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Abstract

Contact problems with Coulomb friction in linear elasticity are notoriously difficult, and
their mathematical analysis is still largely incomplete. In this paper, a model problem with
heterogeneous friction coeflicient is considered in two-dimensional elasticity. For this model
problem, an existence and uniqueness result is proved, relying heavily on harmonic analysis.
A complete and rigorous homogenization analysis can be performed in the case of a highly
oscillating friction coefficient, being the first result in that direction. The Coulomb law is
found to hold in the limit, and an explicit formula is provided to calculate the effective
friction coefficient. This effective friction coefficient is found to differ from the spatial average,
showing an influence of the coupling between friction and elasticity on the homogenized limit.

1 Introduction

Rate-independent processes are a special class of evolution problems that do not possess any
internal time scale. They are appropriate for studying quasistatic evolution in which viscous
effects can be neglected. Some examples are provided by perfect plasticity [7], brittle damage [10],
brittle fracture [11] or phase transitions, which all have received considerable attention in the
past decades both in the solid mechanics and applied mathematics communities. The above
examples have in common to possess an underlying variational structure: when introducing a time-
discretization, the problem to solve at each time-step is spontaneously a minimization problem.
Thus, the techniques of the calculus of variation (direct method, relaxation, I'-convergence,. .. )
have considerably contributed to the understanding of the underlying mathematical structures,
enlightening the main qualitative features of the solutions.

However, not all rate-independent processes need to spontaneously exhibit an underlying
variational structure. One example is provided by contact problems with Coulomb friction in
linear elasticity whose mathematical analysis was undertaken as early as 1972 by Duvaut &
Lions [8]. More recent examples are the so-called non-associative models of plasticity [2]. As a
consequence of the lack of a ‘spontaneous’ underlying variational structure, the mathematical
analysis of these problems turns out to be considerably more involved.

Denoting by u = uyn + uy and t = tyn + t; the boundary displacement and the surface
traction, and their splitting into normal and tangential parts (here n denotes the outward unit
normal), contact problems with Coulomb friction amount to consider a boundary condition in
linear elasticity in which the Signorini contact condition:

Uun < g, tn <0, (un - g)tn =0,



(here g is a given function representing the initial gap with the obstacle), is complemented with
the Coulomb law of dry friction, whose formal pointwise formulation can be synthetically written
as:

Vv, te - (V— 1) — fta (V] — [a]) > 0. (1)

Here, f > 0 is the given friction coefficient and the dot refers to the time-derivative. The
associated incremental problem (the problem to solve at each time-step in a time discretization)
amounts to solve the same problem in which the velocity 1, in the Coulomb law is replaced by
u;. Existence of a solution for the incremental problem was first proved in [12] using a fixed
point argument and extended in [9] based on the theory of pseudomonotone operators. The
existence of a solution for the evolution problem was first obtained in [1]. All these results have
in common to require that the friction coefficient is lower than a finite critical value and leave
open the question of uniqueness for arbitrarily small friction coefficients.

The problem simplifies, though preserving mechanical meaningfulness, in the situation where
a steady motion of the obstacle is prescribed, in which case the Coulomb law (1) of dry friction
reduces to the linear condition:

ty, = ftaT, (2)

where 7 is a given unit tangential vector (the normalized relative tangential velocity). The
corresponding elastostatic contact problem was first studied in [4] in the case of a homogeneous
friction coefficient. In the case of a bounded body, it was proved using classical results on
variational inequalities that there always exists a nonempty range [0, fc[ so that the problem
admits a unique solution for all f € [0, f.[. An example of multiple solution was displayed,
showing the possibility of a bifurcation with respect to the friction coefficient taken as a control
parameter. In the case where the body is a two-dimensional homogeneous isotropic half-space
with homogeneous friction coefficient, the situation was proved simpler as a unique solution exists
whatever the value of the friction coefficient is.

Hence, this background drove us naturally towards the geometry of the two-dimensional
elastic half-space to investigate the homogenization of dry friction, that is, to study asymptotically
highly oscillating heterogeneous friction coefficients. Three natural questions arise in this context.

1. Is the heterogeneous problem well-posed, that is, does it admit a unique solution?

2. Is the steady friction law (2) stable by homogenization, that is, does it hold true in the
limit with the heterogeneous friction coefficient f(x) replaced with some constant effective
friction coefficient fog?

3. If so, what is the constant effective friction coefficient?

In this paper, we bring a complete and rigorous answer to these three questions in the case of the
simplest geometry, that is, that of a moving convex rigid indentor of finite width at the surface
of the two-dimensional isotropic elastic half-space. In particular, we prove that the frictional
contact problem in the case of a highly oscillating periodic friction coefficient f (z) has a unique
solution, and that a constant effective friction coefficient fog appears in the limit, given by the
formula:

foif = 21(1__25) tan<arctan<21(12,'j) f>>,

where v is the Poisson ratio and (-) stands for the spatial average. Hence, the effective friction
coefficient depends on the elastic moduli and is different from the spatial average of the microscopic
friction coefficient, except in the limit case of incompressibility (v — 1/2).



The geometry of the problem to which this paper is restricted (a moving rigid indentor of finite
width at the surface of the two-dimensional isotropic elastic half-space) truly encompasses all the
couplings between unilateral contact, dry friction and elasticity. Therefore, we expect that this
result has a wide range of validity for steady sliding frictional contact problems in two-dimensional
isotropic homogeneous linear elasticity. As an important difficulty in homogenization is often
to identify the limit problem, we believe that it is the merit of the special geometry which is
studied in this paper, to lead to the identification of the good candidate.

This whole investigation was at first sight deeply obstructed by a few obstacles, which have
been overcome in the following way.

e Although the problem with homogeneous friction is monotone and has therefore a unique
solution for an indentor of arbitrary shape, the heterogeneous problem with highly oscil-
lating periodic friction is never monotone. However, we have been able to recover some
monotonicity and solve it uniquely for an arbitrary convezx rigid indentor.

e The corresponding contact problem is non-variational. Hence, one cannot expect to rely on
I'-convergence to study the homogenized limit. The main problem is to handle the product
of the normal component of the surface traction with the heterogeneous friction coefficient,
for both of which only weak convergences are obtained. This difficulty is overcome by
exploiting the differential structure of the problem in an original, broad compensated
compactness argument.

We first analyze a toy model (the flat indentor), for which an explicit solution can be obtained.
Drawing inspiration from this, we are able to uncover monotonicity in the general case of an
arbitrary convex indentor, to solve uniquely the corresponding contact problem and prove the
homogenization result.

The structure of the paper is the following. Section 2 is devoted to the statement of our main
results in the case of heterogeneous friction and a rigid flat indentor (Section 2.2), of homogeneous
friction and arbitrary indentor (Section 2.3), and of heterogeneous friction and arbitrary indentor
(existence results, Section 2.4) or convex indentor (uniqueness, regularity, and homogenization
results, Section 2.5). Proofs of the results of Sections 2.2-2.5 are presented respectively in
Sections 3.1-3.4. Finally, Appendices A—D contain some classical results concerning respectively
the Hilbert transform, the spaces H'/2 and H~1/2, the Poisson integral, and pseudomonotone
variational inequalities.

2 Position of problem and statement of results

2.1 The formal problem

We consider an isotropic homogeneous linearly elastic two-dimensional half-space defined by
y < 0 (y is the space variable along the direction perpendicular to the boundary). The Poisson
ratio is denoted by v € |—1,1/2[ and the force unit is chosen so that the Young modulus £ = 1.
We denote by = the space variable along the boundary, by t(z) the surface traction distribution
on the boundary and the (outward) normal and tangential components will be addressed as t,(x)
and t¢(x) (hence t, = t, and t; = t,). The half-space is assumed to be free of body forces. Use of
Fourier transform with respect to x provides explicit knowledge of the fundamental solution u of
the classical Neumann problem in linear elasticity (with no condition at infinity). It is obtained
up to an affine function involving four arbitrary constants. Two of these constants (corresponding



to an overall rotation and a component of stress at infinity) can be fixed by adding the following
condition at infinity:

u(z,y) = O(log(:v2 + y2)), as z2 4+ y? — oo,

where u denotes the displacement field. In that case, the stress field goes to zero at infinity.
However, the displacement is generally infinite at infinity and there is no mean to fix the remaining
two constants which correspond to an arbitrary translation. Setting:

u 1—-2v

S - d ——
T LT § )

the boundary displacement u(z,0) resulting from a prescribed surface traction distribution t(z)
with compact support, is given (see, for example, [3, theorem 1] for a detailed proof) by:

€10,3/4],

, 1 1
Uy = _7pV7*tn_’ytt7
T )
in R,
, 1 1
Uy = —— pv— *ty + v iy,
T

where pv 1/x denotes the distributional derivative of log|z| and * is the convolution product
with respect to z. The acronym ‘pv’ stands for ‘(Cauchy) principal value’ and the mapping:

1 1
t— ——pv—x*t
T X
is known as the Hilbert transform'. In the case where ¢ is a function, it is an example of what is
sometimes called a ‘singular integral’ or a ‘Cauchy principal value integral
The above expression of (uy,ut) in terms of (¢, ¢ ) is nothing but the Neumann-to-Dirichlet
operator of the isotropic homogeneous elastic bidimensional half-space. Each component of
the boundary displacement is obtained up to an arbitrary additive constant, which is to be
interpreted as an overall rigid translation.
We consider a rigid indentor which moves along the boundary of the half-space, at a constant
velocity w > 0 (see Figure 1). The geometry of the indentor is described by a given function
g :]—1,1[ — R, so that the indentor fills the area defined by: y > g(x) ((z,y) € |—1,1[ x R). Set:

_9
2(1 —v2)’

The steady sliding frictional contact problem was introduced and studied in [4]. In a frame
moving with the indentor, it is formally that of finding t(z), u(z) : | -1, 1[ — R? such that:

9=

1 , .
o — —pv—xt, — Yt = uy, in |—1,1],
T
1 1
o — —pv—xty+yty = ul, in |—1,1],
Tz
o u, <y, tn <0, (un — g) tn =0, in |-1,1[,

L] tt:_ftna in ]_171[’

/1 ty(z)dx = =P,

-1

Lthe multiplicative constant 1/7 is there to ensure that the Hilbert transform is an isometry of L*(R), whose
inverse mapping is minus itself.



where P > 0 is the given amplitude of the total normal force exerted from the moving indentor,
f > 0is a given friction coefficient. The above convolution products are meant in terms of the
extension by zero of ¢, t; to the whole real line. Note that if ¢g is changed into g + C, where C'
denotes an arbitrary constant, then we get a solution for the new problem by just changing uy,
into uy + C in the solution. This means that the penetration of the indentor into the half-space
is undefined and this is due to the fact that the displacement field is infinite at infinity. The
problem can be parametrized by the total normal force P only, and not by the height of the
moving obstacle, because it is undetermined. This fact is intimately connected with the fact that
the stress field in the half-space is not square integrable: the elastic energy of the solution is
infinite and this is the reason why the problem has to be brought to the boundary by use of the
fundamental solution of the Neumann problem for the half-space and singular integrals. Focusing

Figure 1: Geometry of the problem.

on the normal components, this formal problem reduces to that of finding ¢y, uy : ]—1,1[ = R
such that:

1 1 -
o — —pv—xty +yfty=ul, in |-1,1],
T X

o u, <g, t, <0, (un —g) ta =0, in |-1,1[,

. /1 ty(z)dx = —P.

Finally, we set f = vf and drop the index ‘n’ Given two functions f,g:]—1,1[ = R and P > 0,
the formal problem to be studied is now that of finding ¢,u : |—1,1[ — R such that:

1 1
o — —pv—xt+ft=1, in |-1,1[,
T

e u<yg, t<0, (u—g)t=0, in]-1,1],

where, again, the convolution product is meant in terms of the extension of ¢ to the whole real
line, by zero.

In the case where f is a constant, it was proved in [4] that this formal problem can be put
under the form of a monotone variational inequality and that the Lions-Stampacchia theorem
yields a unique solution (¢,u) € H~'/2(—1,1) x HY/?(—1,1) for any given shape g € H'/?(—1,1)
of the moving indentor and any positive total normal force P > 0.



In this paper, we are essentially concerned with the case of a heterogeneous friction coefficient,
that is, the case where f :]—1,1] — R is a given function of z. The situation turns out to be
considerably more involved in this case, as the monotonicity property of the underlying linear
operator is generally lost.

As seen in the sequel, insight can be gained by studying first the particular case where the
indentor is a rigid flat punch, that is, the case where g = 0. The reason is that it can be proved
that any solution of the unilateral problem achieves active contact everywhere. The problem
therefore reduces to a linear problem associated with the so-called Carleman (singular integral)
equation. In the case where the given function f is Lipschitz-continuous on ]—1, 1], some classical
analysis of the Carleman equation is available (see for example [14, Section 4-4]), based on
Marcel Riesz’s LP-theory of the Hilbert transform in connection with the study of a class of
holomorphic functions in the upper complex half-plane. As the natural case of application of our
analysis is the situation where f is a piecewise constant friction coefficient, we are driven to look
for an extension of the classical theory of Carleman equation to the case where f is piecewise
Lipschitz-continuous, that is, to the case where f is allowed to have jumps. Interestingly enough,
in that extended framework, uniqueness of solution is generally lost for the linear Carleman
equation with generic appearance of a finite-dimensional kernel. However, uniqueness is recovered
for the unilateral problem, thanks to the inequality requirement. In addition, the link made by
Marcel Riesz’s LP-theory of the Hilbert transform between the Carleman equation and some
class of holomorphic functions in the upper complex half-plane makes it easy to pass to the
homogenized limit of highly oscillating friction coefficients, when the indentor is a rigid flat
punch.

In the case of an indentor of arbitrary shape ¢ € HY/ 2(—1,1) and heterogeneous friction
coefficient f € BV(—1,1), the contact problem is reduced to a variational inequality. The
underlying linear operator is monotone in the case where f is a non-decreasing function, but not
in general. In the general case, the variational inequality is proved to be pseudomonotone in
the sense of Brézis [6], yielding the existence of a solution to the contact problem. To obtain
the uniqueness of solution and the homogenization analysis, the analysis is further restricted
to the particular case of an indentor of arbitrary convexr shape with Lipschitz-continuous
friction coefficient. In this case, the analysis can be refined, yieding uniqueness of solution and
homogenized limit, so that the analysis for the rigid flat punch is fully generalized. We believe
that our analysis may be extended, possibly with major technical adaptations, to the case of
nonconvex indentors with piecewise Lipschitz-continuous friction coefficients.

2.2 Statement of results in the case of the rigid flat punch

Proposition 1 Let P > 0 and f : ]—1,1] — R be a given piecewise Lipschitz-continuous function.
There exists a unique (t,u) € Up>1LP(—1,1) X Ups1 WP(—1,1) such that:

1 1
o — —pv—xt+ ft=1, in 2'(]—1,1]),
Tz

o u <0, t <0, ut =0, a.e. in |—1,1],

o /1 t(z)de = —P.

-1



The displacement u is actually always 0 on |—1,1] (active contact everywhere). In the particular
case where f is the piecewise constant function:

n
f(x) = Zf’b X]$i71,$i[(m)’
i=1
where the f; and —1 = xo < x1 < --- <z, = 1 are given real constants and x|,y denotes the

characteristic function, then the unique solution t is explicitly given by:

PIIV A g — g | i
t(z) = — [y o - @il , where o 1= %arctan fi- (3)

o/ TH @)1+ 2)2 (1 — )2 e

In the case where f is a constant, formula (3) reduces to the classical solution:

P
T+ P21+ 2)l/2e(1 — g)l/2-a

In the case where f is piecewise constant, the explicit solution seems to be new. The discontinuities
of f introduce contributions of type |z — z;|*~%+1 in t(x), so that the normal contact force ¢(z)
goes to infinity at every increasing discontinuity (f(z;+) > f(x;—)) and goes to zero at every
decreasing discontinuity (f(x;+) < f(x;—)) (see Figure 2).

t(z) =

P

y : I

Figure 2: Normal contact force under a moving flat punch with piecewise constant friction
coefficient.

In the case of a highly oscillating periodic piecewise constant friction coefficient, the contact
force has therefore very large oscillations, as it goes to zero and to infinity on each period. It is
therefore very natural to investigate the question whether an effective constant friction coefficient
can be calculated. From the point of view of homogenization theory, this amounts to consider a
2 /n-periodic friction coefficient f,(x) designed by repetition of a (suitably rescaled with respect
to x) given period f; and investigate whether the corresponding normal contact force ¢,, admits
a limit in a suitable sense, as n goes to infinity. A full answer is provided for the flat indentor by
the following theorem.



Theorem 2 Let p:]—1,1[ — R be a given piecewise Lipschitz-continuous function and extend
it to R by 2-periodicity. Let fy, :]—1,1] — R be the 2/n-periodic piecewise Lipschitz-continuous
function defined on |—1,1] by:

fn() := p(na),

and let t,, € Up>1LP(—1,1) be the unique nonpositive solution of total mass —P of the equation:
1 1 o
——pv—kty, + fnty, =0, in 7'(]-1,1]),
T X
provided by Proposition 1. Let also feg be the constant:
fert := tan(arctan fi),

where (-) denotes the average, that is, (h) := (1/2) [, hdz, and let tog be the unique solution of
the problem associated with the constant fog:

P
t ff(x) = — :
’ WM(I + ;1;)1/2+aefr(1 _ ;16)1/27(1&f

Then, the sequences (tp) and (fut,) converge weakly in LP(—1,1), respectively towards teg and
fefitest, for all p € 11,(1/2+ B)~1[, where:

where o := %arctan feft-

. 1
B = ;arctaanlHLoo(—Ll) < 2

In particular, the total tangential contact force — f_11 fntn dx converges towards fogP.

As seen in Section 3, the proofs of Proposition 1 and Theorem 2 relies heavily on M. Riesz’s
LP-theory of the Hilbert transform, and the link it induces between the Hilbert transform and a
class of holomorphic functions in the upper complex half-plane. A sketch of the main results of
that theory are gathered in Appendix A of this paper for easy reference.

