example of application, these improvements on the local limit theorem allow us in the

C
S E exp( cX,w-Q)
n

Vn € N*,Vj € Z,

probabilistic case to prove the well-known Berry-Esseen inequality (see [Ber4l, Ess42]) which states that there
exists a constant C' > 0 such that

Vn e N* VJ € Z j—nal\| _ C
meNWEZ, 1)) ZW v |5 UR

J<J Jj<J

However, we will need stronger hypotheses on the elements of £!(Z) than the conditions imposed in [RSC15].
We will consider here elements a of £(Z) which are finitely supported and such that the sequence (a™),en is
bounded in ¢1(Z). The fundamental contribution [Tho65] by Thomée completely characterizes such elements
and is an important starting point for our work.

In the articles [DSC14] and [RSC15], the proofs mainly rely on the use of Fourier analysis to express the
elements a via the Fourier series associated with a. In this paper, we will rather follow an approach usually

2We say that a sequence a is the probability distribution of a random variable Y with values in Z when P(Y = j) = a; for all
jELL.



referred to in partial differential equations as "spatial dynamics". It aims at using the functional calculus (see
[Con90, Chapter VII|) to express the temporal Green’s function (here the coefficients a}) with the resolvent of
the operator L, via the spatial Green’s function which is the unique solution of

(zId — Ly)u =146, z&€C\o(Ly),

where ¢ is the discrete Dirac mass ¢ := (d,,0) jez. This approach has already been used in [CF22] to extend the
result of [DSC14, Theorem 1.1] and obtain a uniform generalized Gaussian bound for the elements a}. It has
also been used in [CF21] to prove similar results on finite rank perturbations of Toeplitz operators (convolution
operators on £9(N) rather than on ¢9(Z)). The present paper is very much inspired by [CF22, CF21] and we
will use notations and methods similar to those articles. We will now present in more details the hypotheses we
need on the elements a € ¢1(Z) that we shall consider and we shall then present our main theorem.

1.2 Hypotheses

We consider a given sequence a € (1(Z). We let ., be the bounded operator acting on £9(Z) defined as

Yu € 01(Z), Lou:= (Z alujH) .
jez

leZ

This operator is obviously linked to Laurent operators and could be written as one of them (%, = L; for
b := (a—;)jez). Our goal will be to study the powers .Z,* for n large. This problem arises for instance as
the large time behavior of finite difference approximations of partial differential equations and is equivalent to
studying the asymptotic behavior of the coefficients of 0™ := b ... x b as n tends to infinity. We define the
symbol F' associated with a as

Ve €S, F(k) ::Zajfij. (2)
JEZ
The Wiener theorem [New75] allows us to conclude that the spectrum of %, is given, for any ¢ € [1, +o0], by:
(L) = F(SY).
We are now going to introduce some hypotheses that are necessary for the rest of the paper.

Hypothesis 1. The sequence a is finitely supported and has at least two nonzero coefficients.

Looking at the definition of the operator .Z,, in terms of applications for numerical analysis, this hypothesis
translates the fact that we are only considering the case of explicit finite difference schemes. Hypothesis 1
implies that we can extend the definition (2) of F' to the pointed plane C\ {0} and F' becomes a holomorphic
function on this domain. We introduce the two following elements

km :=min{k €Z, ar#0}, ky:=max{k€eZ, ar#0}.

Observing that Hypothesis 1 implies k,, < kps, we then distinguish three different possibilities:

e Case 1: kj; < —1. We then define r := —k,,, and p := 0.

e Case 2: k,,, <0 < kp;. We then define r := —k,,, and p := kj,.

e Case 3: 1 < k,,. We then define r := 0 and p := kj,.
In every case, we have r,p € N and —r < p. Also, we have that

P
Vu e t9(Z),Yj €L, (Lyu); = Z AUy (3)
I=—r

The natural integers r and p we just introduced define the common stencil of the operators .Z, and the identity
operator and they will be useful to study the so-called resolvent equation (13) below. We now introduce an
assumption on the Laurent series F' which is based on [Tho65]. Just like in [DSC14, RSC15, CF22], we normalize
the sequence a so that the maximum of F on S! is 1.



Figure 1: An example of spectrum o(.%,). The spectrum o(.%,) (in red) is inside the closed disk D and touches
the boundary S! in finitely many points. In gray, we have O the intersection of the unbounded connected
component of C\o(%,) and {z € C, |z| > exp(—n)}.

Hypothesis 2. There exists a finite set of distinct points {k;,...,kx}, K > 1, in St such that for all k €
{1,...,K}, z;, := F(k},) belongs to S* and

Ve € SN\ {ky, .. k),  |F(R)] < 1.

Moreover, we suppose that for each k € {1,..., K}, there exist a nonzero real number ay, an integer puyp > 1
and a complex number By, with positive real part such that
F(gge') o 2 exp(—iond — Bre + O(I¢[)). (4)
—

Geometrically, this means that the spectrum o(.%,) is contained in the disk D and it intersects S! at finitely
many points (see Figure 1 for an example with K = 2, z; = 1, z, = —1) and that the logarithm of F has a
specific asymptotic expansion at those intersection points. From a general point of view, it is proved in [Tho65,
Theorem 1] that Hypothesis 2 is one of two conditions that characterize the elements a of £*(Z) such that the
geometric sequence (a™),en is bounded in ¢1(Z). In the more specific field of numerical analysis, the condition
(4) has been studied closely because of its link with the stability of finite difference approximations in the
maximum norm (see [Tho65]). We can observe that, under Hypotheses 1 and 2, there holds

Ve N 15 2z (zyy = I e sny = 1-
It assures the ¢2-stability, or strong stability (see [Str68], [Tad86]), of the numerical scheme defined as

utl = 2w, n>0,
{ w0 € 2(Z). (5)

However, it has further consequences, as the asymptotic expansion (4) assures the ¢2-stability of the scheme (5)
for every ¢ in [1, +00] (see [Tho65, Theorem 1] which focuses on the £*°-stability but also studies the ¢2-stability
as a consequence). In terms of numerical scheme, the meaning of (4) is that the numerical scheme introduces
an artificial numerical diffusion (like the Lax-Friedrichs scheme for example).

We now introduce yet another hypothesis.

Hypothesis 3. For allk € {1,...,K}, the set
Iy ={ve{l,...,K}, z,=2z,}

has either one or two elements, where we recall that z,, := F(k,). Moreover, if there are two distinct elements
Vg1 ond Vg2 in Iy, then Q1 Ay, , < 0.



Hypothesis 3 will simplify part of the analysis when we will study the spatial Green’s function defined in
(13) below. It will allow us to study precisely the spectrum of the matrix M(z) defined below as (12) near
the tangency points z,. Combining Hypothesis 3 with the fact that the ay’s are nonzero real numbers (see
Hypothesis 2) implies that, for k € {1,..., K}, we have three different possibilities:

e Case I: 7 is the singleton {k} and oy > 0,
e Case II: 7}, is the singleton {k} and a; < 0,

e Case III: 7 has two distinct elements vy 1 and vy 2 such that a,, , >0 and o, , <O0.

Distinguishing between those three cases will be useful later on. The three hypotheses we presented above
will be crucial in the rest of the paper. Some hypotheses might be relaxable, but this would be considerations
for future works.

Finally, by defining the discrete Dirac mass § := (0;,0) ez, we introduce the so-called temporal Green’s
function defined by

neNVj€Z, 9':= (.,2”(1"6)]. . (6)
It is interesting to observe that the equality between the operator %, and the Laurent operator L; with
b= (a—;), ¢, implies that
VneN,VjeZ, 9'=0b;

where " =bx* ... % b.

1.3 Main results and comparison to previous results

Our main goal is to determine the asymptotic behavior of ¢ when n becomes large. The identification of
the leading asymptotic term was achieved in [RSC15, Theorem 1.2]. We aim here at extending the result of
[RSC15, Theorem 1.2| into a complete asymptotic expansion up to any order and at proving sharp bounds for
the remainder. To express the asymptotic expansion of gj”, we introduce the functions HQ’BM : R — C, where
w € N* and 8 € C has positive real part, which are defined as

1 ; "
Vo eR, HP (z):= —/em“e_ﬁuz du.

21 27
We call those functions generalized Gaussians since for u = 1, we have

1 .2
Vr € R, Hg(z):\/me_4.

)

@

Let us state the main result of this paper.

Theorem 1. Let a € (*(Z) which verifies Hypotheses 1, 2 and 3. Then, for all integers si,...,sx € N there
exist a family of polynomials (P¥),cq1,.. 5,y in C[X,Y] for each k € {1,..., K} and two positive constants C,c
such that for all n € N* and j € Z, there holds:

ZZ zkﬁk <gk ( Jk,d> Hgﬁk) k)

2uy
k=1o0= 1”‘”c

K

<2

20y
e (X 7))

where X, j 1 =

Theorem 1 gives the asymptotic behavior of the elements %j" up to any order with a sharp generalized
Gaussian estimate of the remainder. We would also like to point out that the proof of Theorem 1 (mainly
Lemmas 11, 12 and equality (33)) gives us an explicit expression of the polynomials &2* of Theorem 1. Examples
are prov1ded in Section 5 where we compute these polynomials for ¢ = 1,2 and numerically verify the claim of
Theorem 1 for some sequences a.

The following lemma, which is proved using integration by parts, implies that we cannot prove the uniqueness
of the polynomials 2% of Theorem 1.



Lemma 1. For p € N*, g € C with positive real part and m € N*, we have

(m) (m+2u-1) (m—1)
Vo € R, xHQBH (x) = (—1)“2uﬁH§M (z) — mng (2),

and —
Vo € R, mng(:C) = (—1)“2uﬂH26M g

(z).
In other words, one can either choose to multiply Hzﬂ ., by a polynomial or to differentiate it sufficiently many
times. Hence, there may hold

d
P(, =) Hy, =0

for a nonzero P € C[X,Y].
In our proof of Theorem 1, the polynomials 2% depend on the chosen integers sy, ..., s. It might be possi-
ble to prove the existence of a family of polynomials (@f) (k0)€ {1, K} XN* in C[X,Y] for which the estimates

(7) are verified for all sq,...,sx € N. However, we do not yet have a proof of this fact in full generality. We
now compare Theorem 1 with prior results:

e In the probabilistic case presented in the introduction, Theorem 1 allows us to prove sharp bounds with
Gaussian estimates on the remainder of the asymptotic expansion of ¢} that were not proved via the asymptotic
expansion (1) of the local limit theorem.

e [DSC14, Theorem 3.1] gives sharp generalized Gaussian estimates for the elements ¢ when the sequence
a satisfies Hypotheses 1, 2 and 3 with a single tangency point (i.e. K = 1), which in comparison to Theorem 1
would match the case s = 0. [CF22, Theorem 1] generalizes those generalized Gaussian estimates for sequences
a with any number K € N* of tangency points and a relaxed Hypothesis 1. Theorem 1 thus improves those
results by proving similar sharp generalized Gaussian estimates for the remainder of the asymptotic expansion
of the elements ¢" up to any order s1,...,sx € N.

e For a sequence a € £*(Z) which satisfies Hypotheses 1 and 2, we introduce the the so-called "attractors":

Ny J -
Wke{l,...,K},Vne N \Vj €z, A= L gl (J 73@'“).
n 2k N2k

In [RSC15, Theorem 1.2|, it is proved that if we introduce K, = {k € {1,..., K}, u, = p} where p =

maXge(1,.. K} Mk, then
n n 1
gr— Y Y oo © (n;/) (8)
kEK,

where the error term in (8) is uniform on Z. Compared to Theorem 1, this is equivalent to finding the asymptotic
expansion up to order si,...,sx = 1. The result of Randles and Saloff-Coste gives a precise description of the
behavior of 4" for j such that

lj — nag| S n, 9)

where k € K,. Theorem 1 allows us to extend the result of [RSC15| by going even farther in the asymp-
totic expansion of the elements ¢, and proving sharp generalized Gaussian bounds on the remainder with a
more precise speed of convergence. However, [RSC15, Theorem 1.2] also treats the case where the asymptotic
expansion (4) has the form

F(r,e™) o2 exp(—iaré + i€’ + O(|¢g] ),

where 7y, is a real number and the integer v, € N\ {0,1} can be even or odd. A generalization of Theorem 1 in
this difficult case has not yet been found, even though the result of [Cou22| indicates that such a result might
be attainable.



1.4 Extending the result when the drift vanishes

As we have seen, Theorem 1 allows us to have generalize the local limit theorem for complex valued sequences
but it still has some limits. Relaxing some of the hypotheses we made could be interesting and theoretically
doable in some cases. For example, Theorem 1 is constrained by Hypothesis 2 which imposes that «y, is nonzero
even though the result [RSC15, Theorem 1.2] does not have this kind of restriction. The hypothesis ay # 0
is essential in the proof of Theorem 1 below but it seems to be a technical hypothesis that we would want to
avoid. The following corollary will allow us to extend Theorem 1 to some sequences a for which we allow «a;, to
be equal to 0. First, we introduce a relaxed version of Hypothesis 2.

Hypothesis 4 (Hypothesis 2 bis). The sequence a verifies Hypothesis 2 but with the possibility that some ay
are equal to 0.

We now consider a finitely supported sequence a € ¢*(Z) which verifies Hypothesis 4 and let J € Z. Then,
if we define the sequence b = (a;1s) ez and F the symbol associated with b, we have that b satisfies Hypothesis
4 since _

Ve €SY,  F(k) =r7F(k),
and therefore B
vneg,’FWﬂzuw@y

Also, we have for k € {1,...,K}

Fluge’®) = ez exp(=ilan + J)E = Beg" + of|g[™)).
Considering this new sequence b allows us to "shift" the elements ay. In particular, if we choose J large enough,
then b satisfies Hypothesis 2. However, it is not clear that the sequence b would satisfy Hypothesis 3. We can
then prove the following corollary of Theorem 1 which generalizes Theorem 1 in the case where aj can be equal
to 0.

Corollary 1. Let a € (*(Z) which verifies Hypotheses 1 and 4. If there exists some integer J € Z such that the
sequence (a;47);cz verifies Hypotheses 2 and 3, then for all s1,...,sx € N there exist a family of polynomials
(ngj)ge{lw_rsk} in C[X,Y] for each k € {1,..., K} and two positive constants C, ¢ such that for all n € N* and
JEZ

K si n,.J
ZpE d :
gjn — Z Z u (@5 (Xn,j,k:) dl‘) Hg;’;k) (Xn,],k})

hm1o=1 T2k

K C 200
— . 2 —1
<> e (el Xl T
k=1 T Mk
with X, ;5 = "=
n 2kk

We prove Corollary 1 in Section 4.2.

