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Abstract

This paper proposes a Newton-type method to solve numerically
the eigenproblem of several diagonalizable matrices, which pairwise
commute. A classical result states that these matrices are simultane-
ously diagonalizable. From a suitable system of equations associated
to this problem, we construct a sequence that converges quadrati-
cally towards the solution. This construction is not based on the
resolution of a linear system as is the case in the classical Newton
method. Moreover, we provide a theoretical analysis of this construc-
tion and exhibit a condition to get a quadratic convergence. We also
propose numerical experiments, which illustrate the theoretical results.
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1 Introduction

1.1 Our study

Let us consider p diagonalizable matrices My, - - , M, in C"*" which pairwise
commute. A classical result states that these matrices are simultaneously diag-
onalizable, i.e., there exists an invertible matrix £ and diagonal matrices ¥;,
1 <i < p, such that EM;E~! = %;, 1 <i < p, see e.g. [25]. The aim of this
paper is to compute numerically a solution (E, F, ¥) of the system of equations

1E 58 = (e ) =0 1)

where ¥ = (X4,...,%,) and FME-% = (FME—-%4,...,FM,E—-%,) = 0.
Notice that this system is multi-linear in the unknowns E, F,Y. We verify
that when p =1 and M is a generic matrix, this system has a solution set of
dimension 2n2 +n —2n? = n (n? +n? +n unknowns for £, F, ¥ and 2 matrix
equations corresponding to n? 4+ n? equations). However, for p > 1 and generic
matrices M;, there is no solution. To have a solution, the pencil M must be
on the manifold D, of p-tuples of simultaneously diagonalizable matrices.
The system (1) can be generalized to the following system:

FME — 20) 0 @

fI(EvF7E/) = ( FME - %

where ¥ = (3¢,%1,...,%,), My € C*™ is replacing I, and o is a
diagonal matrix replacing I,, in the first equation of (1). When the pencil
M’ = (My, M, ..., M,) contains an invertible matrix, the solutions of the
two systems are closely related. If My is invertible, a solution (E, F,%’) of (2)
for M' = (Mo, My, ..., M,) gives the solution (F My, EXy", ¥35!) of (1) for
M = (Mg M, ..., My M,). A similar correspondence between the solution
sets can be obtained if a linear combination M) = le A\ M; is invertible.

As (2) can be seen as an homogeneisation of (1) and appears in several
contexts and applications, we will also study Newton-type methods for this
homogenized system.

To solve the system of equations (1), we propose to apply a Newton-like
method and to analyze the Newton map associated to an iteration. These
ideas have also been developed for instance in [33] where a Newton method is
used for the symmetric eigenvalue problem. A Simultaneous Newton’s iteration
for ill-conditioned eigenproblem has been introduced in [21]. For more recent
references using the Newton-type approach for eigenproblem see for instance
[29, 39, 28]. Moreover, similar approach for the fast computation of the singular
value decomposition has been presented in a technical report [23].

We say that we have a quadratic sequence associated to a system of
equations if the sequence converges quadratically towards a solution.
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The classical Newton map defines (F+ X, F+Y, X+ S) from (E, F,Y) in
order to cancel the linear part in the Taylor expansion of f(E+X, F+Y,X+5).
An easy computation shows that the perturbations X, Y and S are solutions
of such a Sylvester-type linear system
( FE-I1I,+FX+YE >:0 3)
FME-Y-S+XMF+EMY

A straight-forward way to solve this linear system is via Kronecker product,
see [24]. This leads to a linear system of size 2n?, which can be solved in O(n®)
arithmetic operations.

The construction of the methods studied here is based on perturbations of
such type (E(Ip,+X), (I,+Y)F,£+5) rather than (E+ X, F+Y,X+5). More
precisely the perturbations X, Y and S that we consider are perturbations
which cancel the linear part of the Taylor expansion of f(E (I, + X), (I, +
Y)F,¥+45). In this case, we can produce explicit solutions for the linear system
in X, Y and S given by:

Z+X+Y O\
(A—S+EX+YE>_O' )

where Z = FE—1I,, and A = FME — 3. We will see that the linear system (4)
admits an explicit solution (X, Y, S) with respect to Z and A for p = 1,2 in (1).
This is because X is a diagonal matrix. From these considerations, we define
and analyze a sequence that converges quadratically towards a solution of the
system (1) without inverting a linear system at each step of this Newton-like
method.

1.2 Related works

Simultaneous matrix diagonalization is required by many algorithms as it was
pointed out in [31, 7, 46, 26, 19]. A numerical analysis for two normal commut-
ing matrices is proposed in [8] using Jacobi-like methods. Their method adjusts
the classical Jacobi method in successively solving w two-real-variables
optimization problems at each sweep of the algorithm. Their main result states
a local quadratic convergence and can be summarized in the following way. Let
off2(A, B)? = Zi¢j|Ai,j|2 +|Bi ;% Let {ai,...,an} (vesp. {B1,...,B,}) be
the set of the eigenvalues of A (resp. B). Let A* and B* the matrices obtained
at the step k of the Jacobi-like method and py, = off2(A*, B¥). If

1 1 .
po < 50:= 1‘2&?“% — a4l |Bi = Bil),
then
Pk+1 < 2n(9n — 13)

>R
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We will see in Theorems 3 and 5 that the local conditions of the quadratic
convergence do not depend on n. Many other papers studied the so-called
Jacobi-like methods (see e.g. [32], [34] and references therein).

In [22] a sequence with proof of its convergence towards a numerical solution
of the system (1) when p = 1, i.e., for M7, with the assumption of M; being a
diagonalizable matrix, is presented. It requires matrix inversion. Furthermore,
under some extra assumptions, its quadratic convergence is established.

For a pencil of real symmetric matrices C = (Cy,...,Cs), several algo-
rithms based on Riemannian optimization methods (see [2]) have been devel-
oped in order to find an approximate joint diagonalizer (see e.g. [5, 1, 37, 27]).
The idea is to find a local minimizer B € R™*" of an objective function f which
measures the degree of non-diagonality of the pencil (BC1B7,..., BCyBT)
over a Riemannian manifold (see [47, 5, 3] for some examples of objective
functions). This Riemannian manifold is defined according to the geometric
constraints considered on B. For instance, the diagonalizer is supposed to be
orthogonal in some of these algorithms after a pre-whitening step (see e.g.
[10, 11, 20, 37, 17, 27, 35, 36]). Due to inaccuracies in the computation of
the diagonalizer with orthogonality constraints (see. [49]), obligue constraints,
i.e., all the rows of the diagonalizer have unit Euclidean norm, have also been
considered instead of the former constraints in more recent works (see e.g.
[1, 5]). These algorithms can be used when the pencil of symmetric matrices
is simultaneously diagonalizable. In this case, we aim to find a zero of the
objective function f. However, these algorithms have a computation complex-
ity higher than the Newton-type algorithm that we propose (see Proposition
4). For instance, most of them combine line search [2, Ch4] or trust region
[2, Ch7] methods, and matrix inversions at each iteration (see the exact Rie-
mannian Newton iteration in [1]). Moreover, the points on the Riemannian
manifold are updated using a retraction operator (see [2, Ch4] or [5] for an
example of a retraction operator on the oblique manifold). In the Newton-
type method described in Sections 3 and 4 the points are updated by using
direct and explicit formulas. They have lower complexity than the Rieman-
nian optimization-based algorithms and they are well-adapted to computation
with high precision.

