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Abstract  
A vibro-acoustic model of a structurally excited cylindrical shell of infinite length submerged in a 
heavy fluid at a finite distance from a free surface is presented. Expressions for the shell 
displacement, the acoustic pressure in the interior cavity of the shell and the acoustic pressure at all 
field locations in the exterior domain are analytically derived. The formulation for the exterior 
acoustic pressure is developed using the image method and Graf’s addition theorem. Results for the 
structural and acoustic responses of the cylindrical shell submerged at a finite distance from the free 
surface and in an unbounded fluid domain are compared. The effects of the shell circumferential 
modes, interior cavity resonances and proximity of the free surface on the shell acoustic responses 
are examined. New mechanisms influencing the low frequency vibro-acoustic response of a 
submerged hull near a fluid boundary are described. 

1. Introduction  
Vibro-acoustic analyses of fluid-loaded cylindrical shells are important for a broad range of 
applications including underwater vehicles, offshore pile driving and submarine cables. Heavy fluid 
loading from the surrounding water alters the dynamic characteristics of a submerged elastic shell. 
Prediction of the vibro-acoustic response of a fluid-loaded shell is a classic acoustic-structure 
interaction problem, for example, see [1–7]. At low frequencies, the heavy fluid can be approximated 
as an added mass loading on the structure. As the frequency increases, damping effects of the fluid 
must be taken into account. The vibro-acoustic response of an elastic shell submerged in an 
unbounded fluid domain has also been examined using numerical discretisation methods such as the 
finite element method and the boundary element method [8–11]. The in-vacuo modes no longer form 
the modal basis for an elastic structure submerged in a heavy fluid, necessitating computation of the 
wet structural modes [12].  
 
For underwater vehicles navigating in shallow waters or where the fluid domain cannot be 
considered as unbounded, the influence of the free sea surface or seabed needs to be taken into 
account. Salaün [13] studied the effect of the free surface on the far-field pressure radiated by a semi-
immersed cylindrical shell. The free surface was modelled by applying the pressure loading 
associated with the sea water to the wetted surface of the shell. A common approach to model the 
effect of the free surface for a fully immersed structure is the image method. The image method was 
first employed to study radiation of simple acoustic sources near a plane boundary, showing Lloyd’s 
mirror behaviour for near-surface monopoles [14–18]. The image method has also been 
implemented to study sound scattering by a rigid cylinder near an impedance boundary, displaying 
similar patterns of enhanced or reduced scattering depending on the proximity to the planar surface 
[19–21]. More recently, the vibrational characteristics and far-field sound radiation of a cylindrical 
shell near an impedance plane or a free sea surface has been studied [22–26]. Li and co-authors 
[24,25] investigated the acoustic responses of cylindrical shells of infinite and finite length 
submerged at a finite depth from the free surface. The far-field sound was approximated using the 
method of stationary phase. The amplitude of the radiated sound was found to oscillate with 
variation of depth from the free surface and frequency. Close proximity to the free surface was also 
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observed to have a significant impact on the shell vibrational characteristics. Guo et al. [26] presented 
a hybrid analytical/numerical approach to obtain the vibro-acoustic response of a finite cylindrical 
shell submerged near a free surface. The shell vibrational responses derived analytically were used 
as an input to a boundary element model to numerically predict the far-field radiated sound. They 
showed that the vibro-acoustic response of the cylindrical shell submerged at a finite depth tends 
towards the response in an infinite domain when the submerged depth exceeds a certain value. In 
the aforementioned studies, the acoustic responses of a cylindrical shell submerged near a free 
surface were approximated using the method of stationary phase or numerical discretisation 
methods. 
 
We present an analytical formulation to investigate the effect of a free sea surface on the vibro-
acoustic response of an infinite cylindrical shell. Reflections from the free surface are estimated using 
the image method. The presence of an internal acoustic fluid in the cylindrical shell cavity is 
considered. The acoustic-structure interaction between the interior acoustic domain of the shell, its 
vibrational response and the exterior acoustic domain are simultaneously taken into account. Both 
the near-field and far-field acoustic responses of the cylindrical shell are predicted. The combined 
influence of the immersion depth and the shell structural and cavity resonances on its vibro-acoustic 
responses are observed. Insights into the physical mechanisms influencing the structural and 
acoustic responses of a submerged hull near a free surface are described. 

2. Analytical formulation 

2.1 Cylindrical shell submerged in a fluid of infinite extent 

We consider an infinitely long, thin cylindrical shell, as shown in Fig. 1. The shell displacements in 
the longitudinal, tangential, and radial directions are denoted by 𝑢𝑢, 𝑣𝑣 and 𝑤𝑤, respectively. The 
cylindrical shell has thickness ℎ, mean radius 𝑎𝑎, complex Young’s modulus 𝐸𝐸, Poisson’s ratio 𝜈𝜈 and 
density 𝜌𝜌𝑠𝑠.  The shell is submerged in a heavy fluid of density  𝜌𝜌ext and speed of sound  𝑐𝑐ext, where 
the subscript ext denotes the exterior fluid domain. The shell is also filled with an internal fluid of 
density 𝜌𝜌int and speed of sound 𝑐𝑐int, where the subscript int denotes the interior acoustic domain. 
The exterior and interior acoustic fields act as pressure loads on the cylindrical shell. Further, the 
cylinder is excited by a harmonic radial line force 𝑓𝑓 at an angular position 𝜃𝜃𝑓𝑓. The system is invariant 
under translation in the direction z.  A harmonic dependency of 𝑒𝑒−i𝜔𝜔𝜔𝜔 has been assumed, where i =
√−1, where 𝜔𝜔 is the angular frequency and 𝑡𝑡 is time. It should be noted that the analytical formulation 
considers a linear vibro-acoustic problem and as such, does not take into account the instability or 
buckling of the shell under hydrostatic pressure.    

