
HAL Id: hal-03444489
https://hal.science/hal-03444489

Preprint submitted on 26 Nov 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Averaging functors in Fargues’ program for GL_n
Johannes Anschütz, Arthur-César Le Bras

To cite this version:
Johannes Anschütz, Arthur-César Le Bras. Averaging functors in Fargues’ program for GL_n. 2021.
�hal-03444489�

https://hal.science/hal-03444489
https://hal.archives-ouvertes.fr


ar
X

iv
:2

10
4.

04
70

1v
2 

 [
m

at
h.

N
T

] 
 1

4 
M

ay
 2

02
1

AVERAGING FUNCTORS IN FARGUES’ PROGRAM FOR GLn

JOHANNES ANSCHÜTZ, ARTHUR-CÉSAR LE BRAS

Abstract. We study the so-called averaging functors from the geometric
Langlands program in the setting of Fargues’ program. This makes explicit
certain cases of the spectral action which was recently introduced by Fargues-
Scholze in the local Langlands program for GLn. Using these averaging func-
tors, we verify (without using local Langlands) that the Fargues-Scholze pa-
rameters associated to supercuspidal modular representations of GL2 are irre-
ducible. We also attach to any irreducible ℓ-adic Weil representation of degree
n an Hecke eigensheaf on Bunn, and show, using the local Langlands corre-
spondence and recent results of Hansen and Hansen-Kaletha-Weinstein, that
it satisfies most of the requirements of Fargues’ conjecture for GLn.
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1. Introduction

Let p be a prime and fix a non-archimedean local field E of residue characteristic
p. Fix an algebraic closure E of E with associated Weil group WE , and a prime
ℓ 6= p. In [6], Fargues formulated his program to geometrize the local Langlands
correspondence for E via the stack BunG of G-torsors on the Fargues-Fontaine
curve, with G a reductive group over E. Roughly, he suggested that the geometric
Langlands program as initiated by Drinfeld [5] and Laumon [16] can be suitably
extended to the situation where one replaces the usual smooth projective curve over
a finite field by the Fargues-Fontaine curve, and that this should yield results on
the local Langlands program for E.

Fargues’ program has been put forward in the seminal recent work of Fargues-
Scholze [8]. One of the main theorems of [8] is the existence of the spectral action of
the (Ind)-category of perfect complexes on the stack of L-parameters for a reductive
group G over E on the category

Dlis(BunG, L)

of “lisse” sheaves with coefficients in an arbitrary Zℓ-algebra L
1. Assume from now

on that L is a field, e.g., L = Fℓ or L = Qℓ. When writing “representation”, we
implicitly mean “representation over L” in the following.

The existence of the spectral action naturally implies that one can construct an
L-parameter ϕπ : WE → LG for any irreducible, smooth G(E)-representation π.
For G = GLn and π irreducible, supercuspidal, the knowledge of the cohomology
of the Lubin-Tate spaces implies that ϕπ agrees with the previously constructed
local Langlands correspondent of π (cf. [8, Theorem 9.7.4]). In particular, ϕπ is
irreducible in this case. Our first main result provides for n = 2 an alternative
proof of this fact.

Theorem 1.1 (cf. Theorem 6.1). Let π be an irreducible supercuspidal represen-
tation of GL2(E) over an algebraically closed field L of characteristic ℓ. Then the
Fargues-Scholze parameter

ϕπ : WE → GL2(L)

associated with π is irreducible.

The assumption that L has characteristic ℓ comes from foundational problems
in the theory of “lisse” sheaves (more specifically, problems related to excision).
Though the result of Theorem 1.1 is not so interesting in its own right, we think
that its strategy of proof is. Namely, we completely bypass the knowledge of the
cohomology of the Lubin-Tate tower (and thus also any global methods). To imple-
ment our strategy we first have to reinterpret the condition of being supercuspidal
geometrically. Let L be algebraically closed of characteristic ℓ, as in the theorem.
We do this using the geometric constant term functors, which are familiar from the
geometric Langlands program, and prove that a smooth irreducible representation
of GL2(E) is supercuspidal (in the sense of modular representation theory) if and
only if its corresponding object in Dét(Bun2, L) is a cuspidal object (in the sense
of the geometric Langlands program), cf. Example 4.10. It’s natural to expect that
such a statement is true for n ≥ 3 as well. Let

Dét,cusp(Bun2, L) ⊆ Dét(Bun2, L)

1Depending on G one has to put some assumption on ℓ. However, for G = GLn each ℓ works.
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be the full subcategory of cuspidal objects. The next step is to analyze how the
averaging functor

AvL : Dét(Bun2, L)→ Dét(Bun2, L)

associated with some WE -representation L acts on Dét,cusp(Bun2, L). Averaging
functors have been introduced in the geometric Langlands program by Frenkel-
Gaitsgory-Vilonen [9] and they have been further studied in [11]. Translating some
known geometric arguments about them to the (easier case of the) Fargues-Fontaine
curve, we can prove that

AvL

vanishes on Dét,cusp(Bun2, L) if L is irreducible of dimension 6= 2. From here we
can then conclude Theorem 1.1.

The averaging functors feature also prominently in the proof of our second main
result, where we may assume that n ≥ 1 is arbitrary. Before stating it, let us recall
that for each b ∈ B(GLn) basic, the substack jb : Bunbn →֒ Bunn parametrizing
vector bundles fiberwise on the base isomorphic to Eb is open and isomorphic to
classifying stack

[∗/Gb(E)],

where Gb denotes the σ-centralizer of b (an inner form of GLn), inducing an equiv-
alence

D(Rep∞L (Gb(E)))
∼→ Dlis(Bun

b
n, L), π 7→ Fπ,

where Rep∞L (Gb(E)) is the abelian category of smooth L-representations of the
locally profinite group Gb(E).

Theorem 1.2 (cf. Section 7). Assume that L is an irreducible, continuous WE-
representation over Qℓ. Then there exists a non-zero Hecke eigensheaf AutL ∈
Dlis(Bunn,Qℓ) with eigenvalue L. It is supported on the semi-stable locus and for
each b ∈ B(G) basic,

j∗bAutL
∼= FLLb(L),

where LLb(L) is the (generalized Jacquet-)Langlands correspondent of L (a smooth
irreducible Qℓ-representation of Gb(E)).

The existence of an Hecke eigensheaf as in Theorem 1.2 is obtained by exploiting
the spectral action of Fargues-Scholze. Let XGLn,Qℓ

be the Artin stack over Qℓ of

n-dimensional WE -representations. Let

IndPerf(XGLn,Qℓ
)×Dlis(Bunn,Qℓ)→ Dlis(Bunn,Qℓ), (A,F) 7→ A ∗ F

be the spectral action, and let L be an irreducible n-dimensional continuous repre-
sentation ofWE . The representation L defines a smooth point x ∈ IndPerf(XGLn,Qℓ

),

and we denote by k(x)reg the regular representation of the residual gerbe at x. It

is then rather formal to see that for each F ∈ Dlis(Bunn,Qℓ) the object

k(x)reg ∗ F
is a Hecke eigensheaf with eigenvalue L. Moreover, it must be supported on the
semi-stable locus and given by supercuspidal representations there. However, it has
no reason to be non-zero in general.

For F the Whittaker representation supported at the trivial rank n bundle, we
show that this Hecke eigensheaf is indeed non-zero and irreducible. Here, we make
use again of an averaging functor, this time

AvL∨ : Dlis(Bunn,Qℓ)→ Dlis(Bunn,Qℓ)
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with L∨ the dual representation of L. Namely, AvL∨ agrees with the spectral action
of the sum of two simple skyscraper sheaves supported at x and some cyclotomic
twist of L. This makes the action of k(x)reg more tractable, and allows us to
invoke the local Langlands correspondence and its known realization in the ℓ-adic
cohomology of the Lubin-Tate tower to show the desired non-vanishing. From here
Theorem 1.2 follows rather formally, by combining the above with recent results of
Hansen-Kaletha-Weinstein [13] and Hansen [12].

1.1. Acknowledgements. Special thanks go to Peter Scholze who patiently an-
swered all our questions, especially those regarding [8] when the preprint was not
available. We moreover thank Sebastian Bartling, David Hansen, Eugen Hellmann
and Dennis Gaitsgory for interesting discussions related to this paper. We also
thank Laurent Fargues for his comments on a very early version of this paper and
Marie-France Vignéras for pointing out an unnecessary hypothesis.

2. Notation

Throughout the text, we fix the following notations:

• p is a prime,
• E is a local field with residue field Fq of characteristic p and uniformizer π,

• Ĕ the completion of the maximal unramified extension of E,
• C is a completed algebraic closure of E,
• WE the Weil group of E (with respect to C),
• k the residue field of C (k is therefore an algebraic closure of Fq),
• Perfk is the category of perfectoid spaces over k,
• ℓ is a prime, ℓ 6= p,
• Λ is a torsion Zℓ[

√
q]-algebra, i.e., ℓiΛ = 0 for some i ≥ 1,

• L some Zℓ[
√
q]-algebra, e.g., L = Qℓ,

• G := GLn over E,

• Ĝ := GLn over Λ (or occasionally L),
• All our tensor products are derived, that is we constantly write − ⊗ −
instead of −⊗L −.

We note that we assume that Λ or L contains a fixed square root of q. This is
necessary when we use Hecke operators via the geometric Satake equivalence.

3. Geometrization of local Langlands: recollection

3.1. The stack of vector bundles on the Fargues-Fontaine curve. Let

Bunn

be the small v-stack sending S ∈ Perfk to the groupoid of vector bundles of rank
n on the Fargues–Fontaine curve XS = XS,E relative to S (and the local field E).
The geometry of the stack Bunn has been extensively studied in [8]. Let us recall
in particular the following important facts:

(1) There is a map G(Ĕ)→ Bunn(k), b 7→ Eb inducing a bijection

B(G) := G(Ĕ)/σ − conjugacy ∼= |Bunn|.
(2) For b ∈ B(G), write

Bunbn
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for the (locally closed) substack of vector bundles, which are v-locally iso-
morphic to Eb. The locally closed inclusions

jb : Bun
b
n →֒ Bunn

induce a stratification of Bunn.
(3) The vector bundle Eb is semistable if and only if b basic. The semistable

locus Bunssn is open in Bunn and has the description

∐

d∈Z

[∗/Gb(Qp)] ∼=
∐

b∈B(G) basic

Bunbn = Bunssn ,

where κ(b) = deg(Eb) = d, Gb is the σ-stabilizer of b (an inner form of G)
and

Gb(E) ∼= Aut(Eb)

the sheaf on Perfk associated to the topological group Gb(E). We denote
by

j : Bunssn →֒ Bunn

the open immersion of the semistable locus in Bunn.

