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CODIMENSION ONE FOLIATIONS WITH NUMERICALLY TRIVIAL CANONICAL

CLASS ON SINGULAR SPACES

STÉPHANE DRUEL

Abstract. In this article, we describe the structure of codimension one foliations with canonical singularities

and numerically trivial canonical class on varieties with terminal singularities, extending a result of Loray,

Pereira and Touzet to this context.
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1. Introduction

In the last decades, much progress has been made in the classification of complex projective varieties. The
general viewpoint is that complex projective varieties with mild singularities should be classified according to
the behavior of their canonical class.

Similar ideas can be applied in the context of foliations on complex projective varieties. If G is a foliation
on a complex projective variety, we define its canonical class to be KG = −c1(G ). In analogy with the case of
projective varieties, one expects the numerical properties of KG to reflect geometric aspects of G (see [Bru04],
[McQ08], [Spi17], [CS18], [AD13], [AD14], [AD16], [AD17], [LPT18], [Tou08]). This led, for instance, to the
birational classification of foliations by curves on surfaces with quotient singularities ([Bru04], [McQ08]), gen-
eralizing most of the important results of the Enriques−Kodaira classification. The classification exhibits an
interesting feature, which is in sharp contrast with the Enriques−Kodaira classification: there exist foliations
with pseudo-effective canonical bundle and negative Kodaira dimension. So the abundance conjecture fails
already in ambiant dimension two.

The present paper aims at describing one of the most basic class of codimension one foliations, namely
(mildly) singular foliations with numerically trivial canonical class on (mildly) singular spaces.

The Beauville-Bogomolov decomposition theorem asserts that any compact Kähler manifold with numerically
trivial canonical bundle admits an étale cover that decomposes into a product of a torus, and irreducible, simply-
connected Calabi-Yau, and holomorphic symplectic manifolds (see [Bea83]). In [Tou08], Touzet obtained a
foliated version of the Beauville-Bogomolov decomposition theorem for codimension one regular foliations with
numerically trivial canonical bundle on compact Kähler manifolds. The statement below follows from [Tou08,
Théorème 1.2] and [Dru18, Lemma 5.9].

Theorem (Touzet). Let X be a complex projective manifold, and let G be a regular codimension one foliation
on X with KG ≡ 0. Then one of the following holds.
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(1) There exists a P1-bundle structure ϕ : X → Y onto a complex projective manifold Y with KY ≡ 0, and
G induces a flat holomorphic connection on ϕ.

(2) There exists an abelian variety A as well as a simply connected projective manifold Y with KY ≡ 0, and
a finite étale cover f : A× Y → X such that f−1G is the pull-back of a codimenion one linear foliation
on A.

(3) There exists a smooth complete curve B of genus at least 2 as well as a complex projective manifold
Y with KY ≡ 0, and a finite étale cover f : B × Y → X such that f−1G is induced by the projection
morphism B × Y → B.

Loray, Pereira and Touzet recently described the structure of codimension one foliations with canonical
singularities (we refer to Section 4 for this notion) and numerically trivial canonical class on complex projective
manifolds in [LPT18]. However, with the development of the minimal model program, it became clear that
singularities arise as an inevitable part of higher dimensional life. In this article, we extend their result to the
singular setting. Our first main result is the following.

Theorem 1.1. Let X be a normal complex projective variety with canonical singularities, and let G be a
codimension one foliation on X with canonical singularities. Suppose furthermore that KG ∼Q 0. Then one of
the following holds.

(1) There exist a smooth complete curve C, a complex projective variety Y with canonical singularities and
KY ∼Z 0, as well as a quasi-étale cover f : Y × C → X such that f−1G is induced by the projection
Y × C → C.

(2) There exist complex projective varieties Y and Z with canonical singularities, as well as a quasi-étale

cover f : Y × Z → X and a foliation H ∼= O dimZ−1
Z on Z such that f−1G is the pull-back of H via

the projection Y × Z → Z. In addition, we have KY ∼Z 0, Z is an equivariant compactification of
a commutative algebraic group of dimension at least 2, and H is induced by a codimension one Lie
subgroup.

Remark 1.2. In the setup of Theorem 1.1, suppose that Z is rational, and set n := dimZ. Then Z is an
equivariant compactification of (Gm)n or (Gm)n−1 ×Ga (see proof of Lemma 11.7). In either case, Z is a toric
variety by [AK15].

In Theorem 1.1 above, we assume that the canonical divisor KG is abundant. In fact, we also show that
abundance holds provided that X is terminal. Theorem 1.1 together with Theorem 1.3 then give the structure
of codimension one foliations with canonical singularities and numerically trivial canonical class on varieties
with terminal singularities.

Theorem 1.3. Let X be a normal complex projective variety, and let G be a codimension one foliation on X
with canonical singularities and KG ≡ 0. Suppose in addition that either X has terminal singularities, or that
X has canonical singularities and KG is Cartier. Then KG is torsion.

If dimX = 3, Theorem 1.3 is a special case of [CS18, Theorem 1.7].

As a consequence of Theorem 1.1, we describe the structure of weakly regular (we refer to Section 5 for this
notion) codimension one foliations with torsion canonical class, extending [Tou08, Théorème 1.2] to this context.

Corollary 1.4. Let X be a normal complex projective variety with canonical singularities, and let G be a
weakly regular codimension one foliation on X. Suppose furthermore that either KG is Cartier and KG ≡ 0, or
KG ∼Q 0. Then one of the following holds.

(1) There exist a complex projective manifold Y with KY ≡ 0, a P1-bundle ϕ : Z → Y , and a quasi-étale
cover f : Z → X such that f−1G induces a flat holomorphic connection on ϕ.

(2) There exists an abelian variety A as well as a simply connected projective manifold Y with KY ≡ 0, and
a finite étale cover f : Y × A → X such that f−1G is the pull-back of a codimenion 1 linear foliation
on A.

(3) There exist a smooth complete curve C, a complex projective variety Y with canonical singularities and
KY ∼Z 0, as well as a quasi-étale cover f : Y × C → X such that f−1G is induced by the projection
Y × C → C.