Simultaneous matrix diagonalization appears in many applications. For
instance, in the solution of multivariate polynomial equations by algebraic
methods, the isolated roots of the system are obtained from the computation of
common eigenvectors of commuting operators of multiplication in the quotient
ring and from their eigenvalues [15], [18]. In the case of simple roots, this
reduces to simultaneous diagonalization of a pencil of matrices.

The approach of approximate joint diagonalizer for a pencil of real sym-
metric matrices is used to solve Blind Source Separation (BSS) problem, with
potential applications in wide domains of engineering (see e.g. [14]).

Simultaneous matrix diagonalization of pencils of general matrices also
appears in the rank (or canonical) decomposition of tensors [16]. Under certain
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conditions this rank decomposition is unique [40]. In this case simultane-
ous matrix diagonalization allows to compute this rank decomposition which
plays a crucial role in numerous applications such that Psychometric [12], Sig-
nal Processing and Machine Learning [13], [41], Sensor array processing [44],
Arithmetic Complexity [9], wireless communications [45], multidimensional
harmonic retrieval [42], [43], Chemometrics [6], and Principal components
analysis [30].

1.3 Outline

Our contributions are a new iteration for the simultaneous diagonalization of
matrices, with a local quadratic convergence and its analysis. The iteration is
different from a Newton iteration. It does not require to invert a large linear
system, but performs simple matrix operations. We analyse the numerical
behavior of the method and provide a certification test for the convergence.
Sections 2, 3, 4, and 5 are devoted to respectively constructing a sequence to
solve numerically:

FE-1,=0,

the system (1) when p =1,
the system (2) when p =1,
the system (1) for any p.

Moreover, we provide for these cases, a certification that the sequence con-
verges to a nearby solution, and a test to detect when this convergence is
quadratic from an initial point. More precisely, in Section 3 we show that
a triplet (Ey, Fy,Y0) must satisfy a property depending on the quantity
g0 = max (k3 KZ||Zo||, k3 Ko||Ao||) to get a quadratic convergence where

1- Zoy = FoEy — 1,
2 Ay = FyMEy — S,

1
3- kg =max |1, max ————— |,
1<G<ksn |0 ) — 0 ]

4- Ky = maxy (1, |007k|> ,

where 0¢ 4,...,0(, denote the diagonal entries of 3,. The quantity r is the
condition number of the studied methods. Based on the same methodology
as in Section 3, Sections 4 and 5 exhibit a certification of the convergence
of the sequence constructed to the studied case towards the solution with a
sufficient condition on the initial point. In Section 6 we perform numerical
experimentation. The final section is for our conclusions and future works.

1.4 Notation and preliminaries

Throughout this work, we will use the infinity vector norm and the correspond-
ing matrix norm. For a given vector v € C" and matrix M € C"*", they are
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respectively given by:

[[o]] = max{foa], ..., [val}
[M]| = max [[Muvl].
loll=1

Explicitly, || M|| = max{|m;1]| + ...+ |min|: 1 <i<n}.
For a second matrix N € C™"*™ we have

|M|| + [|N|| (sub-additivity)

1M + Nl
| < ||M]||||N]|| (sub-multiplicativity).

|
[MN| < |

<
<

Moreover, for a given matrix M € C"*", we denote by || M ||r, Tri
and || M || Frop the following:

[M]

LTri ‘= max [m;l,
1<i<n
1<5<i-1

i.e the max matrix norm of the lower triangular part of M,

HMHFTob =

i.e., the Frobenius norm of M.

Furthermore, we consider in this paper the regular case of diagonalizable
matrices, that is, the matrices are diagonalizable with simple eigenvalues. Thus
we will use the following notation

Wy, :={M € C™*" | Mwith pairwise distinct eigenvalues}.

It is well-known that W,, is dense in C™*",

The Lie group of n X n invertible matrices, denoted by G L, is the so-called
general linear group [4]. We denote by D,, the vector space of diagonal matrices
of size n and D!, denotes the subset of D,, in which the diagonal matrices are
of n distinct diagonal entries. Let E, F € GL,, and X € D). The tangent space
of GL,, at E (resp. F') is denoted by TeGL,, (resp. TrGL,,) and the tangent
space of D! at X is denoted by TxD!,. The perturbation of respectively E, F
and ¥ that we consider in this paper are of the following form: E + E, F + F
and X + 2, where E and F are respectively in TgGL, and TpGL, and Y is
in TZ'D;

As GL,, is a Lie group, E and F can be written as EX and Y F such that XY
are in the Lie algebra of GL,, which is equal to C"*" (since this Lie algebra
is 71, GL,, and GL,, is an open subset in C"*").

As D/, is open in D,, then TsD! = D,,, herein Y =25 €D,.
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Finally, the perturbations of £/, F' and ¥ that we consider are as follows:
E+EX, F+YF and ¥ + S, such that X and Y are in C"*™ and S is a
diagonal matrix in C™*"™.

For a matrix M € C™*", let diag(M) be the diagonal matrix with the
same diagonal as M and let off (M) be the matrix where the diagonal term of
M are replaced by 0. We have M = diag(M) + off (M). We say that M is an
off-matrix if M = off (M). In addition, let (A1,...,\,) € C*, diag(A1,...,\n)
is the diagonal matrix in C™"*"™ of diagonal entries A1,..., A,.

The superscripts ./, .* and .~! are used respectively for the transpose,
Hermitian conjugate, and the inverse matrix.

We state the following lemma which will be used in some of the proofs.

o(ldue?y—1 )
% Given £ < 3, u < 1, and i > 0, we have

j+i i
[T +ue®) < 14 2ue? (5)
3>0

Lemma 1 Let p(e,u) =

Proof Modulo taking 2" instead of e, it suffices to consider the case when i = 0.
Now (g, u) is an increasing function in ¢ and u, since its power series expansion in €
and u admits only positive coefficients. Consequently, ¢(e,u) < 4,0(%, 1)=2. |

2 Newton-type method for the system
FE -1, =0.

Let f: GL, x GL,, — C"*" (E,F)w— FFE — I,. We consider the following
perturbations 4+ EX, F'+ Y F of respectively E and F where X, Y € C**™,
To define the Newton sequence we have to solve the linear system obtained
by canceling the linear part in the Taylor expansion of f(E + EX, F +YF).
The same methodology will be adopted in the next sections for the other con-
sidered systems. Hereafter, we detail the computation of the Newton sequence
associated to the system F'E — I, = 0. Moreover, a sufficient condition on
the initial point for the quadratic convergence of this Newton sequence will be
established.