The exterior and interior acoustic pressures can be expressed in terms of a classic Fourier series as 
follows [27] 

 𝑝𝑝ext(𝑟𝑟,𝜃𝜃) = � 𝐴𝐴𝑛𝑛

∞

𝑛𝑛=−∞ 

𝐻𝐻𝑛𝑛(𝑘𝑘ext𝑟𝑟)
𝐻𝐻𝑛𝑛′ (𝑘𝑘ext𝑎𝑎) 𝑒𝑒

i𝑛𝑛𝑛𝑛, (1) 

 𝑝𝑝int(𝑟𝑟,𝜃𝜃) = � 𝐵𝐵𝑛𝑛

∞

𝑛𝑛=−∞ 

𝐽𝐽𝑛𝑛(𝑘𝑘int𝑟𝑟)
𝐽𝐽𝑛𝑛′ (𝑘𝑘int𝑎𝑎) 𝑒𝑒

i𝑛𝑛𝑛𝑛, (2) 

where 𝐴𝐴𝑛𝑛, 𝐵𝐵𝑛𝑛 are Fourier coefficients of order 𝑛𝑛, 𝑘𝑘ext, 𝑘𝑘int respectively denote the acoustic 
wavenumbers associated with the exterior and interior acoustic domains. 𝐻𝐻𝑛𝑛 is the Hankel function 
of the first kind of order 𝑛𝑛 and 𝐻𝐻𝑛𝑛′  is its derivative with respect to the argument. Similarly,  𝐽𝐽𝑛𝑛 is the 
Bessel of the first kind of order 𝑛𝑛 and 𝐽𝐽𝑛𝑛′ is its derivative with respect to the argument.  
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Fig. 1. Schematic diagram of the cylindrical shell excited by a line force and the coordinate system. 

 

2.2 Cylindrical shell submerged beneath a free surface 

The cylindrical shell is submerged at a finite depth 𝑑𝑑 from a free surface. The free surface can be 
modelled as a flat pressure release surface due to high impedance mismatch between water and air 
[28]. The acoustic pressure at a field point is derived as the sum of the direct radiated pressure and 
the reflected pressure from the free surface, whereby the latter is modelled by introducing an image 
cylinder as shown in Fig. 2.  

 

 
Fig. 2. Schematic diagram of the cylindrical shell submerged below the free surface and its image 
above the free surface, showing the local coordinate system for each cylindrical shell.  
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The total acoustic pressure 𝑝𝑝𝑓𝑓𝑓𝑓 at an external field point for the submerged cylindrical shell is given 
by the summation of the external pressure due to the submerged cylinder and its image, that is, 𝑝𝑝𝑓𝑓𝑓𝑓 =
𝑝𝑝1 + 𝑝𝑝2. Using Eq. (1), the acoustic pressures at a field point associated with the submerged and 
image cylindrical shells are given by  

 𝑝𝑝1(𝑟𝑟1,𝜃𝜃1) = � 𝐴𝐴𝑛𝑛,1

∞

𝑛𝑛=−∞

𝐻𝐻𝑛𝑛(𝑘𝑘ext𝑟𝑟1)
𝐻𝐻𝑛𝑛′ (𝑘𝑘ext𝑎𝑎)  𝑒𝑒i𝑛𝑛𝑛𝑛1 , (3) 

 𝑝𝑝2(𝑟𝑟2,𝜃𝜃2) = � 𝐴𝐴𝑛𝑛,2

∞

𝑛𝑛=−∞

𝐻𝐻𝑛𝑛(𝑘𝑘ext𝑟𝑟2)
𝐻𝐻𝑛𝑛′ (𝑘𝑘ext𝑎𝑎)  𝑒𝑒i𝑛𝑛𝑛𝑛2 , (4) 

where the subscripts 1 and 2 respectively denote the submerged and image cylinders, and 𝐴𝐴𝑛𝑛,1, 𝐴𝐴𝑛𝑛,2 
represent the corresponding Fourier coefficients for the exterior acoustic pressure.  

In what follows, the total acoustic pressure at a field point is expressed in terms of the Fourier 
coefficients and local coordinate system of the submerged cylinder. First, boundary conditions at the 
free surface are used to represent the Fourier coefficients of the image cylinder in terms of the 
coefficients of the submerged cylinder. At the free surface boundary corresponding to 𝑟𝑟2 = 𝑟𝑟1 and 
𝜃𝜃2 = 2𝜋𝜋 − 𝜃𝜃1, the total acoustic pressure is equal to zero, that is, 𝑝𝑝1 + 𝑝𝑝2 = 0. Substituting the 
geometric equalities in Eq. (4), employing the Hankel function property given by 𝐻𝐻−𝑛𝑛(𝑧𝑧) =
(−1)𝑛𝑛𝐻𝐻𝑛𝑛(𝑧𝑧) [29], and equating the total pressure to zero, yields a relation between the Fourier 
coefficients of the submerged and image cylinders given by 𝐴𝐴𝑛𝑛,2 = −𝐴𝐴−𝑛𝑛,1. Graf’s addition theorem 
is then employed to convert the local coordinate system of the image cylinder to that of the 
submerged cylinder. Applying Graf’s addition theorem in the vicinity of the submerged cylinder (𝑟𝑟1 <
2𝑑𝑑), the Hankel function associated with the image cylinder becomes [27] 

 𝐻𝐻𝑛𝑛(𝑘𝑘ext𝑟𝑟2)𝑒𝑒i𝑛𝑛𝑛𝑛2 = � 𝐻𝐻𝑛𝑛−𝑚𝑚 

∞

𝑚𝑚=−∞

(2𝑘𝑘ext𝑑𝑑)𝐽𝐽𝑚𝑚(𝑘𝑘ext𝑟𝑟1)𝑒𝑒i𝑚𝑚𝑛𝑛1 . (5) 

