N
N

N

HAL

open science

Regularity improvement for the minimizers of the

two-dimensional griffith energy

Camille Labourie, Antoine Lemenant

» To cite this version:

Camille Labourie, Antoine Lemenant. Regularity improvement for the minimizers of the two-
dimensional griffith energy. Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei
(9) Mat. Appl., 2023, 10.4171/rlm/1009 . hal-03448933v2

HAL Id: hal-03448933
https://hal.science/hal-03448933v2

Submitted on 14 Nov 2023

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-03448933v2
https://hal.archives-ouvertes.fr

Regularity improvement for the minimizers of the

two-dimensional Griffith energy

Camille Labourie and Antoine Lemenant

November 14, 2023

Abstract

In this paper we prove that the singular set of connected minimizers of
the planar Griffith functional has Hausdorff dimension strictly less then one,
together with the higher integrability of the symetrized gradient.

Contents

1_Intraduction

2 Preliminaried

p__Local separation in many ballsg

Carleson measure estimates on w,|

Control ot wy by w,)

Sl @ S

Porosity ol the bad set

B

Higher integrability of e(u)

ADD d g

A Lame’s equationy

14

17

18

18

Camille Labourie, University of Cyprus, Department of Mathematics & Statis-
tics, P.0. Box 20537, Nicosia, CY- 1678 Cyprus e-mail: labourie.camilleQucy.ac.cy

Antoine Lemenant, (corresponding author) Université de Lorraine — Nancy,
CNRS, UMR 7502 Institut Elie Cartan de Lorraine, BP 70239 54506 Vandoeuvre-

les-Nancy, e-mail: antoine.lemenant@univ-lorraine.fr



1 Introduction

In a planar elasticity setting, the Griffith energy is defined by

G(u, K) = Q\KAe(u) se(u)dz + HY(K),

where © C R? is a bounded open set which stands for the reference configuration
of a linearized elastic body, and
AL = A(tré)I +2p¢  for all & € MZ)2,

where A and p are the Lamé coefficients satisfying ;. > 0 and A4y > 0. The energy
functional is defined on pairs (u, K) composed of a displacement u : Q\ K — R?
and a (N — 1)-dimensional crack-set K C . The notation e(u) = (Vu + Vu®)/2
denotes the symmetric gradient of w.

The precise formulation of the Dirichlet problem is as follow. We fix a bounded
open set ()’ containing  and a datum ¢ € W1>°(Q)’). We define the admissible
pairs as the elements of

A(Q) :={K Cc Qis closed and u € LD(Q' \ K) },

where LD is the space of functions of bounded Lebesgue deformation, i.e., func-
tions u € Wlif(ﬂ’ \ K) such that e(u) € L?*( \ K). We say that (u, K) € A(Q)
is a minimizer for the Griffith energy if it is a solution to the problem

inf{ Ac(v) :e(v)dr + HYK) : (v, K) € AQ), v =1 ae. in Q\Q } :
O\K

A lot of attention has been given on the Griffith functional these last years
(see [B, @, B, B, [@, B, 9, [H]), and in particular it has been proved that a global
minimizer (u, K) € A(Q) (with a prescribed Dirichlet boundary condition) does
exist and that the crack set K is H!'-rectifiable and locally Ahlfors-regular in €.
The latter means that there exists Cyp > 1 (depending on A) such that for all
xz € K and all r > 0 with B(z,r) C Q,

Citr < HYK N B(x,r)) < Cor. (1.1)

In [8] it was proved that any isolated connected component of the singular set K
of a Griffith minimizer is C1'* a.e. It also applies to a connected minimizer K (for
e.g. minimizer with connected constraints). In this paper we slightly improve the
Hausdorff dimension of the singular set. We also prove some higher integrability
property on the symmetrized gradient.

The main results of this paper are the following.



Theorem 1.1. Let (u, K) € A(Q) be a minimizer of the Griffith energy with K
connected. Then

1. There exists o € (0,1) and a relatively closed set ¥ C KNQ with dimy (X)) <
1 such that K N Q\ ¥ is locally a CH* curve.

2. There exists C > 1 and p > 1 (depending on A) such that for all z € Q and
r > 0 such that B(z,r) C Q,

/ le(u)|? dz < Cr?7P,
B(z,r/2)

The proof of our main theorem follows from standard technics that was already
used in the scalar context of the Mumford-Shah functional, but adapted to the
vectorial Griffith functional in a non trivial manner. In particular, for (1) we follow
the approach of David [i0] and Rigot [I7], based on uniform rectifiability of the
singular set and Carleson measure estimates. The idea is to estimate to number
of balls in which one can apply the e-regularity theorem contained in [8]. But
the latter needs a topological separating property that one has to control in any
initialized balls which is one of the main issue of the present work (Lemma B).
We also need to control the 2-energy by a p-energy (Corollary 51) which also uses a
topological argument (Lemma B53). The proof of (2) is based on a strategy similar
to what was first introduced by De Philippis and Figalli in [I3] and also used in
[16], which easily follows from the porosity of the singular set together with elliptic
estimates. Since the needed elliptic estimates relatively to the Lamé system are
not easy to find in the literature, we have developed an appendix containing the
precise results.

