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Towards Noise-adaptive, Problem-adaptive
Stochastic Gradient Descent

Sharan Vaswani*
Amii, University of Alberta

Abstract

We design step-size schemes that make
stochastic gradient descent (SGD) adap-
tive to (i) the noise o2 in the stochastic
gradients and (ii) problem-dependent con-
stants. When minimizing smooth, strongly-
convex functions with condition number k,
we first prove that T iterations of SGD
with Nesterov acceleration and exponentially
decreasing step-sizes can achieve a near-
optimal O (exp (=T/ V&) + @°/T) convergence
rate. Under a relaxed assumption on the
noise, with the same step-size scheme and
knowledge of the smoothness, we prove that
SGD can achieve an O (exp (~T/x) + o°/1)
rate. In order to be adaptive to the smooth-
ness, we use a stochastic line-search (SLS)
and show (via upper and lower-bounds) that
SGD converges at the desired rate, but only
to a neighbourhood of the solution. Next,
we use SGD with an offline estimate of
the smoothness, and prove convergence to
the minimizer. However, its convergence is
slowed down proportional to the estimation
error and we prove a lower-bound justifying
this slowdown. Compared to other step-size
schemes, we empirically demonstrate the ef-
fectiveness of exponential step-sizes coupled
with a novel variant of SLS.

1 Introduction

We study unconstrained minimization of a finite-sum
objective f : R — R prevalent in machine learning,

weRd

min f(w) = %Zfi(w). (1)
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For supervised learning, n represents the number of
training examples and f; is the loss of example 1.
Throughout the main paper, we assume f to be a
smooth, strongly-convex function and denote w* to be
the unique minimizer of the above problem. We con-
sider broader function classes in Appendix B.

We study stochastic gradient descent (SGD) and its
accelerated variant for minimizing f (Robbins and
Monro, 1951; Nemirovski and Yudin, 1983; Nesterov,
2004; Bottou et al., 2018). The empirical performance
and the theoretical convergence of SGD is governed
by the choice of its step-size, and numerous ways of
selecting it have been studied in the literature. For ex-
ample, Moulines and Bach (2011); Gower et al. (2019)
use a constant step-size for convex and strongly convex
functions. A constant step-size only guarantees conver-
gence to a neighborhood of the solution. In order to
converge to the exact minimizer, a common technique
is to decrease the step-size at an appropriate rate, and
such decreasing step-sizes have also been well-studied
in the literature (Robbins and Monro, 1951; Ghadimi
and Lan, 2012). The rate at which the step-size needs
to be decayed depends on the function class under
consideration. For example, when minimizing smooth,
strongly-convex functions using 7T iterations of SGD,
the step-size is decayed at an O(1/k) rate where k is
the iteration number. This results in an ©(1/T") con-
vergence rate for SGD and is optimal in the stochastic
setting (Nguyen et al., 2018). On the other hand, when
minimizing a smooth, strongly-convex function with
condition number &, deterministic (full-batch) gradi-
ent descent (GD) with a constant step-size converges
linearly and has an O(exp(—T/k)) convergence rate.
Augmenting constant step-size GD with Nesterov ac-
celeration can further improve the convergence rate to
©(exp(—T/+/k)) which is optimal in the deterministic
setting (Nesterov, 2004). Hence, the stochastic and de-
terministic variants of gradient descent use a different
step-size strategy to obtain the optimal rates in their
respective settings.

Towards noise adaptivity: Ideally, we want a noise-
adaptive algorithm such that (i) it obtains the optimal



Towards Noise-adaptive, Problem-adaptive Stochastic Gradient Descent

rates in both the deterministic and stochastic settings
(ii) its convergence rate depends on the noise in the
stochastic gradients and (iii) the resulting algorithm
does not require knowledge of the stochasticity (e.g. an
upper bound on the variance in stochastic gradients).

There have been three recent attempts to obtain such
an algorithm. For smooth, strongly-convex functions,
if 02 is the noise level in the stochastic gradients, Stich
(2019) achieves an O (eXp(—T/H,) + %) convergence
rate using SGD that switches between two carefully de-
signed step-sizes. When o = 0, the resulting algorithm
achieves the deterministic GD rate, whereas for a non-
zero o, its rate is governed by the o2 /T term. Unfortu-
nately, setting the algorithm parameters requires the
knowledge of o and hence, it is not noise-adaptive. On
the other hand, Khaled and Richtdrik (2020) and Li
et al. (2020) do not require knowledge of o, and can
obtain the same rate for smooth functions satisfying
the Polyak-Lojasiewicz (PL) condition (Karimi et al.,
2016), a generalization of strong-convexity. For this, Li
et al. (2020) use an exponentially decreasing sequence
of step-sizes, while Khaled and Richtarik (2020) use a
constant then decaying step-size. However, neither of
these methods match the optimal /k dependence in
the linear convergence term.

Contribution: Since we consider the easier (com-
pared to PL) strongly-convex setting, it is unclear
if we can achieve the above rate by using the con-
ventional polynomially decreasing step-sizes (Robbins
and Monro, 1951). Unfortunately, in Lemmas 3 and 4,
we prove that no polynomially decreasing step-size of
the form O (i) for 6 € [0,1] can achieve the desired

0 (exp(—T//i) + %2
an exponentially decreasing step-size.

) rate'. Consequently, we will use

Contribution: In Section 3, we use SGD with
an exponentially decreasing step-size and a stochas-
tic variant of Nesterov acceleration (Vaswani et al.,
2019a). Under a growth-condition similar to Li et al.
(2020); Khaled and Richtarik (2020); Bottou et al.
(2018), we prove that the resulting algorithm achieves
the near-optimal O (exp(—T/ VE) + %2> convergence
when minimizing smooth, strongly-convex functions.
Our algorithm thus achieves the near-optimal rate in
both the stochastic and deterministic settings and its
rate smoothly varies between the two regimes. Further-
more, our algorithm does not require knowledge of o2
and hence satisfies three desiderata outlined above. To
the best of our knowledge, this is the first such result.

Towards noise and problem adaptivity: Typi-

!Note that this result does not cover step-size sequences
that switch between two values of 4, for example in (Khaled
and Richtarik, 2020)

cally, SGD also requires the knowledge of problem-
dependent constants (such as smoothness or strong-
convexity) to set the step-size. In practice, it is dif-
ficult to estimate these problem-dependent constants,
and one can only obtain loose bounds on them. Con-
sequently, there have been numerous methods (Duchi
et al., 2011; Li and Orabona, 2019; Kingma and Ba,
2015; Bengio, 2015; Vaswani et al., 2019b; Loizou et al.,
2021) that can adapt to the problem parameters, and
adjust the step-size on the fly. We term such methods
as problem-adaptive. Unfortunately, it is unclear if such
problem-adaptive methods can also be made noise-
adaptive. On the other hand, all the noise-adaptive
methods (Li et al., 2020; Khaled and Richtérik, 2020;
Stich, 2019) including the algorithm proposed in Sec-
tion 3 require the knowledge of problem-dependent
constants and are thus not problem-adaptive.

In order to make progress towards an SGD variant that
is both noise-adaptive and problem-adaptive, we only
consider algorithms that can achieve the (non-optimal)

O (exp(—T/m) + %2) convergence rate. We note that

the noise-adaptive algorithm in Li et al. (2020) only
requires knowledge of the smoothness constant and we
try to relax this requirement.

Contribution: In Section 4.2, we use stochastic line-
search (Vaswani et al., 2019b) to estimate the smooth-
ness constant on the fly. We prove that SGD in con-
junction with exponentially decreasing step-sizes and
stochastic line-search (SLS) converges at the desired
noise-adaptive rate but only to a neighbourhood of the
solution. This neighbourhood depends on the noise and
the error in estimating the smoothness. We prove a
corresponding lower-bound that shows the necessity
of this neighbourhood term. Our lower-bound shows
that if the step-size is set in an online fashion (using
the sampled function like in SLS), no decreasing se-
quence of step-sizes can converge to the minimizer.

Contribution: In Section 4.3, we consider estimat-
ing the smoothness constant in an offline fashion (be-
fore running SGD). SGD with an offline estimate of
the smoothness and exponentially decreasing step-
sizes converges to the solution, though its rate is slowed
down by a factor proportional to the estimation error
in the smoothness. Our upper-bound shows that even
if we misestimate the smoothness constant by a mul-
tiplicative factor of v, the convergence can slow down
by a factor as large as O(exp(v)). We complement this
result with a lower-bound that shows that such a mis-
estimation in the smoothness necessarily slows down
the rate by a potentially exponential factor.

Our results thus demonstrate the difficulty of obtain-
ing noise-adaptive rates while being adaptive to the
problem-dependent parameters.



Sharan Vaswani*, Benjamin Dubois-Taine, Reza Babanezhad

Contribution: In Section 5, we compare the perfor-
mance of different step-size schemes on convex, super-
vised learning problems. Furthermore, we propose a
novel variant of SLS that guarantees converges to the
minimizer and demonstrate its practical effectiveness.

Contribution: Finally, in Appendix B, we prove
matching results for SGD on strongly star-convex
functions (Hinder et al., 2020), a class of structured
non-convex functions. We also show the explicit de-
pendence of our results on the mini-batch size. Fi-
nally, we prove upper-bounds for (non-strongly-) con-
vex functions, showing that even when the smooth-
ness constant is known, exponentially decreasing step-
sizes converge to a neighbourhood of the solution.
We give some justification as to why any polyno-
mial/exponentially decreasing step-size sequence is un-
likely to be noise-adaptive in this setting.

2 Problem setup and Background

We will assume that f and each f; are differen-
tiable and lower-bounded by f* and f;, respectively.
Throughout the main paper, we will assume that f is
p-strongly convex, and each f; is convex. Furthermore,
we assume that each function f; is L;-smooth, imply-
ing that f is L-smooth with L := max; L;. We include
definitions of these properties in Appendix A.

We use stochastic gradient descent (SGD) or SGD with
Nesterov acceleration (Nesterov, 2004) (referred to as
ASGD) to minimize f in Eq. (1). In each iteration k €
[T], SGD selects a function f;; (typically uniformly)
at random, computes its gradient and takes a descent
step in that direction. Specifically,

Wiy1 = W, — VeV fir(wr), (2)

where w1 and wy, are the SGD iterates, and V f(+)
is the gradient of the loss function chosen at itera-
tion k. Each stochastic gradient V f;;(w) is unbiased,
implying that E; [V fi(w)|lwg] = Vf(w). The prod-
uct of scalars 7, := 7o defines the step-size for
iteration k. The step-size consists of two parts - a
problem-dependent scaling term -~y that captures the
(local) smoothness of the function, and a problem-
independent term «j that controls the decay of the
step-size. Typically, «j is a decreasing sequence of
k, and limg .., ar = 0. The aji sequence depends
on the properties of f, for example, for convex func-
tions, ap = O(1/vk) while for strongly-convex func-
tions, ay = O(Y/k).

Throughout the paper, we will assume that 7' is known
in advance (this requirement can be relaxed via the
standard doubling trick), and consider exponentially
decreasing step-sizes (Li et al., 2020) where o :=

1T
{%} < 1 for some parameter 8 > 1 and oy, := o.

Unlike SGD, ASGD has two sequences {wg,yx} and
an additional extrapolation parameter by. ASGD com-
putes the stochastic gradient at the extrapolated point
yr and takes a descent step in that direction. Specifi-
cally, the update in iteration k of ASGD is:

Yk = Wi + bp (Wp — wr_1), (3)
Y — Yk V fir(Yk)- (4)

Wr+1

In the next section, we will analyze the convergence
of ASGD with exponentially decreasing step-sizes for
smooth, strongly-convex functions.