It should be noted that the use of Graf’s addition theorem introduces an error in the estimation of the 
exterior pressure at 𝑟𝑟1 = 2𝑑𝑑, as highlighted in [30]. Substituting Eq. (5) into Eq. (4) and employing 
the Hankel function relation 𝐻𝐻−𝑛𝑛(𝑧𝑧) yields an expression for the acoustic pressure of the image 
cylinder in terms of the local coordinate system of the submerged cylinder as follows 

 𝑝𝑝2(𝑟𝑟1,𝜃𝜃1) = − � � (−1)𝑚𝑚𝐴𝐴𝑛𝑛,1
𝐻𝐻𝑛𝑛+𝑚𝑚 (2𝑘𝑘ext𝑑𝑑)𝐽𝐽𝑚𝑚(𝑘𝑘ext𝑟𝑟1)  

𝐻𝐻𝑛𝑛′ (𝑘𝑘ext𝑎𝑎)

∞

𝑚𝑚=−∞

𝑒𝑒i𝑚𝑚𝑛𝑛1 .
∞

𝑛𝑛=−∞

 (6) 

Exchanging the order of 𝑚𝑚 and 𝑛𝑛 in Eq. (6) and using Eq. (3), the total acoustic pressure for a 
submerged cylinder taking into account reflections from the free surface becomes 

 𝑝𝑝𝑓𝑓𝑓𝑓(𝑟𝑟1,𝜃𝜃1) = � �𝐴𝐴𝑛𝑛,1
𝐻𝐻𝑛𝑛(𝑘𝑘ext𝑟𝑟1)
𝐻𝐻𝑛𝑛′ (𝑘𝑘ext𝑎𝑎)  −(−1)𝑛𝑛𝐽𝐽𝑛𝑛(𝑘𝑘ext𝑟𝑟1) � 𝐴𝐴𝑚𝑚,1

𝐻𝐻𝑚𝑚+𝑛𝑛 (2𝑘𝑘ext𝑑𝑑)
𝐻𝐻𝑚𝑚′ (𝑘𝑘ext𝑎𝑎)  

∞

𝑚𝑚=−∞

�𝑒𝑒i𝑛𝑛𝑛𝑛1 .  
∞

𝑛𝑛=−∞

 (7) 
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2.3 Vibro-acoustic response of the cylindrical shell 

The shell radial displacement, the acoustic pressure of the interior cavity and the acoustic pressure 
at any field point in the exterior domain are derived in what follows. The shell model is based on 
Donnell–Mushtari theory with a Flügge–Byrne–Lur’ye modifying operator [31]. The simplified 
Flügge equation of motion for the radial displacement of a thin cylindrical shell is given by  

 

 1
𝛾𝛾 �

−
𝑑𝑑2
𝑑𝑑𝜃𝜃2

𝑑𝑑2
𝑑𝑑𝜃𝜃2 + 𝑎𝑎2𝑘𝑘𝑙𝑙2

+  𝛽𝛽2
𝑑𝑑4

𝑑𝑑𝜃𝜃4
+ 2

𝑑𝑑2

𝑑𝑑𝜃𝜃2
+ 1+𝛽𝛽2 − 𝑎𝑎2𝑘𝑘𝑙𝑙2�𝑤𝑤(𝜃𝜃) = 𝑝𝑝int(𝑎𝑎,𝜃𝜃) − 𝑝𝑝ext(𝑎𝑎,𝜃𝜃) − 𝑓𝑓(𝜃𝜃), (8) 

where 𝛾𝛾 = 𝑎𝑎2 (1−𝜈𝜈2)
𝐸𝐸ℎ

, 𝛽𝛽 = ℎ
√12𝑎𝑎

 is the dimensionless shell thickness parameter and 𝑘𝑘𝑙𝑙 = 𝜔𝜔�𝜌𝜌𝑠𝑠(1−𝜈𝜈2)
𝐸𝐸

   is 

the wavenumber for longitudinal waves in the cylindrical shell. The right-hand side of Eq. (8) 
corresponds to the summation of the various external loads acting on the shell surface comprising 
the radial line force and the exterior and interior pressure fields. 

The same kinematic relationship at the surface of the shell applies to both the interior and exterior 
fields and is given by 

 𝜕𝜕𝑝𝑝int
𝜕𝜕𝑟𝑟

(𝑎𝑎,𝜃𝜃) = 𝜔𝜔2𝜌𝜌int𝑤𝑤(𝜃𝜃),     (9) 

 𝜕𝜕𝑝𝑝ext
𝜕𝜕𝑟𝑟

(𝑎𝑎,𝜃𝜃) = 𝜔𝜔2𝜌𝜌ext𝑤𝑤(𝜃𝜃),     (10) 

Employing a Fourier series decomposition, the radial displacement of the shell as well as the interior 
and exterior acoustic pressures are expressed as follows 

 𝑤𝑤(𝜃𝜃) = � 𝑤𝑤𝑛𝑛𝑒𝑒i𝑛𝑛𝑛𝑛
∞

𝑛𝑛=−∞ 

, (11) 

 𝑝𝑝int(𝑟𝑟, 𝜃𝜃) = � 𝑃𝑃𝑛𝑛,int(𝑟𝑟)𝑒𝑒i𝑛𝑛𝑛𝑛,
∞

𝑛𝑛=−∞ 

 (12) 

