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THE DIRAC-KLEIN-GORDON SYSTEM IN THE STRONG COUPLING
LIMIT

JONAS LAMPART, LOIC LE TREUST, SIMONA ROTA NODARI, AND JULIEN SABIN

ABSTRACT. We study the Dirac equation coupled to scalar and vector Klein-Gordon
fields in the limit of strong coupling and large masses of the fields. We prove convergence
of the solutions to those of a cubic non-linear Dirac equation, given that the initial
spinors coincide. This shows that in this parameter regime, which is relevant to the
relativistic mean-field theory of nuclei, the retarded interaction is well approximated
by an instantaneous, local self-interaction. We generalize this result to a many-body
Dirac-Fock equation on the space of Hilbert-Schmidt operators.

1. INTRODUCTION

In this article we consider a coupled system of partial differential equations consisting of
a Dirac equation and equations of Klein-Gordon type. We will be interested in the asymp-
totic behaviour of solutions in the regime of large coupling constants, and large masses for
the Klein-Gordon fields. This is motivated by the equations of the relativistic mean-field
theory of nuclei [21]. In this context, the Dirac equation models the dynamics of a nucleon
and the Klein-Gordon equations the nuclear forces in a mean-field approximation. The
large coupling constants and masses reflect the fact that the nuclear forces are strong but
of short range. We will show that in this regime the solutions behave like the solutions to
a cubic non-linear Dirac equation, i.e. the interaction mediated by the fields becomes an
instantaneous self-interaction of the Dirac spinor.

We will also consider a variant of the equations which describes the interaction of many
particles with the Klein-Gordon fields in the Dirac-Fock formalism. In addition to the
modelling of systems with several nucleons, this is relevant in the context of the Dirac
equation as its physical interpretation naturally leads to a many-particle formalism. In
fact, the Dirac operator is not bounded from below, which is problematic from a physical
point of view, as it suggests that an arbitrary amount of energy can be extracted from a
particle it describes. This led Dirac to postulate the existence of the positron and later to
the development of quantum electrodynamics (QED) [9, 10]. Dirac’s reasoning was that
all states of negative energy must be already occupied, making them inaccessible to other
(fermionic) particles, and a positron would correspond to a missing particle in the “Dirac
sea” of negative-energy states.

Mathematically speaking, Dirac’s reasoning in terms of particles occupying the energies
of the one-particle spectrum means that one should describe the state of the total system
by a projector to the space of occupied states, or a more general operator called the density
matrix. A similar formalism is recovered from QED in the mean-field approximation [7]. In
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general, these operators will have infinite rank, which can lead to a multitude of problems
with the corresponding equations. Solving these problems in the most general case would
go beyond the scope of this article, but we make a first step in this direction by considering
the natural generalization of the Dirac-Klein-Gordon equations to the class of Hilbert-
Schmidt operators. In this context we derive an approximation result analogous to the
one-particle case.

1.1. The one-body problem. Consider the following system of a Dirac equation coupled
to a scalar field S and a vector field w, both satisfying Klein-Gordon equations,

iV =a- (—iV-w)U+B(m+S)V+ V¥
(02 = A+m2)S = —g2ps(T) . (1.1)
(0F = A+ md)w = g2 J(V)

These are the natural equations for a relativistic quantum particle, described by the wave-

function ¥ : R x R? — C*, coupled to relativistic (massive) classical fields S : R x R? — R
and w = (V,w) : R x R? — R x R3. Here, (8, ) are the complex 4 x 4 Dirac matrices

defined by
~ (1d¢e 0 _ . (0 o
p= < 0 —Id(cz> y 6= (Oél,O[Q,Oég) with ay, = <0k O> ’ (12)

for k =1,2,3, and

01 0 —: 1 0
01_<1 o)’ Uz_(i 0)’ 03_<0 —1)’ (1.3)
the Pauli matrices. In what follows, we will denote by D := —iax - V 4+ pm the Dirac
operator (see [21] for a thorough introduction). Furthermore,
ps(T) = (BT, ) (1.4)

is the scalar density, while J = (p,, J) is the space-time current, with
o (V) = (U, Wea, J(V) = (J1, J2, J3) with Jp = (U, ¥)ca. (1.5)

In physics, these equations arise, for example, in the relativistic mean-field model of
nuclear physics [21]. There, ¥ is the wave-function of a nucleon, S is a scalar field associ-
ated to the o meson, and w is a vector field associated to the w meson. In this context,
both the masses m, > 0, m,, > 0 of the fields and the associated coupling constants g,, g.
are large. For this reason, the equations for S and w are usually replaced by

S = _’Yaps(\II%

w :'YwJ(\II)’ (1.6)

2 2
with v, = m‘; and v, = L e in which the fields are determined instantaneously by their

- dependent sources. ThlS gives rise to the non-linear Dirac equation for ¥

iat\l’ = (_Z’V - 'YwJ(\I’)) v+ /8 (m - 70103(\1])) v+ rprv(\I’)\I’ . (17)
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Our main result is that equation (1.7) provides a good approximation to the behavior of
U, solving the Dirac equation in the system (1.1), in the simultaneous strong-coupling and
large-mass limit m,, my, 9o, g — 00 with fixed ratios v,, ..

Theorem 1. Let s > 5 and Ui, € H3(R3,CY), (S, Sm) € H¥(R3 R) x H*1(R3,R),

(Win, Win) € H*(R3,RY) x H*~L(R3,RY). Let
\Ilnl GC((_Tnl Tnl )7H8(R37(C4))

min’ + max

be the mazimal solution to (1.7) with initial condition Wyli—g = VYin. Let 5,7V > 0,
Mg, My, > 0 and let

(U, S,w) € C((—=Trmin; Tmax), H*(R?, C*) x H*(R?,R) x H*(R? RY)),
be the mazimal solution to (1.1) with g, = Mo/ Vo, G = Mw+/Yw and initial conditions
Vg = Win, (S,009))i=0 = (Sin; Sin), (w, 0w ) |t=0 = (Win, Win)-
Then, for all fized vs,v, > 0, we have

Hminf  Toin/max > Too
o

Mg Mo — min/max *
and, for all 0 < Ty < TP 0< Ty < Tl and all 0 < &' < s,

B 8 = Pl sy = O

Remarkably, this result is independent of the initial conditions for S and w (that is, the
convergence holds without requiring that (1.6) holds at the initial time). This is highly
desirable from the point of view of physics, since otherwise the approximation might only
hold for special initial conditions, and it is not immediately clear why a physical system
should be in such an initial state. The assumption that the initial conditions for ¥ in
equations (1.1) and (1.7) are exactly the same can easily be relaxed to include data whose
difference tends to zero as m,,m, — co. We could also consider more general coupling
constants g, g, such that g2/m2 — 7, and g2/m2 — ~,. These generalizations are
essentially trivial, so we will not pursue them, in favor of a simpler presentation.

There are sufficient conditions guaranteeing that Tr?llin, Téﬁgx = oo holds. For v, =0 and
initial data that are small in H', this was proved in [3], and under a different smallness
condition in [5]. For initial data that are small in H®, s > 1, this was proved in [19] (the
authors only treat the case 7, = 0, but their proof can be straightforwardly extended to the
case 7, > 0). Together with the above theorem, T2l TBl = oo implies that solutions to
the Dirac-Klein-Gordon system exist for an arbitrarily long time provided that the masses
me and my, are large enough (without requiring that (Siy, win, Sin,win) is small). This is
particularly interesting because global existence results for the Dirac-Klein-Gordon system
are only known for small initial data (¥iy, Sin, Win, Sin,d)in) [4].

Note that the maximal solutions for both the system (1.1) and the equation (1.7) exist
and are unique, see for instance Proposition 2.1 below. One can lower the regularity for
local well-posedness [19, 3, 4], and it is a challenging problem to extend our convergence
result accordingly to smaller values of s. The proof of Theorem 1 is given in Section 2,

and actually provides a quantitative rate of convergence (see Remark 2.8).
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The reduction of the system (1.1) to the non-linear Dirac equation (1.7) via (1.6)
amounts to dividing the equations for S,w by m2, m?2 and neglecting the terms

1 1
W@Z - A)S, W(aﬁ —Aw. (1.8)

g w

Since these terms involve derivatives of S,w it is not clear that they are really small, as
the solutions can, and indeed will, oscillate wildly for large m.,m,. However, these fast
oscillations do allow the fields to quickly adapt to any changes in the source term, while
their effect on ¥ essentially “averages out”. So, while in general (1.6) does not hold even
approximately, ¥ is still well described by (1.7) in the limit. Similar singular limits have
been studied in the literature [22, 1, &, 13, 2], and we will comment in Section 1.3 below
on the particularity of our situation compared to some of these works.