1.5 Plan of the paper

The main goal of the paper is the proof of Theorem 1. As explained in the introduction, the proof of Theorem
1 will rely on an approach referred to as spatial dynamics. In Section 2, we will introduce the spatial Green’s
function on which Coulombel and Faye proved holomorphic extension properties and sharp bounds in [CF22,
Section 2]. Our goal in Section 2 is to improve the analysis of [CF22] and to obtain the precise behavior of
the spatial Green’s function for z close to z; and to prove sharp bounds on the remainder. More precisely, the
main novelty of this section is the introduction of the explicit function f; in Lemmas 5 and 6 which allows us
to properly describe the spatial Green’s function for z close to zj,.

In Section 3, we prove Theorem 1 while assuming that the elements a4 are distinct. This assumption will
allow us to separate the different Gaussian waves in the estimate (7). Section 3.1 will be dedicated to the easier
part of the proof which is proving estimate (7) when j is far from the axes j = nag. The bulk of the proof
resides in Sections 3.2-3.5 which will be dedicated to proving estimate (7) when j is close to the axes j = nay.
In Section 3.3, we will express the elements ¢;" with the spatial Green’s function using functional calculus. We
will then use the results of Section 2 on the spatial Green’s function to prove generalized Gaussian estimates
on the difference of the elements ¢" and a linear combination of terms of the form

1 m — 9
ngl’jk( ) (Yo k) wherel e N*,meNY, = M. (10)

FRRT PR
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Keeping in mind that we are considering the case where j is close to nay, Section 3.4 will deal with approaching
the terms (10) with linear combinations of the following terms appearing in Theorem 1:
e Xasm HEE ™ (X, 8)  where I € N7y my € N, X, g = 2T
n2kk n3rk

Section 3.5 will combine the results of the previous sections to conclude the proof of Theorem 1 by constructing
the polynomials P¥.

In Section 4, we prove Theorem 1 when the elements oy can be equal. We also prove Corollary 1.

Finally, in Section 5, we will explicitly compute the polynomials &% of Theorem 1 for ¢ = 1,2 for any
s € N\ {0, 1} and numerically verify the estimate (7) of Theorem 1 in two cases. The first one is the probabilistic
case, i.e. a sequence @ with non negative coefficients. We will compare the result of Theorem 1 with the local
limit theorem. The second example will be the sequence a associated with the so-called O3 scheme for the
transport equation (see [Des08]). This is an example of sequence a where p = 2 in the asymptotic expansion

(4)-

2 Spatial Green’s function

From now on, we consider a sequence a that satisfies Hypotheses 1, 2 and 3. In this section, we are going to
introduce the spatial Green’s function and prove some estimates for it. We will start by defining the necessary
objects for our study. First, we can observe the following lemma for which the proof can be found in the
Appendix (Section 6).

Lemma 2. For a € (*(Z) which verifies Hypotheses 1 and 2, we have that a_, and ap belong to D.
We define for z € C and j € {-r,...,p}
A](Z) = Z(Sj,o — aj. (11)

The definition of » and p implies that the functions A_, and A, can vanish at most on one point which
are respectively a_, and a,. Lemma 2 allows us to find > 0 such that A_, and A, do not vanish on

{z € C,|z| > exp(—n)} . We can therefore define for all z € C such that |z| > exp(—n) the matrix

v R
it 0 ... 0
M(z) := L T emy (). (12)
0 0 1 0

The application which associates z with M(z) is holomorphic on the annulus {z € C, |z| > exp(—n)} . More-
over, since A_,.(z) # 0, the upper right coeflicient of M(z) is always nonzero and M(z) is invertible. We define
the open set O which corresponds to the intersection of the unbounded connected component of C\F(S!) and
{z € C,|z| > exp(—n)} (see Figure 1). Hypothesis 2 implies that U\ {z;,...,2x} is contained within O. By
recalling that o(.%,) = F(S'), when we consider that .%, acts on ¢?(Z), we have the existence for every z € O
of a unique sequence G(z) := (G,(2))jez € €*(Z) such that

(2] — Z,)G(2) =6, (13)

where ¢ still denotes the discrete Dirac mass. The sequence G(z) is the so-called spatial Green’s function
which has already been studied in [CF22]. In [CF22, Lemma 2|, we can find a proof of local sharp exponential
bounds on G,(z) when z € O is far from the tangency points z;. This bound will be sufficient for our purpose.
Furthermore, in [CF22, Lemmas 3 and 4], the authors proved that the spatial Green’s function G;(z) could be
holomorphically extended near the points z; through the spectrum of the operator .Z, which is not immediate
based on the definition (13) of the spatial Green’s function and they proved sharp bounds on G;(z) in this
case. To prove Theorem 1, we will need to get a more precise description of the behavior of the sequence G;(z)
close to any tangency point z,. This section will therefore follow [CF22, Section 2| and make it more precise
by specifying where our study of the sequence G(z) differs from [CF22, Section 2].
Using the functions A; which are defined by (11), the equation (13) can be rewritten as

P
V2eON€Z, Y Mi(2)Gp(z) = 5.

l=—r



We introduce the vectors

1
Gj+1)*l(z) 0
Vz2e OVjeZ, W;z):= eCPtr, e:=| .| ecrt.
Gj—r(2) 0
We then end up with the following dynamical system
5.
VzeONj€Z, Wiii(z) —M(2)W;(z) = ——22e. (14)
Ap(z)

The study of the recurrence relation (14) relies on the following lemma introduced in [Kre68| that studies
the eigenvalues of M(z) for z € O and z € {z;,,1 <k < K}. We recall that we defined cases I, IT and III
according to the cardinality of Z; and the sign of ay right after Hypothesis 3. We also recall that we consider
that the sequence a verifies Hypotheses 1, 2 and 3.

Lemma 3 (Spectral Splitting). For z € C such that |z| > exp(—n), the eigenvalues k € C of the matriz M(z)
are nonzero and satisfy the equality
F(k) =z

Let z € O. Then the matriz M(z) has
e 10 eigenvalue on S',
o 1 eigenvalues in D\ {0} (that we call stable eigenvalues),
o p eigenvalues in U (that we call unstable eigenvalues).

We now consider k € {1,...,K}. The eigenvalues of the matriz M(z;) are described by the following
possibilities depending on k.

o In case I, M(z;,) has k), € S* as a simple eigenvalue, r — 1 eigenvalues in D and p eigenvalues in U.
o In case II, M(z,,) has k;, € S' as a simple eigenvalue, r eigenvalues in D and p — 1 eigenvalues in U.

o In case III, if we denote vy 1 and vy o the two distinct elements of Iy, then M(z;,) has Ky, , € St and

By o € St as simple eigenvalues, r — 1 eigenvalues in D and p — 1 eigenvalues in U.

Lemma 3 is proved in [CF22, Lemma 1] and is the key to study the recurrence relation (14). We now want
to prove some estimates on the spatial Green’s function G(z). We recall that the set O is the intersection of the
set {z € C,|z| > exp(—n)}, where the matrix M(z) is defined, and the set o(£) = C\F(S'), where the spatial
Green’s function G(z) is defined. We begin with the following lemma.

Lemma 4 (Bounds far from the tangency points [CF22|). For all z € O, there exist a radius 6 > 0 and
constants C,c > 0 such that for all j € Z, z — G;(z) is holomorphic on Bs(z) and satisfies

Vz € Bs(2),Vj € Z, [Gj(2)] < Cexp(—cljl).

Lemma 4 is proved in [CF22, Lemma 2| and allows us to study the spatial Green’s function far from the
points z;, where the spectrum of ., intersects the unit circle S'. We will now have to study the spatial Green’s
function G(z) near those points z;, while still remembering that G;(z) and the vector W;(z) are only defined
on O in the neighborhood of z,. We are going to extend holomorphically G;(z) in a whole neighborhood of 2,
and thus pass through the spectrum o(.%,).

Lemma 5 (Bounds close to the tangency points : cases I and II). Let k € {1,...,K} so that we are either
in case I or II. Then, there exist a radius € > 0, some constants C,c > 0 and some holomorphic functions
Kk fio © Be(z,) = C such that for all z € B:(z;,), ki(2) is a simple eigenvalue of M(z) with ki (z;,) = Ky, for all
J € Z, the function z € B.(z;,) N O — G,;(z) can be holomorphically extended on Be(z;,) and



Case I: (o, >0)

Vz € Bo(z,),Vi > 1, |Gj(2) — fu(2)kk(2)?]| < Cexp(—cj). (15)
Vz € Be(24), Vi <0, |G;(z)| < Cexp(—cljl). (16)
Case II: (a4, <0)
Vz € Be(z,),Vj > 1, |Gj(2)| < Cexp(—cj). (17)
Vz € Be(2),¥j <0, |Gi(2) = fu(2)rk(2)| < Cexp(—clj)). (18)
Furthermore, we have
V2 € Bu(zy), fu(2) = —san(ap) ) (19)
e\Zk)s k = g k Hk<2’)'

Lemma 6 (Bounds close to the tangency points : case III). Let k € {1,...,K} so that we are in case III.
The set Iy, has two elements v and vy 2 so that a,, ; > 0 and Ay, < 0. Then, there exist a radius € > 0,
some constants C,c > 0 and some holomorphic functions Ky, |, kv, o fui s foes @ Be(21) = C such that for all
2 € Bu(21), b, ,(2) and k,, ,(2) are simple eigenvalues of M(2) with Koy (2) = Ky, and Ky, ,(2) = Ky, |,
for all §j € Z, the function z € B.(z;) N O + G;(2) can be holomorphically extended on B.(z;) and

Yz € Be(zy), Vi 2 1, |Gj(2) = fu 1 (2)kn, . (2)'] < Cexp(—cj). (20)
¥z € Be(2;), V5 <0, |G(2) = fu o (2)kn, , (2)7| < Cexp(—clj]). (21)
Furthermore, knowing that z, = z,, | = z,, ,, we have that
R (2) R (2)
B, Py =—— Y == - 22
Vz € (gk)’ f k1(Z) HVk,1(Z)7 f kZ(Z) Kuk,g(z) ( )

Lemmas 5 and 6 are similar to [CF22, Lemmas 3 and 4] but instead of proving sharp bounds on the spatial
Green’s function, we express its precise behavior near the points z;,. This is the crucial improvement with respect
to [CF22] that will allow us to find their asymptotic behavior and prove a sharp bound for the remainder.

Proof of Lemma 5 Our proof will follow that of [CF22, Lemmas 3, 4]. First, we observe that case ITI would
be dealt similarly as case I and that case III is a mixture of both cases I and II. Therefore, we will only detail
the proof of Lemma 5 in case I and leave the proof of Lemma 6 to the interested reader. We therefore consider
k € {1,...,K} so that we are in case I. Lemma 3 implies that x, is a simple eigenvalue of M(z;). Thus, we
can find a holomorphic function xj, defined on a neighborhood B.(z;,) of z; such that for all z € B.(z},), ki(2)
is an algebraically simple eigenvalue of M(z) and xx(2;) = k. We also know that for all z € B.(z;), the vector
m(z)p“_l
Ry(z) := : € Ccrtr
kk(2)
1

is an eigenvector of M(z) associated with xi(z). Because of Lemma 3, even if we have to take a smaller radius
e, we can assume that for all z € B.(z,), M(z) has xx(z) as a simple eigenvalue, r — 1 eigenvalues different from
kk(z) in D and p eigenvalues different from xy(z) in U. We define E*(z) (resp. E¥(z)) the strictly stable (resp.
strictly unstable) subspace of M(z) which corresponds to the subspace spanned by the generalized eigenvectors
of M(z) associated with eigenvalues different from s (z) in D (resp. U). We therefore know that E*(z) (resp.
E%(z)) has dimension r — 1 (resp. p) thanks to Lemma 3 and we have the decomposition

CPT" = E%(2) @ E(2) @ Span Ry(z).

The associated projectors are denoted 7°(z), m%(z) and 7%(z). Those linear maps commute with M(z) and
depend holomorphically on z € B.(z;,) (see [Kat95, I. Problem 5.9]).

For all z € B.(2,) NO and j € Z, Gj(z) and the vector W;(z) are well defined. Also, by Lemma 3, we have
that |kx(2)| < 1 for all z € B.(z;,) N O. By reasoning in the same manner as in the proof of [CF22, Lemma 3],

10



we have for all z € B.(z,) N O and j € Z

TEW(2) = Ll e (2
T(EW(2) = ey g (21)
T ()W (2) = ]IJ;:@)‘”[M(Z)NW’@(Z)e - Wﬂk(z)jlﬂk(z)e. (25)

We observe that the right hand side in the equations (23), (24) and (25) can be holomorphically extended
on B.(zj,). Therefore, we can extend holomorphically the applications which associates z to m°(z)W;(z),
7(2)W;(2) and 7*(2)W;(2) on the whole open ball B.(z,) and this allows us to extend W;(z) on B.(z;).
Since G;(2) is a coordinate of the vector W;(z), the holomorphic extension property is proved.

By reasoning in the same manner as in the proof of the inequality [CF22, (23)], we prove that there exist
two constants C, ¢ > 0 such that

Vz € Be(zp),Vj € Z, |7 (2)W;(2) + " (2)W;(2)]| < Cexp(—cljl).

This implies that
Vz € Be(2), V) € Z,  |Wj(2) = 7 (2)W;(2)]| < C exp(—cljl).

This is now where our proof differs from the proof of [CF22, Lemmas 3, 4]. In [CF22], the authors find bounds
on 7% (2)W;(2) and thus obtain estimates on G;(z). In our case, we have a stronger hypothesis (Hypothesis 1)
that allows us to have a much simpler expression (25) of 7*(2)W;(z) and this will enable us to find the precise
behavior of G;(z).

For j < 0, we observe from (25) that 7% (2)W;(z) = 0 and that G, (z) is a component of W;(z). We therefore
get the inequality (16).