Let us stress that the famous Cracktip function that arises as blow-up limits of
Mumford-Shah minimizers at the tip of the crack, has a vectorial analogue. This
was the purpose of the work in [2]. Since the vectorial Cracktip is homogeneous
of degree 1/2 (see [2, Theorem 6.4]), it is natural to conjecture that, akin to the
standard Mumford-Shah functional, the integrability exponent of |e(u)| should
reach every p < 4, as asked by De Giorgi for the Mumford-Shah functional.

2 Preliminaries

Notation

The 1-dimensional Hausdorff measure is denoted by H'. If E is a measurable set,
we will write | E| its Lebesgue measure. For a and b € R?, we write a-b = 2?21 a;b;
the Euclidean scalar product, and we denote the norm by |a| = v/a - a. The open
(resp. closed) ball of center x and radius r is denoted by B(z,r) (resp. B(x,7)).

We write M?*? for the set of real 2 x 2 matrices, and M2x2 for that of all real
symmetric 2 x 2 matrices. Given two matrix A, B € M?*2, we recall the Frobenius
inner product A : B = tr(*AB) and the corresponding norm |A| = \/tr(AT A).



Given a weakly differentiable vector field u, the symmetrized gradient of u is
denoted by

Du + DuT
e(u) := —

The p-normalized energy

Let (u, K) € A(£2). Then for any z¢ € © and r > 0 such that B(xg,r) C Q, we
define the normalized elastic energy of u in B(xzg,r) by

2
wp(zo,T) 1= 5 / le(uw)|Pdz | .
B(zo,r)\K

The flatness

Let K be a relatively closed subset of 2. For any xy € K and r > 0 such that
B(xg,r) C 2, we define the (bilateral) flatness of K in B(xg,r) by

1
Bk (zg,r) := — inf max sup  dist(y,L), sup dist(y,K) p,
r L yeEKNB(zo,r) yELNB(xo,r)

where L belongs to the set of lines passing through 5. When a minimizer (u, K) €
A(Q) is given, we write simply B(xo,r) for Bk (xg,7).

Remark 2.1. The flatness Sk (20, r) only depends on the set K N B(xg,2r). We
have that for all 0 <t <,

Br (xo,t) < gﬂK(!Eo,T)a

and for yo € K N B(xg,r) and ¢t > 0 such that B(yp,t) C B(zg,r),

2r
Br (Yo, t) < 75K($07T)~
In the sequel, we will consider the situation where zg € K, r > 0 are such that
B(zg,r) C Q and

Br (z0,7) <&,
for € € (0,1/2) small. This implies in particular that K N B(z,r) is contained in

a narrow strip of thickness er passing through the center of the ball. Let L(xq,r)
be a line passing through xy and satisfying

KN B(xzg,r) C{y € B(xg,r) | dist(y, L) < rBr(xo,7) }. (2.1)

We will often use a local basis (depending on xy and r) denoted by (e, es), where
e1 is a tangent vector to the line L(xg,7), while ey is an orthogonal vector to
L(zg, 7). The coordinates of a point y in that basis will be denoted by (y1, y2).



Provided (21 is satisfied with S (xo,7) < 1/2, we can define two discs
D*(z9,7) and D~ (g, 7) of radius r/4 and such that D¥(xq,7) C B(wzg,7) \ K.
Indeed, using the notation introduced above, setting zg = zo + %reg, we can
check that D*(xg,r) := B(xZ,r/4) satisfy the above requirements.

A property that will be fundamental in our analysis is the separation in a closed
ball.

Definition 2.1. Let K be a relatively closed set of Q, xg € K and r > 0 be
such that B(zg,r) C Q and Br(xo,7) < 1/2. We say that K separates B(zg,r)
if the balls D*(z9,7) are contained into two different connected components of
B(.To, r) \ K.

The following lemma guarantees that when passing from a ball B(zg,r) to a
smaller one B(zo,t), and provided that Bk (z,r) is relatively small, the property
of separating is preserved for ¢ varying in a range depending on Sk (z, ).

Lemma 2.1. [3, Lemma 3.1] Let 7 € (0,1/16), let K C R? be a relatively closed
subset of , let xg € K, let r > 0 be such that B(xg,r) C Q and Bk (xg,r) < 7. If
K separates B(xo,r), then for all t € (167r,7), we have Bx(xo,t) < 1/2 and K
still separates B(xo,t).

3 Local separation in many balls

The purpose of this section is the following general result on compact connected
sets which are locally Ahlfors-regular.

Lemma 3.1. Let K C Q be a compact connected set which is locally Ahlfors-
reqular in Q, i.e., there exists Cy > 1 such that for all x € K and for all v > 0
with B(x,r) C Q,

Cytr <HY (K N B(z,r)) < Cor.