 𝑝𝑝ext(𝑟𝑟,𝜃𝜃) = � 𝑃𝑃𝑛𝑛,ext(𝑟𝑟)𝑒𝑒i𝑛𝑛𝑛𝑛,
∞

𝑛𝑛=−∞

 (13) 

where 𝑤𝑤𝑛𝑛 are the Fourier coefficients associated with the shell radial displacement, and 𝑃𝑃𝑛𝑛,int, 𝑃𝑃𝑛𝑛,ext 
correspond to the Fourier coefficients associated with the interior and exterior pressures, 
respectively. The radial line force can also be expressed in terms of Fourier coefficients as follows 

 𝑓𝑓(𝜃𝜃) = � 𝐹𝐹𝑛𝑛𝑒𝑒i𝑛𝑛𝑛𝑛.
∞

𝑛𝑛=−∞ 

 (14) 

For the line force applied at 𝜃𝜃𝑓𝑓 as shown in Fig. 1, the Fourier coefficients are given by  

 𝐹𝐹𝑛𝑛 =
𝐹𝐹𝑓𝑓𝑒𝑒−i𝑛𝑛𝑛𝑛𝑓𝑓

2𝜋𝜋𝑎𝑎
, (15) 

where 𝐹𝐹𝑓𝑓 is the force amplitude.  
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The spectral Flügge equation of motion at the shell boundary (𝑟𝑟 = 𝑎𝑎) is given by  

 1
𝛾𝛾 �

−
𝑛𝑛2

𝑛𝑛2 − 𝑎𝑎2𝑘𝑘𝑙𝑙2
+ 1 + 𝛽𝛽2(𝑛𝑛4 − 2𝑛𝑛2 + 1) − 𝑎𝑎2𝑘𝑘𝑙𝑙2�𝑤𝑤𝑛𝑛 = 𝑃𝑃𝑛𝑛,int(𝑎𝑎)− 𝑃𝑃𝑛𝑛,ext(𝑎𝑎)− 𝐹𝐹𝑛𝑛. (16) 

Solving Eq. (16) for the Fourier coefficients associated with the shell radial displacement yields 

 𝑤𝑤𝑛𝑛 = 𝛾𝛾𝑇𝑇−1�𝑃𝑃𝑛𝑛,int(𝑎𝑎) − 𝑃𝑃𝑛𝑛,ext(𝑎𝑎)−𝐹𝐹𝑛𝑛�, (17) 

where 𝑇𝑇 = − 𝑛𝑛2

𝑛𝑛2−𝑎𝑎2𝑘𝑘𝑙𝑙
2 + 1 +  𝛽𝛽2(𝑛𝑛4 − 2𝑛𝑛2 + 1) − 𝑎𝑎2𝑘𝑘𝑙𝑙2.  

In what follows, 𝑤𝑤𝑛𝑛, 𝑃𝑃𝑛𝑛,ext and 𝑃𝑃𝑛𝑛,int are expressed in terms of the Fourier coefficient for the exterior 
acoustic pressure of the submerged cylinder denoted by 𝐴𝐴𝑛𝑛,1. Equating Eqs. (7) and (13), the Fourier 
coefficients for the exterior pressure can be found as  

 𝑃𝑃𝑛𝑛,ext(𝑎𝑎) = 𝐴𝐴𝑛𝑛,1
𝐻𝐻𝑛𝑛(𝑘𝑘ext𝑎𝑎)
𝐻𝐻𝑛𝑛′ (𝑘𝑘ext𝑎𝑎) −(−1)𝑛𝑛𝐽𝐽𝑛𝑛(𝑘𝑘ext𝑎𝑎) � 𝐴𝐴𝑚𝑚,1

𝐻𝐻𝑚𝑚+𝑛𝑛 (2𝑘𝑘ext𝑑𝑑)
𝐻𝐻𝑚𝑚′ (𝑘𝑘ext𝑎𝑎)  

∞

𝑚𝑚=−∞

, (18) 

from which the Fourier coefficient of the shell radial displacement can be subsequently found using 
Eqs. (10) and (11) as follows 

 𝑤𝑤𝑛𝑛 =
𝑘𝑘ext
𝜌𝜌ext𝜔𝜔2 �𝐴𝐴𝑛𝑛,1 −  (−1)𝑛𝑛𝐽𝐽′𝑛𝑛(𝑘𝑘ext𝑎𝑎) � 𝐴𝐴𝑚𝑚,1

𝐻𝐻𝑚𝑚+𝑛𝑛 (2𝑘𝑘ext𝑑𝑑)
𝐻𝐻𝑚𝑚′ (𝑘𝑘ext𝑎𝑎)  

∞

𝑚𝑚=−∞

�. (19) 

Similarly, substituting Eqs. (11) and (12) into Eq. (9) and equating with Eq. (2) yields  

 𝑃𝑃𝑛𝑛,int(𝑎𝑎) =
𝜌𝜌int𝜔𝜔2

𝑘𝑘int
 𝑤𝑤𝑛𝑛  

𝐽𝐽𝑛𝑛(𝑘𝑘int𝑎𝑎)
𝐽𝐽𝑛𝑛′ (𝑘𝑘int𝑎𝑎), (20) 

 Finally, substituting the expressions for Eqs. (15),  (19) − (20) into Eq. (17) yields  

 𝑍𝑍𝑛𝑛,1𝐴𝐴𝑛𝑛,1 − � 𝑍𝑍(𝑛𝑛,𝑚𝑚),2𝐴𝐴𝑚𝑚,1

∞

𝑚𝑚=−∞

= −
𝐹𝐹𝑓𝑓𝑒𝑒−i𝑛𝑛𝑛𝑛𝑓𝑓

2𝜋𝜋𝑎𝑎
, (21) 

where  

 𝑍𝑍𝑛𝑛,1 =
(1 − 𝐶𝐶int)
𝛾𝛾𝑇𝑇−1

𝑘𝑘ext
𝜌𝜌ext𝜔𝜔2 +

𝐻𝐻𝑛𝑛(𝑘𝑘ext𝑎𝑎)
𝐻𝐻𝑛𝑛′ (𝑘𝑘ext𝑎𝑎), (22) 