We now consider the case j > 1. We have that G;(z) = (W;(z)), for all z € B.(z;,) where (X), refers to
the p-th coordinate of a vector X € CP*". Then,

Vz € Be(z),  1Gj(2) — (7" (2)W;(2))p| < Cexp(—clj).
We then define the holomorphic function

f/c: Ba(gk) — . C i
z = Ap(2)kik(z) (7T (Z)e)P .

By observing that (7%(2)W;(2)), = fx(2)rk(2)?, we get the inequality (15) and it now remains to obtain the
expression (19). We first need to determine the spectral projector 7% (z). We recall that ry(z) € St is a simple

eigenvalue of M(z) and the vector
KE (Z)p+r71

Ru(z) = ( e cr
Rl lZ
1

is an eigenvector of M(z) associated with ki (z). We also know that there exists a unique eigenvector Ly (z) =
(1;(2))jeq1,... p+ry € CPT™ of M(z)" associated with the eigenvalue ry(z) such that

Li(z) - Ri(2) =1
where the symmetric bilinear form - on CP*" is defined as®

p+r
VXY €CPTTL XY =) XpY
=1

Then, we have that
VY € CPT 7 (2)Y = (Li(2) - Y)Ri(2).

30bserve that this symetric bilinear form is not the Hermitian product on CP*T.

11



Thus, applying to the vector e implies that
(26)

We thus need to find the value of the coefficient I; (z). Since Ly(z) is an eigenvalue of M(z)? for the eigenvalue
kr(z), we get

vief{l,....p+r}, li(z)=— <Z (3117(—?-&-1—1) lil(é))'
L P

K
=—r

We now have an expression of each /;(z) depending on {1(z). To determine the value of [;(z), we have to use
the normalization condition that we have made between Ly (z) and Ry (z). We have

ptr p+r p—j
L= Li(2) - Ri(2) = 3 k(2P 905(2) = = | 303 Aulz)mi(2) 7 m
j=1 j=ll=—r p

By the expression of A;(z), this implies that

o (Z v lml(Z)Kk(Z)HT_l) filp((i)) - (pﬂk(z)r_lz B Z (p— l)aznk(z)lJf"_l) 1@2)

l=—7r l=—r
ll(Z)
Ay(z)

= — (prk(2)" " (2 = F(ki(2))) + kx(2)"F' (ki (2)))

Since ki (z) is an eigenvalue of M(z), Lemma 3 implies that
F(kp(2)) =2z and &L (2)F' (ki(2)) = 1.

Thus,
B ki (2)11(2)
K1, (2)Ap(2)

Combining this equality with (26) implies the equality (19). a

1=

3 Temporal Green’s function

We are now ready to start proving Theorem 1. In Section 3.1, we will prove the result of the theorem far
from the axes j = najg. In this regime, the estimates proved in [CF22, Theorem 1] on gj" and estimates on

the derivatives of the function Hg ., Will allow us to prove bounds that are even stronger than those claimed in
Theorem 1. The bulk of the proof will happen in the case where j — nay is close to 0 as the limiting estimates
of Theorem 1 occur in this case. Section 3.2 will summarize the idea of the proof in the case where j is close
to nay and Sections 3.3-3.5 give the details. The main tools are the use of functional calculus (see [Con90,
Chapter VII|) to express the elements ¢ with the spatial Green’s function G;(2) and the estimates on the
spatial Green’s function proved in Section 2.

Before we start, we are going to make two hypotheses to simplify the proof. The first one is that —1 ¢
{21,..., 2 }. This hypothesis is actually not restrictive. If it were not verified, we would just have to multiply
the sequence a by some well chosen element of S! to find a new sequence b that will verify this hypothesis and
prove the theorem for this new sequence. The theorem for our previous sequence a would directly follow.

The second hypothesis we make is that all o are distinct from one another. This hypothesis has a real
impact on the proof, symplifying greatly some parts of the calculations. We will come back in Section 4.1 to
the case where the elements aj can be equal and explain which elements of the proof should be modified.

12
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Figure 2: An illustration of the sectors Dy. Here, we have a; = —2, ag = 0.5 and ag = 4. The rays labeled ay,

(resp. 9y, 6r) correspond to the ray j = nay, (resp. j = nd,, j = ndy). We observe that, because d,, o and
0 have the same sign, j and «j have the same sign for (n,j) € Di. Also, the sectors Dy do not intersect each
other.

3.1 Estimates far from the axes j = na;

As explained at the beginning of the section, we suppose that all ay are distinct from one another. Without
loss of generality, we suppose that we arranged them so that there holds:

<. <o <...<ag.
For all k € {1,..., K}, we define two elements §,,5; € R* such that &,,5; and ), have the same sign and
0, <1 <61 < .. < <ap<0p<...<dg<ag<dk.
We now define for every k € {1,..., K} the sector
Dy :={(n,j) EN* X Z, nd, <j<nbi}

that do not intersect each other. We also introduce

K
D= U Ds.
k=1

We represent the sectors Dy, on the Figure 2. In this section, we are going to prove the following two lemmas,
which give estimates on the Green’s function ¢ and on the elements in its asymptotic expansion (7) outside
of the sectors Dy,.

Lemma 7. We have that
V(n,j) e NxZ, j<-—np orj>nr:>gj?1:0.

Furthermore, there exist two constants C,c > 0 such that
V(n,j) € (N* xZ\D, —-np<j<nr= L%"} < Cexp(—c(n+1j)). (27)

Lemma 8. We consider k € {1,...,K} and & € C[X,Y]. For all s € N, there exist two constants C,c > 0
such that

) « d , C _2up
V(n, ) € (N x 2\Dy,  |( 2 ( X 5= ) Hl ) ()| < —zor exp (—e [ Xainl 757)  (28)
d{E n2ek
where Xy, j i i= nok—j
n2Hk

Both lemmas are proved in a similar way.
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Proof of Lemma 7 The first part of Lemma 7 is directly proved recursively using the definition (6) of the
elements 4" and the equality (3) on the operator %,. We now focus our attention on the inequality (27) of
Lemma 7. The result [CF22, Theorem 1| gives us the existence of two constants C, ¢ > 0 such that

SSe) G — nag |\ FeT
Vn € N*.Vj € Z, |E4]”|§Z —— exp —c(glk)

k=1 M2k n2k
For a sufficiently small ¢ > 0, we have that

Wk e {1,...,K},Y(n,9) € (N x Z)\D, npSJ'SWéC(W) s dmrli) (29)

n 2tk

Therefore, we prove that there exist two positive constants C, ¢ such that
V(n,j) € N* xZ\D, —-np<j<nr= |€4J"| < Cexp(—c(n+j|))-
|

To prove Lemma 8, we use the following lemma which gives sharp estimates on the derivatives of the function
J2 i3

2pn

Lemma 9. For p € N*, 8 € C with positive real part and m € N, there exist two constants C,c > 0 such that
Vo € R, ‘Hzﬁu(m)(x)‘ < Cexp (—c|x|23i1) .

This lemma is proved in [Rob91, Proposition 5.3]. For the sake of completeness, we give a complete proof
in the appendix (Section 6).

Proof of Lemma 8 We fix a k € {1,...,K} and we verify the estimate of Lemma 8 for the monomial
P = X'xYW where lx,ly € N. We use Lemma 9 which implies the existence of two constants C,c¢ > 0 such

that
. . nog — 5\ g \) (nog, — j |nag, — j| b [nag — 7 e
V(n,j) € N* x Z, — (H2Mk) — || =C R exp | —¢ I
n2 e n 2

n 2k n2HK

This implies that there exists C > 0 such that

N )
(nakl—]> X (Hgﬁ,fk)(lY) (nakl—j>

n2Hk n2HK

24y,
_ 4 2pp—1
V(n,j) € N* x Z, ma‘“”) *

§C’exp —;( T

n 2k

Using the definition of the set Dy, we prove the existence of a constant ¢ > 0 such that

4

n 2kk

V(n,j) € (N* x Z)\Dy, ¢ <|m’“f‘7|> s e

Therefore, we easily conclude that there exist two positive constants C, ¢ such that the inequality (28) of Lemma
8 is verified for & = X! XY, a

Now that the two Lemmas 7 and 8 are proved, we observe that for any family of polynomials (t@]j)ke{L_MK}’JeN*
which belong to C[X,Y], for all s1,...,sx € N, there exist two positive constants C,c¢ such that for all
(n,j) € N* x Z\D

K ok 2 X d P Koo 2wy
g =300 2 (2 (S ) 1L ) (i) < 30— o (—eXuiul ) (30)
k=1o=11" k=1 M 2Fk
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and for any kg € {1,..., K} and for all (n, j) € Dy,, since the sets Dy do not intersect each other

K
2l d C 2pp
g~ ZZ e ('@k ( n.4, k») Hglik) (Xnjk)| < Z —77 eXDP (—c|Xn,j,k|2ukf1)

h=1o0—=1 ¥ k=1 N 2Rk
ketko

n . éﬁoﬁio ko d 5ko
gp -3 B8 (o (10 L) 1 ) (Xos)

o=1T1 ko

(31)

with X, jx = nok—J - There just remains to find a family of polynomials (25)).» to bound the last term in
n2Hk

(31) when (n, j) € Dy,.
3.2 Plan of the proof of Theorem 1 close to the axes j = na;

We claim that to conclude the proof of Theorem 1, there only remains to prove the following lemma;:

Lemma 10. For allk € {1,...,K} and sx € N, there ezist a family of polynomials (2% oeq1,....s,} i C[X,Y]
and two positive constants C,c such that

%n_iéwc P (X L) 2 ) (X 0)
7 _o o n,5,k> dx 24 n,j.k

Pl
o=1"1 e

Y(n,j) € Dy,

C _2pp
S o1 OXP (—C|Xn,j,k| 2“’“1) (32)

n 2rk

with ij)]g = %’fj.

Once the existence of families of polynomials (22%),. , satisfying Lemma 10 is proved, the inequalities (30)
and (31) we deduced from Lemmas 7 and 8 imply that Theorem 1 is also verified for the same family of
polynomials. It is important to observe that we use intensively the fact that the sectors Dy do not intersect
each other. In Section 4.1, we will see that when the elements «j are not supposed to be different, we will
need to adapt Lemma 10 to take into account that for each sector there could be multiple generalized Gaussian
waves that are superposed in the estimate (7).

We now focus our attention on proving Lemma 10. We fix k € {1,..., K} and s € N. For s = 0, the result
has been proved in [CF22, Theorem 1]|. Therefore, we will focus on the case where s > 1. The proof of Lemma
10 in this case will be separated in three steps:

e Step 1: In Section 3.3, we will express the elements ¢" using the spatial Green’s function G (z) via the
inverse Laplace transform and use the results of Section 2 to prove the following lemma;:

Lemma 11. For allk € {1,..., K} and for all s € N*, there exist two positive constants C,c such that for all

n g"ﬁj 400 . s—1 ]Rsk it 41 l ‘ ] j ﬁk
7= 52 Pt (ZHu)) ow (i (n= 20 ) - ot

—o0 1=0 Ok o
. 21
C |nag, — J|\ 21
S s+1 €xXp —C 1
n2kk n2tk

where T, := 6y is the only element of i] — w, 7| such that
2y = exp(zy,) = exp(il)
and the polynomial functions P, and R, ) have explicit expressions defined in Lemma 15.

e Step 2: We observe that in Lemma 11, we approach the elements %j” for (n,j) € Dy by an explicit linear
combination of the following terms where [,m € N and m > (2u; + 1)I

il +oo ; m+l ;
J . . J J B o, ol Cm) [ nag —j
o ) e (“ (=) ’f) at = g, ML )
—00 P 2 ot
’“ (&) ™ (&)

If we compare the terms in (33) with the terms appearing in the estimate (7) of Theorem 1, since we are
considering (n,j) € D, we see that aik is close to n. Therefore, once Lemma 11 is proved, we will only need
some standard analysis in Section 3.4 to prove the following lemma.
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Lemma 12. For alls ¢ N, m e N, [ € N\ {0} and k € {1,..., K}, if we consider d € N such that

q> s+1
T 2u —1

then there exist two constants C,c > 0 such that for all (n,j) € Dy,

(m) d—1 d—1 k
Hﬁk (Y B k C 24
241k k) 1,k1,ks3 kit+ks 778, (Mtk1) bk
N § E Tt (2pg k3 (Xnﬁjyk) H2;L,, (Xn,j,k) < =11 &XP _C|Xn,j7k| e
(L) = Ei=0k3=0 1M  2Mk n2k
ag
where Yy, j = = X, i1 = =L and

() (DR R et g
k L k + ko
Bl ks = D W (H +k4> :

2
k2=0 kim0 “HE

e Step 3: In Section 3.5, we will explicitly construct the polynomials &2 satisfying Lemma 10 using Lemmas
11 and 12. This will conclude the proof of Lemma 10 and Theorem 1 in the case where the elements «ay, are
distinct.

3.3 Step 1: Link between the spatial and temporal Green’s functions and proof
of Lemma 11

As explained at the end of the previous section, we start by proving Lemma 11. The first step will be to

express the elements ¢]* via the spatial Green’s function G;(2). The equation (13) implies by using the inverse

Laplace transform that if we define a path which surrounds o(%,) = F(S'), like for example ', = exp(p)S for

0 < p <, then

* n 1 n
VneN"VjeZ, ¢ = 50 sz Gj(z)dz.

We fix this choice of path for now but we are going to modify it in what follows. The idea will be to deform
the path on which we integrate so that we can best use the estimates on G(z) proved in Section 2. We start
with a change of variable z = exp(7) in the previous equality. Therefore, if we define T',, := {p +il,l € [-7, 7]}
and G;(7) = e"G;(e7), then

1
Vne N Vj€Z, 9'= %/ e""G;(T)dr. (34)
Fﬂ

We will therefore need a lemma that allows us to get from estimates on G,(z) to estimates on G;(7). First,
recalling that z;, # —1, we define for all k£ € {1,..., K} the unique element 7, := 6y of i] — m, 7[ such that

2y, = exp(zy,) = exp(ib).
We also introduce for all k € {1,..., K} the unique 0y €] — m, 7] such that
K = eifx.
We now introduce a lemma to pass from estimates on G;(z) to estimates on G, (7).