1.2. The many-body problem. The analog of Equation (1.1) in mean-field (Dirac-Fock)
theory is

i =D+pS+V —a-w,TY,

(0F — A +m2)S = —g2py(T) (1.9)
(07 = A+mi)w = g2J(T),
where [, -] denotes the commutator, S, V,w are as above and the densities corresponding

to the Hilbert-Schmidt operator I' with integral kernel I'(x,y) € C*** are formally given
by

ps(D)(x) = Trea (BT (2, 7)), (1.10)
pu(D)(z) = Trea(T(x, x)), (1.11)
Ji(D)(z) = Trea(agl(z, x)). (1.12)

Note that these expressions reduce to the ones of (1.4), (1.5) if I" is the rank-one orthogonal
projection on CW. The corresponding non-linear Dirac equation for I' takes the form

i = [D — By ps(T) + 7p(T) — e - J(D), 7. (1.13)
Let &P, p > 1 denote the Schatten classes [23], in particular &2 denotes the class of

Hilbert-Schmidt operators. We take I' as an element of the following space
9% :={T e &2(R*,CY : (1 — A)*?D(1 — A)*/? € (R3,CH)}, (1.14)

endowed with the norm
ITl5s = [[(1 = A)*2T(1 — A)*?| g2, (1.15)

where s > 0 is chosen large enough for the densities ps, J to make sense. For details on
the functional setting and on the precise meaning of Equations (1.9) and (1.13), we refer
to Section 3.

We then have the following generalization of Theorem 1:

Theorem 2. Let s > % and Ty, € $° be a non-negative operator, (Sin, Sin) € H5(R3 R) x
HY(R3,R), (win, i) € H*(R? RY) x H*L(R? RY). Let

Lut € C((~Tiins Thax): 9°))
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be the mazimal solution to (1.13) with initial condition T'y|i—o = Tin. Let Yo,7w > 0,
Mg, My > 0 and let

(T, S,w) € C((—Tmins Tmax), $H° x H*(R3 R) x H¥(R?,R*)),
be the mazimal solution to (1.9) with g, = Mo/ Vo, G = Mw+/Yw and initial conditions
I\|t:(] - Pina (Sa 8tS)‘t:O == (Sin7 Sin)a (W, 8“”)‘2&:0 == (w1n7win).
Then, for all fized vs,7v, > 0, we have

Hminf  Thin/max > T

Mg e —00 min/max

0<Ty<TH

max’

and, for all 0 < Ty < TR

min’

and all 0 < s’ < s,

lim - T — FHIHC([le,TQ},ﬁs/) =0.

Mo ,Mw—>

We will prove this Theorem in Section 3. As in the one-body case, our proof provides
a quantitative rate of convergence (see Remark 3.10). In particular, our proof includes a
blow-up criterion for Hartree-type equations (Lemma 3.5) that we have not encountered
in the literature before, which relies on a Kato-Ponce type inequality for density matrices
(Lemma 3.3).

We remark that the case of I' with finite rank equal to N corresponds to a coupled
system of N Dirac equations, i.e. N-particles in Hartree-Fock approximation. This case
could also be treated by a straightforward generalization of Theorem 1. However, all of the
relevant estimates will then depend on N. Theorem 2 is a generalization giving uniform
control in N and even allowing for I' of infinite rank as long as I' € &2. The next step
would be to consider perturbations of the Dirac sea, e.g. modelled by the negative spectral
projection of D, by Hilbert-Schmidt operators and discuss the corresponding renormalized
equations, as in Bogoliubov-Dirac-Fock theory [7, 15, 14, 12].

1.3. Heuristics. Let us discuss heuristically why a convergence result like Theorem 1
is expected to hold, and what difficulties may arise. It is instructive to consider the
integral equations associated to (1.1). With only a scalar field (i.e. taking v, = 0 and
(Win, win) = 0) we have

S(t) = cos(tr/—A +m2)Sin +

o [Tsin((t —s)\/—A +m2)
iy Vo2 ) (w(s)) ds, (1.16)
0 VA +m2
which, integrating by parts, can be rewritten as

S(t) = —7o(1 = AfmZ) " ps(W(2)) + cos(ty/=A + m2) (Sin + 76 (1 = A/m3) ™ ps(¥in))

sin(ty/—A+m2) . tcos((t — 8)y/—A + m2

+ ( U)Sin+70/ ( ) 5 0)8sps(\1’(s))ds.
\/—A+m§ 0 1_A/m0

Assume for the moment that (1.6) holds for the initial data (even though this is not as-

sumed in Theorem 1). Then, since (1—A/m2)~1 — 1 strongly as m, — oo, S(t) would in-

deed be approximately given by (1.6) for all ¢ if the final integral is small when m,, tends to
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+o0. It is actually enough to show that the integral fg cos((t—s)y/—A +m2)0sps(¥(s)) ds

is small. One way to approach this is to integrate by parts once more, to obtain

t sin(ty/—A +m2)
/0 cos((t — 8)\/—A +m2)0sps(¥(s))ds = \/m Ops(V) =0
Psin((t — s)/—A+m2)
+/0 \/m 88[)8(\:[](8))(187
(1.17)

which is small as long as 92p,(¥) can be appropriately bounded. Using the equation for
VU (and the fact that S is real), one calculates that

(925,05(\1/) = 2Re(ﬁ\11,(9t\11>(c4 = QIm(,B\II,D\I’>C4, (118)
and
97ps(V) = 2Re [(BDY, D¥)ca — (BY, D*W) s — 2(T, S(ic - V) ea)] . (1.19)

Roughly, an H*-bound on the error in S requires a bound on 92ps(¥) in H*~! and thus
a bound on ¥ € H*!, However, controlling the effect of S in

¢
U(t) = e 0y, + / e~ =P 35 (5)W(s) ds (1.20)
0

with respect to the H*t!'-norm would require an H**!-bound on S. Hence, the chain of
estimates does not close due to a loss of derivatives. In the works [, 13, 2], it turns out
that this loss of derivatives does not occur due to an additional regularizing effect, and in
these cases one can use such an argument.

This loss of derivatives can be dealt with by considering the differences, or reduced
variables,

S =5+ v,ps(¥), Wi=w—,J () = (V,@). (1.21)
The equation for S is then, using the equation for S,
(07 = A+mg)S = (7 = A+m)S+75(] = D) ps (W) +95p5(¥) = 10(0F = A)ps(¥). (1.22)
Now
Aps(¥) =2Re ((BY, A¥)ca + (BVE, V¥)gsyca), (1.23)

and combining this with (1.19) we see that the second derivatives of ¥ cancel on the
right hand side, as D? = —A + m?2. Passing to the equation (1.22) thus eliminates the
(apparent) loss of one derivative. Additionally, it has the advantage that the right side
is now of size one so that one may hope to show that if S is small at the initial time, it
remains small for times of order one.

If we do not assume that S|;—g is small, then S(t) contains oscillating terms such as

cos(ty/=A +m2)(Sin + 7o (1 — A/m2) " ps(Tin)) (1.24)

that are not, in general, small. However, these can be treated by integrating by parts in
the equation for ¥ (1.20), and we still obtain convergence of ¥, without convergence of S.
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2. THE ONE-BODY CASE

2.1. Well-posedness and uniform estimates. First recall the integral formulations on
a time interval I containing 0 of the various equations we are working on. Let s > % For
the Dirac-Klein-Gordon equation, (¥, S,w) € C(I, H®) is a solution to (1.1) with the same
initial conditions as in Theorem 1 if and only if for all ¢t € I,

(

t
U(t) = e Py, —i / e P (—or - w + BS + V)U(¢) dt
0

- sin <t —A+ m?,) .
S(t) = cos <t\/—A+mo> Sin + Naryr Sin
, [tsin ((t -t/ A+ m?,)
‘90/0 VA tmZ

sin (t —A+ m?u)
w(t) = cos (t\/—A + mg) win + \/m Win
) ¢ sin ((t—t’)\/—A—l—mE})
J
+gw/0 VA +m? (

For the nonlinear Dirac equation, ¥ € C(I, H®) is a solution to (1.7) with initial condition
Ul = ¥;, if and only if for all ¢ € I,

ps(L(t'))dt’, (2.1)

U(t))dt.