From the point of view of birational classification of foliations, this class of singularities is however inadequate.
Indeed, the foliated analogue of the minimal model program aims in particular to reduce the birational study
of mildly singular foliations with numerical dimension zero on complex projective manifolds to the study of
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associated minimal models, that is, mildly singular foliations with numerically trivial canonical class on klt
spaces (see for instance [CS18, Theorem 1.7]). Building on the results of the present paper, it has been shown
that both Theorem 1.1 and Theorem 1.3 are valid for codimension one foliations with canonical singularities on
projective varieties with klt singularities (see [DO19]).

If G is a regular foliation on a complex manifold X and L is a compact leaf with finite holonomy group, then
the holomorphic version of the local Reeb stability theorem asserts that there exist an invariant open analytic
neighborhood U of L and an unramified Galois cover f1 : U1 → U such that the pull-back f−1

1 G|U of G|U to U1

is induced by a proper submersion U1 → S. The proofs of our main results rely on the following global version
of Reeb stability theorem.

Theorem 1.5. Let X be a normal complex projective variety with klt singularities, and let G be an algebraically
integrable foliation on X with canonical singularities. Suppose that KG ≡ 0. Then there exist complex projective
varieties Y and Z with klt singularities and a quasi-étale cover f : Y × Z → X such that f−1G is induced by
the projection Y × Z → Y .

Outline of the proof. The main steps for the proofs of both Theorem 1.1 and Theorem 1.3 are as follows. As we
will see below, our work owes a great deal to the general strategy introduced in [LPT18].

Let X be a normal complex projective variety with terminal singularities, and let G be a codimension one
foliation on X with canonical singularities and KG ≡ 0. An analogue of the Bogomolov vanishing theorem says
that X has numerical dimension ν(X) 6 1 (see Lemma 12.5).

Following [LPT18], we show that either G is closed under p-th powers for almost all primes p, or G is given by
a closed rational 1-form (see Proposition 12.3) with values in a flat line bundle, whose zero set has codimension
at least two. In the latter case, one checks that ν(X) 6 0. If ν(X) = 0, one then proves that G is induced by
a linear foliation (see Proposition 11.10 for a precise statement). If ν(X) = −∞, then one first reduces to the
case where G is defined by a closed rational 1-form (see Proposition 11.6). One then shows that G is as case
(2) of Theorem 1.1 (see Theorem 11.3). In particular, abundance holds in this case.

Suppose from now on that G is closed under p-th powers for almost all primes p. We will prove that G is
algebraically integrable, confirming the generalization to foliations by Ekedahl, Shepherd-Barron and Taylor of
the classical Grothendieck-Katz conjecture in this special case. Theorem 1.1 then follows from Theorem 1.5.
Moreover, abundance holds for algebraically integrable foliations with canonical singularities and numerically
trivial canonical class by Proposition 4.24, as an easy consequence of a theorem of Ambro ([Amb05, Theorem
3.5] or [Flo14, Theorem 1.2]).

Suppose that ν(X) = −∞. In this case, we show that it is enough to prove the statement under the additional
assumptions that X is P1-bundle over an abelian variety A and G is a flat connection on X → A. This follows
from the Minimal Model Program together with [GGK19, Theorem I] that says that the fundamental group
of the smooth locus of a projective klt variety with numerically trivial canonical class and zero augmented
irregularity does not admit any finite-dimensional linear representation with infinite image. By a result of
André ([And04, Theorem 7.2.2]), we see that we can also suppose that G and X → A are defined over a
number field. The statement then follows from a theorem of Bost ([Bos01, Theorem 2.9]) who proved the
Ekedahl−Shepherd-Barron−Taylor conjecture for flat invariant connections on principal bundles with linear
solvable structure groups defined over number fields.

Suppose now that ν(X) = 0. Using Theorem 1.5, we first show that we may assume that there is no positive-
dimensional algebraic subvariety tangent to G passing through a general point of X (see Proposition 8.13).
Then, running a MMP, one reduces to the case where KX is torsion. A weak version of the singular analogue
of the Beauville-Bogomolov decomposition theorem due to Kawamata ([Kaw85, Proposition 8.3]) implies that,
perhaps after passing to a quasi-étale cover, G is a linear foliation on an abelian variety. [Bos01, Theorem 2.3]
together with [ESBT99, Proposition 3.6] imply that dimX = 1 and G is the foliation by points.

Suppose finally that ν(X) = 1. The proof in this case is much more involved. We use the assumption
that G is closed under p-th powers for almost all primes p to conclude that it is weakly regular. On the
other hand, Touzet described in [Tou16] the structure of codimension one foliations on complex projective
manifolds with pseudo-effective conormal bundle. As a consequence, either the normal sheaf NG satisfies
κ
(
−c1(NG )

)
= ν

(
−c1(NG )

)
= 1 and G is algebraically integrable, or κ

(
−c1(NG )

)
= −∞ and ν

(
−c1(NG )

)
= 1.

In the latter case, G is induced by a codimension one tautological foliation on a quotient of a polydisc DN for
some N > 2 by an arithmetic irreducible lattice Γ ⊂ PSL(2,R)N . Using the fact that G is weakly regular, we
then show that the image of the map X → DN/Γ is curve, yielding a contradiction (see Theorem 10.4).
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These steps are addressed throughout the paper, and are collected together in Section 12.

Structure of the paper. Section 2 gathers notation, known results and global conventions that will be used
throughout the paper. In section 3, we recall the definitions and basic properties of foliations. In section 4,
we establish a number of properties of foliations with canonical singularities. In particular, we analyze the
behaviour of foliations with canonical singularities under finite covers and Q-factorial terminalization. We also
address foliations with algebraic leaves. In particular, we show that abundance holds for algebraically integrable
foliations with canonical singularities and numerically trivial canonical class (see Proposition 4.24). Section 5
is devoted to weakly regular foliations. We first establish basic properties. We then give criteria for a foliation
with trivial canonical class to be weakly regular (see Propositions 5.21 and 5.26). We end this section with the
local structure of rank one weakly regular foliations on surfaces with quotient singularities. Sections 6 and 7
prepare for the proof of Theorem 1.5. It is well-known that an algebraically integrable regular foliation on a
complex projective manifold is induced by a morphism onto a normal projective variety. In section 6, we extend
this result to weakly regular foliations with canonical singularities on mildly singular varieties (see Theorem
6.1). Section 8 is mostly taken up by the proof of Theorem 1.5. Sections 9 and 10 prepare for the proof of our
main results. In particular, we confirm the Ekedahl−Shepherd-Barron−Taylor conjecture for mildly singular
codimension one foliations with trivial canonical class first on projective varieties with ν(X) = −∞ in Section
9, and then on those with ν(X) > 0 in Section 10. In section 11, we describe codimension one foliations with
numerically trivial canonical class defined by closed (twisted) rational 1-forms. With these preparations at
hand, the proofs of Theorems 1.1 and 1.3 and the proof of Corollary 1.4 which we give in Section 12 become
reasonably short.