Lemma 13. There ezist a radius e, > 0 and for allk € {1,..., K} two holomorphic functions wy, : Be, (1) = C
and gi, : Be, (15,) = C such that for all € €]0,¢,[, there exist a width n. €]0, e[ and two constants C,c > 0 such
that if we define

K
U.:={r € C,R(r) € — e, 7], 3(r) € [-m,7]}  and Q= U\ | B:(zy),
k=1

then for all j € Z, the application T — G,(T) can be holomorphically extended on U, U Ule B.(1},) and we
have that ‘
VreQ,VjieZ, |Gi(r)| < Ce el (35)
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Also, for all k € {1,..., K}, depending on the case, we have that

Case I:
V7 € Be(z),¥i = 1, |Gi(1) — € gi(r)e?= M| < Cemlil, (36)
V7 € B.(1y,),Vj <0, |G;()] < Ce=Vl (37)
Case II:
V7 € Bo(1y),¥5 > 1, |Gy(r)] < Ce~eW, (38)
V7 € B(1,,),V¥j <0, |G;(1) — e gr(r)e?== M| < Ceelil) (39)
Case III:
V7 € Be(1y), Vi 21, |Gy(7) = €7 gy, (1) 51 (| < Ceelil] (40)
V€ Be(y), V5 <0, |Gy(7) = gy, , (1) T2 | < Cemelil, (41)

where we have Ty = {vk1,Vk 2}, oy, >0 and oy, , < 0.
For allk € {1,..., K}, we have

_ ) (T _ Ik) 1 /Bk 20k 20k
@i () e b — o +(=1) o2 (7 —2)™* + ol|T — . |7%). (42)
and
V7 € Be (1)), € g(1) = —sgn(aw)wy () (43)

For s € N*, we define the functions

s—1 (14+1)
Pt 7eC o —smlo) Y T Ty
=0
or: T7€C — i — (7—;75’“) + (—=1)mett a2€f+1 (T — 75) 2%,
2pts—1 (1)
Qs,k : 7€C Z = l'(Ik) (T - Ik)l7
Ryp: 7€C = TQu(r) — ().

The functions Pk, Qs and @i are asymptotic expansions of the function e” gy, and wy at 1), up to different
orders. We can then define a bounded holomorphic function & 1 : Be, (1,) — C such that

Vr € Be,(ri), wh(r) = Qua(r) + £ai(r)(7 — 1),

arR(r(r)) < —R(7 — 1,,) + ARR(T — 1,,)*"* — A[S
arR (@ (7)) + | |[€k (7) (T — 7,) 5| < —R(r — 1) + ArR(T — 1) %% — A[S

apR(or (1)) + |ak||Rs 1 (T)] < —R(7 — 1) + ArR(T — 1) — A;

Proof Using the Lemmas 5 and 6 and writing sz (z) = exp(wg(2)) for z near z, with wy(z,) = iy, we can
define for a choice of &, small enough two holomorphic functions wj and gi such that

V7 € Be, (zx),  @k(7) = wi(e7), gx(7) = fr(eT).

Lemmas 5 and 6 directly imply the inequalities (36), (37), (38), (39), (40) and (41) on the open balls B, (7;,)
and the fact that the functions 7 — G;(7) are holomorphic on B, (7;). We now consider ¢ €]0,e,[. The
inequalities we just proved remain true on B.(7;). Using a compactness argument and Lemma 4, we also get
the existence of 7. and the inequality (35).
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We observe that the asymptotic expansion (4) implies that

2pup+1
r—r = —ag(wi(r) = i) + (1) B (i) — i) % + O <’wk(7') i " ) .
T Ik

We then deduce the equation (42).

For 7 € B, (1}), the equations (19) and (22) imply the equality (43).

There only remains to prove the existence of Ar and A to verify the inequalities (44) - (46).

We are going to prove (44) first. Because of Young’s inequality, we have that for [ € {1,...,2u; — 1}, for
all § > 0, there exists Cs > 0 such that for all 7 € C

RIS () 20 < 5(r)e + CoR(r)e.

Furthermore, we have that

R (@i (r)) = —R(r — 1) + (~1)H ( RO (7 — ) - 2P g m%)) .
A A

Then, for § > 0, there exists Cs > 0 such that

aR(pr(r) < —R(T = 1) + R(T — 1) ( (ﬁ’i) +Cs ) S(r =z ( %(ﬁk) * 5)

A, A

Therefore, by taking § small enough, we can end the proof of inequality (44). The proof of inequality (45)
is similar. We have for 7 € B.,(1},)

xR (7)) + |l |€sk (T)(7 = 2) 77| < —R(7 — 1) + le| (2A€sn (DI — e[ + [Ro (7))

+ (- (Wﬁ R(r - 2 - S (s - m%) .

We know there exists ¢1,co > 0 such that
Vke{l,...,K} VT € C, |T]*"* <1 R(7)** + coS(1)*.

. R, ~ . .
Since & x and ;5 can be bounded by some constant C' > 0 on Be, (7)), using the same reasoning as
previously gives us

akR(@ (7)) + g ||€6k (7) (7 = 13) 4 H°) < —R(7 — 1,.) + || C (265 + &) (A R(T — 7,)** + oS (7 — 1) %)
+ R(T — 1) ( (2%2) +C ) (1 — 1)) 21 (— gz(ii) + 5) )

ay k

Taking § and e, small enough allows us to prove (45). We prove the inequality (46) the same way. |

Remark 1. We observe that the constants in the inequalities (36), (37), (38), (39), (40) and (41) can (and will)
be chosen uniformly with respect to € €]0,¢,[. However, it is not the case for the constants in inequality (35).
3.3.1 Choice of integration paths for the proof of Lemma 11

From now on, we fixa k € {1,..., K} and an integer s € N\ {0} and our goal is to prove the claim of Lemma 11
for this k and s, i.e. we want to prove the existence of two positive constants C, ¢ such that for all (n,j) € Dy
we have

T (Rs 1 (it + 74))" j i B
gn _ AR / PS i+ S, ~k it _ _ tQMk dt
¢ o kit +1y) § g |exelidn . TS ai”

2
C noyg — g\ 21
S exp| ¢ ('1') - (47)

n 2rk

18



We will suppose that a > 0. The major consequence is that for (n,j) € Dy, we have j > 1. This implies that
we will use the inequalities (36), (38) and (40). The case where ay, < 0 would need some little modifications, in
particular we will have that j < 0 for (n, j) € D) and we would rather use the inequalities (37), (39) and (41).

Before we begin with the proof, we will need to introduce some lemmas and define some elements. First, we
can easily prove the following lemma which allows us to pass from bounds that are exponentially decaying in n
to the generalized Gaussian bounds expected in (47).

Lemma 14. We consider C,c > 0. Then, for all s € N*, there exist C,é> 0 such that

C’ 2pp
V(n,j) € Dy, Cexp(—cn) < — exp <—6|Xn7j7k|2“k1:1>

N2k

; . nakg—j
with Xn,j,k: = 71J
n 2Hk

We now apply Lemma 13 and consider ¢ €]0, £,[ small enough so that
Vi,je{l,...,K}, z;#z; = B(r;) N Be(z;) = 0

and
vie{l,...,K}, B.r)c{reC, S(r)e€[-mmn]}.

This can be done because we supposed that z; # —1 which implies 7; ¢ {—im,ir} for all [. We also introduce
some conditions on the values 7. we defined in Lemma 13 which will be useful later on in the proof, especially
for Lemma 19. We define the function

re: |0, — R

N Y (48)

which serves to define the extremities of —n + iR N B(7;,) for any k € {1,..., K}. We impose that 7. is small
enough so that
3
Ne < \/;5. (49)

Te(ne) >

This condition implies that

DO ™

Finally, we also impose that

2t £\ 21k
Vke {1,...,K}, 7.+ Api? _A,(§) <0. (50)

We now fix a constant 7 €]0,7.[ which we will use to express the modified path on which we will integrate the
right-hand term of equality (34).

We will now follow a strategy developed in [ZH98|, which has also been used in [God03], [CF22] and [CF21],
and introduce a family of parameterized curves. For 7, € R, we introduce

Uy (1p) = 7p — AR, M.

1

The function ¥y is continuous and strictly increasing on | —oo, (m

1
) e [ We choose ¢ small enough so

that it is strictly increasing on | — 0o,¢]. We can therefore introduce for 7, € [—7, €]
Pip={r€C,—n<R(7) <7, R(m— ;) — ApR(T — 1) + A1S(7 — 1, = Uy (7,) } -

It is a symmetric curve with respect to the axis R + 7, = R4 46) which intersects this axis on the point 7, + 7.

Uy (1p) =i (—n)
Ag

I'kp. We can also introduce a parametrization of this curve by defining i, : [—lk p, k. p] — C such that

V1p € [-m,e] V€ [~lip, lep],  S(ep(t) =t + 0k, R(Vep(t) = hip(t) == Ut (Uh(ry) — At?) . (51)

1
If we introduce £y, = ( ) o , then —n + (0 + lkp) and —n + i(0; — Ly p) are the end points of

The above parametrization immediately yields that there exists a constant M > 0 such that

VTP € [_7776]7Vt € [_ek,pvgk,p]a ‘h;cp(t” <M. (52)
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Also, there exists a constant ¢, > 0 such that
V1, € [-0, e, VT €Thp, R(T—174) — Tp < —:S(T — 1) 21, (53)

We introduce those integration paths I'y , because they allow us to use optimally the inequalities (44)-(46).
For example, if we seek to bound e"™t7@x(7) when (n,j) € Dy and 7 € Ty, it follows from the equality
sgn(j) = sgn(ay) and the inequalities (45) and (53) that

nR(T — 1) + jR(wi (1)) < nR(r — 1)) — ozi.k (R(T — 1) — ApR(T — 75) 2 A (T — Ik)Q”’“)

J J 2
< —ne (T — 1) — [ = —n ) 7, + —AgT2H*
- +S( ) o Py RTp

(54)

Such calculations will happen regularly in the following proof (see Lemmas 17 and 18). There remains to
make an appropriate choice of 7, depending on n and j that minimizes the right-hand side of the inequality
(54) whilst the paths I'y , remain within the ball B.(7,). Even if we have to consider a smaller 7, we can define
a real number 0 < e ¢ < ¢ such that the curve I';, ,, associated to 7, = €1, intersects the axis —n + iR within
B (1},). Then, we let

;o A y Zuk 1
Ck = J naka Ve = RJ) Pk <<k> = sgn ( ) (|Ck> .
Ve Yk

2upn n

The inequality (54) thus becomes
nR(T — 73,) + jR(wi (1)) < —ne (1 — 1) 2 + (7;67'2’“‘ — 20k CrTp)- (55)

Our limiting estimates will come from the case where ¢, is close to 0. We observe that the condition (n, j) € Dy,
implies a
ARSy, <k < AROg. (56)

Moreover, we have that py (%) is the unique real root of the polynomial

20 —1
T = (.

Then, we take

Pk (%) ;i ( ) [—3,ek0], (Case A)
Tp = €k,0, if pg (Cf > €k,0, (Case B)
-1, if py (77 < —3. (Case C)
The case A corresponds to the choice to minimize the right-hand side of (55). The cases B and C allow the

path I'y ,, to stay within B, (7).
There just remains to define the path I'y, defined on the Figure 3. As we can see, it follows the ray —n+i[—m7, 7]
and is deformed inside B¢ (7;,) into the path I'y, ,. We define

Tires :={—n+it,t € [—m, w\[0k — L p, Ok + Lrp]} N Be(Ty),
Tkout :={—n +it,t € [—m, 7|} N B:(1},)¢,
Tkin :=Tkp Uk res,
Ty =Tkin U Tk out-

Using Cauchy’s formula and taking into account the "2im-periodicity" of G;(7), we have that for all n € N*

and j € Z
1 1
gn = — enTGj (T)dT = — enTGj (T)dT. (57)

7 2im Jp, 2im Jr,

In order to prove Lemma 11, we will start by proving the following lemma.
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Fk;,out

rk,r’e,q

Figure 3: A representation of the path I'y for 7, = 0. It is composed of I'y oys (in red), I'y res (in green) and
Ik p (in blue). The section of I'y, which lies inside the ball B.(7),) (i.e. the reunion of I'y s and I'y ;) is notated

k,in-

Lemma 15. For all k € {1,..., K} and for all s € N*, there exist two positive constants C,c such that for all

(naj) € Dk
1 §@&mw - C Ina — |\ T

%]n - Ps,k(T) k,' enTGJWk(T)dT < ——exp | —c < L >
27/77 Fk,in l n 2Hk n2ek

=0

Our main focus now will be to prove Lemma 15. We observe that the triangular inequality implies

1 s—1 ]R 1 8
n_ _* 5.k nt jer(T) < - E
G ) (Z ) e < o) B ©8)
i 1=0 =1
where
| e Bam | [ e (@) - Con(r) emplm(r)dr
Tk out Tk in

b

Ey = / e"THIFT) (e g (1) — Py (7)) dr
T

, E, = / e"THIFT) (o7 g (1) — Py (7)) dr
Tk res

Es = / P, (T (ejw’“(T) - ejQSvk(T)> dr Eg = / P, i (1)e™” (ejw’“(T) - ejQSvk(T)> dr
T T res

s—1 ,. 1
. . R (7
B, — P, p(r)en+ion()  eirentn) 3 URak(D) Y 01
) l'
Ckp 1=0 :
s—1 ,. 1
; ; T
Es = P, o (1)e"mHien(m) [ giRar(m) _ § R k(1)) dr
L res , =0 l‘

We will now have to determine estimates on all these terms depending on % (case I, IT and IIT) and also on
Tp and I'y ,:

e Case A: p; (%) IS [—g,ﬁk,oL
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e Case B: p; (%’;) > €k,0,

e Case C: p; (%) < —2.

The main contribution will come from the terms E3, F5 and E; in the case A. We will prove much sharper
estimates for the other terms.

3.3.2 Preliminary lemmas

Before we start to determine the estimates on the different terms, we are going to introduce some lemmas to
simplify the redaction. Those lemmas assemble inequalities in the different cases (A, B and C) for which the
proofs are similar with variations depending on the case we are in. They mainly rely on the inequalities (44),
(45) and (46). The proofs of those lemmas can be found in the appendix.

We start with a lemma which will be useful to study the terms FE5, Eg, E7 and Eg.