\

t
U(t) = P, — i / e[y - T () = 40 Bps () + 7 (W) V() dE. (2.2)
0
We begin by stating a simple result on existence of solutions to our equations.

Proposition 2.1. Let s > % and (\Ifin,Sin,Sin,win,win) be as in Theorem 1.

(i) There exist T Tal € (0,+00] and a unique mazimal solution

min’ - max
U € C((_Trrllllin’Tnl )’HS(RS’C4))

max

to the Cauchy problem (1.7) with initial condition Wy|i—o = Vin. Furthermore, if
ol < +o0 then

max,/min
limsup [|Wn(?)][ree = +o00.

t—Tn
max/min

(ii) For all my, My, go, g there exist Thin, Tmax € (0,+00] and a unique mazximal

solution
(U, 8,w) € C((~Trmins Tmax), H (R?, C*) x H*(R®,R) x H*(R3 R*))
to the Cauchy problem (1.1) with the same initial conditions as in Theorem 1.

Furthermore, if Ty ax/min < +00 then
limsup [|(¥, S,)(t) [~ = +o0. (2.3)

t—=Tnax /min
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This result can be proved by standard methods for semilinear equations [(], using a
fixed point argument on the integral formulations (2.1) and (2.2) together with the fact
that for s > %, H? is an algebra. The L™ blow-up criterion is obtained via the Kato-Ponce

inequality [16, Lemma X.4]: for u,v € H® with s > %, we have
Juvl[ms < cay(Jullzee l[ollzs + vl zoe [ullms) - (2.4)
A proof of existence in H? can be found in [20]. Existence results with weaker regularity

assumptions are also available [11, 19, 18, 3, 4, 5].

To prove the convergence result (Theorem 1), we will need bounds that are uniform with
respect to the asymptotic parameters m, and m,,. This will require additional regularity
and this explains why we assume that s > % in Theorem 1 while the existence result
Proposition 2.1 only assumes s > %

As explained above, the key to this uniformity is to work with the reduced vari-
ables S = S+ 7,(¥), @ = w — v, J(¥). If I is an open interval containing 0 and if
(U, S,w) € C(I, H*(R3,C* x R x R*)) is a solution to (1.1), then (¥, S,w) also belongs to
C(I,H*(R3,C* x R x R*)) and is a solution to the equation

iV = DV + W (¥, S, w)¥
(07 = A+ m2)8 =75 (07 — A)ps(T) (2.5)
(07 = A+ m2)w = —7,(0F — A)J(T)

with
W(¥,5,0) = a- (~& =7 (¥) + 5 (S = 7505(P)) + (V +1wpu(V)), (2.6)
and the initial conditions
gin:Sin+ os‘llina gin:Sin‘F o.s,
Yo ps(Vin) . YoP @7)
Win = Win — 'th](\:[lin) 5 Win = win - ’YwJa
where
/)s = 2Re<5illfin, - (—’LV — win)\I'in>C4
j = pUa J - p’U7 j17 j27 j3
(o, ) = ( ) (2.8)

/)U =-2 Re(l’in, « - V\I]in>(c4
jk = 2Re<0¢ki\llin, o - (—ZV — win)\IJin + B(m + Sin)\:[lin>(c47 k=1,2,3,
which, for a solution ¥, corresponds to the derivatives of ps(¥) and J(¥) at ¢ = 0.

Lemma 2.2. Let s > g and Yo, Y > 0.

(i) There are functions P = (P,,P,), and Q = (Qy,,Qw) (which are independent of
Mo, M) such that, for all my,my, >0, (¥, S,@) is a solution to (2.5) if and only
if it solves the equation

i0¥ = DU + W (¥,5,w)¥
,S,w)) (2.9)
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ii) There exists a constant c(5 10y > 0 such that for all (V,S,@) € H® we have
(2.10)
1Q o (¥, 5, @)= < e210) (1¥ 3 + 1117 [1(S, @) |22 - (2.10)
iii) For all M > 0 there exists a constant c(511y(M) > 0 so that for all (¥, S,@) € H®
(2.11)
with
H(‘IHS@)HWLOO <M,
the inequality
HQ 9} (@75, E)HHS + HP o} (Q,g,m, V\I/, V?, vw)HHs—l S 0(211)(M)H(\Ij7§7w)“Hs (211)
holds.

Proof. For ¥ € C*, we denote by F(¥, W), one of the sesquilinear forms defined by
fYO'<\IIH8\Ij>(C4 ; _wa’\IJIQ ) _wa<\Ilaa1\Ij>(C4 ) —fyw<\IJ7a2\Il>C4 ) —fyw<\IJ7a3\Il>C4 :

Assume now that ¥ : I x R3 — C* is a solution of
i0V = DV + W (¥,w, S)¥ (2.12)
with arbitrary functions (S,w) € C(I, H*(R3,R%)) . We then have
O F(V, V) =2ReF(V,0,¥) = 2ImF (¥, (D + W)¥).

We set

Qe(V, S, W) := 2ImF (¥, W (¥,w, S)¥), (2.13)
where e corresponds to the choice of F'. By the definition of W, @ is a sum of quartic
terms in ¥, and terms that are linear in S, and quadratic in W. This already implies

the bound (2.10) on @, since H®, s > %, is a normed algebra.
We then find
OIF (W, W) = 20ImF (¥, DU) + 9;Q,
= —9ReF (T, D(D + W)¥) + 2ReF((D + W)¥, DT) + 8,Q.
With ;
AF = 2ReF (U, AT) + Y " 2ReF (9, ¥, 0, ¥)
and using that D? = —A + m? we get .

(0F = D)F(T,9) =

3
2ReF((D + W)W, D) — 2ReF (¥, (m? + DW)¥) — > 2ReF (9, ¥, 0 ¥) +8,Qa -
k=1

=P,
This defines P, P, (with the respective choices of F'), which, by definition of W, is a
polynomial in ¥, S,@, V¥, VS, V@ and their complex conjugates.

In the other direction, assume that (¥, S,@) solves (2.9). Then ¥ is a solution of (2.12)
and we can retrace our steps in the construction of P,(Q, showing that (¥,S,w) is a
solution to (2.5).
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The bound (2.11) on P, @ follows from the fact that they are polynomials in their argu-
ments (and the corresponding complex conjugates) and from the Kato-Ponce inequality
(2.4).

O

Remark 2.3. In (2.9), we did not absorb the term 9;Q) into P because it is not possible to
control properly the time derivatives uniformly in the masses (indeed, the functions ;S
and 0y oscillate quickly). The term 0,Q will be dealt with using integration by parts.
Furthermore, one sees from the previous lemma where the condition s > g comes from:
since the nonlinear terms in P involve first order derivatives of (¥, S,w), estimating these

terms in H*~! by the Kato-Ponce inequality (2.4) requires that s —1 > % and thus s > %

Let (Ui, Sin, Sin, @Win, Win) be determined by the initial conditions as in (2.7). To obtain
bounds on (¥, S,w) that are uniform in my,, m,, we work on the integral formulation of
equation (2.9). For example, the equation for S is

S(t) = cos(ty/—A +m2)Si, +

Esin((t —t')y/—A +m2)
ol

and an integration by parts in the term with @ yields

Esin((t —t')\/—A +m2) N
/0 \/m atQa(t)dt

Sin(t —A +m¢27)) — g ¢ } ! < —\(4/ !
= — Ny QU(\I’in,win,Sin)—l—/O cos((t =t/ —A+m2)Q. (¥, S,w)(t")dt’.