Acknowledgements. We would like to thank Frank Loray, Jorge V. Pereira and Frédéric Touzet for answering
our questions and for extremely helpful conversations concerning the paper [LPT18]. We would also like to
thank Jean-Pierre Demailly, Wenhao Ou and Mihai Păun for useful discussions. During the preparation of the
paper, we benefited from a visit to the Department of Mathematics, Statistics, and Computer Science at the
University of Illinois at Chicago. Finally, we would like to thank the referees for their helpful and very detailed
reports, and for pointing out several mistakes in a previous version.

The author was partially supported by the ERC project ALKAGE (ERC grant Nr 670846), the CAPES-
COFECUB project Ma932/19 and the ANR project Foliage (ANR grant Nr ANR-16-CE40-0008-01).

2. Notation, conventions, and used facts

2.1. Global Convention. Throughout the paper a variety is a reduced and irreducible scheme separated and of
finite type over a field.

Given a scheme X, we denote by Xreg its smooth locus.
Suppose that k = C. We will use the notions of terminal, canonical, klt, and lc singularities for pairs without

further explanation or comment and simply refer to [KM98, Section 2.3] for a discussion and for their precise
definitions. We refer to [KM98] and [KMM87] for standard references concerning the minimal model program.

2.2. Q-factorializations and Q-factorial terminalizations.

Definition 2.1. Let X be a normal complex quasi-projective variety with klt singularities. A Q-factorialization
is a small birational projective morphism β : Z → X, where Z is Q-factorial with klt singularities.

Fact 2.2. The existence of Q-factorializations is established in [Kol13, Corollary 1.37]. Note that we must have
KZ ∼Q β

∗KX .

Definition 2.3. Let X be a normal complex quasi-projective variety with canonical singularities. A Q-factorial
terminalization of X is a birational crepant projective morphism β : Z → X where Z is Q-factorial with terminal
singularities.

Fact 2.4. The existence of Q-factorial terminalizations is established in [BCHM10, Corollary 1.4.3].

2.3. Projective space bundle. If E is a locally free sheaf of finite rank on a variety X, we denote by P(E ) the
variety ProjX

(
S•E

)
, and by OP(E )(1) its tautological line bundle.

2.4. Stability. The word stable will always mean slope-stable with respect to a given movable curve class. Ditto
for semistable and polystable. We refer to [HL97, Definition 1.2.12] for their precise definitions.
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2.5. Reflexive hull. Given a normal variety X, m ∈ N, and coherent sheaves E and G on X, write E [m] :=

(E⊗m)∗∗, S[m]E := (SmE )∗∗, det E := (Λrank E E )∗∗, and E � G := (E ⊗ G )∗∗. Given any morphism f : Y → X,
write f [∗]E := (f∗E )∗∗.

2.6. Reflexive Kähler differentials and pull-back morphisms. Given a normal variety X, we denote the sheaf of

Kähler differentials by Ω1
X . If 0 6 p 6 dimX is any integer, write Ω

[p]
X := (ΩpX)∗∗. The tangent sheaf (Ω1

X)∗

will be denoted by TX .
If D is a reduced effective divisor on X we denote by (X,D)reg the open set where (X,D) is log smooth.

We write Ω
[p]
X (logD) for the reflexive sheaf on X whose restriction to U := (X,D)reg is the sheaf of logarithmic

differential forms ΩpU (logD|U ). We will refer to it as the sheaf of reflexive logarithmic p-forms. Suppose that X
is smooth and let t be a defining equation for D on some open set X◦. Let α be a rational p-form on X. Then
α is a reflexive logarithmic p-form on X◦ if and only if tα and tdα are regular on X◦ (see [Sai80]).

Suppose that k = C.
If f : Y → X is any morphism between varieties, we denote the standard pull-back maps of Kähler differentials

by

df : f∗ΩpX → ΩpY and df : H0(X,ΩpX)→ H0(Y,ΩpY ).

Reflexive differential forms do not generally satisfy the same universal properties as Kähler differentials. How-
ever, it has been shown in [GKKP11] and [Keb13] that many of the functorial properties do hold if we restrict
ourselves to klt spaces.

Theorem 2.5 ([Keb13, Theorem 1.3]). Let f : Y → X be a morphism of normal varieties. Suppose that X is
klt. Then there exist pull-back morphisms

dreflf : f∗Ω
[p]
Y → Ω

[p]
X and dreflf : H0

(
X,Ω

[p]
X

)
→ H0

(
Y,Ω

[p]
Y

)
that agree with the usual pull-back morphisms of Kähler differentials wherever this makes sense.

More precisely, the pull-back morphism for reflexive forms satisfies the following universal property (see
[Keb13, Proposition 6.1]). Let f : Y → X be any morphism of klt spaces. Given a commutative diagram

Z

V Yreg X,

β, resolution of singularities

α

g, dominant f|Yreg

where V is smooth, we have

dg ◦ drefl

(
f|Yreg

)
= dα ◦ dreflβ.

2.7. Pull-back of Weil divisors. Let ψ : X → Y be a dominant equidimensional morphism of normal varieties,
and let D be a Weil Q-divisor on Y . The pull-back ψ∗D of D is defined as follows. We define ψ∗D to be the
unique Q-divisor on X whose restriction to ψ−1(Yreg) is (ψ|ψ−1(Yreg))

∗(D|Yreg
). This construction agrees with

the usual pull-back if D is Q-Cartier.
We will need the following easy observation.

Lemma 2.6. Let ψ : X → Y be a projective and dominant morphism of normal varieties, and let D be a Weil
divisor on Y . Suppose in addition that ψ is equidimensional. If ψ∗D is Q-Cartier, then so is D.