For each perfectoid space S, each E ∈ Bunm(S), m ≥ 0, gives rise to a small
v-sheaf2

BC(E) : PerfS → (E − v.s.), T 7→ H0(XT,E , ET ).

Set

Divd := (BC(O(d)) \ {0})/E×

where O(d) ∈ Bun1(k) is the line bundle associated to b = π−d ∈ GL1(Ĕ). The

v-sheaf Divd parametrizes “relative Cartier effective divisors of XE of degree d”.
As v-sheaves,

Divd = (Div1)d/Sd,

where Sd denotes the symmetric group on d letters. When d = 1, the correspon-
dence between classical points on the Fargues-Fontaine curve and untilts provide
an explicit description of Div1, cf. [8, Definition II.1.19]. Namely,

Div1 = Spd(Ĕ)/ϕZ

Spd(Ĕ)
.

This descriptions shows in particular that the category of finite rank L-local systems
on Div1 is equivalent to the category of finite degree continuous L-representations
of the Weil group WE (here, continuity is understood with respect to the topology
on L defined as the colimit topology of the ℓ-adic topology on its finitely generated
Zℓ-submodules). For this reason, we will largely not differentiate in the notation
between representations of WE and the associated sheaves on Div1.

2The notation BC stands for Banach-Colmez space. We warn the reader that there are various
closely related objects called Banach-Colmez spaces in the literature in this setting, and that we
simply use here this notation for convenience.
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3.2. The category of lisse ℓadic sheaves. Defining the correct category of
sheaves on the geometric objects we just introduced is a delicate problem. For
a small Artin v-stack Y 3, Fargues-Scholze define full subcategories

Dlis(Y, L) ⊆ D�(Y, L) ⊆ D(Yv, L)

and various operations on them. The first one will be the more relevant to us,
but is constructed through the intermediate category D�(Y, L) of solid sheaves of
L-modules on Y . Here again, we refer the reader to [8], in particular [8, Chapter
VII], for a detailed discussion. Let us only recall the following key properties:

(1) If ℓmL = 0 for some m ≥ 1, then

Dlis(Y, L) = Dét(Y, L),

with the right hand side the category defined in [18].
(2) Excision holds on Bunn, i.e., Dlis(Bunn, L) admits a(n infinite) semi-orthogonal

decomposition by the subcategories Dlis(Bun
b
n, L), b ∈ B(G).

(3) For b ∈ B(G) there are equivalences

D(Rep∞L Gb(E)) ∼= Dlis([∗/Gb(E)], L) ∼= Dlis(Bun
b
n, L)

π 7→ Fπ

with Rep∞L Gb(E) the category of smooth L-representations ofGb(E). Hence,
the category Dlis(Bunn, L) provides a natural way to geometrize the cate-
gory of smooth representations on L-modules of G(E) and its inner forms.

(4) Let f : Y ′ → Y be a morphism of small Artin v-stacks. The usual pullback
functor f∗v attached to the morphism fv : Y

′
v → Yv induce functors

f∗ : D�(Y, L)→ D�(Y
′, L), f∗ : Dlis(Y, L)→ Dlis(Y

′, L).

(5) Let f : Y ′ → Y be a morphism of small v-stacks. The functor f∗ : D�(Y, L)→
D�(Y

′, L) has a left adjoint

f♮ : D�(Y
′, L)→ D�(Y, L).

Moreover, if f is ℓ-cohomologically smooth and representable in locally
spatial diamonds, then

f♮(Dlis(Y
′, L)) ⊆ Dlis(Y, L).

In this case we set

f!(−) := f♮(− ⊗L (f !L)∨) : D�(Y
′, L)→ D�(Y, L),

where f !L := L⊗Zℓ
lim←−
m

f !Z/ℓm ∈ D�(Y
′, L) denotes the dualizing complex.

If L is ℓm-torsion for some m ≥ 1 (and f representable in locally spatial
diamonds), then this recovers the functor f! constructed in [18, Section 22].

(6) If f : [∗/Gb(E)] → ∗, then f♮ identifies with group homology of smooth

L-representations of Gb(E).

3The hypothesis that Y is an Artin v-stack is not needed to define D�(Y, L).
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3.3. Statement of Fargues’ conjecture for GLn. After these preliminaries, we
can now state Fargues’ conjecture, in the special case relevant to us.

Conjecture 3.1 (Fargues, only for GLn and in the irreducible case). For each
irreducible continuous Qℓ-representation L of WE of degree n, there exists an object
AutL ∈ Dlis(Bunn,Qℓ) such that

(1) AutL is a Hecke eigensheaf with eigenvalue L (see below for the exact mean-
ing).

(2) AutL is cuspidal; in particular AutL ∼= j!(j
∗AutL).

(3) For b ∈ B(G) basic,

j∗bAutL
∼= FLLb(L),

where LLb(L) is the (generalized Jacquet-)Langlands correspondent of L (a
smooth irreducible Qℓ-representation of Gb(E)).

Remark 3.2. Note that (2), (3) force

(∗) AutL ∼=
⊕

b∈B(G) basic

jb,!(FLLb(L)),

hence AutL is unique up to isomorphism. One could take this formula as a possible
definition of AutL, but this would make the Hecke eigensheaf property (1) hard to
verify.

Let us make more precise the meaning of the Hecke eigensheaf property. Fargues’
conjecture is formulated for L = Qℓ, but the Hecke property makes sense for any
Zl-algebra L as ring of coefficients, so let us formulate it in this generality. Recall
that Ĝ = GLn,L. By the geometric Satake equivalence, the category

Rep(Ĝ)

of finite dimensional (algebraic) representations of Ĝ acts on Dlis(Bunn, L), cf. [8,
Proposition IX.2.1.]. Even better, for any finite set I, there exists a functor

T I : Rep(G)I ×Dlis(Bunn, L)→ D�(Bunn × (Div1)I , L), (V,F) 7→ T IV (F),

depending functorially on the finite set I.
For an n-dimensional ℓ-adic representation L of WE and a(n algebraic) repre-

sentation ĜL → GL(V ), set rV,∗(L) as the composition

WE → GL(L) ∼= Ĝ(L)→ GL(V ).

Now, F ∈ Dlis(Bunn,Qℓ) is a Hecke eigensheaf with eigenvalue L if for any finite
set I and any collection (Vi)i∈I we are given an isomorphism

η(Vi)i∈I
: T I(Vi)i∈I

(F) ∼= F ⊠ (⊠i∈IrVi,∗(L)),

which is natural in I, (Vi)i∈I , and compatible with composition/exterior tensor
product. E.g., if I = {1} and Vstd the standard representation, then

ηVst : TVst(F) ∼= F ⊠ L.

The meaning of the cuspidality condition in condition (2) of the conjecture will
be clarified below (see Definition 4.3).
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3.4. Fargues-Scholze’s construction of the spectral action. In this short
subsection, we recall one of the main results of [8] (specialized to the caseG = GLn),
since we will use it later.

As in the last section, we denote Ĝ = GLn,L. For each finite set I and each

V ∈ Rep(Ĝ)I , the essential image of the Hecke operator

T IV : Dlis(Bunn, L)→ D�(Bunn × (Div1)I , L)

introduced above lies inside the essential image of D�(Bunn × [∗/W I
E ], L) (recall

the map Div1 = [Spd(C)/WE ]→ [∗/WE]) and its pullback to D�(Bunn, L) lies in
Dlis(Bunn, L). In other words, T IV can be seen as a functor

T IV : Dlis(Bunn, L)→ Dlis(Bunn, L)
W I

E

into the category of objects in Dlis(Bunn, L) endowed with a W I
E-action. This

follows by induction from the key invariance

Dlis(Bunn, L) ∼= Dlis(Bunn × Spd(C), L),

which is itself a consequence of the semi-orthogonal decomposition of Dlis(Bunn, L)

by the Dlis(Bun
b
n, L), b ∈ B(G) (point (1) of Section 3.2) and the analogous invari-

ance statement for the classifying stacks [∗/Gb(E)] (via point (2) of Section 3.2).

The existence of such a functorial collection of operators T IV , which is already
enough to provide the construction of semi-simple L-parameters attached to smooth
irreducible representations of the groups Gb(E), see [8, Chapter VIII.4.], can be
reformulated in a different, more geometric, manner.

Let
XĜ

be the algebraic stack over L of n-dimensional continuous L-representations ofWE ,
defined and studied in [8, VIII.1] or [3], [21]. The algebraic stack XĜ comes with a
map

f : XĜ → [Spec(L)/Ĝ].

Note that XĜ is an infinite disjoint union of finite type Artin stacks. Therefore,
it could be seen as a stack locally of finite type, but we rather want to see it as
an ind-finite type stack. In particular, coherent sheaves on it are required to have
support on finitely many connected components, and thus we see for example the
structure sheaf of XĜ not as a vector bundle, but as an ind-vector bundle (cf. [21,
Remark 3.1.7]).

The following is [8, Theorem X.0.1].

Theorem 3.3. The geometric Hecke action gives rise to an L-linear monoidal
action of the category

Perf(XĜ)

of perfect complexes on XĜ on the full sucategory Dlis(Bunn, L)
ω of Dlis(Bunn, L)

formed by compact objects, such that for any finite set I, and any V = (Vi)i∈I ∈
Rep(Ĝ)I , the functor T IV is given by the action of the perfect complex

⊗

i∈I

f∗Vi,

where for each i ∈ I, we denoted again by Vi the vector bundle on [Spec(L)/Ĝ]
attached to Vi.
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Passing to ind-completions (recall that Dlis(Bunn, L) is compactly generated,
[8, Proposition VII.7.4]), one gets an L-linear monoidal action of IndPerf(XĜ) on
Dlis(Bunn, L).

We will use the following notation. If A ∈ IndPerf(XĜ), and F ∈ Dlis(Bunn, L),
we will denote by

A ∗ F
the object in Dlis(Bunn, L) obtained by letting A act on F .