Lemma 16 (Inequalities in B, (1)). There exists C > 0 such that for all T € B, (1;,) and (n,j) € Dy, we

have
e (I — 1k | < Ol — 2y [ exp(nR(T — 73) + (R (7)) + sgn(an) | x(7) (7 = 7,241
and
: : = Ry (7)) \
enT+J<Pk(T) (e]Rs,k(T) _ Z 3;?) <C (n|7_ B Ik|2uk+1)a exp(n?R(szk.)Jrj(?R(gak(T))+Sgn(ak)|Rsyk(7)|)).
1=0 :

This next lemma will be useful for terms where the integral is defined along the path T'y , (terms Es, Es
and Er).

Lemma 17 (Inequalities on Iy ,). For (n,j) € N* X Z such that sgn(j) = sgn(ag) and 7 € I'y, , we have
e Case A: py (f{—’;) IS [-g,fk,o]

24,

nR(7 —73) + G (R(r(r) + smn(0n) o (7) (7 = 72)%4 ) < —men (7 — 1) — (s — 1) <|§k|) R
(59)
nR(T — 1) + JR(wi (7)) < —ne (T — Ik)Ql"c _ %(2/% — D)y <|§:|) o ;
(60)
_ ; _ X+ — 2u, _ Y _ @ 23:51
WR(r = 2) + IR (1) + sgn(an) Res(1) < —nes(r = 2 = (g = 1 (1) 7
(61)
e Case B: py (5—’;) > €k,0
nR(7 — ) + G (R(@r(r) 4 smn(on) s (7) (7 — 24 7)) < = (2 — 1) Ardielly (62)
nR(r = 1,) + JR(@(T)) < (2~ DARD (63)
nR(r —74) + (R (o (r)) + sn(n) | Rus(r)]) < = (2 — D ARBY (64)
e Case C: py (%) < -3
WR(7 = 73) + (R (1) + sgn(an) Een (1) — 1)) < 2 - DARs (3) L (69)
nR(r — 7,) + R () < — (o~ DArg (1) (66)
Ak
nR(r — 730 + S (Rpe(7)) + senln) [Rep(r)) < 2@~ DArdy (5) - (67)
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Finally, we introduce in the next lemma some inequalities that will help us for the terms with integrals
defined on T'y yes (terms Ey, Eg and Ej).

Lemma 18 (Inequalities on T'y ;es). For (n,j) € N* X Z such that sgn(j) = sgn(ag) and 7 € T res, we have in
all cases

nR(r = 1) + JR(@x (7)) + sgn(on) [§()(7 = )+ 2]) < —n 7, (68)
nR(r = 1) +J(R(@i(7)) < —n. (69)
nR(r = 14) + 3 (R(pu(7)) + sen(aw) | Rus(7)]) < —n. (70)

3.3.3 Estimates of part of the terms

We are going to first prove estimates for the terms where the proof will not depend on the case A, B or C in
which we are.

o Estimate for Fs:

We introduce the path I'; ;. defined as

Fn,k = {777 + it7t € [777771']} N BE(Ik)'

Using Cauchy’s formula, we have that

/F (G () — T gr(r) expljn(r)) dr = / e (G (r) — € gi(r) expljomk (7)) dr.

F%k

Because we supposed that oy > 0, depending on whether we are in case I or III, the previous equality and the
inequalities (36) and (40) imply

—nn-cj
Se .

/F €T (G (r) — € g () exp(jomi(r))) dr

k,in

e Estimate for Fy:
The inequality (69) implies

/ eI (o7 gy (1) — Pag(7)) dr
I

k,res

S/F exp (nR(7) + jR(wi (7)) dr| S e "%

k,res

e Estimate for Fg:
If we use Lemma 16, we have

/ P, i (1)e™” (ejw’“(T) - ejQSvk(T)) dr
T res

S / exp(nR(r — 7,) + j(R(w (7)) + sgnaw) [ 1 (7) (T — 1) ))n| 7 — 1, [#4Fdr .
Tk res
Therefore, the inequality (68) implies

—na _pn
Sne "2 Se .

/ PS,k(T)e"T (ejwk(T) _ est,k(T)) dr
Fk,res

e Estimate for Fg:
If we use Lemma 16, we have

s—1 ,. 1
nrtion(r) [ gifon(r) _ N~ URsR(T))
/kaeSPs,k(T)e Iew (eJ g > i dr

=0

S /F exp(nR(1 — 1) + j(R(@r (7)) + sgn(aw) | R (1)) (0|7 — 1, [71)*|dr .
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Therefore, the inequality (70) implies

J

It remains to study the terms F,, E3, F5 and FE7.

s—1 ,. )
Puaterien (a5 Ul 4

=0

k,res

3.3.4 The terms E3, F5 and E;, Case A : p (%) € [—g,f‘?k,o}

This part of the proof is the most important because those terms will create the limiting estimates.
e Estimate for Fs:
Because of Taylor’s theorem, we have

Es =

[ @t - Pt = Oar
r

k,p

5/ |7 — 74[* exp (nR(7) + R (i ())) |dr].
N

k,p

The inequality (60) implies

zu ke
FE5 ,S / ‘T—Ik|se—nc*9(7—1k)2“k|d7_|exp _l(zuk . 1) (Ck) K
Pl Ok Vi

But, the inequality (56) and the fact that pg (C’“) = 7, imply

|Ck|) BT 2pp — 1 2
2 > ApS,n|T,|*H.
2 (o= 1y (2 =L gyl
If we introduce ¢ > 0 small enough, then
Es S / |7 — 1% —ne.S(r-1,)* \dT\ exp( cn\7p|2“’"‘) )
Thop

Using the parametrization (51) and the inequality (52), we have

Li,p
A\FﬂﬁfW%imﬁwﬁ/ (Impl* + lt1*)e """ .
k,p k

5P

The change of variables u = nﬁt and the fact that the function z > 0 — z°exp (fng“’“) is bounded

imply
Zk’p 1
/ |t|s —ncst “kdt < —
—Llk,p n2Hk
ek,p s _nc*tzuk < 1 C 2Hk
|7p|%e dt S —5 exp §n|7p| .
—lp N 2Hk
Thus,
1 2pk
B3 S —rexp —*anpl

n2“k

Lastly, the inequality (56) implies that we have a constant ¢ > 0 independent from j and n such that

— g —
§n|7'p|2“’° 2 é ('] 7;LOU€|>
n

2

S0,
2up

k
E3 S 1 exp | —¢ <] — "Oék|) L
P 1
Tl2“k nZuk

~ T s+l

e Estimate for Fs:
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Using Lemma 16 and the inequality (59), we have

/ Ps’k(T)enT (ejwk(T) _ est,k(T)> dr
T'ep

< /F T — 1P exp(nR(7 — 1) + § (R (7)) + sgn(an) [€s,x (T)(7 — 2,,)#7))) | dr|

k,p

By =

2u 1
< exp —01(2uk—1>wk('§i') ) [ el esp(one (- 2.
IN

k,p

Just like in the estimate for the previous term, because of the inequality (56), if we introduce ¢ > 0 small

enough, we have
E5 < nexp (—en|my|**) / |7 — 73|25 exp(—ne, (1 — 71, ) %) |d].
Pr.p

The same reasoning as for the estimate of E3 implies that
Li,p

Zk,p . P
n/ |7 — [P exp(—ne, (T — 7,,) %) |dr| < ”/ |t|2’““+567"6*t2} Fdt + n/ |7 |PHrFsgmment e gt
T k

k,p P —Llkp

1 . c .
The change of variables u = n2=x t and the fact that the function z > 0 — 22+ exp (—§x2“’“) is bounded

imply ,
k.p 2y 1
n/ ‘t|2”k+se_nc*t “kdt 5 —,

—Zk,p n 2k

Kk,p Utts 7nc*t2’”€ dt < 1 C 2L
n 7] 2 — 17 exp 5n\7p| .
k

P n 2tk

Thus,

1
E5 5 —31 €XP <7fn|7—;0|2'uk>

n Mk

Lastly, the inequality on ~; (56) implies that we have a constant ¢ > 0 independent from j and n such that

— g —
§n|7'p|2“’° 2 é ('] V;Lak|>
n

2

S0,

1 ‘ . | 2Bk
g —nag|\ et
B Lo (o (L)

n2ek n2hk

o Estimate for E;:
Using Lemma 16 and the inequality (61), we have

s—1
(R ())
Pos(r)eriont) (ifent) -3 U ok dr
[, petorerseic (e 5

=

Er; =

~

s /p (|7 — 2,71 exp(nR(7 — 7;,) + §(R(x (7)) + sgn(aw )| Rs i (7)])) d7]

k,p

2u ke
Sexp | - <2uk1>vk('<’;') ) [ -l explene,S(r - %)
I

k,p
Just like in the estimate for the previous term, because of the inequality (56), if we introduce ¢ > 0 small

enough, we have

Br S exp (<enfry ) [ |r = 2y exp(-ne,S(r - £, fdr].

kap
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The same reasoning as for the estimate of F3 implies that

nt [ gl exp(-ne S — ]
r

k,p

e 2 frr 24 +1 20
< ns/ |t|5( HE+1) g —nc. dt+n5/ |Tp|3( pi+1) g—nea ™k gy
k

—Llkp —lkp

1 c
The change of variables u = n?*t and the fact that the function x > 0 — 25rst1) exp (—§m2“’“) is

bounded imply
1

s4+1 7
n2pk

ka
, _ 20,
’I’LS/ |t|s(2#k+1)€ nest dts
—lgp

Li,p

P _ 2p 1

ns/ ‘T ‘S(2Hk+1) ne.t* e g, < — exp( n\T ‘2/1;@)'
k,p n2HE

Thus,

1
E7 5 —11 €XP (77n|7—;0|2”k>

n %Mk
Lastly, the inequality on v (56) implies that we have a constant ¢ > 0 independent from j and n such that

_ Fp—
§n|7'p|2“k > <|.7 TILOék|)
n

Py

S0,

. . e

— M —
n2ek n 2tk

3.3.5 The terms E3, E5 and E7, Case B and C:

We now consider that we are either in case B or case C (i.e. Pk(,%) ¢ -2, eno))
o Estimate for Es:
Because of Taylor’s theorem, we have

Es =

/ enmHIET) (e g (1) — Py (7)) dr
N

k,p

Sﬂih—gﬁmmmﬂﬁﬁwmeﬂ

k,p

Using the inequality (63) or (66) whether we are in case B or C, they imply that there exists ¢ > 0
independent from j and n such that
Es Se

e Estimate for Fs:
Using Lemma 16, we have

/ enTPS’k(T) (ejwk(T) _ est,k(T)) dr
Tip

S/F nfm — 1 [P exp(nR(r — 1) + §(R(wn(7)) + sgn(an) €, (7) (T — 1) 2477 )| dr .

k,p

Es =

Using the inequality (62) or (65) whether we are in case B or C, they imply that there exists ¢ > 0
independent from j and n such that
Es <ne " <e 2m,

e Estimate for Fr:
Using Lemma 16, we have

s—1
/ P87k(7_)en7+jtpk(7') (esz,k("') Z ']R‘s k > dr
Fk,p =0

S /F (|7 — 2,7 exp(nR(1 — 1) + F (R (7)) + sgn(aw) [ Rs o (7)]))ld7].

k,p

By =
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Figure 4: This is a representation of I';, where we decompose I'y o,:. The red path corresponds to fo the part of
Tk out Which lies outside the balls B.(7;). The green path corresponds to I'; the part of 'y ,,; which lies inside
the ball B.(7;). The dashed green path corresponds to the deformation we use in the proof of the estimate for
E.

Using the inequality (64) or (67) whether we are in case B or C, they imply that there exists ¢ > 0
independent from j and n such that
Fr <nfe " < e 3m,

3.3.6 Estimate for the term F;

e Estimate for Fi:
We recall that

B =

/ eV G;(T)dr|.
Tk out

For 7 € T out, we have different estimates depending on whether we are inside a ball B.(r;) or not.
Therefore, we introduce the set of distinct points

{f,..., 7} ={1, le{l,....K}}\{1,}.

It allows us to decompose the path I'y 5, as

Fl7

C=

Fk,out =

0

where for all [ € {1,..., R}
Fl = Pk,out N Bs(’f_l)

and

R
Lo =Tk out\ U I.
I=1

This decomposition of 'y, oy is represented on Figure 4. The inequality (35) gives us that

—nn—cljl
<e .

/A e G;(T)dr

r

We now cousider | € {1,..., R}. There are two possibilities because of Hypothesis 3:
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e Theset {i € {1,...,R}, 1z, =7} is the singleton {i} with a; < 0 (i.e. we are in case IT). Then, knowing
that for (n,j) € Dy we have j > 1, because of the inequality (38), we have

/ e"" G, (T)dr
T

e The set {i € {1,...,R}, 1z, ="} is the singleton {i} with ; > 0 (i.e. we are in case I) or it has two
distinct elements {i, j} with a; > 0 and a; < 0 (i.e. we are in case III). Either way, the inequalities (36) and

(40) imply that
/A e""Gj(T)dr /A exp(nt + jw;(1))e” gi(T)dr
I I

Just like we defined the path I'y p, I'y res and I'y s, := 'y p, Uy o5, we can define a path I'; ,, T'; ;s and
Diin =T p UL res. The path I'; ;,, is represented with a dashed green line on the Figure 4. Using Cauchy’s
formula, we then have

/A exp(nt + jw;(1))e” g;(1)dr = / exp(nt + jow,(7))e” gi(1)dr
I

Tiin

—nn—clj|
<e .

< 2xCem—clil 4

The function 7 — €7 g;(7) can be bounded so we just have to bound / exp(nR(1 — ;) + jR(wi(1)))d|T|.
Tiin
We observe that the proofs of the Lemmas 17 and 18 are also true for I'; , and T'; ;5. Using the inequality (69)
for the integral along the path I'; .., we prove that there exists a constant ¢ > 0 independent from n and j so
that

/F  exp(nR(r— 1) + R ()l S e

It remains to bound the integral along the path I'; ,. In the case A (i.e. pl(f;—) € [—4,¢€i0]), we observe
that for (n,j) € Dk, v; is bounded between two positive constants and

IGil = in(|o; — 9, lai — Ol).