Then for every 0 < € < 1/2, there exists a € (0,1/2) small enough (depending on
Co and ) such that the following holds. For allxz € K and r > 0 with B(z,r) C Q,
one can find y € KN B(x,r/2) and t € (ar,r/2) satisfying:

Bk (y,t) < e and K separates B(y,t) in the sense of Definition 2. (3.1)

Proof. The letter C is a constant > 1 that depends on Cy and whose value might
increase from one line to another but a finite number of times. Let x € K and
let » > 0 be such that B(z,r) C Q. It will be more convenient to work under the
assumption that B(z,10r) C  and r < diam(K)/10 and we are going to justify
that we can make this assumption without loss of generality. First, we draw from
the local Ahlfors-regularity that there exists a constant C; > 1 (depending on
Cp) such diam(K) > C;'r. Let us consider the constant x := 10C}, the radius
r1 = k' and some a € (0,1/2). If we solve the problem in the ball B(x,r;),



that is, if we find y € B(x,7r1/2) and ¢ € (ary,r1/2) such that (8) holds true,
then we have solved the problem in B(z,r) as well because y € B(z,r/2) and
t € (br,7/2), where b = ax~*. This shows that it suffices to solve the problem in
the ball B(z,r1) which satisfies 1 < min(r/10,diam(K)/10). From now on, we
directly assume B(z,10r) C Q and r < diam(K)/10.

Step 1. Find a smaller shifted ball with small flatness. In the sequel we want to
apply the results of [12], which works with sets of infinite diameter. This explains
why we are going to need to slightly modify our set K to fit in the definition of
[[2]. Precisely, given an arbitrary line L passing through x, one can check that
the set

E=(KnB(z,3r)) UdB(z,3r) U (L \ B(z,3r))

is connected and Ahlfors-regular in the exact sense of [12, Definition 1.13], that is,
E is closed and there exists C' > 1 (that depends on Cj as usual) such that for all
y € E and for all ¢t > 0,

C~ 't <HYENB(y,t)) < Ct.

As a consequence, it is contained in a (Ahlfors)-regular curve (see [12, (1.63)] and
the discussion below) and thus is uniformly rectifiable with a constant C' > 1
that depends on Cy ([12, Theorem 1.57 and Definition 1.65]). In particular, it
satisfies a geometric characterisation of uniform rectifiability called Bilateral Weak
Geometric Lemma (]2, Definition 2.2 and Theorem 2.4]). It means that for all
€ > 0, there exists C(e) > 1 (depending on Cy and €) such that for all y € E and

all t > 0,
P ds 4
le(o)(z,8)— dH (2) < C(e)t,
2€ENB(y,t)/ 0 s

Cle):={(z,9)|2€ E, s>0, and Bg(z,s) >¢}.

where

We apply this property with y := x and p :=r,

P d
/ / Lo (2,8) = dMI(2) < C(o)r, (3.2)
zeENB(z,r)J0 s
We observe that for all z € K N B(x,r) and for all 0 < s < r, we have B(z,2s) C

B(xz,3r) so KNB(z,2s) = EN B(z,2s) and hence Bk (z,s) = Br(z,s). Therefore,
(B2) simplifies to

/ / Lo (2, 5) % du () < (e, (3.3)
zeKNB(x,r)J0 s

where

B(e):={(z,8)| z€ K, s >0, B(z,s) C Qand Bk(z,s) >¢}.



We fix ¢ € (0,1/10). We let a € (0,1/2) be a small parameters that will be
fixed later. Assume by contradiction that for all z € KNB(z,r) and s € (ar,r), we
have Bk (z,s) > e. This means that for such pairs (z,s), we have 15((z,s) = 1.
Moreover we have by local Ahlfors-regularity H'(K N B(z,r)) > C5'r so

"ds

S

/ / 13(5)(2,3)% dH'(z) > HY (K N B(x,7r))
zeKNB(x,r)J0 s

ar

> HY(K N B(z,7)) 1n(1)

a
1
> Cy lrln<).
a
Using now (B33), we arrive at a contradiction, provided that a is small enough

(depending on Cy and €). Thus we have found y € B(x,r/2) and t € (ar,r/2)
such that ¢ < diam(K)/10 and

B (y,t) <e.

Step 2. Conclusion. We then need to find a shifted smaller ball again in which
K separates. For that purpose, we will use the fact that a compact connected
set with finite length is arcwise connected (see [i2, Theorem 1.8]). We choose a
coordinate system such that y = (0,0) and the line L that realizes the infimum in
the definition of Bk (y,t) is the z axis: L = R x {0}, in particular Sk (0,t) < &
and
KN B(0,t) C {(z1,22) | |22| <et.}

Since t < diam(K)/10, there exists a point z € K \ B(0,¢) and a curve I C K
from 0 to z. This curve touches OB(0,¢) and we let 2’ € 9B(0,t) be the point of
0B(0,t) which is reached by I" for the first time. Let I'' C I" be the piece of curve
from 0 to z’. We see that

"\ {z} c KN B(0,t)
since I starts at 0 and meets dB(0,t) only at its extremity. Therefore, we have
I C B(0,t) N { (21, 22) | |22| < et}.