As we will see, the term with P will benefit from the regularizing effect of the operator
(—A + mg)*lﬂ, while @ does not involve derivatives of (¥, S,w). For T1,Ty > 0, the
full set of integral equations for a solution x := (U, S,w) € C([-T1,Ts), H?) to (2.9) with
initial conditions (Wiy, Sin, Sin, @in, Win) is: for all t € [~Ty, Ty],

w0 =P i [ ORI gwE) ol
0 (2.14)

W(X) =o- (_w - VWJ(\II)) + (g - WJPS(\I’)) + (V+ 'prv(\ll)) s

and
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S(t) = cos (tv/=A+m2) Sin + on (V=8 )
VO VA rmE
¢ sin ((t - t’)\/Ter?,>
*At Ve
+ [ os (0= 0)V=EFm2) Q)¢ o

<§in — Qo(‘l’in, Win, gin))

Po(x, VX)(t') dt’

sin (t —A+ m?u)
VAT
¢ sin ((t - t’)\/T—i—ma)
e
+ [ eos (= 1)V =BT mE) Qub0 () ar

w(t) = COS (t -A+ ma) Win + (ain - Qw(\Iliruwina §in))

Pu(x, VX)(t') dt!

(2.14—continued)

Lemma 2.4. Let s > g and Yg,%w > 0. For (\I’in,Sin,Sin, Win, Win) as in Theorem 1 set

Ro = || in| s + || @in Sin) 115+ [ @ins Sin) 2751 + | Qus (Wi, D, Sin) 7751

+ Qo (Pin, Win, Sin) [l o1
with the reduced variables given by (2.7). For all T1,T> > 0 and for all M > 0, there
exists (.15 (M) > 0 such that for all ms,my, > 1 and for every solution (¥,S,w) €
C([-T1,Ts), H®) to (2.14) which satisfies

(9,8, @)ler,, 1) wreey < M
the inequality
1(2(0), 50, @(0)) 15+ < Roesz DI (215)

holds for all t € [—T1,T5].

Proof. Let us remark first that for p > 1 and s’ € [s — 1, 5],

! (2.16)

>~ Y]
Hs-1sps M

e~

—A + MZ

Let us again denote x := (U, @, S) € C([-T1,T»], H®). By assumption, it satisfies
IXlle(=m 1) wre) < M.

The H®-norm of the terms in y (solution of the integral equations (2.14)) that depend

only on the initial condition yin := (Vin, Win, Sin) is bounded, due to inequality (2.16) with
s’ = s, by

[@inll s + [l @in, Sin)ll 22+ + 11Q0 (xin) 51 + 1Qu (xin )z =1 + [| @i, Sin) | -1 = Ro.-
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By (2.11) and (2.16) with s’ = s we then have

|

P(x, Vx)(t') dt!

¢ sin <(t - tq\/m)
/0 VA +m2

|t]
< / 1P e, VX)) yoms A
Hs 0

|t]
< ¢ (M) /O () =

and a similar bound for the term involving ). By the Kato-Ponce inequality (2.4), this
gives a bound on the H®- norm of the terms involving y by

[t]
/0 (W COW i + Aoy (M) (@)l =)

It]
< co15) (M) /0 () -

which determines ¢ 15)(M) > 0, and yields (2.15) by Gronwall’s lemma. O

Remark 2.5. The key point of Lemma 2.4 is the uniformity in m, and m,, of the constant
¢(2.15), provided we have a uniform control of the solution in Whee,

2.2. Convergence. In this section we fix 75,7, > 0 and (Viy, Sin, Sinys Wins Win). To prove
the convergence of ¥, a solution to (1.1), to the solution W, of the non-linear Dirac
equation, we will first separate S, into a “small” part and an “oscillatory” part.

Lemma 2.6. Let s > g and Ty, Ty > 0. For all s’ € [s —1,s] and M > 0, there exists
ce.17y(M) >0 so that, for all ms,my, > 1 and every solution (U, S,w) € C([-Ty, T»], H?)
to (2.14) which satisfies

H (\Ila §7 w) HC([7T17T2LHS) <M,

we have for all t € [Ty, T5],

!

H?(t) — cos (t\/—A T mg) Sin — /Ot cos <(t —)/—A+ mg) Q. (0, 5,2)(t) dt’

’

< cein(M)mg™*

Hs

and

w(t) — cos <t\/T+ma> Win — /Ot cos ((t — t')\/T—i-mE,) Qu(V, S, w)(t') dt

’

< cany(M)mg, ™.

!

Hs

(2.17)
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Proof. Using again the notation x := (¥, S,w) the formula (2.14) implies that

Hw(t) — cos (t -A+ ma) Win — /Ot Ccos ((t - t’)\/T—{—ma) Qu(x) () dt’
sin (t —A+ ma)

V=A+m2

H

(Wln Qw(\I’m’wln’ Sm)) ‘

!

HS

It] || sin ((t -t/ A+ mi) / /

" P (x, V) (t dt
/0 AT X, V) () »

rom1 + 1Qu(Win, Win, Sin) || s

o dt’) )

The claim for @ then follows from Lemma 2.2 and the inequality (2.16). The proof for S

1 .
S| Win
|, (1

[t]
+A 1206 70 @)

is the same.
O

Proposition 2.7. Let s >3, 0 <Ty < T2  and 0 < Ty, < T . Forall s’ € [s — 1, ]

and M > 0, there exists c(3 1) (M) > 0 so that the following holds. For any mgs,m, > 1
and every solution (¥, S,w) € C([~Ty, Ty, H) to (2.14) which satisfies

(9,8, @)1, 1), 1% < M,

we have
19 = Watllogry gy ey < sy (M) (my = +my ™) (2.18)

Proof. Let t € [—T1,T5]. We denote

~ J— N t J—

S(t) := 8(t) — cos <t A+ mg) Sin — /0 cos ((t —t)/—A+ mg) Q. (0,5,2)(t)dt

w(t) :==w(t) — cos ( —A+ m2) Win — /t cos ((t -tV —-A+ m%) Qu (¥, S, w) () dt,
0

(2.19)

and & = (V,&). We can then express W (¥, S, @) (defined in (2.6)) as a function of S, @
(on which we have a bound from Lemma 2.6) and S — S, @ — w. Explicitly, from

t
U(t) =e Py, —i / e DWW (0,5, ) (1w () dt’
0
\I/nl(t): e_itD\I/in

t
- Z/ e =100 (_Vwa T (U (t') = 0 Bps(Tn(t')) + 'prv(\pnl(t/))) Wy (t) dt’,
0
we obtain

=P har|| (2.20)

19 (8) — o (8)] g < ,
HS
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with

I = (e - (J(¥a) = J(P)) + 2% (00(P) = po(Ta1) =708 (ps(P) = ps(¥m))) ¥,
I = (_waa : J(\I/nl) - ’YO/BPS(\IInl) + ’prv(\pnl)) (\Il - \Ilnl) 5

In the following, we repeatedly use the fact that H s is a norm algebra, since s’ > s—1 > %
For the first term, using that J, p,, ps are quadratic expressions in W, respectively ¥,
this gives

for some c(91)(M) > 0, due to the uniform H*-bound on ¥ (we also used that W is
uniformly bounded in H® by a constant which only depends on M, since [—T3,Ts] C
(=Tl 7Tml ) and since ||Wiy|| s < M). Similarly for I we have

min’ * max

Hence these two terms are bounded by a an expression involving ||¥ — W || ,;» which can

/

t
/ efz'(ztft/)DI1 (t/) d¢

[t]
0 < cany(M) / () — Ut (t)] o ', (2.21)

Hs

t
/ e~it=)D [ (11 dy!

[t]
0 < o) (M) /0 1) — W)y . (2.22)

HS

be controlled by Gronwall’s Lemma.
By Lemma 2.6, there exists c(3.23)(M) > 0 so that

This term thus satisfies the stated bound and converges to zero as mg,, my, — oo if s’ < s.

t
/ e—i(t—t/)DI?)(t/) dt,
0

< (o3 (M) (mg/—s +me —8) . (2.23)
H

The final term I is given by an integral of ¥ with the oscillatory contributions to S, @.
We will prove the bound using integration by parts. We give the details only for the term
B(S — 9), as the argument for the other terms is the same. Recall that

S(t) — S(t) = cos <t —A+ m?,) Sin + /Ot cos ((t - t’)\/Ter?;) Qo (V,S,@)(t) dt’.
(2.24)
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For the first contribution, we obtain using the equation satisfied by ¥

t
/ e~ it=t)Dg <cos(t/ —-A+ m§)§1n> W(t)dt’
0
sin (ty/—A+m2 )
< ) Sin
V-A+mZ
t , sin(t'\/—A +m2)—
_i | e it=thDp sin 7S | W(t) dt’
/0 - ")
. sm< A
wi [ Wy

=5 v (t)

Sin | (D+W (U, S,©)¥()dt .

