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ON MULTI-SOLITONS FOR COUPLED LOWEST LANDAU LEVEL
EQUATIONS

LAURENT THOMANN

ABSTRACT. We consider a coupled system of nonlinear Lowest Landau Level equations. We first
show the existence of multi-solitons with an exponentially localised error term in space, and then
we prove a uniqueness result. We also show a long time stability result of the sum of traveling waves
having all the same speed, under the condition that they are localised far away enough from each
other. Finally, we observe that these multi-solitons provide examples of dynamics for the linear
Schrédinger equation with harmonic potential perturbed by a time-dependent potential.

1. INTRODUCTION AND MAIN RESULTS

In this paper, we continue the study of a system of coupled Lowest Landau Level (LLL) equations
which was initiated in [26]. Denote by £ the Bargmann-Fock space defined as

2
2]

E&={u(z) =e 2 f(z), f entire holomorphic } N L*(C)
and consider II the orthogonal projection on £. The LLL system then reads
i0wu = I(|v|?u), (t,2) € R x C,
iy = oll(|ul*v), (1.1)
u(0,-) =up € &, v(0,-) =vg € &,

where o € {1,—1} is fixed. Such systems arise in the description of fast rotating Bose-Einstein
condensates in interaction: for more details and references on the modeling, see [Il, 17, 24], the
introduction of [I4], and references therein. The system ([1.1]) is Hamiltonian with the structure

=i =it
-~ ou’ - bu’
M M
v = wéﬁ, v—wév,

where the Hamiltonian functional is given by

M) = [ fuPlodL
C

and where L stands for Lebesgue measure on C. For mathematical results on LLL equations, of
the form i0;u = II(|ul?u), we refer to [25, 2, B3, 14, §]. Among other results, in these papers,
some dynamical results have been obtained (global well-posedness in £, bounds on the solutions in
Sobolev norms) as well as results on stationary solutions (classification of stationary solutions with
finite number of zeros, bounds on stationary solutions, and stability results).

In the case 0 = —1, we have constructed in [26] traveling-waves (solitons) solutions to ([1.1])
and the aim of the present work is to show the existence of multi-solitons and study some of their
properties. When ¢ = 1, such solutions are excluded, because their existence would contradict the
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2 LAURENT THOMANN

conservation laws of the system (see [26, Proposition 1.4]). Therefore, from now on, we assume
that ¢ = —1 and we consider the system

i0pu = M(|v|*u), (t,2) € R x C,
10w = —TI(|ul?v), (1.2)
u(0,:) =up € &, v(0,) =wvg € E.

There are many results concerning the existence of multi-solitons for dispersive equations (in-
cluding Korteweg-de Vries, Schrodinger, and wave equations) and we refer to the survey [21] for
references on the subject. More precisely, regarding the construction of multi-solitons for the non-
linear Schrodinger equations we address to the works [22] [6, [7] and to the recent survey [20]. In
[19] 23], the authors study strong interactions of solitons. We also mention the articles [I8], [9] in
which solitary waves with different speeds are constructed for Schrédinger systems.

1.1. Symmetries and conservation laws. The system is preserved by several symmetries,
which induce conservation laws (see [14], Section 2] for more details). These symmetries are phase
rotations
Ty, 0, : (u,v)(2) = (eielu(z),ew%(z)) for (01,62) € T2,
space rotations
Ly : (u,v)(2) — (u(ewz),v(ewz)) for 0 € T,
and magnetic translations
Rs : (u,v)(2) — (u(z + ﬁ)eé(gﬂ_z'g),v(z + ﬂ)eé(zﬂ_zﬁ)) for g € C.

The corresponding conservation laws are: the mass

M(u) = /C u(2) 2L (=), M(v) = /C jo(2) PdL(2),

the angular momentum

P (u,v) = /@ (122 = 1) (ju(2) 2 — o(=) P)dL(2),

and the magnetic momentum
Q-(w.0) = [ () = o)L (o).
1.2. Functional spaces. In order to state our results we need to define a few spaces. Namely, for
s > 0, we denote by
L* ={ue 7 (C), (2)uec L*(C)}, (z)=(L+[z[})"?
the weighted Lebesgue space and we define
Ly®=L*NE.

It turns out that this latter space coincides with the harmonic Sobolev space. The harmonic
oscillator H is defined by

H=—40.0:+ |2]> = —(0; + 0) + (2* + ).
Then for s > 0 we consider
H*(C) = {u € #'(C), H?u € L*(C)} NE, (1.3)

equipped with the natural norm ||ullgsc) = ”HS/2UHL2((C)‘ Then, we have H*(C) = L%S and the
following equivalence of norms holds true

cl{=)*ull 2y < Jullmscy < Cll(=*ulla),  Vu € L, (1.4)
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see [14, Lemma C.1] for a proof.
Similarly, for k > 0, we denote by
X" ={ue 7 (C), elu e L*(C)},
and we set
XE={ue 7(C), eFlue L2(C)} né.

1.3. Global existence results for the system (1.2). We first recall the global well-posedness
result for (1.2]), which is contained in [26, Theorem 1.1].

Theorem 1.1 (Theorem 1.1, [26]). For every (ug,vo) € € x &, there exists a unique solution
(u,v) € C®(R,EXE) to the system (1.2)), and this solution depends smoothly on (ug,vo). Moreover,
(i) for everyt € R

= u(t, 2)]2dL(z) = M(u v) = v(t, 2)[2dL(z) = M(v
M(“>‘/c' (t. 2)[PdL(z) = M(uo), M(v) /C| (t, 2) 2L (z) = M(vo),
and
H(u,v) = /C fult, 2) 2ol 2) PAL(z) = H(uo, v0)
(i) if (zuo, 2v0) € L*(C) x L*(C), then (2u(t),zv(t)) € L*(C) x L*(C) for every t € R, and

P_(u,v) = /(C (|21 = 1) (Ju(t, 2)|* = |v(t, 2)[*)dL(z) = P_(uo, o),

Q_(u,v) = /C 2(lult, ) — ot, 2)[2)dL(2) = Q—(up, o) ;

(i) if for some s > 0, ((z)uq, (2)*vo) € L*(C) x L*(C), then ({z)*u(t), (z)*v(t)) € L*(C) x L*(C)
for every t € R.

We can also prove polynomial bounds on the possible growth of Sobolev norms for (1.2), we refer
to [26, Theorem 1.5] for details.

It turns out that equation ([1.2)) is also globally well-posed for exponentially localised functions
and we are able to obtain a quantitative estimate on the long time behaviour of the solutions as
well as a stability result.

Proposition 1.2. Let k > 0, then the following properties hold true:

(i) assume that (ug,vo) € X& x XE, then the corresponding solution to (1.2)) satisfies (u,v) €
C (R, XE x Xé‘) Moreover, for everyt € R,

2
=) L2y < lle || pogeyeI*olzz

(1.5)
2
”en|z|v(t)||L2(C) < Hen\z|v0HL2(C)€CRHUOHL2|I‘/| ,

where the constant ¢, > 0 only depends on k > 0 (notice that co = 0 by the conservation of
the L?—norm);

(ii) consider two solutions (u,v) € C® (R, Xf x XfF) and (u,v) € C (R, XF x XfF) to (1.2)). Then,
forallt e R

e (u(t) = @) 72y + €™ (v(8) = 5() 72
- klz - cn(l|lu 2 Ao ll? voll2 ~ 112
< (e (wo — 7o) 22y + lle™ (v — ) 22y ) (ol o175 +HlvolI7, HBIF)IE (1 6)

where the constant c, > 0 only depends on k > 0.