2.3 Statement of results in the case of homogeneous friction and indentor of
arbitrary shape

In this section, the friction coefficient f is supposed to be an arbitrary real constant f € R
(homogeneous friction). In the case of an indentor with arbitrary shape g € H 1/ 2(—1,1), the
existence and uniqueness of solution (¢,u) € H~'/?(—1,1) x H'/?(—1,1) to the contact problem
was proved in [5]. We outline here the structure of the proof for the sake of completeness, before
stating new results on the LP regularity of the unique solution, based on a Lewy-Stampacchia
inequality. In particular, it will be proved that if the shape of the indentor is Lipschitz-continuous
g € WH(—1,1), the unique solution (t,u) € H~'/?(—1,1) x H'/?(=1,1) to the contact problem
has actually the regularity (¢,u) € Up=1LP(—1,1) x Ups WHP(—1,1).
As was seen in the study of the flat obstacle, the integrable function tg : ]—1,1[ — R defined
by:
1 . 1
to(z) := , with  «:= ;arctanf (a €1]-1/2, 1/2[),

VI P42 — )




satisfies:

1 1 1
——pv—xtog+ fto =0, in |—1,1], and / to(x)dx =1, (4)
T X 1
(a proof of the above facts is contained in Proposition 21 below). It suggests the following shift
on unknown in the contact problem:

t(z) := t(x) + Pto(x),

so that £ must now have zero integral over |—1, 1[. Accordingly, we introduce the following closed
subspace of H~1/2(—1,1):

Hy:={ie H7'*(-1,1) | (i,1) =0},

where 1 denotes the constant function taking value 1 all over |—1,1[. The dual space of Hj;
is readily seen to be the quotient space Hy := H'/?(—1,1)/R. An arbitrary { € H} defines a
distribution in H~/2(R) with support in [—1, 1] (a sketch of the basic definitions and facts about
the spaces H'/2 and H~'/2 can be found in Appendix B). Its Fourier transform is a C'*° function
which vanishes at 0. Using the classical expressions of the Fourier transform of log || and sgn(z)
(the sign function) recalled in Proposition 39 in Appendix C, this fact entails that the convolution
products:
t x log |z, t x sgn(x),

are distributions in H'/2(R) whose restrictions to the interval |1, 1[ are therefore in H/?(—1,1).
In addition, the bilinear form defined by:

t1,t9 — —<t1 *log\x|,t2>,

is symmetric and is also positive definite on H. It therefore defines a scalar product on the
space H{, and this scalar product induces a norm that is equivalent to that of H -1/ 2(-1,1)
(see [3, theorem 3] or lemma 40 in Appendix C). The bilinear form:

t1,tg — <t1 * sgn(:c),t2>,

can easily be seen to be continuous and skew-symmetric on Hg. All in all, we have proved that
the bilinear form:

t1,to — —% <t1 * log |x],tg> + g <t1 * sgn(x),t2>,

is continuous and coercive on H{. For an arbitrary £ € H{, the formula:
1 1 - = L
——pv—xt+ ft=1, in 2'(]—1,1]),
T T

defines a unique equivalence class @ = At in Hp, and the operator A : H — Hj is continuous.
Reciprocally, for all 4 € Hy, the linear problem Af = 4 admits a unique solution # € H, thanks
to the Lax-Milgram theorem. Therefore, the operator A : Hj — Hj is an isomorphism, and the
bilinear form:

U1, Uy — <A717°L1, ﬁ2>,



is continuous and coercive on Hy, thanks to the open mapping theorem. Incidentally, the
restriction of A1 to W1°°(—1,1)/R takes values in Up~1LP(—1,1) and is explicitly given by:

(A~0)(2) = {i(]‘fg) +to() {pvi x [(1 + )2t - I)é_aﬁ'(w)/m} } (5)

where the integral of the above function over |—1, 1] vanishes, thanks to formula (4) (for a proof,
see [14, Section 4-4]) or [3, theorem 13]).

An equivalence class & € Hy = H'/?(—1,1)/R will be said nonpositive (notation @ < 0) if
one function at least in the equivalence class is nonpositive. Hence, stating that @« € Hy =
H'Y?(—1,1)/R is nonpositive is equivalent to state that at least one function in the equivalence
class is bounded by above, which is equivalent to state that all the functions in the equivalence
class are bounded by above?.

Picking an arbitrary g € H/ 2(—1,1), it defines a unique equivalence class in H 1/ 2(-1,1)/R
(which is to be thought of as the function g up to an arbitrary additive constant) which will be
denoted by g € Hy. For g € Hy and P € [0, +o0], the following subsets:

Ko;z{aeHo | a—égo},
Ky :={teH | t— Pty <0},

are obviously non-empty, convex and closed in Hy and Hj, respectively. Finally, for P > 0, the
functional defined by:

min D<—Pt0 L —g>, if & € Ko,
u—geuU—g

o) == u—g<0
400, otherwise,

is proper, lower semicontinuous and convex on Hy (see [5, lemma 4]). It is the Legendre-Fenchel
conjugate of:

(1) = (got) + Iy (—t) = { (9.1). if —te K,

400, otherwise,

With this notation, the contact problem can be put under the form of any one of the three
following equivalent problems.

Problem (i). Find @ € Hy and # € H{ such that:
1 1 . -
o ——pv—xt+ fi=1, in |—1,1],
Tz

. ieKy, tekg, min e<t~—Pt0,u—g>:0.
u— u—
ugggog

Problem (ii). Find @ € Hy and t € H¢ such that:

C Vi Hy, (ALE- D)+ ¢ (~D) - (D) > 0.

2we recall that H'/?(—1,1) contains unbounded functions such as u(z) = log | log |/2||.
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o 4= Al

Problem (iii). Find @ € Hy and ¢ € H{ such that:
o Y€ Hy, (A 'a,0—a)+ () — @(@) > 0.
o t=A"14,

Problem (iii) is the primal weak formulation under the form of a so-called variational inequality
and problem (ii) is the variational inequality corresponding to the dual weak formulation. Unique
solvability of problem (ii) is a direct consequence of the Lions-Stampacchia theorem. Hence, each
of these three equivalent problems has the same unique solution (1,%) € Ko x K¢ (see [5] for a
detailed proof). Note that neither the operator A, nor A~! is symmetric (except in the frictionless
case f = 0), so that these variational inequalities are not associated with the minimization
problem of an underlying energy.

Starting from an arbitrary g € H'/2(—1,1), the above analysis consists in introducing first
the corresponding equivalence class § € Hyo = H'/?(—1,1)/R and building then a unique solution
& e Hy=HY 2(—1,1)/R. Since one prefers to work with functions instead of equivalence classes,
provided that P > 0, it is always possible to define the function of H*/ 2(—1,1):

U — g = arg min<—Pt0 , U — g>.
u—geEU—g
u—g<0

It corresponds to the unique function u — g in the equivalence class @ — ¢, whose supremum is 0.
Finally, given g € H'/ 2(-1,1), f € R and P > 0, we conclude that the following problem & has
a unique solution.

Problem £. Find u € H'/?(~1,1) and £ € H='/?(—1,1) such that:
1 1 - -
o — —pv—xt+ fit=1, in |—1,1],
T X

o t— Pty <0, u—g<o, (t—Pty, u—g) =0,

° <£, 1) =0.

Remark. The solution of problem & obviously satisfies ess sup(u — g) = 0.

Exact explicit solutions for the above steady sliding frictional contact problem are known in
the particular cases:

e g = 0 (moving rigid flat punch), the solution being given by u(z) = 0, £ = 0, that is,
t(x) = —Pto(z),

o g = z%/r (moving rigid parabola with radius of curvature r/(4(1 — v?)) at apex), an
extensive derivation of the explicit solution is to be found in [4]. It shows in particular that
the coincidence set or contact zone (the set of those x € ]—1,1[ such that u(z) = g(x))
depends on the friction coefficient f, in general.

These exact explicit solutions seem to have been first discovered by Galin in USSR just after
World War II.

11



Let us also mention that a catalogue of the universal singularities that can be displayed by
the solution of the above steady sliding frictional contact problem is to be found in [5].

In this paper, we first add the proof of some new facts about the unique solution of problem 2.
All these facts are based on the following property for the operator A~!. This property is
sometimes called T-monotonicity by some authors [15, p. 231]. It enables to adapt some
techniques developed by Stampacchia for the obstacle problem to problem 2.

Theorem 3 Let u € H'/?(~1,1). Then the function u* (z) := max{u(x),0} is in HY/?(—1,1)
and we have:

<A*1&, u+> >0,
where the equality is achieved if and only if u™ is constant.

The detailed proof of Theorem 3 is postponed to Section 3.2

Definition 4 A pair (u,?) € HY/?(—1,1) x H~Y2(=1,1) which satisfies all the requirements of
problem 2, except possibly for the requirement (t — Pto,u — g) = 0 is called a subsolution of
problem .

Corollary 5 Let (u,t) be the solution of problem & and (v,7) be an arbitrary subsolution. Then:
v <u.

Proof. Let z(z) := max{u(z),v(z)}, so that z € H/?(—1,1) (because w € H'/? = wt € H/?).
As z —u = (v—u)", (u,?) is the solution of problem & and z < g, we have:

(t — Pto, (v —u)") = ({f — Ptg,z —u) > 0.

Given an arbitrary subsolution (v,7), # — Pty < 0 yields (7 — Pto, (v — u)") < 0. Gathering, we
have:

(A —a), w—uw)y=F—1, (v—u)t) <0,
which implies that (v — u)Jr is a constant, thanks to Theorem 3. If that constant were positive,
then v — v would be a positive constant, which must be ruled out as we have both v < g and

ess sup(u — g) = 0. Therefore, (v — u)" = 0 which is nothing but the claim. O

Definition 6 Let (u,t) be the unique solution of problem 2. The contact zone €p or coincidence
set is the closure in |—1,1[ of the complement in |—1,1] of the support of u— g.

Corollary 7 The contact zone €p is a nondecreasing function of P:
O<P< P = %HC(KPQ.

Proof. Let (u;,1;) be the solution of problem & with total force P; (i = 1,2). Then, (u,%;) is
a subsolution of problem & with total force P». Corollary 5 yields u; < ug < g, which entails
the claim. N

We now focus on the particular case where the obstacle is Lipschitz-continuous: ¢ €
Whoo(—1,1) ¢ HY?(-1,1). As the Hilbert transform is an isomorphism of LP(R), for all
p €]1,00], and tg € LP(—1,1), forall 1 <p < (1/2 + ]a!)_l, formula (5) shows that, in this case,
A7l e LP(—1,1), for all 1 < p < (1/2 + |a|)~*, where a = (arctan f)/x.
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Theorem 8 Assuming that g € WH™(—1,1) ¢ HY?(—1,1), the solution (u,t) of problem &
satisfies the Lewy-Stampacchia inequality:

min{Pto,A_lﬁ} <t < Pty.

Proof. We only have to prove the first inequality. As Pty and A~'§ are both integrable functions,
their pointwise minimum is well defined. The closed convex subset of H:

{teH; | t<—min{Pt,A7}}, (6)

is non-empty, as it contains —A~1§. Therefore, as A : H} — Hy is continuous and coercive, the
variational inequality in problem (ii) above still has a unique solution when ¢ is replaced by —u
and Pt by —min{Ptg, A1} (that is, K is replaced by (6)), thanks to the Lions-Stampacchia
theorem. Hence, the contact problem (problem (i), (ii) or (iii) above) obtained by replacing ¢ by
—4 and Pty by —min{Pty, A~'¢} has a unique solution which is denoted by (—o, —A~19). It
satisfies in particular —o < —u and:

— A% < —min{Pty, A7 §}. (7)

We denote by u — v the unique function in the equivalence class @ — v whose supremum is 0. By
construction of the nonpositive function u — v, we have:

<A_113 — min{Ptg, A71§} , v — u> =0. (8)
Note that we also have:

—g<-u, and  —A7'§g<—min{Pty, A g},

which shows that (—g, —A~1§) is a subsolution of the contact problem solved by —v. Therefore,
Corollary 5 yields:
—g < —v, = u<v<g.

But, this entails that we can use v as a test function in the variational inequality that defines wu:

<A_1&—Pt0,v—u>:<A_1il—Pt0, v—g>—<A_1i2—Pt0, u—g>20,

which entails:
<A‘1ﬂ — Pto+ (Pto— A", v— u> >0,

that is:
<A*1il — min{Pto, A7}, v — u> > 0.

Taking the difference of this last inequality with identity (8), we obtain:
<A_1(10L71°)) , ufv> <0,
which shows that u — v is a constant function, as A= : Hy — H{ is coercive. As this constant

function has 0 supremum, it vanishes identically. So, we have proved that v = uw. But then, the
claimed inequality is given by inequality (7). O
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Corollary 9 Let P > 0 and g € W1>°(—1,1). Then, the solution (u,t) of problem &2 fulfils
actually the additional reqularity: t € LP(—1,1), u € W1P(=1,1), for all p such that 1 < p <
(1/2 + |a|)~t, with o = (arctan f) /.

Proof. We have to € LP(—1,1), for all p such that 1 < p < (1/2+ |a|)™". As g € Who(—1,1),
formula (5) shows that A=1§ € LP(—1,1) (we recall that the Hilbert transform maps continuously
L4(R) onto itself, for all g € |1, 0o[, by Theorem 32 of Appendix A). By Theorem 8, this is also
true of £, and by the first equation in problem &, this is true of v’. O

Corollary 10 Let P >0 and g € W1*°(—1,1) be convex. Then, the contact zone €p coincides
with the support of t =t — Ptg in |—1,1[ and is connected, that is, it is an interval. Denoting by
a < b€ [—1,1] the bounds of that interval, we have:

e u<g, g <u <0, on |—1,al,
o u<g, 0<u <¢g, on |b,1].
In particular, w € WH*°(—1,1) and U/l oo (=1, = 19"l oo (=1,1)-

Proof. If p = ]—1,1], then there is nothing to prove. Otherwise, there exists zy such that
u(zp) < g(xp). As w is continuous by the previous corollary, let ]c, d[ be the largest open interval
containing x¢ (g € ]¢,d[ C |—1,1]) in which u < g. We are going to prove that we cannot have
—1 < ¢ < d < 1, which is sufficient to prove that the contact zone %p is connected. So, let
us suppose —1 < ¢ < d < 1. By the continuity of u given by the preceding corollary, we have
u(e) — g(c) = u(d) — g(d) = 0. Furthermore, ¢t = ¢ — Pty must vanish on ]c, d], so that, by using
Theorem 32 in Appendix A:

¢ (s Lot(s
Vz € e, d|, u’(m)zl/ £(s) d5+1/d Hs) ds.

TJo1s—x T s—T

As t <0, v is decreasing on |c,d[ and therefore u — g is concave on |¢,d[. But u — ¢ is also
nonpositive and vanishes at ¢ and d. Therefore, it must vanish identically on |, d[, yielding the
expected contradiction. Besides, note that the contradiction is reached under the sole hypothesis
that there exist —1 < ¢ < d < 1 such that ¢,d € suppt and ¢t = 0 on |c,d]. Hence, both the
contact zone and the support of ¢ are intervals. Let a < b € [—1, 1] be the bounds of the support
of t. We have u = g on ]a,b[. Also, u’ is negative and decreasing on |—1, a[, which entails u < g

n]—1,a[. As u/(c—) > ¢'(¢c—), we must have ¢’ < v < 0 on |—1,a[. By the same argument,
u<gand 0<u <g" onlb1[. Asu' =g on Ja,b[, we get ||u'| fo—11) = lIg'l| Loo(=1,1)- O

2.4 Existence of solutions in the case of heterogeneous friction and indentor
of arbitrary shape

We now turn to the problem of generalizing the existence and uniqueness results for the case of
homogeneous friction, to the case of heterogeneous friction. The following two difficulties arise.

o As, in applications, heterogeneous friction coefficients are going to be piecewise constant,
our framework should encompass discontinuous friction coefficients. The restriction of a
distribution t € H='/2(—1,1) to ]0, 1[ does not define a distribution on |—1,1[, in general.
Hence, there are some t € H~/ 2(—1,1) for which we cannot define the product ft and
the functional framework must therefore be redesigned in this case. Note, however, that
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as t must be nonpositive, it belongs to the Banach space of Radon measures .Z([—1, 1]).
Any t € H Y20 .#([-1,1]) is a Radon measure without any atom, and a function
f € BV([—1,1]) has a countable set of discontinuities. Therefore, the product ft is a well-
defined Radon measure in that case. Hence, we are driven to look for t in H~'/2n.# ([-1,1]),
and one must therefore leave the framework of Hilbert spaces.

o In the case where f € BV([—1,1]) and t € H; N.#([—1,1]), it will be seen in the sequel
that the identity:

11 .
——pv—*t+ ft=1/, in |—1,1[,
™ x

defines uniquely @ = At in Hy + C°([-1,1]) N BV ([-1,1]) € Hy + C°([—1,1]). However, it
will be seen that the operator A is not strictly monotone (or even monotone) in general.
This could be anticipated from the analysis of the flat punch case, as Proposition 22 shows
that, in the case of a piecewise constant f, the kernel of A can contain a finite-dimensional
space.

However, we will prove that A : H} N . ([—1,1]) — Hy + C°([—1,1]) is pseudomonotone in
the sense of Brézis. As a consequence, the contact problem always admits a solution under the
only hypotheses that f € BV([—1,1]) and g € H/?(~1,1). In addition, in the particular case
where the function f : [—1,1] — R is non-decreasing, the operator A is strictly monotone and
the solution is therefore unique.

To formulate the contact problem under the form of a variational inequality, we first extend
the definition of ty to less regular friction coefficient. Interestingly enough, the proof of the
following proposition (postponed to Section 3.3) relies on the same technique that yielded the
homogenization of friction in the case of the flat indentor.