‘We have

< 0(2.25)m;1M, (2.25)
Hs—1

sin(t'y/—A +m2) < ,
(T )

where ¢(; 25y depends only on Sin. With a similar bound on the other terms, we obtain

t
/ et g <cos(t’ —A+ mg)gin> (") dt’
0

< a6y (M)my, (2:26)
Hs—1

Obviously we also have, without integrating by parts,

t
/ e~ilt=)D g <cos(t’ —A+ m§)§m> (t') dt"

0

< c(a.07)(M). (2.27)
HS
Hence, by interpolation,
o _
H / et )Dﬁ<cos(t’ —A+ mg)Sin> Ut dt
0 s

< c.06)(M)*° 0(2.27)(M)8l+1_8m§_8- (2.28)

This is the desired estimate for the the term coming from Sj,. We proceed similarly for
the other term. Integrating by parts in the integral over ', we find

t/

/ e~it=t)D / (5cos <(t’ "/ —A + m2 ) Q. (0,5, )(t”)) A" (t) dt!
0

0
t
— —i(t—t')D sin((¢' — ")/ —A +m2) T —\ (4 N A 14
zo/o/e D (ﬁ N Verg Qo (W, 5,2)(") | W'y dt” dt
t/

t
4 / / o~ i(t—t)D sin((t' — ")/ A +m3)
0 0 A+ mg

t/

Qo (¥, S, w)(t”)) (D+W({)B¥(t)dt" dt’.
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From this we obtain a similar estimate to (2.28) by interpolation. Repeating the same
argument for the terms coming from @ — w, we obtain

t
‘/ e—it=)D [ (1) q

0
To complete the proof, we apply Gronwall’s inequality to (2.20), which gives

< ¢(2.00) (M) (mg ™% +m, ™). (2.29)

/

Hs

1O — ot o < (€(o.23) (M) + (.29) (M))ele2n M Fe2) )l (mi/_s + mfu/_s) , (2.30)

and thus the claimed inequality (2.18), since |¢t| < max{T7,T>}.
g

0<Ty<T™

max*

Proof of Theorem 1. Let 3 < s’ < 5,0 < Ty < T2

min’

Our first goal
is to show that there exists p > 0 such that for all my,, m, > u, we have Ty, > 11 and
Thax > To. This indeed implies that

Hminf T /max > T

in/max *
M My —>00 /ma.

We prove this property for Tiax, the proof for Ty, being identical. To do so, let M >
| (Win, Sins @in)|lyw1.00, to be chosen later (and which will depend only on s’ and the initial
data) and define

Ty = sup{0 < t < min(Ty, Tmax), (¥, S, @) lle(o,,wree) < M}
By definition of T3, we have

sup ||(¥,S,@)(t) |y < M. (2.31)
0<t<T}
By the blow-up criterion (2.3), we have Tj < Tyax. Indeed, if Tiyax = +oo this is clear
(because Ty < Th < +00), and if Tiax < 00 the criterion (2.3) and the relation between
(S,w) and (S,w) imply that
sup ”(\p7§7w)(t)HW17°° = +00
0<t<Tmax
which shows that T) # Tiax and thus T, < Tpax (since we always have T4 < Tiyax by
definition of T3). To prove that Tiax > To when m,, m,, are large enough, we will thus
prove that, for a good choice of M, there exists p > 0 such that for all my,ms > pu,
we have Ty = T} (recall that we always have T < Ty by definition of 7). We do so by
contradiction, assuming that for all u > 0 there are my,, m, > p such that T3 < T,. Since
Ty < T, notice that we have
sup ||(¥,S,@)(t)|lw1e = M. (2.32)
0<t<T)}
Indeed, since Ty < Tmax We know that (¥,S,w) € C([0,Ty], W) and together with
(2.31) this implies
sup ||(¥,S,0)(t)||p1e < M.
0<t<T}
Now if we had

sup ||(¥,8,@)(t)llwre < M,
0<t<Ty
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we could extend this inequality on [0,7] for some T > T4 with T' < T and T < Tiax,
using that (¥, S,w) € C([0, Trax), WH™) and that T4 < Ty, Th < Tiax, in contradiction
with the maximality of T5. Hence, we indeed have (2.32).

Next, by (2.15) and (2.32), there exists M’ > 0 (which only depends on M, on T5, and
on the initial data) so that

1%, @, 9)leory,ms) < M,
By Lemma 2.6 and Lemma 2.2 we then have for ¢ € [0, T3]
IS, D@l < 26" car) (M) + [[(Sin @in) |
t
/ cos ((t — VA + mg) Q(V, S, w)(t)dt
0
< 2MS,_SC(2.17) (M) + [|(Sin, @in) ||

+ein) | (IOIENGE.EE L + 19 1f) d

_l’_

!

Hs

By Gronwall’s inequality this yields

I( aw)HC([O,TQ’],HS')

2
6(2'10)T2”\IJ”C([O,Té],HSI)

< (26" can (M) + | @iny Sin) | + €210/ Tl o 171 ) ©
(2.33)

Hence the growth of S, @ is controlled by that of ¥, which in turn will be close to ¥, the
solution of (1.7). Let f be the function

F@) = @+ (| @in, Sin) | o + c(2.10)To* )20 2

of the real variable x. Note that this function does not depend on M. Then

H(\I’,Ew)\\c([o,m,gsq < 1¥lle oy ey + H(§7w)|’c([o,TQ/],Hs/)

2
6(2'10)T2”\IJ”C([O,Té],HS,)

< f(||‘I’||c([o,T2/],Hs/)) + 2N8/_80(2.17)(M/)6

Defining
M = QCS’f(H\IIHIHC([QTQ],HS,))?

where Cy denotes the norm of the Sobolev embedding H® < W1, we have

102, S, @) lleqozg oo < 3M + Cy <f(”\:[l”c([07T2’]7HS')) - f(H‘I’anc([o,Té},Hs')))

0(2.1[))T2||‘I’||(2:([

+ 205 1" "o 1m (M')e 0.T5LHT) (2.34)

By Proposition 2.7, we have

!

H\I] - ‘I]nl||c([o7T2/]7Hs/) < 0(2.18)(M,)2:u8_8 : (2-35)
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In particular, ||¥| — ||¥y| as p — oco. Using this fact and the continuity of f, we deduce
from (2.34) that for u large enough we have

19,5, @)oo < M,

a contradiction with (2.32). We thus have proved that for this choice of M and for p
large enough, we have T = Ty. The convergence of ¥ towards ¥y, on C([0, T3], H*') then
follows from (2.35).

O
Remark 2.8. For any s > %, any s’ € (%,5], any (\I’in,Sin,Sm,win,wm), any 13 € (O,Tr?llin)
and any Ty € (0,72 ), the above proof shows that there exists ¢ > 0 and u > 0 such that

for all my, m,, > p we have

sup | W(t) = Wni(t)|| o < clmg" +my"),
=T <t<T3
with » = min{l,s — s’}. We expect the rate of convergence s — s’ to be sharp if the
initial data is no better than H® (as can be seen from (2.25) for instance), while r < 1 is
necessary for generic initial data.

3. THE MANY-BODY CASE

In this section we prove Theorem 2. The structure of the proof, and many arguments,
are very similar to the one-body case of Theorem 1. We will thus not give the details in
proofs that remain essentially unchanged and focus more on the points where the case of
density matrices requires additional care.

3.1. Functional setting. For s > 0, we say that [' € $° if I' is a bounded operator
from H~*(R3,C*) to H*(R3 C*) and if the operator (1 — A)*/?T'(1 — A)*/? (which is a
well-defined bounded operator on L?) is Hilbert-Schmidt on L2. This space $° is then a
Banach space endowed with the norm (1.15). Notice that % = &2 and that $H° — .65/ for
any 0 < s’ < 5. Below, we will come across operators such as (1 — A)*/2I'(1 — A)*'/? and
(1—A)*/2T'(1— A)*/? which for T' € $° and 0 < s’ < s are also Hilbert-Schmidt operators.
Recall that any Hilbert-Schmidt operator I' on L?(R3,C*) has an integral kernel which
belongs to L?(R? x R3,C***) and that we denote by (z,y) ~ I'(z,y).