 𝑍𝑍(𝑛𝑛,𝑚𝑚),2 = (−1)𝑛𝑛
𝐻𝐻𝑚𝑚+𝑛𝑛 (2𝑘𝑘ext𝑑𝑑)
𝐻𝐻𝑚𝑚′ (𝑘𝑘ext𝑎𝑎) �

(1 − 𝐶𝐶int)
𝛾𝛾𝑇𝑇−1

𝑘𝑘ext
𝜌𝜌ext𝜔𝜔2  𝐽𝐽𝑛𝑛′ (𝑘𝑘ext𝑎𝑎) + 𝐽𝐽𝑛𝑛(𝑘𝑘ext𝑎𝑎)�. (23) 

𝐶𝐶int accounts for the effect of the internal fluid medium and is given by 

 𝐶𝐶int = 𝛾𝛾𝑇𝑇−1
𝜌𝜌int𝜔𝜔2

𝑘𝑘int
 
𝐽𝐽𝑛𝑛(𝑘𝑘int𝑎𝑎)
𝐽𝐽𝑛𝑛′ (𝑘𝑘int𝑎𝑎). (24) 

Setting the parameter 𝐶𝐶int = 0  leads to the case of a cylindrical shell with a vacuous interior cavity 
submerged in a heavy fluid at a finite distance from the free surface. Further, setting 𝑍𝑍(𝑛𝑛,𝑚𝑚),2 = 0 
removes the presence of the free sea surface to yield the case of a cylindrical shell in an unbounded 
sea. 

Solving Eq. (21) yields the solution to 𝐴𝐴𝑛𝑛,1. Recalling 𝑝𝑝𝑓𝑓𝑓𝑓 = 𝑝𝑝1 + 𝑝𝑝2, 𝐴𝐴𝑛𝑛,2 = −𝐴𝐴−𝑛𝑛,1, and using Eqs. (3) 
and (4), where 
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 𝑟𝑟2 = �(2𝑑𝑑 − 𝑟𝑟1 sin𝜃𝜃1 )2 + (𝑟𝑟1cos 𝜃𝜃1 )2  , (25) 

 θ2 = 3π
2

+ arctan � 𝑟𝑟1cos 𝑛𝑛1
2𝑑𝑑−𝑟𝑟1 sin𝑛𝑛1

�,   (26) 

the acoustic pressure at any field point for the cylindrical shell submerged at a finite depth can be 
found. Using Eqs. (11) and (19), the shell radial displacement can be determined and further, using 
Eqs. (12) and (20), the shell interior acoustic pressure is obtained.  

3. Results and Discussion 
An infinitely long cylindrical shell of thickness ℎ = 0.01 m and mid-surface radius 𝑎𝑎 = 1 m is 
modelled. The shell material is steel with properties corresponding to density 𝜌𝜌𝑠𝑠 = 7800 kg/m3, 
Young’s modulus 𝐸𝐸 = 210(1− 0.02i) GPa and Poisson’s ratio 𝜈𝜈 = 0.3. The internal fluid medium is 
air with density  𝜌𝜌int =1.225  kg/m3 and speed of sound 𝑐𝑐int = 343 m/s. The exterior fluid domain is 
water with density  𝜌𝜌ext =1000  kg/m3 and speed of sound 𝑐𝑐ext = 1500 m/s. The cylindrical shell is 
excited by a single radial line force of unity amplitude (𝐹𝐹𝑓𝑓 = 1 N/m) at  𝜃𝜃𝑓𝑓 =  𝜋𝜋/2.  

Table 1 lists the structural and internal acoustic resonances of the cylindrical shell in an unbounded 
domain for a frequency range up to 200 Hz. In this frequency range, ten structural resonances and 
two internal acoustic resonances occur. The acoustic resonances within the shell cavity correspond 
to (𝑝𝑝, 𝑞𝑞) modes, where 𝑝𝑝 is the number of plane diametral nodal surfaces and 𝑞𝑞 is the number of 
cylindrical nodal surfaces concentric with the cylinder axis [32]. The effect of a heavy external fluid 
(water) and light fluid (air) on the shell structural and internal acoustic resonances can be observed. 
The frequency of the structural resonances for the shell in water are significantly lower than the 
resonant frequencies of the shell in air due to the increased added mass effect from the surrounding 
fluid. In contrast, the presence of significant fluid loading (water) only slightly reduces the internal 
acoustic resonances of the shell.  Fig. 3 presents the shell radial velocity at 𝜃𝜃 = 3𝜋𝜋 2⁄ , for two different 
immersion depths corresponding to 𝑑𝑑 = 5𝑎𝑎 and 𝑑𝑑 = 10𝑎𝑎. Results for the cylindrical shell in an 
unbounded sea are also presented. The peaks correspond to circumferential modes of order 𝑛𝑛. While 
Fig. 3 shows that variation in immersion depth has negligible impact on the shell vibrational 
characteristics, the results were obtained neglecting the influence of external hydrostatic pressure. 
Previous studies have shown that the structural responses of a point driven infinite cylindrical shell 
can be strongly affected by hydrostatic pressure [33]. An increase in external hydrostatic pressure 
may increase the hoop membrane compressive stress of the cylindrical shell and reduce the 
frequency of the structural resonances [33, 34]. 

Fig. 4 presents the interior acoustic pressure at (𝑟𝑟,𝜃𝜃) = (0.5𝑎𝑎, 3𝜋𝜋 2⁄ ). Similar to Fig. 3, the peaks are 
labelled by their corresponding structural or internal acoustic modal order. Fig. 4 shows that only 
the structural resonances that occur below the first cavity resonance contribute to the interior 
acoustic pressure, beyond which the cavity resonances dominate the response. Comparison of Fig. 3 
and Fig. 4 reveals that the cavity resonances do not affect the shell vibration, attributed to the fact 
that the interior fluid is a light fluid.  