We note that if V ∈ Rep(Ĝ), then f∗V ∈ Perf(XĜ) has a canonical WE-action,
and the isomorphism

f∗V ∗ F ∼= TV (F)
is WE -equivariant for each F ∈ Dlis(BunG, L).

4. Constant term and Eisenstein functors

We use the notations introduced in Section 2. Let P ⊂ G be a standard parabolic
subgroup, with Levi quotient M . The embedding of P in G and the projection
P →M induce morphisms 4

Bunn
p←− BunP

q−→ BunM .

We record the following properties.

Lemma 4.1. (1) The morphism p : BunP → Bunn is representable in locally
spatial diamonds, compactifiable and locally on BunP of dimtrg(p) <∞.

(2) The morphism q : BunP → BunM is a cohomologically smooth morphism
of smooth Artin v-stacks in the sense of [8, Definition IV.1.11.].

In particular, a natural functor Rq! : Dét(BunP ,Λ)→ Dét(BunM ,Λ) is defined in
[8, Remark IV.1.15.], although q is not representable (in locally spatial diamonds).

Proof. Let S ∈ Perfk be a perfectoid space and let E ∈ Bunn(S) be a vector bundle
of rank n on XS. The fiber product

BunP ×Bunn
S

parametrizes reductions of the associated G-torsor Ẽ of E to P and can therefore
be written as the space

MZ

associated with

Z := Ẽ/P
living over XS , cf. [8, Section IV.4.]. By [8, Theorem IV.4.2.] the morphism

p : BunP → BunM

is therefore representable in locally spatial diamonds and compactifiable. If U ⊆
BunP , V ⊆ Bunn are quasi-compact with p(U) ⊆ V , then it is easy to see that the
restriction

f := p|U : U → V

has finite geometric transcendence degree, because its fibers embed into fibrations
of Banach-Colmez spaces.

4We note that there is a conflict of notation, p denotes the residue characteristic of E and the
morphism BunP → Bunn. We think that this will not create confusion.
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We turn to a proof of the claim about q. For this let S ∈ Perfk be a perfectoid
space and F ∈ BunM (S). The fiber product

BunP ×BunM
S

is an iterated fibration of v-sheaves

Ext1XT
(E1, E2)

for small v-stacks T cohomologically smooth over S. More precisely, ifM ∼= GLr1×
. . . ,GLrm with

m∑
i=1

ri = n, then F ∈ BunM (S) corresponds to vector bundles

E1, . . . , Em
of ranks r1, . . . , rm. Set T0 := S and

Ti := Ext1XTi−1
(Fi,Ti−1 , Ei+1,Ti−1)

for i = 1, . . . ,m− 1, where F1,T0 = E1 and Fi,Ti−1 denotes the universal extension
of Ei,Ti−2 by Fi−1,Ti−2 on Ti−1 for 2 ≤ i ≤ m−1, the Ext1 the fibered category over
the v-site of XTi−1 with fiber over some perfectoid space S ∈ XTi−1,v the groupoid
of extensions of vector bundles on the Fargues-Fontaine curve XS . Then

Tm ∼= BunP ×BunM
S,

and thus the claim follows from Lemma 4.2 below. This finishes the proof. �

Lemma 4.2. Let S ∈ Perfk and let E1, E2 be vector bundles on XS. Then the fibered
category Y := Ext1XS

(E1, E2) sending T ∈ PerfS to the groupoid of extensions

0→ E2 → E → E1 → 0

is represented by an Artin v-stack, which is cohomologically smooth over S.

In contrast, the coarse moduli space of Y , i.e., the small v-sheaf

T 7→ H1(XT , E∨1 ⊗OXT
E2)

need not be smooth over S. E.g., if s ∈ S is a closed point and O ⊕O on S \ {s}
degenerates to O(1) ⊕O(−1) in s, then the morphism of the coarse moduli space
to S is not open, and thus not cohomologically smooth.

Proof. As S 7→ Bun(XS) is a v-stack on Perfk the fibered category Y is a v-stack,
too. We may assume that S is affinoid, and in particular quasi-compact. Consider
a surjection

OXS
(−d)N → E∨2

with d≫ 0 (and kernel automatically a vector bundle), and the dual resolution

0→ E2 → OXS
(d)N → F → 0

with F some vector bundle. By enlarging d we may (using again quasi-compacity
of S) assume that

E∨1 ⊗OXS
OXS

(d)N , E∨1 ⊗OXS
F

have positive Harder-Narasimhan slopes over all of S. Indeed, this is clear for
E∨1 ⊗OXS

OXS
(d)N and then follows for E∨1 ⊗OXS

F because fiberwise on S the H1

of this sheaf vanishes as it is surjected on by the vanishing H1 of E∨1 ⊗OXS
OXS

(d)N .
In particular, the small v-sheaves

X1 := HomXS
(E1,OXS

(d)N ), X2 := HomXS
(E1,F)
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are positive Banach-Colmez spaces and therefore cohomologically smooth by [8,
Proposition II.3.5.(iii)]. Now, Y is the stacky quotient of X2 by the action of X1

on it coming from the natural morphism

X1 → X2.

This finishes the proof. �

We define the (!-version of the) constant term functor as

CTP,! : Dét(Bunn,Λ)→ Dét(BunM ,Λ)

by the formula
CTP,!(G) := Rq!p

∗G
for

G ∈ Dét(Bunn,Λ).

When P is the parabolic attached to a partition n = n1 + n2 of n, we sometimes
write CT(n1,n2),! instead of CTP,!. The functor CTP,! is left adjoint to the functor

EisP,∗ := Rp∗ ◦Rq! : Dét(BunM ,Λ)→ Dét(Bunn,Λ)

of “geometric Eisenstein series”.
The main use of the constant term functors is to define the important category

of cuspidal objects.

Definition 4.3. We say that an object G ∈ Dét(Bunn,Λ) on Bunn is cuspidal if
for any choice of proper standard parabolic P with Levi quotient M ,

CTP,!(G) = 0.

We denote by
Dét,cusp(Bunn,Λ) ⊆ Dét(Bunn,Λ)

the full triangulated subcategory of cuspidal objects.

It is equivalent to demand the same condition for all proper, maximal standard
parabolics P ⊆ G, i.e., those associated with a partition n = n1 + n2.

4.1. Constant terms and twisting. Let P ⊆ G be a parabolic with Levi quotient
M . As the kernel of

det : G→ Gm = GL1

contains the unipotent radical of P we get a canonical factorization

detM : M → Gm,

whose restriction to P agrees with the restriction detP : P → Gm of det. From this
we can deduce the existence of a commutative diagram

(1) BunP

p
zz✈✈
✈✈
✈✈
✈✈
✈

q

$$■
■■

■■
■■

■■

detP

��

Bunn
det

$$❍
❍❍

❍❍
❍❍

❍❍
BunM

detMzz✉✉
✉✉
✉✉
✉✉
✉

Bun1

We obtain the following compatibility of constant term functors with “twisting
by characters”.
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Lemma 4.4. Let G ∈ Dét(Bun1,Λ). Then for any F ∈ Dét(Bunn,Λ) there is a
natural isomorphism

CTP,!(F ⊗Λ det∗G) ∼= CTP,!(F)⊗Λ det∗MG.
In particular, Dét,cusp(Bunn,Λ) is stable under the functor −⊗Λ det∗G.
Proof. Using (Equation (1)) we can calculate

CTP,!(F ⊗Λ det∗G)
∼= Rq!(p

∗(F ⊗Λ det∗G))
∼= Rq!(p

∗(F)⊗Λ det∗PG))∼= Rq!(p
∗(F)⊗Λ q

∗det∗MG))∼= CTP,!(F)⊗Λ det∗MG,
where the last isomorphism comes from the projection formula. �

Lemma 4.5. Let G ∈ Dét(Bun1,Λ). If n ≥ 2 and det∗G is cuspidal, then G = 0.

Proof. From the proof of Lemma 4.1 we can conclude that

Rq!q
! ∼= IdBunM

,

as q is a relative fibration with contractible fibers, and q! commutes with base
change to fibers. This implies that for each parabolic P ⊆ G the object

CTP,!(Λ)

is Λ-local system of rank 1 on BunM . If n ≥ 2, we can choose some proper parabolic
P ⊆ G and use Lemma 4.4 to see

0 = CTP,!(det
∗G) = CTP,!(Λ)⊗Λ det∗MG.

Thus, we obtain that det∗MG = 0, which implies G = 0 as BunM → Bun1 is
surjective. �

4.2. Geometrically cuspidal representations. The next results give some prop-
erties of cuspidal objects in Dét(Bunn,Λ).

Lemma 4.6. Let F ∈ Dét,cusp(Bunn,Λ). Then F is supported on the semistable
locus Bunssn ⊆ Bunn.

Proof. Let b ∈ B(G) be a non-semistable point and let M be the standard Levi
associated to Gb. In particular, we can view b ∈ B(M). Let P be the standard
parabolic containing M . Then the fiber of BunP → BunM over the M -torsor given
by the associated graded of the HN-filtration on Eb maps isomorphically to Bunn
with image b as the Harder-Narasimhan filtration is canonical. Moreover, pull back
along the morphism BunbP := BunP ×BunM

BunbM defines an equivalence

Dét(Bun
b
M ,Λ)

∼= Dét(Bun
b
P ,Λ)

because the fiber is a classifying stack for a positive Banach-Colmez space, cf.
[8, Proposition V.2.1.]. This implies that the image of jb,∗(Dét([∗/Gb(E)],Λ) is
contained in the image of EisP,∗(Dét(BunM ,Λ)). Now let F ∈ Dét(Bunn,Λ) be
cuspidal. Then by definition

CTP,!(F) = 0.

Let G ∈ Dét([∗/Gb(E)],Λ). As jb,∗(Dét([∗/Gb(E)],Qℓ)) is in the image of EisP,∗,

jb,∗(G) = EisP,∗(G′),
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for some G′ ∈ Dét([∗/Gb(E)],Λ). Hence, by adjunction,

Hom(j∗bF ,G) = Hom(CTP,!(F),G′) = 0.

Since this holds for all G ∈ Dét([∗/Gb(E)],Λ), this implies j∗bF = 0 as desired. �

Let b ∈ B(G) be a basic class. Recall that a smooth representation π of Gb(E)
is said to be cuspidal, if it has vanishing Jacquet modules for all choices of proper
parabolic subgroups. Recall also from Section 3.2 that we denote by

Fπ ∈ Dét([∗/Gb(E)],Λ)

the sheaf associated to a representation π ∈ Rep∞Λ Gb(E) .
We introduce the following convenient terminology.