Proposition 11 Let f € L>®(—1,1), extended by zero on R\ |—-1,1[. We denote by 7 :=
—% pV% s arctan f, the Hilbert transform of the function arctan f. Let tg be the function defined

by:

. o7(@)
o(@) = /1 —22,/1 + f2(z)’

and extended by zero on R\ |—=1,1[. Then, ty € Ups1LP(—1,1), it is obviously positive on |—1,1],
has total mass fil todx =1 and solves the homogeneous Carleman equation:

forxe|-1,1],

1 1
——pv—xtg+ fto =0, a.e. in |—1,1[.
T T

Note that the above proposition provides incidentally a solution of the contact problem for
the moving flat punch with arbitrary friction coefficient f € L>*(—1,1).

Let Bi, B2 be Banach spaces that are both continuously embedded in some Hausdorff
topological vector space. Then, By + B2 and B N By are both Banach spaces for the natural
norms:

= inf b b
] B, + B, bleBﬁQEB%{H illB, + lb2llB, },

bi+bo=x

2]l B1nB, = max{|]|z,, [z]|5, }-

In addition, we have (By + Bs)" = B} N B;. Hence, the Banach space Hj N.Z([—1,1]) is the
dual of the Banach space Hy + C°([—1,1]).
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We are given P > 0 and g € H/?(—1,1) + BV([-1,1]). The set:
Ky={te H; | t— Pty <0}, (9)

is a nonempty (0 € K{), convex, closed subset of Hi N .#([—1,1]) (where Hy := {f €
H2(=1,1)|(£,1) = 0}). We will associate with g, a unique § € Hy + BV([~1,1]) as in
Section 2.3, and write & < § to mean, as there, that one (and therefore all) function v — g in the
equivalence class @ — § is bounded by above. The reason for allowing g € H'/2(—1,1)+ BV ([-1,1])
is that this new setting encompasses indentors that may have steps. This is interesting from the
point of view of mechanics. From the point of view of mathematics, there is no additional difficulty
as any function in BV ([—1, 1]) is the uniform limit of a sequence of step functions and is therefore
integrable with respect to any Radon measure. In addition, the linear functional ¢ — [ gt is
continuous on H§ N .#([—1,1]), so that the notation ¢ — (¢, g) can be used unambiguously.

Any t € H-Y2n.#(]—1,1)]) is a Radon measure without any atom, and the same is true of
ft. Hence, we can write unambiguously [ ft, for any = € [—1,1] and the function = — [ ft
is a continuous function on [—1,1] with bounded variation. Also, log|z|t is in HY/2(—1,1).
Therefore, given t € H N .4 ([—1,1]), the identity:

1 1 . -
——pv—*t+ ft=1, in 2'(]—1,1]),
Tz

defines uniquely @ = At in Ho + (C°([-1,1]) N BV([-1,1])) C Ho + C°([-1,1]).
With this notation, we can now easily generalize problems (i) and (ii) of Section 2.3 to the
case where f € BV([-1,1)).

Problem (i'). Find @ € Hy + C°([-1,1]) N BV([-1,1]) and f € H N .#([—1,1]) such that:

1 1 = -
° _*pvf*t_‘_ft:ﬁlv in '@/(]_1’1[)7
™ x

u—gEeEU—g
u—g<0

e 4 <g, t < Pty, min <f—Pt07U—9>:0'

Problem (ii’). Find @ € Hy + C%([~1,1]) N BV(|—1,1]) and f € K} such that:

. Vie K§, (At t— 1) > (g,t —t).

o 4= Al
Proposition 12 Problems (i') and (ii’) are equivalent in the sense that any solution of problem (i)
is a solution of problem (ii'), and reciprocally.

Proof. First, consider a solution (,#) of problem (i’). By the second condition of problem (i),
there exists u € @ such that (f — Ptg, u —g) = 0 and u — g < 0. By the first condition, there
exists C' € R such that:

1 -1 ~

—— log]x]*t+§sgn(x)*(ft):u—i—C’, in |—1,1[,

T

so that, for all € K:
<Af,f—f>—<g,f—f> = <f—Pt0, u—g>—<f—Pt0, u—g> >0,
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that is, @,  solves problem (ii’).
Reciprocally, consider a solution (,%) of problem (ii’). Pick an arbitrary u € 4. We have, for
all t € K

<f—Pt0, u—g>—<f—Pto , u—g>: <Af,f—f>—<g,f—f> > 0. (10)
Let us show that u — g is (essentially) bounded by above. If it were not, then the sets:
K, = {x €[-1,1] | uw(x)—g(z)> n},
would all have a positive measure, and the sequence (fn) in K defined by:

. P
ty, == Pty — WXKM
n

(where xx,, is the characteristic function of K,,) would be such that lim,, o (t, — Pty , u—g) =
—oo which would contradict (10). Hence, u — g is (essentially) bounded by above, which shows
that @ < §. Therefore, by (10), for all # € K:

“ur;§§0§<£_ Pty u—g> = <t~— Pty, u—g— ]ilili[(u —g)> < <f— Pty, u—g —ilig[(u —g)>.

Once again, one can easily construct a sequence (f,,) in Kg such that lim, . {(f, — Pty , u —
g —sup(u — g)) = 0, which shows that the value of the minimum is 0 and therefore that (,t)
solves problem (i'). O

Proposition 13 The linear operator A : Hi N .# ([—1,1]) — Hy + C°([—1,1]) is bounded.
Proof. We have:

+|

14 4y 0 < || (=1/m) (10 [2] 2) J5 £t o < M (el garo + el ) < 2008l gz

H1/2
for some real constant M depending only on || f||z~ and, in particular, independent of ¢ (here
the Fourier transform of the logarithm provided by Proposition 39 in Appendix C was used to
obtain the second inequality). O

Theorem 14 In the case of an arbitrary function f € BV(|—1,1]), the bounded linear operator
Az Hy N ([-1,1]) — Hy + C°([—1,1]) is pseudomonotone in the sense of Brézis (see Defini-
tion 43), with the space HS N .4 ([—1,1]) endowed with weak-* topology and Hy + C°([—1,1])
endowed with the weak topology. In addition, in the particular case where the function f is
nondecreasing, the bounded linear operator A : Hi N .#([—1,1]) — Ho + C°([—1,1]) is strictly
monotone (see Definition 42).

The proof of theorem 14 is postponed to Section 3.3.

Corollary 15 In the case of an arbitrary function f € BV ([—1,1]), problem (ii’) always has a
solution. In the particular case where f is nondecreasing, this solution is unique.
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Proof. The set K is a closed convex subset of HjN.#([—1,1]) that contains 0. In addition, the
set {—Pto}+ K contains only nonpositive measures of total mass —P and is therefore a subset of
the closed ball of radius P in .#([—1,1]). Hence, a sequence in K§ whose Hj N.#(]—1, 1])-norm
goes to infinity has also its H~/2(—1,1)-norm going to infinity. Hence, we have:

(At ) + (g, 1) _ —%<10g ] * t7t> + (g, 1)
im —i =
]| —+00 121l It]|—-+00 lidl
teKg teKy

= +OO7

where || - || is the norm of Hj N.#([—1,1]) (here, the second term in (At,t) has been removed
since it is bounded). The claim is now a direct consequence of Corollary 46 in Appendix D and
Theorem 14. O

2.5 Regularity, uniqueness and homogenization in the case of heterogeneous
friction and convex indentor

In this section, we are restricted to the case where the shape of the indentor g € W1H>°(—1,1) is
Lipschitz-continuous and convez. The heterogeneous friction coefficient f :]—1,1[ — R, will be
supposed Lipschitz-continuous. There is no doubt that the whole analysis could be generalized to
the case of a piecewise Lipschitz-continuous friction coefficient, as in the case of the moving flat
punch, but we will restrict ourselves to the case of a Lipschitz-continous friction coefficient, for
the sake of simplicity. In this restricted case, we are going to be able to generalize all the results
already proved in the case of the moving flat punch with piecewise Lipschitz-continuous friction
coefficient: existence and uniqueness of a solution (t,u) € Ups1LP(—1,1) X Ups1 WHP(=1,1) to
the contact problem and homogenization analysis with the same value of the effective friction
coefficient in the homogenized limit. This generalization has an important added value as, in the
case of the general convex indentor, contrary to the case of the flat punch, the contact zone is a
true unknown of the problem and is different a priori for each oscillating friction coefficient f,.
The fact that we obtain the same value for the effective friction coefficient in the homogenized
limit shows that there is no influence of unilateral contact on homogenized friction.

In this section, f denotes a Lipschitz-continuous function on |—1, 1[, extended as usual by
zero to the whole real line. We also consider a function f, which is identically equal to f on
]—1,1[, and chosen to be compactly supported in R and Lipschitz-continuous on R (which f is
not, in general). We denote by 7 = —%pv% xarctan f and T := —%pv% s arctan f the Hilbert
transforms of arctan f and arctan f, respectively, and we keep the notation:

(@)

- /1 — 221+ f2(z)’

to(x) : for x € |1, 1],

which, we recall, is a solution of the homogeneous Carleman equation in U, LP(—1,1) and has
total mass 1.

We shall now prove that the original contact problem (problem &, below) which was seen in
previous section to have a default of monotonicity, is equivalent to an auxiliary contact problem

(problem %, below) associated with a monotone operator. These two problems are defined as
follows.
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Problem %,. Find (f,u) € Up>1LP(—1,1) x Up=1WHP(—1,1) such that:

o — —pv—xi+ ft=1, in 72'(]-1,1]),

e u—g<Q0, t — Pty <0, (u—g)(t— Pto) =0, a.e. in |—1,1[,

Problem Z,. Find (f,v) € Up=1LP(—1,1) x Up=1W1P(—=1,1) such that:

e T 1 1 - ~ , . ,
o W(—vax*t—kft):v, in 2'(]-1,1]),
€T g/e—i’ ~
_ [ I _qs<0,  #(z)— Pty(z) <0,
o v@)- [ T==ds< () — Pto(z) <

(v(x) —/_1 %@) (f@) = Ptof@)) =0, ae. in |-L,1[,

1 ~
. / tdz = 0.
1

Proposition 16 We assume that P > 0, f € Wh(=1,1) and g € WH*(~1,1) is convez.
Then, problem 2, and problem &, are equivalent in the following sense.

o If (f,u) € Ups1LP(—1,1) X Ups1 WP(—1,1) denotes an arbitrary solution of problem 2,
then, setting:

T o =T z (o) I\ —T
v(z) ::/ e ds— sup / Mds,
—1 V1+f2 zel-1,1[/-1  VI+f?

the pair (t,v) € Ups1LP(—1,1) X Up=1 WHP(=1,1) yields a solution of problem .

o If (£,v) € Up=1LP(—1,1) X Ups1 WHP(=1,1) denotes an arbitrary solution of problem 2,
then, setting:

u(z) = v'eT\/1+72ds — sup <—g(x) +/ Ve /1412 ds),
-1 z€]-1,1] -1
the pair (t,u) € Ups1LP(—1,1) x Ups1 WIP(=1,1) yields a solution of problem 2.
1

In addition, if (t,u) € Up=1LP(—1,1) x Ups1W1P(—=1,1) denotes an arbitrary solution of prob-
lem 2, then there exist a,b € [—1,1] such that supp(t — Pty) = [a,b] and:

e u<yg, g <u <0, on |-1,a,

.« u=g, on |a,b[,

.« u<yg, 0<u <dg, on 1b,1[.
In particular, ||| Leo(—1,1) = 19"l oo (=1,1)-
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Proof. Let (f,u) € Up=1LP(—1,1) X Up=1WHP(—1,1) be an arbitrary solution of problem .
The pair (£,v) obviously fulfils all the statements of problem & except maybe:

<v(x) - [ 1 jfff ds) (i) - Pto(a)) = 0. (11)

Noting that the proof of Corollary 10 uses only the fact that (£,u) belongs to Upsi LP(—1,1) x
Up>1W1*p (—=1,1) and not that the friction coefficient f is constant, we can apply its conclusion.
In particular, v’ € L>(—1,1), supp (f — Ptp) is an interval and its bounds a,b € [—1, 1] are such
that ' — ¢’ > 0 on |—1,a[, v’ — ¢’ = 0 on |a,b] and v’ — ¢’ <0 on ]b,1[. This entails that the
function:

x gle—’r

v(x) oy ds,
is non-decreasing on |—1, a[, is constant on ]a, b[ and is non-increasing on ]b, 1. As its supremum
is zero, by construction, this function actually vanishes on ]a,b[. This is sufficient to say that
identity (11) holds and that the pair (£,v) solves problem Z,.
Reciprocally, let (£,v) € Ups1LP(=1,1) X Ups1WHP(=1,1) be an arbitrary solution of prob-
lem Z. We have v/ = v'e\/1+f2 € Ups1LP(—1,1). The pair (f,u) obviously fulfils all the
statements of problem &%, except maybe:

((x) = g@)) (#(x) = Pro()) = 0. (12)

To prove this, we are going to prove that the set of those x € |—1, 1] such that v(z) = ¢(z) :=
T -7
/ 95— ds is an interval. Consider z¢ € |—1,1[ such that v(zp) — ¢(x¢) < 0 and let ]a,b]

—1V1+f?

be the largest interval containing o (z¢ € |a,b] C |]—1,1[) in which this continuous function is
negative. As t — Ptq vanishes on ]a, b[, we have, using Theorem 32 of Appendix A:

Vz € a, b, u/(x)zl/“f@?)—f%(@ds+1/bl?%)—1%@)ds’

T J-1 Tr— S s xr— S

which entails that ' is decreasing on ]a, b[, so that v’ — ¢’ is also decreasing on |a, b[ (as g is convex).
If -1 < a and b < 1, we would have, on the one hand (v — ¢)(a) =0 = (v — ¢)(b). On the other
hand, if (v — ¢')(a+) > 0, then the function v — ¢’ would be positive on a right neighbourhood
la,a + €[ of a, which is impossible since v — ¢ < 0, so we must have (u' — ¢’)(a+) < 0. Similarly
(u' — ¢’)(b—) > 0. But, this implies that u’ — ¢’ vanishes identically on |a, b[ and the same must
be therefore true of v/ — ¢/, which yields a contradiction. Hence, either a = —1 or b = 1, which
implies that (v — )~1({0}) is an interval. As previously, the function  — Pty vanishes outside
this interval and the function v/ — ¢’ is decreasing outside this interval. Since ' — ¢’ = 0 on this
interval, the constant value taken by u — g on that interval is also its maximum, which is zero by
construction. Finally, we have proved identity (12). O

The motivation for defining problem &, lies in the fact that the underlying linear operator
enjoys the same good properties as those of the underlying linear operator of the case of
homogeneous friction (which the underlying linear operator of problem £, does not enjoy, as was
seen in the preceding section). These good properties are summarized in the following theorem,
whose proof is postponed to Section 3.4.
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Theorem 17 Let f € Wh*°(—1,1). Then, for allt € H} := {t € H-'/?(~1,1)|({,1) = 0}, the
identity:

e*T

1+ f2
defines a unique © = At in Hy :== H'Y?(—1,1)/R. The mapping A : Hgi — Hy is continuous
and coercive, so that it is actually an isomorphism. Its inverse mapping A~' : Hy — Hg is also
continuous, coercive, and enjoys, in addition, the T-monotonicity property:

1 1 . -
<—pv*t+ft> =, in ]—1,1],
X

Yo € HY?(-1,1), (A71o,0t) >0,
where the equality is achieved if and only if v is constant.

The proof of theorem 17 is postponed to Section 3.4. We are now going to state its
consequences, which are roughly, that the contact problem with heterogeneous friction and
convex indentor behaves like the contact problem with homogeneous friction.

Corollary 18 Let f € W5 be an arbitrary Lipschitz-continuous friction coefficient, g €
Wh°(~1,1) a convex indentor shape and P > 0. Then, there exists a unique (f,v) €
Ups>1LP(—=1,1) X Ups1 WP(—1,1) that solves problem .

Proof. As A : H§ — Hy is continuous and coercive, thanks to Theorem 17, the Lions-Stampacchia
Theorem yields a unique pair (£,v) € H=/2(=1,1) x H'/?(—1, 1) satisfying all the statements of
problem %, (with fil tdz = 0 replaced by (f,1) = 0). In addition, by the same reasoning as in
the proof of Theorem 8, the T-monotonicity of A~! entails the Lewy-Stampacchia inequality:

min{Pto,A1 /_1 ge T /112 ds} <1< Pty. (13)

Note that A~1 [*, d'e"T/\/1+72ds denotes the unique solution ¢ € H of the equation:

—7F /-7

e < 1 1 *t—l—ft) ge
—_—— Vi pu—
V1t/2 e Vit+r2

that is, of the non-homogeneous Carleman equation with Lipschitz coefficient:

in 2'(]-1,1]),

1 1
——pv—xt+ ft=g, in 2'(]-1,1]).
T ox

It is given by:

tw) = L9 o {pi « V=2 @ @)1+ 2] }

= i

where t( is the function defined in Proposition 7 (for a proof, see [14, Section 4-4] or [3, theorem
13]). As e 7@ ¢/ (z) € L®°(—1,1), the Hilbert transform in the above formula is in L?, for
all p € |]1,+00[ by Theorem 32 in Appendix A. As ty € Ups1LP(—1,1), the same is true of
t = A" [* gde 7 /\/i+2ds. Going back to the Lewy-Stampacchia inequality (13), we can
conclude ¢ € Up~1LP(—1,1). As the same conclusion applies to:

-7
; e

( 1 1*£+f{5>
v = ——pv—
V1tr? "z ’
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the proof is complete. O

Note that the T-monotonicity property of the operator A~! yields incidentally that the
contact zone €p (which is an interval as the indentor is assumed to be convex) is a non-decreasing
function of P, as in Corollary 7.

We are now able to generalize the homogenization result (Theorem 2) already obtained for
the particular case of the flat indentor to the case of an arbitrary convex Lipschitz-continuous
(g € Whe°(—=1,1)) indentor. The following theorem requires that the oscillating friction coefficient
fn is Lipschitz-continuous.