For I' € $*, the densities ps(I'), p,(I"), and J(I') defined in (1.10), (1.11), and (1.12)
are regular by the following lemma.

Lemma 3.1. Let s > % Then, there exists c(3.1) > 0 such that for any I' € §°, z

[(x,z) € H*(R3,C*%), and we have

IT (2, ) o s ey < €3y 1T |- (3.1)

Moreover, if s € (%,s) then there exisls c(32y > 0 such thal for any I' € $* which is

additionally non-negative we have

1/2 1/2
I0(2, 2)ll1se.24) < ey Il TN (3:2)
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Proof of Lemma 3.1. The assumption I' € £° means that
[ [ b2+ 1P I 0B dpd < +ox,
R3 JR

where I’ denotes the integral kernel of FT F* (and F is the Fourier transform on L?). This
implies that T' € LY*(R? x R3,C***) and hence T'(-,-) € C(R? x R3,C**). Furthermore,
we have for all z € R3,

1 . .
— i(p—q)-x
I'(z, ) ) /RS /RS L'(p,q)e dpdg,

hence by the Plancherel identity we deduce that

2

1 S
Tl = g [+ IH) a.

2r)?

/ T(p, k — p)dp
R3

(c4><4
In view of the bound
d C(3.1
/ 7y S T o S e 69
rs (14 [pl?)* (1 + |p — k[*)5 + (1 + |p|*)*(1 + [p — k|?) (1+ k)

which holds for s > s’ > 2 (by decomposition of the integral into parts with [p—k| < 1|k]),
the Cauchy-Schwarz inequality implies that

I )l < 22y (10 = A)20 (1 = 8) ez + 11 = 8)2T (1 = A) 72 gz).
(3.4)

Taking s’ = s, this proves (3.1). Now for s’ < s and I" > 0 we have by the Holder inequality
in Schatten spaces

11— AP0 = A& = (1 - 2)AVIVI( - A)2|E,
<1 = 2) VTGl VT (L = )|
= [Tllse Tl gor (3.5)

and this completes the proof.
O

Remark 3.2. The above lemma shows that the restriction of (z,y) — I'(z,y) to the di-
agonal {y = x} belongs to H® if I' € $°. Notice here that one does not lose deriva-
tives as in the Sobolev trace theorem, the reason being that (z,y) — I'(z,y) actually
belongs to H*(R3) ® H*(R3) which is smaller than H*(R? x R?) (in Fourier variables,
the former means that (1 + [p|2)*/2(1 + |¢|?)*/2T'(p, q) € L while the latter means that
(1+|p|?+]q>)*/ 2f(p, q) € L?). Furthermore, the non-negativity assumption is necessary for

(3.2): if it were true for all T € $*, one could take I'(p, ¢) = f (2) f (ﬂ> +f (%) f (z’;&’>

3 3 3

with f € C°(R3), & # 0 and € > 0 (the resulting I is even self-adjoint), and as e — 0
one would deduce from (3.2) that

s+s/

1+ 16 + L+ &P <01+ [6») =,

which is wrong if s’ < s as |{y| — +oc.
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With these preparations we can now give a precise meaning to the equations involving
the operator I'. If I C R is an open time interval containing 0, s > %, and F € C(I,H?),
we say that I' € C(I,$°) is a solution to the equation

i =[D+ F(t),T] (3.6)
if we have
0 (f, T (t)g) = (Df,T(t)g) — {f, T () Dg) + (f,[F(t),(t)]g)
in the sense of distributions D’(I) for all f,g € L?(R3,C*). Notice that the assumption on
F shows that the multiplication operator by F(¢) is bounded on L?(R3,C*) for any ¢ € I.

By standard arguments, I' € C(I,$°) is a solution to (3.6) in this sense if and only if it
solves the integral equation

t
I(t) = e Ty eP — i / e~ =P[R, T ()] e P ar (3.7)
0

where the integral is taken in the weak sense (i.e. (f, fo B(t') dt'g) = fo f,B(t)g)dt
for all f,g € L?). We will consider this integral equation with F given elther in terms of
(S,w) in (1.9) or in terms of I' in (1.13) (the corresponding F' belongs to C(I, H®) in both
cases).

To prove the analog of Proposition 2.1 for this kind of integral equation, one needs
to bound the commutators or products of I' with multiplication operators. The required
bounds in our setting are provided by the following lemma.

Lemma 3.3. Let s > % For allT € $° and f € H*(R3,C), the products I'f and fT'
define elements of H°. Moreover, for every % < s’ < s there exists a constant ¢(3.8) > 0 so
that, for allT' € $° satisfying additionally T > 0 if s < s and all f € H*(R3,C), we have

1/2 1/2
1£Tllse + ITF e < ey (1N [T I T + £z [T Lse)- (3.8)

Proof. Since H?® is an algebra for s > % it is clear that mulitplication by f is a bounded
operator on H® and H~*, so fI','f € $°. The norm of the operator I' € £ is equal to
the norm of the kernel ||(1 — A,)*/?(1 — Ax)s/zf(ﬂ:,y)HLz(Rs) (since the Hilbert-Schmidt
norm is the L?-norm of the kernel). The kernel of the operator fT is f(z)I'(x,y), so by
the Kato-Ponce inequality (2.4)

0 = [ 10 = 8072 @)1 = 8,0 (o, 0) B dy
<2y [ IF10 = 8T ) e
w2y [ IR0 = 8720 - 8)7D(a ) dy

s 2
< 2¢ty.4y (Il 11 = Ay)** (@, y) |22 2o + [1fl|zoe [T lls¢) ™
By Sobolev embedding H* < L™ (and the inequality (3.5) for s’ < s) we obtain
s s s 1/2 11 1/2
(1= AT (@, 9|z < el (1= A0)72(1 = AT, y)l 1222 < Dl ITI

The bound for T'f is the same up to exchange of z,y in the proof, and this yields (3.8).
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The inequality (3.1) plays the same role in the many-body setting as the fact that H*®
is a normed algebra for s > % in the one-body case. The bound (3.8) replaces the Kato-

Ponce inequality in the many-body case (in particular, the presence of HFH;/S % in (3.8) and
(3.2) will play a crucial role below).

3.2. Well-posedness. The integral formulations on a time interval I containing 0 of the
various equations we are working on are the following. Let s > % For the many-body
Dirac-Klein-Gordon system, (', S,w) € C(I,$* x H®) is a solution to (1.9) with the same
initial conditions as in Theorem 2 if and only if for all ¢t € I,

(

t
L(t) = e *Pripe™” —i / eTitD[(BS +V — a - w)(¥), T(#)] P
0

sin <t —A+ m?,) )

S(t) = cos <t\/ —A+ mg,) Sin + \/m Sin
, t sin ((t—t’)\/—A—{—mg)
_ga/o /7—A—|—m(27

ps(L(t')) dt’, (3.9)

. sin <t -A+ mi) .
w(t) = cos (t\/ -A+ mw) Win + JATmE Win
, [tsin ((t -t/ -A+ ma)
B

For the many-body nonlinear Dirac equation, I' € C(I, $*) solves (1.13) if and only if for
allte ]

J(T(t'))dt’.

P(t) — e*itDPineitD
t
—i / e~ DN By ps(T) + 70po (D) — Y - J(D) (), T ()] P at'. (3.10)
0

From Lemma 3.1 and Lemma 3.3 in the case s’ = s, one can use a straightforward
fixed point argument on the integral formulations (3.9) and (3.10) to obtain the following
analog of the existence of maximal solutions in Proposition 2.1 (similar arguments can be
found in [17, Thm. 3]).

Proposition 3.4. Let s > %, iy € $° be a non-negative operator, (Siy, S'in) € H*(R3,R) x
H* 1 (R3,R), and (win,win) € H*(R3,RY) x Hs~L(R3 R?).

(i) There exist ThL  Tul € (0,+0c] and a unique mazimal solution

Fnl e C((—Tnl Tnl )757)8)’

min’ - max

to (3.10).
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(ii) For all mg,my, 9o, gu there exist Tinin, Tmax € (0,400] and a unique maximal
solution

(T, S,w) € C((—Tmin, Tmax ), H° x H¥(R3,R) x H5(R3,RY)),
to (3.9).

Notice that compared to Proposition 2.1, we did not give a blow-up criterion in the
many-body case. This is because this part is new and thus we provide it in a separate
statement.