Definition 4.7. We call π ∈ Rep∞Λ Gb(E) geometrically cuspidal, if jb,!(Fπ) ∈
Dét(Bunn,Λ) is a cuspidal object.

Proposition 4.8. Let π ∈ Rep∞Λ Gb(E) be geometrically cuspidal. Then π is cusp-
idal. If moreover n ≥ 2, then π is not the inflation of a representation of E× along
Nrd: Gb(E)→ E×.

Proof. Let Pb ⊆ Gb(E) be parabolic subgroup with Levi quotient Mb. Recall that
G and Gb are pure inner forms over X . Thus, as G is quasi-split, we can find a
parabolic subgroup P with Levi quotient M such that

BunP ∼= BunPb
, BunM ∼= BunMb

.

Let c ∈ BunM be the point determined by the trivial Mb-torsor under the equiva-
lence BunMb

∼= BunM . Then

BuncP := BunP ×BunM
BuncM → Bunn ∼= [∗/Pb]

has image in Bunbn. The resulting diagram identifies with

[∗/Gb(Qp)]
p←− [∗/Pb]

q−→ [∗/Mb]

and thus CTP,! restricted to c coincides with the Jacquet functor for Pb. The last
claim follows from Lemma 4.5. This finishes the proof. �

Remark 4.9. Assume that Λ is an algebraically closed field of characteristic ℓ. If
π is a smooth representation Gb(E) over Λ which is irreducible, saying that π is
cuspidal is the same, by Frobenius reciprocity, as saying that π is not a subobject
of a parabolically induced representation. If the smooth irreducible representation
π satisfies that it is not a subquotient of a parabolically induced representation,
then π is said to be supercuspidal. Cuspidality and supercuspidality are equivalent
notions in characteristic 0, but not modulo ℓ, where the latter is strictly stronger
than the former, cf. e.g. [20, Corollaire 5].

Example 4.10. Assume that n = 2. Pick b ∈ B(G) basic with d := κ(b) ∈ 2Z.
If π ∈ Rep∞Λ Gb(E) is irreducible supercuspidal, then π is geometrically cuspidal.
Indeed, for a fixed m ≥ d, consider the space

Zm := Hom(Eb,O(m))

of homomorphisms from Eb, and its open subspace Z◦m ⊆ Zm parametrizing surjec-

tions. Over Z◦m there is the natural E×-torsor Z̃◦m parametrizing isomorphisms of
the kernel with O(d −m). We have to prove that

RΓ♮(Gb(E), RΓc(Z̃◦m,Λ)⊗Λ π) = 0
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But Z̃◦m is isomorphic to Z◦m × E× because giving an isomorphism of the kernel
with O(d−m) is an E×-torsor equivalent to the (split) E×-torsor of isomorphisms
det(E2b ) ∼= O(d). In particular, Gb(E) acts on the factor E× via the determinant.
One can therefore reduce to proving that

RΓ♮(Gb(E), RΓc(Z
◦
m,Λ)⊗Λ χ⊗Λ π) = 0,

for any character χ. For m > d this follows by the known cohomology of the
punctured BC-space Z◦m and the fact that RHomGb(E)(π, χ) = 0 for any character

χ by supercuspidality of π, cf. case (1) in the proof of [4, Proposition 6.1]5. For
m = d, this follows as supercuspidal representations are cuspidal, i.e., they have
vanishing Jacquet functors. Conversely, this argument shows that if π is irreducible
and geometrically cuspidal, it must be cuspidal (case m = d). Moreover, if π was
not supercuspidal, which can happen only when q = −1 modulo ℓ, then π would
be a twist by a character χ of the representation π1 from [20, Corollaire 5]. In
particular, we would have

Ext1Gb(E)(π1, (−1)valχ) 6= 0,

contradicting geometric cuspidality of π (case m < d).
Hence, when n = 2, for any b ∈ B(G) basic with κ(b) even, a smooth irreducible

representation π of Gb(E) is geometrically cuspidal if and only if it is supercuspidal.

5. Averaging functors

We now introduce and analyze the averaging functors which are alluded to in
the title. We use the same notation as in Section 2.

5.1. The definition of the averaging functors. Let d, n ≥ 0 and let

Moddn

be the small v-stack on Perfk sending S ∈ Perfk to the groupoid of the data

(E , E ′, x, γ)
with E , E ′ ∈ Bunn(S) satisfying κ(E ′)− κ(E) = d, x ∈ Div1(S), and

γ : E →֒ E ′

a morphism of vector bundles, which is fiberwise injective with cokernel supported
at x. We will actually only need the case that d = 1. Consider the diagram

(2) Mod1n

←−
h{{✈✈

✈✈
✈✈
✈✈
✈

−→
h ##❍

❍❍
❍❍

❍❍
❍❍

α // Div1

Bunn Bunn

with ←−
h (E , E ′, x, γ) = E ,−→
h (E , E ′, x, γ) = E ′,

and let

L ∈ Dét(Div1,Λ)

5Proposition 6.1 in [4] is stated with Λ = Fℓ, but the discussion of Case (1) in the proof applies
without this hypothesis.
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be any object, e.g., the sheaf associated to a Λ-representation of the Weil group
WE of E.

Note that
←−
h and

−→
h are representable in locally spatial diamonds, proper, of

finite dim.trg and cohomologically smooth.

Definition 5.1. We define the averaging functor associated with L ∈ Dét(Div1,Λ)
to be

AvL,n : Dét(Bunn,Λ)→ Dét(Bunn,Λ), F 7→
−→
h !(
←−
h ∗(F)⊗Λα

∗L(
n− 1

2
)[n− 1])

If n is clear from the context, then we write

AvL := AvL,n.

Thus, the averaging functors provide examples of, potentially interesting, endo-
functors of Dét(Bunn,Λ).

5.2. Averaging functors and constant terms. One of the most important prop-
erties of the averaging functors is their commutation with constant terms.

Proposition 5.2. Let P ⊆ G be a maximal standard parabolic, and let M =
GLn1 ×GLn2 be its Levi quotient. Then there is a canonical exact triangle

(Av
L(

n−n1
2 )[n−n1],n1

×IdBunn2
)◦CTP,! → CTP,!◦AvL,n → (IdBunn1

×Av
L(

n−n2
2 )[n−n2],n2

)◦CTP,!
of functors Dét(Bunn,Λ)→ Dét(BunM ,Λ) = Dét(Bunn1 × Bunn2 ,Λ).

Here, we used the notation AvL,n1 × IdBunn2
, IdBunn1

× AvL,n2 for the functors
arising from the correspondence (with kernel the pullback of L) obtained by taking
the product of (2) (for n = n1 resp. n = n2) with Bunn2 resp. Bunn1 . For an analog
in the classical case we refer to [9, Lemma 9.8].

Proof. Let
Y := Mod1n ×−→h ,Bunn

BunP

be the stack parametrizing injections γ : E → E ′ of E , E ′ ∈ Bunn with κ(E ′) =
κ(E) + 1 and filtrations

0→ E ′1 → E ′ → E ′2 → 0

with E ′i ∈ Bunni
, i = 1, 2. Let

j : U → Y

be the open substack defined by the condition that the composition E → E ′ → E ′2
is surjective. Let

i : Z → Y

be the closed complement of U ⊆ Y . Let K ∈ Dét(Bunn × BunM ,Λ) be the kernel
representing the composition

CTP,! ◦AvL,n,
i.e., K is the !-pushforward for the morphism

Y → Bunn × BunM

of the pullback LY ∈ Dét(Y,Λ) of L along

Y → Mod1n → Div1.

Our aim is to identify the functors

(Av
L(

n−n1
2 )[n−n1],n1

×IdBunn2
)◦CTP,!, (AvL(n−n2

2 )[n−n2],n1
×IdBunn2

)◦CTP,! : Dét(Bunn,Λ)→ Dét(BunM ,Λ)
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as the functors with kernels the two outer terms in the triangle

j!j
∗K → K → i∗i

∗K.
This will imply the proposition. We start with identifying the functor with kernel
j!j
∗K. It is calculated via the correspondence

U

}}③③
③③
③③
③③

""❊
❊❊

❊❊
❊❊

❊❊
// Div1

Bunn BunM

with kernel the pullback LU ∈ Dét(U,Λ) of L. Over U the intersection

E1 := E ∩ E ′1,
i.e., the kernel of the surjection E ։ E ′2, is again a vector bundle. Note that the

injection E1 →֒ E ′1 lies in Mod1n1
. The morphism

U → Mod1n1
×←−
h ,Bunn1

BunP

sending the above data to E1 →֒ E ′1 and the filtration

0→ E1 → E → E ′2 → 0

is an equivalence as necessarily E ′ is the pushout of the diagram of

E ← E1 → E ′1.
In particular, we obtain the diagram is a diagram

U

ww♣♣
♣♣
♣♣
♣♣
♣♣
♣♣
♣

))❘
❘❘

❘❘
❘❘

❘❘
❘❘

❘❘
❘❘

BunP

{{✇✇
✇✇
✇✇
✇✇
✇

&&◆
◆◆

◆◆
◆◆

◆◆
◆◆

◆
Mod1n1

× Bunn2

vv❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧

((❘
❘❘

❘❘
❘❘

❘❘
❘❘

❘❘

Bunn Bunn1
× Bunn2 Bunn1

× Bunn2

with cartesian square. Now, LU ∈ Dét(U,Λ) is the pullback of L ∈ Dét(Div1,Λ)
along the morphism

U → Mod1n1
× Bunn2 → Div1.

This implies that the functor induced by j!j
∗K is (Av

L(
n−n1

2 )[n−n1],n1
× IdBunn2

) ◦
CTP,! as desired. Let us now analyze Z, i.e., the locus of Y where the composition

E → E ′ → E ′2
is not surjective (over each geometric point). Over each geometric point the cokernel
of E → E ′ is of length 1, and supported on one point. Thus,

E ′/E ∼= coker(E → E ′2).
In particular, E ′1 lies in E as its image in E ′/E is trivial. Moreover, the quotient

E2 := E/E ′1
is again a vector bundle, and the injection E1 → E ′1 lies in Mod1n2

. The map

Z → Mod1n2
×−→
h ,Bunn2

BunP
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sending the above data to E2 →֒ E ′2 and 0→ E ′1 → E ′ → E ′2 → 0 is an isomorphism
as E is necessarily the pullback of the diagram

E ′ → E ′2 ← E2.