Therefore, using the inequality (60) and the previous observation in case A and using the inequalities (63) and
(66) in cases B and C, we prove that there exists a constant ¢ > 0 independent from n and j so that

/F exp(nR(r - 1,) + jR(ws(r))dlr] S e,

iHp

Therefore, there exists a constant ¢ > 0 such that

/A e G;(T)dr
IV}
This gives a sharp estimate of E.
If we recapitulate the estimates we found, we can define two constants C, ¢ > 0 such that

V(n,j) € Dp,Vl € {1,2,4,6,8}, E; < Ce ",

V(n7j) € Dk7

—Ccn
<e .

and

C ) — -1
V(n,j) € Dy, Vi € {3,5,7}, Ei < —x oxp _C<|J71w‘k|>‘k

n2ek n 2tk

The estimates we proved on all the terms and Lemma 14 allow us to conclude the proof of Lemma 15.

3.3.7 From Lemma 15 to Lemma 11

Now that Lemma 15 is proved, we know that there exist two positive constants C, ¢ such that for all (n, j) € Dy,

s—1 N 2k
n 1 ]RSk nr T |TLOék _.]‘ =t
9 — %in (lgo e el (T dr —exp | —¢| ——— . (71)

Lk, in N2tk

<

nzpk

Proving Lemma 11 amounts to proving a similar estimate as (71) where the integration path would be
{it + 7, t € R}. This is the goal of this subsection. We prove the following lemma, which will use the conditions
(49) and (50) we introduced on 7.
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Tt

comp

Pk‘.in

Figure 5: A representation of the path I'y ;y,, I‘%m and Ffomp for 7;, = 0 used in Lemma 19.

Lemma 19. We define the path
Fg,in = {it, te [0 —re(n), 0k +r-(n)]}

where the function r. is defined in (48). Then, for all m € N*, there exist two positive constants C,c such that

V(nvj) € Dka

/ (r— Ik)me"Tej‘/”‘"(T)dT — / (r— Ik)me"Tej‘P’“(T)dT < Ce .
1“0

k,in Tk,in

Proof As in Figure 5, we define the paths

Clomp =t +i(0x + (), te[-n,00}, Ty ={t+i(0k —re(n), te[-n0]}.

Cauchy’s formula then implies that

/ (r— Ik)me”Tej‘p’“(T)dT — / (r— Ik)me”TeW’“(T)dT
1"0

Tkin

k,in

<

+

(r— Ik)memej“"’“ (M ar
r+
comp

/ (r— Ik)me"TeN’“(T)dT .
F;Omp

We need to find estimates for the two terms on the right-hand side. Both terms will be bounded similarly so

we will focus on the first one. Since I'f,,,,,, C B:(z},), we have

0
< / exp (nt + JR ok (¢ + (0 + r-(1)))) d.

-n

/ (T fzk)me"Te””“(T)dT
Thomp

For t €] —n,0[, since t + i(0 + r-(n)) € B, (1)) and - > 0, using the inequality (44), we prove

nt + jR(er(t +i(0k + ro(n)))) < aik (n+ Agn* — A (n)™) .

Using the inequality (49), we have that r.(n) > r-(n:) > 5. Inequality (50) then implies that

£\ 2Kk
0+ AP — Apre(n)*' < e + Apn2'c — Ap (5) <0
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Since (n,j) € Dy, we have that aik > j—in so there must exist ¢ > 0 such that

V(n,j) € Dy, Vt €] —n,0[, nt+ jR(or(t+i(0r +7:(n)))) < —cn.

This concludes the proof of Lemma 19. g

Using Lemma 15 and the estimate (71), we have thus proved that for all s € N*, there exist two positive
constants C, ¢ such that for all (n,j) € Dy

s—1

nd  pre(n) R (it I , ,
g — *L“ﬁk/ Ps (it + 1) GRsn(it 7)) exp | it (n—] ) L Ek 21 | dt
27 1=0 I Ak Ak Oékuk

—7re(n)

There just remains to prove the following lemma to conclude the proof of Lemma 11.

Lemma 20. For all m € N and ¢y > 0, there exist two positive constants C,c > 0 such that

+oo

Y(n,j) € Dy, / t™ exp <]cot2‘““) dt < Ce ",
. g

5(77)

Proof The proof is done recursively and using the following equality proved by integrating by parts

+o0 . m+1—2pg i
/ t"™ exp <C‘chot2“k) dt = L exp <cors(n)2‘““ J )
T

<(n) 2urco - Q

1— 2, [+ '
+ Lj“’“/ M2k expy (_]00t2uk> dt. (73)
2ukcog;  Jra(m) Xk

e For m € {0,...,2u, — 1}, since the second term of the sum on the right hand side of (73) is non-positive,
using the fact that (n,j) € Di, we directly prove the result.

e If we consider m > 2uy such that the result of lemma has been proved for all m € {0,...,m — 1}, then
the equality (73) implies the result for m = m.

|

Combining Lemmas 20, 14 and the inequality (72), we easily conclude the proof of Lemma 11.

3.4 Step 2 : Proof of Lemma 12

As we explained in Section 3.2, Lemma 11 and the equality (33) imply that we proved generalized Gaussian
estimates on the difference between the elements ¢* and a linear combination of

1 g, (m) [ nag —j

] 21 HZp,k ] 21
g\ Tk g\ Mk
g Qg

We now need to approach the above terms by the elements appearing in Theorem 1, i.e. a linear combination

of
1 o\ M2 m 1
1 (m‘kl]) HQBII:k( ' (naklj> where [ € N*,my,m; € N.

n2rk n 2k n 2k

where [ € N* m € N.

This is the goal of Lemma 12 that we recall here:
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Lemma (Lemma 12). For alls € N, m € N, 1 € N\ {0} and k € {1,..., K}, if we consider d € N such that

s+1
T 2ui —1

then there exist two constants C,c > 0 such that for all (n,j) € Dy,

(m) d—1 d—1
Hﬁk (Y k C 2
20k n,j, k l k1,ks k1+ks B (m+ 1) 75
] §: E: TIFCrp—Dks (Xn,jk) H,,, (Xnj)| S —z7 exp | —c|Xn, | 75T
(L) i k1=0ks=01n 2Kk n kK
ag
where Yy, jp 1= T, Xy g v= 2L and
(L) 2ug, n2hk
X
k k k1—ks [ks—1
. 1 (k;)(il) 1—k2 3 l-l—kz
e%l ki.k = E 7k‘ H + k4 .
RS kl'kgla 3 Q,Uk
kzZO : Tk }C4:0

First, we prove the following lemma.
Lemma 21. Foralls e N, meN and k € {1,...,K}, if we consider d € N such that

s+1
T 2up—1

then there exist two constants C,c > 0 such that for all (n,j) € Dy,

d—1 778, (m+k1) 1 1\ k1
(m) H2 (Xn.jk) . a \ %Hk 1\ 2#k
KB Y, ; Lk s ks ag (1
o (Yngw) — kE_O o (now — j) ; -
=
< gl exp (— ‘ank 25::1%1) )
n 2tk

Proof We will apply Taylor’s Theorem to bound the term on the left hand side of the inequality. We observe
using the bounds of Lemma 9 on the derivatives of Hg ., that there exist two positive constants C, ¢ such that

; By, (m+d) .
V(n,5) € D,V € X Yagal, [H, ™ (@)] < Coxp (—e| Xzl ™57) (74)

We also observe that the mean value inequality implies that there exists a constant C' > 0 such that

1 1
g\ 2Hk 1\ 2%
(5)"-()

V(n,j) € Dy, [nag — jl. (75)

< —
n1+m

Combining Taylor’s Theorem and both inequalities (74) and (75), we can prove the existence of two positive
constants C, ¢ such that for all (n,j) € Dy

d—1 778 (mtk1) 1 A\
B (M) . HQuk (Xnj.k) N Qy \ 2k 1 2%
H2Mk (Yn,],k) - Z k1! (nak — .]) 1 7 _ E
k1=0
c 2d otk
< —— | Xk exp (_C‘Xn’j’k|2#k*1) )
nd(-m
2,
Since the function z — 22¢ exp (—%xzﬂkil) is bounded, our choice for d allows us to conclude. O

Using Lemma 21, we have now approached the elements ¢ via a linear combination of

(noy, — j)k

I+kg

ki—ko . Ty
n 20k J
Qg

We approach the terms in (76) using the following lemma.

Hﬁk

24k

() (”O‘k_j> where 1 € N*,m € N,ky € N ks € {0,...,k1} . (76)

n 2Hk
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Lemma 22. We consider s € N, m € N, 1 € N\ {0}, k1 € N, ks € {0,...,k1} and k € {1,...,K}. We define
the function

. 1
\Ilq:CUGR_,'_HE.

If we consider d € N such that
q> 5 +1
T 2u —1

then there exist two constants C,c > 0 such that for all (n,j) € Dy,

‘Ij(zisk) ( ) k
(m+k1) (nak _j)kl ] 2”2 .7 ?
KB X o)k ) g =) - — [ =— —n
2p ( nvjvk) nké;]fz l;;k: g k:gZ:O kg' ap
C L
< —exp (—C|ank|2“k71)
n 2tk

Proof We will apply Taylor’s theorem to bound the term on the left hand side of the inequality. We observe
that there exist two positive constants C, ¢ such that

‘ J (@) c
D R Ui S
V(n,j) € Di,Vz € {nv OZJ ) ’ l;:k? (x)‘ > ’nl;:‘kkz T (77)

Thus, the inequality (77) and Taylor’s theorem imply the existence of two positive constants C, ¢ such that for
all (’I’L,]) € Dy,

\I/(llisk) ( ) .
(k) (nay, — j)" j 2 (1) :
H: KXngk) —=,— | ¥ ) = e (o,
" () n 2\ kszzo k3! ag
¢ ki+d 2w
< 7 [ Xnisl Fexp (—C\Xn,j,k 2‘%*1) .
NI +d(1— ps )
_2Hp
Since the function & — 2%+ exp ( S 1) is bounded, our choice for d allows us to conclude. O

Lemmas 21 and 22 allow us to conclude the proof of Lemma 12.

3.5 Step 3: Construction of the polynomials & satisfying Lemma 10 and Theo-
rem 1

Now that Lemmas 11 and 12 are proved, we will construct the polynomials &% in C[X,Y] which will verify
Lemma 10 and Theorem 1. We start by introducing some notations. We fix k € {1,..., K} and s; € N. For
I € {0,...,sr — 1}, we define the coefficients "Z{si,l,m € Cform e {Qur+11,..., Qug +sp— 1)l +s,—1}

such that
2 —1) —1
Rsk..k-(T)l (2pr+se—1)l+sk

VT € Bé‘* (Ik)v Psk,k(T)/li' = Z %i,l,m(T - Ik)m' (78)
’ m=(2ur+1)I

where the polynomial functions P,  and Ry, i are defined in Lemma 13. Using Lemma 11 and equality (33),
we prove that there exist two positive constants C, ¢ such that for all (n,j) € Dy

sp—1 ur+sp—1)l+s—1 +1 . 2up,
k—1 (2pp+se— k— s]i,l . k |Oék| 5, (m) C lnay, — 4]\ Ze
G — zin, Z Z — e Ha, (Y| S —gmexp | o ————
=(2up+1)l (L 2 n 2k n 2k
(e93

(79)
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where Y, j = -,

I\ 2pg
A

We now want to apply Lemma 12, so we need to define an integer d € N such that

qd> Sk-i-l'
T 2u —1

We will consider that d = s, + 1 so that when we will do computations of the polynomials &% in Section 5,
we will not have to distinguish the value of d depending on the value of pg. Then, for I € {0,...,s; — 1},
m € {(2ux + 1), ..., 2ui + sk, — 1)l + s, — 1} and k1, k3 € {0, ..., s}, we define the coefficients

m—+l
%skk,l,m,k:l,kg = 'Q{sli,l,mak * |a7€‘%7kn72p,kl+l,k1,k3
m+l—k k1 ks—
_ DO Pl 3 <k1> (1) i—f mo2ul 1tk (80)
]{11”63! fa=0 k‘g Fa=0 2,UJ]C

where the coefficients %%, _ 2upl+1,k1 ks ar€ defined in Lemma 12. Combining the result of Lemma 12 with the
estimates (79), we prove the existence of two positive constants C, ¢ such that for all (n, j) € Dy

sp—1 Qur+sp—1)l+sp—1 sy Sk (5]{; (m-+k1)
" n j Sk,l,m,k1,ks  ki+ks 7Bk mTR1 .
ij — 2Lk E : § : E : § : m—2ppl+ks (20 —1)+1 Xn,]vk H2pk (Xn,],k)
1=0 m=2ur+1)l  k1=0k3=0T7 2hk
C 2pp
< o exp (—elXoin 7HT) - (81)
n 2rk

with X, j 1 == n%—J For o € {1,...,s;}, we define the polynomial

n 2kk

sp—1 Curtse—Dl4+se—1 s, sp

Pe(X,Y):= ) > DD Loutiks e Db 1=0 Gy e iy XY € CIXL Y. (82)
=0 m= (2Hk+1)l k1=0k3=0

Using the estimates on the derivatives of H (Lemma 9) to take care of the terms where m — 2uil + k3 (2u, —

1) + 1 > s + 1, the inequality (81) 1mphes that the polynomials 2% verify the estimates (32) of Lemma 10.
Lemma 10 is proved and Theorem 1 in the case where the elements oy, are supposed to be distinct ensues from
Lemma 10 and inequalities (30) and (31).

4 Closing arguments on Theorem 1 and proof of Corollary 1

4.1 Proof of Theorem 1 when the elements o, can be equal

As we said in the beginning on Section 3, we supposed in the proof that the elements «j were distinct from
one another. In the case where the aj can be equal, there are some changes that need to be done but the
calculations remain similar. Most modifications will happen on the part of the proof contained in Section 3.3.
First, just as in Section 3.1, we would define 6, & r and Dy, in the same manner but with the added condition
that if oy, = oy, then 8, = 6; and 9, =9;.
If we consider kg € {1,..., K}, we define

ci={ke{l,...,K}, ap=ak}-.

We observe that for k € Ji,, we have Dy, = Dy, because of our new condition.
Lemmas 7 and 8 remain true. The inequality (30) thus remains true, however inequality (31) now becomes
that for kg € {1,..., K}, there exist two constants C, ¢ > 0 such that for all (n,j) € Dy,

20 d
ZZ SRk <<@k< n,J,k;) H§§k> (Xn,j,k)

=lo=1 n2uk

K
C
< Z sett SXP (_C|ij,k

2pp
2np—1

20 d



Therefore, to prove Theorem 1, we now have to prove the following lemma which is a modification of Lemma
10.