Lemma 3.5. Let s > %, I'in € 9% be a non-negative operator, (Sin,Sin) € H(R3,R) x
H* 1 (R3,R), and (win, win) € H*(R3,RY) x HS7L(R3,RY). Let Ty and (T, S,w) the unique
mazximal solutions to (3.10) and (3.9) given by Proposition 3./.

(i) If Trrrlllax/min < +oo then for all s' € (2,s] we have

limsup [Ta(8)]l g = +00.
1

(i3) If Tinax/min < +00 then for all s’ e (%,s] we have
limsup |[(T, S,w)(#)||g y gsr = +00. (3.11)

=T ax/min

Proof. The proof relies on the application of Lemma 3.1 and Lemma 3.3 in the case
s’ € (3,s]. To apply these results, one needs to ensure that I'y(t) and I'(t) are non-
negative operators for all times. This follows from the facts that the initial condition I'j,
is a non-negative operator and that both I'y; and I' solve a linear von Neumann equation
io,' = [D + F(t),I'] with a time-dependent potential F' (continuous with values in H?),
and hence there exists a unitary operator U (t) such that I'(t) = U(¢)*T';,U (t) (which shows
that non-negativity is propagated along the flow).

We begin with the blow-up criterion for I'y;. Thus, let s’ € (%,s], 0<T) < Tfﬁlm,
0<Ty,<T™ and M > 0 such that

max

IPatlleq-y 7,6y < M-

Defining the non-linear potential

F(t) == =Bps(T(t) + 1wpo(T(t) — ywer - J(T'(2)),
we have by Lemma 3.1 and Sobolev embeddings that

IF@as < (475 +1670)e o) ITOIGIITEL < e MDITOIEE (312)
IF@lz= < CIED)llge < CIL@) o < cs15) (M). (3.13)

These inequalities together with Lemma 3.3 applied to (3.10) implies that for all ¢ €
[_T17T2]7

t
1 1/2
T (@)llgs < [ITin|5e +C(3.8)/0 (IFE = IT @GN E + IFE) o [Tl )

It]
SWMW+%mMﬂAHNﬂMdﬂ (3.14)
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Gronwall’s inequality then shows that [|Tuille—r m).99 < || D || gy €603 1) (M) max{T1, T}

proving that if the solution remains bounded in Y)S/, then it also remains bounded in
$%. The argument for the coupled system (1.9) is similar: if s’ € (%, s], 0 < Ty < Twin,
0 < Ty < Thax and M > 0 are such that
T, Sy lleq-ry ), 504 ety < M,
then defining
F(t)=85+V -—a-w
we have
[E@ms < [(S@), w)lms, [[F@)][Le < CI(SE), w(t)l g < CM,

and by Lemma 3.1 we also have

[(ps (D (£)), o (D(£)), TN 115 < 2032 [TOIIGZIT O < 200520 M2 [T (@)

As a consequence, from (3.9) and Lemma 3.3, we find that for all ¢t € [—T7, T3],

1t
IT@Ols < [Tinflsns +C(3,15)(M)/0 (IS, @)l IDE5 + [T ge) dt', (3.15)

lt]
. . 1/2
1S (@), w@)lms < [[(Sins win) [ s + ([ (Sins in) [ 7121 +200(3.2>M1/2/0 T @) .

Inserting the second bound into the first one, we find using the Cauchy-Schwarz inequality
that, for all t € [T, Ts],

¢l
1
ICO)llse < [Tl + .16 (M) /0 (I @)llss + D@1l
']
+ 05 /0 In(e)5 at) av (3.16)

It
< Tinllgs + 5eg16) (M)It + cgz16)(M)(5 + !t!)/o () |5 at'.

Applying again Gronwall’s inequality, we find that ||[I'(¢)||ss is uniformly bounded for
t € [=T1,T5], which implies the same for ||(S(t),w(t))|/ms. This concludes the proof.
U

Remark 3.6. The reason why we state a blow-up criterion in H* rather than in L™ as in
the one-body case is that it is not clear what should be the analog of the space L* for
density matrices.

3.3. Uniform estimates. In order to discuss the limit m,, m, — co we again consider
the equations for
S =8+ 7.ps(T), wi=w—v,J(I), (3.17)
with the corresponding initial conditions (c.f. (2.7)). This transforms the equation for I"
into
i T = |D + B(S = v5ps(T)) + 1wpo(l) +V —a - (v, J(T) + @), | (3.18)

=W(T,S,w)
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Lemma 3.7. Let v,,v, = 0.

(i) There are functions P = (P,, P,) and Q = (Qs, Q.) such that, for all mgs,my, > 0,
(I', S,w) is a solution to (1.9) with go = \/Yoms and g, = /YoMy if and only
(I, S,w), where (S,W) is given by (3.17), solves the equation

i, = [D+W(T,S,w),T]
(07 — A+m2)S =P, o(I,S,w, VI, VS, Vw, VT) + 9, (Q, o (T, S, w)) (3.19)
(07 —A+m2)w=P,o(I,5w VI, VS, Ve, VT) + 0,(Qu o (I, 5,)).
(i4) There exists a constant c(3.20) > 0 such that for all (T, S, ),
1Q o (T, 8, @)= < eg3.20) (ITN5s + Tl (S, @)l z) - (3.20)

(iii) For all g < 8 < s and M > 0 there exists a constant 0(3‘21)(M) > 0 so that, for
all (T, S,w) € $H° x H® satisfying T > 0 and

1T, S, @) e g <M
the inequality
1Q o (T,8,@)||ms+||Po(T,8,w, VT, VS, Vw, V2T) | st

_ (3.21)
< ezony (M)(ITNEE + 1(5,)| =)

holds.

Proof. Let F(T') € {ps(I"), —pu(T'), =Jx(I"), k = 1,2,3}. By the same reasoning as in (1.22),
the right hand side of the equations for S,w is given by v,(8? — A)F, for the appropriate
choice of @ and F. For a solution I'(t) of (1.9) we have, for a self-adjoint 4 x 4 matrix A
determined by the choice of F,

B F(T) = —i Tres <A [D+W(T,5,),T](z, x)), (3.22)

that is, one first computes the commutator, then evaluates the kernel of the resulting
operator on the diagonal, and then takes the trace. In analogy with the one-body case,
we thus set

Qa := —i Tres (A[W(P,?, ©),T] (x,x)) = —iTres <A[W(P,§, w),F(x,x)D. (3.23)
Then
92F(T) = — Tres <A [D,[D +W(I,5,@),T]](x, x)) +9,Qu(D). (3.24)
Moreover, since D,I'(x,y) = (DTI')(z,y), we have
D2F = Tres <AD2F(95, z) + 2ADTD(z, ) + ATD?(z, x))
= Tres <A [D, D, 1] (z,2) + 4ADT D(x, x)>. (3.25)
We thus have
(07 — A)F(T') = P (T, 5,w, VI, VS, V@, V?T) + 6,Q. (1), (3.26)

with
Py = Tres ( — A[D,[W(T,5,©),T]] + 4ADTD(x, ) + AT (z, x)). (3.27)



THE DIRAC-KLEIN-GORDON SYSTEM IN THE STRONG COUPLING LIMIT 25

Note that P, involves second derivatives of I'(x, y), but not second derivatives with respect
to the same variable.

The bound (3.20) on Q, follows from Lemma 3.1 since @ is linear in S, @, quadratic in
I', and H?® is an algebra.

To obtain the bound (3.21), we start from (3.23) and apply the Kato-Ponce inequal-
ity (2.4), which gives

Qe o (', 5, W) || s < 4[| Allcaxa [[W (T, S, @), T'(2, x)][ s

< 8[| Allgaxaci.ay <HW (T, 8, @) Lo I0 (2, )| 11+
+ W, 5,@) e T, ) 1)
The Sobolev embedding H* < L and Lemma 3.1 give, since W is linear in I'(z,7),5,@,
IW (T, 5.8)l| (@ 2) 1+ < ez ML 52 (3.28)
IWE,5.0)l|a T (@, 2) = < eaanADUTIS + 1S D). (3:29)
This is the required bound for ). For the bound on P, first note that Lemma 3.1 gives

HTrC4 <ADI‘D(3:,3:)> H < 4| Al gaxs DT D (@, 2)|| -1 s e

Hs—l(R37(C) -

1/2 1/2
< degs ) ||Allcaa | DTDI|/T | DD,
1/2
< c(a.a0) (M52 (3.30)
Furthermore, applying the Kato-Ponce inequality (2.4) twice, we have

Trn <A [D,[W (T, 5, )

1| P
< HTrC4 <A[D, W(T, S,w)]F(x,x)) ‘

|

e <AW(F,§, @) [D,T] (x,x)) HHH

< e an | AI(IW (T, 5.3 i [T (@, @)l + [W (0,53 w1 [Tz )l ). (331)
for a constant c3 31y > 0. This implies (3.21) by bounds analogous to (3.28), (3.29).