Now we can argue as in the previous case and deduce that

i∗i
∗K ∈ Dét(Bunn × BunM ,Λ)

is the kernel of the functor

(IdBunn1
×Av

L(
n−n2

2 )[n−n2],n2
) ◦ CTP,!

as desired. This finishes the proof. �

Remark 5.3. For m ≥ 1, let

Vstd,m ∈ RepΛĜ

be the standard representation, with associated Hecke functor

Tstd,m : Dét(Bunm,Λ)→ Dét(Bunm ×Div1,Λ).

With the same strategy as in the proof of Proposition 5.2 one can prove that there
exists a canonical exact triangle

(TVstd,n1
(
n− n1

2
)[n−n1]×IdBunn2

)◦CTP,! → CTP,!◦TVstd,n
→ (IdBunn1

×TVstd,n2
(
n− n2

2
)[n−n2])◦CTP,!

of functors

Dét(BunG,Λ)→ Dét(BunM ×Div1,Λ).

As a first consequence, we get that averaging functors preserve the cuspidal
subcategory.

Lemma 5.4. If F ∈ Dét,cusp(Bunn,Λ) is a cuspidal object, then

AvL,n(F)

is again cuspidal.

Proof. This follows directly from Proposition 5.2. �

5.3. Averaging functors and twisting by characters. We want to prove a
compatibility of averaging functors with twists by characters. In spirit, a similar
statement is [8, Theorem IX.6.1].

Let

det : Bunn → Bun1, E 7→ det(E) = ΛnE
be the determinant morphism.

Proposition 5.5. Let χ : WE → Λ× be a character, with corresponding Λ-local
system also denoted Lχ ∈ Dét(Div1,Λ). Let G ∈ Dét(Bun1,Λ) be a Hecke eigen-
sheaf with eigenvalue Lχ. Then for any F ∈ Dét(Bunn,Λ) there exists a natural
isomorphism

AvL(F ⊗Λ det∗G) ∼= AvL⊗ΛL∨
χ
(F)⊗Λ det∗(G).
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Proof. Consider the map

f : Bunn → Bunn × Bun1, E 7→ (E , det(E)).
Then

F ⊗Λ det∗G = f∗(F ⊠ G).
For r ≥ 0 let

Moddr
be the small v-stack parametrizing injections E → E ′ of vector bundles of rank r
with cokernel of length d supported at a point of X , and let

f̃ : Mod1n → Mod1n ×Mod11

be induced by the identity in the first component, and by taking the determinant
in the second. In the diagram

Bunn

f

��

Mod1n

←−
hoo

−→
h //

f̃

��

Bunn ×Div1

f×∆

��

Bunn × Bun1 Mod1n ×Mod11

←−
koo

−→
k // Bunn × Bun1 ×Div1 ×Div1

both squares are cartesian6. Indeed, given a modification E →֒ E ′ ∈ Mod1n with
cokernel of length 1 supported at a point x ∈ X , and a modification L →֒ det(E ′)
of length 1 supported on the same point, then there exists a unique isomorphism

L ∼= det(E)
compatible with the morphisms to det(E ′) as both are canonically isomorphic to
det(E ′)(−x). The argument for the left square is similar (however, we only need
that the right square is cartesian). Let Vstd,r be the standard representation of
GLr,Λ. Recall that

TVstd,n
(F) = −→h !(

←−
h ∗(F)((n − 1)/2)[n− 1]),

i.e., TVstd,n
is defined as the correspondence given by the top horizontal line (with

kernel Λ((n− 1)/2)[n− 1]). Using the proven cartesianess, proper base change and
the projection formula we can deduce that

TVstd,n
(F ⊗ det∗G)

∼= TVstd,n
(f∗(F ⊠ G))

∼= (f ×∆)∗(
−→
k !(
←−
k ∗(F ⊠ G)((n− 1)/2)[n− 1])

∼= (f ×∆)∗(TVstd,n
(F)⊠ TVstd,1

(G))
as G is a Hecke eigensheaf with eigenvalue Lχ the last object can be rewritten as

(f ×∆)∗(TVstd,n
(F)⊠ L∨χ ⊠ G).

All this isomorphisms are WE-equivariant if WE acts diagonally on the exterior
powers. Let p2 : Bunn ×Div1 → Div1 be the second projection. From here we can
conclude

AvL(F ⊗ det∗G) ∼= p2,!(L⊗ TVstd,n
(F ⊗ det∗G)(1 − n)[1])

∼= p2,!(L⊗Λ L∨χ ⊗Λ TVstd,n
(F)(1− n)[1])⊗Λ det∗G

∼= AvL⊗ΛL∨
χ
(F)⊗Λ det∗(G),

6Note that in this proof
−→
h has target Bunn × Div1, not Bunn as in previous occasions. We

hope this does not create ever lasting confusion.
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as desired. �

5.4. The averaging functors of rank 1 local systems. The categorical version
of Fargues’ conjecture suggests that if L is a Λ-local system of rank < n, then AvL
sends each object in

Dét,cusp(Bunn,Λ)

to zero. We want to prove this in the case L has rank 1, and n = 2.

Theorem 5.6. Let Lχ : WE → Λ× be a character, seen as a local system Lχ in

Div1. For each F ∈ Dét,cusp(Bun2,Λ),

AvLχ
(F) = 0

If n = 1, then each object is cuspidal for our definition (as there are no proper
parabolics) and the statement is wrong. The proof follows [11, Theorem A.4].

Proof. Most of the proof works for any n ≥ 2, so we write it in this generality, only
specifying n = 2 when needed (although we expect the same argument to extend
to all n ≥ 2 with more work). By Proposition 5.5 and Lemma 4.4 we can assume
that Lχ ∼= Λ is trivial. Set

Av := AvΛ.

Recall that each cuspidal F is automatically supported on the semistable locus
of Bunn, cf. Lemma 4.6, and that Av(F) ∈ Dét,cusp(Bunn,Λ) is again cuspidal,
cf. Lemma 5.4. Thus it suffices to prove that for each b, c ∈ B(G) basic with

κ(c) = κ(b) + 1, and each F ∈ Dét,cusp(Bunn,Λ) which is supported on Bunbn, the
stalk

j∗cAv(F)
at c of

Av(F)
vanishes. To prove this, let

Z

be the small v-stack over k parametrizing morphisms

E → E ′

with E locally isomorphic to Eb and E ′ locally isomorphic to c. For each r = 0, . . . , n
and each d ∈ B(GLr) let

Zr,d

be the small v-stack parametrizing factorizations into a surjection followed by an
injection

E ։ F →֒ E ′

with E , E ′ locally isomorphic to Eb, Ec respectively, and F locally isomorphic to Ed.
The morphism

(E ։ F →֒ E ′) 7→ (E → E ′)
defines an injection jr,d : Zr,d → Z, which is a locally closed embedding. Moreover,

∐

r,d

|Zr,d| = |Z|
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as each geometric point of Z factors over a unique Zr,d. The space Z defines a
correspondence

Z
q1

||②②
②②
②②
②② q2

""❊
❊❊

❊❊
❊❊

❊

Bunn Bunn

and thus for each r, d an endofunctor

Avr,d : Dét(Bunn,Λ)→ Dét(Bunn,Λ), G 7→ q2,!(q
∗
1G ⊗L

Λ jr,d,!(Λ))

as well as the endofunctor

Av : Dét(Bunn,Λ)→ Dét(Bunn,Λ), G 7→ q2,!(q
∗
1G)).

Note that (up to a shift and twist) Avn,b = Av, and Zn,d is empty for d 6= b. We
claim that for F ∈ Dét,cusp(Bunn,Λ) each of the objects

Av(F), Avr,d(F),
where r = 0, . . . , n − 1 and d is arbitrary, vanish at c. As the cone of the natural
morphism

Av(F)→ Av(F)
has a filtration by the Avr,d(F) for r = 0, . . . , n−1, this implies the desired vanishing
of

Avn,b(F) = Av(F).
For Av note that the base change along k → Buncn of the projection Z → Buncn

Z ×Bunc
n
k ∼= [Gb(E) \Hom(Eb, Ec)]

where Hom(Eb, Ec) is a positive Banach-Colmez space (by our assumption that
b, c are basic with κ(c) > κ(b)). As the cohomology of positive Banach-Colmez
spaces is 1-dimensional and concentrated in a single degree the compactly supported
cohomology of

Z

with coefficients in the pullback of a (geometrically) cuspidal object inDét(Bun
b
n,Λ)

∼=
Dét([∗/Gb(E)],Λ) vanishes for n = 2: when κ(b) is even, cf. the discussion of Ex-
ample 4.10; when κ(b) is odd, Gb(E) is compact modulo center, so the claim is easy.
Next assume r = 0, then

Zr,d ×Bunn,c k = [∗/Gb(E)]

and the claim follows as geometrically cuspidal objects don’t have cohomology,
exactly as above. For r = 1, . . . , n− 1 and d ∈ B(GLr) we can write

Zr,d ×Bunc
n
k = [Gb(E) \Homsurj(Eb, Ed)×Gb Hominj(Ed, Ec)]

with Gb acting diagonally on Homsurj(Eb, Ed)×Hominj(Ed, Ec). Let F ∈ Dcusp(Bunn,Λ)
with support at b. The compactly supported cohomology

RΓc([Gb(E) \Homsurj(Eb, Ed)],F)
vanishes because it identifies with the fiber of 0 = Rf!(CTP,!(F)) at Ed, where f is
the morphism

BunM
f−→ Bunr,
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and P ⊆ G is the standard parabolic with Levi M ∼= GLr × GLn−r. Using the
projection

[Gb(E) \Homsurj(Eb, Ed)×Gb Hominj(Ed, Ec)]→ [Gb \Hominj(Ed, Ed)]
with fibers isomorphic to [Gb(E)\Homsurj(Eb, Ed)] this implies the desired vanishing
of the stalk of

Avr,d(F)
at c, i.e., of the compactly supported cohomology of Zr,d ×Bunc

n
k with coefficients

in F . �

5.5. Averaging functors via the spectral action. Recall the stack XĜ of n-
dimensional continuous Λ-representations of WE , with the natural projection

f : XĜ → [Spec(Λ)/Ĝ],

introduced in Section 3.4. If V ∈ RepĜ, we also denote by V the associated vector

bundle on [Spec(Λ)/Ĝ].
For a WE -representation L on a finite projective Λ-module, we set

AvL := RΓ(WE ,L⊗Λ f
∗Vstd) ∈ Perf(XĜ).