The point 2z’ must lie either on the arc 9B(0,t) N {(z1,21) |21 >0} or on the
arc dB(0,t) N {(z1,21) | 21 <0}. Let us assume that the first case occurs (for
the second case we can argue similarily). The curve I stays inside B(0,¢) N
{ (21, 22) | |22] < et}, and runs from 0 (the center of the ball) to z’ (on the bound-
ary of B(0,t)) such that z{ > 0. We can therefore find a point v’ = (y1,v5) € I’
such that y] > 0, |y4| < et and ¢/4 < |y’| < 3t/4. Moreover, I must separate
B(y',t/8) the two connected components of

B(y',t/8) N { (21, 22) | |22| > et }. (3.4)



and thus it separates B(y’,t/8) the two connected components of
B(y',t/8) N{(21,22) | |22 — yo| > 2t }. (3-5)

The strip in (B3H) contains the strip in (8d) so that it is centred on y'. As K
contains I, then K also separates B(y’,t/8). Moreover, we have Sk (y',t/8) <
168k (y,t) < 16e and one can replace € by £/16 in the proof above to arrive exactly
at Br(y',t/8) <e. O

4 Carleson measure estimates on w),

We define
A:={(z,r) |z €K, r>0and B(z,r) CQ}.

The purpose of this section is to state the following fact.

Proposition 4.1. Let (u, K) € A(Q) be a minimizer of the Griffith functional.
For all p € [1,2), there exists Cp, > 1 (depending on p and A) such that

dt
/ | e oT anwiw) <o
yeEKNB(x,r)J 0<t<r

for all (x,2r) € A.

Proof. The proof was originally performed by David and Semmes in the scalar
context of Mumford-Shah minimizers (see [, Section 23]). It relies on the local
Ahlfors-regulary of Griffith minimizers, that is, there exists Cy > 1 (depending on
A) such that for all (z,7) € A,

/ le(w)|? dz + H' (K N B(z,r)) < Cor (4.1)
B(x,r)

and
HY(K N B(z,r)) > Cy'r.

The inequality (B0) directly follows by taking
ulo\B(z,y and (K \ B(x,r))UoB(z,r)

as a competitor, and the ellipticity of A. The proof in [0, Section 23] on Mumford-
Shah minimizers can be followed verbatim so we prefer to omit the details and refer
directly to [I1). O



5 Control of wy by w,

The main e-regularity theorem uses an assumption on the smallness of ws. Unfor-
tunately, what we can really control in many balls (thanks to Proposition ) is
wp for p < 2, which is weaker. This is why in this section we prove that wy can
be estimated from w,, for a minimizer. This strategy was already used in [I] and
[T7] for the Mumford-Shah functional. The adaptation for the Griffith energy is
not straigthforward, but can be done by following a similar approach as the one
already used in [B, Section 4.1.], generalized with w, instead of only wy. Some
estimates from the book [ were also useful.

Lemma 5.1 (Harmonic extension in a ball from an arc of circle). Let p € (1,2],
0<d0<1/2, 20 €R2%, 7 >0 and let €5 C OB(xo,7) be the arc of circle defined by

€5 = { (z1,22) € OB(x0,7) : (x —x0) - €2 > 01 }.

Then, there exists a constant C > 1 (depending on p) such that every function
u € WHP(65; R?) extends to a function g € WL2(B(zg,r); R?) with g = u on €

and )
/ |Vg|?dx < cr e </ |07 u|P d’H1> .
B(zo,r) Cs

Proof. Let ® : €5 — %, be a bijective and bilipschitz mapping from %5 to %p.
As § < 1/2, we can can request that the biLipschitz constant of ® is universal.
Since u o ®~! € WP(%y;R?), we can define the extension by reflection @ €
WP (9B(zg,7); R?) on the whole circle dB(zg, ), that satisfies

/ |0, alPdH < C | |0.ulP dH,
9B(z0,r) Cs

where C' > 1 is a universal constant. We next define g as the harmonic extension

of 4 in B(xg,r). Using [, Lemma 22.16], we obtain
2 2
/ Vg2 dz < Cr?3 / oraPdn | < cori (/ 10, u? d?—[l) ,
B(zo,r) OB(zo,r) Es
which completes the proof. O

Lemma 5.2. Let p € (1/2], let (u, K) € A(QY) be a minimizer of the Griffith
functional. Let xy € K and r > 0 be such that B(zg,r) C Q and S(zo,r) < 1/2.
Let S be the strip defined by

S :={y € B(xg,r) | dist(y, L) < rB(zo,7) },

where L is the line passing through xo which achieves the infimum in B (xo,7).
Then there exists a constant C > 1 (depending on p), a radius p € (r/2,r) and



two functions vE € WH2(B(zg, p); R?) such that vt = u on €+ and

/ le(vE) P dax < Cr* v / le(w)|Pdz |
B(zo,p) B(zo,r \K

where €F are the connected components of 0B (xq,p) \ S

3

Proof. Let A* be the connected components of B(zg,r)\ S. Since K N A* = (),
by Korn inequality there exists two skew-symmetric matrices R* such that the
functions = — u(z) — R*z belong to W1P(A*;R?) and