The estimate ((1.5)) is sharp, see ((1.11]) below.
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1.4. Solitons and multi-solitons. Using the invariances induced by phase rotations and magnetic
translations, it is natural to look for particular solutions for equation (|1.2)) of the form

(u(t, 2),v(t, 2)) = (e MU (2 + at)e%(m*ﬁ)t, e MV (2 + at)e%(za*'za)t), (1.7)

that we call progressive or traveling waves. Such solutions do exist, and by [26, Theorem 1.6], the
progressive waves in £, when a # 0, which have a finite number of zeros are given by the initial
conditions

1 .
U= Kew(fgog + éiewgﬁ)
f \/25 (1.8)
i . 0
V =Ke b(ggog - e ©]),
with v € C and
1 R T T
on(z) = (z=7)"e” 272
n!
with K > 0, with 6,a,b € R, where
A= £2(7 +2V3Im(ve ™)), p= K—Q( — 7+ 2V3Im(ye™)) (1.9)
327 ’ 327 ’ '
and with the speed
o= ﬁKze*w. (1.10)

327
It is interesting to notice that any non trivial traveling wave of the form ((1.7)) has growing Sobolev

norms. Actually, if u(t) = e " R,U, then
120" u(®)llz2(c) = [12)° RatUll L2 () = [I{z = at)*Ull2(cy ~ [Pt U ]| 2(c),

when ¢ — +o00. Moreover, the previous growth of norms is the strongest possible by [26, Theo-
rem 1.5]. Similarly, when ¢ — 400,

||6H|Z|u(t)”[,2((c) _ Hen|z—at|UHL2(C) ~ €R|a||t‘He—RTﬂ%e(Ze )UHLQ((C)’

with 0 = arg(«) and 7 = sign(t). Thus (1.11)) shows the sharpness of (1.5)).

—i6

(1.11)

1.4.1. Emistence of multi-solitons. A natural question is the existence of solutions to ([1.2) which are
a finite sum of such traveling waves. The answer is positive and this is the content of the following
result :

Theorem 1.3. Letn > 1. For 1< j <n, let (Kj,a;,b;,0;,7;) € R xRxRxRxC and consider

the parameters (\j, iy, ;) € R xR x C* given by (1.9) and (1.10)). Assume that oj # oy for j # L.
Denote by
ap = 1;1751 laj — ayl.

There ezists a solution (u,v) to equation (1.2)) such that for all k > 0, (u,v) € C* (R, XE x Xé'?),
and which takes the form

n
u(t,z) = D e MU (z + agt)er G 4y (¢, 2)
j=1

" (1.12)
v(t, z) = Z e It (2 + ajt)e%(zajfmij)t +r2(t, 2),
j=1
where the (Uj,V;) take the form (1.8) and where the error terms satisfy : for all

<1
c< =
4
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and all m € N, there exists Cp, , > 0 such that for allt >0
=@ 1) ()| 12 + || (@5 ra) (8) || ;2 < Conpe™ (1.13)

Notice that thanks to the Carlen inequality ((1.27]) below, the bound (1.13)) implies the following
pointwise estimate : for all ¢ < 1/4, allm € N and all z € C

(@) (2, 2)| + [(9Fr2) (2, 2)| < Cope ™ e

The construction of multi-solitons for ([1.2)) relies on classical arguments, including backwards in
time integration and energy estimates. We refer to [22, 6] [7, (12, [IT] where these methods were used.
The situation here is very favorable since in the space £, any LP norm (p > 2) can be controlled

(see (|1.27))), namely

lull ooy < Cllullp2c)y, Yu€E.

In particular, this allows to prove that the system ([1.2)) is globally well-posed in £ and to close
energy estimates in &.

In we observe that the decay depends only on oy and not on the frequencies A; (resp. ;)
of the traveling waves. This decay is induced by the Gaussian nature of the traveling waves. Such
a phenomenon is in contrast with NLS, where the solitons have an exponential decay and where
the speed of convergence depends on the frequencies of the solitons [6]. The same rate of decay
as in is obtained in [I2] where multi-Gaussian solutions are constructed for the Schrodinger
equation with logarithmic nonlinearity (logNLS). Another interesting similarity with the results
in [12], is that the convergence to the multi-soliton holds in weighted Sobolev spaces (namely in
H'NF(H')). In the present case, one can even upgrade to exponential weights, and this is due to
the absence of linear part in the equation (see Remark for the case of LLL with a linear
part). We refer to [5] and references therein for more results on the dynamics of logNLS.

The result of Theorem actually holds under the weaker assumption that each traveling wave
(U, V) € € x & of the sum (1.12)) satisfies a Gaussian bound

U(2)| + |V (2)] < Ce= (1.14)
for some C, ¢y > 0, and the proof of the Theorem is written using only the assumption (|1.14)).
In this latter case, (1.13) is replaced by

}|e“‘z|(82”7“1)(t)HL2 + He”lz|(3{”r2)(t)HL2 < Cmﬁefc’”u“al?ﬁ, (1.15)

for some ¢, > 0. However, we do not know if there exist other traveling waves (with o # 0) than
the ones exhibited in ([1.8)) (such traveling waves would then have an infinite number of zeros by [26),
Theorem 1.6]).

In the hypotheses of Theorem one can also allow for the case where a; = 0 for at most only
one 1 < j < n. In this case, (e"MU(2),e "V (z)) is a solution to (1.2)) if and only if
\U =TI(|V*U)
pv = ~I(UPV).
By Theorem any solution (U, V) € £ x & to (1.16) satisfies the bound (|1.14]) for all ¢y < 1/2.
Examples of solutions of ([1.16]) are for instance :
o (UV)=(A1g},,Asp)},), for any Ay, Ay,v € C and ny,ny € N, by [26, Theorem 1.6] ;
e (U,V) = (U,U) and = —\ where U € £ is any solution of \U = II(|U|?U). We refer
to [14, Appendix A] for explicit examples.

(1.16)
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By reversibility of the equation (1.2, similar multi-solitons can be constructed in the regime
t — —o0. Actually, if (u,v) is a solution to (1.2]), then (u,v) is also a solution where (w,v)(t) :=
(v,u)(—t). However, the question whether there exists (r1,72) such that (1.13]) holds for all ¢ € R
is left open.

Since the terms in ([1.12)) decouple when ¢t — +o00, it is easy to observe that the solutions of
Theorem [1.3] satisfy

n

= 11
M(u) = M(v) = > K, Hu,0) = G- ) K
= = (1.17)

& V3 = s,
:\/323111(7]- )KJQ, Q_(u,v):—TzZe ZQJKJZ.
=1 j=1
Remark 1.4. We can also construct multi-solitons for the system
iowu — 6Hw = H([o*a), (t,2) e R x C,
100 — OHD = —II(|]?D), (1.18)
u(0, 2) = uo(z), v(0,2) = vo(2),
where § € R is a given dispersion parameter. Actually, the change of unknown (u,v) = e U, v)
shows that the system is equivalent to (|1.18) (see [26, Section 1.7.2] for more details). Recall

that €™ = %7 [y, (which can be directly checked by testing on the complete family (¢5)n>0),
then Theorem enables the construction of the following multi-solitons for ((1.18))

—idtH (

Z e INFN L, s U(2 + ajt)e 2 (Foy—=)t 4 r1(t, 2)
v(t,z) = Z e_i(“j+25)tL_25t‘/j(z + ozjt)e%(mj_ZCTJ')It + 72(t, 2),
j=1
where for all s >0 and all ¢t > 0
S/ am = s/am = —Cs mt?
1(2)° (07" m) () 22 + [1{2)° (0F"72) (B 12 < Csyme™ " (1.19)
We refer to paragraph for a proof of (|1.19).