Fig. 5 presents the exterior acoustic pressure as a function of frequency at a field point location of 
(𝑟𝑟,𝜃𝜃) = (5𝑎𝑎, 3𝜋𝜋 2⁄ ) for the two different immersion depths of 𝑑𝑑 = 5𝑎𝑎 and 𝑑𝑑 = 10𝑎𝑎, as well as the 
acoustic pressure in an unbounded domain. Variation in immersion depth is shown to have a strong 
influence on the amplitude of the external pressure, whereby the acoustic pressure associated with 
a finite depth oscillates about the pressure for the unbounded case. Fig. 6 extends the results in Fig. 
5 to examine the effect of very large immersion depths on the exterior acoustic pressure. Similar to 
Fig. 5, Fig. 6 shows that only the lowest order structural and acoustic resonances play a significant 
role on the amplitude of the exterior acoustic pressure. It is clearly observed that increasing the 
immersion depth results in a decrease in both the period and amplitude of the oscillating pressure. 
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The oscillations in the acoustic pressure are attributed to the alternating constructive and 
destructive interferences caused by the reflection of the free surface, as described by Li et al. [24]. 
With increasing depth, the acoustic field for the bounded case converges towards the acoustic 
pressure of the unbounded case, as previously reported [26].  

 

Table 1. Structural and internal acoustic resonances of a cylindrical shell in water and in air for a 
frequency range up to 200 Hz. Cylindrical shell is in an unbounded domain.  

 

Type Modal order  Frequency (Hz) 
(Shell in water) 

Frequency (Hz) 
(Shell in air) 

Structural 1 0 0 
Structural 2 2.71 6.66 
Structural 3 8.61 18.88 
Structural 4 18.14 36.24 
Structural 5 31.58 58.64 
Structural 6 49.15 86.06 
Structural 7 70.98 118.50 
Structural 8 97.23 155.91 
Acoustic (1,0) 100.55 100.84 
Structural 
Structural 

9 
10 

127.97 
163.26 

198.38 
245.78 

Acoustic (2,0) 166.79 167.12 
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Fig. 3. Shell velocity at 𝜃𝜃 = 3𝜋𝜋 2⁄   (dB ref. 1 nm/s). The structural resonances are labelled by their 
order. 

 
 
 

 
 

 
 

Fig. 4. Internal sound pressure level at  𝑟𝑟 = 0.5𝑎𝑎 and 𝜃𝜃 = 3𝜋𝜋 2⁄   (dB ref. 20 𝜇𝜇𝑃𝑃𝑎𝑎) . The structural 
and internal acoustic resonances are labelled by their order. 
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Fig. 5. External sound pressure level at  𝑟𝑟 = 5𝑎𝑎 and 𝜃𝜃 = 3𝜋𝜋 2⁄   (dB ref. 1 𝜇𝜇𝑃𝑃𝑎𝑎). The structural and 
internal acoustic resonances are labelled by their order.  

 

 

 

 
Fig. 6. External sound pressure level at  𝑟𝑟 = 5𝑎𝑎 and 𝜃𝜃 = 3𝜋𝜋 2⁄   (dB ref. 1 𝜇𝜇𝑃𝑃𝑎𝑎). 
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Fig. 7 presents the exterior acoustic pressure predicted using the current model for the cylindrical 
shell submerged at 𝑑𝑑 = 5𝑎𝑎 and 𝑑𝑑 = 10 𝑎𝑎. Results are compared with those from a ‘mirror effect’ 
model, corresponding to a model in which the exterior acoustic pressure for the submerged cylinder 
was calculated taking into account reflections from the free surface but neglecting any effect of the 
free surface on the shell vibrational response. This was achieved by setting 𝑍𝑍(𝑛𝑛,𝑚𝑚),2 = 0 in Eq. (21) to 
yield the Fourier coefficients for the exterior acoustic pressure denoted by 𝐴𝐴𝑛𝑛,1, which are 
subsequently used with Eqs. (25) and (26) to calculate the total acoustic pressure for the submerged 
cylinder. Whilst there is good agreement between the two models at low frequencies, it is apparent 
that discrepancies increase with increasing frequency. This is attributed to the fact that the acoustic 
wavelength decreases with increasing frequency, leading to greater interaction of reflected waves 
with the shell vibrations which are subsequently dissipated by the shell.   

Contour plots of the acoustic pressure fields for the two immersion depths corresponding to 𝑑𝑑 = 5𝑎𝑎 
and 𝑑𝑑 = 10𝑎𝑎 are presented at two low order structural resonances (Fig. 8) and at the two shell cavity 
resonances (Fig. 9). Results are also compared to contour plots of the acoustic pressure for the 
cylindrical shell in an unbounded fluid. In Fig. 8, the deformation of the shell at its 2nd and 3rd 
structural resonances shows the presence of two and three plane diametral nodal surfaces, 
respectively. Similarly, in Fig. 8, pressure contours of the (1,0) and (2,0) internal acoustic resonances 
show one or two plane diametral nodal surfaces and zero cylindrical nodal surfaces. Close to the free 
surface (𝑑𝑑 = 5𝑎𝑎), reflection at the boundary can be observed. It will be subsequently shown that the 
mirror effect depends on the non-dimensional ratio 2𝑑𝑑/𝜆𝜆 where 𝜆𝜆 is the acoustic wavelength 
associated with the exterior acoustic domain.  