/ Vu— REP de < c/ le(w)|P dz,
A* At

where the constant C' > 1 is universal since the domains A% are all uniformly
Lipschitz for all possible values of 3(zg,r) < 1/2. Using the change of variables in
polar coordinates, we infer that

/ |VufRi|pdx:/ / Vu— RE[Pat ) dp
A+ 0 OB(zg,p)NAE

which allows us to choose a radius p € (r/2,r) satisfying

/ \Vu — RY [P dH* +/ |Vu — R™|P dH?
OB(zg,p)NAT OB (zg,p)NA~

2 2
<2 [ vu-rpar+ 2 [ vu-rpa<S [ jwprdr.
At "Ja- 7 J B(wo,)\K

,
Setting €+ := AT N dB(zo, p), in view of Lemma B applied to the functions
u® : x> u(r) — R*z, which belong to W1?(%*+;R?) since they are regular, for

§ = Blwg,r) we get two functions gt € W12(B(zg,p); R?) satisfying g*(z) =
u(z) — Rtz for H'-a.e. x € €% and

2
/ IVg* > de < Cp*~ 5 (/ |0, u*|P d’Hl) ’
B(zo,p) ¢+

<Cor*h (/ le(u)|? dz) .
B(zo,r)\K

Finally, the functions x + v*(z) := g% (z) + Rz satisfy the required properties.
O

Using the competitor above, we can obtain the following.
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Proposition 5.1. Let p € (1,2], let (u, K) € A(Q) be a minimizer of the Griffith
functional. Let xy € K and r > 0 be such that B(xo,r) C Q and B(xo,r) < 1/2.
Then there exists a constant C' > 1 (depending on p) and a radius p € (r/2,r)
such that

/ Ae(u) : e(u)dz + H' (K N B(zo, p)) < 2p+ Cp(wp(zo,7) + B0, 7).
B(zo,p)\K

Proof. We keep using the same notation than that used in the proof of Lemma 2.
Let p € (r/2,7) and vt € W12(B(xg, p); R?) be given by Lemma 62. We now
construct a competitor in B(zg,p) as follows. First, we consider a “wall” set
Z C 0B(xg, p) defined by

Z = {y € 8B($0,p) ‘ diSt(y7L(x07r)) S Tﬁ(l‘())r) } .
Note that K N 9dB(zo,p) C Z,
0B(z0,p) = [0AT NOB(x¢,p)| U[0A™ NOB(x0,p)|UZ =T UE UZ,

and that
H'(Z) = 4parcsin (rﬁ(mo,r)> < 2mrB(xo,r).
p

We are now ready to define the competitor (v, K') by setting
K':=[K\ B(zo,p)] UZ U [L(zo,7) N B(zg, p)],

and, denoting by V* the connected components of B(zg, p) \ L(xg, ) which inter-

sect A%,
{Ui in VE
V=

u  otherwise.

Since HY(K' N B(zo, p)) < 2p + 271B(xq,7), we deduce that
/ Ae(u) : e(u)dz + H' (K N B(z, p))
B(zo,p)\K

< / Ae(v) : e(v)dz +HY(K' N B(xo,p))
B(zo,p)\K

S o

<orr i / le(w)Pdz |+ p(2 + CBlao,7))
B(zo,r)\K

S 2p + Cp(wp(x07 ’f‘) + 6(1‘07 T))7
and the proposition follows. O

The next Lemma is of purely topological nature.
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Lemma 5.3. Let K C R? be a compact connected set with H'(K) < +o0. For all
x € K and r € (0,diam(K)/2), we have

HY (K N B(x,r)) > 2r — 4rBk (z,7).

Proof. The inequality is trivial if Sk (x,r) > 1/4 so we can assume S (x,r) < 1/4
without loss of generality. The difficulty here is that even though K is connected,
it may be that K N B(z,r) is not. Let € be such that Sx(x,r) < e < 1/2. To
simplify the notations, we assume that z = (0,0) and that horizontal axis L =
R x {0} achieves the infimum in the definition of Sx (x,r). Therefore, KN B(x,r)
is contained in the strip S defined by

S:=B(z,r)N{(21,2) ER? | |zg| < er}.

Let m; : R2 — L be the orthogonal projection onto L. As 7 is 1-Lipschitz, we
know that
H' (K N B(x,7)) > H' (71(K N B(z,r))).

Let us define E := m (K N B(z,)) and introduce the constant

c. =V 1—¢g2.

We are going to use the fact that K is connected to show that LN[—rc., re.]\ E is
an interval (we identify L with the real axis). For each a € E, there exists |¢t| < er
such that zg := (a,t) € K, and since r < diam(K)/2 there exists a curve I" that
connects zp to some point z; € K \ B(xz,r). But then E has to contain 7 (I"), and
since Br(x,r) < 1/4 it means that either [a,rc.] C E or [—ree,a] C E. Indeed,
the curve I is contained in the strip S and has to “escape the ball” B(z, ) either
from the right or from the left. The projection with minimal length would be when
I" escapes exactly at the corner of SN B(z,r) which gives the definition of ¢, (see
the picture below).