Theorem 19 Let P > 0 and g € W (—1,1) be convex. We are given a period p € W1 (—1,1),
such that p(—1) = p(1) which is extended by 2-periodicity to the whole line. Let f, :]—1,1[ = R
be the 2/n-periodic piecewise Lipschitz-continuous function defined on |—1,1] by:

fa(2) := p(nz),

and let t, € Up=1LP(—1,1) be the unique solution of the contact problem (either problem 2, or
problem &, ) provided by Corollary 18. Let also feg be the constant:

fest := tan(arctan fi),

where (-) denotes the average, that is, (h) := (1/2) f_ll hdx, and let teg be the unique solution of
the contact problem associated with the constant feg.

Then, the sequences () and (futn) converge weakly-* in .4 (|—1,1]), respectively towards
ter and fogleg. In particular, the total tangential contact force — fil fn(t, — Pt%) dz converges
towards fegP.

The proof of Theorem 19 is postponed to Section 3.4. Note that the type of convergence
which is proved for the sequences (f,) and (f,t,) is slightly weaker than the convergence that
was proved in the case where the indentor is a rigid flat punch: weak-* convergence in . ([—1, 1])
instead of weak convergence in LP(—1,1) with p in a range of values larger than 1.

3 Proofs of the stated results

3.1 Proof of the results for the case of the rigid flat punch

First, we give a proof of the fact that, in the case of the flat punch, any solution of the contact
problem achieves active contact everywhere.

Proposition 20 Let P > 0 and f : |-1,1] — R be a given piecewise Lipschitz-continuous
function. Let (t,u) € Ups1LP(—1,1) X Up=1WHP(=1,1) be such that:

1 1

o — —pv—xt+ ft=1/, in 9'(]-1,1]),
T T

o u <0, t <0, ut =0, a.e. in |—1,1],
1

. /tdx:—P<0.

-1

Then, u vanishes identically on |—1,1].
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Proof. Assume that there exists zo € |—1,1] such that u(zg) < 0. As u is continuous, we
can consider the largest interval containing z¢ (z¢ € Ja,b] C ]—1,1[) such that u is negative
on |a,b[. As u cannot be negative all over |—1, 1[ because otherwise ¢t would vanish identically,
contradicting f_ll t(x)dz = —P < 0, only the three following cases can happen:

1. a=—1and —1 < b < 1, in which case u(b) = 0,
2. b=1and —1 < a < 1, in which case u(a) =0,
3. =1 <a<b<1,in which case u(a) = u(b) = 0.

In any case, ¢t must vanish on |a, b[, so that using Theorem 32 in Appendix A:

Va € la, b, u’(l‘)zl/at(s)ds—kl/blt(s)ds

TJ_1s—x T s—x

In case 1, the above identity implies that «’ is negative on |—1,b[, which contradicts u < 0. In
case 2, it implies that v’ is positive on ]a, 1], which also contradicts v < 0. In case 3, it implies
that u/ must be non-increasing all over |a, b[, so that u must be concave on ]a, b[. As it is also
nonpositive and u(a) = u(b) = 0, it must vanish identically which also yields contradiction.
Finally, there is no zp € |—1, 1] such that u(zg) < 0. O

The next proposition provides a solution of constant sign for the homogeneous Carleman
equation. This solution is classical in the case where f is Lipschitz-continuous (see, for example,
[14, Section 4-4]). The proof is extended here to the case where f is piecewise Lipschitz-
continuous and a Green’s formula is established in addition. This will turn out to be crucial for
the homogenization analysis.

Proposition 21 Let f:]—1,1[ — R be a piecewise Lipschitz-continuous function that we extend
by zero on R\ ]—1,1[. We denote by T := —% pv% xarctan f, the Hilbert transform of the function
arctan f. Let tg be the function defined by:

- (@)
V11— 22/1+ 22

and extended by zero on R\ |—1,1[. Then, ty € Up>1LP(—1,1), is obviously positive on |—1,1],
has total mass f_ll todx = 1, and its Hilbert transform is given by:

to(x) : forxze|-1,1],

fer ,
- , in |—1,1],
1 1 . V1 —22y/1+ f? ] [
—— pv—*x1p =
Tz T
_sen(@)e nR\1]-1,1[.

vz —1

In particular, ty solves the homogeneous Carleman equation:
1 1 ,
——pv—xtyg+ fto =0, in ]—1,1].
T

In addition, ty can be represented by use of the Green’s formula:

— 1 1 . i\ O
Y € C2(IIT), /_lto(x) o(x,0)dz = o /m %(e¢+(x+w) —e? (z+zy)) 879;(957?/)

_ %(6¢+ (z+z‘y) _ ed)_ ($+iy)) g;j(l" y) d;p dy7 (14)
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where IIT denotes the open upper Euclidean plane, IIT its closure and ¢* are the holomorphic
complex functions defined on II by:

ds.

i .1 Y £m/2 4 arctan f(s)
¢ (ac—i—zy).—;/_l s — (x +1y)

Finally, the following identity holds true:

1 1 to(s) 1 + : - .
+ - O s = — (e (atiy) _ 07 (ztiy)
V(z,y) e II'", 77/_15—(33+iy)d8 27r<€ e )

Proof. The strategy of proof to solve the Carleman equation is as follows. We know that if ¢(z)
is a holomorphic function on It admitting the trace ¢(z +i0) = p(z) 4 if(z) on OIIT, then e?(*)
is holomorphic on IIT with trace e”(*) cos 8(z) + ie”®) sin f(x). If, in addition, this trace belongs
to LP(R), then e”(*) cosf(z) will be the Hilbert transform of e?®) sinf(z) (see Appendix A).
Looking for a solution of the Carleman equation of the form ¢t = e?(*) sinf(z), we are led to
solve f = —H[t]/t = —1/tan 6, obtaining formally the equation tanf(z) = —1/f(x) for some
unknown function €, with support in [—1,1]. In order to make this argument rigorous, we set:

¢ (2) =~

T J_1 sS—z

1 /1 +7/2 + arctan f(s) ds

which by use of Theorem 33 in Appendix A satisfies:

1Fx
1+x

for a.a. z € R, lim ¢*(z + iy) = log ‘ +7(x) + i(iﬂx]l 1{(w) + arctan f(x))
y—0+ 2 ’

where x)_1 [ is the characteristic function of |—1, 1] whose Hilbert transform is readily calculated
as (1/m)log|(1 —x)/(1 + x)|, using Theorem 32 in Appendix A. Hence, the function:

(=)= e

is holomorphic in II'™ and satisfies:

‘ , 17z @ J1Fa @
for a.a. ~1,1 1 + = —1+
or a.a. x € |—1,1], y—l>r(§l+w (x+1y) ?f(x)\/; 0 NTxa 1+ f2(z)
and:
) l1F¥z
_ ; + — T(z) _
fora.a. x € R\ [-1,1], y1_1>161+¢ (7 +1y) ’1:|:l' e L.

We are now going to check that this trace 1)*(z + i0) belongs to LP(R) for some p € |1, +oo.
First, note that:

Vere R\ |[-1,1], T) = —

L ) = [ R

so that 7 is C* on R\ [~1,1] and 7(x) = O(1/z) as |z| — co. This entails that |1)*(x + i0)[P is

integrable on a neighbourhood of infinity for all p > 1. As f is piecewise Lipschitz-continuous

with support in [—1, 1], the function arctan f is the sum of a Lipschitz-continuous function on R

and a piecewise constant function. This entails that its Hilbert transform 7 is continuous on R

1 /1 arctan f(s) ds
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except possibly at a finite number of points x; (namely the discontinuity points of f in [—1,1])
where 7 has the singularity:

arctan f(z;—) — arctan f(z;+)

log |z — 4], as r — . (15)
s

T(x) ~

All in all, the function /|(1F x)/(1 & 2)[e"®) is continuous on R except possibly at a finite
number of points where it may have a power singularity which belongs to L? for some p > 1.
Hence, ¥ is holomorphic on IIT and ¢* (x +40) € LP(R) for some p > 1. In addition, ¢= goes
to zero at infinity and the same is therefore true of )*. Hence, Corollary 35 in Appendix A
yields:

1 1
PV SYE(z 4 10) = Ry~ (2 + i0), on R.

T

Setting:
. 1Fz e (@)
t(z) i= £QF 0) =
(z) Sy~ (x +140) ’1 tz| I+ () X]*Ll[(x)’

we get:

1 1
——pv= sttt 4+ ftt =71, in ]—1,1], (16)
T X

so that to := (t7 +¢7)/(27) solves the homogeneous Carleman equation on |]—1,1[. The last
identity of the Proposition is now a direct consequence of the application of Theorem 33 in
Appendix A to the holomorphic functions 1™ and ™.

We now turn to the proof of the representation of ¢y by means of the Green’s formula. The
functions h* defined on II* by:

1 1
hE(x,y) == —/ t£(s) log\/(x — 5)2 + y2 ds,

TJ1

are clearly harmonic on II" (as log \/x2 + y2 is) and, by Theorem 33 of Appendix A, we have:

1 [ tt(s)ds Oh* Oh*
vty =_ P P 5 (©Y) +i a9 (2,9),
on IIT. By this and Green’s formula:
. 1 ahﬁ:
Vo € C(11), —(2,0) p(x,0)dx = — Vh* - Ve dzdy,
-1 9y I+

we finally get formula (14).
Finally, the only thing which remains to prove is the identity:

/1 to(x)dz = 1.

-1
Set: .
I:= / arctan f(z)dx,

-1

and: ) .
P (z) = 2e% ) — 24141,
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so that ¢* is holomorphic in II* and:

~ 1Fx e7(®)
. + N .
for a.a. z € ]—1,1], yl—1>%l+w (x +iy) = Fz Tte Vit ( —z)—z::l:1+I,
for a.a. z € R\ [—1,1] lim % (z +iy) =z ‘1$az €@ g 141
o Y y—0+ 1+ '
As:
llix e =1- (1/2%), as |z| = +o0,

we have 9+ (z 4 i0) € LP(R) for some p > 1. Using once more Corollary 35 in appendix A (since
Y* is bounded at infinity), we have:

1 1 ~ "
——pv— 3T (2 +i0) = RYF(z +40),  onR.
s X

As the restriction of ¢¥*(x + i0) to a neighbourhood of = = 0 is actually in W for some p > 1
(thanks to the estimate (15)), both members of the above identity are continuous functions on a
neighbourhood of z = 0, so that we can consider this identity at z = 0. The right-hand side at
x = 0 reduces to £1 + I and the left-hand side reduces to:

1 T(a:
- / T dx:j:1+I,

Ltz 1+ f2(z

so that:

1 1
1/ tF(x)dz =141 = / to(x)dz = 1.
mJ-1 -1

O

In the case where f is Lipschitz-continuous, all the solutions in Uy~ LP(—1,1) of the homo-

geneous Carleman equation are proportional to to (see [14, Section 4-4]). In the case where f

is piecewise Lipschitz-continuous, these solutions form a finite-dimensional linear space whose

dimension may be larger than one. This fact was already observed in [3, theorem 14]. The result
and the proof is adapted here to the notation of this paper for the sake of completeness.

Proposition 22 Let f:]—1,1] = R be a piecewise Lipschitz-continuous function. Let n € N be
the total number of those discontinuity points x; € |—1,1[ of f such that:

fli=) > flzit).
Then, all the solutions t € Ups1LP(—1,1) of the homogeneous Carleman equation:
1 1
——pv—xt+ ft =0, in ]—1,1],
Tox

(where the convolution is meant in terms of the extension of t by zero on R), are given by:

Cito(z

t(l‘) = Co t[) Z s

T — x;

where the function ty was defined in Proposition 21 and the C;’s are arbitrary real constants. In
addition, we have:

1
Vie{l,...,n}, / (@) 4. —o.

-1 X — Ty
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Proof. As already noted in the proof of Proposition 21, the Hilbert transform 7 of arctan f
admits the estimate:

arctan f(x;—) — arctan f(z;+)
m

T(x) ~ log |z — =], as v — T;,

at every discontinuity point x; of arctan f. Therefore, if x; is a discontinuity point such that
f(zi—) > f(x;i+), then the function ty(x)/(z — x;) belongs to Ups1LP(—1,1). Let z; be such a
discontinuity point. In view of Proposition 21, we have:

1 1 .
fto = —pv— 1o, a.e. in |—1,1],
T

from which we get, using Theorem 32 in Appendix A:

-z 1 t 1 /bt
for a.a. z € ]—1,1], f(z)to(x) = R <pv* 0 >(w)—/ o(@) dz,
T T T — T TJ) 11X — T
that is:
1 1 t t 1 1t
—Spvek—2 0 / () dz, a.e. in |—1,1].
T x T—x; T — T; m(r—x;) Jo1x—

By Theorem 32 in Appendix A, the left-hand side of this identity is in Up~1LP(—1,1) and, in
particular, is integrable. Therefore:

/1 fo(x) dr =0,

-1 — T

and the function to(z)/(x — x;) solves the homogeneous Carleman equation.

There remains only to prove that any solution in U,s1LP(—1,1) of the homogeneous Carleman
equation is a linear combination of ¢y and the to/(z — x;) (for i € {1,...n}). Introducing the
holomorphic functions on IT* defined by:

1 /1 /2 + arctan f(s)
d

¢(Z) = S, 7/’(»3) = e¢(Z) - 17

T J_1 s—z

and mimicking the proof of Proposition 21 (or simply applying formula (16) after changing f
into —f), we obtain:

——pv—*

1 1{‘14—3:
Tz

@)= ST e 1
_1ai(x) p = f(x , a.e. in |—1,1[.
VIF ) I N eSO
(17)
But, by Theorem 32 in Appendix A, for g € U,~1LP(—1,1) extended by zero outside |—1,1[ and
c € R, we have:

1—=x

bt {@- @)} = @) v vg}— [ ga

Applying this inductively with the choices ¢ = 1, z; together with formula (17), we get:

1 VIT=22e "@, (2 — ;)
— f(x) Y [1— 2% "I (@ — @) + Quii(x),  ae in |-1,1[, (18)

L+ f2(x)
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where ()11 denotes a real polynomial of degree n + 1. Now, consider an arbitrary solution

t € Ups>1LP(—1,1) of the homogeneous Carleman equation:
Ht] + ft =0, a.e. in |—1,1[,

where we have used the notation:
1 1
H[t] = —— pv— * t.
T

Noting that:
o VT= e (o — )

L+ f2(x)

x-1((x) € L=(=1,1),
formula (19) entails that:

HIHE| +HF 1] =0,  ae inR.

(19)

Making use of the Poincaré-Bertrand-Tricomi theorem (Corollary 34 in Appendix A), we get:

HI M — Lt — H M +H[f L) =0,

which, in view of formula (18), yields:

JUH[E + Qui1r H[t) — 1t — H[Qn41t] =0, a.e. in |—1,1].

Therefore, formula (19) yields:

(14 )1t = Qi Ht) —H[Quiat],  ae in |—1,1],

that is:

(1+ f2<$))l($)t(x) = —1/1 t(s) @n41(2) = Qni1(s) ds, a.e. in |—1,1].

TJ1 r— S

But the right-hand side of this identity is a polynomial P of degree at most n. Hence, we have

proved:
P(x)e™®)

T (-2 VI 2T (@)

which is necessarily a linear combination of ¢o(x) and the to(x)/(x — x;).

t(x)

a.e. in |—1,1],

O

Proof of Proposition 1. By Proposition 20, any solution of the contact problem is such that
u =0 on |—1,1[, so that ¢ must actually solve a homogeneous Carleman equation. Denoting by

7 the Hilbert transform of arctan f (extended by zero outside |—1, 1[), defining:

(@)

fo(@) := ™1 — 221+ f2(z)

for x € |-1,1],

and denoting by x; those discontinuity points of f in |—1, 1] such that f(z;—) > f(z;+), we get:

t@%:J%dm+§:Q ,
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for some real constants C; € R, thanks to Propositions 21 and 22. Splitting arctan f as the sum
of a Lipschitz-continuous function on ]—1,1[ and a piecewise constant function, we have the
following estimate for 7 at x;:

7(x) ~

which entails, on the one hand, that ¢y is bounded on a neighbourhood of z;, and on the other
hand, that to(z)/(z — ;) goes to —oo on z;— and to +00 on z;+. Therefore, the condition ¢t < 0
entails that all the constants C; above must vanish and ¢ = —Ptg. In the particular case where
f is a piecewise constant function, then the Hilbert transform 7(x) is explicitly obtained from
Theorem 32 in Appendix A, yielding the claimed explicit formula for . O

arctan f(x;—) — arctan f(z;+)
m

log |z — z;], as r — xj,

The next lemma is a minor and usual reformulation of the Riemann-Lebesgue lemma.

Lemma 23 Let p € L*°(—1,1) be a given bounded function on |—1,1[ that is extended to R by
2-periodicity. Let fp :]—1,1][ — R be the 2/n-periodic function defined on |—1,1[ by:

fn(z) = p(nx).

Then, the sequence (f,) converges in L*°(—1,1) weak-* towards the constant function (p) =

% f}lp(x) dz.

Proof. As [|fullree(—1,1) = IPlloe(=1,1), the sequence (f,) is obviously bounded in L*°(-1,1)
and we can extract a subsequence (still denoted by (f.)) that converges in L>°(—1,1) weak-*
towards some limit f. It is readily checked that, for all a,b € [-1,1]:

im [ fu@)az =20 [ p@yar= -0 ).

n—oo 2 —1

Therefore, for any piecewise constant function c:|—1,1[ — R, we have:

1 1
lim X c(z) fo(z)dz = (p) / c(z)dx.

n—oo J__ 1

But, as the piecewise constant functions are dense in L', f must be the constant function (p).
As any converging subsequence has the same limit, the whole sequence (f,,) must converge in
L>°(—1,1) weak-* towards the constant function (p). O

The next technical lemma contains a LP-estimate which is crucial for the proof of the
homogenization result.

Lemma 24 Let (f,) be a sequence of piecewise Lipschitz-continuous functions that is bounded
in L>®(—1,1). We denote by 1, the Hilbert transform of arctan f,, and by (t,) the sequence of
functions in Ups1LP(—1,1) defined by:

eTn(;t)
TPt @)
which is a positive function of total mass 1, thanks to Proposition 21. We set:
1
5
Then, the sequence (t,) is bounded in LP(—1,1), for all p € |1,(1/2 + B)7[.

tn(z) : for x e ]-1,1],

1
Bi=— arctan<Slrllp||fnHLOO(fl,I)) <
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Proof. Fix p € |1,(1/2 + 8)~![ arbitrarily. Note that p < 2 and 28p < 1. Our goal is to find a

majorant of:
1 ePTn(JT)
/_1 7(1 — 2 dx.