Proof. The statement is local on Y , hence we may shrink Y and assume that Y is affine. By [GLL15, Theorem
6.3], there exists a subvariety Z ⊆ X such that ψ|Z : Z → Y is finite and surjective. Replacing X by the
normalization of Z, we may assume without loss of generality that ψ is a finite morphism. Recall that ψ∗D is Q-
Cartier by assumption. Shrinking Y again, if necessary, we may also assume that there exist a positive integer m
and a rational function t on X such that div t = mψ∗D. One then readily checks that div NX/Y (t) = m(deg ψ)D,
where NX/Y (t) denotes the norm of t. This shows that D is Q-Cartier (see [KM98, Lemma 5.16] for a somewhat
related result). �
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2.8. Numerical dimension. Let D be a Q-divisor on a complex projective manifold X, and let A be an ample
divisor on X. Following Nakayama (see [Nak04, Definition V.2.5]), we set

σ(D,A) := max

{
k ∈ Z≥0

∣∣∣∣∣ lim
m→∞

h0
(
X,OX(bmDc+A)

)
mk

> 0

}
if h0(X,OX(bmDc + A)) 6= 0 for some arbitrary large positive integer m, and σ(D,A) := −∞ otherwise. The
numerical dimension of D is defined as

ν(D) := max
{
σ(D,A) | A ample divisor on X

}
.

Let now D be a Q-Cartier Q-divisor on a normal projective variety X, and let β : Z → X be a resolution of
singularities. The numerical dimension of D is defined as ν(D) := ν(β∗D). Then ν(D) is independent of the
resolution, and it depends only on the numerical class of D by [Nak04, Proposition V.2.7]. We refer to [Nak04]
for more detailed properties.

Remark 2.7. Recall that a Weil Q-divisor D on a normal projective variety X is said to be pseudo-effective if,
for any big Q-divisor B on X and any rational number ε > 0, there exists an effective Q-divisor E on X such
that D + εB ∼Q E. If D is Q-Cartier, then D is pseudo-effective if and only if ν(D) > 0.

2.9. Quasi-étale morphisms. We will need the following definition.

Definition 2.8. A cover is a finite and surjective morphism of normal varieties.
A morphism f : Y → X between normal varieties is called a quasi-étale morphism if f is finite and étale in

codimension one.

Remark 2.9. Let f : Y → X be a quasi-étale cover. By the Nagata-Zariski purity theorem, f branches only on
the singular set of X. In particular, we have f−1(Xreg) ⊆ Yreg.

The following elementary fact will be use throughout the paper.

Fact 2.10. Let f : Y → X be a quasi-étale cover between normal complex varieties. If KX is Cartier (resp.
Q-Cartier), then KY ∼Z f

∗KX is Cartier (resp. Q-Cartier) as well. If X is terminal (resp. canonical, klt) then
so is Y by [Kol97, Proposition 3.16].

2.10. Augmented irregularity. The irregularity of normal complex projective varieties is generally not invariant
under quasi-étale maps. The notion of augmented irregularity addresses this issue (see [GKP11, Definition 3.1]).

Definition 2.11. Let X be a normal complex projective variety. We denote the irregularity of X by q(X) :=
h1(X, OX) and define the augmented irregularity as

q̃(X) := max
{
q(Y ) | Y → X a quasi-étale cover

}
∈ N ∪ {∞}.

Remark 2.12. By a result of Elkik ([Elk81]), canonical singularities are rational. It follows that the irregularity
is a birational invariant of complex projective varieties with canonical singularities.

Remark 2.13. The augmented irregularity of canonical varieties with numerically trivial canonical class is finite.
This follows easily from [Kaw85, Proposition 8.3].

The following result often reduces the study of varieties with trivial canonical class to those with q̃(X) = 0
(see also [Kaw85, Proposition 8.3]).

Theorem 2.14 ([GKP11, Corollary 3.6]). Let X be a normal complex projective variety with canonical singu-
larities. Assume that KX is numerically trivial. Then there exists an abelian variety A, as well as a normal
projective variety Y with KY ∼Z 0 and q̃(Y ) = 0, and a quasi-étale cover A× Y → X.

2.11. Automorphism group. Let X be a complex projective variety and let Aut◦(X) be the neutral component
of the automorphism group Aut(X) of X; Aut◦(X) is an algebraic group of finite type with dim Aut◦(X) =
h0(X,TX). By a theorem of Chevalley, Aut◦(X) has a largest connected affine normal subgroup G. Further,
the quotient group Aut◦(X)/G is an abelian variety. By [Uen75, Theorem 14.1], if G is non-trivial, then X is
uniruled. In particular, if X is canonical and KX ≡ 0, then Aut◦(X) is an abelian variety. Lemma 2.15 below
extends this observation to klt spaces.

Lemma 2.15. Let X be a complex projective variety with klt singularities. Assume that KX is numerically
trivial. Then the neutral component Aut◦(X) of the automorphism group Aut(X) of X is an abelian variety.
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Proof. By [Nak04, Corollary V 4.9], KX is torsion. Let m its Cartier index, and let f : Y → X be the index
one canonical cover, which is quasi-étale ([KM98, Definition 2.52]). By Fact 2.10, the variety Y is then klt.
Moreover, we have KY ∼Z 0 by construction, and therefore Y has canonical singularities. On the other hand,

Y ∼= SpecX

m−1⊕
i=0

OX(−iKX),

and hence there is an injective morphism of algebraic groups Aut◦(X) ⊆ Aut◦(Y ). The lemma then follows
from [Uen75, Theorem 14.1] applied to Y as explained above. �

Remark 2.16. Let X be a complex projective variety with klt singularities. Suppose that KX ∼Z 0, and set
n := dimX. Then

dim Aut◦(X) = h0(X,TX)

= h0
(
X,Ω

[n−1]
X

)
since Ω

[n−1]
X

∼= TX
= hn−1(X,OX) by Hodge symmetry for klt spaces (see [GKP11, Proposition 6.9])
= q(X) by Serre duality using the assumption that KX ∼Z 0.

3. Foliations

In this section, we have gathered a number of results and facts concerning foliations which will later be used
in the proofs.

Definition 3.1. A foliation on a normal variety X over a field k is a coherent subsheaf G ⊆ TX such that

(1) G is closed under the Lie bracket, and
(2) G is saturated in TX . In other words, the quotient TX/G is torsion-free.