Let Z = FE — I,,. We observe that

f(E+EX,F+YF)=(F+YF)(E+EX)-1I, (6)

=724+ (Z+L)X+Y(Z+1,)+Y(Z+IL,)X. (7)

We assume here that Z is of small norm, i.e., we start from an initial point
(Ey, Fo) close from the solution of the system F'E — I,, = 0.

Consequently, the linear system of first order terms to solve is

Z+X+Y =0 (8)
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Hence X = Y = —Z is a solution of Equation (8). Moreover we get, by

substituting in Equation (7) X and Y by —%,

3 Z
(F+YF)E+EX)-1, = Z* (—ZIHJFZ). (9)
Proposition 1 Let Zy = FyEg — In. Define Xg = —%, E1 = Eo(In + Xo),
Fy = (In+ X0)Fy and Z1 = FLE1 — In. Assume that || Zp|| < 1. Then
2
1Z11l < 11 Zoll (10)
Proof 1t follows easily from (9). O

Theorem 2 Let Eg and Fy two complex square matrices of size n. Let Zg = FyEg—
I, and assume that € = || Zg|| < % The sequences defined for i > 0

Zi = FE; — In
Z.
X =4
Eiy1 = Ei(In + X;)
Fiy1 = (In+ X3)F;

converge quadratically towards the solution of FE — I, = 0. Fach E;, respectively
F; are invertible and, if Eco and Foo are respectively the limits of sequences (E;)i>o
and (F;)i>o we have for i >0,

_ i+l

IE; — Eoll < (1+26)272 Fle||Ey|,
_o9itl

IFi — Fool| < (1426)272 Hle||Fyll.

Proof First, by the assumption ||[FoEg — In|| = || Zo]] < %, we have Ey and F are
invertible. In fact, FoFy = In + EoFy — In = In + Zy is invertible when || Zp]| < 1
which is the case since we suppose [|Zo|| < 3.

2—2’“+1

Let us prove by induction that || Z|| < e. Since € < %, we have

1Zeall < 1Zel? from (10)

_ok+1 9
e2 T2

_ok+1
2 2 +1€.

NN

Consequently Zo = 0. Since X, = —% we deduce

k
Xkl < 27%e.
It follows Xoo = 0. We have
Ey = Ex_1(In+ Xg—1)
= Eo(In + Xo) - (In + Xp—1).
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Denoting W; = [[oc<i(In + Xi), Woo =[50 (In + Xi) we compute

k
IWoo — Iall < TJ+27%) —1
k>0
< 2¢ by using Lemma 1.

Then W is invertible and |[Wx!|| <

. Let Foo = EgWo. Hence Eyg =
1—2e

EsoWx'. In the same way Fy = W' Fao. Finally, the identity FooEoo — In =
permits to conclude that Ey and Fy are invertible. In the same way we prove easily
that ||W; — In|| < 2e. It follows that W; is invertible. Since E; = EqgW,; we deduce
that F; is invertible. Moreover

Wi = Weol| < [[Wil
E>it1

1- JT a+ |Xk||)H

< L+ [Wi = In))

k+itl
[Ta+27? s)—1H

k>0
—oitl g .
< (1+42¢)2 € by using Lemma 1.
We deduce that
_oit1
IB; — Beoll < (1+26)272 Hle|| By
These properties also hold for the F;’s. The theorem is proved. O

3 Newton-like method for diagonalizable
matrices.

Let M e W,, X €D, E, F e GL,. We aim to construct Newton sequences
which converge towards the numerical solution of f(F,F,X) = 0 where f :
GL, x GL, x D}, = C"*" x C"*" (E,F,¥) — (FE—-1I,,FME - Y). We
consider in the same way as before the perturbations £+ FX and F'+ Y F of
respectively F and F' and in addition the perturbation ¥ + S of 3 such that
S e€D,. We get with Z=FFE -1, and A=FME - :

(F+YF)(E+EX)-1I,
=Z+Z+ L)X +Y(Z+1,)+Y(Z+1,)X (11)
(F+YF)M(E+EX)-%-S
=FME -% -S4+ FMEX +YFME+YFMEX
=A-S+IX+YE+AX +YA+Y(A+ X)X (12)

As in the previous section we assume that (E, F,¥) is sufficiently close to
the solution of f(F, F,¥) = 0, thus the linear system that we obtain from (11)
and (12) is

A-S+Y¥X+YY =0

The following lemma gives a solution of this linear system.

{Z+X+Y -0
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Lemma 2 Let ¥ = diag(o1, -+ ,0n), Z = (Zi,j)lgi,jgn and A = (6i,j)1§i,j§n be
given matrices in C"*"™. Assume that o; # oj fori# j. Let S, X and Y be matrices
defined by

S = diag(A — Z%) (13)
1,'1'71' =0 (14)
—8;j + 2i jo; L,
T Y (15)
Yii = —Zig (16)
S i — 2 o o
yij = —L—2L, i#] (17)
o; —0j
Then we have
Z4+X4+Y =0 (18)
A-S+XX+YX =0 (19)
Moreover
X1 Y]] < re(K +1) (20)
1
where € > max(||Z||, ||All), < = max (1,maxi75j W) and K =
i 0j

max(1, max;|o;|).

Proof Tt is easy to verify that X + Y + Z = 0. In this way the equation (19) is
equivalent to

A—S—ZY+3¥X-XX =0.
Since diag(A — S — Z%) = diag(X¥X — XX) = 0 the formulas which define X follow
easily. The bounds (20) also are obvious to establish. O

In the next theorem we introduce the Newton sequences associated to the
system f(FE,F,X) = 0 with a sufficient condition on the initial point for its
quadratic convergence.