We apply Holder inequality:

1 PTn(T) 1 1/s 1 ;’%Tn(x) (s—1)/s
1 (1 —a2)p/2 _1 (1 — 22)ps—s+1)/2 V122

with the choice of an arbitrary s in the interval:

c } 1 1 [
s€|——,——|.
1—-28p ' p—1
Note that all the s in that interval are larger than 1 and that the interval is non-empty, thanks
to the condition 1 < p < (1/2 4+ B)~!. Such a choice for s ensures that:

ps—s+1

0< 5

<1,

so that the first integral in the right-hand side of the inequality is finite. It also ensures that:

0= €l 1/(28)].

Finally, inequality (20) shows that the sequence (¢,) is bounded in LP(—1,1), provided that the

integral
1 ean ((E)

—dx,
~1vV1— 22
is bounded by above by some constant independent of n.
Define:

fa(z) := tan(q arctan f,(z)),

so that f, is piecewise Lipschitz continuous and the sequence (f,) is bounded in L(—1, 1),
thanks to the condition ¢ < 1/(2/). Denoting by 7, := g7, the Hilbert transform of arctan f,,
Proposition 21 ensures:
1 e%n(:p)
/ de =1,

L1 —22/1 + f2(x)

1 ean(x) d 1 ~2
———dz <1+ || 2] e,

_1m = Hf ||L

and therefore the claimed estimate. O

which yields:

Proof of Theorem 2. We are given p: |—1,1[ — R a piecewise Lipschitz-continuous function
on |—1,1] that is extended to the whole real line by 2-periodicity. The function f,, is defined on
]—1,1[ by:

fa(2) == p(nz),
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and extended by zero outside |—1, 1], so that it is supported in [—1, 1] and its restriction to that
interval is 2/n-periodic. Let ¢, € Up>1LP(—1,1) be the unique nonpositive solution of total mass
— P of the equation:

1 1
——pv—kty + fntn, =0, in |—1,1[, (21)
T

provided by Proposition 1.

We set:
1

1 1

B = - arctan”anLoo(_Ll) = arctan||f1||Loo(_Ll) <3
and pick an arbitrary p € |1, (1/2 + 8)~![. By Proposition 21 and lemma 24, the sequence (t,)
is bounded in LP(—1,1). As (f,) is bounded in L*°(—1,1), the sequence (f,t,) is also bounded
in LP(—1,1).

Extracting a subsequence, if necessary, the sequence (t,) converges weakly in LP(—1,1)
towards some limit ¢ € LP(—1,1). We are going to prove that ¢ = t.g, where tog is defined in
the statement of Theorem 2. The proof will be based on the representation of ¢, by means of a

Green’s formula as established in Proposition 21:

. 1 P . S
Vip € C2(ITF), [1 ta(@) ple,0)de = o | &e(eﬁ(“w) — et (i) g—i(x,y)

— g(eaﬁi(l‘ﬂy) — e%n (x+iy)) g(;(x’ y)dzdy, (22)

where:

b2 (2) = 1 /1 +7/2 + arctan f,(s)

T J1 sS—z

ds, z=x+iy eI,
The left-hand side of formula (22) converges towards (f, »). In the right-hand side, the sequences
(¢ (x + 4y)) converge pointwisely in II* towards (ﬁécﬁ(x + 1y) defined by:

£ () 1 /1 +7/2 + arctan feg(s)

TJ1 s—z

ds, z=x+iy eIt

thanks to lemma 23. Furthermore, the restriction of ¢ (2 + iy) to any compact subset K C IT+
of the open half-plane II" is bounded by a constant depending only on K. Therefore, we can
pass to the limit by dominated convergence in the right-hand side of formula (22), replacing
the index n by the index ‘eff’, provided that the support of ¢ is contained in IIT. We need to
extend the conclusion to the case where the support of ¢ can be any compact subset of IIT. So
let K C IIT be an arbitrary compact subset of II*. Take Y > 0 such that K C R x [0,Y]. By
Proposition 21, we have:

1t tn(s) 1 - .

V(z,y) € I, 7/ o tls) o L (ettiy) iy}

(@) rlas—(@+iy 271(6 € )

Picking an arbitrary yo > 0, we obtain:
1

27”%((3@5:5(30“1/0) _ Pn ($+iyo))‘
s

1 Yo T
— * t
72+ y} n(7)

® R) = Ht"HL”(R)'

But, Theorem 33 of Appendix A also yields that §R(e¢¢ (@+iyo) _ gbn ("”iyo)) is the Hilbert transform
of %(e‘b’t (@+iyo) _ en (@+i0))  As the Hilbert transform is linear continuous in LP(R), we have:

Heﬁﬁ (z+iyo) _ oPn (z+iyo)

LP(R) = CHt”HLP(R)’
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for some real constant C' that depends on p, but not of yy and n. Using Lemma 24, we can
conclude that there exists a constant K > 0, independent of yg and n such that:

He¢3(x+iyo) — e®n (z+iyo) < K.

Lr(R)

In particular, the sequence (e (@+%) — e#n (@) is hounded in LP(R x [0,Y]; C). Therefore, it
has a weakly convergent subsequence. But the above analysis shows that this weak limit must
be ebea(@tiy) _ obog(etiy)

Now, we are able to pass to the limit in formula (22) to get, for all ¢ € C°(IIF):

' - .
/ t(x) p(x,0)dz = _F / m\,( Sl (atiy) _ e¢cﬁ»(x+2y))

e
-1 2m Jo+

Oz

_ g( oy (x+iy) _ €¢eg(x+zy)> g (x,y)dz dy,
Y

= /11 tegt(x) o(z,0) dz.

All in all, we have proved that the sequence (t,) converges weakly in LP(—1,1) towards tcg.

As the Hilbert transform maps continuously LP(R) onto itself, by Theorem 32 in Appendix A,
(1/m)pv 1/x * t, converges weakly in LP(—1,1) towards (1/7)pv 1/x * teg = ferteg. Hence, the
sequence (fpty) converges weakly in LP(—1, 1) towards the function fegtes. O

z,y)

3.2 Proof of the results for the case of homogeneous friction

In the case of the analysis of the contact problem with homogeneous friction, the only result
whose proof was postponed here is Theorem 3. Given f € R and @ € Hy := Hl/2(—17 1)/R, let
t = A4 be the unique distribution in Hy := {f € H~Y/2(—1,1) | (£, 1) = 0} such that:

1 1 . -
——pv—xt+ ft=1/, in 2'(]-1,1]).
T

Then, the linear operator A~! : Hy — H{ is an isomorphism. Theorem 3 states that it has the
following T-momnotonicity property:

Vu e HY/?(—1,1), (A a,ut) >0,
(where u™ (x) := max{u(z),0}) with equality if and only if u is a constant function on |—1,1].

Lemma 25 Let u € H'/?(R) and C € R be arbitrary. Then, (u+ C)* — CT € HY?(R) and:
1
<pvx su', (u+C)F - C'+> >0,

where the equality is achieved if and only if (u + C’)+ —CT =0.

Proof. We recall that the space H'/ 2(]R) can be defined as the space of those distributions u
such that:

’ dzdy < oco.
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Taking u € H/?(R) and C € R, we have:
(@) +O)F = CF| <fu@)],  and (@) +0)F = (uly) + O) | < Julx) - u(y),

which shows that (u 4+ C)* — O+ € HY/?(R).
Next, we denote by ®,, the Poisson integral of u (see Proposition 41 in Appendix C) and we
define:

enle,y) = min{L, n/y}| (@u(a,y) + C)" = C*],

for (x,y) € IT*, so that ¢, € H'(II*) and the sequence (V) converges strongly in L?(ITT)
towards the limit V(®,(z,y) + C’)+ (we recall that ¢ € H' = ¢t € H!, by Stampacchia’s
theorem [15, Theorem 1.56, p 79]). By Proposition 41, this entails:

0P, 0
Jy Oy

(g vy =on)= | (Grgmra)
II

or Ox
- /.1

9 +
— (P, +C
ox (®u+C)
thanks to Stampacchia’s theorem. Hence, the duality product is nonnegative. It only vanishes
when (®, 4+ C)7 is a constant, implying that (u + C)" is a constant. But, as (u+ C)" — C+ €
L?(R), this constant must be equal to C. O

(Do, + C)+) dz dy,

2 o 2
+ [((I)u +0)f }d:): dy,

dy

Proof of Theorem 3. Pick u € H'/?(—1,1) and define f := A~ € Hy. The distribution
t € H='/2(=1,1) can be seen as an element of H~'/?(R) with support in [~1,1]. Its Fourier

transform £ is therefore a C™ function and, as (f,1) = 0, it satisfies #(0) = 0. Next, we define:

1 - -
@ :=—— log|x| *xt + isgn(m) * .
™ 2

By Proposition 39 in Appendix C, we obtain:

a(£)=(sgn(g)—¢f)(§) N |ﬁ(§)|:m\t|(§)”

14

where the ‘hat’ stands for the Fourier transform. As tQ is a C* function which satisfies:

oo [f(6))2

e VIAE

7?(0) =0, and d¢ < oo,

we have:

/+OO a(€)]* /1 + £2d€ < oo,

that is, @ € Hl/Q(R), by Proposition 37 in Appendix B.
We have: {1
——pv—xt+ ft=1, on R,
T T

which is easily inverted by taking the Hilbert transform and use of Theorem 32 in Appendix A,

as:
fo, 1 1 1

t= =
1+ T1r e




As @' =’ on ]—1,1[, there exists C' € R such that u = @+ C on |1, 1[. Hence, using this and
the previous identity, it is easily calculated that:
(A, u) = (I, @+ Oy - Ct),

_
-

(@, @+0)F —C)+ (pvifa i, (@+C)F = CT). (23)

_
(1 + f?)

We are now going to prove that the first term in the right-hand side of identity (23) vanishes. In
the particular case where w € C2°(R), we have:

(o, w+C)F =) = (', (w+C)) = {(w+C), w+C)*) =o.
Taking a sequence (w,) in C®(R) converging strongly in H'/2(R) towards @, the sequence
(w!)) converges strongly in H~/2(R) towards @' and the sequence ((w, + C)T — C*) converges
strongly in H'/2(R) towards ((@ + C)" — CF). Hence, we have proved:
<a’ @+ o)t — C+> — 0,

and therefore, by identity (23):

1
Al uty = ———(pvljexd, (a+C)T —CT
(A, ) = s (pvl/a @+ C)T - C),
and the claim is now a straightforward consequence of Lemma 25. U

3.3 Proof of the existence result for heterogeneous friction and arbitrary
indentor

In the case where f is a piecewise Lipschitz-continuous function on [—1, 1] (extended by zero
on R\ [—1,1]) and denoting 7 := —% pv% x arctan f, the Hilbert transform of arctan f, it was
proved in Proposition 21 that the nonnegative function:

eT(@)

B ™1 — 221+ f2(z)

to(x) : for z € |-1,1],

and extended by zero on R\ ]—1, 1], belongs to Up~1LP(—1,1), has total mass [*, todz = 1 and
solves the homogeneous Carleman equation:

1 1 .
——pv—x*to+ ftg =0, a.e. in |—1,1[.
X

We are now going to prove that all these facts remain true when f is only supposed to be in
L>*(—-1,1).

Proof of Proposition 11. Pick f € L*°(—1,1) and an approximation of identity p,(z) :=

n p(nz) based on some nonnegative even C'*° function p with compact support and total mass 1.
Then, the sequence of functions (f,) defined by:

ful@) := (pn * ) (@) x)-1,1(2),
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is a sequence of Lipschitz-continuous functions on |—1,1[, which is bounded in L*(—1,1)
(I fallzee < |Ifllee), and converges towards f in L>°(—1,1) weak-*. Set:
7n ()
e

(z) = , for z € |-1,1],
extended by zero on R\ |—1,1], where 7,, denotes the Hilbert transform of arctan f,,. By
Proposition 21, the function t9 is in Up~1LP(—1,1) and has total mass 1. By Lemma 24, the
sequence (1) is bounded in LP(—1,1), for all p € ]1,(1/2 + 8) ! [, where:
1
5
Hence, upon extracting a subsequence, the sequence (t2) converges weakly in LP(—1,1), for all
p€]1,(1/2+ B)~1], towards some limit ¢ which has total mass 1. Writing the Green’s formula
provided by Proposition 21 for t2 and going to the limit n — +o0o along the lines of the proof of
Theorem 2, we get:

1
B = - arctaanHLoo(_Ll) <

_ 1 1 4 N
W € C°(TTF), / H@) ol 0)de = o /H R(e ) o) SE g )

(et i) o rin)) 92
\s(e e ) By (z,y)dzdy,

where:

dE(z ds.

As S(e?" (@Hi0) _ @™ (@+i0)) /(27) =t € Ups 1 LP(—1,1), this entails by Theorem 33 of Appendix A
that:

T J_1 s—z

) = 1/1 +7/2 + arctan f(s)

Vz e IIT,

1/1 t(s)ds e (2) _ 097 (2)
TJ_1 s—=z 2 ’

and that (e?" (#H+iv) @™ (#+)) /(97) converges, as y — 0+, for almost all z, towards H[t] (z)+it(z).
But, the pointwise limit of (e?” (*T%) — ¢~ (@+i)) /(27) can also be computed from the definition
of ¢*(z + iy) using again Theorem 33 of Appendix A. Its imaginary part is found to be:

(@)
/11— 2?1+ f2(x)

and the restriction of its real part to |—1,1[ is found to equal — fto. Therefore, t = tg and it
solves the homogeneous Carleman equation. O

X)-1,1((2) = to(z),

We now turn to the proof of Theorem 14. Assume that f € BV([—1,1]). The Banach
space Hi N .#([—1,1]) is the dual of the Banach space Hy + C°([—1,1]). Given an arbitrary
t € Hy N .#(]—1,1]), we have defined @& = At by the identity:

1 1 . -
——pv—x*l+ fl=14, in 2'(]—1,1]).
T

Aslog |z| T isin HY/2(—1,1) and = + [ f{ is a continuous function with bounded variation, the
linear operator A maps H N.#([—1,1]) into Hy + C°([-1,1]) N BV ([-1,1]) C Ho + C°([-1,1]).
It was shown in Proposition 13 that the linear operator A : H N .#([—1,1]) — Hy + C°([-1,1])
is bounded.

The following lemma contains the result of a calculation which will prove in the sequel to be
cornerstone for the analysis of the monotonicity and pseudomonotonicity of the operator A.
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Lemma 26 Let f € BV([—1,1]). For allt € H; N.#([—1,1]), we have:

(=2 ()

where the integral in the right-hand side stands for the integral of the continuous function (™, t)?
(which vanishes at x = —1,1) with respect to the measure f'.

Proof. First note that in the case where f is a constant function, the duality product at stake is
zero. Therefore, in the general case, we have:

<t7 f—xl ft> = <t7 ffl(f + m)t>,

where m is an arbitrary constant. From now on, we take m > —inf|_y 1) f (we recall that any
function in BV (]—1, 1]) is bounded), so that the function f + m is positive and bounded away
from 0. In that case, the function 1/(f +m) is in BV ([—1,1]) and its derivative is the measure:
f/
(fla) +m)(f(at) +m)’

We therefore have:

(t, "1 (F +m)t) = /_llt(/xl(erm)t),

. 2

- ;/_11 f(a:)1+ mfx(/q(f—i_mﬁ) ’
1 2

- 2(f(1—1) +m) (/1(f+m)t)

1 fl T . 2
T2 o e + m)(Fat) +m) (/1” * ”) '

where the second identity has made use of the fact that the countable set of discontinuities of f
is negligible for the measure t as t has no atom. The last identity has been obtained through
the integration by part formula for functions with bounded variation. The first term of the
right-hand side of the last identity equals:

2(f(1—1) apen) (/11 ! t>2

and therefore tends to 0 as m grows to +o0o. In addition, the function:

" 2
T e+ m)l(f(x+) ) ([ trem).

is uniformly bounded with respect to m as m goes to infinity and converges pointwisely towards:

- ([

By the dominated convergence theorem, we have:

/ w 2 N2
mgrfrloo -1 (f(z—) + m{(f(a:—i—) +m) (/_1(f * m)t) - /—11 ! </—1 t) ’

which gives the announced identity. O
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Corollary 27 We assume that the function f is nondecreasing. The bounded linear operator
A Hy N ([-1,1]) = Ho + C°([—1,1]) 4s strictly monotone (see Definition 42).

Proof. If f is nondecreasing, then the measure f’ is nonnegative. The previous lemma entails,
for all nonzero t € Hy N.#([—1,1]):

1 . 1
(At t) = —;<log|x| « t,t> n <t, % ft> > —;<log|x| *t,t> >0,
where the last inequality relies, once again, on Lemma 40 of Appendix C. (I

Proof of Theorem 14. Let (t,) be a sequence in Hi N .4 ([—1,1]) that converges weakly-* in
Hy N o#([—-1,1]) towards a limit ¢, such that:

lim sup(Aty, t, —t) < 0.

n—-4o0o

From the definition of pseudomonotonicity in Appendix D, we have to prove:

Vr e Hy N4 ([-1,1]), (At t — 1) Sliginf(Atn,tn—T>.

Step 1. The sequence (At,) converges weakly in Ho + C°([—1,1]) towards At.
We pick an arbitrary 7 € HjN.# ([—1,1]). We have to prove that lim,,_, o (At,, 7) = (At, 7).