Note that AvL is indeed a perfect complex. Indeed, the wild inertia PE ⊆ WE

acts via a finite quotient, and has no higher cohomology. As p ∈ Λ×, this implies
that the invariants

(f∗Vstd)
PE

are a direct summand of f∗Vstd and hence a vector bundle. After fixing a generator
τ ∈ IE/PE of the tame quotient of the inertia subgroup IE ⊆WE , and a Frobenius
lift σ ∈ WE/PE the complex AvL is calculated as the homotopy limit of the diagram

(3) (L ⊗Λ f
∗Vstd)

PE
τ−1

//

σ−1

��

(L⊗Λ f
∗Vstd)

PE

σ(1+τ+...+τq−1)−1

��

(L ⊗Λ f
∗Vstd)

PE
τ−1

// (L⊗Λ f
∗Vstd)

PE ,

where q is the cardinality of the residue field of E. This presentation implies that
AvL is a perfect complex on XĜ as claimed.

Lemma 5.7. There exists a canonical isomorphism

AvL ∼= AvL ∗ (−)
of functors

Dét(Bunn,Λ)→ Dét(Bunn,Λ).

Proof. Note that the diagram (Equation (3)) is a diagram of perfect complexes in
XĜ. Applying it to some object G ∈ Dét(Bunn,Λ) we get the diagram

(L⊗Λ TVstd
(G))PE

τ−1
//

σ−1

��

(L⊗Λ TVstd
(G))PE

σ(1+τ+...+τq−1)−1

��

(L⊗Λ TVstd
(G))PE

τ−1
// (L⊗Λ TVstd

(G))PE ,

whose homotopy limit calculates AvL. But the spectral action

Perf(XĜ)×Dét(Bunn,Λ)→ Dét(Bunn,Λ)
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commutes with finite homotopy limits in each variable. This implies the claim. �

The following immediate consequence of the existence of the spectral action is
the analog of the so-called vanishing conjecture of [9], cf. also [10] for a generalized
vanishing conjecture in the context of D-modules.

For clarity let us add the subscript

AvL,n,

when we consider the averaging functor on Dét(Bunn,Λ) associated with L. Note
that n need not be the rank of Λ.

Proposition 5.8. Assume that Λ is a field and L is an irreducibleWE-representation.
Then

AvL,n = 0

if n < rk(L).

Proof. By Lemma 5.7 it suffices to see that the object

AvL ∈ XĜ
vanishes. This can be checked at field valued points of XĜ, where it follows from
the fact that by irreducibility of L

RΓ(WE ,L⊗Λ V ) = 0

for any representation V of WE which is of rank n < rank L. Indeed, vanishing in
degree 0 is clear, which implies vanishing in degree 2 by duality, and then vanishing
of the H1 as the Euler characteristic of WE on finite dimensional Λ-representations
is 0. �

This vanishing has the following interesting consequence.

Corollary 5.9. Assume that Λ is a field. Let F ∈ Dét(Bunn,Λ) be a Hecke
eigensheaf with eigenvalue L an irreducible WE-representation over Λ of rank n.
Then

F ∈ Dét,cusp(Bunn,Λ),

i.e., F is cuspidal.

Proof. From Proposition 5.8 and Proposition 5.2 we can conclude that

CTP,! ◦AvL,n(F) = 0

for any standard parabolic P ( G. As F is a Hecke eigensheaf with eigenvalue L,
we get that

AvL,n(F) = RΓ(WE ,L
∨⊗ΛL)⊗LΛ F .

Thus, CTP,!(F) = 0 as

0 = CTP,!(AvL,n(F)) = RΓ(WE ,L
∨⊗ΛL)⊗LΛ CTP,!(F)

and

RΓ(WE ,L
∨⊗ΛL) 6= 0.

This finishes the proof. �
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5.6. Averaging functors on Dlis. We explain how to extend the definition of the
averaging functors

AvL : Dét(Bunn,Λ)→ Dét(Bunn,Λ)

for L ∈ Dét(Div1,Λ), to the case that the torsion ring Λ is replaced by an arbitrary
Zℓ-algebra L (the most important case being L = Qℓ).

Let L be a representation of WE on a finite, locally free L-module L, which is
continuous when L is given the colimit topology in the presentation

L = lim−→
N⊆L fin.gen. Zℓ−submodule

N,

with each N equipped with the ℓ-adic topology. Then for each F ∈ Dlis(Bunn, L)
the object

L
�

⊗
L

L F ∈ D�(Bunn, L)

lies inDlis(Bunn, L). Using the presentation (Equation (3)) we can therefore deduce
that

RΓ(WE ,L
�

⊗
L

L F) ∈ Dlis(Bunn, L)

for each WE -equivariant object F ∈ Dlis(Bunn, L).
The functor

TVstd
: D�(Bunn, L)→ D�(Bunn ×Div1, L),

defined by the formula

TVstd
(F) = −→h ♮

(
←−
h ∗F

�

⊗
L

L S ′Vstd

)
,

where S ′Vstd
denotes the object constructed in [8, §IX.2], induces, by [8, Corollary

IX.2.3] a functor

T equiv
Vstd,lis

: Dlis(Bunn, L)→ Dlis(Bunn, L)
BWE .

By the considerations above, if L is a representation of WE as before, for any
F ∈ Dlis(Bunn, L), we have

AvL(F) := RΓ(WE ,L
�

⊗
L

L T
equiv
Vstd,lis

(F)) ∈ Dlis(Bunn, L).

This recipe defines the averaging functor associated to L

AvL : Dlis(Bunn, L)→ Dlis(Bunn, L)

It recovers the previous definition when L = Λ is torsion, through the identification
Dlis(Bunn, L) ∼= Dét(Bunn,Λ), thanks to [8, Proposition VII.5.2].

The description

AvL(−) ∼= AvL ∗ (−)
of it via the spectral action for the analogously defined perfect complex

AvL := RΓ(WE ,L⊗Lf∗Vstd)
on the algebraic stack XĜ over L, remains valid.

Remark 5.10. We do not know how to prove an analogue of Proposition 5.2 on
Dlis(−, L) when charL = 0 since we don’t know if excision holds in this case.
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6. Application to irreducibility of the Fargues-Scholze parameters

if n = 2

We keep the assumptions from Section 2, but assume additionally that Λ is an
algebraically closed field of characteristic ℓ. Moreover, we assume n = 2, i.e.,

G = GL2.

Let b ∈ B(G) be basic and π ∈ Rep∞Λ Gb(E) be irreducible geometrically cuspidal.
We want to prove that the L-parameter

ϕπ : WE → Ĝ(Λ)

associated to π by Fargues-Scholze is irreducible, as claimed in the introduction,
Theorem 1.1.

Theorem 6.1. Assume that F ∈ Dét,cusp(Bunn,Λ) is ULA. Then any irreducible
subquotient of any cohomology sheaf of the WE-equivariant object

TVstd
(F)

is of rank 2.
In particular, the Fargues-Scholze parameter associated to a smooth irreducible

supercuspidal representation π of GL2(E) is irreducible.

We note that by Proposition 4.8 the category of

Dét,cusp(Bunn,Λ) ∼=
∏

b∈B(G) basic

Dét,cusp(Bun
b
n,Λ)

has a natural t-structure. Thus the statement of Theorem 6.1 makes sense.

Proof. Since F ∈ Dét,cusp(Bunn,Λ), by Lemma 4.6 and Proposition 4.8, F is sup-
ported on the semistable locus and represented by cuspidal representations for
varying Gb(E) there.

By Remark 5.3 the object
TVstd

(F)
is also supported on the semistable locus and represented by cuspidal represen-
tations for varying Gb(E) there. By [8, Theorem I.5.1], the stalks are admissible.
Thus, as a module over the Bernstein center, the object TVstd

(F) can be represented
as a complex of modules of finite length. Forgetting the action of the Bernstein
center, the first statement then follows from Lemma 6.2 below because of Theo-
rem 5.6 and Proposition 5.8. If ℓ 6= 2, the last statement follows because if π is a
smooth irreducible supercuspidal representation of GL2(E), j1,!Fπ is cuspidal, cf.
Example 4.10, and because for ℓ 6= 2, irreducible representations of dimension 1 or
2 are uniquely determined by their traces, the traces are linearly independent and
the excursion operators associated with the excursion data

V ∗std, Vstd, (1, γ) ∈W 2
E ,Λ →֒ V ∗std ⊗Λ Vstd ։ Λ

records the trace of γ.
Thus we are left with the case that ℓ = 2, where we have to argue differently.

The following proof works for arbitrary ℓ. Let A = Zℓ, L = Qℓ. Since Fargues-
Scholze’s construction of L-parameters is compatible with torsion by characters,
we can always twist π by a character. Therefore, cf. [14, Theorem 4.17, Corollary
4.20], we are free to assume that Λ = Fℓ. In this case, by [17, Théorème 3.26],
if we set F = j1,!Fπ ∈ Dét(Bun2,Λ), we can find some FA ∈ Dlis(Bun2, A) with
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the same support, which corresponds to some shift of a sheaf associated with an
admissible representation on an ℓ-adically separated, ℓ-torsion free A-module, such
that FA⊗LAΛ ∼= F . Set FL := FA⊗LAL. Then FL is again Schur-irreducible and by
what we have shown about TVstd

(F), its associated Fargues-Scholze parameter has
the property that its reduction to Λ is irreducible. Indeed, as L has characteristic
0 the L-parameter ϕFL

of FL is uniquely determined by its traces while TVstd
(FL)

reduces WE-equivariantly to TVstd
(F). Let e ∈ H0(X ˆGL2,A

,O) be the idempotent

cutting out the locus of L-parameters admitting a model over A whose reduction is
irreducible. Then e acts trivially on FL. Because EndDlis(Bun2,A)(FA) is ℓ-torsion
free we can conclude that e acts trivially on FA. Thus, e acts trivially in F and
we can conclude that the L-parameter associated to F must be irreducible. This
finishes the proof. �

Lemma 6.2. Let A ∈ D(Repcont
Λ WE) be a bounded complex with finite dimensional

cohomology objects. Fix d ≥ 0. Assume that

RΓ(WE ,L⊗LΛ A) = 0

for each irreducible WE-representation L of rank 6= d. Then each irreducible sub-
quotient of each cohomology sheaf of A is of rank d.