Theorem 3 Let Ey, Fy € GLy and ¢ € D), be given such that they define the
sequences for i >0,

Z; = F;E; — I

A;, = FME; — %5
Sl' = diag(Ai — lel)
Eiy1 = Ei(In + X;)

Fip1 = (In+Y)F;
Yit1 = 5 + 55,
where S;, X; and Y; are defined by the formulas (13-17). Let us define

1
ko = max (1, max;; m), Ko = max(1,max;|log;|) and ey =
i J

max(k2 K3 Zo||, k2 Ko||Ao||). Assume that
0 < 0.033. (21)
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Then the sequences (3; E;, F;)i>0converge quadratically to the solution of (FE —
In,FME — X) = 0. More precisely Ey and Fy are invertible and

1—2i+1 €0
E;, — FE < 81x2 Eyl| —
|Bi = Bool| I Boll <

_gitl €

IF; = Fool| < 8.1 2177 Pyl —=.
1-2¢ €0

[ — Zool| < 1.85x 2 =5

Proof Let us denote for each i > 0,
272 2
max (ki K[| Zil, 57 K511 D)

E = €0 gy =
1
K = Ko K; = max 17 maX1<J‘<k<n m
K = KO Kl = maXlSkSn (1, |Ui,k|)7
where 0, 1,...,0; , denote the diagonal entries of ¥;. Let us show by induction on
i that
g <27 (22)
2-2%\ 2a
12 = Zoll < (2-2777 )¢ (23)
with ¢ = . These inequalities clearly hold for ¢ = 0. Assuming that the

— 8¢
induction hypothesis holds for a given i and let us prove it for i+1. We first prove that
o_9itl, 2a . 9_9i. 2a
1241 — 2ol < (2—-2 )—¢ under the assumption ||X; —Xp|| < (2—-2 )—e.
K K

To do this, at the first step we show that this implies K — 4_a€ <K, <K+ 4_a€ and
K K

4 4
k<K < R .LetusproveK——aegKi<K+—aE.Wehave
1+ 8ae 1 — 8ae K K
K =15 < 120l + 13 = 2o
<K +(2-222)%,
K

4
<K+ ?as < K(1+ 4ae).

4
This implies simultaneously K; > K — |K — K;| > K — ?as and K; > K(1 — 4ae).

Let us show that x; < 1 . In fact, if the o0; ;s are the diagonal values of ¥,

— 8ae
the Weyl’s bound [48] implies that

4da
€

|Ui,j — UO,j| < ||El — EQH < for 1 <] < n.

K
So that for 1 < j < k < n, we obtain using 1 —8ac >0 :
loik — i jl = look — 00l —loik — o0kl —loi,j — 00,5l
> |oo,k — 00,j(1 — Kloj k. — oo k| — Kloij — 00,5])
> |og,; — 00,5|(1 — 8ac) > 0.
Finally, we get :

K
Kk; < .
" 1—8ae
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On the other hand the inequality
losk — 03] < look — 00, + losk — ookl +|oij — 00,5

implies in the same way that above
1
M2 T ke
Next we prove (23) for ¢ + 1. We know S; = diag(A; — Z;%;). Since ¢; =
2 2(1 _oi
max(k?K2|| Zi||, k2K;]|As]]) and ki, K; > 1 then [|S;]| < —&i < 20+ 8ag) g1z
(3

It follows :

K

1Zit1 — Zoll < 1S:ll + 1% — Zoll
2(1+ 8ae) j1—2¢ 2_92t, 2a

< TR 912 | (g 227 2
K K

_of 2
<(2—21 2(2—1))%& since 1 + 8as = a

< (2 - 21‘2i) 2a,
K

o _oitl .
But it is eay to see that 2172 5 927271 Finally we get
2—2i+1\ 2a
[1Zit1 — Zoll < (2—2 ) ?E-
Hence we can also write

Ki— —6 126l = 1Zir1 = Zill < Ko < [[Zll + [1Zip1 — Bl < K; +—€
Using more the Weyl’s bound we can easily get that
Ki i
< kjaq < )
1+ dae SV S T T gge

Now we bound 512+1K§+1||Z¢+1H. We have
Ziy1 = Z; X + Y Zy + Yi(Z; + In) X;.

. 2 .
Since | X; I, 1Yzl < wi(J|1A: || + K311 Zi|]) < —I{‘K‘Ei’ we can write
T 3
2 2 2 2 2 2
2 2 ‘ Rip1Biv1 , 2 | KipBG 3 i KiGy o
Kip1 Kt 1l Zivall < BKD dei + KD dei + e 4e;
2
Ki+1Ki+1 2
< 4(2 A (it Skl o X :
< 4( +€7,)( oo ) £;
2
1+ 2ae 2
<42+¢) (1_4%) €5
On the other hand
Ajp1 = A X + Y0, + V(A +55)X
Hence
2 Kl Al < H%+1Ki+14 2 ’%2+1Ki+14 3 H%+1Ki+14 2
Rip18841012+11] S 30 “€i 1.3  *Ci 3 €
Ky K K K ki K

2
ki 1K
< 4(24e;) L2

Hi '3
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14 2ae o
< 4(2+e) — 22 2
(2+ei) (1—4a6)2€l
It follows
2
14 2ae
giy1 < 4(2+¢) (1_4%) el

2
1— _oitl
<8(2+s)< 666) 272 ¢

21,273‘*'1 1 —6¢
1—12¢
This completes the proof of the two induction hypothesis (22-23) at order 7 + 1. Let

W; = [Th—o(In + X},). Since

2
€ since 8 (2 +¢) < ) e <1 for e <0.033.

2
K K
2(1 + 8ae) 12k
= kK (1 — 4ag)

[ Xkl <

€k

2 1-—2k
< — 2 29
RK(1—12€)°
Consequently,
2 1-2¢
Woo — In|| < 1+ —= 22 -1
Woe = Iall < TTO+ o2 ™)
20
< #s from Lemma 1
= kK (1 —12€)
< % since € < 0.033..

Hence W« is invertible and Fy = EOOW;ol. This implies that Ejg is invertible.
Moreover,

Wi = Waoll < [Will 1= TT (@4 lIX%l)

k>i+1
2 1 _gk+itl
< (1 W; — 1 14+ ———— —
< QW= 1) | TT O+ o357 > )
k>0
4 _oitl
< (1 + 022) X m X 21 2 £ fI'Om Lemma 1
8.1 1—9t+1
< —x2 .
K X €
We deduce that
8.1 _gitl
IE; — Booll < — x 2772 || Bole.
In the same way we show that Fy is invertible and

8.1 _gitl
IF; = Foll < o x 2" 72 || Fole.

Finally

I1Zi = Sooll < D ISk4+1 — Ziell
k>i
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2
< ———F€L
= Z iKk

>
—ok | 12 2

< 2 2

s (kg?) ) RZK (1 — 12¢)(1 — 82) -
i k

< 0.82 x 2.25 x 2172 % since Y277 < 0.82 and ¢ < 0.033.

k>0
<1.85x 217 %
The theorem is proved. g

Proposition 4 The complezity of one Newton iteration in Theorem 3 is in (’)(713).

Proof The computation of all the entries w; ;, y; ; of X; and Y; by the formu-
las (13-17) requires in total O(n?) arithmetic operations. The computation of
Zi, A;, Si, Eiy1, Fiy1, which requires 6 backward stable matrix multiplications and
diagonal matrix operations, has a complexity in O(n?). Consequently, the complex-
ity of each iteration is in O(n®). O

Remark 1 1t is possible to generalize this approach to the case where the diagonal
matrices are replaced by Jordan matrices.