Whilst reciprocity between the distance to the free surface and the acoustic wavelength occurs for 
simple acoustic sources, this result no longer occurs for a submerged elastic shell. Moreover, it was 
shown in Fig. 7 that the vibro-acoustic response of the shell is influenced by the interaction between 
reflections from the free surface and the shell vibrational response. The influence of a free sea surface 
is now explored by examining the individual contributions of the Fourier coefficients associated with 
the shell radial displacement and structurally radiated pressure on the structural and acoustic 
responses of the submerged shell. Fig 10 presents the lowest order Fourier coefficients of the shell 
radial displacement 𝑤𝑤𝑛𝑛, as well as the summation of all Fourier coefficients that cut on in the 
frequency range up to 500 Hz, in an unbounded sea (Fig 10 (a)) and immersed near a free surface at 
𝑑𝑑 = 10𝑎𝑎 (Fig 10 (b)) and 𝑑𝑑 = 30𝑎𝑎 (Fig 10 (c)). For 𝑛𝑛 ≥ 1, the contributions of successive Fourier 
coefficients to the total response can be clearly observed. Beyond the peak frequency for each Fourier 
coefficient, all Fourier coefficients asymptote to a decreasing value with similar contribution to the 
total response. Very small peaks at frequencies corresponding to the internal acoustic resonances 
can also be observed in both the unbounded and bounded cases, associated with the acoustic-
structure interaction between the shell and its interior cavity. The presence of an acoustic resonance 
for a given number of plane diametral nodal surfaces occurs at the corresponding modal order of the 
structural resonance. That is, at the Fourier coefficient of the shell radial displacement associated 
with 𝑛𝑛 = 1, a small peak corresponding to the internal acoustic resonance of (1,0) at around 100 Hz 
can be observed. Similarly, at the structural Fourier coefficient for 𝑛𝑛 = 2, the internal acoustic 
resonance of (2,0) at around 167 Hz can be observed. For the cylindrical shells immersed at a finite 
depth, ripples in the Fourier coefficients with increasing frequency can be observed, attributed to 
reflections from the free surface. However, these ripples only occur for the lowest circumferential 
orders and do not have any significant effect on the shell vibratory response.  

 

 

 

 



12 

 

 

 
(a) 

 

 
(b) 

 

Fig. 7. External sound pressure level at 𝑟𝑟 = 5𝑎𝑎 and 𝜃𝜃 = 3𝜋𝜋 2⁄  (dB ref. 1 μPa) for the cylindrical shell 
submerged at (a) 𝑑𝑑 = 5𝑎𝑎 and (b) 𝑑𝑑 = 10𝑎𝑎. The mirror effect model is denoted by the dashed line. 
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 (a)  

 

 

 

 (b)  

 

 

 

 (c)  

Fig. 8. Pressure contour and shell displacement for immersion depth of (a) 𝑑𝑑 = 5𝑎𝑎, (b) 𝑑𝑑 = 10𝑎𝑎, and 
(c) in an unbounded domain at the second structural resonance of 2.7 Hz (left) and the third 
structural resonance of 8.6 Hz (right). The free surface is represented by the black dashed line at 𝑑𝑑 =
0 in (a) and (b). The shell displacement is scaled for clearer visualisation of the deformation. The 
internal pressure field is multiplied by 102 for greater visual contrast. 
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 (a)  
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 (c)  

Fig. 9. Pressure contour and shell displacement for immersion depth of (a) 𝑑𝑑 = 5𝑎𝑎, (b) 𝑑𝑑 = 10𝑎𝑎, and 
(c) in an unbounded domain at the (𝑝𝑝, 𝑞𝑞) = (1,0) internal acoustic resonance of 100.6 Hz (left) and 
the (𝑝𝑝, 𝑞𝑞) = (2,0) internal acoustic resonance of 166.9 Hz (right). The free surface is represented by 
the black dashed line at 𝑑𝑑 = 0 in (a) and (b). The shell displacement is scaled for clearer visualisation 
of the deformation. The internal pressure field is multiplied by 102 for greater visual contrast. 
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(a) 

 
(b) 

 
(c) 

Fig 10. Summation of the Fourier coefficients for the shell radial displacement 𝑤𝑤𝑛𝑛 as well as the 
individual contributions from the lowest order modes for (a) the cylindrical shell in an unbounded 
sea, and for the cylindrical shell immersed at a finite depth of (b) 𝑑𝑑 = 10𝑎𝑎 and (c) 𝑑𝑑 = 30𝑎𝑎. 
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Fig. 11 presents the individual normalised Fourier coefficients for the external pressure, 
𝐴𝐴𝑛𝑛 𝐻𝐻′

𝑛𝑛(𝑘𝑘ext𝑎𝑎)⁄ , as well as the summation of all normalised Fourier coefficients that cut on in the 
frequency range up to 500 Hz, in an unbounded sea (Fig. 11 (a)), and immersed near a free surface 
at 𝑑𝑑 = 10a (Fig. 11 (b)) and 𝑑𝑑 = 30a (Fig. 11 (c)). Similar to the Fourier coefficients for the shell 
displacement, successive Fourier coefficients for the acoustic pressure cut on with increasing 
frequency. At low frequencies, the lowest order Fourier coefficients dominate the total acoustic 
response. As a result, the ripples associated with the low circumferential orders have a significant 
influence on the radiated pressure. As the frequency increases, the contributions from all Fourier 
coefficients increase asymptotically and converge towards a similar value. The presence of a small 
peak associated with the internal cavity resonances can also be observed at the corresponding order 
of the Fourier coefficient. Ripples in the acoustic pressure associated with the presence of a free 
surface can be observed. The free surface has a stronger influence on the total acoustic pressure (Fig. 
11 (b) and Fig. 11 (c)) compared to the total shell response (Fig 10 (b) and Fig 10 (c)). An increase 
in the immersion depth also results in a decrease in the period of the oscillating pressure, as 
discussed previously in Fig. 6.  