But: ) . .
Aty 7y = ——(1 * 1y, +/ / tn.
(Atn,7) = = (log el tn,7) + [ 7 | f

The first term of the right-hand side is the H~1/2-scalar product of ¢, and 7 (thanks to [3, Theorem
3]. As (t,) converges weakly in H~'/2 towards t, it converges towards (—1/7)(log |z|*t, 7). There
remains only to prove that [', 7 [, ft, converges towards [, 7 [, ft. As (t,) converges weakly-
*in ([-1,1]) towards ¢, the sequence (t,) is bounded in .#(|—1, 1]). Therefore, the functions
z — [ ft, are bounded uniformly with respect to n. Hence, it is sufficient to prove that
the sequence of functions x — [*, ft,, converges pointwisely towards x — [*, ft, to obtain

the expected conclusion lim, o0 [1, 7 [% ftn = [*, 7 [*, ft from the dominated convergence
theorem. So, let us prove that the sequence of functions z — [*, ft,, converges pointwisely
towards z — [*, ft. In the particular case where all the ¢, and therefore ¢, are nonnegative
measures (forgetting for a while the condition f[flﬂ t =0) and x € |—1, 1] is fixed, given an
arbitrary £ > 0, we can build a continuous function ¢, : [-1,1] — [0, 1], supported in [—1,z],

such that: .
(1—5)/ tg/ ng/ ‘)

and a function 1), : [-1,1] — [0, 1] that takes the value 1 all over [—1, z], such that:

/t</ et < ( +5)/ t,

where the fact that the measure ¢ has no atom at x has been used. As:

1 T 1
Vn € N, / (Pgtn S / tn S / watna
-1 —1 -1

we obtain that the sequence of functions x +— [ t, converges pointwisely towards x — [*; t.
Hence, provided that the sequence (¢,) is nonnegative, and f is a stepwise constant function, the
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sequence of functions z — [*| ft,, converges pointwisely towards z — [, ft. As any function
with bounded variation in [—1,1] is a uniform limit of a sequence of stepwise constant functions,
the conclusion extends to the case where (t,,) is nonnegative, and f € BV ([—1,1]). Finally, let
us drop the hypothesis that (¢,) is nonnegative. An arbitrary measure ¢, is the difference of
its positive and negative parts: t, =t/ —t. As t, has no atom, the same is true of ¢;7 and
t... As the sequence (t,) is weakly-* convergent in .#([—1, 1]), it is bounded in .#Z([—1,1]) and
therefore, so are the sequences () and (t,,). Hence, extracting, if necessary, a subsequence, the
sequences (t;}) and (¢,;) converge weakly-* in .#([—1,1]) towards limits ¢, and ¢_ such that
t =ty —t_. Now, applying the previous conclusion to the sequences (t) and (¢, ), we have
proved the desired conclusion that the sequence of functions = — [*, ft,, converges pointwisely
towards x — [, ft.
Step 2. Conclusion.

We have, by hypothesis, limsup,,_,, (Atn,t, —t) < 0. Since (At,) converges weakly in
Hy + CY(]—1,1]) towards At, this entails that:

lim sup(Aty, t,) < (At,t).

n—-+00

But, by lemma 26:

Att—ll tn,t 11’$t2
< 7 n>—_%<og|x|*na n>+2/_1f</1 n)

By dominated convergence, we have:
1 T 2 1 T 2
lim f’(/ tn) :/ f’(/ t),
n—+oo J_1 -1 -1 -1

limsup—%<log || * tn,tn> < —%<log || * t, t>.

n—-+o0o

so that:

Hence, (t,) is a weakly convergent sequence in the Hilbert space H~'/2(—1,1) such that
limsup,, o [[tnll g-1/2 < [|t]| g-1/2. By the weak lower semicontinuity of the norm in a Hilbert
space, this classically entails that lim, 4o ||tn]l g-1/2 = ||t]| y-1/2. Finally, we have proved that:

Vr e Hy N #([-1,1]), nETOO<At”’t” —7)=(At,t — ),

which contains the expected conclusion. O

3.4 Proof of the uniqueness, regularity, and homogenization results for het-
erogeneous friction and convex indentor

The first part of this section is devoted to the proof of Theorem 17, that is, essentially to prove
that the linear mapping A : Hj — Hj defined by the identity:

-7

e
V142

is continuous and coercive on Hg := {t € HY/2(=1,1)|(t,1) = 0}. As we shall see, the
fundamental reason is, once again, the link made by Theorem 33 of Appendix A between the
Hilbert transform and a class of holomorphic functions on the complex upper half-plane.

1 1 - .
(—pv *t—l—ft) =, in |—1,1[,
T ox
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Lemma 28 Let f: R — R be an arbitrary Lipschitz-continuous function with compact support.
We denote by T := —%pv% « arctan f the Hilbert transform of arctan f. Let ¢(z) and ¢ (z) be the
holomorphic complex functions defined on the complex upper half-plane IIT by:

Y(z) = e?®) — 1.

b(2) = 1/00 arctan f(s) ds’

T J o s—z

Then, the functions ¢(x + iy) and Y(x + iy) converge as y — 0+, for almost all x € R, towards
the limits:

¢(x +1i0) = 7(x) + i arctan f(z),

7(z) f(z)e™®
e x)e
x +10) = [ —1] + i .

v ) 1+f2(x) V1+f2(z)

In addition, ¢(x + 10),1(x +i0) € LP(R; C), for all p € |1, +o0[, and we have:

o
v 1
—pV_x { = ] +f =

Finally, the function Re® @) > 0 is positive on IIT, is bounded away from zero and infinity:

=0, on R.

3C1,Cy € R, V(.I, y) S F, 0<(Cr < %eqﬁ(m—&-iy) < Oy,

and:
Sed(z+iy)

+ e SeTTTE -
V(x,y) € I, inf f < Rt iy) <supf.

Proof. As arctan f € LP(R), for all p € |1, +00[, Theorem 33 yields that existence of the almost
everywhere pointwise limit ¢(x 4 i0) € LP(R; C), for all p € |1, +oo[. Using:
1 f
/1 + f‘2 /14 f2

we get the existence of the almost everywhere pointwise limit ¢)(x 4 i0) and its value. As f is
Lipschitz-continuous with compact support, its Hilbert transform 7 is continuous on R. Since f
is compactly supported, 7(z) = O(1/z) and e™® — 1 = O(1/z), as |z| — 400, so that 7(z) and
e™(*) — 1 have integrable p-power in the neighbourhood of infinity, for all p € |1, +0c|[. Finally,
we have proved that ¢(z + i0),¢(z 4 i0) € LP(R;C), for all p € ]1,+00[. As ¢ and 1 converge to
0 at infinity, Corollary 35 shows that R (x + i0) is the Hilbert transform of I (x + i0), which

entails that —3v(z + 40) is the Hilbert transform of R (x + i0).
Finally, we have:

cosarctan f = sinarctan f =

N P LR A Sy P Ry

(x +1y) = p

Y

1 /Oo (s — z) arctan f(s)ds N i /OO y arctan f(s)ds

so that, for all (z,y) € I:

—g < arctan(inf f) < J¢(x + iy) < arctan(sup f) < g,

which entails that: ‘
Y(x,y) € I, Re? @) > (.
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Hence:

V(z,y) € I,

Red(z+iy) -

etz i) (1 /00 y arctan f(s)ds
= tan
TJooo (s—2)2+19y?

> € [inff,supf].

As f is Lipschitz-continuous and compactly supported, 7 is in W1P(R), for all p € |1, oc[, by
Theorem 32 of Appendix A, which entails that ¢(z + iy) and e?@+®) are both continuous
functions on ITT. The additional fact that ¢(x +iy) goes to zero at infinity on I+ yields the fact
that Re®@+%) is bounded away from zero and infinity. O

Lemma 29 Let p € ]2,+00] and 0 € L*®(R) such that 0" € LP(R). Then, the linear mappings:

HY2R) — HY*(R) H~'/2(R)
u +— Bfu t

are continuous.

Proof. The space H'/%(R) is endowed with the Sobolev-Slobodetskii norm:
) 2 u(z) - u<y>)2
= —— | dady.
o= ol + [ (2= gy

For v € HY/2(R), we have:
2 2 2
0ulze < 1101 Il 72

and:
/IRxR(H(m)U(xq); - i(y)u(y) >2dx <2 6 (W)zdx dy +
+2 [ () (W)de dy.

Fixing y € R, we have:

00 ) — 2 ) — 2 ) — 2
(= s [ (P e [T (R0 e
2
<slole+ 7 (5 [ eas) an

9 y+1 1 Vo 2/p
SSHHHLooJr/yl ]a:—y|2/1’</x 16"(s)] dS) dz,

2 2p
< 8[| + m”g

2
70
Finally, we have proved:

2 2 4p 2 2
[0l /2 < [19||9||Loo + mH@'HLP} Ky
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which yields the claimed result for the first mapping. For the second mapping, we recall that
H~1/2(R) is the dual space of H/2(R), and that we have:

(0t,u) = (t,0u),
by definition. O

The following corollary will be the cornerstone of the proof of Theorem 17, but also of the
homogenization analysis.

Proposition 30 Let f € WL(R) be a compactly supported Lipschitz-continuous function, and
n € HY2(R). Then,

677'

1 1 - _
\/@<_TF pv; *77/+f17,> € H I/Q(R)7

and we have the Green’s formula, for all o € HY(ITT):

/11 = ) 0P ) 0P
< ; ( pv— 7 — fn’) , oz, 0)> = / {?Re_(f’(“”“y)% + %e“’ﬁ(”’y)Q] 92 +
1+

VIAP\T x Oy 10x
0P o 0Pp10

_ e latiy) 0 —p(a+iy) O2n ) CP oy

+{\se 9 + Re 8y}8y’ (24)

where:

, for z e I,

b(2) = 1 /OO arctan f(s)ds

TJ o s—z

and ®,, denotes the Poisson integral of n (see Proposition 41 in Appendiz C):

*8

1 [/ yn(s)ds 1y 1 Tz ,
q) = — = — = — t - s
(2, y) W/_oo(s—x)2+y2 e R n 7Tar(:any>x<77

and where the terms between [] in formula (24) are the two components of the gradient of a
harmonic function in IIt. This entails the following formula valid for arbitrary ni,n, € HY?(R):

T /11 - 0P . OP, 10D
< ° <pv w1, — fn;) , n2> :/ [gcge—qt(:cﬂy)aim + geoterin Du] D
11+ T

Visp\n oy 1 Ox
) 0P o 0Py 10D
_ G Platiy) 0 —¢(z+iy) Z 2 2
—i—[ Se o + Re By } ay

Proof. Since f € W1 (R) is a compactly supported Lipschitz-continuous function, 7 € W'P(R),
for all p € ]1, 00[. This entails that the function:

e*‘l’

Vit

satisfies § € L>(R) and 8’ € LP(R), for all p € |1, 00[. Also, the definition of the spaces H~/2?(R)
and HY 2(R) in terms of the Fourier transform (Proposition 37 in Appendix B) shows that
n€ HY2(R) = 1 € H-'/2(R). Hence,

0 :=

e T 1 1 - _
\/@<_ﬂ_ pV; *77/ + f77/> € H 1/2(R)7
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is now an immediate consequence of Lemma 29.
Pick n € C2°(R) and consider the following holomorphic complex function

~ ‘ (w1 [ '(s)ds . (i) [OP 0D
o io—d(ztiy) n — jo—d(tiy) (Y50 /]
U(x +iy) = ie ﬂ/_oos—(x—i—iy) ie (8y (x,y)—i—zax (x,y)),

where the last identity is established using the last definition of ®,, in formula (33). By Lemma 28,
the function e~?@*%) is bounded on II+, so that Proposition 41 in Appendix C entails that
¢ € L*(II*; C). In addition, using Theorem 33 in Appendix A, ¢(z + iy) converges as y — 0+,
for almost all x € R, but also in LP(R), for all p € |1, +o0[, towards:

Pz +i0) = ;;70% i)(—%pvé o+ z'Tll)-

Finally, the harmonic function h(z,y) := (1/7)log /22 + 42 ¥ (x4 40) is linked to v by:

. oh oh
Jr . _ " -
V((L’,y) GH I 1/1(1""1?/) - 8x(‘r7y)+lay(x?y)7

and satisfies the Green’s formula:

00 ~ ) 8iL 8()0 8iL agp
o —+ _ e _ on oy 2%
Vo € C°(II), / Sy (x +40) p(z,0) dz /H+ (63: o + 3 By

—00

)dm dy.

This is readily seen to be the expected Green’s formula in the particular case n € C2°(R) and
¢ € C(ITT). By Proposition 41 in Appendix C and the definition of H'/2(R) in terms of the
Fourier transform (Proposition 37 in Appendix B), we have:

1
v € HY2R), [Ty = v/ s m) < [lnlli o

By the density of C°(R) in H'/?(R), Lemma 29 (to go to the limit on the boundary term) and
Lemma 28 (which yields that e~?(#+%) is hounded on IT* and enables to go to the limit in the
integral over II1), we obtain the Green’s formula for all n € H'/2(R) and ¢ € C°(IIT). The
generalization to ¢ € H'(IT*) now follows from the density of C°(IT+) in H'(ITT).

Finally, take arbitrary m,72 € HY?(R). As ®,, ¢ H'(II*), in general, but is only in
HY(R x]0,Y7]), for all Y > 0, by Proposition 41, we define:

‘Pn(xa y) = min{17 n/y} (I)m ($7 y)7

so that ¢, € H'(II*) and (V) converges strongly in L*(II") towards V®,,. Using ¢, as a
test-function in the Green’s formula written for ®,, and going to the limit yields the final claim
of the proposition. O

Proof of Theorem 17. We assume that f € W1>°(—1,1), and we consider any compactly
supported extension f € WL (R) of f.
Step 1. Leti € H} :={t€ H '/?(=1,1)| (t,1) = 0}. Then there exists a unique v € H'/?(R)
such that: ~
e T <_1 1. -~>_, n 7'(R)
Tor vax*t+ft =, in 7'(R).
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We know that 7 * log |z| € H'/2(R) by using Propositions 39 and 37, so that we only have to
prove that there exists a unique o € H'/2(R) such that:

e 7 1 1 = - e 7T -

—1)(—=pv==xt t=17 in 7'(R 2
() (i) +igmmi-v. wow, %)
because v := ¥ — (1/m)t * log |x| would then satisfy the claim. The function e=7/\/1+72 — 1
is readily checked to be in H'(R) ¢ HY?(R). For (u,t) € H'Y2(R) x H-'/2(R), we have
(u,pvl/x xt) = —(pvl/x * u,t). Hence, Lemma 28 for — f yields:

e T 1 1 Soe T\

(et )+ (T ) = (26)
As e H'/2(—1,1) is a compactly supported distribution, the left-hand side of (25) (which is
in H~Y/2(R), thanks to Lemma 29) can be written as a sum T 4 L where T € H~'/?(R) with
compact support and L : R — R is a continuous integrable function such that L(z) = O(1/z?) at
infinity. Denoting by H the Heaviside function, H*T is therefore in L2 .. Setting ¥ := H (T + L),
the function @ is therefore in L2 . and fulfils identity (25). In addition, we have ¥(z) = O(1/x)
at —oo and 9(x) = Csx + O(1/x) at +o00, where C is checked to equal the left-hand side of
identity (26) and therefore vanishes. Hence, & € L?(R). By Proposition 37 in Appendix B, we see
that a function o € L?(R) such that o' € H~'/?(R) is actually in H'/?(R). Hence, o € H'/?(R),
and it is clearly the only solution of (25) with this regularity. The proof of Step 1 is complete.
Step 2. The mapping A : H — Hy, which associates witht € Hf == {t € H-Y/?(=1,1) | (t,1) =
0} the unique © = At in Hy := H'/?(—1,1)/R such that:

= (_1pv1*£+ ff) =, in2'(-1,1)),

is continuous and coercive.

The fact that there exists a unique v € Hy satisfying the above identity is a direct consequence
of step 1.

Consider arbitrary t1,ts € Hg. Their extension by zero to the real line are elements of
H~1/2(R) whose Fourier transforms are C*° functions vanishing at 0. By the definition of the
spaces H'/2(R) and H'/2(R) in terms of the Fourier transform (Proposition 37 in Appendix B),
this entails that the distributions 7; := (1/2)sgn * ; are in H/?(R). By Proposition 30, we
obtain:

< C||V<I>771||L2(H+) HVQ)WHL?(H*)’

< = (1 : ¢ ff) ; £>
— | —pV— kit — — sgn
e 7Tp - 1 1 ,2sg 2

for some real constant C' independent of #;, since the function e~ 7(*+%) is bounded on IIT by
Lemma 28. Combining Proposition 41 and 40, we have:

~ % 2 1 ~ 112
Vt S HO7 ”v@n"Lg(H+) - _;<10g ’x‘ * t7f> - ’|tHH71/2(—1,1)7

where 5 := (1/2)sgn * ¢ € H/?(R), so that, we have proved that the bilinear form:

££H<€_% (1 1*5 ff) 1 *£>
—pv— - = sgn
1,02 T pr 1 1 ,2g 2

43



is continuous on H(. Hence, the formula:

(A0) = (S (Loviehi - ) Jomeia)
) =( —— | —pv—xt] — , = Sgn *
1,12 S\ b L 1 B g 2
defines a continuous linear mapping A : Hi — Hy. Also, using again Lemma 28 and Proposi-
tion 30, we obtain:
; o 2 112
3C >0, Vte Hg, (At,t) > C ||V(I>77HL2(H+) = CHtHH71/2(_171)7

which shows that A : Hi — Hy is coercive, so that it is an isomorphism, by the Lax-Milgram
theorem.

Step 3. Let t € H and the element v € HY/?(R) satisfying:

-7
p e

1 1 . -2
v:\/@(—ﬂpvx*thft), in 9'(R).

Then, we have the inversion formula:

- T 1 1 =
t= \/ir7<7rpvm*v’—i—fv')7 in 7'(R).

Pick an arbitrary £ € H. Assume in addition that ¢t € LP(—1,1) for some p € |1,00[. Set
o :=v — (1/7)log |z| * £, so that & € H'/?(R), @ € L?(R) and:

v = (\/61;7 - 1) <71Tpvi *f) +f c t, in 7'(R).