4 Newton-like method for two simultaneously
diagonalizable matrices.

Let My, M5 be two commuting matrices in W,,, thus M; and M, are simul-
taneously diagonalizable. We aim to find E,F € GL, which diagonalize
simultaneously M, Ms so that: FMyE = 3 | k € {1,2}, and 1,3, € D).
This equivalent to find the numerical solution of f(E, F, X1, Ys) = 0 such that
f : (E,F, 21, 22) — (FMlE — Zl,FMlE — 21)

We consider as before the perturbations £+ EX, FF+ Y F and ¥ + S of
respectively F, F' and 3y, for k€ {1,2} . Letting Z, = FMy, E—%j for k = 1,2,
we have:

(F + YF)My,(E + EX) — (S5 + Si)
=7 =S+ 5 X +YX + 21 X + Y7, —|—Y(Zk + Ek)X (24)

By assuming 71, Zs are of small norm, the linear system to solve from Equation
(24) is the following

Zp — S+ X X +YX, =0, k=1,2 (25)

A solution of (25) is given by the following lemma.
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Lemma 3 Let $, = diag(oF, -+ ,0k), Z,, = (zﬁj)lgi,jgn be given matrices in C"*"
1 2
for k € {1,2}. Assume that 0{ Ug #0for i # j. Let X, Y, and S}, be the matrices
0, 0
defined by
zi; =0 (26)
1,1
) Fid
95 %ij . .
Tij = T Y7 (27)
g; O"é*
0'7;2 O'j
Yii =0 (28)
1,1
Ug Z@j
%i Zij o
Yij = — T 10 tFJ (29)
0'7; (o
Sk = diag(Zk), k= 1,2. (30)
Then we have
Zy — S+ X X +YX, =0, k=12 (31)
Moreover
IXI YN < 2reK (32)
1
where € = max (|| Z1]], | Z2]|), & = max | 1, max;; , K=
ol ol
o2 o?

max(l,maxi,kbﬂ).

Proof Tt is easy to verify that the equation (31) implies that for ¢ # 7,
k k k
oi it ojyijt e =0

and that the solution of these equations is given by the formula (27), (29). Choosing
x; 5 = y;,;=0, we take S} = diag(Zy, + XX + Y3) = diag(Zy) since L X + Y3
is an off-matrix, to satisfy the equation (31). The bounds (32) follows easily from
(27), (29). O

Theorem 5 Let Eg, Fo € GLn and X ), = diag(a(])“,l, . ,U(]in) €D, k=12, be
giwen and let define the sequences fori >0 and k = 1,2 by:
Zix = FiMpE; — X5 i
Si . = diag(Z; 1)
Eiy1 = Ei(In+ X3)
Fiy1 = (In+Y))F;
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i1k = Zik + Siks
where X;, Y; are defined by the formulas (26-29). Let eo = max(||Zo 1|, || Zo.2ll),

1
Ko = max [ 1, max;z; — = and Ky = max(l,maxj,k|ag,j|), Assume
0. 90,5
2 2
00,i 90,5
that
u = deorg K < 0.094. (33)

Then the sequences (X; r, E;, F;)i>oconverge quadratically to the solution of
FMyE — Yy for k=1,2. More precisely Ey and Fy are invertible and

27’,+1

[ Ei — Eool
”Fl - FOO|

46 x 21727 || Eo||lu
46 x 2172 By .

[ —Y

| <
| <

Proof Let us denote for each ¢ > 0,

€ =¢€o g = max([|Zi 1|, 1 Zs 21])
1
K = Ko k; = max | 1, maxjgicpgn I
1'2,j 27/6
i Oik
K = Ky K, = max(l,maxj,kﬂaﬁj ),
where aﬁl, e ,aﬁn are the diagonal entries of ¥; ;.. Let us show by induction on i
that
g < 217 %¢ (34)
1Sk — Zoull < (2-227%)e (35)

These inequalities clearly hold for ¢ = 0. Assuming that the induction hypoth-
esis holds for a given ¢ and let us prove it for ¢ + 1. We can notice that
g; < 1. In fact by induction hypothesis, we have g; < 217%'¢q and from (33)

€0 = m <1, since u < 1 and kg, Ko > 1. As 91-2" <1, Vi > 0, we have
g; < 1. We first prove that || Z; 41,5 — Zox| < (2— 22_21+1)6 under the assump-
tion [|[Zix — Soxll < (2 —2272)e. To do this, at the first step we show that

this implies K; < K +2¢ and x; < m Let us prove K; < K + 2¢.
We have

Ki =[5 < [[Zoll + 1% — Zol|
<K+ (2-22"%)¢
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< K + 2e.

Let us show that x; < #(K‘m In fact, if the ai,jk’s are the diagonal

values of ¥¥, we have |aﬁj - O'(I)C’j| < 8k — 2okl <2 for 1 <j<nand
k=1,2. It follows :

|Uz‘1,j0i2,k - Ué,j”%,k' = |Ui1,j0i2,k - Ué,jaﬁk + Ufl),jazz,k - Ué,jag,k|
= |Ui2,k(0i1,j - Ué,j) + Ué,j (01'2,1@ - U%,k)|
< 2o, | + 2oy |
< 2e(K 4 2¢) + 2e K = 4¢(K +¢).
Now,
|0'1'1,j0'i2,k - Uil,k01'2+1,j| 2
Ucl),jgg,k - Ué,kag,ﬂ - |Jé,j08,k - Uil+1,j0i2,k| - |0i1,k0i2,j - Jé,kag,j| >

06,081 — 08 4,08 ;1(1 — Ske(K +¢)).

Finally, we get :

< -
1—8ke(K +¢)

s

To prove (35) it is sufficient to write

155kl + 1Zit1.k — o,k

g + (2 — 22721)6

(2172 42— 22 < (2222 e

1 Zit1,6 — Zokll <
<

N

Let us prove (34). Since we have

Zivigp = ZipXi +YiZi o + Yi(Zi i + Zi 1) X

we deduce
HZ7;+1,k|| < 25?57;_[{1' + 2612’“'37}[{1' + 481253[(12(67/ + Kl)
< 4e?kIK; +4elri K (1 + K;) since g; < land k; > 1
< 3 xdefriK} =12e7k] K] since K; > 1.
It follows
gip1 < ].2,‘<.}2(K+ 28)3 9 < 126H2(K + 26)3 2272i+1€

(1—8re(K 1) S (1—8re(K +2))72
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w\3 i
(1 + 5) 5 u2?72 +15 since £ <
(1—2u(1+%)) K

u
Zamé‘g

e~ e

(1+%)°

< 21_2”16 since 3
(1-2u(1+4))

> < 27 foru < 0.094.