The rank r of G is the generic rank of G . The codimension of G is defined as q := dimX − r.
The canonical class KG of G is any Weil divisor on X such that OX(−KG ) ∼= det G .

Suppose that k = C.
Let X◦ ⊆ Xreg be the open set where G|Xreg

is a subbundle of TXreg
. A leaf of G is a maximal connected

and immersed holomorphic submanifold L ⊆ X◦ such that TL = G|L. A leaf is called algebraic if it is open in
its Zariski closure.

The foliation G is said to be algebraically integrable if its leaves are algebraic.

We will use the following notation.

Notation 3.2. Let ψ : X → Y be a dominant equidimensional morphism of normal varieties.
Write KX/Y := KX − ψ∗KY . We will refer to it as the relative canonical divisor of X over Y .
Set

R(ψ) =
∑
D

(
ψ∗D − (ψ∗D)red

)
where D runs through all prime divisors on Y . We will refer to it as the ramification divisor of ψ.

Example 3.3. Let ψ : X → Y be a dominant equidimensional morphism of normal varieties, and let G be the
foliation on X induced by ψ. Then G is the saturation in TX of the kernel of tangent map

Tψ|ψ−1(Yreg) : Tψ−1(Yreg) →
(
ψ|ψ−1(Yreg)

)∗
TYreg

.

A straightforward computation then shows that

KG ∼Z KX/Y −R(ψ).

3.1. Foliations defined by q-forms. Let G be a codimension q foliation on an n-dimensional normal variety X.

The normal sheaf of G is NG := (TX/G )∗∗. The q-th wedge product of the inclusion N ∗
G ↪→ Ω

[1]
X gives rise

to a non-zero global section ω ∈ H0(X,ΩqX � det NG ) whose zero locus has codimension at least two in X.
Moreover, ω is locally decomposable and integrable. To say that ω is locally decomposable means that, in a
neighborhood of a general point of X, ω decomposes as the wedge product of q local 1-forms ω = ω1 ∧ · · · ∧ ωq.
To say that it is integrable means that for this local decomposition one has dωi ∧ω = 0 for every i ∈ {1, . . . , q}.
The integrability condition for ω is equivalent to the condition that G is closed under the Lie bracket.

Conversely, let L be a reflexive sheaf of rank 1 on X, and let ω ∈ H0(X,ΩqX �L ) be a global section whose
zero locus has codimension at least two in X. Suppose that ω is locally decomposable and integrable. Then the



8 STÉPHANE DRUEL

kernel of the morphism TX → Ωq−1
X �L given by the contraction with ω defines a foliation G of codimension

q on X with det NG
∼= L . These constructions are inverse of each other.

3.2. Foliations described as pull-backs. Let X and Y be normal varieties, and let ϕ : X 99K Y be a dominant
separable rational map that restricts to a morphism ϕ◦ : X◦ → Y ◦, where X◦ ⊆ X and Y ◦ ⊆ Y are smooth
open subsets.

Let G be a codimension q foliation on Y . Suppose that the restriction G ◦ of G to Y ◦ is defined by a twisted
q-form αY ◦ ∈ H0(Y ◦,ΩqY ◦ ⊗ det NG ◦). Then αY ◦ induces a non-zero twisted q-form

αX◦ := dϕ◦(ωY ◦) ∈ H0
(
X◦,ΩqX◦ ⊗ (ϕ◦)∗(det NG |Y ◦)

)
.

Shrinking X◦ further, we may assume that αX◦ is nowhere vanishing. So that αX◦ defines a codimension q
foliation E ◦ on X◦. The pull-back ϕ−1G of G via ϕ is the foliation on X whose restriction to X◦ is E ◦.

The following observation is rather standard. We include a proof here for the reader’s convenience.

Lemma 3.4. Let f : Y → X be a quasi-finite dominant morphism of normal complex varieties, and let G be a
foliation on X of rank 1 6 r 6 dimX−1. Let also B be a codimension one irreducible component of the branch
locus of f .

(1) Suppose that B is G -invariant (see section 3.5 for this notion). Let D be any irreducible component of
f−1(B), and let m denote the ramification index of f along D. Then the natural map det f [∗]N ∗

G →
det N ∗

f−1G vanishes at order m− 1 along D. Equivalently, the natural map f [∗]OX(KG )→ OY (Kf−1G )

is an isomorphism at a general point in f−1(B).
(2) If B is not G -invariant, then the map det f [∗]N ∗

G → det N ∗
f−1G is an isomorphism at a general point in

f−1(B). Equivalently, let D be any irreducible component of f−1(B), and let m denote the ramification
index of f along D. Then the natural map f [∗]OX(KG ) → OY (Kf−1G ) vanishes at order m − 1 along
D.

Proof. Set q := n − r. Replacing X by a dense open set X◦ with complement of codimension at least two in
X and Y by f−1(X◦), we may assume without loss of generality that X and Y are smooth, that the branch
locus of f is a smooth hypersurface B ⊂ X, and that G is a regular foliation. We may also assume that the
ramification divisor D := f−1(B) is smooth. Given a point x ∈ B, there are analytic coordinates (x1, . . . , xn)
centered at x such that B is defined by x1 = 0 and such that f is given by (y1, . . . , yn) 7→ (ym1 , y2 . . . , yn) for
some integer m > 1 and some local analytic coordinates (y1, . . . , yn) centered at a point y in f−1(x).

Suppose first that B is G -invariant. Then G is given by a local q-form dx1 ∧ α1 + x1α2, where α1 ∈
∧q−1

(
OX,xdx2 ⊕ · · · ⊕ OX,xdxn

)
is nowhere vanishing and α2 ∈ ∧q

(
OX,xdx1 ⊕ · · · ⊕ OX,xdxn

)
. It follows that

df(dx1 ∧ α1 + x1α2) = ym−1
1

(
mdy1 ∧ df(α1) + y1df(α2)

)
vanishes at order m− 1 along D.

If B is not G -invariant, then G is given by a nowhere vanishing q-form α3 ∈ ∧q
(
OX,xdx2 ⊕ · · · ⊕ OX,xdxn

)
.

But df(α3) is a nowhere vanishing q-form. This completes the proof of the lemma. �

3.3. Ehresmann connection. Let π : X → Y be a dominant morphism with Y smooth. A connection (also
called Ehresmann connection) on π is a distribution E ⊆ TX such that the restriction of the tangent map
Tπ : TX → π∗TY to E induces an isomorphism E ∼= π∗TY . The connection is said to be flat if E is a foliation.