Recalling that the function:

V1+f2 a

is in LI(R), for all ¢ € |1, 00, and using Lemma 28 and Corollary 34 of Appendix A, we obtain:

1 1 i ]F e 7 < 1 1 *f) ( e T 1) 7
——pv—x*x9 = ——pv— — — i
7rp x V1+f2 7Tp T V14 f2

Combining;:

we obtain the expected inversion formula for the particular case £ € LP(—1,1) = v € LP(R).
Using the density of Hj N LP(—1,1) into Hj and making use of Lemma 29, we obtain the general
case.

Step 4. The operator A~' has the T-monotonicity property.
The above inversion formula is all what is needed to prove the T-monotonicity property of
the operator A~! along the lines of the proof already given in the case of homogeneous friction in
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Section 3.2. Take an arbitrary v € HY/2(—1,1). Set { = A~'% € Hy and ¥ as the unique function
in H'/2(R) such that:

-7
—/ &

11 . o
v :m(ﬂ_pvx*thft), in 7'(R).
As v and v have the same derivative on |—1, 1], there exists C' € R such that v = v+ C on |—1, 1],
so that:

— e’ 1 1 _ = _ _
(A1, 0T) = <W<vax*v’+fv'> J(v+O)t —C+>,

where (v + C)" — Ct € Hl/z_(R) (see Lemma 25). Applying the Green’s formula (24) of
Proposition 30 upon replacing f by —f, n by 9, ¢ by (®7 + C)* — C* and mimicking the proof
of Lemma 25, we get:

< e (1pV1*’Ul+fU,> ’ (U+C)+_C+>

Vite\r o oz
_ [%emﬂ‘y)? . ge¢($+iy)%} aﬁ (0,+ 0)+ +
o+ x Y €
4 [_%e¢(x+iy)% + §Re¢($+iy2) 8;;] (;92/ <<I>17 + C) J;a
-/ %6¢<x+¢y>{{i(¢v +C)+} N {gy(@v +0)+} } >0,

where Proposition 41 and Stampacchia’s theorem [15, Theorem 1.56, p 79] have been used. If
the equality is achieved, then (®; + C)* must be a constant, implying that (v + C)7T is also
constant. O

We now turn to the detailed proof of the homogenization result in the case of an arbitrary
convex indentor (Theorem 19). We are given P > 0 and a conver indentor shape g € W1>°(—1,1).
The microscopic friction coefficient f,, is built from a given period p € W% (—1,1), such that
p(—1) = p(1) which is extended by 2-periodicity to the whole line. The Lipschitz-continuous
function f,, is defined on |—1,1[ by:

fn(z) := p(nx).

Picking an arbitrary function ¢ € Cg°(R;[0,1]) such that ¢(z) = 1, for all x € [~1,1], the
function f,(x) := ¢(z) p(nz) is a compactly supported Lipschitz-continuous extension of f,, to
the whole line. Denoting by feg the constant:

fest := tan(arctan f1),

Lemma 23 yields that the sequence (f,,) converges weakly-* in L*°(—1,1) towards the constant
function fog and the sequence (f,,) converges weakly-* in L>®(R) towards feg¢(x).

Let £, € Up>1LP(—1,1) be the unique solution of the contact problem (either problem %,
or problem 4,) provided by Corollary 18. Let also f.g be the unique solution of the contact
problem associated with the constant f.g. We also denote by O the function:

10 (z) = i) on ]-1,1[.
T T @) ’
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The function 2 has integral over |—1,1[ equal to 1 and solves the homogeneous Carleman
equation. The function —Pt? solves the contact problem with microscopic friction coefficient
fn in the case of the flat indentor ¢ = 0. From the analysis in Section 2.3, we know that the
sequence (t9) converges weakly in LP(—1,1), for all p € |1, (1/2 + B)~1[, where:

. 1
B = ;arctaanlHLoo(le) < 2’ 0
towards:
. eTett(2)
teﬁ(x) = 9 on ]_171[

V1 — a2 /1+ f2(x)

In particular, as the embedding of LP(—1,1) (p € |1,00[) into H~'/?(—1,1) is compact, the
sequence (t9) converges strongly in H—'/2(—1,1) towards t%.
The function ¢, € Ups1LP(—1,1) is characterized by the following assertions:

1
. / fndx:OandfnSPt%
1

o There exists (uniquely) C),, € R such that:

Ce (i - g s < C d
[1 m _;pvg*tn"'fntn_g s> ny an

- T —Tn 1 1 ~ -
<tn — Pt /_1 5@ (—vax *ty + fntn — g’)ds — C’n> =0. (28)

The following lemma contains the technical estimate on which the proof of Theorem 19 is
going to rely.

Lemma 31 The sequence:

_77—77(
e 1 1 = -
\/ﬁ b A tn + fotn

is bounded in LP(R), for all p € ]1,(1/2+ B)~1[, where B is given by formula (27).

neN\{0}

Proof.
Step 1. Setting:
1 1 . ~
u, = —;pv;*tn—l—fntn, in |—1,1[,
we have HuﬁlHLm(_Ll) = ||g/||Loo(_]_7]_)7 for all n.

As (tn, un) € Ups1LP(—1,1)xUps1 WIP(—1, 1) is the unique solution of problem &, associated
with friction coefficient f,, the claim is given by Proposition 16.

Step 2. We have:

i _ fruz X1, n e X]-11] pvl . e V1 — % Uy, X1
" 1+ f2 1 —a2/1+f2 V1+f2 ’
40

n
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(where x)_11[ is the indicatriz function) which entails:

1 1 u;w in ]_171[a
_;pV; ¥ty + faln = _sgn(x) eTn pvl [ e~ ™1 — 22 ul, X]— 1’1[} n R\ [-1,1].
TV —1 V14 f3 ’ ’
Set:
T fr i X)—1,1] n €™ X]-1,1] 1 {6_7" V1—a?uy, X]—1,1[}
" 1+ f2 wl_2yii V1+ f2
tn
As:

e V1 — 22Uy, X)-1] e X)-1,1]
V1+ 2 1 —a22/1+ f2
we obtain T}, € L"(—1,1), for some r € ]1,2[, thanks to Theorem 32 in Appendix A. In addition:

! Y faun X-1g B Lre ™ V1 — 22 uy, xj-11] 1 0
T,dx = — 5 dz pv—xt, |dz,
1 1 14+ f2 V1+ f2 T

/1 fnus, Tntn X111 / fn Intn X—vag g
- 1+f2 1+f2

Also, the Hilbert transform of 15, can be calculated, thanks to Corollary 34:

_lpvl W T — Up X)-1,1] 1 V1 [ X - 1,1 ] 1 L [eTn V1—22ul, X]qu
oz " V-2t 2 Jit2 '

14 f2 T

e L"(-1,1),

€ L*°(-1,1), and 3Jre]l, 2],

(29)
This yields, in particular:

1 1
——pv—* Ty + fuT,, = ul,, a.e. in |—1,1[,
T

so that T}, — ¢, solves the homogeneous Carleman equation. But, as f, is Lipschitz-continuous,
all the solutions in U,~1L”(—1,1) of the homogeneous Carleman equation are proportional to 0
(see [14, Section 4-4] or Proposition 22). Since both T}, and %, have zero integral over |—1, 1], we
must have T}, = t,, and the claimed expression for %, is therefore established.

Finally, by Proposition 21, the Hilbert transform of ¢ is

Tn
- Jne in |-1,1[,

1 1 e X]-11] w1 —a?/T+ f2
Y2 Wmm sgn(x)e™
Va1
which, together with identity (29), is sufficient to obtain the claim in Step 2.
Step 3. We have:

inR\]-1,1],

Hg/HLOO(—Ll) in ]_17 1[7
1 1 . -
——pv—kty + fnln| <
lg HLoo(—1,1) 1+ \/r
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where B := (1/7) arctan || f1||oe (—1,1)-
The estimate in |—1, 1] was already proved in Step 1. Let us first estimate the following
function for |z| > 1:

L[| O T,
bve V1+ 2 V1+ f2(s)(x —s)
e~ ™(8) /1T — &2 |

SRV ey Ty e A

)

<9l

We have to estimate the integral in the right-hand side:

1_51+3 1—s ds

_Tn _Tn
1-0-33/ —
/ wl—i—fn l—i-sx—s 1/1_|_fn l+sxz—s

/ 1—s e ™) ds

1+s/1+4 f2(s
where the two integrals appearing in the right-hand side have actually already been calculated in
the proof of Proposition 21:

e~ (s) 1-s51+s

\/1+f2 1+sx—s

l1—=z

1+ ) 7T<1 arctanfn( )d8>

-1

ds=(1+ $)7T<1 — ¢ (@) ‘

Using this and Step 2, we obtain the claim in Step 3.
Step 4. Conclusion.

Set: _
e ™ 1 1 . -

The set suppf, is bounded uniformly with respect to n. To fix ideas, we can suppose:
vn e N\ {0},  suppfn C[-2,2].
Note that: . .
[ Jin@)lds < [ (lin(s) = P(s) + PiS(s)) ds < 2P,
-1 -1
and also that: )
/ |arctan f,,(s)| ds < 43,
-2
so that, for |x| > 3, we have:

e—ﬁ,,(x)

[Va(2)] =

/1 tn(s)ds
-1 r—sS ’

1 7 2 arctan fn(s S
L)l ds s 2 ssmmiacon

Tr—s

s

=T 2 -1 !

2P 1 s
—_ ez—
[ =1
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The function appearing in the right-hand side is independent of n and is in LP(—o00, —3) and in
LP(3,00), for all p > 1.

Hence, to obtain the conclusion of the Lemma, it is now sufficient to prove that the sequence
V,, is bounded in LP(—3,3), for all p € |1, (1/2+ 8)~![. To do this, we invoke the estimate of V},
provided by Step 3:

e*‘f'n (z)

/ .
Hg HLOO(—LI) 1+f,%(a:) m ]—1,1[7
|Va(2)| <

—‘T'n(SC) Tn(-r)
/ e €
g Hmc(q@)@ {1 + VaZ—1

By Lemma 24 in |-3,3[ with f replaced by —f, the sequence (e~™/y/1+/2) is bounded in
LP(=3,3), for all p € |1,(1/2 + B)~![. Now, there remains only to prove that the sequence:

eTn(:v)—?n(a:)
30
<\/1+f_,%(x)\/$2 — 1) (30)

is bounded both in LP(—3,—1) and LP(1,3), for all p € |1,(1/2+ B)~![, to reach the conclusion
of the Lemma. We are going to prove it for LP(1,3), the other case being similar. Set:

(|x|+27rﬁ)} in |3, —1[U]1,3].

v = faxpan U8 = faX)a

so that arctan f, — arctan f,, = —arctanv® — arctanv® and 7, — 7, = —H[arctanv®] —
Hlarctan vP] (where H stands for the Hilbert transform). As the sequence arctan v$ is supported
in [-2, —1] and is bounded in L'(—2, —1), the sequence H[arctan v?] is bounded in C°([1, 3]).
Finally, we can write:

eTn(:L‘)—‘Fn(x) o ( ) e—’H[arctan I/SB}(x)
= UplT )
VIFR@VE? -1 Vi@ /(3 - )(w — 1)
where C,, denotes a bounded sequence in C°([1,3]). Invoking again Lemma 24, the sequence
e‘H[arCtanl’"@]/(\/lJrung\/(S —2)(z — 1)) is bounded in LP(1,3), for all p € |1,(1/2+8)71].
Hence we have proved that the sequence (30) is bounded in LP(1,3), for all p € |1, (1/2+ 8)7![.

By the same argument, it is also bounded in LP(—3,—1). All in all, we have proved that the
sequence (V;,) is bounded in LP(—3,3), for all p € |1, (1/2 + 8)~![, and the Lemma is proved. [J

for a.a. z €]1,3[,

Proof of Theorem 19.
Step 1. The sequence (i) is bounded in .#([—1,1]) and in H='/?(—1,1). Therefore, upon ez-
tracting a subsequence, it converges towards some limit t in .4 (|—1,1]) weak-* and in H=/?(—1,1)
weak.

The integrable function £, — Pt) is nonpositive and has total mass P. This entails that £,
belongs to the closed unit ball of radius 2P in .#([—1,1]). Also, as , solves problem Z,, it
fulfils the variational inequality:

1 - 1 = R R
(= toglal o+ 5 sgn(o) () £ 80} = (g 1= L)
for all € Hy N .#([—1,1]) such that £ — Pt < 0. Taking f = 0, we obtain:

1 -~ - ~ - -
(= tog kel i) < ol e linllr-v + [l Nl
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where the second term in the right-hand side is bounded and the left-hand side can be identified
with anHz_l /2, thanks to Lemma 40 in Appendix C. This inequality therefore shows that
£l g-1/2 is bounded.
Step 2. We have the following convergence:
6777'77, —Teff
Vin i

weakly in LP(R), for all p € ]1,(1/2+4 B)~[, where 3 is given by formula (27).

From now on, we pick an arbitrary p € ]1,(1/2+ 8)7![. Given arbitrary ¢t € LP(R) and

y > 0, we have:
1 /00 yt(s)ds
T J—0c0 (1' — 3)2 + y2 LP(R) -
Applying Theorem 33(7) in Appendix A to the holomorphic function:
1 />t
o(z) = —/ (s) ds, z eIt

o0 8 — %

1 1 - 1 1 - _
**pV *t +fntn - *;pvg*tJrfefft

1y
7rw2+y2

Itlr ) = It Lo (w)
E)

we obtain, for all y > 0:

1 [ (s—xz)t(s) 1 1ol [ yt(s)
;~/—oo (s —x)?+y? ds __vax*<7r/_oo (8m)2+y2d8>’

so that, invoking Theorem 32 (%) in Appendix A, we have:
|z + iy)”LP(R) < Cltllze(w)s

for some universal constant C, independent of ¢, ¢ and y > 0. Applying Green’s formula to the
harmonic function h(z,y) := (1/7) log /22 + y2 ¥ t, we have, for all p € C°(II7):

0 1 0 © (x—s)t(s)ds O b t(s)ds
[~ terewodo =2 [ [P [~ EZNE R ) [T S aay,

where, for all Y > 0, the following estimates hold:
H / (x —s)t(s)ds
(x —s) +y
TN

for some constant C' independent of £ and Y > 0. When

< CYYP|t]| Lo (my
LP(Rx]0,Y)

(31)

<cy'r 1] e (w)
e @xjo,vp)

e~ n

Vi+17

such a Green’s formula is the one provided by Proposition 30:

/ ¢ <—1PV1 ttn + fuln ) p(z,0)dz = / [%e_d’”(eriy) ag)ﬁ" + Qe Pn(z+iy) 8?771} 9%
0o I+

t =

1 1 -
(—pV * t + fntn>7

142 T oz
L OD5 0®; 10

_ Go—n(ztiy) I 00 —¢n(atiy) % | OF

+ { Se o + Re By } 3y
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where 7, := (1/2) sgn(z) * t, and:

1 [°° arctan f,(s)ds
én(2) = ;/ s —nz ’
—00
1 [ i, d 1 -
Q5. (x,y) == —/ _ Y5 Z arctan~ ¥ tn.
T (=822 4y = y

Using Lemma 31 and formula (31), this entails that the two sequences:

(;Reasn(my) 0Piin | pbnlativ) 8%) and (_gemmw 0%y | qao—on(ati) 5"I>nn>

Ox oy ox dy
are bounded in LP(R x ]0,YT), for all Y > 0, and therefore have a weak limit (upon extracting
subsequences) in LP(R x ]0,Y[). As (arctan f,,) converges towards arctan fog in L>(R) weak-*,
(t,) converges towards t in .#([—1,1]) weak-* and H~/?(—1,1) weak, and:

i

N B arctan f,,(s) ds
Onl(@ +iy) = w/_oo s — (z +1iy)

0Py, (2.y) = 1/1 ytn(s)ds 0Py, (2.y) = 1 /1 (s —x)t,(s)ds

ox 7)1 (2 —8)2 4+ y?’ Oy Y =7 1 (z—s)2+y2 7

it is readily checked that the sequences (¢n(x + iy)), (0®s,/0x) and (0P, /0y) converge
pointwisely in IIT towards, respectively, ¢gegr, 0P;/0x and 0P;/dy, where 7 := (1/2) sgn(x) * t
(this is the same argument already used in the case of the flat indentor). Furthermore, these
three sequences are bounded by a constant on each compact subset of II'". Using the dominated
convergence theorem, this implies that the weak limits in LP(R x]0, Y[) of the above two sequences
must equal:

<%e¢eg(x+iy>%v+d ¢eﬁ<x+w>‘9‘1’> and (_ge%ﬁ(mﬂy)aq)"_i_% M(Hw)@@)
ox oy oz dy

This entails that the sequence:

converges weakly in LP(R) towards:
e~ Teft
Step 3. We have t = toq and, in particular, the sequence (t,) converges towards teg in A ([—1,1])

weak-*.
Step 2 and Lemma 24 entail that the sequence:

[ eﬁ"( Lo ey 4 i ’)d
——pv— — s
i ﬂpvaj n nln — 9

converges pointwisely towards:

1 1 - i
——pv— skt + fegl |.
Tz

neN\{0}

T o Teff

1V

1 1
(—pv kb + fort — >ds,

o1



and is bounded in WP(—1,1), for all p € |1,(1/2+ 8)71[. As WP(-1,1) is continuously
embedded in C%®~1/P([~1,1]), Ascoli’s theorem yields that the convergence is actually strong
in C%([-1,1]). Coming back to formula (28), this entails that the sequence:

Coim + <Pt0 T (—1 Lt Sl - ’)>
= - vV — %
n P n n i 7Tp - n nln — g

converges towards a limit C, as the first term converges in .Z([—1, 1]) weak-* and the second
one converges strongly in C%([—1,1]). Recalling that t9 converges weakly in LP(—1,1) to t%, by
Theorem 2, we therefore have:

e (t,1)=0and t < Pt
x 6_’7—03

VT

T e Teft 1 1 - - ,
. t—Pteﬁ«, — —;pV;*t—i-feﬁteﬁ‘—g ds —Cyx ) =0.
-1 eff

1 1
(—pv * 1+ fefft - />d3 < Coos

But, there is one and only one element of H~1/2(—1, 1) satisfying all these conditions: f.g. Hence
t = tof and we have proved that the sequence (f,) converges towards feg in . ([—1,1]) weak-*
and in H1/2(—1,1) weak.
Step 4. The sequence (fnt,) converges towards fegleg in 4 ([—1,1]) weak-*.