1.4.2. A uniqueness result in XF. We are able to prove that the multi-soliton constructed in The-
orem is actually unique in the class X, provided that x > 0 is large enough :

Theorem 1.5. Letn > 1. For 1< j <n, let (Kj,a;,b;,0;,7;) € R xRxRxRxC and consider
the parameters (\j, 1, ) € R xR x C* given by (L.9) and (1.10)). Assume that oj # o for j # L.
Set

ey K; ey o1
6 = _j._TZ 5 = n (120)
min K min |ay|’

1<j<n 7 1<i<n
There exists a universal constant co > 0 such that if & > cod and if (@,0) € C(R,Xf x Xf) is a
solution to equation (1.2) of the form

n
= Z e N (2 + ajt)e%(go‘j*mij)t +71(t,2)
j=1

n
= Z e MtV (2 + ajt)e%(zo‘j*mij)t + ra(t, 2),
j=1

(1.21)



ON MULTI-SOLITONS FOR COUPLED LLL EQUATIONS 7

where the (U;, V;) take the form (1.8) and where
e Fr @), + e )], — 0, t — +o0, (1.22)
then (u,v) = (u,v), where (u,v) is given in Theorem[1.5,
In particular, if kK > cgd, the solutions constructed in Theorem do not depend on k. The
assumption (|1.22)) is consistent with the result of Theorem but this assumption is quite strong.
It would be interesting to relax it by asking only decay in Lg’s for some s > 0, but the situation

would be more involved in this case. Actually, the assumption ([1.22)) implies an exponential decay
in time of the error term and as a consequence the interaction terms can quite easily be controlled.

Contrarily to the Theorem in the previous result, one needs the assumption «; # 0 for all
1 < j < n. However, the result of Theorem holds true for any traveling waves satisfying the
weaker assumption ([1.14)), but in this latter case, the threshold is

e K5
o= —2="__ (1.23)
min |oy|
1<j<n
where K = ||Uj|z2 = ||Vj||z2. The modification (|1.23)) comes from the fact that one does no more
2

J

2/ 2r

necessarily have the relation ([1.10]) for a general traveling wave, but only an inequality |a;| <
(see [26], Proposition 1.8]).

Notice that the conditions and are consistent with the symmetries of the problem.
In particular, the conditions are invariant by scaling : if (u,v) is a solution to , then for all
A >0, (ua,va) defined by (ua(t,z),va(t,z)) = (Au(A?t, z), Av(A%t, z)) is also a solution and
under this transformation one has (K, «a) — (AK, A%q).

The multi-soliton enjoys a rigidity property. Consider a multi-soliton of the form (|1.21)) where
the remainder terms satisfy (1.22)) with k = 0. Then either (u,v) = (u,v), where (u,v) is given in
Theorem [I.3] or there exist C, ¢ > 0 such that for all t € R

171(8)]] L2y + P2t L2y = Ce™elt,

see Lemma In other words, there is only one multi-soliton which enjoys a Gaussian decay in
time. A similar property holds true for logNLS [12].

1.4.3. Nonlinear superposition principle. The next result shows that if one starts from a sum of
traveling waves which all have the same speed but which are localised far away enough, then one
has a good description of the dynamics of the solution to (|1.2)) for long times, depending on the
relative distance of the traveling waves.

V3

Theorem 1.6. Let (K,0) € R} x R and set o = 3TK2€7i0. Letn > 1 and for 1 < j <n, let
T

(aj,bj,7;) € Rx R x C and consider the parameters (A\j, ;) € R x R given by (1.9). Assume that
v; # ve for j # L, and denote by

-1
€= | min |v; — g) .
(#elw Vel

Consider the solution (u,v) € C*> (IR{,E X 8) to equation (1.2)) such that

w(z) = Ui () =Y Vio)
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where the (U;, V;) take the form (1.8). Then
u(t,z) = Z e N (2 + ozt)e%(ga_za)t +71(t, 2)
j=1
v(t, 2) = Z e~ MtV (2 + at)e2F@2 0 L opo (¢ 2,
j=1

and where the error terms satisfy : there exist absolute constants c¢,C > 0 such that for all t € R
2
112 (1) 12 + [l ra ()| 2 < CK2/Jtle™ T Hen* K ulall, (1.24)

-1
In particular for |t| < (10(07"L2K2 + /£|oz|)e2) , then

2

le™ ey ()] g2 + | ra (8) |2 < Ce™ 5

The proof of Theorem is in the same spirit as the proof of Theorem : in the present case,
smallness is obtained thanks to the large distance between the waves (¢ < 1) instead of considering
large times as in Theorem This result can be compared with [13, Theorem 1.10] where a similar
phenomenon occurs for the logNLS equation. Notice that the estimate also holds true in the
case £ = 0, namely when the remainder terms are measured in the L?—norm.

By a slight modification of our analysis, as in Theorem [I.3] one should also be able to obtain
bounds for (9f"r1, 9{"r2) and/or work in X§ spaces, but we do not write the details here.

1.5. Unbounded dynamics for 2D linear harmonic oscillator. The result of Theorem [I.3]
allows us to give new examples of unbounded trajectories to the 2D linear harmonic oscillator

lat¢—H¢+V(t7$7y)¢:Oa (t)$7y) ERXR27
$(0,-) = 1o € L*(R?).

Recall the definition (|1.3]) of the Sobolev space H?(C). Our result for the equation (1.25)) reads as
follows :

(1.25)

Theorem 1.7. Letn > 1. For1 < j <mn, let (K;,a;,b;,0;,7;) € R xRxR xR xC and consider

the parameters (\j, i, oj) € R xR x C* given by (1.9) and (1.10). Assume that oj # oy for j # L.
Then there exists a potential V € C*°(R x R%;R) such that for all 0 >0 and all k € N

O£V (#) = () = O, (1.26)

lim
t—4o00

and there exists a solution 1) € C®°(R x R?;C) to the equation (1.25) of the form

n
w(t) = Ze—w\j lnte—2itL_2tRaj mtU; + (),
j=1

where ||1(t)|lg () — 0, when t — +o0.
In particular, for all 1 < j < n,
||67i)\j lnt€f2itL_2tRaj lntUjHHl((C) = ”Raj lntUjHHl((C) ~ Cj Int, t— 400,

for some ¢; > 0. The previous term has Gaussian decay and is concentrated near the point
x + 1y ~ —ajInt. Therefore, 1 is a sum of space-localised bubbles and

n

[l ~ (D ¢)Int, ¢ — +oc.
=1
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The result of Theorem is a direct application of [11, Proposition 7.1] (see also [11, Theo-
rem 1.1]), using the solutions constructed in Theorem

1.6. Analysis in the Bargmann-Fock space and notations. We end this section by recalling
a few results and fixing some notations. Recall that the harmonic oscillator H is defined by

H = —40.0: + |2 = —(9% + 0;) + (2 + 1°).
Denote by (¢n)n>0 the family of the special Hermite functions given by
1 |21

cpn(z):mze 2.

The family (¢ )n>0 forms a Hilbertian basis of £ (see [28, Proposition 2.1]), and the ¢,, are the
eigenfunctions of H, namely

Hp, =2(n+1)p,, n>0.
For v € C, we define

1 N P R L
on(2) = R5(pn)(2) = = (2 =¥)e” =~ 2 %
™.

The kernel of II, the orthogonal projection on &, is explicitly given by

+oo _
K(2,6) =Y en(2)n(6) = %e&e*'5'2/2e*'2‘2/2, (2,6) eCxC,
n=0

and therefore we get the formula

M) (z) = L= /C 75 4 (w) dL(w),

™

where L stands for Lebesgue measure on C.
We define the enlarged lowest Landau level space as
= El

£ = {u(z) —e 2

By Carlen [4], for all u € & the following hypercontractivity estimates hold true

f(2), f entire holomorphic} N (C) = {u € .7 (C),0zu + gu = 0} :

: 1/q 1/p
f1<p<gsoe,  (35) Ul < (55) " el (1.27)

In this paper ¢,C' > 0 denote universal constants the value of which may change from line to
line.