3.4. Projectable foliations. Let π : X → Y be a dominant separable morphism between normal varieties, and let
G be a foliation on X. We say that G is projectable under π if there exists a saturated distribution H ⊆ TY
such that the restriction of the tangent map

Tπ|π−1(Yreg) : TX |π−1(Yreg) → π|π−1(Yreg)
∗TYreg

to G|π−1(Yreg) induces an isomorphism

G|π−1(Yreg)
∼=
(
π|π−1(Yreg)

∗H|π−1(Yreg)

)sat
,

where
(
π|π−1(Yreg)

∗H|π−1(Yreg)

)sat
denotes the saturation of π|π−1(Yreg)

∗H|π−1(Yreg) in

(π∗TY )|π−1(Yreg)
∼= π|π−1(Yreg)

∗TYreg
.

One then checks that H is a foliation on Y . We refer the reader to [Dru17b, Section 2.7] for a more detailed
explanation.
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3.5. Invariant subvarieties. Let X be a normal variety, let Y ⊆ X be a closed subvariety, and let ∂ be a derivation
on X. Say that Y is invariant under ∂ if ∂(IY ) ⊆ IY .

Let G ⊆ TX be a foliation on X. Say that Y is invariant under G if for any local section ∂ of G over some
open subset U of X, Y ∩ U is invariant under ∂. To prove that Y is invariant under G it is enough to show
that Y ∩ U of Y is invariant under G|U for some open set U ⊆ X such that Y ∩ U is dense in Y . If X and Y
are smooth and G ⊆ TX is a subbundle, then Y is invariant under G if and only if G|Y ⊆ TY ⊆ TX |Y .

By [Sei67, Theorem 5], the singular locus of a normal complex variety is invariant under any derivation.
Other examples of invariant subsets are provided by the following easy result.

Lemma 3.5. Let G ⊆ TX be a foliation of rank r > 1 on a complex manifold X. Then any component of the
singular locus of G is invariant under G .

Proof. We argue by induction on r > 1.
If r = 1, then the singular set of G is obviously invariant under G .
Suppose from now on that r > 2. The statement is local on X, hence we may shrink X and assume that X

is affine. Let S be a component of the singular locus of G , and let also x ∈ S be a general point. We may also
assume that ∂(I{x}) 6⊆ I{x} for some ∂ ∈ H0(X,G ) ⊆ H0(X,TX). But then OX∂ ⊂ TX is a regular foliation
at x of rank one. By a theorem of Frobenius, there exist an open neighborhood U of x with respect to the
analytic topology and an isomorphism of analytic varieties U ∼= D ×W such that OX∂ ⊂ TX is induced on U
by the projection ϕ : U ∼= D ×W → W , where D is the complex open unit disk and W is a germ of smooth
analytic variety. In particular, there is a foliation H on W such that G|U = ϕ−1H , and hence S ∩U = ϕ−1(T )
for some component T of the singular set of H . By induction, we conclude that T is invariant under H . This
immediately implies that S is invariant under G , completing the proof of the lemma. �

3.6. The family of leaves. We refer the reader to [AD14, Remark 3.12] for a more detailed explanation. Let X
be a normal complex projective variety, and let G be an algebraically integrable foliation on X. There is a
unique normal complex projective variety Y contained in the normalization of the Chow variety of X whose
general point parametrizes the closure of a general leaf of G (viewed as a reduced and irreducible cycle in X).
Let Z → Y ×X denote the normalization of the universal cycle. It comes with morphisms

Z X

Y

β

ψ

where β : Z → X is birational and, for a general point y ∈ Y , β
(
ψ−1(y)

)
⊆ X is the closure of a leaf of G . The

morphism Z → Y is called the family of leaves and Y is called the space of leaves of G .
Suppose furthermore that KG is Q-Cartier. There is a canonically defined effective Weil Q-divisor B on Z

such that

Kβ−1G +B ∼Z KZ/Y −R(ψ) +B ∼Q β
∗KG ,

where R(ψ) denotes the ramification divisor of ψ. Note that B is β-exceptional since β∗Kβ−1G ∼Z KG .
The following property holds in addition. Let m be a positive integer and let X◦ ⊆ X be a dense open set

such that OX◦
(
mKG |X◦

) ∼= OX◦ . Let f◦ : X◦1 → X◦ be the associated cyclic cover, which is quasi-étale (see

[KM98, Definition 2.52]). Finally, let Z◦1 be the normalization of the product Z◦×X◦X◦1 , where Z◦ := β−1(X◦).
If β◦1 : Z◦1 → X◦1 and g◦ : Z◦1 → Z◦ denote the natural morphisms, then there exists an effective β◦1 -exceptional
divisor B◦1 on Z◦1 such that

K(β◦1 )−1(f◦)−1(G|X◦ ) +B◦1 ∼Z (β◦1)∗K(f◦)−1(G|X◦ ).

Let C◦1 denote the non (β◦1)−1(f◦)−1(G|X◦)-invariant part of the ramification divisor R(g◦) of g◦. Using Lemma

3.4 applied to g◦ and (β−1G )|Z◦ , we obtain (g◦)∗
(
B|Z◦

)
∼Q B

◦
1 + C◦1 . By the negativity lemma, we get

(3.1) (g◦)∗
(
B|Z◦

)
= B◦1 + C◦1 .

3.7. Bertini-type results. The present subsection is devoted to the following auxiliary result.

Proposition 3.6. Let X be a normal complex projective variety with dimX > 3, and let G ⊆ TX be a foliation
of rank 2 6 r 6 dimX − 1. If H ∈ |L | is a general member of a basepoint-free linear system corresponding to
L ∈ Pic(X), then G|H ⊆ TX |H and GH := G|H ∩ TH is a foliation on H. In addition, the following holds.
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(1) Suppose that H is transverse to G at a general point in X. Then GH has rank r − 1, and there exists
an effective divisor B on H such that

KGH
∼Z (KG +H)|H −B.

Moreover, if B1 is a prime divisor on H, then B1 ⊆ SuppB if and only if G is tangent to H at a general
point of B1.