This holds true for all a € E, which necessarily imply that [—c.r, c.r] \ E is an
interval, that we denote by I. As (I x [—er,er]) N K = ), we must have |I| < 2er
otherwise the center of I is a distance > er from K whence S (x,r) > ¢, which
would contredict the definition of . All in all we have proved that

HY (K N B(z,r)) > H (71 (K N B(x,7))) > 2rc. — 2er.
Now, we use /1 — 2 > 1 — ¢ to estimate
2ccr — 2er = 2r (\/1 —e?— 6)
> 2r (1 2).

Since € can be chosen arbitrary close to Sk (x,r), the result follows.

Figure 1: estimating the length of K N B(x,r).
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O

We now come to the interesting “reverse Holder” type estimate that will be
needed later.

Corollary 5.1. Let p € (1,2], let (u, K) € A(Q) be a minimizer of the Griffith
functional. Let g € K and r € (0,diam(K)) be such that B(xzg,r) C Q. Then
there exists a constant C, > 1 (depending on A and p) and o radius p € (r/2,r)
such that

WQ(x(hp) < Cp(wp(ir()vr) + 5(%077')).

Proof. If B(xg,r) > 1/2, the inequality is straightforward. Indeed we know by the
usual upper bound (ET) that we have wy(zg,p) < C for some constant C' > 1.
Therefore in this case, it suffices to choose C}, > 2C' in Corollary bl. We now
assume that 8(xg,r) < 1/2. By Proposition b, we already know that there exists
a constant C' > 1 and a radius p € (r/2,7) such that

/ Ae(u) : e(u)dz + H' (K N B(zo, p)) < 2p + Cp(wy(z0,7) + B0, 7)).
B(zo,p)\ K

Then, we apply Lemma B33 in B(xq, p) which yields
H' (K N B(xo, p)) > 2p — 4pB(wo,7p)

hence,

/ Ae(u) : e(u) dz < Cp(wp(zo,7) + B(wo,7)).
B(xo,p)\K

13



Finally, by ellipticity of A we get

/ Ae(u) : e(u)dz > C™* le(u)]* dz = C ™ wy (o, p)p,
B(zo,p)\ K B(zo0,p)

which finishes the proof. O

6 Porosity of the bad set

Given 0 < o < 1, g € K and r > 0 such that B(z,r) C Q, we say that the
crack-set K is Ct@-regular in the ball B(zg,r) if it is the graph of a C*® function
f such that, in a convenient coordinate system it holds f(0) = 0, f'(0) = 0 and
|| f'|lce < 1/16. We recall the following e-regularity theorem coming from [3].
Theorem 6.1. f3] Let (u, K) € A(Q) be a minimizer of the Griffith functional with
K connected. There exists constants a,a,e9 € (0,1) (depending on A) such that
the following property holds true. Let xg € K and r > 0 be such that B(xg,r) C
and

w2(£l?0,7’) + B(I(MT) < €2,

and K separates B(zo,r). Then K is C1®-regular in B(zo,ar).

Proof. Unfortunately, the above statement is not explicitely stated in [B], but it
directly follows from the proof of [3, Proposition 3.4]. Indeed, in the latter proof,
some explicit thresholds ¢; > 0 and d2 > 0 and an exponent a € (0,1) are given
so that, provided that

wa(xo,r) < 02, Blxo,7) < 61,

and K separates B(xg,7), then

Bly,t) <C (t)a

r

for all y € B(xo,7/2) and t € (0,7/2). It implies that there exists a € (0,1)
(which depends on C' and «) such that B(wg,ar) is a C1* and 10~2-Lipschitz
graph above a linear line (thanks to [3, Lemma 6.4]). The line can be chosen to
be the tangent line to K at z¢ so that the graph satisfies f'(0) = 0. In addition
the estimate (6.8) in [8] says moreover 7%|| f’||co.« < C, from which we easily get
(ar)*||f'llco.« < 1/16 up to take a smaller constant a. The fact that « and a
depend only on A, follows from a careful inspection of the proof in [3]. O

We are now in position to prove the following, which says that the singular set
is porous in K.
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Proposition 6.1. Let (u,K) € A(Q) be a minimizer of the Griffith functional
with K connected. There exists constants a € (0,1/2) (depending on A) such that
the following property holds true. For allxg € K andr > 0 such that B(xg,r) C Q,
there exists y € K N B(zo,r/2) such that K N B(y,ar) is C“-regular (where « is
the constant of Theorem B1).