1.7. Plan of the paper. The rest of the article is organized as follows. In Section [2] we prove the
well-posedness result for exponentially localised initial conditions. Section [3]is devoted to technical
results, while the next ones contain the proofs of the main theorems.

2. WELL-POSEDNESS AND STABILITY RESULTS

2.1. Continuity results for the projector II. The next result shows that II is continuous in X¢
spaces.

Lemma 2.1. Let s >0 and 1 < p < +o0, then for all F € #'(C),
1{2)°TL(F) || » < C[[{2)° F|| e, (2.1)

and for all kK > 0
|e=IL(F)|| o < Clle™IF| Lo (2.2)
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Proof. The bound (2.1)) is proved in [14, Proposition 3.1]. Let us show (2.2)). For F' € ./(C) we

have

2
2]

e 2 wz_@
(F)(z) = e F(w) dL(w),
m C
z|? Jw|? lz—w|?
and therefore, using that ]e_7+wz_7| =e 2 and e"l*l < erlrmvlenlvl e get

1/enz—wl—zz’”'\eﬁlwlF(w)|dL(w) = (¥ * (e"F)))(2),
C

s

e HIIL(F)(2)] <

where ¥ (z) = %e"“z|_‘z|2/2 € L'(C). Therefore by the Young inequality
e =P | o ey < 0]l lle Fll ogey < Ce™/? e Pl oy
which is (2.2). O

2.2. Proof of Proposition The proof of Proposition follows the lines of the proof of [26],
Theorem 1.1]. We also refer to [I4, Section 3] for other well-posedness results for the LLL equation.

e Proof of the global existence in X&. By (2.2) and (1.27) we obtain

le I (abe) |2 < Culle™lall pallbf oo le]] Lo
< Colle™all 2 [1b] g2 le]l - (2.3)

The estimate ([2.3)) allows for the construction of a local in time solution with a fixed point argument,
and the globalisation is obtained using that the time of existence only depends on the L? norm of
the solution.

e Proof of (L5). Let (ug,vo) € X£ x Xf and consider (u,v) € C* (R, Xf x Xf) the corresponding
solution to equation (1.2). We compute

4 / luPdL = 29 / 282 g0 ud L
dt Jc

= 2Jm/ G T (|v)?u)dL

< 2l | o e TI(j0Pu)]| 2.
Next, by we get
% CeQ"‘Z|\u|2dL < CHe”'Z‘uHLz“e”'z||v\2u“L2
< Clle™ )7z ]|v]Z
< Clle 72 lv]7
< Clle™ulFalvoll72, (2.4)

where we used the Carlen inequality (1.27) and the conservation of the L2-norm. We conclude by
integration.

e Proof of (|1.6). The proof of this inequality is in the same spirit as the previous one. We have
i0i(u—u) = H(|v|2u - |5\2ﬂ)

= I((u—a)|v)* + (v — D)uv + B(T — 0)uv).
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Then, with the same arguments as in , we get
4
dt

< Culle™ (w = @) g2 (e (u = @) 22 + e (v = D) 22) (el Ze + Tl Zoe + [0 Foe + [T]1F0<)
< Celle™ (=) g2 (e (u = @) 12 + [l (v = D) 12) (w0l 72 + @l 72 + ol 72 + [IFoll72)-

Therefore, setting 6 = ||e"(u — w)|2, + e (v — 0)||2,, we get the bound ¢ (t) < C,.6(t) and we
deduce ([1.6]) by integration.

2.3. A rigidity result. A direct consequence of ([1.6) (with x = 0) is the following rigidity result
for the system (1.2) in L?(C) :

Lemma 2.2. Let (u,v) € C*(R,E xE) and (u,v) € CP(R,E x E) be solutions to (1.2)). Then there
exists a universal constant ¢ > 0 such that for allt € R

[u(t) = @(®)72c) + lv(t) = T()I72(c) =
>

(lwo = @ol|72(c) + lvo = TollZ2(cy ) e

/ > |y — gPdL <
C

—c(luoll? 5 +Toll2 3 +lIvoll3 5 + 1012 ) 1]

In other words, either (u,v) = (u,v) or there exist ¢, C' > 0 such that

u(t) = ()| 2(c) + lo(t) — T() || 2y = Ce .
Notice that a similar property holds true for the Schrédinger equation with logarithmic nonlinearity,
see [12, Lemma 6.2].

3. PRELIMINARY RESULTS

3.1. Interactions of traveling waves. The next result shows that the interactions between the
traveling waves have a Gaussian decay with respect to their relative distance.

Lemma 3.1. Assume that Uy, Us € & satisfy for all z € C
U1 (2)| < Coe™ @11 |Us(2)] < Coe I, (3.1)
for some cy,Cy > 0. Then
(1) there exists C > 0 such that for all ay, a9 € C

|(Ray U) (RaUs)1oe < Cem 3102 (3:2)
(ii) for all s >0 and all c; < ¢y, there exists C' > 0 such that for all aq,ay € C
1{2)* (Ray Ut) (RayU2)| 2 < C'min ({an)?, (ag)®) e~ 2 om0l (3.3)

(#i2) for all k > 0 and all ¢; < ¢o there exists C > 0 such that for all ay, a9 € C
1e"2! (R, Ur) (RayUn) || 2 < C'min (e¥lo1] erlazl) e Flan—aal?,
(iv) there exists C > 0 such that for all L > 0 and oy € C
le LI Ry, Un || oo < CeHleal/2 4 gemcolenl?/4, (3.4)
Proof. (i) First, we observe that we have the relation

Oé1+042‘2
2

1
|Z+a1\2+|z+a2\2:2‘2+ +§’041—042’2-
Therefore by (3.1

}(RalUl)(Z)(R@UQ)(Z)‘ < Ce*Co\Z+a1\2*CO|Z+a2|2

2
o —ag] aj+tag |2
s e—2co|z—i-72 |

= (e ®
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hence the estimate ([3.2)).
(i) Assume for instance |az| < |a;|. In order to prove (3.3 we write
1(2)°(Ray Ur) (Ray U2z = [I{z = 22)*(Ray 0, U1) Unll 2
< Cla2)’[[(Ray—a,U1) Ua| 12 + Cl[(Ray —ay Ut) (2)° U2 2
Observe that (z)*|Uy(z)| < Coe~¢!2* for all ¢; < ¢o and therefore by (3.5) we obtain
1(2)* (Ray U1) (Ray U2) | 2 < Clag)®e™ 3 lo1—e2l,

which was to prove.
(7i7) Similarly, for all ¢; < ¢, we have

e (Ray U1) (Ray Ua)lle - = €702 (Ra, —a,Ur) Us|l 2

< €l (Ray—a,Uh) (¢7102)]| 12
< Cerloal-FHla-al,
hence the result.
(iv) By hypothesis (3.1)
le HF R, Uy | < CemLll=colztanl?, (3.6)

Then observe that
Llaal/2 i |2] > Jaul/2

colar[?/4 if  |z] < |eul/2,
which implies the result by ({3.6]). O

L|z| + colz + a1]? > {

3.2. Stability of traveling waves under time derivation. The next lemma shows that the
Gaussian decay of the traveling waves is stable under time derivation.

Lemma 3.2. Let co < 1/2. Assume that U € € satisfies a Gaussian bound |U(z)| < Coe~*” and
assume that T € C(R; E) takes the form

T(t,z) = e "R U)(2), V(t,z) e RxC.
(i) There exists U € € such that for all ¢; < T80, there exists C > 0

U(2)| < Crecl?’ (3.7)
and ' B
(T (t,2) = e "N RuosU)(2), V(t,z) e Rx C.
(ii) In the particular case where U takes the form (1.8)), then any c1 < 1/2 can be chosen in (3.7)).