Let W; = H;;:O(In + X}). Since

[ Xl

R l
22— (K +2¢)e2t7?
1 —8ke(K + 6)( +2e)e

(1 + %) U g1-2"
2(1—2u(1+%))
0.65 x 2172y sinceu < 0.094.

N

N

Consequently,

IWeo — Lll < T2 +0.65 x 2072'w) — 1
i>0
< 1.3u  from Lemma 1
< 1.3 x0.094 = 0.1222

Hence W, is invertible and Ey = Eochjol. This implies that Fj is invertible.

Moreover,

Wi = Wooll < IWill |1 = TT (1 + 11Xl

k>it1

< U+ Wi — L) || TT (1 +0.059 x 2127 —1
k>0
i+1

< (140.1222) x 1.3 x 2172y
< 146 x 272y,
We deduce that
|E; — Exo|| < 1.46 x 2127 || By u.
In the same way we show that Fj is invertible and

|F; — Fao|| < 1.46 x 2172 | Ry |Ju.

The theorem is proved. O
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5 Convergence of a pencil of simultaneously
diagonalizable matrices.

In this section we present two strategies to solve the system (1) of a pen-
cil of commuting matrices (M;)1<i<p in W,. The first strategy is trivial
and consists of finding the common diagonalizers E and F of the pencil
by numerically solving one of the systems (FE — I,, FM4E — %) = 0 or
(FMLE — 31, FMsE — ¥1) = 0 using Theorem 3 or Theorem 5. Next we
deduce the remaining diagonal matrices ¥; using the formulas

ik = E[(C%lf)k)ylgl(?,(];f) 1<k<n, 2o0r3<i<p,
where E(:, k) is the k-th column in E.
In this strategy we use that a diagonalizer of one or two matrices of the pencil
can diagonalize the other matrices of the pencil. We note that, in general, we
don’t have this property for simultaneously diagonalizable matrices, where, for
instance, it is posssible to find a diagonalizer of M; which is not a common
diagonalizer for the other matrices of the pencil. Nevertheless, this property
holds here since we suppose that the matrices M; have simple eigenvalues.

Another strategy is to find a “good” linear combination of the M;’s. This
is based on Lemma 4 and Theorem 6.

Lemma 4 Let us suppose that the M; commute pairwise and they are linearly inde-
pendent, i.e., Zle aiM; =0=a; =0,i=1:p. Let E € GLp and &; € D), be
such that

E'M,E-%; =0, i=1:p.

Let S € C"*P and the column i of S is the diagonal of &;. Let o = (071, ..., 0n) and
¥ = diag(c). Then the matrix S has a full rank and a = (S*S)~'S* o satisfies

p
ZaiEflMiE -Y =0.
=1

Proof Since the matrices M; are simultaneously diagonalizable there exists E be
such that E"'M;E — £; = 0. The condition

p
Zaizi -y =0
=1

is written as Sa = o where S € C™*P. The assumption Zle a;M; =0 = a; =
0,7 = 1: p implies that the matrix has a full rank. Consequently,

a = (5*9)" 5.

The lemma follows. g
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Theorem 6 Let My,...,M, € C*"*" be p simultaneously diagonalizable matrices
and verify the assumption of linearly independent. Let us consider matrices Eqy, Fy
and o,; = diag(FoMEy), i = 1 : p. Let us define the matriz S € C"*P in which the

,...,ew» ¥ = diag(o)

2im

column i is the diagonal of Xg ;. Let 0 = (1,6 n
and o = (S*S)~1S*a. We consider the system

<FE]\5E_ —Inz) =0 (36)

where M =YY o; M;. If
n*max(|| Zol|, | Aol|) < 16 x 0.033

then (Fy, Eo, X) satisfies the condition (21) of Theorem 3.

Proof In this case the quantity x defined in the Theorem 3 is equal to
L 1
2 Jsin ()]

n . . T 2
< — since |sin (—)| > = for n > 2.
4 n n

Since Ko = 1 we get

2
n
e0 = max(kg K5 || Zoll, w6 Ko Aoll) < 5 max(|| Zoll. [ Aol)-

The condition y
max([|Zo]], [|80]) < 0.033 —,

gives the result. O

6 Numerical illustration

We use a JULIA implementation of the Newton sequences in the numerical
experiments. The experimentation has been done on a Dell Windows desk-
top with 8 GB memory and Intel 2.3 GHz CPU. We use the Julia package
ArbNumerics for the computation in high precision.

6.1 Simulation

In this section we apply the Newton iterations presented in Theorem 3 (resp.
Theorem 5) on examples of diagonalizable matrices (resp. of two simultane-
ously diagonalizable matrices). We validate experimentally the sufficiency of
the condition established in Theorem 3 (resp. Theorem 5) to have a quadratic
sequence (Tables 1, 2, 6 and 7). On the other hand, as this condition is sufficient
but not necessary, we show through some other examples how this Newton
sequence starting from an initial point which is not verifying this condition
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could converge quadratically (Tables 3, 4, 8 and 9). We note that the the com-
putation in the aforementioned tables is done in high precision. Nevertheless,
we test also the two Newton-type sequences using machine precision (Tables 5
and 10) and this to show that these sequences have the same numerical behav-
ior of a classical Newton method, i.e., if the solution is in the neighborhood of
the initial point the Newton-type iterations will converge towards this solution
with a few number of iterations and the residual error obtained at the end is
in double precision.

This allows us to have an heuristic estimation on the numerical depen-
dency of the Newton sequences from this condition to converge. Furthermore,
these examples reveal the possibility of achieving computation in such prob-
lem with high precision. For example, in the case of a diagonalizable matrix
of simple eigenvalues, we can compute its eigenvalues using one of the solvers
which works with a double precision. Then we take this point as an initial
point for the Newton sequence of Theorem 3 in order to increase the precision.
Hereafter, we give some details about the tests: Test-1 for Theorem 3 and
Test-2 for Theorem 5, considered in this section.

Test-1. Let K =R or C, M = EXE~! + 107¢A, where e € {3,6}. The
matrices F, ¥, and A € K"*™ are chosen randomly following standard normal
distributions such that F is invertible, 3 is diagonal with n different diagonal
entries and A is a random square matrix obeying normal distribution of size
n and Frobenius norm equal to 1. Since M is a small perturbation of EXE™!,
more precisely |M — EEE71HFT0;, = 107¢, M is a diagonalizable matrix of
simple eigenvalues. Herein, we apply the Newton iteration of Theorem 3 on M
with initial point Fy = E, FO = E~! and ¥ = X. The residual error reported
in this test at iteration k is given by:

erTyres = max(||FpEx — I, | FeM Ey — Zi||).