(2) Suppose that there is a dense open set X◦ ⊆ Xreg with complement of codimension at least two satisfying
the following property. For each x ∈ X◦, G is regular at x, and there exist H1 ∈ |L | and H2 ∈ |L |
passing through x with H1 6= H2 such that any member of 〈H1, H2〉 is transverse to G at x. Then

KGH
∼Z (KG +H)|H .

(3) Suppose finally that L is very ample. Then we have

KGH
∼Z (KG +H)|H .

Proof. If H is sufficiently general, then we have an inclusion G|H ⊆ TX |H and GH = G|H ∩ TH is saturated in
TH by [Gro66, Théorème 12.2.1 (i)]. On the other hand, GH is closed under the Lie bracket. This proves that
GH is a foliation.

Set N := TX/G and q = n − r, and let ω ∈ H0(X,ΩqX � det N ) be a non-zero twisted q-form defining G .
Let also ωH ∈ H0(H,ΩqH � det N|H) be the induced q-form, and let B be the maximal effective divisor on H

such that ωH ∈ H0
(
H,ΩqH � det N|H �OH(−B)

)
. Then ωH is a twisted q-form defining GH since the sheaf GH

is reflexive by [AD13, Remark 2.3]. A straightforward computation then shows that KGH
∼Z (KG +H)|H −B

using the adjunction formula KH ∼Z (KX +H)|H . This shows Item (1).
Now, Item (2) follows from Item (1) and an easy dimension count (see proof of [AD19, Lemma 2.9]), while

Item (3) is an immediate consequence of Item (2). �

4. Singularities of foliations

There are several notions of singularities for foliations. The notion of reduced foliations has been used in the
birational classification of foliations by curves on surfaces (see [Bru04]). More recently, notions of singularities
coming from the minimal model program have shown to be very useful when studying birational geometry of
foliations. We refer the reader to [McQ08, Section I] for an in-depth discussion. Here we only recall the notion
of canonical foliation following McQuillan (see [McQ08, Definition I.1.2]).

Definition 4.1. Let G be a foliation on a normal complex variety X. Suppose that KG is Q-Cartier. Let
β : Z → X be a projective birational morphism. Then there are uniquely defined rational numbers a(E,X,G )
such that

Kβ−1G ∼Q β
∗KG +

∑
E

a(E,X,G )E,

where E runs through all exceptional prime divisors for β. The rational numbers a(E,X,G ) do not depend on
the birational morphism β, but only on the valuations associated to the E. We say that G is canonical if KG

is Q-Cartier and, for all E exceptional over X, a(E,X,G ) > 0.

Note that in general, Definition 4.1 requires some understanding of the numbers a(E,X,G ) for all exceptional
divisors of all birational modifications of X.

4.1. Elementary properties. In this subsection we analyze the behaviour of canonical singularities with respect
to birational maps, finite covers, and projections.

Lemma 4.2. Let β : Z → X be a birational projective morphism of normal complex varieties, and let G be a
foliation on X. Suppose that KG is Q-Cartier.

(1) Suppose that Kβ−1G ∼Q β
∗KG +E for some effective β-exceptional Q-divisor on Z. If β−1G is canonical,

then so is G .
(2) If Kβ−1G ∼Q β

∗KG , then G is canonical if and only if so is β−1G .

Proof. We can write Kβ−1G ∼Q β
∗KG + E for some β-exceptional Q-divisor on Z.

Suppose first that E is effective and that β−1G is canonical. Let γ : Z1 → X be a birational projective
morphism of normal varieties, and let F be a prime γ-exceptional divisor on Z1. We have to show that
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a(F,X,G ) > 0. Since a(F,X,G ) depends only on the valuation associated to F , we may assume that γ
factorizes through β. Let β1 : Z1 → Z be the induced morphism. Write

Kγ−1G ∼Q γ
∗KG + E1

for some Q-divisor E1 on Z1 with support contained in Excβ ◦ β1. Then

Kγ−1G ∼Q β
∗
1Kβ−1G + E1 − β∗1E.

Note that E1 − β∗1E is supported on Excβ1. Indeed, we have (β1)∗E1 − E = (β1)∗
(
E1 − β∗1E

)
∼Q 0 since

(β1)∗K(β◦β1)−1G ∼Z Kβ−1G . On the other hand, (β1)∗E1 − E is β-exceptional, and hence we must have

(β1)∗E1 − E = 0. This shows that E1 − β∗1E is β1-exceptional. Since β−1G is canonical by assumption,
E1 − β∗1E is effective, and hence so is E1. This proves Item (1).

Suppose now that E = 0. If β−1G is canonical, then so is G by Item (1). The above computation also shows
that a(F,Z, β−1G ) = a(F,X,G ) for any prime β1-exceptional divisor on Z1. In particular, if G is canonical,
then β−1G is canonical as well. This proves Item (2). �

Lemma 4.3. Let f : X1 → X be a quasi-finite dominant morphism of normal complex varieties, and let G be
a foliation on X with KG Q-Cartier. Suppose that any codimension one component of the branch locus of f is
G -invariant. If G is canonical, then so is f−1G .

Proof. Set G1 := f−1G . By Lemma 3.4, we have KG1 ∼Z f∗KG . In particular, KG1 is Q-Cartier. Let
β1 : Z1 → X1 be a birational projective morphism, and let E1 be a β1-exceptional prime divisor on Z1. By
[Kol97, Theorem 3.17], there exists a projective birational morphism β : Z → X a well as a commutative diagram

Z1 Z

X1 X

g

β1 β

f

such that E := g(E1) is a β-exceptional prime divisor on Z. Let m denote the ramification index of g along E1.
By Lemma 3.4, if E is β−1G -invariant, then a(E1, X1,G1) = ma(E,X,G ), and a(E1, X1,G1) = ma(E,X,G ) +
m− 1 otherwise. In particular, if G is canonical, then so is f−1G , proving the lemma. �

The following example shows that the converse is not true in general.

Example 4.4. Let G be a finite subgroup of GL(2,C) that does not contain any quasi-reflections, and set
X := A2/G. Suppose that G 6⊂ SL(2,C), so that X is not canonical. Let Y be a normal variety and consider
the foliation G on X×Y induced by the projection X×Y → Y . Let also f : A2×Y → X×Y be the quasi-étale
cover induced by the projection morphism A2 → A2/G = X. Then G is not canonical while f−1G is (see
Example 4.16 below).