2|2

Proof. We set U(z) = f(z)e” 2, thus

; = ; — 1212 |a)?4?
T(t,z) = e MU(2 + ozt)e%(m*w)t =e NMf(z+ at)e*wt*T*Tt.
A direct computation gives (8,T)(t,z) = MU (z + at)e%(gafza)t where

~ |z|?

U(z) = (= iAf(2) + @0.f(z) —azf(z))e” 2 . (3.8)
(i) Let us first treat the general case where |U(z)| < Coe~l=I”
to check that U satisfies a Gaussian bound with constant c1. Since ¢; < c¢p, it is clear that

2|2
|2U(2)| < Cec1l#” | and let us prove that |8Zf(z)|e_% < Ce=l2. Observe that

co . .
. Let ¢; < Tioey" then it remains

2|2

(0-N)(2)e™ T = (0. = 2)U(2) +2U(2),
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hence it is enough to show that |(9. — 2)U(z)| < Ce~c1l?*. Writing

2|2

_ 2
UG:) =10)E) = S [ @5 U dLw),
C
we obtain ,
_ =l
Z e 2 SN 7o ]t
(0. — §)U(Z) = (w—72)e 2 U(w) dL(w).
C
This in turn implies
2 zZ—w 2
(0 = U] < Ce U [ 1z = wleF eI anw). (3.9)
C

Now let us show that there exists € > 0 such that for all w,z € C
1
§|z—w|2+co\w|2 > €|z — w|® + c1)2|%. (3.10)

We can assume that w,z € R and by homogeneity we can reduce to the case w = 1. Define the
polynomial

1
P(z) = 5(2’—1)24-0()—6(2—1)2—8122
1 1
= (5—01—6)22—(1—26)Z+(§+00—6>.

The discriminant of P is A = 2(c1 — ¢o)(1 — 2¢€) + 4cpeq which is negative for € > 0 small enough,

since ¢ < Hf—gq). As a consequence, P > 0 for € > 0 small enough, which implies (3.10). From (3.9))
and (3.10)) we deduce that
z 2 _ 2 —ela—wl2
‘(@ - §)U(2)‘ < C’Heco|z| UHLooe a2l /(C |z — wle™ 7 dL(w)
< Ce_cl‘ZF,

which concludes the proof.

(ii) In the particular case where U = K¢ (%gp&%—@iewgﬁ), the result directly follows from (3.8]),
since |f(z)] < C(1 + |z])e|7HZ|, .

4. PROOF OF THEOREM [L.3|

We recall the system
i0pu = M(|v|*u), (t,2) € R x C,
10w = —TI(|ul?v), (4.1)
u(0,) =up € &, v(0,-) =vg € £.
Assume that for each 1 < j < n, (U;,V;) € € x € is a traveling wave solution to (4.1 in the
sense (1.7)), and that there exist co, C' > 0 such that
U]+ [V (2)] < Cem el (4.2)

One can have a; = 0 for at most one 1 < j < n, and in this case, (4.2)) is automatically satisfied
for any ¢ < 1/2, by Theorem [A.1] We denote by K; = ||U;||z2 = [|Vj]| 2 (notice that one always
has ||Uj| 2 = ||V}l 2 for a traveling wave, see [26, Proposition 1.8]), and we set

Xj (t,2) = €_i>‘thj(z + ajt)e%(gaj—ZTj)t "
}/}(t’ z) = eiiujth(Z’ + Ozjt)e%(zo‘jfzaij)t 7
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and

n n
u:ZXj+r1::X+r1, U:ZY]'+1"2::Y+7“2, (4.4)

=1 j=1
a solution of (4.1)).

For M > 0, let (u,v™) € C*(R, & x €) be the solution to (4.1 such that (r}! (M), (M)) =
(0,0). By Proposition we also have (uM vM) € C®(R, XF x Xf) for all k > 0, and hence

(rf, 137 € C(R, XF x XF).

4.1. The nonlinear analysis. The next result shows that the remainder term has an explicit
Gaussian decay, with uniform constants with respect to M > 0.

Lemma 4.1. Let k > 0 and ¢ < %0 There exists a constant C > 0 such that for all M > 0 and
ald<t< M

)3+ [ @) < e

le M2

Proof. Fix M > 0. In the sequel, we write r; = T‘{V‘[, ro = ré\/f and we denote by

n(t) = [l ()72 + e lra ()17
We stress that all the constants C, cg, ¢1, ca > 0 below will be independent of M > 0.
Step 1 : A first L?-bound. To begin with, let us prove that

n n
Ir Ol <2) K5 I @)l <2) K. (4.5)
j=1 j=1

By the conservation of the L? norm for (u™,v™) and the triangle inequality, for all t € R

M
It @Ol < flu ||L2+Z||X )iz

IA
?

M)z + Z 15 (0] 2

n

> (G (M)l + 15D 2)

7j=1
n
< 2 Z K
j=1

uniformly with respect to ¢t € R and M > 0.

IN

Step 2 : A differential inequality. In this paragraph we show that, for all c; < %, there exists a
constant C' > 0 independent of M > 0 such that for all 0 <t < M

(0] < Cn(t) + Ce2aeit, (4.6)

By (4.4)), the relation i0;u = II(|v|?u) reads

i0ir1 = IL(|Y +ro*(X +11)) — i X Z qjs (4.7)



ON MULTI-

where
qo ‘=

q1 =
q2 ‘=
q3 ‘=

II
II
II
II

SOLITONS FOR COUPLED LLL EQUATIONS

(JY]*PX) —io X

(1Y Pr1) + (Y X7o) + IL(Y X73)
(X 2) + H(?Tﬁ“g) + H(leﬁ)
(Ir2f*r1)

Ira|?r1),

where X =377 | X and Y =70, Y;

Next we compute

‘d/e2nlz||r1|2dL‘ = ‘2%2/62”"47“18#@4
dt Jc C

and we now have to estimate each

e Control of ||e"?lgg]| 2. For all

3
= (QJm/em'n(qu)dL’
C o

3

< Cle g2 Y lleH gl 2,
j=0

term [le"1<lq; | 2.

1< j <n, 0 X; =I(|Y;]*X;), thus
0=  HY%X)
1<j,k,£<n
(J7k7£)¢(]7]7])

Assume for instance that j # k, so that a; # ay. Then by (2.2

eI (Y, Y3 Xe) 2 <

<

C|le™ Y, Vi X[ 1
Cle"*/( R ;1V) (Rayt Vie) (RaytUe) | 12
Cueﬁ‘Ziaétl (R(aj*az)tvj) (R(Oélrae)tvk)U[HL2

Ce™ M |(R (0, —ap)eVi) (Riag—ap) Vi)l Lol U | 2.

Next by (3.2)), for all ¢; < % we have
e (VY X) 2 < Cerloelt=Floi—arle | enlel gy

< Cealnel

The other terms are treated similarly. As a consequence, for all c; < ¢

leZlgo| 2 < Cee1%

e Control of ||e"*lg;| ;2. From (2.2) we have

le™lgu | 2

IN A IA

IA

Clle™NY 2r1 2 + Clle™ Y Xy 12
ClY 12 le"=lr1] 12 + ClX | oo |V ]| £oo [l €| 2
C (e || 2 + ||le"lra| 12)
Cn'/?.

15

(4.9)

(4.10)

(4.11)

e Control of ||e*?lgs|| ;2. The estimation of this contribution is in the same spirit as the previous

one. Firstly,

el < CIY o lrallz + X | ralle) ol

(4.12)
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Then by the Carlen estimate and by (4.5} .,
H7“1HLoo < Cfrill2 <€,
and ||re||r2 < C as well. Thus from (4.12]) we deduce

K|z| 1/2

le"*gal| 2 < Cn

e Control of ||e®*lg3| ;2. Similarly,

lelgs ]l 2 < ClirallZec e 2 < Cy2.