The equivalence of equations (1.9) and (3.19) follows from these calculations as in
Lemma 2.2, and the proof is thus complete.

O

In view of Lemma 3.7 we have an analogous result to Lemma 2.4 in the many-body
case.

Lemma 3.8. Let s > %, Yor Yo = 0, and s’ € (%,s]. For (Fin,Sin,Sin, Win, Win) @S in

Theorem 2 set
Ro := |Ciallos + | @ins Sin) 275 + [| @iy Sin) lzro-1 + Qoo (T B, Sin) 7751
+ ||Qo(rin,win’§in)”HS*1 .
For all Ty,T> > 0 and for all M > 0, there exists M' > Ry so that for every solution
(I, S,w) € C([-Th,Ts], 9H° x H?) to (3.19) satisfying

” (F7 §7 w) ”C([*Tl,TQ],ﬁSIXHsl) =M
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the inequality
1T, S, @) lle(-r1 1) 595 11y < M (3.32)
holds.

Proof. We bound (I, S,@) using the integral formulation of (3.19) which can be inferred
from (3.19) in the same way that (3.9) is inferred from (1.9). In this integral formulation,
we use an integration by parts for the terms involving 0;Q) in the same way that we
obtained (2.14). Let t € [=T7,T»]. As in the proof of Lemma 3.5, recall first that T'(¢) is
a non-negative operator. We have the bound

HNQ%sSMh%r+AﬂOWWﬂlﬁme+wwﬂﬁimfmﬁﬁﬁ&’
From Lemma 3.3, we have
ITW lle + IWTllse < e sy (ITIG2IT1 L IW s + T e W 1220 ) -
The form of W (c.f. (3.18)), Lemma 3.1, and the assumed bound in H* imply
2
Wil < CIW e < cany (M). (3.34)

1/2 1/2 1 b —
ICISZIIZNW e < e 55 (M) (ITIG 1S @)l + [Tl ) (3.33)

We thus deduce that

t
Mﬁmvéwmw+%&meMﬂquMwAl@ﬂ%ﬂ@ﬂﬂm+wmﬁwmﬂ
In the same way as in Lemma 2.4, we deduce from Lemma 3.7 that

|G Ol < | @ins Sin)llzs + | @ins Sin) 1721
+ 1Qu (Tin, Win, Sin) | zrs—1 + Qo (Tin, Din, Sin) || prs—1
+%mWWAHQM%+W3mMQWMﬂ (3.35)
By Gronwall’s inequality, this implies that for all ¢ € [-T7, T3],

1S, @) ()]s < (H(wm,gm)llgs + (1@t Sin) [ rro=1 + Qo (Tin, Wi, Sin) [l o1

— ¢l
+‘|Qo(rinawinasin)”HS—1 +C(3.21)(M)/ Hr(t/)Hjla/f dt/)60(:;.21)(M)maX{T1,T2}.
0

One can then insert this bound into the bound for ||I'(¢)||ss as in the proof of Lemma 3.5
to deduce the result. O

3.4. Convergence. We now turn to the convergence of I' — I';;j.

Proposition 3.9. Let s >3, 0 < Ty < T8  and 0 < Ty, < Th . Forall s € [s —1,]
and M > 0, there exists c(3.36) (M) > 0 so that the following holds. For any mgs,m, > 1

and every solution (T',S,©) € C([-T1,Tz], H° x H®) to (3.19) that satisfies

|| (F’ g’ w) ||C([*T1 T2],95x H?) < M,



THE DIRAC-KLEIN-GORDON SYSTEM IN THE STRONG COUPLING LIMIT 27

we have
1T = Toalle(or 1,69 x ey < €3.36) (M) <m3 + mffs) : (3.36)

Proof. Since the only change to the equations for S, @ is the replacement of ¥ by I in the
source terms, we have estimates analogous to Lemma 2.6. We can thus write the fields as
S, & plus oscillatory terms, as in (2.19).

We then obtain

7@(25 ') DI ( ) i(t—t')D a¢’ , (337)

IT () ~ Tl o < |
HS

with
Y- (J(Tar) = J(D)) + 7 (pu(T) = po(Ta)) = 708(ps(T) = ps(Tu1))) ,F} :
Yot J () = %muno+%mwm»r—mq,

(
(
Iy = ( a- w—l—BS—l—V) ]

L= _(a (@ — w)+ﬁ(§—§)+v—x7),r] .

The terms Is, I, I3 can be estimated in complete analogy with the proof of Proposition 2.7.
The term I requires integration by parts. For example, if we consider the contribution

due to cos <t\/—A + mg) Sin (which occurs in § — S, see Equation (2.19)), this gives

/t e~ it=t) [ﬁcos( vV —A+m2 )SIH,F( )} =D gy
0

[ sin(ty/—A+m2)
g G

t ) , 3 _ 2\ i ,
_ Z/ e*Z(t*t )D |:D7 |:/881n(t A + mo’) Sin7 F(t/):| :| eZ(t*t )D dt/
0

V=A+m2

t . ’ i — 2y _ — . ’
n ’L/ e—z(t—t )D |:BSID(7§ A+ mo’) Sins |:D + W(F, S,w), F(t/)]}ez(t—t )D d+'.
0

VA +m2

Sin, ()]

By the Jacobi identity, the sum of commutators in the integrand equals

sin(¢ —A—i—mg)g_ ” N [5sin(t —A+m2)
V-A+m2 " VA +m2

Its norm in $H°°1 s —1 > %, can thus be bounded by twice

[r(t’), [D, 3 Sin, [W(P,?, @), r(ﬂ)} }

M 1S Tl gs-1 + 2mg | Siall o1 [W (L, S, @) | g1 [T [ o1

This implies the desired bound on this term using interpolation as in Proposition 2.7.
The calculations for the other terms are analogous, and the proof is then completed by

Gronwall’s Lemma, as in Proposition 2.7.
O
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0< Ty <TH

max*

Proof of Theorem 2. Let 5 <s' <s,0<T; < T

min’

As in the proof of
Theorem 1, we first show that there exists p > 0 such that for all m,,, ms > u, we have
Trin > 11 and Thax > To. To do so, let M > ||(Fin,§m,win)\|ﬁsles/ and define

Ty = sup{0 < t < min(Ty, Tinax), |’(P7§7w)”6([0,t},s‘38’st’) < M}.

As in the proof of Theorem 1, we prove that for M > 0 chosen appropriately, we have
Ty = T; for p large enough, and we do so by contradiction. If Tj < Tb, this again implies
that

H(F,g,w)|]c([07T2,]7yjsles,) = M.
Then, by Lemma 3.8, there exists M’ > 0 such that

(T, )lleqo.rg),50x ) < M. (3.38)

Using Lemma 3.7, the splitting of S, into “small” and oscillatory parts as in Lemma 2.6
and Gronwall’s inequality, we obtain the inequality

1655 lepo,r5. 147

s'—s Q. = 2
< (1 e(a.50) (M) + 1By T L + €5.20) T2 I 115 ) ©

C(B.ZO)TQ IIF”C([O,Té],YJSI)

(3.39)
for some ¢(3 39)(M") > 0. We then choose
F(@) = &+ (1S, @in) | o + €(3.20) Toa?)ece20 122 (3.40)
and
M =2f(ITatlleqomy).6¢)- (3.41)

Now, by Proposition 3.9 and continuity of f,
1T, S, @) leqro,7g1. 50 ey < F(I0lleo gy o0n) + 1 a0y (M) < M

if pu is large enough. This implies that T4 = T, and then Proposition 3.9 gives convergence
I'— Fnl on [0, TQ].
O

Remark 3.10. As in the one-body case (Remark 2.8), the above proof provides a quanti-
tative rate of convergence.
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