Proof. In view Theorem B, it is enough to prove the following fact: there exists
a € (0,1/2) such that for all z € K and r > 0 with B(x,r) C €, there exists
y € KN B(x,r/2) and ar < s < r/2 such that

wa(y,s) + By, s) < ez

and K separates B(y,s), where €5 is the constant of Theorem 6. We already
know from Lemma B how to control 8 and the separation. We therefore need to
add a control on ws, and this will be done by applying successively Proposition Bl
and Corollary B, but we need to fix carefully the constants so that it compiles
well.

Let us pick any p € (1,2) and let C,, be a constant which is bigger than the
constant of Proposition B and the constant of Corollary 6. Let also Cy be the
constant used for Ahlfors-regularity, see (I0). Then we define

1 —16C,C?
b:= —exp (0 p)
2 €2

and we let €9 € (0,1/2) be a small constant which will be fixed during the proof
and will depend only on A. We fix x € K and r > 0 such that B(z,r) C Q. As
noticed at the beginning of the proof of Lemma B, we can assume without loss
of generality that B(x,10r) C Q and r < diam(K)/10. We apply Lemma B with
the previous definition of &9 and we get that for some a € (0,1/2) (depending on
A), there exists y € B(z,r/2) and t € (ar,r/2) satisfying:

B(y,t) < ep and K separates B(y,t) as in Definition 2.

Note that the assumption of Lemma B is satisfied thanks to (). Then we apply
Proposition B0 in B(y,t) which yields

d
/ / w2, 8) 2 M (2) < Ot (6.1)
2€KNB(y,t)J 0<s<t S

From this estimate we claim that we obtain the following fact:

there exists z € B(y,t/2) and s € (bt,t/2) such that wy(z,s) < % (6.2)
P

Indeed, remember that by Ahlfors-regularity #'(K N B(y,t/2)) > C;*(t/2), see
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(M), and if the claim (B22) is not true, then

d 2 qt
/ [ e Cawerz 2w n s[4
2€KNB(y,t/2)J bt<s<t/2 s 4C bt

> tEQ In i
=8C,Co \2b)

Returning back to (B), we get

1 8C,C?
nl—) < d
n<2b> - £2

which contredicts our definition of . The claim is now proved.

Now let us check what we have got in the ball B(z,s). We already know that
s > cr for some constant ¢ € (0,1/2) (which depends on on A) and wp(z, s) < 13-
Concerning 3, we have

Blz,s) <

and here we can assume ey small enough such that 8(z,s) < e9/(4Ch). Next, we
apply Corollary 51 which says that there exists s’ € (s/2, s) such that

Bu.1) < 3o

(S )

wa(z,5") < Co(wy(z,5) + B(z,8)) < %2
The ball B(z,s') satisfies all the required properties because 3(z,s’) < 25(z,s) <
€2/2 so that

wa(z,8") + B(z,8") < e,

as required.

It remains to see that K still separates the ball B(z,s’). But since we know
that 8(y,t) < eg, that K separates B(y,t) and that z € B(y,t/2), s € (bt,t/2), it
follows from Lemma 270 that €y can be chosen small enough so that K separates
B(z,s). O

We are now ready to state one of our main results about the the Hausdorff
dimension of the singular set.

Corollary 6.1. Let (u, K) € A(Q) be a minimizer of the Griffith functional with
K connected. Then there exists a closed set ¥ C K such that dimy(X) < 1 and
K\ X is locally a CY2 curve.

Proof. The proof is standard now that Proposition B is established. Indeed,
we can argue exactly as Rigot in [[7, Remark 3.29] which we refer to for more
detail. O
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7 Higher integrability of e(u)

Theorem 7.1. Let (u, K) € A(Q2) be a minimizer of the Griffith functional with
K connected and H'(K) > 0. There exists C > 1 and p > 1 (depending on A)
such that the following property holds true. For all x € Q, for all v > 0 such that
B(z,r) C Q,

/ le(u)|? dz < Cr?7P,
B(z,r/2)

We rely on a higher integrability lemma ([, Lemma 4.2]) which is inspired
by the technique of [13]. We recall that given 0 < o < 1, a closed set K, zp € K
and r > 0, we say that K is C1*®-regular in the ball B(zg,r) if it is the graph of a
CY@ function f such that, in a convenient coordinate system it holds f(0) = o,
f'(0) = 0 and 7%||f'||ce < 1/16. We take the convention that the C1'* norm is
small enough because we don’t want it to interfere with the boundary gradient
estimates for the Lamé’s equations. It is also required by the covering lemma [i6,
Lemma 4.3] on which [18, Lemma 4.2] is based.

Lemma 7.1. We fiz a radius R > 0. Let K be a closed subset of B(0, R) C R?
and v: B(0,R) — R* be a non-negative Borel function. We assume that there
exists Cy > 1 and 0 < a < 1 such that the following holds true.

(i) For each ball B(z,r) C B(0,R) with xz € K,
Cy'tr <HY K N B(z,r)) < Cor.
(ii) For each ball B(x,r) C B(0,R) with x € K, there exists a smaller ball
B(y,Cy'r) € B(x,r) with y € K in which K is CY-regular.

(iii) For each ball B(xz,r) C B(0,R) such that either K is disjoint from B(xz,r)
or such that x € K and K is CY*-regular in B(x,r), we have

sup v(z) < C (R> .