3 Convergence of ASGD

For analyzing the convergence of ASGD, we will as-
sume that the stochastic gradients satisfy a growth
condition similar to Bottou et al. (2018); Li et al.
(2020); Khaled and Richtédrik (2020) — there exists a
(p,o) with p > 1 and o > 0, such that for all w,

E; ||V fi(w)|* < p ||V f(w)]* + o”. (5)

Note that in the deterministic setting (when using the
full-gradient in Eq. (4)), p = 1 and o = 0. Similarly,
o = 0 when the stochastic gradients satisfy the strong-
growth condition when using over-parameterized mod-
els (Schmidt and Roux, 2013; Ma et al., 2018; Vaswani
et al., 2019a). Under the above growth condition, we
prove the following theorem in Appendix C.

Theorem 1. Assuming (i) convexity and Li;-
smoothness of each f;, (ii) p strong-convezity of f
and (iii) the growth condition in Eq. (5), ASGD
(Egs. (3) and (4)) with wo = yo, Y& = oL =

1/T k/2T
(%) , O = ak7 rE = \/sz (%) and bk com-

puted as:

1—r,_ _
b= LT e (
(e e

has the following convergence rate:

, T a *

E[f(wr) — f*] < 2c3exp <_\/f‘TPh1(T/B)> [f(wo) — f]

8o2cyk (In(T/8))?
pLe? a?T

where Kk = %, c3 = exp (ﬁ%) and c4 =

exp (5 wid ).

The above theorem implies that ASGD achieves an

0] (exp (J%) + %2) convergence rate. This improves
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over the non-accelerated O (exp (_TT) + %2) noise-

adaptive rate obtained in Stich (2019); Khaled and
Richtédrik (2020); Li et al. (2020). Under the strong-
growth condition (when o = 0), ASGD improves (by a
/P factor) over the rate in Vaswani et al. (2019a) and
matches (upto log factors) the rate in Mishkin (2020).
In the general stochastic case, when o # 0, Cohen
et al. (2018); Vaswani et al. (2019a) prove convergence
to a neighbourhood of the solution, while we show con-
vergence to the minimizer at a rate governed by the
O(0?/T) term. In the fully-deterministic setting (p = 1
and o = 0), Theorem 1 implies an O(exp(=T/+/k))
convergence to the minimizer, matching the optimal
rate in the deterministic setting (Nesterov, 2004). We
note that ASGD does not require knowledge of o2 and
is thus completely noise-adaptive. To smoothly inter-
polate between the stochastic (mini-batch size 1) and
fully deterministic (mini-batch size n) setting, we gen-
eralize the growth condition (and the above result) to
show an explicit dependence on the mini-batch size
in Appendix B.

Finally, we note that ASGD requires the knowledge of
both 1 and L and is thus not problem-adaptive. In the
next section, we consider strategies towards achieving
problem-adaptivity.

3.1 Misspecified ASGD

Computing the exact values of u and L are a challeng-
ing problem and in practice we estimate them with
some error. In this section we assume that we p and L

are misspecified by factor v, and vy, i.e. i = v,u and

L= % The following theorem shows the effect of this
misspecification over the convergence of ASGD.

Theorem 2. Assuming (i) converity and L;-
smoothness of each f;, (ii) p strong-convezity of f
and (iii) the growth condition in Eq. (5), ASGD
(Egs. (3) and (4)) with wo = yo, v = 7%, @ =

/T k/2T
(?) o =aF, = 1/7"LPDL""L (%) and by,

computed as:

1—1r,_ _
b= LT e @
Tkt T

has the following convergence rate:

B/ (wr) - 1] <
25 exp (—%mg‘/ﬁ)) [F o) — ]
:
where v = vy, k= L, o5 = eXp(\/%li(ﬁT\;g))
and o = e (= ZE) ad G =

maxe g, E[|VF (i) [*] with ko = TIEL
and |z |4 = max{|z],0}.

The above theorem implies that misspecified ASGD
achives O(exp( _%) + % + GT%’) such that compar-
ing against ASGD rate it has an extra term due to
misspecification. Assessing the upper bound of sub-
optimality in Theorem 2, we note that: (i) the term
concerning the noise and the misspecification are inde-
pendent i.e. the second term of RHS just depends on o
and the third term just depends on Gj (i¢) the bound is
both noise adaptive and misspecification adaptive i.e.
if v = 1 we recover the result of Theorem 1; (4i7) and
interestingly the bound depends on the multiplication
of misspecifications of L and pi.e. v = vy v, and there-
fore we still can have misspecification i.e. vp,v, # 1
but v = 1 and benefit the speed of ASGD. The proof

of Theorem 2 is presented in Appendix G.

4 Towards noise and problem
adaptivity

In this section, we consider approaches for achieving
both noise and problem adaptivity when minimizing
smooth, strongly-convex functions. In order to make
progress towards this objective, we will only consider
SGD and aim to obtain the non-accelerated noise-
adaptive rate matching Stich (2019); Li et al. (2020);
Khaled and Richtédrik (2020), but do so without know-
ing problem-dependent constants.

For this section, we will consider a different weaker
notion of noise in the stochastic gradients. Instead of
using the growth condition in Eq. (5) or the more
typical assumption of finite gradient noise 22 :=
E;[||[Vf;(w*)||?] < oo, we assume a finite optimal ob-
jective difference. Specifically, we redefine the noise
as 02 = E;[fi(w*) — f#] > 0. This notion of noise
has been used to study the convergence of constant
step-size SGD in the interpolation setting for over-

parameterized models (Zhang and Zhou, 2019; Loizou
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et al., 2021; Vaswani et al., 2020). Note that when in-
terpolation is exactly satisfied, ¢ = z = 0. In general,
if each function f; is p-strongly convex and L-smooth,
then ﬁzQ <g?< izQ.

We will continue to use exponentially decreasing step-
sizes. As a warm-up towards problem-adaptivity, we
first assume knowledge of the smoothness constant
in Section 4.1 and analyze the resulting SGD algo-
rithm. In Section 4.2, we consider using a stochastic
line-search (Vaswani et al., 2019b, 2020) in order to
estimate the smoothness constant and set the step-
size on the fly. Finally, in Section 4.3, we analyze the
convergence of SGD when using an offline estimate of
the smoothness.

4.1 Known smoothness

We use the knowledge of smoothness to set the
problem-dependent part of the step-size for SGD,
specifically, v, = /L. With an exponentially decreas-
ing ag-sequence, we prove the following theorem in Ap-
pendix D.1.

Theorem 3. Assuming (i) convexity and L;-

smoothness of each f;, (i) pu strong-convexity of f,
1/T

SGD (Eq. (2)) with v, = 1, a = (%) , ap, = ak,

has the following convergence rate,

* (|12 |2 T a
Elwryr —w[]” < flwr —w"|[" ¢z exp <_f€1n(T/ﬂ)

802cok? (In(7/p))?
Le? 2T

where Kk = % and cy = exp (% : %)

Compared to Moulines and Bach (2011) that use
a polynomially decreasing step-sizes, the proposed
step-size results in a better trade-off between the
bias (initial distance to the minimizer) and variance
(noise) terms. We use exponentially decreasing step-
sizes rather than the step-size schemes used in Stich
(2019); Khaled and Richtdrik (2020) because both
of these also require the knowledge of the strong-
convexity parameter which is considerably more dif-
ficult to estimate.

Since strongly-convex functions also satisfy the PL
condition (Karimi et al., 2016), the above result can
be deduced from (Li et al., 2020). However, unlike (Li
et al., 2020), our result does not require the growth
condition and uses a weaker notion of noise. Moreover,
we use a different proof technique, specifically, Li et al.
(2020) use the smoothness inequality in the first step
and obtain the rate in terms of the function subopti-
mality, E[f(wr) — f*]. In contrast, our proof uses an

expansion of the iterates to obtain the rate in terms of
the distance to the minimizer, E ||wp;q — w*||*. This
change allows us to handle the case when the smooth-
ness constant is unknown and needs to be estimated.

Next, we use stochastic line-search techniques to es-
timate the unknown smoothness constant and set the
step-size on the fly.

4.2 Online estimation of unknown
smoothness

In this section, we assume that the smoothness con-
stant is unknown, aim to estimate it and set the
step-size in an online fashion. By online estimation,
we mean that in iteration k& of SGD, we use knowl-
edge of the sampled function i to set the step-
size, i.e. setting ~; depends on i;. We only consider
methods that use the knowledge of iy in iteration k
and are not allowed to access the other functions in
f (for example, to compute the full-batch gradient
at wy). Recent methods based on a stochastic line-
search (Vaswani et al., 2019b, 2020), stochastic Polyak
step-size (Loizou et al., 2021; Berrada et al., 2020)
or stochastic Barzilai-Borwein-like step-size (Malitsky
and Mishchenko, 2019) are techniques that can set the
step-size by only using the current sampled function.

We use stochastic line-search (SLS) to estimate the
local Lipschitz constant and set -y, the problem-
dependent part of the step-size. SLS is the stochastic
analog of the traditional Armijo line-search (Armijo,
1966) used for deterministic gradient descent (Nocedal
and Wright, 2006). In each iteration k of SGD, SLS
estimates the smoothness constant L;; of the sampled
function using f;x and V fix. In particular, starting
from a guess (Ymax) of the step-size, SLS uses a back-
tracking procedure and returns the largest step-size v
that satisfies the following conditions: i < Ymax and

Jie(we =%V fir(wy)) < fir(wr) — ey ||vfik(wk)”(2 -)
8

Here, ¢ € (0,1) is a hyper-parameter to be set ac-
cording to the theory. SLS guarantees that resulting

the step-size ~y;, lies in the [min { 2%;0) ) ’Vmax} 7’Ymax]
range (see Lemma 11 for the proof). If the initial guess
is large enough i.e. Ymax > 1/L;k, then the resulting
step-size 7y, > 2%7_;) Thus, with ¢ = 1/2, SLS can be
used to obtain an upper-bound on /L.

In the interpolation (o = 0) setting, a constant step-
size suffices (o, = 1 for all k), and SGD obtains a
linear rate of convergence (for ¢ > 1/2) when min-
imizing smooth, strongly-convex functions (Vaswani
et al., 2019b). In general, for a non-zero o, using SGD
with SLS and no step-size decay (ay = 1) results in
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O (exp(=T/K) 4 Ymax0?) rate (Vaswani et al., 2020),
implying convergence to a neighbourhood determined
by the Ymaxo? term.

In order to obtain a similar rate as Theorem 3
but without the knowledge of L, we set 7, with
SLS and use the same exponentially decreasing o-
sequence. We prove the following theorem in Ap-
pendix D.2.

In the next section, we prove a lower-bound that shows
the necessity of such a neighbourhood term.

4.2.1 Lower bound on quadratics

In order to prove a lower-bound, we consider a pair
of 1-dimensional quadratics f;(w) = 1/2 (z;w —y;)? for
1 =1,2. Here, w, x;, y; are all scalars. The overall func-
tion to be minimized is f(w) = (1/2) - [f1(w) + fa(w)].
ume that ||z1| # ||z2||, and since L; = ||z,

e aa
\AAVERE TSI

Theorem 4. Assuming (i) convexity and L;-

smoothness of each f;, (ii) p strong-convezity of f,
SGD (Eq. (2)) with a = % , ap = of and

ve as the largest step-size that satisfies Yk < Ymax
and Eq. (8) with ¢ = 1/2, has the following conver-
gence rate,

* (|12 *112 T @
E wrsr — w*||” < [lwr — w7 er exp <_,€/1n(T/5)
n 80201(/€/)2’Ymax (ln(T/B))Q
62 OzQT
20%¢ci1 k' In(T
| 20 n(T/B) <7 _ min {VW,
eq
g L 1 _ 1 25
with kK = max{ﬁ, pTET— }, €1 = exXp (? ' W)'

umption implies different smoothness constants
two functions. For a sufficiently large value

1 . .
Ymax = m), usimg SLS with ¢ >

quired for convergence) results in v, < 1/1;,2
mma 11). With these choices, we prove the fol-
lower-bound in Appendix E.1.

this asj
for thg
of Ymay i-e.
1/2 (rg
(see Le
lowing
Theorem 5. When using T iterations of SGD to
(w) = W of two one-
i 1)? and

minimize the sum f
dimensional quadratics, fi(w) 5
fa(w) 12w+ 1/2)°, setting the step-size using
SLS with ymax > 1 and ¢ > 1/2, any convergent
sequence of oy results in convergence to a neigh-
bourhood of the solution. Specifically, if w* is the
minimizer of f and wy > 0, then,

(w —

3

We observe that the first two terms are simi-
lar to those in Theorem 3. For ~ypmax > %,
k' = Kk and the above theorem implies the same
0 <exp(—T//<;) + %2

as T — oo, wryy does not converge to w*,
but rather to a neighbourhood determined by the
last term W (’ymax — min {’ymax, %}) The
neighbourhood thus depends on the noise o2 and
(Wmax — min {'ymax, %}), the estimation error (in the
smoothness) of the initial guess.