Putting all the previous estimates together, from (4.9) we obtain

< Ol (6) (' (1) + Cem ") < On(t) + Ce 22"

[ e 1)

d
The estimate for ‘&||€H‘Z|T2(t)||%2

is similar, hence we get (4.6)).
Step 3 : Backward Gronwall. Now, by integrating (4.6) on [t, M| we get that for all 0 < ¢ < M

+oo
<c/ 2‘”“"da+0/ )do < Ce™ QClant+c/ do.

By the backward Gronwall inequality (Lemma E ) this implies that for all 0 <t < M

M o
n(t) < Ce 20105t | C/ ¢ 210’ exp (/ Cdr)do
t t

—2c1a2t? M —2c1a?26%4+Co
< Ce v+ C e # do
t

242
< 616—20204jj t

— )

for any ¢y < c¢1, and where the previous constant C > 0 does not depend on M > 0, which was the
claim. O

We now prove that for all 7' > 0, the sequence (T{VI 3T
C([0,T]; X£ x Xf) :

Lemma 4.2. Let k > 0. Forallc; < %0, there exists a constant C > 0 such that for all0 < N < M
and all0 <t < N

1>o 18 a Cauchy sequence in the space

wll(r

et =)0 e = 0 e

Proof. By (@),
3
i0p(r{! — riV) Z )

and we observe that the term gg does not depend on N or M, thus qé\/[ = qév . We compute

‘d/e2”|’z||7“{\/[—7“{v|2dlz‘ = ‘2%6/62”2|(r{\/1—7“{v)8t(7“1 —r)dL
dt Jc C

IN

3
e =i o - 1) — s
j=1

Denote by

0(t) = [l (! = M) @Iz + [le (" = )02
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then we can prove that 6 satisfies the inequation

%e(t)\ < CH(t), (4.13)

where C' > 0 does not depend on N, M > 0. To do this, we can proceed as in the proof of
Lemma [41]: the estimates are the same, simply using

It llzee + [l 2o + 172" 2o + 72|z < C.
Next by Lemma we have, for any ¢; < 9
O(N) = He""zlr{VI(N)HiQ + “e“|z|ré\/l(N)}|i2 < Ce 210G N?.
By integration of (4.13)) on [¢, N] we deduce that for all 0 <t < N

N 9 02 N2 N
0(t) <O(N) + C/ O(o)do < Ce” " + C'/ 0(o)do.
¢ t

Therefore, by Lemma [B.I] for all 0 < ¢ < N

—2c1a2N? —2c1a2N? N Co —2c0a2 N2
0(t) < Ce i+ Ce : e”%do < Ce CR
t

for any co < ¢1, which was the claim. ]

4.2. Conclusion of the proof of Theorem For k > 0, we denote by
X" ={ue s C), ey e LQ((C)}.

By Lemma for all T > 0, the sequence (r{VI ,réw ) Mo 18 @ Cauchy sequence in the space

C([O, T1; X" x X*), hence it converges in C([O, T]; X% x X*%). By Lemma its limit satisfies the
bound

lelry (8) 22 + |l ra(t)]] 2 < Cem1oF",
for any ¢; < 9 and for all ¢ > 0.

Now let us prove that for all ¢ € [0,7] we have (r1(t),r2(t)) € € X £, so that we will deduce that
(r1,7m2) € C([O,T]; XE x Xf). Fix t € [0,T]. In the next lines, we do not mention the dependence

ont. For j = 1,2, write r;-‘/*’(z) = fJM(z)e_‘ZP/Q, where fJM is entire. By the Carlen inequality (1.27)),
forallze Cand M >1

.12
M (2)e™ P2 < 1rM | poo o) < CllrM | p2(e) < C.
Therefore, for all K > 0 and M > 1, we get
1M (2)] < Ok, |2l < K.

By the Montel theorem, there exists an entire function f; such that, when M — +o0, up to a
subsequence fJM — f;, uniformly on any compact of C, and by uniqueness of the limit we have

ri(2) = fi(2)e 2 e €.

To complete the proof of Theorem it remains to show that (1.13)) holds for all £ € N. We
proceed by induction on k£ > 0. The case k = 0 has just been proven. Let £ > 0 such that

”en|z|(atjrl)<t)HL2 + Hefﬂz\(agrQ)(t)HLg < 06_61a§t2, (4.14)

holds true for all 0 < j < k, and where the constant ¢; < 1/4 can be chosen arbitrarily close to

1/4. Then by (4.7)),

3
okl k.
10y 7’1—5 0y q;.
=0
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We write

3
Heﬁlz‘(atkﬂrl)(twm < Hen\zlwfqo)(t)um + Z Hen\ZI(aqu')(t)HLg. (4.15)

Using the Leibniz rule and (4.10)), we observe that dfg; is a trilinear term in (81{7"@)0@9, (d{Xf)Ogjgka
and (8/Y7)o<j<k. Next, we have

—itAjt —itAjt
X] =€ J Rathj7 Yj =e€ J Rocjt‘/j7

and we assume that for all 0 < j < n, (U;,V;) take the form (1.8). Hence by Lemma (17)
applied k—times we get that for all £ € N there exists U ](k), Vj(k) € £ such that

oFX; = e MR UM, 8kY; = e ™R, VI, (4.16)
and so that for all ¢y < 1/2 there exists Cj, > 0 such that

|Ug(k)(z)| < Ce ol ’Vj(k)(zﬂ < Cpe ol (4.17)

Let us bound the first term in (4.15)). By (4.10) we have

do = Z H(Y}1Y}2Xj3)v
1<51,J2,43<n
(91,92,73)7(31,51,41)

then 9 q; is a sum of terms of the form H((@lejl)(ﬁfQYjZ)(@fg’Xh) with 0 < kq, ko2, k3 < k. Then
we can apply the bounds (4.17)) and the same arguments as for (4.11)) to get
2

e =1 ((0F Y, ) (O i) (05 Xja) )| 1 < Cem 1"

Iz

for any ¢; < 1/4. This in turn, by taking the sum over the indexes j1, jo, j3, k1, k2, k3, implies
242

el @ q0) (D] o < Ce™ ", For any 1 < 1/4.

Let us bound the term in (4.15)) corresponding to j = 1. Recall from (4.8)) that ¢; = H(\Y!zrl) +
H(?X rg) + H(YX Fg) Let us treat for example the contribution of the first term, which will be a

sum of terms of the form H((@fllf}l)((?fZ}/jQ)(af?’rl)) with 0 < kq, ko, ks < k. By (2.2)) we get

e (@8 ;) @) @)l < Clle™ @08 Vi@ Y5 @F )| s

< Ol Y0 Y5) || oo €0F 1 | o

Then by (4.16)) and (4.17]) we deduce H(ﬁle]l)((‘)é”YD)H 100 < C, and from (4.14) we conclude
e ((f¥;.) (0 Vi) (0fr))

_ 212
S 06 claﬁt ’

=

which implies the desired bound by summing over all the indexes
The bounds on the terms corresponding to j = 2,3 are obtained similarly.

By the same manner, when one of the traveling waves satisfies the bound (4.2)) for some ¢y < 1/2,
one can establish ((1.15), by using Lemma (7). In this latter case, the constant ¢; > 0 giving
the rate of the Gaussian decay may depend on k£ € N.

The relations ([1.17]) are obtained by plugging the expressions ([1.12)) in the conservation laws and
using Lemma together with the values given in [26] equation (1.15)].
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4.3. Proof of the bound (I.19). By the change of unknown (u,7) = e " (u,v), we have
(71,72) = et (1 ry). For s > 0,

1{=)°@F )22 = [1{=)°0F (e~ 1) 2.

and by the Leibniz rule, we are reduced to bound terms of the form ||(z)*H7e= " (9fr})| 2 for

0 <j,¢ <k By (L4),

1(2)* HY (1)l 2 < CllHIe () |me
< OOy ||gs+2i
< Cll2)"* oy 2
< C’e_a’ﬁ,

where in the last line we used ([1.15]).