Let (tn,un) € Ups1LP(—1,1) x Ups1W1P(=1,1) be the unique solution of problem %,
associated with friction coefficient f,. By Proposition 16, we have:

/ /
HunHLoo(fM) <llg HLoo(q,l)'

By Ascoli’s theorem, the sequence u,, converges in C%([—1,1]) towards some limit % (upon
extracting a subsequence). We are going to prove that u = ueg. Of course, we have u < g. As:

1 1
B 0 - 0
/_ (it = Pty) (i = g) dw = lim [ (B = PED) (un — g)da =,
we have @& = g = e on supp(fesr — Ptl;). Consider an arbitrary z¢ € ]—1, 1]\ supp(fet — Pt2s)
(in the case where there exists some). We denote by (f,,,v5) € Ups1LP(—1,1) X Ups1 WHP(—1,1)
(resp. (feft, vefr)) the unique solution of problem 4 associated with friction coefficient f,, (resp.

feff) . Set:

- g/ e—Tn x g/ e—%n
wp(z) == vp(z) — o ds — S]ufl)l[{vn(x) - /_ = ds},

—7
x e n

ds — su /
11413 (=) E)l[ 1V 1+fn
T e=Tn 1 1 - -
= /1 = (—ﬂpvx ¥ty + fntn — g’) ds —

xe 11[/ \/1+fn

and weg by replacing all the ‘n’ by ‘eff” in the above definition. By Proposition 16, the function
wesr vanishes on supp(fer — PtY) and is negative on |—1, 1[\supp(feg — Pt%;). Hence, weg (7o) < 0.

—g') ds,

I

1 1
<pV * b +fn n >d87
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By the analysis led in step 2 and step 3, the sequence (w,,) converges towards weg in CO([—1,1]).
Therefore:

AN eN, In>0, Vn>0, Vz€xg—2n 9+ 27, wp(z) < 0.

Hence, for all n > N, [zg — n, 20 + 1] Nsupp(t, — Pt2) = @, and, of course [zg — 1,20 + 1] N
supp(fet — Pt%) = @. As, supp(fesr — Pt;) is connected, it lies either on the left, or the right of
[to — 0, 20 +n]. Let us assume that it lies on the right. Then, the same is true of supp(f, — Pt9)
whenever n is large enough, by the weak-* convergence in . ([—1,1]) of (£, — Pt?). Then:

1 1
U, e R, Vze]-1,z9+1[, un(:c):Un—;/

log|a — s| (En(s) — Pt5(s)) ds,
zo+n

where the sequence (U,,) must be bounded. We can therefore take the limit to obtain:
JU eR, Vxe]-1,z9+n|, u(z) = U + ueg (),
and therefore:
JU € R, Vz < infsupp(feg — Ptls), w(z) = U + ueg(z).

As 4 and ueg are continuous and equal on supp(feg — Ptgﬁ), we have U = 0. All in all, we have
proved 4 = Uef.

The sequence (fyt,) being bounded in .#([—1,1]) converges in .#([—1,1]) weak-*, upon
extracting a subsequence, towards some limit ten ([-1,1]). We are going to prove that
f= fofitest. Going to the limit in the formula:

1 1 . ) ,
—;pv; *tn + foln = ul, in 7'(]—1,1]),

we obtain:

1 1 . - 1 1 ~ _
——pv—klef +1 = ULg = ——DPV— * Leff + fefileft, in 2'(]—-1,1]).
T T x

Hence, we have = foitosr as elements of 2’ (]=1,1[). To obtain the equality as elements of

A ([—1,1]), we need to prove that the measure ¢ has no atom at —1 and 1. But this is ensured
by:
Hf1||Loo(,1,1)(£n - Pt%) < fn(fn - Pt%) < _Hf1||Lo<>(,1,1)(£n - Pt%)v

which yields:
£l oo (—1,0) (Fott — Ptg) <= Pfegtdy < | f1ll oo (1,1 (Ferr — Ptly),

in #([-1,1]), as (t9) and (f,t2) converge respectively towards t; and festls in . ([—1,1])
weak-*, thanks to Theorem 2. All in all, we have proved that the sequence (f,f,) converges
towards fegleg in 4 ([—1,1]) weak-*. O
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Appendix A: Marcel Riesz’s LP-theory of the Hilbert transform

The distributional derivative of the locally integrable function log |x| is denoted by pv1/z
(meaning ‘principal value’). It satisfies:

. 1 L o()
Yo € Cc (R)v <pV ;’ <'0> o 51—1>I(I)1+ R\|—ee[ T a

(C2° stands for the space of C*° compactly supported test-functions), where the limit exists
thanks to the differentiability of ¢ at 0. The distribution pv 1/z is a tempered distribution whose

Fourier transform is given by:
Flpvl/z] = —i\/ngn,

where sgn is the sign function and the following convention is used to define the Fourier transform
of any integrable function f:

FINE) == [ S an

As the Fourier transform is an isometry of L?(R), the same applies to the so-called Hilbert
transform defined by the convolution product:

HIf) = pvo«f,

whose inverse is minus itself:
vfeL*R),  H[H[f] =~

Actually, these results classically extend to LP(RR), provided that p € |1,4+o00[. A proof of the
following two theorems of Marcel Riesz can be found for example in [13].

Theorem 32 (M. Riesz) Let p € ]1,00[ and f € LP(R). Then:

(i) For almost all x € R,

H[f](z) := 1 lim /(s) ds,

T =0+ JR\Je—e,a+e[ T — S

erists and is finite.
(i) The function H|[f], defined almost everywhere in R by the above formula, is in LP(R).
(iii) The mapping H : LP — LP is linear continuous.
(iv) The following identity holds:
VfeL’R),  H[H[f]] =~

which shows that H is an isomorphism of LP(R).
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(v) The function H[f] coincides with the convolution product:

HIf] = —%pV% * f,

and is accordingly named the Hilbert transform of f € LP(R) (p € ]1,400]).

The Hilbert transform is closely related to the study of some class of holomorphic functions
defined in the open upper-half plane:

ot .= {z €C; 3(z) > 0},
as seen in the next theorem.
Theorem 33 (M. Riesz)
(i) Let p € ]1,00[ and f € LP(R). Then, the function ® : IIt — C defined by:

D(2) := L= & dt,

is holomorphic in IIT and satisfies:
o
JKeR, Vy>0, / |®(x + iy)|" dz < K. (32)
—0o0
In addition, ®(x + iy) converges, as y — 0+, in LP(R;C), but also for almost all v € R,

towards the limit:

O(z +1i0) = H[f](x) + if(z).
(ii) Reciprocally, if ® is some holomorphic function in I satisfying the condition:
[e.e]
JK eR, Vy>O0, / |®(x +dy)|" dz < K,
—00

then, ®(z + iy) converges, as y — 0+, in LP(R;C), but also for almost all x € R, towards
some limit ®(x + 10), which satisfies in addition:

R{D(z +i0)} = H|S{®(x +i0)}].
Using Theorem 33(i) and the following indentities:

R(HLA)+if) (HIf) +if2)) = HUAHIE) — fi fo,
S((HIA) +if0) (UL +if2) ) = U] o + fr 1),

we get the following corollary.

Corollary 34 (Poincaré-Bertrand-Tricomi) Let fi € LP*(R) and fo € LP2(R), with p1,p2 €
11, 00[ and p% + p% < 1. Then:

HHIA] 2 + AHIR)]) = HIAIHI) —
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Corollary 35 Let ® : II" — C be a holomorphic function such that ®(x + iy) converges, as
y — 0+, towards a limit ®(x + i0), for almost all x € R. Suppose that ®(x + i0) € LP(R;C), for
some p € ]1,00[ and ® is bounded at infinity. Then:

R{®(x +i0)} = H[I{@(x +i0)}]

Proof. Let f := 3®(z +i0) € LP(R). Then, the function ®(z) := ®(z) — [ t . D at is
holomorphic in ITt. By Theorem 33(i), S®(x + iy) converges, as y — 0+, towards 0, for almost
all z € R. This fact can be used to extend the harmonic function (z,y) — I®(z + iy) as a
harmonic function defined on the whole plane (by reflection). As this harmonic extension is
bounded at infinity, it is bounded and is therefore constant by the Liouville theorem for harmonic
functions. Hence, the holomorphic function ® must be constant on H+. This constant must
equal R®(z +i0) € LP(R) and is therefore 0. Hence, ®(z) = [ t z ! and the claim is now
obtained from Theorem 33(i). O

Appendix B: the spaces H'/? and H~'/?

Let I be an arbitrary (bounded or unbounded) open interval in R.

Definition 36 The space:

HY2(I1) = {u€L2 ‘ /I><I pr—y )) dxdy<oo}

endowed with the norm:
: ) u(@) = u(y)\?
||u||H1/2 = HuHLz +/[><I($—y) dﬂfdy

is a Hilbert space. The space C2°(I) of C* functions with compact support in I is dense in HY/2,
Its dual space is therefore a space of distributions in I. It is denoted by H_1/2(I).

It follows directly from the definition of H'/? that the restriction to |c,d[ C ]a,b[ of some
uw € HY?(Ja,b]) defines an element of H'/?(]c,d[). As a corollary, the extension by zero of
some t € H~Y/2(]c,d[) defines an element of H~/2(]a,b[). However, the extension by zero of an
arbitrary element of H'/2(]c,d[) is not, in general, an element of H'/2(]a,b[). As a corollary, the
restriction to ]c, d[ of some t € H~1/?(Ja,b[) is not, in general, in H~'/2(J¢, d|).

In the particular case where I = R, the spaces H'/2(R) and H~'/2(R) can be equivalently
defined in terms of the Fourier transform.

Proposition 37 Denoting by .’ (R) the space of tempered distributions and by t = FIt] the
Fourier transform of an arbitrary tempered distribution t € .#'(R), we have:

H'?(R) = {ue #(R) | (1+[¢P) /" a(¢) € LAR;O)f,
HP®R) = {te S'®) | (1+]¢)7/ i) € L(R; O)},

and the corresponding natural norms are equivalent to those of HY/?(R) and H~'?(R). In
particular, the Hilbert transform is an isomorphism of both H'/?(R) and H~Y/?(R).
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Theorem 38 (Sobolev embeddings) Assume that a and b are finite. Then:
Vpe[loof,  HY*a,b) C LP(a,b),

with continuous embedding. On the dual side:
Vpell,oo],  LP(a,b) C H'/?(a,b),

with continuous embeddings.

The space H'/2(—1,1) contains unbounded functions such as log | log |z /2||, but not functions
with jumps such as the Heaviside function. As a corollary, a measure t € . ([—1,1])NH~1/?(—=1,1)
has no atoms.

Appendix C: Fourier transform and Poisson integral

The following convention is chosen to define the Fourier transform of any integrable function f:
FIAE = —= /OO flz)e "™ d
=— x)e x.
21 J—o0

Proposition 39 We denote by pvl/z (‘principal value’) the distributional derivative of log |x|
and by fpl/|x| (‘finite part’) that of sgn(zx) log |z| (sgn is the sign function). Then, the Fourier
transforms of the following distributions are known explicitly.

1 2 1
f[log Va2 + aﬂ = —/ g ekl fpm — V21 Tgu 6, ]:{% arctan(m/a)] = —iy/— e alél pvg,
T

]:[log |:z|] = —\/pré| — V27 TRl 6. f{sgn(x)] = — '\/vaé,

where a > 0 is an arbitrary positive real constant, § the Dirac measure at 0 and gy :=
lim,, oo —logn + >"}_1 1/k is the Euler-Mascheroni constant.

As a consequence of the above Fourier transforms, we have the following lemma whose proof
is to be found in [3, Theorem 3.

Lemma 40 For allt € H='/?(—1,1) extended by zero on R, the convolution product log |z|*t is
a locally square integrable function, whose restriction to |—1,1[ is in H'/?(—1,1). The symmetric
bilinear form:

t1,tg — —<10g |ZC| * 17, t2>,

is a scalar product on the Hilbert space H‘1/2(—1, 1) which induces a norm that is equivalent to
that of H—Y/2.

Given an arbitrary u € LP(R), the function:

1 o 1 1
O, (x,y) = —/ _yuls) ds=-—2 _%u="arctan_ o, (33)
T Jooo (2 —8)2 4+ 42 T +y? T y

is a well-defined harmonic function in IIT, called the Poisson integral of u. The following
proposition gives some of its properties in the case where u € H'/2(R).
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Proposition 41 Let u € Hl/Q(R) be arbitrary. Then, its Poisson integral ®, is harmonic on
It = R x |0, +oo[, V®, € L*(II") and &, € H*(R x ]0,Y]), for all Y > 0. Moreover, u
coincides with the trace of ®, on OIIT ~ R and the Hilbert transform of u' coincides with the
derivative 0P, /0y on the boundary, in the sense:
0P, 0p 0P, Dy 1 1
Vo e HY(IT), /( Gt ")dd:< Zxadl ,0>.
v () o+ \ Oz 8x+8y oy S ﬂpvx*u #(@,0)

Proof. First, note that, at fixed y > 0, the function z + y/(z% + 9?) is in L'(R). Therefore,
its convolution product with the function w is well-defined and the function x — ®,(x,y) is in
L?(R). As the function (z,y) + y/(z? + y?) is harmonic in IIT, the same is true of the function
D,

By Proposition 39, the Fourier transform @u(ﬁ,y) of &, with respect to the x-variable is
given by:

e_y‘gl

O, (€,y) = Vor (&) = e va(g),

V2r
which shows ®,, € C%([0,Y], L?(R)) C L?(R x ]0,Y]), for all Y > 0. By:
s 2 8&)71 2 — ~
—igbue ] + |G 0| =2 ePla) P

we obtain V&, € L2(IT*) and:

+oo
1983y = [ €N A€ < Clulldogey (34)

for some real constant C, independent of u. Hence, we have proved that ®, € H'(R x ]0,Y])
and that its trace on II" ~ R is u. Taking a sequence (u,) in C2°(R) that converges strongly
towards u in H'/?(R), the sequence (V®,, ) converges strongly towards V®,, in L>(II*), thanks
to estimate (34). But:
0%,
n — —e Yl gl a
() = —e ], 6),

which shows that ®,,, € C°°(IIT), and also that:

6;3%(57 0)=— \/5 (i§ ﬁn(§)> (—i\/jsgn(f))

Yy
_ —VE W, (€) pv 1/2(©),

which is nothing but:
0,

dy

/

11
0) = —=—pv = .
(z,0) —pv_*uy,

By Green’s formula, this gives:
— 0P, dp 0¥, Op | R
oo (T[+ n L )dedy = ( — pv—

and, by taking the limit n — 400 using the fact that the Hilbert transform maps continuously
H~1/2(R) onto itself:

— 0®,0p 0P, Op 1 1 >
o0 + u _ - / )
Vo € C2°(IT), /I'H( 5% B + By 8y)dxdy = <7r v xu | p(x,0)

The expected identity now follows from the density of C>°(IT+) in H*(ITF). O
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Appendix D: pseudomonotone variational inequalities

The content of this appendix particularizes some more general results from [6], for easy reference
and the convenience of the reader.

Let E be a separable Banach space and E* be its (topological) dual space, the duality product
being denoted as usual by (-,-). In the sequel, A : E* — E denotes a bounded linear mapping.

Definition 42 The linear mapping A : E* — E is said monotone if:
Vx € E*, (Az,z) >0,
and is said strictly monotone if:
Vo € E*\ {0}, (Az,z) > 0.

Definition 43 The bounded linear mapping A : E* — FE is said pseudomonotone or pseu-
domonotone in the sense of Brézis, if all sequence (x,) in E*, weakly-* convergent to x € E*
and such that:

lim sup{ Az, x, — x) <0,

n—-4o00

has the property:
Yy € E*, (Az,z — y) < liminf(Az,, x, — y)

n—-+o0o

As a particular case of Proposition 23 of [6], we have:

Proposition 44 If the bounded linear mapping A : E* — E is monotone, then it is pseudomono-
tone.

The following theorem is a particular case of a more general result (corollary 29 of [6]) of
Brézis.

Theorem 45 Let K be a weak-* compact convex subset of E* such that 0 € K, A: E* — E be
a bounded linear pseudomonotone mapping, and ¢ : E* — RU {400} a convez, weakly-* lower
semicontinuous function such that ¢(0) = 0. We assume:

Ve e E*\ K, (Az,z) 4+ ¢(z) > 0.
Then, there exists u € K such that:
Vo € E*, (Au,v —u) + p(v) — p(u) > 0.
If, in addition, A is strictly monotone, then u is unique.

Making use of the fact that the bounded closed convex subsets of E* are weak-* compact,
we have the obvious following corollary (which is not given in [6] where a similar statement for
reflexive Banach spaces is given instead).
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Corollary 46 Let K be a closed convex subset of E* that contains 0, A : E* — F be a
bounded linear pseudomonotone mapping, and ¢ : E* — R U {400} a convex, weakly-* lower
semicontinuous function such that p(0) = 0. We assume:

(Az, z) + ¢(x)

1m
||| g =400 |||
zeK

:+OO

Then, there exists u € K such that:
Vo € K, (Au,v —u) + p(v) — p(u) > 0.
If, in addition, A is strictly monotone, then u is unique.
Proof. Let K and ¢ be according the hypotheses of this corollary. There exists R > 0 such that:
|z||gx > R and =z € K = (Az,z) 4+ ¢(z) > 0.

We set:
K' = KN B*(0,R), o =+ Ik,

where B*(0, R) is the closed ball of radius R in E* and I is the function taking the value 0 all
over K and +oo outside. Then, K’ and ¢’ satisfy the hypotheses of Theorem 45, so that there
exists u € K’ C K such that:

Yo € E*, (Au,v —u) + Ix (v) + p(v) — p(u) >0,

which yields the claim. O
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