Test-2. Let K=Ror C, M; = F7'SE~', My = F~'¥,E~!, where E,
F, ¥ and Y5 € K™*" are randomly sampled according to standard normal
distributions, such that E and F' are invertible, 31 and X5 are diagonal with
n different diagonal entries. The Newton iteration in Theorem 5 is applied on
M, and My with initial point Fy, Fp, Yo,1 and Xg 2, such that these matrices
are obtained by applying a small perturbation on respectively E, F', ¥; and
Yo as follows:

Ey=F+ 107614, Fo=F+10"¢B, 2071 =3+ 10760, 2072 =54+ 107°¢D,
where e € {3,6}, A and B (resp. C and D) are random square matrices (resp.
random diagonal matrices with different diagonal entries) of size n and Frobe-
nius norm equal to 1, with entries in K following standard normal distributions.
The residual error reported in this test at iteration k is given by:

CITyes — maX(HFleEk - Ek71||, HFkMQEk — Ek,QH)-

We notice that the condition established in Theorem 3 (resp. Theorem 5)
is reached in Test-1 (resp. Test-2) for matrices of size 10 with order of pertur-
bation equal to 1076, and we can see in Tables 1, 2, 6 and 7 that the Newton
sequences with initial point verifying the condition in the associated theorem
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converge quadratically. We can notice also that by increasing the perturbation
up to 102 (the initial point does not verify the condition in the associated
theorem), the Newton sequences converge quadratically for different sizes of
matrices n = 10, 50, 100 (see Tables 3, 4, 8 and 9). Moreover, we can notice
in Table 5 the Newton-type iteration of Theorem 3 applied in double preci-
sion converges with a few number of iterations ~ 5 and the final residual error
measured with the Frobenius norm is of order machine precision ~ 10~* and
it is of the same order obtained by the standard Julia method eigen to com-
pute the eigen decomposition. The same remarks are valid for Table 10 where
the Newton-type sequence of Theorem 5 needs, in double precision, a few iter-
ations to converges towards the solution given by using the Frobenius norm a
residual error of order machine precision.

Table 1 The computational results throughout 7 iterations of an example of
implementation of Test-1 with K =R, n = 10 and e = 6 in precision 1024.

Iteration | e := max(kZKZ2||Zo|], k2Ko[|Ao]]) < 0.033 erTyes

1 0.00131 9.33e — 6

2 2.39e — 8 1.06e — 10
3 1.68e — 18 7.49e — 21
4 2.93e — 38 1.31e — 40
5 4.21e — 78 1.87e — 80
6 1.17e — 157 5.24e — 160
7 4.16e — 288 6.20e — 293

Table 2 The computational results throughout 7 iterations of an example of
implementation of Test-1 with K = C, n = 10 and e = 6 in precision 1024.

Iteration | e := max(kZKZ||Zo||, s2Ko||Ao]) < 0.033 erTyes
1 0.02581 2.76e — 4
2 3.49e — 6 2.33e — 8
3 9.5le — 14 6.34e — 16
4 5.31le — 29 3.54e — 31
5 1.96e — 59 1.31e — 61
6 3.02e — 120 2.0le — 122
7 4.58e — 242 3.05e — 244

Table 3 The residual error throughout 7 iterations given by the implementation of Test-1

with K =R, e = 3 and n = 10, 50, 100 in precision 1024.

Iteration n =10 n = 50 n = 100
1 8.57e — 3 7.93¢ — 2 3.22e — 2
2 1.91e — 4 5.76e — 2 1.38¢ — 2
3 1.58e — 8 6.19¢ — 3 6.12¢ — 4
4 4.79¢ — 16 8.74e — 5 5.42e — 7
5 3.56e — 31 1.31le — 8 3.83e — 13
6 1.39e — 61 2.39¢ — 16 | 1.80e — 25
7 1.91e — 122 | 7.03e — 32 | 3.81e — 50
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Table 4 The residual error throughout 7 iterations given by the implementation of Test-1
with K = C,e = 3 and n = 10, 50, 100 in precision 1024.

Iteration n =10 n = 50 n = 100
1 8.84¢ — 3 9.75¢ — 2 1.61e — 2
2 8.59¢ — 6 6.39¢ — 5 1.03e — 4
3 3.91e — 11 3.99¢ — 9 4.68¢ — 9
4 9.87¢ — 22 1.87e — 17 3.13¢ — 17
5 7.60e — 43 4.42¢ — 34 8.84e — 34
6 5.14e — 85 2.50e — 67 9.45¢ — 67
7 2.64e — 169 | 8.28¢ — 134 | 1.05e — 132

Table 5 The residual error throughout 5 iterations given by the implementation of Test-1
with K =R, e = 3 and n = 10, 20, 30, in double precision.

Iteration n =10 n =20 n = 30

1 4.78¢ — 3 1.0le — 2 1.0le — 2

2 4.7le — 3 2.55e — 3 1.14e — 3

3 2.29¢ — 5 1.97e — 5 4.08¢ — 7

4 1.43e — 9 2.36e — 10 | 2.26e — 13

5 4.06e — 15 | 1.23e — 14 | 5.04e — 14

[|M — EeigenEeigenEe_iéenHFmb 9.49e — 15 | 2.83e — 14 | 7.45e — 14
[|M — EnewtonEnewtonE’,;éwn||Fmb 2.96e — 15 | 1.0le — 14 | 3.42¢ — 14

Table 6 The computational results throughout 7 iterations of an example of
implementation of Test-2 with K =R, n = 10 and e = 6 in precision 1024.

Tteration | 4xk?K3e < 0.094 €ITres

1 7.65e — 2 6.72¢ — 6

2 1.73e — 7 1.52e — 11
3 5.58e — 18 4.90e — 22
4 5.49e — 39 4.82e — 43
5 3.10e — 81 2.73e — 85
6 2.28e — 165 2.0le — 169
7 2.20e — 279 1.94e — 283

Tteration | 4x2K°%e < 0.094 €ITres

1 6.86e — 3 9.16e — 6

2 7.14e — 9 9.53e — 12
3 9.51e — 21 1.26e — 23
4 6.69¢ — 44 8.92e — 47
5 3.77e — 90 5.04e — 93
6 2.59¢ — 182 3.45e — 185
7 1.65e — 281 2.20e — 284

Table 7 The computational results throughout 7 iterations of an example of
implementation of Test-2 with K = C, n = 10 and e = 6 in precision 1024.

6.2 Cauchy matrix

In this section we present an example for a Cauchy matrix of size n = 13 of
entries a; ; = #j, V1 <i4,5 <13, that illustrates how the Newton-type itera-
tion can be used to increase the accuracy of the eigenvalues. We take the eigen
decomposition given by the standard JULIA method eigen from the package
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Table 8 The residual error throughout 7 iterations given by the implementation of Test-2
with K =R, e = 3 and n = 10, 50, 100 in precision 1024.