Lemma 23 (Modified Lemma 10). For all ko € {1,..., K} and (sg)reg,, € N7xo | there exist a family of
polynomials (szj)ge{l,wsk} in C[X,Y] for each k € Ty, and two positive constants C, ¢ such that for (n,j) € Dy,

ZpK C 2up
-3 > (o (g ) 5L ) (Kasa)| € 3 o e (e )

2
KETry o=1 TV " kE€Tky T 2k

with X jj 1= "1

Just as in the case where the elements aj were supposed distinct, if Lemma 23 is verified, then the families
of polynomials (%)}, , constructed in Lemma 23 will also verify the estimates (7) of Theorem 1. Since the
equality (33) and Lemma 12 remain true, to prove Lemma 23, we only have to prove the following Lemma which
is a modification of Lemma 11.

Lemma 24 (Modified Lemma 11). For all ko € {1,...,K} and for all (si)reg,, € N*T%o  there exist two
positive constants C,c such that for all (n,j) € Dy,

sp—1 ,. . 1 .
R t

g zk’{k Pskk(zt+7k) E U Ry (0t + 7)) exp | it n—i —i g’i 2uk ) dt

ked 1=0 i Ak g a™

ko =
s ¢ may, — |\ T
nog — J|\ 2t
S s+l €xXp —C< 21 )
n 2tk

k€Tk, T 2k
where the polynomial functions Ps,  and Rs, 1 have explicit expression defined in Lemma 13.

Therefore, there just remains to prove Lemma 24 and Theorem 1 will ensue. We recall that, to prove Lemma
11 in the case where the elements ayj, were distinct from one another, we found an expression of the elements
¢ as an integral along the path I'y

1
VneNVjeZ, 9= / TG (r)dr
27/ Tk

and used the triangular inequality to find the inequality (58) that we recall here

n 1 \ sz,k T ! nr i T 1 8
gj - 5. Fk. PS,k(T) (Z ( l|( )) )e e]ipk( )dT < 72

20w

We then bounded all the terms E; to find an estimate on

s—1

n 1 ]Rsk nt_jor(T)
g] — ﬂ (% ) e e””‘ dr|.

Fk,zn

In the case where the elements ay are no longer supposed to be distinct, the reasoning is the same but with a
better suited choice of path to express the elements ¢". We fix ko € {1,..., K} and introduce the path I'y,
which is the ray {—n+it,t € [-m, 7|} deformed into the path 'y ;, inside the balls B.(r;) for k € Jy, (see
Figure 6). Using Cauchy’s formula and taking into account the "2im-periodicity" of G;(7), we have that

1
Vne N VjeZ, ¥"'= e""G;(T)dr

I 2um T,

We end up with an inequality similar to (58).

S (jRe (7))
Z /Fk B Sk k (Z kil) enTe]LPk(T)dT < —Tr out + Z ZEZ k (83)

T ey 1=0 kE Ty 1=2
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Fkg,’i’n

Fk:(, sout

Figure 6: A representation of the path fko. Inside the balls B.(r;,) where k belongs to Jj,, it follows the path
Ik in composed of I'y, yes and 'y, ,. For I € {1,..., K}, if there is no k € Jj, such that 7, = 7;, then the path

T4, inside B.(r;) just corresponds to the ray {—n + it,t € [—m, 7]}

where E)j has the same definition as Fj in (58) but depends on the k € Ji, we consider. The term FE,,; is
similar to E; in (58) and is equal to

Eout =

b

/ e G;(T)dr
T

ko,out

where fko,out corresponds to the part of fko outside the balls B.(z;,) for k € Ji, (see the red path on Figure
6). Reasoning in the same manner as in the case where the elements «y, are different from one another, we get
estimates on the different terms. The minor modifications are left to the reader. Notice that Lemmas 19 and
20 are still verified, Lemma 24 ensues. Therefore, Theorem 1 in the case where the elements «; can be equal is
proved for the same polynomials &2 given in Section 3.5.

4.2 Proof of Corollary 1

We are now going to prove Corollary 1 that we recall here:

Corollary (Corollary 1). Let a € £*(Z) which verifies Hypotheses 1 and /. If there exists some integer J € Z
such that the sequence b := (aj4.7)jez verifies Hypotheses 2 and 3, then for all s1,...,sx € N there exist a
family of polynomials (95)06{1 ,,,,, ser 1 C[X,Y] for each k € {1,...,K} and two positive constants C,c such
that for allm € N* and j € Z

K sk n j
n 2L K d
G-y ket (yg (Xnu‘,ka d:p) Hﬁfk) (Xnjk)

2
k=1o=1 0"k

~oc _2np
< Z spr1 OXP (_C|Xn7j,k|2“’“71)

We consider that a satisfies the hypotheses of Corollary 1. As we said just before we introduced the corollary,
we observe that if we define F' the symbol associated with b, then we have that

Ve eS', F(r)=r"7F(r).

and we have for k € {1,..., K}

Flrge'®) =, s zeexp(—i(an + )E = Brg™* +o(g™)). (84)
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We fix s1, ..., sk € N. Applying Theorem 1 for the sequence b, there exist a family of polynomials (z@f)ge{l’“_,sk}
in C[X,Y] for each k € {1,..., K} and two positive constants C, ¢ such that for all n € N* and j € Z

), — 35 ek <9k< o +7) - J;i)Hﬁ) <n(ak+g>—j>|

el o—1 n2kk TLQ"R n2ek
K 20
¢ |”(0¢k+J)*J| el
< E FT eXP —
k=11 %Mk TLQ“’C

By observing that
VneN'Vj€Z, (L'6);=(L0)j—ns =9 01

we conclude the proof of Corollary 1.

5 Computations of the polynomials &%

Now that Theorem 1 is proved, we want to compute the polynomials &% defined with (82) in the proof of
Theorem 1. We separate this section in three parts:

defined as (78). Based on the
are expressed

e The coefficients of the polynomials #* depend on the elements .«7*

klm

definition of the polynomials Ps, ; and Qs, ; defined in Lemma 13, the elements ,Qf

,m

using derivatives of wy, at 7,. In Section 5.1, we present a reliable way to compute the value w,(cn) (T))-

e In Section 5.2, we compute the polynomials &% for ¢ = 1,2. We compare those results with the asymptotic
expansion determined in [RSC15, Theorem 1.2].

e In Section 5.3, we compute numerically the polynomials &% and verify the sharpness of the estimates (7)
in Theorem 1 for two specific examples of sequences a:
* A case where the sequence a has real non negative coefficients.

* The sequence a associated to the O3 scheme for the transport equation.

5.1 Computing the derivatives of w; at 7,

The coefficients ’Q{ei 1.m defined in (78) are expressed using the derivatives of wy, at 7. We now present a

reliable way to compute w,(cn) (1,). For 7 € B, (1), e™*(7) = ki(e7) is an eigenvalue of M(e”). Lemma 3
implies that
Vr € B. (1), F(e™()=e". (85)

For all n € N, we define the moment function

M,: C* — C

" n 86
Kk = Zjezj a; K’ (86)

We observe that we have the equality My = F' and

dM,
VnEN,VﬁEC*, Mn-‘,—l( ) HWL(KZ),
thus J
“ w(T) _ / w(T)

neN,Vr € B (r)), o (Mn (e )) @ (7) Mgt (e ) . (87)

We will differentiate the equality (85) and use the equality (87) to find an expression of w,in)(z ). To do so,
we introduce the Bell polynomials (see [Com74], Chapter 3.3) defined for n € N and j € {1,...,n} as

X1\" Xnj1o; \ "
dEres Xngacg) le o lng1g! <1'> (n+1-j)
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where the sum is taken over the integers l1,...,l+1—; € N such that

j:ll+l2+--~+ln+l—j;
n=l1—1—212—|—...—|—(n—|—1—j)ln+1_j.

The Bell polynomials B,, ; verify the following equalities:

n+l—j
n—1
* Vg 1,... B, = X;Bo_ii_
Vn e N ,VJE{ 5 ,n}, n,j 7;21 <Z1> 1Pn—i,j—1, (88)
0B, ;
Yne N Vjie{l,....,n},Vie{l,...,n+1—j}, 6X7»J = (?)Bn—i,j—l. (89)

We can now prove the following lemma which allows us to express recursively the derivatives of wy at 7,
with the moments M, (k).

Lemma 25. For allk € {1,...,K}, we have

13
M (k)

@, (1) =

n 1 - n
Vn>2, ! () = YACH) Zy — ZMj(ﬁk)Bn,j (wfc(zk), @M k))
K =

Proof Using the equalities (87), (88) and (89), we can prove recursively the following equality for all n € N*
and 7 € B, (1) which looks like Faa di Bruno’s formula :

d” ok (7) Y @i (7) / (n+1-3)
— (Mo(e™™)) = 3 My (™) By (@), (1) (90)
=1
Using the equalities (90), (85) and My = F', we conclude the proof of Lemma 25. O

5.2 Computation of Z* for o = 1,2

In this section, we will compute the polynomials &% for o = 1,2. The goal is to compare the asymptotic
expansion (7) with the result of [RSC15, Theorem 1.2] and with the local limit theorem (see [Pet75, Chapter
VII, Theorem 13]). We consider k € {1,..., K} and s, € N*.

e We start to compute the polynomials 22F. We have using (82)

spk—1 Quetsp—1ltsp—1 s, s

kq1+k: m+k
E E E E Lotk (2= 1)1 =1 G Ly ey X T OY T

=2ur+1)l  k1=0k3z=0

sk

_ k I
= Z%sk,o,o,kl,ox Y

k1=0
Furthermore, for k1 € {0,...,s;}, we have using the definition (80) of €* L.k ks DAL
o* _ 0 if by > 1,
5%,0,0,k1,0 %’fk,mda“ if k; =0.

Furthermore, using the equality (78) and the asymptotic expansion (42), we have

1
dE o= —sgn(ag)wi () = —.
%50,0 gn(ay)wy,(7y,) k]

We then have
k _ k _
Cer,0,0,k0,0 = Dy 0,0l = 1.
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Therefore, we have proved that
Vs € N\ {0}, 2F=1. (91)

Theorem 1 implies that there exist two positive constants C, ¢ such that

K C | i -
— pr—1
<Y —exp | —c (mlj) . (92)

1 NPk n2nn

J

K .
I{ —_
V(n,j) eN* xZ, |90 -3 2 kaﬁk (nakl ]>
b—1 ’]’LZ”k n2HK

The estimate (92) deduced from Theorem 1 gives us the same leading term for the asymptotic behavior of %J”
as expected from [RSC15, Theorem 1.2].
e We now compute the polynomials &25. We have using (82)

sp—1 (2up+sk—1)l+sk—1 s s

ki+ksy m+k
Py = Z Z DD Lo sprrkg 041220 L gy X TR
(2,uk+1) k1=0 k3=0

1+ki1vk: kiv1+kq kiv2ur+1+k1
= E:ﬂuk 10 0,001 X Y L CE 01 gy 0 XY G o i1y 0 XY :

k1=0
Furthermore, for k; € {0, ..., s}, we have using the definition (80) of €% su Lm ki ks DAL
(gk _ 0 if kl > 17
$k,0,1,k1,0 — %’Z’O’laﬂaﬂ if k4 =0,
" B { 0 if kg > 1,
Sk, 1,2uk+1,k1,0 %Ji L 2#k+1ak#k+2‘ak| if ky =0,

ko+1
k kl ko M2 T 2
(gsk,0,0,kl,l = M,o 00 |ak| Z < ) 2,Uk:

k2 =0
{ 0 if ky > 2,
= ALY o 0sgn(ar) .
Poog B0 i gy = 0,1
Also, using the equality (78) and Lemma 25, we have
ﬂfsi,o,o = —sgn(ak)w; (Th)s
2
427512,0,1 = _Sgn<ak)wl(c )(Ik)a
(2ﬂk+1)(7_ )
%k — ! Wy, k
Sky 1,20 +1 Sgn(ak)wk(lk) (Q,Uk + 1)!

Thus, for all s, € N\ {0},
@)

71/2%“ 93
(2px + 1)! (93)

w (T
P =L (~ZHE) (x4 27) - ()Y - o (1)

Theorem 1 thus implies that there exist two positive constants C, ¢ such that for all (n,j) € N* x Z

K
» 1 , 1 d
gjn — Zihy, E i Hg;k (Xnjk) + — '@5 (Xn,jJ“’ dm) ngk n,j,k
n ik

k=1 N2k

21
eXp (—C|Xn,j7k|2uk*1)

(94)

with X,, ; j := "0k=d
2;%

* When py, > 2, the asymptotic expansion (42) implies that w( )(Tk) = 0. Thus, the equality (93) becomes

(2Hk+1)(7_ )
Ph = ol P (r) T

2pp+1
(2uk + 1)! Y (95)
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* We now look at the case pp = 1. The equality (93) becomes

wl(cg) (1)

y3.
6

!/
2 = (- ZHE) (x4 x27) - o (@)Y - afmi(z)
As we said in the introduction of the paper, the polynomials satisfying Theorem 1 are not unique. We will now
propose a more convenient choice of polynomials to replace &, 5, 2. Using Lemma 1, if we define the polynomial

o)

Q(X.Y) = (—28imh(zi) — afw”(r,) ) ¥ + (—2ﬁzwz<rk> - azwumg”)) Y® e CX,Y]

we have J J
P% ( dx) HP» = Qf ( dx) HY. (96)

We can then replace £225 with QF in the estimate (94) when pj = 1. This allows us to express the second term

of the asymptotic expansion using a linear combination of derivatives of Hy" since Q%(X,Y) does not have any
terms where X intervenes. We notice that the asymptotic expansion (42) implies that

(2)
@, (1) Br
R 1 (07)

Using Lemma 25 and equality (97), we can prove that actually
1

2
6z

Q5(X,Y) = ——5 (27 Ms(ry) — 32, Ma (k) My (53,) + 2M1 (5y)%) Y. (98)

We will see in Section 5.3.1 that, in the probabilistic case we presented in the introduction of the paper that
motivated our result, this expression of QF gives exactly the second term of the asymptotic expansion (1) when
we apply the local limit theorem (which is fortunate).

5.3 Numerical examples

In this section, we consider some examples of elements a € ¢!(Z) which satisfy the conditions of Theorem 1 and
see how sharp the estimations we found are.