) rate of convergence. However,

When 02 = 0, this neighbourhood term disappears,
and SGD converges to the minimizer despite the esti-
mation error. This matches the result for SLS in the in-
terpolation setting (Vaswani et al., 2019b). Conversely,
when the smoothness is known and 7yp.x can be set
equal to %, we also obtain convergence to the mini-
mizer and recover the result of Theorem 3. In fact, if
we can “guess” a value of Y < %, it would result
in the neighbourhood term becoming negative, thus
ensuring convergence to the minimizer. In this case,
the stochastic line-search does not decrease the step-
size in any iteration, and the algorithm becomes the
same as using a constant step-size equal to Ypax. Fi-
nally, we contrast our result for SGD with SLS and
ay = 1 (Vaswani et al., 2020) and observe that instead
of the dependence on 7%, our neighbourhood term

depends on the estimation error in the smoothness.

E(wp — w*) > min (wl, -

)

The above result shows that using SGD with SLS to set
i and any convergent sequence of ay (including the
exponentially-decreasing sequence in Theorem 4) will
necessarily result in convergence to a neighbourhood.

The neighbourhood term can thus be viewed as the
price of misestimation of the unknown smoothness
constant. This result is in contrast to the conven-
tional thinking that choosing an «y, sequence such that
limg 00 o, = 0 will always ensure convergence to the
minimizer. This result is not specific to SLS and would
hold for other methods (Loizou et al., 2021; Berrada
et al., 2020; Malitsky and Mishchenko, 2019) that set
7k in an online fashion. Since the lower-bound holds for
any convergent ay, sequence, a possible reason for con-
vergence to the neighbourhood is the correlation be-
tween iy (the sampled function) and the computation
of ~r. We verify this hypothesis in the next section.

4.3 Offline estimation of unknown
smoothness

In this section, we consider an offline estimation of the
smoothness constant. By offline, we mean that in iter-
ation k of SGD, vy is set before sampling i and cannot

2For 1-dimensional quadratics, yx = /L, for ¢ = 1/2.
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use any information about it. This ensures that vy is
decorrelated with the sampled function ig. The entire
sequence of 7, can even be chosen before running SGD.

For simplicity of calculations, we consider a fixed v =
~ for all iterations. Here +y is an offline estimate of %,
and can be obtained by any method. Without loss of
generality, we assume that this offline estimate is off
by a multiplicative factor v that is v = ¥ for some
v > 0. Here v quantifies the estimation error in v with
v = 1 corresponding to an exact estimation of L. In
practice, it is typical to be able to obtain lower-bounds
on the smoothness constant. Hence, the v > 1 regime
is of practical interest.

For SGD with v, = v = ¥ and an exponentially de-

creasing ayg-sequence, we prove the following theorem
in Appendix D.3.

Theorem 6. Assuming (i) convexity and L;-
smoothness of each f;, (ii) p strong-convezity of f,

1/
SGD (Eq. (2)) with o = (%) , o = of and

Y& = ¢ for v > 0 has the following convergence
rate,

vT «
ez — w|2 < flwy — w2 e exp (— )

"k In(T/p)
Rg2 v 28 4k 1In(T/B)?
+ TP (KJIH(T/B)) e2a?

(g -y D

+ max

ier [11:((;;]5]

v_28 8+ [In(v)]+ In(T/B)
exp (Kh’l(T/ﬁ)) ve2a? T ’

where Kk = ﬁ, cy = exp (% %) and [x]y =

max{z,0}.

Observe that as T — oo, SGD converges to the min-
imizer w*. The first two terms are similar to that

in Theorem 3 and imply an O (exp(—T) + %2 conver-

gence to the minimizer. The third term can be viewed
as the price of misestimation of the unknown smooth-
ness constant. Unlike in Theorem 4 where this price
was convergence to a neighbourhood, here, the price of
misestimation is slower convergence to the minimizer.

Analyzing the third term, we observe that when v <1,
the third term is zero (since [In(v)]+ = 0), and the
rate matches that of Theorem 3 up to constants that
depend on v. For v > 1, the convergence rate slows
down by a factor that depends on v. The third term de-
pends on [maxje[T (14 fincry ] L (W5) — f*}] because
if v > 1, SGD can diverge and move away from the so-

lution for the initial 7' {Ln((;}}@g iterations. This can be

explained as follows: for v > 1, the step-size v, =
Fag > % initially, and SGD diverges in this regime.
However, since oy is an exponentially decreasing se-

quence, after kg := Tlnl?j(w%) iterations, ¥ ay, < 7, and

the distance to the minimizer decreases after iteration
ko, eventually resulting in convergence to the solution.

Finally, observe that the third term depends on
O (exp(v)[In(v)]+) meaning that if we misestimate the
smoothness constant by a multiplicative factor of v, it
can slow down the convergence rate by a factor expo-
nential in v. In the next section, we justify this depen-
dence by proving a corresponding lower-bound.

4.3.1 Lower bound on quadratics

In this section, we consider gradient descent on a one-
dimensional quadratic and study the effect of mis-
estimating the smoothness constant by a factor of
v > 1. For simplicity, we consider minimizing a sin-
gle quadratic, thus ensuring 02 = 0. We prove the
following lower-bound in Appendix E.2.

Theorem 7. When using gradient descent to min-

imize a one-dimensional quadratic function f(w) =
1T

%(mw—y)Q, with o = (%) Lo =ak andy, = L

for v > 3 we have

k
Wit1 — wW* = (wg —w") H(l —vay).
i=1

After k' := ﬁ In (%) iterations, we have that

!
lwgr g1 — w*| > 28 |wy — w.

Instantiating this lower-bound, suppose the estimate
of L is off by a factor of v = 10, then In (%) > 1, which

implies that &' > Lﬁj In other words, we do not

make any progress in the first m(% iterations, and at
this point the optimality gap has been multiplied by a
factor of 27/™m("/8) compared to the starting optimality
gap. This simple example thus shows the (potentially
exponential) slowdown in the rate of convergence by
misestimating the smoothness.

In the next section, we design a variant of SLS that
ensures convergence to the minimizer while obtaining
good empirical control over the misestimation.

5 Experiments

For comparing different step-size choices, we consider
two common supervised learning losses — squared loss
for regression tasks and logistic loss for classification.
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Figure 1: Comparison of step-size strategies for (a) squared loss and (b) logistic loss. Observe that (i) exponentially
decreasing step-sizes result in more stable performance compared to using a constant step-size (for both SGD
and ASGD) and (ii) consistently outperform the noise-adaptive method in (Khaled and Richtarik, 2020) and
(iii) the stochastic line-search in Eq. (9) matches the performance of the variant with known smoothness.

With a linear model and an /5 regularization equal
to %||w||27 both objectives are strongly-convex. We
use three standard datasets from LIBSVM (Chang
and Lin, 2011) — mushrooms, ijenn and rcvl, and use
A = 0.01. For each experiment, we consider 5 indepen-
dent runs and plot the average result and standard
deviation. We use the (full) gradient norm as the per-
formance measure and plot it against the number of
gradient evaluations.

For each dataset, we fix T = 10n, use a batch-size
of 1 and compare the performance of the following
optimization strategies: (i) the noise-adaptive “con-
stant and then decay step-size” scheme in Khaled and
Richtérik (2020, Theorem 3) (denoted as KR-20 in the
plots). Specifically, for b = max{%,QpL}, we use
a constant step-size equal to 1/b when T' < b/p or
k < [T/2]. Otherwise we set the step-size at iteration
k to be m, (ii) constant step-size SGD

with v, = % and ai =1 for all k (denoted as K-CNST
in the plots) (iii) SGD with an exponentially decreas-
ing step-size with knowledge of smoothness (Li et al.,

ﬂ)l/T (de

2020) ie. v, = % and ai = oF for a = (T

noted as K-EXP) (iv) Accelerated SGD (ASGD) with
a constant step-size (ay = 1 for all k) (Vaswani et al.,
2019a; Cohen et al., 2018) (denoted as ACC-K-CNST)
and (v) ASGD with exponentially decreasing step-
sizes, analyzed in Section 3 and denoted as ACC-K-EXP.

None of the above strategies are problem-adaptive,
and all of them require the knowledge of the smooth-
ness constant L. Additionally, KR-20 and the ASGD
variants also require knowledge of p, the parame-
ter of the growth condition in Eq. (5) and u, the
strong-convexity parameter. If x; is the feature vec-
tor corresponding to example i, then we obtain the-
oretical upper-bounds on the smoothness and set
L = max;||z;]|> + A for the squared-loss and L =
max; || 5] + A for the logistic loss. Similarly, we set
1 = X for both the squared and logistic loss. To set p,
we use a grid search over {10,100, 1000} and plot the
variant that results in the smallest gradient norm.

Using a stochastic line-search (SLS) can result in con-
vergence to the neighbourhood (Section 4.2) because
of the correlations between i and 7. To alleviate this,
and still be problem-adaptive, we design a decorrelated
conservative variant of SLS: at iteration k of SGD, we
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set v, using a stochastic line-search on the previously
sampled function i1 (we can use a randomly sampled
jr as well). This ensures that there is no correlation
between i, and computing 7, but requires computing
the gradient of two functions - one for the update and
the other for the line-search. The overall procedure can
be described as follows: starting with a backtracking
line-search from ~;_; (the conservative aspect) (with
Y0 = Ymax) for a random or previously sampled functio
n (jx), find the largest step-size 75 that satisfies

Fi (Wi — 6V fi (wi)) < i, (wr) — ey [V £y (wk)|(2 7)
9

and update wy according to Eq. (2). The above
procedure with ¢ = 1/2 ensures that v, €
[min{yx_1,Y/L},vk—1]. Since 74 is fixed before com-
puting V fix(wg), this strategy can be analyzed using
the framework in Section 4.3. Specifically, it results
in v, = ”f’“ for some sequence of v, > 1. The con-
servative aspect ensures that v, < vi_;. Hence, the
convergence rate can be analyzed according to Theo-
rem 6 with ¥ = v, and the initial line-search control-
ling the misestimation error. We use this variant of
SLS with exponentially decreasing step-sizes and de-
note it as SLS-EXP in the plots. We emphasize that this
strategy is both noise-adaptive and problem-adaptive.

From Fig. 1, we observe that exponentially decreas-
ing step-sizes (i) result in more stable performance
compared to the constant step-size variants (for both
SGD and ASGD) and (ii) consistently outperform
the noise-adaptive method in (Khaled and Richtarik,
2020). We also observe that (iii) the stochastic line-
search in Eq. (9) (SLS-EXP) matches the performance
of the variant with known smoothness (K-EXP) and
(iv) ASGD does not result in improvements over SGD.
This is because these methods are quite sensitive to
their parameter values and we set these parameters by
using loose theoretical upper-bounds on both L and p.