Iteration n =10 n = 50 n = 100
1 2.91e — 2 4.57¢ — 3 1.0le — 2
2 7.97¢ — 5 1.03e — 6 1.3le — 6
3 4.21e — 9 1.69¢ — 11 3.7le — 11
4 1.07e — 16 2.42e — 23 1.23e — 22
5 3.92e — 33 1.18¢ — 44 1.46e — 43
6 2.63e¢ — 64 1.02e — 89 1.67e — 86
7 1.71e — 128 | 3.20e — 177 | 9.0le — 172

Table 9 The residual error throughout 7 iterations given by the implementation of Test-2
with K= C,e = 3 and n = 10, 50, 100 in precision 1024.

Iteration n =10 n = 50 n = 100
1 7.33¢ — 3 3.14e — 3 5.52e — 3
2 3.49¢ — 6 7.48¢ — 7 1.35¢ — 6
3 2.91e — 12 1.11e — 13 1.19¢ — 13
4 2.04e — 24 2.54e — 27 1.68e — 27
5 8.23e — 49 3.04e — 54 2.19¢ — 54
6 1.88e — 97 3.41e — 108 | 1.50e — 108
7 1.31e — 194 | 1.91e — 215 | 4.53e¢ — 216

Table 10 The residual error throughout 5 iterations given by the implementation of
Test-2 with K =R, e =3 and n = 10, 20, 30, in double precision.

Iteration n =10 n = 20 n = 30
1 27le—3 | 12le—2 | 46de—3
2 1.36e—6 | 4.9le—6 | 2.24e—6
3 1.39e — 12 | 2.57e — 11 | 4.74e — 11
4 6.16e — 15 | 8.97e — 14 | 1.55¢ — 13
5 7.04e — 15 | 8.09¢ — 14 | 1.53¢ — 13
max(||M; — ES1E~ Y prop, IMo — EXSoE Y| prop) | 3.74e — 15 | 4.13e — 14 | 8.21e — 14

LinearAlgebra as an initial point of Newton sequences in Theorem 3 with 5
iterations. The computation is done with the precision 1024 using ArbNumerics
package. The initial point given by eigen is in double precision. It is con-
verted to the precision 1024 using ArbNumerics package, in order to apply
Newtons iterations with this precision of 1024 bits. In Table 11 we report the
eigenvalues given by eigen (Ceigen) and the eigenvalues rounded to the dou-
ble precision given by Newton-type sequence (0yewton) initialized with eigen.
We also report the relative error l”’“’:f:i;ang“‘ in order to show the refinement
amount realized by the Newton method. As we can see the matrix of this exam-
ple is ill-conditioned (Cauchy matrices are in general ill-conditioned). There is
a cluster of eigenvalues nearby zero. The accuracy enhancement obtained by
applying Newton-type iterations can be clearly seen in Table 11, in particu-
lar for the first four smallest eigenvalues. For instance, the smallest eigenvalue
returned by eigen is of order 10717 close to the second smallest eigenvalues
of order 10716, Newton-type method shows that the smallest eigenvalue of the
order 10719 yields a large relative error ~ 39.33. This also shows that all the
eigenvalues are well-separated.
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Table 11 The relative error between Oeigen from the method eigen and onewton from the

Newton-type method for the Cauchy matrix (

1
i+j)1§i,.z‘§13'

‘ Onewton — Teigen ‘

Eigenvalue Ocigen Onewton E—
1 2.4030587641505818e-17 5.958203769841865e-19 39.33
2 1.8824087522342697e-16 1.7156976132548192e-16 0.09716
3 2.3152722725223998e-14 | 2.3178576801522747e-14 0.00111
4 1.9513972147589434e-12 1.951356013568409e-12 2.11e =5
5 1.1466969172503778e-10 1.1466967568738049e-10 1.39¢ — 7
6 4.991788233415145e-9 4.991788235245136e-9 3.66e — 10
7 1.6668681228080362e-7 1.666868122813953e-7 3.54e — 12
8 4.360227301207107e-6 4.360227301206033e-6 2.46e — 13
9 9.040674871074817e-5 9.040674871075823e-5 1.11e — 13
10 0.0014925044272821445 0.0014925044272821172 1.83e — 14
11 0.01955788569925287 0.01955788569925287 4.81e — 17
12 0.19958813407010345 0.19958813407010337 4.64e — 16
13 1.3693334145989837 1.3693334145989824 9.98e — 16

6.3 Sub-matrix iterations

It is possible to adapt the proposed method, taking into account the condition
of the eigenvalue o; given by the quantity

1
k(o;) = max <1, 7)
#i \ o — o]

Theoretical results imply that the computation of clusters of eigenvalues is ill-
conditioned. However, one can apply Theorem 3 on sub-matrices to improve
the well-conditioned eigenvalues. We denote

5 KA
0.033

and p the index such that 3 = Xp 5 ), Y, =diag(o1,...,0p), pnp =
n—p

diag(opt1,...,0n) and |0y —oj| > dforall 1 < i < pand i < j < n. We adapt
Newton iteration to the block associated with the well-conditioned eigenvalues
by defining the matrices X, Y and S as follows:

zii =0
B
7$J+ Z’,JO'J if |O’i—0j| >4
Tij = oi— 0]
0 otherwise
Y=-7-X

S = diag(—A + Z%).

Table 12 (resp. Table 13) shows the residual error err,.s as in Test-1 for the
Cauchy matrix of size 200 (resp. the Rosser matrix of size 256 [38]) by applying
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the aforementioned sequences, the initial point is given by the Julia method
eigen. The computation is done in precision 1024.

Table 12 The residual error throughout 6 iterations with the Cauchy matrix of size 200.

Iteration | p=12,§ =4.5le—7 | p=5,0 =4.5le — 7
1 2.45e — 15 2.35e — 15
2 9.63e¢ — 26 3.75e — 29
3 1.56e — 36 1.21e — 53
4 1.54e — 45 1.81e — 83
5 1.15e — 54 3.49¢ — 110
6 5.08¢ — 64 8.67e¢ — 137

Table 13 The residual error throughout 6 iterations with the Rosser matrix of size 256.

Iteration | p=11,6=1.1le—3 | p=5,0=1.11le—3
1 7.15e — 12 1.65e — 12
2 7.18e — 20 7.18¢ — 20
3 1.42e — 40 1.81e — 41
4 1.73e — 53 1.56e — 85
5 7.17e — 66 1.75e — 119
6 8.79e — 79 8.11e — 153

7 Conclusion

Taking a Newton approach towards systems of equations describing the simul-
taneous diagonalization problem of diagonalizable matrices, leads us to new
algorithmic insights. We exhibit a Newton-type method without solving a lin-
ear system at each step as is the case of a classical Newton method. The
numerical experiments corroborate the quadratic convergence predicted by the
theoretical analysis.

We focused on the regular case. Some improvements and extensions can be
considered, such as the treatment of clusters of eigenvalues. Another direction
that can be explored, is the construction of higher-order methods.
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