To further explore the phenomena associated with the presence of the ripples observed in Fig. 10 
and Fig. 11, Fig. 12 presents the ratio of the Fourier coefficients for the cylindrical shell immersed 
near a free surface at 𝑑𝑑 = 10𝑎𝑎 (Fig. 12 (a)) and 𝑑𝑑 = 30𝑎𝑎 (Fig. 12 (b)) to those for the cylinder in an 
unbounded sea, as a function of the non-dimensionalised frequency 𝑘𝑘ext𝑎𝑎. Similar to the results 
observed in Figs. 10 and 11, successive modal orders cut on with increasing frequency. The period of 
oscillations for each modal order is very similar and corresponds to a non-dimensional ratio of 
around 0.5𝑑𝑑/𝜆𝜆. However, the amplitude of the modulation decreases with increasing immersion 
depth. Fig. 11 shows that the presence of a free sea surface has a strong influence on modal orders 
for 𝑘𝑘ext𝑎𝑎 ≥ 𝑛𝑛. Coupling between the lowest order shell circumferential orders and the internal 
acoustic resonances of the same modal order can also be observed.  

The influence of the immersion depth is now studied at a discrete excitation frequency. Fig. 13 (a) 
presents the ratio of the external pressure of the cylindrical shell immersed at depth 𝑑𝑑 to the external 
pressure for the cylindrical shell in an unbounded sea, as a function of the non-dimensional frequency 
𝑑𝑑/𝜆𝜆 at 500 Hz (~2.1 𝑘𝑘ext𝑎𝑎). The period of the oscillations is 0.5𝑑𝑑/𝜆𝜆 and is attributed to the alternating 
constructive and destructive interferences caused by the reflection of the free surface, as described 
previously by Li et al. [24]. The amplitude decays by �2/𝑑𝑑 with increasing depth, attributed to 
cylindrical spreading of sound waves in the radial direction. Both the current model and mirror effect 
model display the same periodic oscillations but differ in amplitude, attributed to the fact that the 
mirror effect model does not consider the interaction between the reflected waves and shell vibration 
and hence the energy dissipated by the shell. Fig. 13 (b) presents the ratio of Fourier coefficients of 
the submerged cylindrical shell to the Fourier coefficients for the cylindrical shell submerged in an 
unbounded sea, for the lowest order shell circumferential orders at a frequency of 500 Hz. Similar to 
the results in Fig. 13 (a), the periodicity of 0.5𝑑𝑑/𝜆𝜆 at each circumferential order can be observed and 
the ratio for each Fourier coefficient decays by �2/𝑑𝑑 with increasing depth. As discussed previously 
in Fig. 12, the lowest order circumferential orders have the highest amplitude at this frequency, 
followed by the contributions from subsequent circumferential orders. These results highlight the 
combined influence of the lowest order shell circumferential modes and immersion depth to the 
vibro-acoustic response of a submerged cylindrical shell. 
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(a) 

 
(b) 

 
(c) 

Fig. 11. Summation of the normalised Fourier coefficients 𝐴𝐴𝑛𝑛 𝐻𝐻′
𝑛𝑛(𝑘𝑘𝑎𝑎)⁄  for the external pressure as 

well as the individual contributions from the lowest order modes for (a) the cylindrical shell in an 
unbounded sea, and for the cylindrical shell immersed at a finite depth of (b) 𝑑𝑑 = 10𝑎𝑎 and (c) 𝑑𝑑 =
30𝑎𝑎. 
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(a) 

 

  
(b) 

 

Fig. 12. Ratio of the Fourier coefficients for the cylindrical shell submerged at (a) 𝑑𝑑 = 10𝑎𝑎 and (b) 
𝑑𝑑 = 30𝑎𝑎 to the Fourier coefficients for a cylindrical shell in an unbounded sea, as a function of the 
non-dimensionalised frequency 𝑘𝑘𝑒𝑒𝑒𝑒𝜔𝜔𝑎𝑎 (corresponding to a frequency range up to 955 Hz).  
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(a) 

 

 
(b) 

 

Fig. 13. (a) Ratio of the external pressure of the submerged cylindrical shell to the external pressure 
for a cylindrical shell in an unbounded sea at (𝑟𝑟,𝜃𝜃) = (5𝑎𝑎, 3𝜋𝜋 2⁄ ) and 500 Hz, and (b) ratio of the 
Fourier coefficients of the submerged cylindrical shell to the Fourier coefficients for a cylindrical shell 
in an unbounded sea at 500 Hz, as a function of the non-dimensionalised ratio 𝑑𝑑/𝜆𝜆.  

  

Current model Mirror effect model
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4. Conclusions 
A theoretical model of an infinite cylindrical shell submerged at a finite distance from the free sea 
surface has been presented. The elastic shell is fully coupled with the interior and exterior acoustic 
fluids. Analytical expressions for the shell displacement, internal acoustic pressure and acoustic 
pressure in the exterior domain near a free sea surface are derived. In contrast to previous work that 
derives the far-field pressure using the method of stationary phase, the current model predicts the 
acoustic pressure in both the near field and far field of the cylindrical shell. However, the analytical 
formulation only considers a linear vibro-acoustic problem neglecting the influence of external 
hydrostatic pressure. Results reveal insight into the physical mechanisms of the submerged hull at a 
finite distance from a free surface. The combined effect of the free sea surface and the individual shell 
circumferential modes on the structural and acoustic responses of the shell were examined in detail.  
Variation in immersion depth was observed to have a strong influence on the amplitude of the 
external pressure. The vibro-acoustic response of the shell was also shown to be influenced by the 
effect of reflections in proximity to the free surface and the lowest order shell circumferential modes.  
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