6 Conclusion

In this paper, we first developed a variant of SGD
with Nesterov acceleration and exponentially decreas-
ing step-sizes, and proved that it achieves the near-
optimal convergence rate in both the deterministic and
stochastic regimes. We then considered two strategies
for making SGD both noise-adaptive and problem-
adaptive. Using upper and lower-bounds, we showed
that there is always a price to pay for problem-
adaptivity — estimating the smoothness constant in
an online fashion results in convergence to a neigh-
bourhood of the solution, while an offline estima-
tion results in a slower convergence to the minimizer.
We empirically demonstrated the effectiveness of a

noise-adaptive, problem-adaptive method that uses ex-
ponential step-sizes coupled with a novel variant of
stochastic line-search. In the future, we hope to de-
velop a problem-adaptive variant of ASGD.
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Supplementary material

Organization of the Appendix

A Definitions

B Additional theoretical results

C Proof for ASGD

D Upper-bound Proofs for Section 4
E Lower-bound proofs for Section 4

F Helper Lemmas

A Definitions

Our main assumptions are that each individual function f; is differentiable, has a finite minimum f;, and is
L;-smooth, meaning that for all v and w,

L
fi(w) < fi(w) +(V fi(w),v —w) + é o —wl|?, (Individual Smoothness)

which also implies that f is L-smooth, where L is the maximum smoothness constant of the individual functions.
A consequence of smoothness is the following bound on the norm of the stochastic gradients,

IV fi(w)||* < 2L(fi(w) = f7).

We also assume that each f; is convex, meaning that for all v and w,

filv) > fi(w) — (V fi(w), w — v), (Convexity)

Depending on the setting, we will also assume that f is pu strongly-convex, meaning that for all v and w,

fv) > f(w) +(Vf(w),v—w)+ % lv— w||2 , (Strong Convexity)
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B Additional theoretical results

In this section, we relax the strong-convexity assumption to handle broader function classes in Appendix B.1 and
prove results that help provide an explicit dependence on the mini-batch size (Appendix B.2) and in Appendix B.3
show that polynomially decreasing step-sizes cannot obtain the desired noise-adaptive rate.

B.1 Relaxing the assumptions

In this section, we extend our theoretical results to a richer class of functions - strongly quasar-convex func-
tions (Hinder et al., 2020) in Appendix B.1.1, and (non-strongly) convex functions in Appendix B.1.2.

B.1.1 Extension to strongly star-convex functions

We consider the class of smooth, non-convex, but strongly star-convex functions (Hinder et al., 2020; Gower
et al., 2021), a subset of strongly quasar-convex functions. Quasar-convex functions are unimodal along lines
that pass through a global minimizer i.e. the function monotonically decreases along the line to the minimizer,
and monotonically increases thereafter. In addition to this, strongly quasar-convex functions also have curvature
near the global minimizer. Importantly, this property is satisfied for neural networks for common architectures
and learning problems (Lucas et al., 2021; Kleinberg et al., 2018).

Formally, a function is ({, u) strongly quasar-convex if it satisfies the following for all w and minimizers w*,
. 1 * H *
flw )Zf(w)+z<vf(w),w —w)+ 5w —w I (10)

Strongly star-convex functions are a subset of this class of functions with ¢ = 1. If L is known, it is straightforward
to show that the results of Theorem 3 carry over to the strongly star-convex functions and we obtain the similar

O (exp(—T/ K)+ %2) rate. In the case when L is not known, it was recently shown that SGD with a stochastic

Polyak step-size (Gower et al., 2021) results in linear convergence to the minimizer on strongly star-convex
functions under interpolation and achieves an O (exp(—T) + vmaxch) convergence rate in general. The proposed
stochastic Polyak step-size (SPS) does not require knowledge of L, and matches the rate achieved for strongly-
convex functions (Loizou et al., 2021). However, SPS requires knowledge of f;*, which is usually zero for machine

learning models under interpolation but difficult to get a handle on in the general case.

Consequently, we continue to use SLS to estimate the smoothness constant. Our proofs only use strong-convexity
between w and a minimizer w*, and hence we can extend all our results from strongly-convex functions, to
structured non-convex functions satisfying the strongly star-convexity property, matching the rates in Theorem 4
and Theorem 6. Finally, we note that given knowledge of ¢, there is no fundamental limitation in extending all
our results to strongly quasar-convex functions. In the next section, we relax the strong-convexity assumption in
a different way - by considering convex functions without curvature.

B.1.2 Handling (non-strongly)-convex functions

In this section, we analyze the behaviour of exponentially decreasing step-sizes on convex functions (without
strong-convexity). As a starting point, we assume that L is known, and the algorithm is only required to adapt
to the noise 2. In the following theorem (proved in Appendix D.4), we show that SGD with an exponentially
decreasing step-size is not guaranteed to converge to the minimizer, but to a neighbourhood of the solution.

Theorem 8. Assuming (i) convexity and (ii) L;-smoothness of each f;, SGD with step-size i = 5= ay, has the
following convergence rate,

2L w —wt P o o
E[f(0r41) — f(w*)] < S +o ST o (11)

B ST agwy, 3 k/T ' )
where W41 = fj:Tlia For ay, = {T} , the convergence rate is given by,
k=1 %k

L In(T —w*|? T
Elf(ora) - fwt)] < RO =0Ty oo T
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We thus see that even with the knowledge of L, SGD converges to a neighbourhood of the solution at an O(1/T)
rate. We contrast our result to AdaGrad (Duchi et al., 2011; Levy et al., 2018) that adapts the step-sizes as
the algorithm progresses (as opposed to using a predetermined sequence of step-sizes like in our case), is able to

adapt to the noise, and achieves an O (% + \‘;—;) rate.

In order to be noise-adaptive and match the AdaGrad rate, we can use Eq. (11) to infer that a sufficient
condition is for the aj-sequence to satisfy the following inequalities, (i) ap > C1 T and (ii) af < CoV/T where
C1, 5 are constants. Unfortunately, in Lemmas 12 and 13, we prove that it is not possible for any polynomially
or exponentially-decreasing sequence to satisfy these sufficient conditions. While we do not have a formal lower-
bound in the convex case, it seems unlikely that these aj-sequences can result in the desired rate, and we
conjecture a possible lower-bound. Finally, we note that to the best of our knowledge, the only predetermined

(non-adaptive) step-size that achieves the AdaGrad rate is min{ﬁ, ﬁ} (Ghadimi and Lan, 2012). We also

conjecture a lower-bound that shows that there is no predetermined sequence of step-sizes (that does not use

knowledge of %) that is noise-adaptive and can achieve the O (% + %) rate.

B.2 Dependence on the mini-batch size

In this section, we prove two results in order to explicitly model the dependence on the mini-batch size. We denote
a mini-batch as B, its size as B € [1,n] and the corresponding mini-batch gradient as V fg(w) = & > rien Vii(w).
The mini-batch gradient is also unbiased i.e. Eg[V fg(w)] = Vf(w), implying that all the proofs remain un-
changed, but we need to use a different growth condition for the ASGD proofs in Section 3 and a different
definition of ¢ for the SGD proofs in Section 4. We refine these quantities here, and show the explicit dependence
on the mini-batch size.

Lemma 1. If
E VA @I < oV F@)) + 0%
then,
- B —B
s VA < (- D5 +1) IV + o
Proof.

Es |V fs(w))|* = Ep |V fs(w) — Vf(w) + Vf(w)|]* =Es ||V fs(w) — Vf(w)|* + |Vf(w)]?
(Since Eg[V fp(w)] = V f(w))

Since we are sampling the batch with replacement, using (Lohr, 2019),

< "B (BRI ~ V7)) + 1V 7w
: n”_BB <(p RO 02) + V£ ()] (Using the growth condition)
= Es IV/s@)I" < (<P ~)i Ty 1) Vs + =2,
O

Lemma 2. If o? = E[f;(w*) — fil;

and each function f; is p strongly-convex and L-smooth, then

o3 = Eg|fa(w*) — f3] <
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Proof.
By strong-convexity of f;,
* * 1 *
Eslfs(w’) - f5] < 5 -Es |V o)

Since we are sampling the batch with replacement, using (Lohr, 2019),

1n-B
~ 2u nB
%nn_BB]E[fi (w") — £7] (By smoothness of f;)

9 Ln—-B ,
= o < — BO’.
won

E; |V fi(w*)|?

IN

B.3 Polynomially decaying stepsizes

In this section, we analyze polynomially decreasing step-sizes, namely when 7 = ﬁ for some constants 7 > 0
and 0 < 6 < 1. We argue that even with knowledge of the smoothness constant, these step-sizes fail to converge
at the desired noise-adaptive rate even on simple quadratics. In particular, the next lemma shows that gradient
descent (GD) applied to a strongly-convex quadratic with a polynomially decreasing step-size fails to obtain the
usual linear rate of the form O(p~T) for some p < 1.

Lemma 3. When using T iterations of GD to minimize a one-dimensional quadratic f(w) = 3(zw — y)?,
setting n, = %m for some 0 < § <1 results in the following lower bounds.
Ifo=1,

1

’lUT_;,_l*U)* :(wlfw*)T_i_l

If0<d<l, wy —w* >0 and T is large enough,

1 L21/5J_1 25—1 (T+1)1-98
wT-‘rl_w* > (wl_w*) 1-7 41547 e

1

Proof. Observe that w* = ¥/z and L = 2. The GD iteration with n; = %(,H_l)s

reads

Wiy = W fl#(:ﬁw fx)—w 1- ! +g ! =w 17# +w*$
TR T L+ 1)? kY)W k+10)  zk+1)p " (k+1)° (k+1)°

and thus

Wet1 — w* = (w, —w") (1_(k+11)5) =>wT+1—IU*:(w1_U)*)£[1<1_(k+11)5)

If6=1,

T
k
wTH—w*:(wl—w*)Hiz(wl—w*)i
k1 T+1

If0<d<1and wy —w* >0,

wT+1U’*(w1w*)ﬁ<1(k;+11)6> (wlw*)ﬁ(lz(k‘il)‘J

k=1 k=1
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We wish to use the inequality 1 — 22 > 2727 which is true for all z € [0,1/2]. In our case it holds for

Let ko = [2'/%]. Then for T > ko,

k=1

Now, for k < kg — 1, we have that —=5 < 2% and thus

(k+1)°
ko—1 ko—1 [21/9)—1
()= (-5) - ()
11 (k+1) 2 2
o1
For k > ko, we have 1 — m > 2 20500 and thus
T 2 T 1 T+1 1 ko 1 T+1 1
H (1 B 5) > 272216:1@0 it 2—2(Ek:1 7 T ket kT,) > 92k 75
i 2(k+1)

Using the bound in the proof of Lemma 12, we have

1 s !
L

~
+

(T +1)'° 1)

>
Il

Putting this together we have that

—0 _ _
9 2SI & 5 g2tk (@) _ 4Y Z L R

Putting everything together we get that

25-1 _ (T4+1)!1—9
1—6

[2'/°]—1
wT+1—w*>(w1—w*)<1—25> 475 4
O

The next lemma shows that when § = 0, namely when the step-size is constant, SGD applied to the sum of two
quadratics fails to converge to the minimizer.

Lemma 4. When using SGD to minimize the sum f(w) = M of two one-dimensional quadratics:
fi(w) = $(w —1)? and fo(w) = (2w + 1/2)? with a constant step-size n = 1, the following holds: whenever
|lwi, — w*| < /8, the next iterate satisfies w41 — w*| > /8.

Proof. First observe that w* = 0 and that L = 4. The updates then read

. 1 1 3
Ifip=1: wkH—wk—n(wk—l)—wk(l—z)-l—z—Zwk-i-i
. 1 4 1 1

Ifip=2: wkﬂ:wk—n2(2wk+§):wk(l—1)—i:—Z

Suppose that |w, — w*| =|wg| < 1/8. We want to show that |wg41| > 1/8. We can separate the analyses in three
cases.
If wy, € (—1/8,0) and i, = 1 then

3 1
W1 = W + — >

3
—= X
4 4 4

+

| =

1 1_5>
8 4 32
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If wy, € (0,1/8) and i, = 1 then

1 1
W1 = 4wk+i > 3
If 4, = 2 then
1 1
W1 = — 5 < )

implying that in each case, |wgy1| > 1/s.
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C Proof for ASGD

C.1 Reformulation

Let us consider a general ASGD update whose parameters satisfy the following conditions.

2 Tk

e = (L= )y —— + repy. (12)
Nk—1
(1= re—1)re—1 52
bk: = P} Nk ) (13)
Tkt Tk_lnk—l

k/T k/2T
It can be verified that setting np = yrag = p% (%) ,TE = 4 /pLL (?) satisfies Eq. (12).