B(z,r/2) r

Then there exists p > 1 and C > 1 (depending on Cy) such that

][ P < C.
B(0,R/2)

Proof of Theorem . We apply the Lemma 1. More precisely, for all z € Q
and all R > 0 such that B(z, R) C {2, one can applies Lemma [I6, Lemma 4.2] in
the ball B(z, R) to the function v := Rle(u)|*. The assumption (i) follows from
the local Ahlfors-regularity of K. The assumption (ii) follows from the porosity
(Proposition 61). The assumption (iii) follows from interior/boundary gradient
estimates for the Lame’s equations and from the local Ahlfors-regularity. In par-
ticular, the boundary estimate is detailed in Lemma BT in Appendix Al O
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Appendices

A Lamé’s equations

We work in the Euclidean space R™ (n > 2). For r > 0, B, denotes the ball of
radius r and centered at 0. We fix a radius 0 < R < 1, an exponent 0 < a < 1,
a constant A > 0 and a C1'® function f: R"~' N Br — R such that f(0) = 0,
Vf(0) =0 and R*[Vf], < A. We introduce

Vr:={z € Bg |z, > f(z')}
Fr:={x€Bgr|z,=f(2)}.
We denote by v the normal vector field to I'g going upward. For 0 < ¢ < 1, we
write tVg for VRN B, and tI'g for TN B;. For u € WH2(Vg; R™), we denote by u*
the trace of u in L?(0Vg;R™). For a function &: Vg — R™*" we define (formally)

div(&) as the vector field whose ith coordinate is given by div(§); = 3_; 9;&;;. We
also recall the notation for the linear strain tensor

Du + Du™
e(u) = —

and the stress tensor
Ae(u) = Adiv(u) I, + 2ue(u),

where A and p are the Lamé coefficients satisfying u > 0 and A+p > 0. We denote
by Wy?(Vr UT g;R™) the space of functions v € W2(Vg; R™) such that v* = 0
on aVR \ FR.

Our object of study are the functions u € W12(Vg) N L (Vg) which are weak
solutions of

{div(Ae(u)) = 0 inVgp (A1)

Ae(u)-v = 0 onTpg,

that is for all v € Wy*(Vg UT g; R™),

Ae(u) : Dvdx = 0.
Vr

Remark A.1. As
Ae(u) = (A + p)Du” + pDu + A(div(u)I, — Du™)
and the part div(u)l,, — DuT is divergence free, we can also write formally
div(Ae(u)) = (A + p)Vdiv(Du) + pAu.

We are going to justify the following estimate.
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Lemma A.1l. Let us assume n = 2. There exists C > 1 (depending on a, A, A,

i) such that
sup le(u)| < C (7[ |e(u)2dx) .

Proof. Tt suffices to prove that for all solution of AT, we have

2

sup |Du§C’< |Du2do:) : (A.2)

1
2Vr vn

Indeed, we observe first that |e(u)| < |Du| so (B2) implies

sup Je(u)] < C <]{/R|Du2dx) ° (A.3)

By Korn inequality, there exists a skew-symmetric matrix R such that

/|DufR|2dx§ le(u)]* dz
VR VR

so it is left to apply (B33) to = — u(x) — Rz, which also solves Lamé’s equations.

From now on, we deal with (B=2). The letter C plays the role of a constant > 1
that depends on A, g and o, A. We refer to the proof |4, Theorem 3.18] which itself
refers to the proof of [, Theorem 7.53]. We straighten the boundary I'g via the
Cl@ diffeomorphism ¢: x + 2’ + (, — f(2'))e,. We observe that ¢(Vx) contains
a half-ball ball B* = B(0,Cy 'R)*, where Cy > 1 is a constant that depends
on A, 4, . The Neumann problem satisfied by u in Vg is transformed into a
Neumann problem satisfied by a function v in B(0,Cy ' R)*. Then we symmetrize
the elliptic system to the whole ball B = B(0,C, 'R) as in [id, Theorem 3.18].
Following the proof of [il, Theorem 7.53] (in the special case where the right-hand
side h is zero), we arrive to the fact there exists ¢ > n = 2 (depending on A, u, «)
such that for all zg € %B and0< p<r<C7'R

r

/ V0 = (V)2 dz < € (B)q/ V0 — (V)0 d
By(a0) B.(z0)

+ Cpq/ Vo> da .
B

In particular by Poincaré-Sobolev inequality,

/ V0 — (V)2 dz < C (B)q/ Vol dz .
By (o) r B
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According to the Campanato characterisation of Holder spaces,

[Vv}cw(%B) <C <R(2+2a) /B|v“|2 dx) 7

where o = ‘%2, and this implies

2
sup|Vu| < C (7[ |Vv|2dm> .
b g

This property is inherited by u via the diffeomorphism ¢,

2
sup |Vu| < C’( Vu|2dx> .
C*1VR Vr

We can finally bound the supremum of |Vu| on %VR by a covering argument. [
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