Proof. We may assume that Hi(A) = 0 for i < 0 and H0(A) 6= 0. Assume that
V ⊆ H0(A) is an irreducible WE -subrepresentation, and define B via the triangle

V → A→ B.

Then the morphism

RΓ(WE , V
∗ ⊗Λ V )→ RΓ(WE , V

∗ ⊗Λ A)

is an injection of a non-zero object in degree 0. By our assumption we can conclude
that V is of rank d. Let W be an irreducible WE-representation of rank 6= d. Then

RΓ(WE ,W ⊗Λ V ) = 0.

Indeed, in degree 0 this follows as V,W are irreducible of different rank 2, by
duality one deduces similarly the same in degree 2, and then vanishing in degree
1 follows as the Euler characteristic of WE -cohomology is 0. We can therefore
deduce that B satisfies the same assumption as A. Hence, we may induct on the
number of irreducible subquotients of the cohomology sheaves of A. This finishes
the proof. �

7. Application to Fargues’ conjecture in the irreducible case

We want to give some application of the averaging functors to the irreducible
case of Fargues’ conjecture for GLn. Namely, starting with an irreducible WE -
representation L over L = Qℓ we want to construct a non-zero irreducible Hecke
eigensheaf with eigenvalue L. However, to construct it we have to assume the
local Langlands correspondence for GLn, or more precisely its realization in the
compactly supported cohomology of the Lubin-Tate tower.

We keep the notations from Section 2, but add the assumption that L is an
algebraically closed field of characteristic 0, e.g., L = Qℓ. When speaking about
irreducible representations of WE on L-modules, we implicitly assume that they
are continuous when L is equipped with the colimit topology of the ℓ-topology of
its finitely generated Zℓ-submodules.
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7.1. Generalities on Hecke eigensheaves for irreducible representations.

Let L be an irreducible L-representation of WE . Let

F ∈ Dlis(Bunn, L)

be a Hecke eigensheaf with eigenvalue L, i.e., we are given natural isomorphisms

TV (F) ∼= rV,∗(L) ⊠L F
for each representation V ∈ RepL(Ĝ), cf. Section 3.3. We moreover assume that F
is ULA.

Let
LLFS : O(XĜ,L)→ Z(G,L)

be the morphism into the Bernstein center Z(G,L) for Dlis(Bunn, L) constructed
by Fargues-Scholze in [8], and let

V1, . . . , Vm ∈ RepL(Ĝ), (γ1, . . . , γm) ∈Wm
E , α : L→ V1⊗L. . . ,⊗LVm, β : V1⊗L. . . ,⊗LVm → L

be an excursion datum with associated function f ∈ O(XĜ,L). By the Hecke

eigensheaf property we can then see that LLFS(f) acts on F via the same scalar
∈ L, which gives the composition

L
α−→ rV1,∗(L) ⊗L . . .⊗L rVm,∗(L)

γ1⊗...⊗γm−−−−−−−→ rV1,∗(L) ⊗L . . .⊗L rVm,∗(L)
β−→ L.

By compatibility with parabolic induction, cf. [6, Theorem IX.6.1], this implies the
following lemma.

Lemma 7.1. Let as before F ∈ Dlis(Bunn, L) be a ULA Hecke eigensheaf with
(irreducible) eigenvalue L. Then F is supported on the semistable locus and super-
cuspidal there.

Proof. Let e ∈ O(XĜ) be the idempotent cutting out the connected component of
L ∈ XĜ(L). By [8, Chapter VIII] the element e can be represented by an excursion
datum like above. By [8, Theorem IX.6.1] the element e must act trivially on
every ULA sheaf supported on the non-semistable, or on any parabolic induction
supported on the semistable locus. �

In the case that L is replaced by a field Λ of characteristic ℓ (and L an irreducible
WE-representation over Λ) we proved the stronger statement that F is automat-
ically cuspidal using averaging functors in Corollary 5.9. We don’t know if this
stronger statement is true in general.

Lemma 7.2. With the same notation from before, assume moreover that for some
b ∈ B(G) basic, the stalk Fb := j∗bF corresponds to an irreducible representation.
Then for each c ∈ B(G) basic, the stalk Fc is irreducible.

Proof. Take b, c ∈ B(G) basic with deg(Ec) = deg(Eb) + 1. We already know that
F is supported on the semistable locus and that Fc is a complex of admissible
supercuspidal representations. Then

TV ∗

std
(Fc) ∼= L∨ ⊗L Fb

asWE -equivariant sheaves. The right hand side is irreducible (as a WE -equivariant
complex of sheaves). Thus, TV ∗

std
kills all irreducible Jordan-Hölder factors of coho-

mology sheaves of Fc, except one. But using our assumption that L is of charac-
teristic 0

Fc = TL(Fc)→ TVstd
(TV ∗

std
(Fc))
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is a split injection, and thus Fc is an irreducible representation, placed in some
degree. �

7.2. The spectral action and the definition of AutL. We continue to use the
notation of the previous section. Let

iL : Spec(L)→ XĜ

be the natural morphism with image the point determined by L. As the WE -
representation L is assumed to be irreducible, the image of iL lands inside the
smooth locus of XĜ, and thus the object

k(L)reg := iL,∗(L)

lies in IndPerf(XĜ). More concretely, the residual gerbe of XĜ at the image of iL
is given by

[Spec(L)/Gm,L]

and the (underived) stalk of k(L)reg at x is the regular representation

O(Gm)

of Gm. Let us write

k(L)reg =
⊕

i∈Z

k(L)i,

with k(L)i ⊆ k(L)reg the summand where Gm acts via z 7→ zi.
Let ψ : E → L× be a non-trivial character. This yields the standard Whittaker

datum (B,ψ) for G = GLn, i.e., B is the standard upper triangular Borel, and
(using abuse of notation) ψ denotes the regular character

ψ : U(E) ։ U/[U,U ](E) ∼= En−1
∑

−→ E
ψ−→ L×

with U ⊆ B the unipotent radial of B, and
∑

the summation.
This yields the so-called Whittaker sheaf

Wψ := j1,!(FcInd
G1(E)

U(E)
ψ
) ∈ Dlis(Bunn, L).

We can now make the following definition. Recall the spectral action of Sec-
tion 3.4, denoted with ∗.
Definition 7.3. For L an irreducible WE-representation (as before) set

AutL := k(L)reg ∗Wψ ∈ Dlis(Bunn, L).

We note that the symbol AutL is for now just a notation; the rest of this text
is devoted to showing that this object of Dlis(Bunn, L) indeed has the properties
prescribed by Fargues’ conjecture and therefore deserves its name.

The Hecke eigensheaf property of AutL is formal, and holds more generally as
recorded in the following proposition.

Proposition 7.4. Let G ∈ Dlis(Bunn, L) be arbitrary, and let L be as before. Then
k(L)reg ∗ G is an Hecke eigensheaf (possibly zero) with eigenvalue L.

Proof. Let V ∈ RepL(Ĝ). Then there is a natural isomorphism

TV (k(L)reg ∗ F) ∼= f∗(V ) ∗ k(L)reg ∗ F
∼= (f∗(V )⊗OX

Ĝ
k(L)reg) ∗ F

∼= (rV (L)⊗L k(L)reg) ∗ F
∼= rV (L)⊗L k(L)reg ∗ F
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(compatible with theWE-action), and similarly for every finite set I, Vi ∈ Rep(Ĝ), i ∈
I. �

This proposition applies in particular to G =Wψ, and hence the object AutL is
a Hecke eigensheaf as desired. We also know that it is supported on the semistable
locus and given by supercuspidal representations, by Lemma 7.1. However, it could
potentially be zero. That this is not the case will be deduced in the next subsection
from the local Langlands correspondence.

Remark 7.5. To motivate the definition of AutL, let us recall that Fargues’conjecture
admits a strong conjectural enhancement: it is expected that one has an equivalence

IndCoh(XĜ)
∼= Dlis(Bunn, L)

(recall that here L is assumed to be algebraically closed of characteristic 0), com-
patibly with the actions of IndPerf(XĜ) on both sides (acting via tensor product on
the left), cf. [8, Conjecture IX.1.4.]. Via this equivalence, if L is as above, the Hecke
eigensheaf whose existence is predicted by Fargues’ conjecture should correspond
to k(L)reg and the Whittaker sheaf should correspond to the structure sheaf OX

Ĝ

7.
Since tautologically

k(L)reg ⊗OX
Ĝ
OX

Ĝ

∼= k(L)reg,

since the conjectural categorical equivalence should be equivariant for the action of
IndPerf(XĜ) and since k(L) ∈ IndPerf(XĜ), we see that the definition of AutL is
reasonable (and meaningful independently of the conjecture!).

7.3. Generalities on the spectral action of k(L)i. We use the notation from
before. This section is devoted to the study of the spectral actions of the objects

k(L)i ∈ Perf(XĜ)

for i ∈ Z. Let us set
Fi(G) := k(L)i ∗ G

for G ∈ Dlis(Bunn, L).
Recall the object

AvL′ = RΓ(WE ,L
′ ⊗L f∗Vstd) ∈ Perf(XĜ)

associated with a WE -representation L′.

Lemma 7.6. We have an equality

AvL∨
∼= k(L)1[−1]⊕ k(L(χcyc))1[−2] ∈ Perf(XĜ),

where χcyc denotes the cyclotomic character of WE. In particular,

AvL∨(G) = k(L)1 ∗ G[−1]⊕ k(L(χcyc))1 ∗ G[−2]
for each G ∈ Dlis(Bunn, L).

Proof. The first statement follows by calculating (derived) stalks, which identify
with WE-cohomology. The second statement follows from Lemma 5.7. �

In particular, we see that Fi(−) is a direct summand of AvL∨(−)[1].
Lemma 7.7. The following hold true for i ∈ Z:

7The representation cInd
G1(E)
U(E)

ψ is not finitely generated, and thus Wψ is not a compact

object in Dlis(Bunn, L), but recall that the structure sheaf OX
Ĝ

is seen as an ind-coherent sheaf,

cf. Section 3.4, so there is no contradiction.
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(1) If G ∈ Dlis(Bunn, L) has support in the connected component Bunκ=dn , then

Fi(G) has support on Bunκ=d+in .
(2) For each G ∈ Dlis(Bunn, L) the object Fi(G) is supported on the semistable

locus and the stalks at basic points are represented by complexes of super-
cuspidal representations.