We first show that the update in Eq. (3)-Eq. (4) satisfying the conditions in Eq. (13) and Eq. (12) can be written
in an equivalent form more amenable to the analysis.

Lemma 5. The following update:

Tkqk
=wp — ————(wp, — 2 14
Yk k Qk+7“ku( k= 2k) (14)
W1 = Yk — M6V fir(Yr) (15)
1
Zh41 = Wk + E[wk-&-l — wy] (16)
where,
Qi1 = (1 = 7k)qr + rip (17)
Th = Qo 17k (18)
1
Zipr = — (1 = mo)qezi + mepye — 76V fie(yr)] (19)

qk+1

is equivalent to the update in Eq. (3)-Eq. (4).
Proof.

First we check the consistency of the update (Eq. (16)) and definition (Eq. (19)) of z;. Using Eq. (19),

1
Zht1 = (1 —re)arzr + repyre — 16V fir(yk)]

dk+1
1—7 r (1 —7i)(qr +7 T
_ | k)wk — "V feyr) + v (L= )@ £ rip) + ku}
Tk qk+1 L k417K k41
1—17p Tk [qr(1 — 7)) + (rpp — 12 r2
Tk qr+1 L qk+1Tk qk+1Tk
1—r r [ —rip) + (rep — rip) + 13
= ! k)'IUk: - = V fir(yr) + i (G4 = rvis) + (i = ) ¥ g (From Eq. (17))
Tk qr+41 L qk+1Tk
WE 1
=wp — — + — [yk — nkaik(yk)] (From Eq. (18))
Tk Tk
1
Zk41 = Wk + E [wk+1 — wk] (From Eq. (15))

which recovers Eq. (16) showing that the definition of z; and its update is consistent.

Now we check the equivalence of Eq. (12) and Eq. (17)-Eq. (18). Eliminating ¢, using Eq. (17)-Eq. (18),

2 2
r Te_
= (1 =)
Mk Nk—1
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Multiplying by 7 recovers Eq. (12).

Since Eq. (4) and Eq. (15) are equivalent, we need to establish the equivalence of Eq. (3) and the updates
in Eq. (14)-Eq. (16). From Eq. (16)

1 lf’l"k_l
Zk:wk_1+7[wk7wk_1] = zp — W = ——————

(W — wi—1)
Tk—1 Tk—1

Starting from Eq. (14) and using the above relation to eliminate zy,

reqr 1 —1TK_1
Y = Wk, + (Wi, — wy—1]
Q. + TRl Te—1

which is in the same form as Eq. (3). We now eliminate ¢ from %%. From Eq. (17) and Eq. (18),

2 2
r r
£ — (1 =r)ge +repn = e +rep = £ +rigr
Nk Mk
Using this relation,
L e W 1/ Sy
Q. + Tk Tk—1 Tk QENE Tk—1
Using Eq. (18), observe that ngqr = 77:: Mhe_1qr = 17:: r?_,. Using this relation,
M .2
Teqy 1 —Tk_1 N nkilrkfl 1—7rp_q . (1 — Tk—l)”‘k—l — by
Qe+ TR Tr—1 Tht GBS Tho1 Rl S

which establishes the equivalence to Eq. (3) and completes the proof.

C.2 Estimating sequences

Similar to (Nesterov, 2004; Mishkin, 2020), we will use the estimating sequence {¢y, Ar}72,; such that Ay € (0, 1)
and

Ao=1 5 Aey1=(1—rK)A, (20)
o (w) = finf g (w)] + T w = 2], (21)

and satisfies the following update condition
dr(w) < (1= M) f(w) + Apgo(w) (22)

The above definitions impose the following update for ¢} := [inf,, ¢ (w)],

e v f (g2 + LR

w1 = (L =rr)or +ri | flyr) —
D1 = ( e)Ok + i | ) 2qk11 Qk+1

(5=l + (71,2 - w) | 29
Finally note that the definition of ¢ can be used to rewrite Eq. (14) as

Tk
= -V . 24
Yk = Wk PR o (wr) (24)
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C.3 Proof of Theorem 1

Given the definitions in Appendix C.2, we first prove the descent lemma for 7, = piLak, where aj < 1 is the
exponentially decreasing step-size.

Lemma 6. Using the update in Eq. (15) with ni, = ,%Lo‘k’ we obtain the following descent condition.

Blf(wes1)] < ELF )] = 5 19701 + 5 ote?

Proof. By smoothness, and the update in Eq. (15),

Flwrsr) < Fm) = melV £, V) + 2 19 Far )l

Taking expectation w.r.t. i,

Elf (wis1)] < E[f(yr)] — n& HVf(yk)H2 + gan[HVﬁk(yk)Hz] (nk is independent of the randomness in iy.)
< ELF )] — e IV £ + 2BV £ )|P] + nfo®  (By the growth condition in Eq. (5)
1
= Bl ()] = IV S w)l* + HFEENV f )] + 5 oo’

<Elf ()] = 5 IVl + 5 QLazaQ

O

The main part of the proof is to show that ¢} is an upper-bound on f(ws) (upto a factor governed by the noise
term N}, depending on ¢2) for all k and is proved in the following lemma.

Lemma 7. For the estimating sequences defined in Appendiz C.2 and the updates in Eq. (14)-Eq. (19), for all
k,

(6] = Elinf 6x(w)] > Elf(we)] — N
where N, == H—y+1( 7).

Proof. We will prove the lemma by induction. For k& = 0, we define ¢ = f(wp), and since A}, > 0 for all k,
E[¢*] > f(wo) — No, thus satisfying the base-case for the induction. For the induction, we will use the fact that

Nigs1 = (1—7’k)Nk+ QLOzk

Assuming the induction hypothesis, E[¢}] > E[f(wy)] — N, we use Eq. (23) to prove the statement for k + 1 as
follows. Taking expectations w.r.t to the randomness in j =1 to k,

(1;::“1)611“ (g ||y/€ — Zk:||2 + (Vf(yk),zk — yk>):|

w (g e — 262 + (V (i), 26 — ywﬂ

(by the induction hypothesis)

ol + g (4 (9 .20 - )

(yo)l* +

E[¢11] = (1 — r)E[8]] + roE [f<yk>

> (1= re)E[f(wg) — Ni] + reE {f(yk) - ﬁ’“ﬂ IV £ (i) II” +

= (1 = re)E[f (wi)] + rELf (yx)]
— (1 = re)Nk
= (1= r)Elf (wo)] + nElf ()] — SE (V£ (o)

+ ’)"k(l — Tk) qk
qk+1

"k
2qk41

E (g e — 2&ll* + (V (k) 21 — yk>) = (1 = 7)) Ny (Using Eq. (18))
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By convexity, f(wk) = f(yx) + (Vf(yr), wr — y),
> (1= m)ELf () + (V£ ) wn = )] + 7L ()] — BE [V ()|

1 .
I UK 3% (g lye = zill® + (V£ (k) 2 — yk>) = (L= 7)o
qk+1

— B [#() = B IV A1) + " (gl (9 )1 )
+ (L= re)ELV f(yr), wi = yi)] = (1= 1) N

By Lemma 6,

1 re(l—r
> B | flwon) - gppado?| + O (S - sl 4 (91,20 - )

+ (1 =) E[V f(yr), wr — yr)] — (1 — 1) Nk

= Ef(wep)] + BTN (K P ()2 ) + (L BV ), — )]
gk+1

1
_ [(1 — Tk)Nk + 2p2L04i0-2:|

Since Nyi1 = [(1 — 1) Ng + %%Laiag},

re(1 — 1) @

E[¢r11] > E[f(wrt1)] = Nit1 + (L= ri) BV f(yx), wr — yx)] + o

(g Iy — 2l + (V f(yr), 26 — yk>>

Now we show that the remaining terms (1—r)E [(Vf(yk), Wi = Yk) T ot (% lye — zkl]> + (V F (), 25 — y@)} >
0. For this, we use Eq. (14)

qkTk

Y qurT’kH( g )
qkTk qkTk
:>zk—yk:zk—wk+7wk—zk <1> ZE — Wk
Qk+Tku( ) qk + Tk ( )
= (RO g = (LY ) (By B (17)
qk + T Qi +TEp '

— ;:qu (VF(yr)s 21 — yr) = <Vf(yk)’ (—%) (wy, — zk)> = (Vf(yr), ys — wi)

Using this relation to simplify,

(1= B (7 = )+ 22 (= sl 4 9,2 )|

= (1 B [P gy (1= ) 7P~ ) + (7 )~ )]
=(1—17)E [;Zflfg lyr — Zk||2} >0 (Since r, < 1.)

Putting everything together,

EM’ZH] > E[f(wrt1)] — Niya

and we conclude that E[¢;] > E [f(wy)] — N}, for all k by induction. O

We now use the above lemma to prove the rate for strongly-convex functions.
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Theorem 1. Assuming (i) convexity and L;-smoothness of each f;, (i) u strong-convexity of f and

1T
(iii) the growth condition in Eq. (5), ASGD (Egs. (3) and (4)) with wo = yo, V& = -, @ = (%) ,

pL~’
ﬂ)k/2T

_ k — /e (B :
ap = Q% T =4[ oF (T and by, computed as:

1—r— _
bk = ( L 12) Tkl aa (6)
T+ TR

has the following convergence rate:

* T a
E[f(wr) — f*] < 2csexp (\/f-Tpln(T/ﬁ)
8o%car (In(7/8))?
pLe? a?T

) 7tun) = £

where Kk = %, c3 = exp (ﬁ%) and c4 = exp (a%/p? %)

Proof. Using the reformulation in Lemma 5 gives us g = p for all k and 29 = wg. For the estimating sequences
defined in Appendix C.2, using Lemma 18, we know that the (reformulated) updates satisfy the following relation,

E[f(wr)] < El¢7] + Nr < E[pr(w")] + Nr
From Eq. (22), we know that for all w and k,
Pr(w) < (1= Ap)f(w) + Axdo(w)

Using these relations,

E[f(wr)] < (1 = Ar)f* + Argo(w™) + Nt
= E[f(wr) — f*] < Ar[po(w®) — f*] + N7

By Eq. (21),
<\ [¢3 + (]2—0 lw* — zo||” — f*} + Nr
Choosing ¢f = f(wyp),
* qo * 2
< Ar [f(wo) =145 Il =zl } +Nr

Since 20 = Wo, go = K,

T-1

]j (1 —T’i)

52 -1
= E[f(wr) = f] < Ar [f(wo) —f*+gH“’* _w0||2] +2TL >
=0 i=j+1

Using the fact that \g = 1 and Ay = (1 — 7%) A\, we know that that Ay = Hle(l — k), and
T 92 T=1  T-1

Elf(wr) - 7] < lHu - rk)] [f) = 7+ Sl —woll?] + 57> 03 T (=)

k=1 J=0  i=j+1
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Now our task is to upper-bound bound the 1 — r terms. From Eq. (18), we know that

Tk = \/Qk+1Mk = %\/ak > q;}:l g (Since ay < 1 for all k)

= (1—rp) < (1 - \/q;?ak>

Since g = p for all k, putting everything together,
T T i 92 T=1 T-1 T
* * * 2 2
_ < _ = _ e _ 2 =
E[f(wr) — f*] < Ll;[l (1 \/ pﬁak)] {f(wo) AR [[w* — wol| } + 7L jzoaj i:lg_'L (1 \/ pmal)

)7

)

1

T

AT<2exp< W — Za)Ao—i— QLZa exp( ’/ )
k:l zk:+1

Using Lemma 8, we can bound the first term as

2O <_\/pTﬁkZilak> Bo =200 <_\/an (ln?Tj;ﬁ) - ln(QTﬁ/B)» Ao

T *
= 2c3 exp (_\/ﬁln(T/B)) [f(wo) — f*]

Denoting Ay = E[f(wy) — £*], and using the exponential step-size oy, = /" = (

where c3 = exp (m). We can now bound the second term by a proof similar to Lemma 9. Indeed we
have
. T-1 1T okt _ T
k exp ’/ o' :Za% exp (—,/1>
i= k+1 k=0 pr @
B 1 o \ &= o 1 okl
=exp| — a“®exp | —y/—
okl —a P prl—a
1 T N T—1 2(1 — —\ 2
< exp ( a ) ok <((;)1PK> (Lemma 15)
VpEl—a — eakt
1 af 4pK 9
- <,/p/@ 1-— a> 62042T(1 -
1 af 4pk
=P <\/pm 1— a> e%ﬁTm(l/&)2
. 1 of \ 4pxIn(7/p)
- P VPRl —a e2a?T
Finally,

1 o 1 offt
eXp(\/pTil—a) - <a pnl—a)
< exp (26 >
- ay/prIn(T/s)

where the inequality comes from the bound in Eq. (25) in the proof of Lemma 8. Putting everything together
we obtain

T ! 802cyk In(T/8)?