5. PROOF OF THEOREM
Consider (u,7) = (X +71,Y +73) € C(R, Xf x XF) a multi-soliton as given in Theorem We
stress that for all j # ¢, we have a;; # ay and that for all 1 < 7 <n, o # 0.
Similarly to (4.3), we assume that

n
X(t,z) = Z e (2 + ajt)e%(zo‘j_mij)t
j=1

n
Y(t2) =3 e V(e + agtjerFo ),
j=1
and we set K := HUjHL2 = ”VJHL2

Step 1 : Exponential decay of the error. In this paragraph only, we write r; = r1 and ry = 75.
Assume that, when ¢t — 0,

le"=lry ()] 22+l (8)]] 12 — 0. (5.1)
Let us show that for all ¢ > 0
I711132(c) + Ir2llZ2(c) < Cre™rmint, (5.2)

Starting from the relation
3
iatrl = Z qj,
§=0

similarly to (4.9)) we compute
d 3
2 ~ _
— 1 dL’ = ’2Jm/r1 g q; dL‘
’dt /(C’ | C ( =0 ])

2
< 2flrllze Y llgjle,

Jj=0
and we observe that the contribution of g3 cancels in the previous line. We now control each
term ||g;z2, for 0 < j < 2.

e Control of ||qo||z2. We have already controlled this term, namely by (4.11)) (with x = 0)

llqol| 2 < Ce™ .
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e Control of ||q1|| 2. We directly obtain

CllrY?|| 2 + Cllra XY 2

C(le™ri] 2 + le=lrs| g2) le™ Y || oo (|[Y | e + | X || )

< O([[e"Iri]l 2 + [l Ira]| 2) [le™™ Y | oo (5.3)

We now use the expression of ¥ and (3.4), and we rely on the crucial fact that «; # 0 for all
1 < j <n: denote by amin = 1I<Ili£l |aj|, then there exists a universal constant ¢; > 0 such that
<j<n

la1llz2 <
<

le ¥y || < C(erOmint/2 4 emer0hunt®/4)

Ce—/@ammt/Z‘

A

Therefore, from (5.3) and (5.1f) we deduce
lall: < Cemmemmt2 (|| r | L2 + |elry |l 2)
< Ce_ﬂami”t/Q.
e Control of ||z 2. Similarly we get
lgallzz < C(le™ry] g2 + [|e™¥lrs]| 12) (e X | oo + [le ™Y || oo) ([[r1 [l 2o + [I72l o< )
Cle™ ] 2 + [leIr| 12) (e X[ oo + [le™ V|| )
Cefnammt/Q.

IN A

Putting the previous estimates together we get

d 1/2 o
| (Il + Iralae)) | < CUImlBa) + Iralifaey) /e momnts?

and by integration on [t, +00), using (5.1)), we deduce (5.2)).

Step 2 : An explicit L* bound. Consider two multi-solutions
(U,U)Z(X+T1,Y—|—T2), (ﬂaj:(X"{'Fle_'_fé)a
where the remainder terms satisfy (5.1). Then by (4.7)), the errors satisfy the equations

3 3
oy =Y _qj, 0= g
§=0 J=0

Denote by p; = r; — r; and set

0(t) = lp1 (W) 72c) + o272 (c)-

Observe that, thanks to , we already have the bound

(t) < Cre™Fomint, (5.4)
Denote by

G(t) = I X7 + 1Y O F + 117 + Ir2@)lZ0e + 1P ()12 + 7207,
and set Kpae = lrg]agn K. We now show that there exists a universal constant ¢y > 0 and ¢y > 0
such that for all ¢ > ¢,
G(t) < coK2 - (5.5)
Since aj # oy, one has || X (t)||pe — max ||Uj| 1o, when t — +o00. Besides, by (1.27)), ||U;| 1= <
1<j<n

C||Uj|| 2 = CKj. Therefore, for t large enough, || X (t)|| e < 2CKmas. We proceed similarly for Y
and we can use (1.22)) to conclude that ([5.5) holds true.
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Step 3 : A differential inequality. Let us show that there exists an universal constant Cy > 0
such that for all ¢ > tg

L00)] < Co3,,000). (5.6)
Asin we compute
d 3
| Zllorl2:| < Cliotllzz > llas = Gillzz, (5.7)
7j=1

where we observe that gy = ¢o. Using the expressions (4.8) we bound the previous terms. In the
sequel, we assume that ¢ > tg.

e Control of ||g1 — q1]|z2. Using we directly obtain
lon = Gille < CllpY?|p2 + Cllp2XY | 12
< Cllprllzz + llpzllz2) (1X |7 + 1Y [1F)
< C(lpillee + llp2ll2) Ko

e Control of ||g2 — @2/ 2. Similarly we get
lgz — @llz < C(llpallez + lo2llzz) (IX Iz + 1Y lzoe) (Ir1llzoe + lIr2llzes + [171llzoe + [172]|2o<)
< C(HPIHL2 + ”p2”L2)K72nax'

e Control of ||g3 — ¢3]|z2. By the same manner, we have

~ ~ ~ 2
las = sl < C(llpallee + llo2llce) (Irallzoe + llrallzee + 71l + I72llze)
< C(lpillzz + lp2ll2) Koo

Therefore, by (5.7) and the previous estimates

d
Zlleiliz] < Cllpllze + o2l 72) K s
d
The same bound holds for aH p2|25|, and we deduce (5.6).

Step 4 : Backward Gronwall. Let tg < ¢ < M. We integrate (5.6) on [t, M]

M
0(t) < O(M) + CoK2, 0y / 0(s)ds.
t
We are able to apply Lemma [B.I] and get for all 0 <t < M

M o
o(t) < O(M)+CoKZ,,0(M) / exp (CoK 2oz / dr)do
t t

< O(M)+ CoK?

max

M 2
O(M) / 0K mas iy
t

IN

O(M) (1 + CoKnaz M),
Next, by
0(t) < C’e_mmmM(l + ¢C0Knas ),
which tends to 0 when M — 400, provided that x > CoK?2,,,/min. As a conclusion 6(t) = 0 for
all t > tg which in turn implies that § = 0 on R, since equation is globally well-posed on R.

In the case where the traveling waves take the form (1.8]), one has |a| = 32@[( 2 and ((1.20] follows.
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6. PROOF OF THEOREM [L.6]

The proof of this result is in the same spirit as the proof of Theorem [I.3] but here the error
estimate will be done starting from ¢ = 0 instead of considering times ¢ > 1.

Assume that (U, V) € € x € is a traveling wave solution to (4.1) in the sense (1.7, and that
there exist ¢y, C' > 0 such that
‘2

Uo(2)] + [Vo(2)| < Cem0l

We moreover assume that |Up|lr2 = ||[Vollz2 = 1, and we denote by ay € C the speed of this
traveling wave and consider (Ao, t9) the phase parameters. Next, for aj,b;,7; € C, K > 0, and
0 € R, we define

Uj = Ke" Ry, LolUy,  V;=Ke R, LyVj .

By [26], Proposition 1.8 (iv)], each couple (Uj, V;) defines a traveling wave
X;(t,2) = e MU, (2 + at)e%(za_za)t
Yj(t,2) = e V(2 + at)er om0
with speed @ = apk?e~" and where (\j, 1) = K?(Ao + 2Im(agy;e?), po + 2Im(agy;e?)). We
consider the solution (u,v) to (1.2)
n n
u:ZXj—i—rl::X—i—n, U:ZY}—H“Q::Y—%TQ,
=1 =1

such that (r1(0),72(0)) = (0,0). We now have to estimate the error term (71, 72) and by reversibility
of the equation it is enough to consider the case t > 0.