5.3.1 Probability distribution : real non negative sequences

First, we consider the case where a has real non negative coefficients. If we introduce the sequence b = (a_;) ez,
then b is the probability distribution of some random variable X supported on Z. We observe that L, = £,
so, recalling that ™ = b« ... x b, we have

VneN"VjeZ, bl =9"
We will settle on a € ¢}(Z) such that a; =0 for j # —1,0,1 and
a_1=2/3,a0 =1/6,a1 = 1/6.
This sequence verifies Hypothesis 1. In this case, we have r = p = 1. Also, F'(1) =1 and
Ve € SN\ {1}, |F(k)] <1.

The function F' satisfies that

F(e) =, exp(—iaf — € +o(€?)

where « = E(X) = % and 8 = @ = i. We have 1 = 1 in this case and Hypothesis 2 is satisfied with K =1,
k; =1 and z; = 1. It also directly satisfies Hypothesis 3 since K = 1. Since K = 1, we lose the subscript k in
most the notations that follow. The sequence a verifies Hypotheses 1, 2 and 3, so we can apply Theorem 1. As
an example, we will apply Theorem 1 for s = 2 and use the calculations of Section 5.2 to determine the terms

of the asymptotic expansion:
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e Using the equality (91) on &2F, the leading order term of the asymptotic expansion given by Theorem 1 is

1 =B
V2V (X)n eXp( 2V(X)n > |

e We notice that using the moments function M,, defined with (86), we have

VneN, My(1) = (—1)"E(X").

Using the equalities (96) and (98) that respectively links the polynomials Z5 and Q} and allows us to compute
the polynomial QF, the second order term of the asymptotic expansion given by Theorem 1 is

% <—é(M3(1) — 3M(1)M;(1) +2M1(1)3)) (HQB)(B) (Xn,j)
E(X —E(X))?) (. 4\® (Xn,;
= =g, ) (m)

Xn,j
s <¢V<X>>

n
where X, j := % and the function ¢; : R — R is defined as
E(X —E(X))3), . 22
Ve eR, qx):= fM(x‘3 —3zx)e” 7.

627V (X)?2

Theorem 1 then states that there exist two constants C, ¢ > 0 such that

C
Vn e N*,Vj € Z, |Err(n,j)| < —5exp (—c |Xn,j|2) , (99)
n2

N Xl _ql(\/%>
’ WGXI’( 2V<X>) n

The estimate (99) is exactly the asymptotic expansion of the elements b} = 9" we expected via the local
limit theorem (see [Pet75, Chapter VII, Theorem 13] for more details). This behavior is represented on Figure

7 where we even see that the remainder n%Err(n, j) seems to scale like f ("%] ) This would correspond to

the next term in the asymptotic expansion of ¢;".

5.3.2 The O3 scheme for the transport equation

We will now consider an example linked to finite difference schemes. We consider the transport equation
Ou+adyu=0, (t,z) e Ry xR

with Cauchy data at ¢ = 0. The O3 scheme is an explicit third order accurate finite difference approximation
of the previous transport equation. We refer to [Des08]| for a detailed analysis of this scheme. It corresponds to
the numerical scheme (5) for a € ¢*(Z) such that a; =0 for j ¢ {—2,—1,0,1} and

Aa(1 — (Aa)?) ~Aa(l+ Xa)(2 - Aa) (1= (Aa)H)(2 - ) ~Aa(l = Xa)(2 - Aa)
— % 1T y o e T

a_9 = —

with A = % > (0. The parameter Aa is the Courant number. We have in this case that » = 2 and p = 1. For
Aa €] — 1,1[\ {0}, we have that F(1) =1 and

Ve e SN\ {1}, |F(x) < L.
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Figure 7: On the left : A representation of ns MaX;c{—nr,... np} |EIT(1, j)| depending on n. As expected knowing
that —r < a < p, we see that the function is bounded and even seems to converge. On the right : We fixed
n = 100 and represented j € Z — n2Err(n, j).

Also, there exists 3 € R such that
F(e*) = exp(—iXag — B¢ +0(¢Y)).
£—0

We have 4 = 2 in this case and Hypothesis 2 is satisfied with K =1, k; = 1 and z; = 1. Since K =1, we
lose the subscript & in most the notations that follow. The sequence a verifies hypotheses 1, 2 and 3, so we can
apply Theorem 1. As an example, we will apply Theorem 1 for s = 3 and Aa = %

e Using the equality (91), we have

=1

e Using the equality (95) and Lemma 25 to compute w®) (1), we have
Py =0.

o Using the equality (82) to express the polynomial &?; and Lemma 25 to compute the coefficients .27 ,,,, we
numerically compute the polynomials S5:
Py = p3Y*
where p3 ~ —1,953125.1073.
Theorem 1 then states that there exist two constants C, ¢ > 0 such that

C 4
Vn e N*VjeZ, |Err(n,j)|< = exp (—c|Xn,j|3) , (100)
n

with X, ; = "a; and
n

3
. n 1 d
Err(n,j) == 9" — E -3 Py <Xn,j7 dgc) Hf(Xn,j)
o=1

This behavior is represented on Figure 8 where we even see that the remainder nErr(n,j) seems to scale
like f (”j%j ) Hence, the estimate (100) seems to be sharp.

6 Appendix: Proof of auxiliary results

6.1 Proof of the Lemma 2

We recall here the statement of Lemma 2.
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Figure 8: For these figures, we chose Aa = 1/2. On the left : A representation of nmax;c_p,, . npy [Err(n, j)|
depending on n. As expected, the function seems to be bounded. On the right : We fixed n = 100 and
represented j € Z +— nErr(n, j). We observe the exponential decay in j. Also, we can see a particular shape of
curve that arises that would correspond to the next term in the asymptotic expansion of {fj".

Lemma (Lemma 2). For a € ¢*(Z) which verifies Hypotheses 1 and 2, we have that a_, and a, belong to D.

Proof We introduce the polynomial function g defined by
P
Ve e C, g¢g(k):= Z ar T
l=—7r
For all x € S', Hypothesis 2 implies that

lg(r)| = |c"F(k)] = |F(k)] < 1.

Observing that g is not a constant function, the maximum principle for holomorphic functions [Rud87] allows
us to conclude that
la—p| = 1g(0)] < 1.

The same kind of argument allows us to conclude for the coefficient a,,. O

6.2 Proof of the Lemma 9
We recall here the statement of Lemma 9.

Lemma (Lemma 9). For yu € N*, 8 € C with positive real part and m € N, there exist two constants C,¢ > 0
such that

vz € R, ‘Hzﬁﬂ(m)(x)‘ < Cexp (—c|x|2ﬁ%1) .

Proof We fix 7 € R that we will choose more precisely later. Integrating the function z — (i2)™ exp(izx —32")
on the rectangle depicted in the Figure 9 using the Cauchy formula and passing to the limit R — +o00, we obtain

m 1 ) ) o
ver, Hj, " (@) = o / (i(t + im)) el TH =B gy
R

Thus,
g (m) e 2, o\m . \2p
‘HQH (ac)‘ < e IR(t + %)% exp (=R (B(t + in)*)) dt.



in

-R R

Figure 9: Integrating path for the proof of Lemma 9.

Using Young’s inequality, we can show that there exists a constant ¢ > 0 such that
vteR, R(B(t+in)*) > @tz“ — e
and thus there exists C' > 0 independent from = and 7 such that
|15, (@)] < 1+ e e,

Optimizing e~nTten™ with respect to 1 yields the desired result. O
p Ui

6.3 Proof of the Lemma 16

We recall here the statement of Lemma 16.

Lemma (Lemma 16, Inequalities in Be, (7). There exists C > 0 such that for all T € B, (1},) and (n,j) € D,
we have

o7 (840) — @) | < Onfr — 7, P exp(n(r — ) + JR(@(r)) + senlan) s (7) (7 — 7))

and

s—1 ,. 1
Gnrien(n) (esz,m) -y URW)))

i < O (n|r — 2 *41) " exp(nR(T—15,) +5 (R(pr (7)) +sgn(ar) [ R 1 (7)]))-
1=0 ’

Proof We begin with the first inequality. We define the holomorphic function S such that

1 if 2z=0
Vz € C, S(Z):{ sinh(z) b 7

else.

We consider (n,j) € Dy, and 7 € Be, (1;,). We have

S (jgsvk(T)(T;rk)%HsN

exp (nm(ﬂ + (%(wm)) - (EM(T)(T Qm)ws)» '

We observe that the function z € C +— |S(z)|exp(—|#|) is bounded. Therefore, because the function & can
be bounded on B. (1)) and R(7) = R(7 — 1),

e (&1 — 2O | = (Tl — Tyl

onT (ejwkm — k] emm) ’

N BN sl -z

< nfr—1, |2 exp (n%(T —Ti) 7 (%(wk(r)) -R ( 5 5
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Since we have

J (R - (DI e

< j (%(wk(T)) + Sgn(ak)|§s’k(7—)(7 _ Ik)Zﬂk+s|) )

The proof of the second inequality is similar. We define the holomorphic function ¥, such that

VzeC, Wy(z) ( i;)

=0

We then have

4 - S~ Rk (1) -
o <6JRW”—Z = )=<a’Rs,k(r))sws<sz,k<r>>e"T+m<”.

=0

We observe that the function z € C — |¥4(z)|exp(—|z|) is bounded. Therefore,

s—1
i (r) <eaRs S M)
=0

We can then conclude the proof of the second inequality. O

< (nfr — o ) exp(nR(r — 1) + jR(pk (7)) + [7Rs (7))

6.4 Proof of the Lemma 17
We recall here the statement of Lemma 17.

Lemma (Lemma 17, Inequalities on I'y ,). For (n,j) € N* x Z such that sgn(j) = sgn(ag) and 7 € T'y,, we
have

e Case A: pg (f{—’;) € [-%%,0]

Mk
R — (R _ 2puk+s < _ o . 2 ﬁ 9 1 @ Zpig—1
nR(1 — 13,) + j(R(@i (7)) + sgn(aw) |,k (T) (T — 74) ) < —ne,S(r — 1) ak( e — e *
2hk
nR(T — 73,) + jR(wi (1)) < —ne, (1 — 1)+ — T2 — Dy <|Ck|) e
Ak Vi
LT
nR(T — 73,) + F(R(pr(7)) + sgn(an) | Rs (7)) < —neuS(r — 75,) %% — 0%(21% )y <|§:|> T
e Case B: pk( >>gk0
n%(T - Ik) +](§R(Wk(7')) + sgn(ak)\ﬁs7k(r)(r — Ik)Z,uk+s|) < 70{3]6(2#]6 _ I)ARék&‘i%’“,
nR(r = 1) + JR(wk(r)) < — (2~ D ARG
(T — 1) + (e (7)) + sgnlan) [Ra (7)) < —0%(2/% ~ D) Apdyerty
o Case C: py <'€7:) <-1
2pk
nR(r = 7,) + JR( (7)) + (o) |k (7)(T = TP )) < = 5 (24— 1) Ay (3)
24k

~—
NS
~——

nR(r — 1) + jR(wi (7)) < —a%@uk — 1)Agé,

3

2pk
3)

nR(r = 73) + J(R(oe(r)) + sn(@) B (1)) < =22 = DAy (
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Proof In every case, the second inequality is a direct consequence of the first one. Furthermore, the proof of
the first and third inequalities are very similar. For the first one, we will use inequality (45) and the third one
will rely on inequality (46). Thus, we will focus in each case on the first inequality.

We consider (n,j) € N* x Z such that sgn(j) = sgn(ax) and 7 € I'y,,. Using first the inequality (45), the
fact that 7 € I'y, ,, and finally the inequality (53), we have

nR(r = 1) + §(R(@r (7)) + sgn () 6o (7) (T = ,,)*F°]) < nR(r - 1) — a%‘pk(Tp)

n
< —ne (1 — 74, ) %+ o (W — 2 CeTp) -
o First, we consider the case A. Then, we have 7, = py, (f/—’;) Therefore,

2pp
20 _ |C’f| et
VeTp!* = 2ueCep = — (206 — 1)k o <. (101)
e We consider the case B. Because 7, = €19, we have

n

WR(r = 23) + JR(@(T)) + sen() (D) = 22 H)) < 2= (vellt — 2mGieio)

Ak

We recall that pg (%) > €10 and that py <%) is the only real root of —(; 4+ Yex?**~1 = 0. Therefore,
Z;Ak—l

_Ck < _’Ykgk’() and
T — 2ty < —(2p — yrery < 0. (102)

Using (56) to bound 7%, we deduce the inequality (62).

o Finally, we place ourselves in case C. We have that 7, = SO

_n
27

nR(r — 1) + J(R(wr(r) + semlow) o x(7)(r = 1)) < (% (™ + zukckg) .

We recall that pg (%) < —2 and that py (%) is the only real root of —(; + vxz?**~1 = 0. Then,
gk < —Yk (%)Q#kil and
2tk n 2k
’yk’rp — QILLkaTp S —(Q,Uzk — 1)’}% (§> S 0. (103)

Using (56) to bound 7, we deduce the inequality (65). O

6.5 Proof of the Lemma 18

We recall here the statement of Lemma 18.

Lemma (Lemma 18). For (n,j) € N* x Z such that sgn(j) = sgn(ag) and 7 € T'y res, we have in all cases
nR(r = 1,) + j (R(wi (7)) + sen(a) | k(7)(r — 7)) < —n 2,

nR(r — 1) + j(R(wk (7)) < —n

)

NSNS N

nR(r — 15.) + (R(pr(7)) + sgnlar) [ Rs 1 (T)]) < —n

Proof For the same reasons as for the proof of Lemma 17, we will only focus on the first inequality. We
consider (n,j) € N* x Z such that sgn(j) = sgn(ag) and 7 € 'y ,es. Using the inequality (45) and the facts
that (7 — 1,,)%* > Eif;’" and —n + ik, + 1), € Tk p, we have

nR(r — 14) + J(R(@r (7)) + sgn(aw) €, (T) (7 — 1)) < —nip — =2 (=n = Apn™* + ArS(r — 1))
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We know that n + 7, > £, so

2

J 7

n n
—nn — =—(1p, — ARTS"’“) =-nn+7)+ o (’ymg”’“ — 2,ukaTp) < fng + o (’ykTg“’“ — 2MkaTp) .

g

We proved at the end of the proof of Lemma 17 that, in the three cases A, B and C, vaguk — 2Ty are
non positive (see (101), (102) and (103)). This concludes the proof. O
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