\/@hl(T/ﬁ)) [f(wo) — f*] + oLe2aT

where ¢4 = exp (m) )

E[f (wr) — 7] < 23 exp (—



Sharan Vaswani*, Benjamin Dubois-Taine, Reza Babanezhad

C.4 Lemmas for acceleration proofs

Lemma 8.
T
T 23
A= at > @ —
22 sy )
Proof.
zT:at— a— T+l _a oT+1
l-«a l-a 1-«
t=1
We have
aT+! B af B é 1 < ﬁ 2 é 2 2B (25)
l-a T(l-a) T Ya—1~"T In(Ya) T LIn(T/z) In(T/p)
where in the inequality we used Lemma 14 and the fact that /o > 1. Plugging back into A we get,
Q@ 273
A> —
“1—-a In(7/p)
« 20
- 1—z<In(%
= W(1/a)  In(7/s) (o=
. aT 2/
~ In(T/s)  In(7/p)
O
1/T
Lemma 9. For a = (%) and any Kk > 0,
T T
1 ; 4k2ca(In(T/p))?
2k i 2
2« eXP(‘K_Z O‘) S owr
k=1 i=k+1
where cy = exp (é%)
Proof. First observe that,
i i P
) l—«o
i=k+1
We have
aT+1 o B 1 < B 2 B 2 2B
l—a T(l—a) T Ya—1~"T In(Ya) T LIn(T/s) In(T/s)

where in the inequality we used 14 and the fact that 1/a > 1. These relations imply that,

T X
1 , 1okt 1 28 1 aFtt
—— _— ? < —_— — = _—
eXp( ﬂ-_%a)‘“p( mamw/ﬁ)) "QQX"( ma)
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We then have

T 1 T T 1 ak+1
2k i 2k
kgiloz exp <_/<; E a> < c2 g a”t exp <_f<;1—a>

i=k+1 k=1
T 2
21 — a)k
2k
<e) o (W)
k=1
4K%cy 2
= a2 T(1—a)
4K2cy
< R P n(1 /o)
_ AxPep(In(T/s))*
B e2a2T

(Lemma 15)
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D Upper-bound Proofs for Section 4

D.1 Proof of Theorem 3

Theorem 3. Assuming (i) convezity and L;-smoothness of each f;, (ii) p strong-convezity of f,

1/T
SGD (Egq. (2)) with v, = %, o= (%) , ap = o¥, has the following convergence rate,

T «
Ean+1—uﬁn2<|mn—-w*wcaexp(—)

x In(7/)
802cok? (In(7/8))?
Le? a?T

L _ 1 23
where Kk = n and cz = exp (’ ' W)

K

Proof.
lwigr — w*[|? = [lwe — meV fir(wi) — w*|?
= Jlwp — w*[|* = 20V fire(wi), wr, — w*) + 0} |V fin (wi) ||
= [l — w*||* = 2ypn (V fir (wy), wi — w*) + 170 [V far (w,) ||
lwigr —w*|* < flwg = w*|* = 290V fir (wr), wi — w*) +170f 2L fir(wi) — £i] (Smoothness)
= Jlwp — w*|?* - zak<vfik<wk),wk —w*) + Eai [fir:(wi) — fir(w™)] + Eai [fir:(w™) — fi]

(Since v, = 1/L.)

Taking expectation w.r.t iy,

E s —w* < E g — |~ Zag(V (), wy — ') + 2of () — Fw)] + 2ofo?
2 2 2
< E[lwp —w*|* = Zak<vf(wk)awk —w") + 7ok [f(wr) = f(w")] + ZaiUZ
(Since ay < 1)
2
E |wipr — w*||> < (1 - %) E |lwy, — w*||* + Zaiaz (By p-strong convexity of f)

Unrolling the recursion starting from w; and using the exponential step-sizes,

szt ) [ ()

k=1 i=k-+1

Writing Ay = E |lwy, — w* ||

T T T
202 )
ATHSAlexp(—/ZE ak>+LE a%exp(—g E o/)
— k=1 i=k-+1

k=1
——
=A =B,

Using Lemma 8 to lower-bound A, we obtain A > % ln(T 75 The first term in the above expression can

then be bounded as,

Aveso (~24) = &y (<10,
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where k = % and ¢y = exp (% %) Using Lemma 9 to upper-bound By, we obtain B; < M, thus

e2a2T
bounding the second term. Putting everything together,

T « 8c2cak? (In(T/p))?
Aryr < Ajcgexp <_nln(T/a)) + To2 2T

D.2 Proof of Theorem 4

Theorem 4. Assuming (i) convezity and L;-smoothness of each f;, (ii) p strong-convezity of f,

1T
SGD (Eq. (2)) with a = (é{) , ap = a” and v, as the largest step-size that satisfies Vi, < Ymax
and Eq. (8) with ¢ = 1/2, has the following convergence rate,

T o
E wrs1 — w2 < [Jun — w*|er exp ( )

w/ n(7/5)
+ 80201(/€/)2’7max (IH(T/B))2
o2 a?T
2 !
4 207w In(T/B) <vmax ~ min {Vmaxa 1})
eq L

j 2
with k' = max{ﬁ, ;w}nax }, c1 = exp (% ) ln(f/ﬂ))

Proof.

lwisr — w* || < [Jwp — w*||* = 2000 (V fir (wi), wi — w*) + vpai (By Lemma 11)

o [ fir(wi) = fix
c
Setting ¢ = 1/2,

= [lwr — w*|I* = 2yean(V fir (wi), wi — w*) + 2705, [fin (wr) — f;]
= Jlwr — w*|I* = 2yean(V fir (wi), wi = w*) + 2705, [fi(wr) = fin(w)] + 2ma [fi(w*) = fii]

Adding, subtracting 2vipag[fir(wr) — fir(w*)],

= lwi — w*||> + 2y [—(V fir(wr), wp — w*) + [fir(wr) — fie(w*)]] = 2ypan]fix(wi) — fir(w*)]

+ 290 [fir(wi) — fie(w*)] + 20 [fie(w*) — fi]

< JJwk = w* | + 2yminck [—(V fir (i), we = w*) + [fir (wi) = fir(w*)]] = 2% (o — @) [fir(wr) — fir(w”)]
+ 2Vmax, [fir (W) = f7]

where we used convexity of f;i, to ensure that —(V fir.(wg), wi —w*) +[ fir (wi) — fir (w*)] < 0. Taking expectation,

E [[wisr — w*l” < ok — w*l|” + 2ymiman [—(V f (wi), wi — w*) + [f(wg) — f(w)] = (o — 0f)E 27l fir(wi) — fix(w™)]]

+ 2’\/maxa% 02

E fJwr —w||* < (1 = aryminpt) lwr —w||* = (an — a)E [2yelfir(wr) = fir(w")]] + 2pmaxaio”
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Since ay < 1, and ay — a2 > 0, let us analyze —E[[y[fir(wi) — fir,(w*)]].

—E{[y[fie(wr) = fir(w)]] = —Ellv[fir(wr) — £ ]] = Ellwelfix — fir(w®)]]

I
< —E[[vmin[fie(wi) = fikl] = Ellymax[fix — fir(w")]] (Ve < Ymax)
= —E[[Vmin[fit (W) — f13] + Ymax0?
= —E[[ymin[fir(wi) = fir(w*)]] = El[ymin[fir (w") = F]] + Ymaxo?
= —Yminl[f (k) = F(w)] = Ymin0? + Ymax0?

S (’Ymax - ’Ymin)JQ
Putting this relation back,
E |2 . )2 2 A2 2 2
||’LU]<, —w H S (1 - ak:'ymln:u) Hwk —w || + 2(&]9 - ak) (’Ymax - mem)a’ + 27maxako’
S (1 - ak’ymin,u/) Hwk - U)*||2 + 2ak (Wmax - ’Ymin)o—2 + 27maxai02~

L 1

. ;L
Setting k' = max{ rEir—

recursion we get

T ) T T 1 T T 1 .
A < (H (1 _ I{/ak)> A+ Qmeang Zan H (1 — I{/Oél) + 202 Zak(')/max ~ Ymin) H (1 B I{/al>
1

} we get that 1 — agyminp < 1 — % Writing A, = E |Jwg — w*||2 and unrolling the

k=1 k=1 i=t+1 k=1 i=k+
1 T T 1 T

< Ajexp (— R/Za’“) +27max<722a2kexp (— = Z 0/)

k=1 k=1 i=k+1

——

=A =B
T 1 T
2 ) k _ = g
+20 ('Vmaxff)/mln)za €xXp < Py Z « >
k=1 i=k+1
=C

Using Lemma 8 to lower-bound A, we obtain A > % — 1n(27l"8/ Ok The first term in the above expression can

then be bounded as,

1 T «
_ < -
A1exp< H/A) < Aq C1exp< Y 1n(T/ﬁ)>’
1 28

where ¢; = exp ( Py W). Using Lemma 9 to upper-bound B;, we obtain B; < W

, thus bounding

the second term. Using Lemma 10 to upper-bound C}, we obtain C}y < 61%, thus bounding the third term.
Finally, by Lemma 11 we have that y,;, > min {’ymax, %}

Putting everything together,

T « 802¢1 (K )?Ymax (In(T/8))2  2c10%k" In(T/B) . 1
AT-‘rl S A1 C1 €eXp (FLI ID(T/,B)) + ! 62 Oé2T + ! e Ymax — N § Ymax, Z

O
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D.3 Proof of Theorem 6

Theorem 6. Assuming (i) convexity and L;-smoothness of each f;, (ii) u strong-convexity of f,

1/T
SGD (Eq. (2)) with a = (%) ;o = a¥ and v, = % for v > 0 has the following convergence

rate,

vT «
ez —w*? < oy — w2 ez exp (—)

% In(T/3)
8c2 v 25 4k21n(T/B)?
TIT? ( 1n<T/a>) Fa?

o max (fy) - Y
i€l s |

v 20 8x2 [In(v)]+ In(T/B)
" exp (ln(T/ﬁ)) ve2a? +T ’

where kK = ﬁ, Cy = exp (N %) and [z]+ = max{z,0}.

Proof. Following the steps from the proof of Theorem 3,
lwns1 = w*[|* < lwg = w?|* = 29505 (V fin (wy), w = w*) + 270, [fa(wr) — fir(w®)] + 2L73ad [fn(w*) = fi]
Taking expectation wrt ix, and since both v, and ay, are independent of iy,

E fuwesr — 0| < [l — w0 |* — 2900u(V fwp), w — w*) + 2La30d [f(wy) — f*] + 2La}ad o

E flwpsr — w7 < (1 - prype) [ — w2 + 2La202 0 + [f(wy) — 1] (2LaZa? — 29pa)
(By strong convexity)

Since v, = 7 for some v > 1, we require oy < - for the last term to be negative. By definition of ay, this will
happen after k> ko :=T; ?% iterations. However, until kg iterations, we observe that (2L’ykak — 2ypa) <
WQ,« meaning that for k < kg,
o 2v(v—1)
E wgsr — w*[|* < (1= pypa) wg — w*||* + 209707 0 + max {f(w;) = }
0

Writing Ay = E ||wy, — w*||?, and unrolling the recursion for the first ko iterations we get

ko—1 MI/ l/—l ko—1 ko—1
A <A 1-—— + 2L—U + max {f(w “} a? —ozi
ko < 121( ) 70"+ max {f(w;) ~ [} Z L1l a

i=cCs
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Bounding the second term similar to Lemma 9,

ko—1  hko—1 i ko—1 oy ol
Z ap H (1- fai) < Z aj, exp <_L Z CVZ)
= = —ht1

vako N\ vak+l

—o <n<1 —a)) Z R <n<1 a))
vako N\ ! , (21— a)k\>

< -

= &P (H(l - a)) é k ( veak+l )
vako 4(1 — a)?K?