We write the expansion (4.7)-(4.8), and similarly to (4.9)) we obtain

2
d
dt / |y PdL < Clle ey |12 Y [|e g 2.
C 3=0
We now estimate each term ||g;|| 2. Denote by 7(t) := Hen\ZIn(t)H%z((c) + HeH\ZIm(lf)”%z(C)-

e Control of [|e*¥lgy| 2. For all 1 < j < n, i9,X; = II(|Y;|*X;), thus

=Y  IYYX,).
1<),k ,<n
(]’k1£)¢(]7]7])
Assume for instance that j # k, so that v; # ;. Then by (2.2)
LYYV X) |2 < Ol YV X 2
H JLEAL)IIL JLeALIL
= CKgHeH‘Zl(Rat+7jV(])(Rat-i-'ykvo)(Rat—i-’YzUO)HL2
= CK?[ e M Ry, 3, Vo) (R, Vo) U 2
< CKPe™ M| (Ry, 3, Vo) (Roy—, Vo) oo €71 U0 | -
Next by (3:2)
Hen‘zlﬂ(yj?kXZ)HL? < CK?)enlaltef%OWj*’Yk\Q”UOHL2 _ CK3€n|a|t€f%°|’Yj*’Yk\2'
The other terms are treated similarly, as a consequence

H6n|z\q0HL2 < CK367%06_2+K‘&|t.
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e The controls of ||e®l?lg;|| 2 for 1 < j < 3 are obtained as in the proof of Theorem and we
get
"l g;]l 2 < CnPK2n'/2.

Putting the previous estimates together we can write

dt ( ) < 07’/( )1/2(n2K2,’7(t)1/2 +K3e—%g*2+n|a\t) < Cn2K2n(t) + CK46_00572+2H|O[H’

and by integration
n(t) < Cn’K? /t n(s)ds + CK*tecoc > +2lalt
Finally, the Gronwall estimate implies '
1(t) = [l ()| Fa(c) + 1l ra(0) 72y < O e o HOMK b,
In particular, when ¢y = 1/2 we obtain (1.24).

7. PROOF OF THEOREM [L.7]

We will adopt the formalism of [IT), Section 7] so that the result of Theorem [1.7| will be a direct
application of [I1, Proposition 7.1].

As in [I1] we denote by T the CR trilinear operator which was first defined in [I0] and further
studied in [15] [16]. This operator 7T is defined by

(u1,ug,us) — T (ui,ug,us)( / / uy (z 4+ w)ug(z + Azt + w)us(Azt + w)dAdz,
RQ

where for x = (1, 72) € R? we have set 2+ = (—z2,71). By [I5, Lemma 8.2], when it is restricted to
the Bargmann-Fock space &, the operator T can be simply expressed using I1 : for all w1, us, ug € &,

T (u1,u2,u3) = 7T2H(u11T2U3).
Next, following [11], we define
TFu = T(F, F,u),

so that T[F|u = 7II(|F|?u) when F,u € €. Consider the solution (u,v) given by Theorem
s/2

define u(s, z) := u(e®, z) and F(s,z) := ¢ v(e®, z). Then
T

i0su = wT1(|F|*a) = T[F),

for all s € R. Recall the definition (1.3) of the Sobolev space H*(C). Using the explicit represen-
tation ([1.12]), we observe that for all ¢ > 0 and k& > 0 we have the bounds

|0FF(s) |l () + [|0FU(s) luo (o) < Ce,  V¥s > 0.
Moreover, when s — 400
() llmr(cy ~ Ce.
Therefore, [I1l, Proposition 7.1] can be applied' we set

V(t):= Ut p(Inlnt

(1) = fe " F(n ),

which satisfies ([1.26)). Next by [11, Proposition 7.1], there exists ry € C(R; H! (C)) which satisfies
[ro()]lm () — 0, . — 400,

and such that
P(t):=e —itHy u(Inlnt) + ro(t) = —itH u(Int) + ro(t)
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is solution to the equation ([1.25)). Let us give a better description of ¥. By (1.12)) we have

n

u(lnlnt) = u(lnt) = Ze_i’\j 1ntROC]. U +r1(Int),

j=1
thus
T/J(t) — ef’LtH Z 672)\]' lntRaj lntUj 4 (efltH,rl (ln t) + To(t))
j=1
n ) .
= Z eiMj lnteith—QtRaj lntUj + ﬂ(t)a
j=1
where 1(t) := e~y (Int) + ro(t) satisfies
@ lar ) — 0, ¢ — +oo.

This completes to proof of Theorem

APPENDIX A. ON THE DECAY OF STATIONARY SOLUTIONS

In this section, we show that any stationary solution (u(t),v(t)) = (e U, e #V) to (I.1) with
(U,V) € £ x € has a Gaussian decay. Let A\, u € R, 0 € {—1,1} and consider the system

\U = II(|V|?U)
{uv = oII(JU V).
Then we have a natural extension of [14, Theorem 5.3] :
Theorem A.1. Let (U, V) € € be a solution of (A.1]). Then, for any

1 1log2
7_1’_7
2 2log3

(A1)

—1
77>770=< ) ~1.226...,

the following estimates hold true,
U(2)] < Cpel"=2° v (z)| < e’z vzec (A.2)
It is classical that a bound of the form gives an estimate of the number of zeros of the
corresponding function. More precisely, as proven in [14, Corollary 5.5], if one denotes by
N(R) = #{z € C such that U(z) =0 and |z| < R},

then for any n > no,
N(R)
Rn

—0 as R — 400,
and similarly for V.

Proof. The argument follows the main lines of [14, Theorem 5.3] where a similar result is established
for the solutions Uy € &€ of the equation
Ny = TI(|Ug |2 Up).

There are very few changes in the proof, and we just give the main steps of the argument.

—+o00 +oo
We write the expansion U = Z Cnpn and V = Z dnn.-
n=0 n=0
Step 1 (Step 1 in [14, paragraph 5.3.]): For 0 < & < 1, we set M,, = supy,,(s .- (|U(w)|+|V (w)])
and we prove

2

_(=r)* -2
Mn < C()e 3

" + COM;Z)—D
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for some constant Cy > 0. By an induction argument we show that there exists ¢ > 0 such that

U(2)| + |V (2)| < Ce 1. (A.3)

Step 2 (Step 2 in [14] paragraph 5.3.]): The estimate (A.3]) implies that there exists 0 < r < 1
such that

x| + |dy| < CrF. (A4)

Step 3 (Steps 1 and 2 in [I4] paragraph 5.2.]): In the coordinates (cy),(dy), the system (A.1))
reads

1 (k+0! —
_ 4+ AN >
M=o 2 et gy tmens B2 0
£,m,n>0
k+l=m+n
o (k+0!
=_— — T > 0.
D D e G
£mn>0
k+l=m+n
With a bootstrap argument, starting from (A.4]), we show that for any v < vy = ;?Tg;:s we have
x| + |di| < CET (A.5)

Step 4 (Step 3 in [14, paragraph 5.3.]): The estimate (A.5)) implies that for all v < 7

2
‘ )

U(2)] + |V (2)] < CeClP =2l
with 6 = (3 +7)71. O
APPENDIX B. TECHNICAL RESULTS

We reproduce a backward Gronwall estimate taken from [11, Lemma B.1].

Lemma B.1. Let tg > 0 and M > 0. Assume that 5 > 0 and « > 0 are functions defined on
(to, M), and that F satisfies for all t € (to, M)

M
F(t) < a(t) —i—/t B(o)F(o)do.
Then for all t € (to, M)

M o
F(t) < alt) +/t a(o)p(o) exp (/t B(r)dr)do.
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