(3) If G ∈ Dlis(Bunn, L) has support in the non-semistable locus, then Fi(G) =
0.

(4) If b ∈ B(G) is basic and G = jb,!(Fπ) for some parabolically induced Gb(E)-
representation π, then Fi(G) = 0.

Proof. The cohomologyRΓ(WE ,−) of someWE-equivariant object inDlis(Bunn, L)

with support in Bunκ=dn has again support in Bunκ=dn . Hence the analog of (1) with
Fi replaced by AvL∨ follows from the same property for the standard Hecke oper-
ator TVstd

, which is clear. Now, (1) follows by passing to direct summands. Point
(2) follows because Fi(G) is a summand of an Hecke eigensheaf with irreducible
eigenvalue L and Lemma 7.1.

Let e ∈ O(XĜ) be the idempotent cutting out the non-irreducible locus, i.e., the
non-irreducible locus (a disjoint union of connected components) is the vanishing
locus of e. By compatibility with parabolic induction, cf. [8, Chapter IX.6.], the
idempotent acts trivially on each ULA object with support on the non-semistable
locus. But this implies that e acts trivially on each object supported there as for
each b ∈ B(G), which is non-basic, each Bernstein block in Rep∞L (Gb(E)) contains a
non-zero admissible representation. This implies (3) and a similar argument implies
(4). �

7.4. Computation of one stalk of AutL and conclusion. Our aim is to identify
the stalks of

AutL ∼= k(L)reg ∗Wψ
∼=
⊕

i∈Z

k(L)i ∗Wψ

at points in the semistable locus.
We recall that we have fixed a completed algebraic closure C of E, giving rise to

a (classical) point ∞ ∈ XC on the Fargues-Fontaine curve.
Let b ∈ B(G) be the basic element with κ(b) = 1. By [19, Lecture 24] the space

MLT,∞

of injections of the trivial rank n vector bundle E1 into Eb with cokernel supported
at ∞ is (the diamond associated with) the infinite level Lubin-Tate space.

For an irreducible WE -representation L′ over L we will denote by LL1(L
′) the

local Langlands correspondent of L′ and by LLb(L
′) the local Jacquet-Langlands

correspondent of LL1(L
′).

Theorem 7.8. Let L be an irreducible WE-representation over L and LL1(L) ∈
Rep∞L G1(E) its local Langlands correspondent. Then

j∗b TVstd
(j1,!FLL1(L))

∼= L⊗L FLLb(L)

as WE-equivariant objects in Dlis(Bunn, L).

Proof. This is discussed in the proof of [8, Theorem IX.7.4.] and follows from the
known description of the ℓ-adic cohomology of the Lubin-Tate tower. �

This incarnation of the local Langlands correspondence allows us to calculate
one stalk of AutL.
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Theorem 7.9. Let as before b ∈ B(G) basic with κ(b) = 1. Then

j∗bAutL
∼= FLLb(L).

Proof. We first analyze

AvL∨(Wψ)[1] ∼= k(L)1 ∗Wψ ⊕ k(L(χcyc))1[−1] ∗Wψ.

By Lemma 7.7 we can replace here Wψ by its supercuspidal part. Let B := Bs ⊆
Rep∞L G1(E) be a supercuspidal block, and let

Wψ,s

be the Bernstein component of Wψ in B. Let
z

be the center of the block B. Then it is known (cf. [1], [2]) that

z ∼= EndB(Wψ,s) ∼= L[T±1],

that Wψ,s ∈ B is projective, and that the functor

B ∼= Modz, π 7→ HomB(Wψ,s, π).

is an equivalence. Implicit in these statements we used the existence and uniqueness
of Whittaker models. More precisely, for each irreducible, supercuspidal represen-
tation π ∈ B (such a π is unique up to some unramified twist) we have

HomB(Wψ,s, π)
∼= HomRep∞

L
G1(E)(Wψ , π)

∼= HomRep∞

L
G1(E)(π

∨, Ind
G1(E)
N(E) ψ)∼= L,

where (−)∨ denotes the smooth dual, and the last step uses the uniqueness and
existence for irreducible, supercuspidal representations (cf. [15]).

Let

C ⊆ Rep∞L Gb(E)

be a supercuspidal Bernstein block. By (2) it suffices to describe the compositions

FB,C : B ⊆ Dlis(Bunn, L)
Av

L∨
[1]−−−−−→ Dlis(Bun

ss
n , L)→ D(C)

for all such B, C. The block C is again equivalent to modules over its center R, and
thus (by commutation of FB,C with direct sums) we have

FB,C(−) ∼=M⊗Lz (−)
for some complex M ∈ D(R) ∼= D(C) with action by z. As FB,C commutes with
direct products and preserves compact objects, M is a perfect z-complex. Let
x ∈ Spec(z) be a closed point, with corresponding irreducible, supercuspidal repre-
sentation π′. Let L′ the the Langlands correspondent of π′. Then by Theorem 7.8

M ⊗Lz k(x) = 0,

if L′ is not isomorphic to L or L(χcyc). Let π := LL1(L) with corresponding
closed point x0 ∈ Spec(z), and let x1 ∈ Spec(z) be the point corresponding to
LL1(L(χcyc)). Let y0, y1 ∈ Spec(R) be the closed points corresponding to LLb(L)
resp. LLb(L(χcyc)). Then we can deduce from Theorem 7.8 that

M ⊗Lz k(x0) ∼= k(y0)[1]⊕ k(y0),
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while

M ⊗Lz k(x1) ∼= k(y1)⊕ k(y1)[−1].
From here we can deduce that M ∼= k(x0) ⊕ k(x1)[−1] (as a z-complex). This
implies

j∗bAvL∨(Wψ)[1] ∼= FLLb(L) ⊕FLLb(L(χcyc))[−1].
This first implies that

k(L)1 ∗Wψ 6= 0.

Indeed, if it were zero, we would get

k(L(χcyc))1 ∗Wψ[−1] ∼= FLLb(L) ⊕FLLb(L(χcyc))[−1].
But applying the same reasoning as above to L(χcyc) instead of L, we have

k(L(χcyc))1 ∗Wψ ⊕ k(L(χ2
cyc))1[−1] ∗Wψ

∼= FLLb(L(χcyc)) ⊕FLLb(L(χ2
cyc))

[−1]
contradicting this isomorphism (since FLLb(L)[1] is not a direct summand of the
right hand side). Similarly, we must have

k(L(χcyc))1 ∗Wψ 6= 0.

Therefore, we either have

k(L)1 ∗Wψ
∼= jb,!FLLb(L),

or

k(L)1 ∗Wψ
∼= jb,!FLLb(L(χcyc))[−1].

Assume the second. This implies

k(L(χcyc))1 ∗Wψ [−1] ∼= jb,!FLLb(L),

i.e., that

AvL(χcyc)∨(Wψ) = k(L(χcyc))1 ∗Wψ[−1]⊕ k(L(χ2
cyc))1 ∗Wψ[−2]

has a contribution in degree 0. But what we have proven so far (with L replaced
by L(χcyc)) implies that this is not the case. This finishes the proof. �

By Lemma 7.2 and Theorem 7.9 we can conclude that each basic stalk of AutL
is irreducible. We also know it is a single supercuspidal representation, put in some
degree. Let us identify this supercuspidal representation.

We will only explain how to identify the representation of Gb(E) corresponding
to j∗bAutL for b basic with κ(b) ≥ 1. The case where κ(b) ≤ 1 is dealt with similarly,

by replacing in what follows the standard representation Vstd of Ĝ by its dual.
We argue inductively. Theorem 7.9 tells us that

j∗bAutL
∼= FLLb(L),

where b is the basic element with κ(b) = 1.
Let b ∈ B(G) basic with κ(b) ≥ 1, and c basic with κ(c) = κ(b) + 1. Assume we

know that j∗bAutL agrees up to shift with FLLb(L):

j∗bAutL
∼= FLLb(L)[kb],

kb ∈ Z.
By the Hecke eigensheaf property of AutL and our assumption, we have

j∗cAutL ⊗L L ∼= j∗cTVstd
(jb,!FLLb(L)[kb]).
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Therefore, by [13, Theorem 6.5.2], we deduce that

tr(j∗cAutL) = (−1)kbtr(LLc(L))
in Dist(Gc(E)ell, L)

Gc(E), whereGc(E)ell denotes the elliptic regular locus inGc(E).
Since j∗cAutL corresponds to an irreducible supercuspidal representation, and since
such representations are entirely determined by the restriction of their Harish-
Chandra distribution character to the elliptic locus, this forces j∗cAutL to agree with
FLLc(L), up to some shift kc ∈ Z (having the same parity as kb). This concludes
the induction step.

Finally, it remains to show that all the shifts kb appearing above are zero, i.e.
that AutE is concentrated in degree 0 (we so far only know that kb = 0 if b is such
that κ(b) = 1). But concentration in degree 0 is implied by [12, Theorem 1.1].

Altogether, this concludes the proof of Theorem 1.2.

Remark 7.10. Let b, c ∈ B(G) basic with κ(c) = κ(b) + 1. We expect that

RΓ(Mb,c, L)

is concentrated in degrees [0, n − 1]. When b = 1, this can be deduced from the
fact that Mb,c is the infinite level Lubin-Tate space, which is an inverse limit of
smooth Stein rigid-analytic varieties, but we do not know how to prove it for all b.
If this were true, using commutation of TVstd

with Verdier duality, one could deduce
concentration in degree 0 of j∗bAutL for all b (we learnt this argument from a paper
of Fargues, [7]; it was recently reconsidered by Hansen, [12]).

Note thatMb,c is Zariski-closed in the open perfectoid unit ballX of dimension n
parametrizing maps from Eb to Ec, cut out by one equation. So in fact concentration
in degree 0 of AutL would follow from the statement that if Z is a Zariski-closed
subspace in the n-dimensional affinoid perfectoid ball, RΓ(Z,L) vanishes in degrees
bigger than the Krull dimension of Z8. We refer the interested reader to [12] for
more on this.
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