< k

=P (Fa(l — a)) V222 0

< vako 4k2  koln(T/B)?

e
= exp k(1 —a) ) v2e2a? T2

Putting everything together, we obtain,

_ ko k‘g 4 2 1 T 2
A, < Ajexp (—WM> + c5 exp (K(ya ) K~ koIn(T/P)

L 1-« 1—a) /) v2e?a? T2

Now let us consider the regime k > kg where o < %, so that we have

2 2
2v°0°

Lk

E [|wit1 — w*|)* < (1 — pywen) wy, — w*|)* +

Writing Ay = E ||wy, — w*||*, and unrolling the recursion from k = kg to T,

T 9 o T T
wy 2vo 9 0
Apg <A [ - o)+ > o} | I] a- )
k=Fo k=ko  i=k+1
Bounding the first term similar to Lemma 8§,
T T ko T+1
2% 2% B —pv o —«

H(l—Lak)<eXP<—LZak>—€XP<L I~ & )
k=ko k=ko

Bounding the second term similar to Lemma 9,

T T i T w L
> ot I (- o< 3 atewn (-4 3" o)
k=ko  i=k+1 k=ko i=k+1
, U okl _ oI+
k=ko
( val*t > i 5 < vaktl )
= exp Qi exp
k(1 —a) = k (1-a)
val+1 d 201 — a)r >
< 2 (22 I
=P (m(l - oz)) ,Z;() “ ( veak+l )
val™t \ 4(1 — a)?k?
= T—-ky+1
P </£(1 - a)) v2ea? ( o+1)
< val+1 4k? (T — ko + 1) In(T/B)?
e
= oxp k(1 — ) ) v2e?a? T2
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Putting everything together,

—pv ko — oT+1 N 21252 . val+1 4k? (T — ko +1)In(T/B)?
L 1-a L “P\kI-a)) 12ea T2

A < Ay, exp (

Combining the above bounds, we get,

-~ ko _ T+1 ko ko A2 2
Aris <exp( Y o o ) (Al exp (_,uua o ) + 5 exp (L/(wa ) k% koIn(T/B) )

L 11—« L 1-« 1—a)/ v2e?a? T2

N 2c%0? exp val+l 4k? (T — ko +1)In(T/B)?

L k(1 —a) ) v2e2a? T2

T+1 T+1 2 2
—uva—« uv o 4k*  koIn(T/B)

—A —wra—an Ky

1exp< L 1-« )+656XP(L 1—a/) v2e?a? T2
N 20252 exp val+l 4k? (T — ko +1)In(T/B)?

L k(1 —a) /) v2e2a? T2

Using Lemma 8 to bound the first term
vT « pv o+l 42 koln(T/B)?
A <A —_— —
THL = 212G ( K ln(T/ﬁ)> s exp ( L1-a) v2e?a? 72

20202 exp va®l 4k (T — ko +1)In(T/B)?
L k(1 —a) ) v2e2a? T2

+

where k = ﬁ and cy = exp (% %)

For bounding the second and third terms, note that o o i, and kg = T%. Using these relations and

1—-a — In(T/p)
the fact that o < 1,

vT « v 28 4k? In(v)In(T/B)
A1y < Ajcyexp <_Iiln(T/ﬁ)) + ¢5 exp (mn(T/ﬁ)> 26202 T
20202 (V 23 ) 4k? (T — ko + 1) In(T/B)?

+ L P % In(T/5) ) 12e2a? T2

Putting in the value of ¢; and rearranging, we get

vT « ) 20202 <1/ 203 )4/-@2111(T/ﬂ)2

Ari < Ajcgexp <—

T (p)) T LT TP\ k() T v2era?
L 2v(v—1) v 28 4k? In(v)In(T/B)
+ [jlg[é}c?]{f(wj) - I } exp <K1D(T/B)> 2e20.2 T
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D.4 Proof of Theorem 8

Theorem 8. Assuming (i) convexity and (ii) L;-smoothness of each f;, SGD with step-size mi =
L oy has the following convergence rate,

2L
_ oy o 2L [ — >he1 0
Elf(wr41) — f(w")] < +o? Skt (11)
Zk 1% Zk 1 %%
Z Ok Wk B k/T . .
where Wpy1 = % For ay, = [T} , the convergence rate is given by,
] 1 2L I(TYB) s — w|]? T
Blf(or) - fwt)) < 2=l 2 T

Proof. Following the proof of Theorem 3,

iy = w* < Jlwo = wl|* = 2V fi(we), w — w*) +2Lrgag [fan(we) = fir(w")]

2 *
+ z“ﬂ%ai [fir(wi) — fix]
2 2

X a o, O * o *
Jwisr —w* )| < llus = w* [ = (Y fir(wr) wi —w*) + 75 [fa(wi) = Fir(w)] + 5 [fa(wi) = 5]
(Ve = 5= for all k.)

2 2
< Nk = " = T s wn) = faCw")] + 55 Ui ) = Far(w")] + 5 [fanen) = F3]
(By convexity)

Taking expectation,

E * < (12 g * O‘i 2 2
lwrsr = w? " < flww = w* " = [f (we) = F(w)] + 57 [f(wr) = flw )]+ﬁ
2
< = | = S5 [f(wn) — f(w*)] + Sko?  (Since fun) — f(w") 2 0 and g < 1)

Rearranging and summing from £ =1 to T,

T
axf(we) = f(w™)] < 2L Jun —w"|* + 0% 3" o

11

Sy CRWE

By averaging and using Jensen. Denote wr41 = ST
k=1 %k

2L |lwy — W*” ZZk 1ak

E[f(@0r41) — f(w™)] <
[f(wr41) — f(w™)] < S S

k/T
Next, we bound S;_; aj, and Y;_, a2 for the exponentially-decreasing aj sequence, when oy = {%} .

From Lemma 8, we know that,

L oT 28
2 In(7/s)  In(T/s)’

k=1
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. 1T
: : 25:1 ai _ Z}{:l a?* _ |8
Bounding the ratio S T ST where a = | & ,
T
S ok < o? -«
Yook T 1-a?a-—alt

o 1 1 T

= < =
l+al—-af ~1—-aT T-7

Putting everything together,

2L W(T/B) lwr —w|*  , T

E[f(w — ] <
[f(0r41) = f(w?)] < oT — 28 to T-3
O
D.5 Additional lemmas for upper-bound proofs
1/T
Lemma 10. For a = (%) and any Kk > 0,
T T
1 ; kIn(T/5)
k i
- < o1
Za exp( K(Z a>_02 .
k=1 i=k+1
for co = exp (N ln&/ﬁ))
Proof. Proceeding in the same way as Lemma 9, we obtain the following inequality,
T . 1 I k1
_Z )<
Yaten (-1 Y a CQZQ exp< )
k=1 1=k+1
Further bounding this term,
d 1 — (1—a)
k i -
Za exp (—le a) <022a eozkﬂ (Lemma 15)
k=1 i=t+1
T
<co(l —a)— r
eq
kT
<cyIn(l/a)—
< coIn(l/a) o
kIn(T/B)
= Cg——m—=
eq
O

Lemma 11. If f; is L;-smooth, stochastic lines-searches ensures that

2(1-¢)

L@ < 2(w) - ), and min {21

} < < Ymax-

Moreover, if f; is a one-dimensional quadratic,

. { 2(1—6)}
7 = 1min ’Ymax»T
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Proof. Recall that if f; is L;-smooth, then for an arbitrary direction d,
Li .2
filw —d) < fi(w) = (Vfi(w),d) + — [|d||".

For the stochastic line-search, d = vV f;(w). The smoothness and the line-search condition are then

2
Line-search: f;(w — vV f;(w)) — f;(w) < —cvy |V fs(w)]]?.

Smoothness: f;(w — vV fi(w)) — fi(w) < ([@72 — ’Y) ||Vfl(w)||2a

The line-search condition is looser than smoothness if

(572 =) IVA()II* < e IV filw)]]*.

The inequality is satisfied for any + € [a,b], where a,b are values of v that satisfy the equation with equality,
a = 0,b = 200=9)/L,, and the line-search condition holds for v < 2(1—¢)/r,. As the line-search selects the largest
feasible step-size, v > 2(1—¢)/r,. If the step-size is capped at Ymax, we have 1 > min{ymax, 21—/, }, and the
proof for the stochastic line-search is complete.

From the previous discussion, observe that if v > 2(27__6), then we have

(592 =N IVF@)I* > =y [V fi(w)]*

If f is a one-dimensional quadratic, the smoothness inequality is actually an equality, and thus

il =2V Aiw) - filw) = (5

Li —7) 19 £ w)?

. 2(1—c)
So if v > Tc,

filw =4V fi(w)) = fiw) = —ey ||V fi(w)[|*

and the line-search condition does not hold. This implies that for one-dimensional quadratics v =
min{Ymax, %} O



Towards Noise-adaptive, Problem-adaptive Stochastic Gradient Descent

E Lower-bound proofs for Section 4

E.1 Proof of Theorem 5

Theorem 5. When using T iterations of SGD to minimize the sum f(w) = M of two

one-dimensional quadratics, fi(w) = $(w —1)? and fo(w) = & (2w + 1/2)?, setting the step-size

using SLS with Ymax > 1 and ¢ > /2, any convergent sequence of oy, results in convergence to a
neighbourhood of the solution. Specifically, if w* is the minimizer of f and wy > 0, then,

3
E(wp — w*) > min <w1, 8) )

Proof. For SLS with a general ¢ > 1/2 on quadratics, we know that 7, = =+—= (see Lemma 11 for a formal

proof). Recall that we consider two one-dimensional quadratics f;(w) = 3(wz; — y;)? for i € {1,2} such that
r1=1Ly=122=2,ys = f%. Specifically,

fl(U)) = %(U} — 1)2 =I11=1

1 1
fo(w) = 5(2w+§)2:>L2:4
1 5 1 1o 5 5 1 1 .

f(w)—4(w 1) +4(2w+2) =Wt =0

Ifip=1,
W1 = wi — a2(1 —c)(wp — 1) =2(1 — c)ag + (1 — 2(1 — ¢)ag)wy
If i = 2,
2 1 1
Wi1 = w — 2(1 — c)ak1(2wk + 5) =(1-2(1-c)ag)w, — 12(1 —c)ay

Then

1 1 3
Ewkr1 = (1 —2(1 — ¢)ag)wg + 22(1 —c)ay — §2(1 —c)ag = (1 —2(1 — ¢)ag)wi + 82(1 —c)ay

and

ool w

T
Ewyp = E(wp — w*) = (w1 — w") H1—21—cak+

T T
d 20 -0ar J[ @-201-c)a)
k=1

i=k+1

Using Lemma 16 and the fact that 2(1 — ¢)ay, < 1 for all k, we have that if w; —w* = w; > 0,

3
E(wr — w*) > min (wl, 8)
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E.2 Proof of Theorem 7

Theorem 7. When using gradient descent to minimize a one-dimensional quadratic function

1/T
f(w) = 3 (zw — y)?, with o = (%) ,ap =a* and v, = % for v >3 we have

k
Wit1 — w* = (wy — w") H(l — vay).
i=1
After k' := ﬁ In (%) iterations, we have that

*

w1 — w*| > 2wy —w

Proof. One has w* = £ and L = 2. Therefore

W1 — W = wp — w" — N (2w — Y)
. v N v
=W — W — Op—LWE A —T
L "
=wg — w* — agrwg + agpw” = (1 — vag)(wr — w*)

Iterating gives the first part of the result. Now, for k < k', we have

1
, W(ln v—In 3)
1—vat <1- vak <1- Valn(TT/ﬁ)(ln”_lng) =1—-v (5) =1—-v (3> =-2

and thus

k/
w1 — w*| =|lw; — w*| H|1 — vag| >|wy — w*|2"
i=1

E.3 Lemmas for convex setting

Lemma 12. The polynomial stepsize defined as cy, = (1/k)° for some 0 < § < 1 cannot satisfy Zf:l ay > CT
and Zgzl a% < Co\/T for positive constants Cy and Cs.

Proof. If 6 =0, oy, = 1 for all k, and then Zle ai =T.1f 6 =1, then Zgzl ar =06(InT).
If 0 < § < 1, basic calculus shows that

and thus
] 1
(T+1)'°—1) SZT <14 —— (T 1)

which shows that Zle ay = O(T*'7?), and thus we cannot have 25:1 ay > C1T for all T O
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Lemma 13. The exponential stepsize defined as ay = o for some a < 1 cannot satisfy Ele ag > C1T and
Zfil a2 < Co\/T for positive constants Cy and Cs.

Proof. Suppose by contradiction that the exponential stepsize satisfies the two conditions. Then

T
RS T S U D S S
k=1
By assumption, Zizl ok > C12T and 25:1 a?* < Co\/T. Therefore

ZO& — Zan >204T — *02\/7

k 1

But then we obtain
1
CoVT > 20,T — =CoVT
«

which is a contradiction by taking T to infinity. O

F Helper Lemmas

Lemma 14. For all x > 1,

Proof. For x > 1, we have

< In(z) <2z -2

8\»—'

Define f(z) = 2z — 2 — In(z). We have f’(x) = 2 — =. Thus for > 1, we have f'(z) > 0 so f is increasing
n [1,00). Moreover we have f(1) = 2 — 2 — In(1) = 0 which shows that f(z) > 0 for all # > 1 and ends the
proof. O

Lemma 15. For all x,~v > 0,

Proof. Let z > 0. Define f(vy) = (l)V — exp(—x). We have

f(v) = exp (vIn(y) — yIn(ex)) — exp(—z)

and
1
Fe) = (72 ) = nfea) ) xp (y 1n(y) = 3 In(e)
Thus
() >0 < 1+In(y) —In(ex) >0 < v >exp(ln(er) —1) ==
So f is decreasing on (0, ] and increasing on [z, 00). Moreover,

T 1

)= (£) = el = (1) —explon) =0

exr

and thus f(v) > 0 for all v > 0 which proves the lemma. O
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Lemma 16. For any sequence o

Proof. We show this by induction on T'. For T' =1,
(1 — al) + o = 1

Induction step:

T+1 T+1 T T T+1
Hl—ak JrZozk H (1-ay) = 104T+1)H(104k-)+<04T+1+ZOék 1o¢1>
k= = i=k+1 k=1 k=1 i=k+1

T

T
(l—ak)—i-(ozT_H—i— 1—aryq) Zak H l—ozz>

k=1 1=k-+1

=1 —-ar41)

=

~
Il

1

T T
=(—ary) | [TO-an)+> ar [[ 0 —ai) [ +aru
k=1 ]

(Induction hypothesis)

=1 —-ary1)+ary =1
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G Proof for misspecified ASGD

New proofs not included in current Arxiv version

Misspecified ASGD uses the same two sequences {wy, yx } and an additional extrapolation parameter by,. However,
we do not have information about the smoothness L or the strong-convexity constant u. Instead we estimate these
problem-dependent parameters in an offline fashion (no correlation between i and the estimation), and obtain
L and ji. W.lo.g, we will assume that + = “k and i = v, for some vy, v, > 0. Specifically, the extrapolation
parameter is now computed as follows:

k .
rh =0 —r)ri_, d + TRANK- (26)
Nk—1
(1 —rp_1)rp_1-%
by = e (27)
Tk o Ne—1

5\H/T — g\ F2T )
where 0, = Yo = Z—i (T) , Tl = 4 /% (T) satisfy the above equations.

The above equations can be rewritten as:

k
r?=(1- m)ri_lnz T (28)

Defining 7y, := v, and noting that the ratio ﬁj: = n:—fl,

Tk -

ri= (1= 1)1y =——— + repu (29)

Nk—1

(1= rp—1)re—1 72

b, = e (30)

Tk + 71 Ng—1

~ VLV, B k/T vpvup [ B8 k/2T . .
where 7, := ;L“ (T) s TE = 4 /L‘T" (T) satisfy the above equations.

For notational convenience we will redefine 7, := vy, where v = vrv, and hence redefine 1, := vn,. With

these redefinitions, it is easy to see that the updates can be reformulated as a 3 variable sequence as in Ap-
pendix C.1 with a different choice of 7. Similarly, we can use the same definition of the estimating sequences as
in Appendix C.2.

Given the definitions in Appendix C.2, we first prove the descent lemma for 7, = pLLak, where o < 1 is the
exponentially decreasing step-size.

[In(v)]

Lemma 17. Using the update in Eq. (15) with n, = SpQk, and defining ko = Toers and G =
Max; ] E[||Vf(yk)||2], we obtain the following descent lemma.
Nk 2 v 2 2
Elf (wi+1)] < E[f(yx)] — > IV f(ye)lI” + 2521k (For k > ko)
G2, v 5 o
Elf (wi+1)] < E[f (yx)] + 2L g + maka (For k < ko)

Proof. By smoothness, and the update in Eq. (15),

Fwrs1) < fyw) = eV f(yx), V fin(yr)) + gni IV fire () I
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Taking expectation w.r.t. ig,

L .. o
E[f(wit1)] < ELf ()] — me IV F ) I” + 57),%E[||Vflk(yk)||2] (nx is independent of the randomness in if.)

L L e
< ELf )] = e IVl + S BV S () | + Sro® (B the growth condition in Ea. (5))

= [ ()] — e [T ) P+ 2 2“’“ 1950} + 5pato’
= Bl - 2 IVT @I — 2 (o) [V + S ade”
For k > kg, 1 —vayg >0, and
Bl )] < Blf )] — 2 1950017 + 550

whereas for k < kg, 1 — vay > —vag, and since n; = %,

2 2 2
Bl ()] < Blf )] + i (97 (00) P + 57 o
Defining G := max;e ) E[|V £ (yx) ]|,
2V2 V2
E[f (wrt1)] < E[f (yx)] + 21.704% + maiJQ

With this change, the proof of Lemma 18 can be modified, and the new result can be stated as follows:

Lemma 18. For the estimating sequences defined in Appendiz C.2 and the updates in Eq. (14)-Eq. (19),

E[67] := Elinf g (w)] > E[f(wy)] ~ N

2,2 min{ko,k}—1
where Nk = 2P2L 2 H’L ]+1( Z‘) + (CépL ) Zj:(){ ok 2 Hl J+1( Z)

We now use the above lemma to prove the rate for strongly-convex functions.
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Theorem 2. Assuming (i) convexity and L;-smoothness of each f;, (ii) p strong-convezity of f and

1/T
(i) the growth condition in Eq. (5), ASGD (Eqgs. (3) and (4)) with wo = yo, Vi = o= (%) ,

. o (8 k/2T
ap =a”, ry =, /TE (T) and by, computed as:

by = (I —rp_1) k-1 a’ (7)

TR+ T

has the following convergence rate:

E[f(wr) - f] <
VT o Ny
2eyesp (~ s ) (7(am) = £
8cyk(In(T/5))?
(ea)2pLT
2¢4k(In(T/5))?

min{ n(v)]+ , 1wG?

(ea)?LT In(T/8)"
where v = viy,, kK = /%’ c3 = exp (ﬁli(ﬁ}ﬁ)) and ¢4 = exp(a\}ﬁ %) and G =
maxe ko) B[V £ (ye) |°] with ko := T80k and |2, = max{|x],0}.

Proof. Using the reformulation in Lemma 5 gives us g = p for all k and zy = wq. For the estimating sequences
defined in Appendix C.2, using Lemma 18, we know that the (reformulated) updates satisfy the following relation

E[f(wr)] < E[¢7] + Nr < E[pr(w™)] + Nt
From Eq. (22), we know that for all w and k,
Pr(w) < (L= Ap)f(w) + Argo(w)
Using these relations,

Elf(wr)] < (1= Ar)f* + Argo(w”) + N
= E[f(wr) = f] < Ar[¢o(w”) — f*]+ Nr

By Eq. (21),
<7 [+ 2wt —zol® = 7] + N7

Choosing ¢ = f(wp),

< [flwo) = £+ D w* = zol*] + N
Since zp = wq, qo = W,
. 52,2 -1 T-1 G221 itk 7)1 ) T—1
— Elf(wr) = 12 X [Fwo) = £+ § ot =l + 527 a2 TT @ (M) > @ [
7=0 i=j+1 j=0 i=j+1
Using the fact that A\g =1 and A1 = (1 — 7%)A\g, we know that that Ay = Hk:1(1 — 1), and
T i 52,2 T-1 T-1
E[f(wr) — £*] < [H(l - m)] [/ (wo) = f*+ 5 lw* - wonz} Z o TT a-m)
k=1 i=j+1

min{ko,T}—1 T-1

+<C;Z2) oo [ a-r.

=0 i=j+1
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Now our task is to upper-bound bound the 1 — r terms. From Eq. (18), we know that

Tk = VAk+1Mk = QI:FLIV\/a > qk+1yak (Since oy, < 1 for all k)

pL
= (1—-rg) < (1_1/(112-‘2”&’6)

Since qx = p for all k, putting everything together,
T

E[f(wr) - £] < []_I (1 - ﬁa)] [F0) — 4 2 — wol?] + 252 Txla TH <1 ﬁa)

_J+1
min{ko,T}—1 T—1
G*1? o 9 v
A(Tr) 2 I

j=0 i=j+1

Denoting Ay, = E[f(wi) — £*], and using the exponential step-size ay = o/" ( )k/T

[v 2 /1
AT<2exp< >A0+ vt Za exp( )
z k+1

min{kD,T}—l T—1
v o exp [~y L 3w
p el

2pL
Using Lemma 8, we can bound the first term as

2exp <\/p7ﬂéak> Bo = 2exp <\/7ff (ln?TT/ﬂ) - 1n(2f/ﬂ)>) Ao

ks

k=0

Vv« )
= 2czex —f
sesp (D s ) 1w~ £
where c3 = exp (%). We can now bound the second term by a proof similar to Lemma 9. Indeed we
have
T-1 T—-1 T—1 k+1 T
v - v a"tt —
Z Olzk exp <— 7/{/ Z az) = Z Oé2k exXp (- /{1—0{)
k=0 PR k=0 P
T—1
—oxp (VL 0T S b e ([0
Vol —a — prl—a
T N T—1 2(1 — —\ 2
< eXp( Vv _a ) ok ( ( kﬁ) pm) (Lemma 15)
VPEl—a) &= eaktl /v
— exp NS 4pk T(1— a)?
VpEl—a ) e2va?
T
< exp < Vv 1a > ;lplngn(l/a)2
VprEl—a /) e?va
— exp VvoaT \ 4pkIn(T/p)
VPRl —a e2va?T
Similarly,

e2va?T?
k=0

min{ko,T}—1 T—1 .

. In(v)
exp( Vv _al ) 4ps In(*/s)? min { 551}

e2va?T
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Finally,

exp (J\/pzn 1a_Ta) - (a\/\/;” ij;)

where the inequality comes from the bound in Eq. (25) in the proof of Lemma 8. Putting everything together
we obtain

VT« o 8pearIn(T/p)? o?v 2pcakIn(T/5)? . [In(v)] G*v
_mm(w)“(“’“‘f |+ g+ g min e

where c3 = exp (%) and ¢4 = exp (#‘r@/ﬁ)) O

E[f(wr) — f*] < 2c3exp (
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