Lemma 4.5. Let Y and Z be normal complex projective varieties, and let H be a foliation on Y . Denote by
ψ : Y × Z → Y the projection, and set G := ψ−1H . If G is canonical, then so is H .

Proof. Suppose that G is canonical. Let β : Y1 → Y be a projective birational morphism with Y1 normal, and let
F1
∼= Y1 be a fiber of the projection Y1×Z → Y ×Z → Z. Denote by γ : Y1×Z → Y ×Z the natural morphism,

and set F := γ(F1) ∼= Y . One then checks that KG ∼Z KY×Z/Y +ψ∗KH and Kγ−1G ∼Z KY1×Z/Y1
+ψ∗1Kβ−1H ,

where ψ1 : Y1 × Z → Y1 denotes the projection. It follows that KG |F ∼Z KH and Kγ−1G |F1
∼Z Kβ−1H . In

particular, KH is Q-Cartier. By assumption, Kγ−1G ∼Q γ
∗KG + E for some effective γ-exceptional Q-divisor,

and hence Kβ−1H ∼Q β
∗KH + E|F . This proves the lemma. �

4.2. Q-factorial terminalization. In this paragraph, we analyze the behaviour of canonical singularities with
respect to Q-factorial terminalizations.

We will need the following auxiliary result.

Lemma 4.6. Let X be a normal complex quasi-projective variety with klt singularities, let 1 6 p 6 dimX be

an integer, and let A ⊆ Ω
[p]
X be a saturated reflexive subsheaf of rank one. Suppose that A [m] is a line bundle

for some positive integer m. Let β : Z → X be a resolution of singularities with exceptional set E, and assume
that E is a divisor with simple normal crossings. Let B ⊆ ΩpZ denote the saturation of β[∗]A ⊆ ΩpZ , and let E1

denote the reduced divisor on Z whose support is the union of all irreducible components E′ of E such that B
is not saturated in ΩpZ

(
logE

)
at general points of E′. Then, there exist an effective β-exceptional Q-divisor E2

and a rational number 0 6 ε < 1 such that β∗c1(A ) + E2 ∼Q c1(B) + εE1.
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Remark 4.7. In the setup of Lemma 4.6, [GKKP11, Theorem 4.3] shows that there is an embedding β[∗]A ⊆ ΩpZ .

Remark 4.8. In the setup of Lemma 4.6, suppose furthermore that 1 6 p 6 dimX − 1, and that A is the
conormal sheaf of a foliation G on X. Then SuppE1 is the union of all irreducible components of E that are
invariant under β−1G .

Proof of Lemma 4.6. The proof is very similar to that of [GKKP11, Theorem 7.2], and so we leave some easy
details to the reader.

Note that B is a line bundle by [Har80, Proposition 1.9]. To prove the statement, it suffices to show that
there exists a rational number 0 6 ε < 1 such that, if σ is any section of A [m] over some open set U ⊆ X, then
the rational section (β|U )∗σ of B⊗m is regular on β−1(U) \ SuppE1 and has poles of order at most mε along

(SuppE1) ∩ β−1(U).
The statement is local on X, hence we may shrink X, and assume that A [m] ∼= OX . Let g : Y → X be the

associated cyclic cover (see [KM98, Definition 2.52]), and let T denote the normalization of the fiber product
Y ×XZ with natural morphisms γ : T → Y and f : T → Z. Note that Y is klt by Fact 2.10 and that g[∗]A ∼= OY .

Let σ ∈ H0
(
X,A [m]

)
be a nowhere vanishing section, and consider the pull-back β∗σ, which is a rational

section of
B⊗m ⊆ SmΩpZ ,

possibly with poles along E. Applying [GKKP11, Theorem 4.3] to γ and using the fact that g[∗]A is locally
free, we see that there is an embedding

γ∗
(
g[∗]A [m]

) ∼= (γ∗g[∗]A
)⊗m ⊆ SmΩ

[p]
T .

This immediately implies that

(β ◦ f)∗σ ∈ H0
(
T, SmΩ

[p]
T

)
.

Set n := dimX. Let z ∈ SuppE be a general point, and let (z1, . . . , zn) be local coordinates on some open
neighborhood U of z in Z such that z1 = 0 is a local equation of E1. Let t ∈ T such that f(t) = z, and
let (t1, . . . , tn) be local coordinates on some open neighborhood V of t in T with f(V ) ⊆ U . We may assume

without loss of generality that f is given by (t1, . . . , tn) 7→ (tk1
1 , t2, . . . , tn) on V .

Suppose first that B is not saturated in ΩpZ
(
logE

)
at z. Shrinking U , if necessary, we may assume that B|U

is generated by dz1 ∧ α1 + z1α2 where α1 ∈ ∧p−1
(
OUdz2 ⊕ · · · ⊕ OUdzn

)
is nowhere vanishing and α2 ∈ ΩpU =

∧p
(
OUdz1 ⊕ · · · ⊕ OUdzn

)
. Then B⊗m|U ⊆ SmΩpZ |U is generated by (dz1 ∧ α1 + z1α2)⊗m and f∗B⊗m|V ⊆

SmΩ
[p]
T |V by t

m(k1−1)
1

(
k1dt1 ∧ df(α1) + t1df(α2)

)⊗m
. One then checks that β∗σ has a pole of order at most

m(1− 1
k1

) along z1 = 0 since (β ◦ f)∗σ is regular on V .

If B is saturated in ΩpZ
(
logE

)
at z, then we may assume that B|U is generated by a nowhere vanishing p-form

α1 with α1 ∈ ∧p
(
OUdz2 ⊕ · · · ⊕ OUdzn

)
. Arguing as above, one concludes that β∗σ is regular in codimension

one on U .
Write f∗E1 =

∑
i∈I kiFi where the Fi are prime divisors on T and ki are positive integers, and let 0 6 ε < 1

be a rational number such that ε > 1− 1
ki

for every indices i ∈ I. We conclude that β∗σ (viewed as a rational

section of the line bundle B⊗m) is regular on X \ SuppE1 and has poles of order at most mε along SuppE1.
This finishes the proof of the lemma. �

The following is an easy consequence of Lemma 4.6.

Proposition 4.9. Let X be a normal complex projective variety with klt singularities, and let G be a codimension
one foliation on X such that c1(NG ) is Q-Cartier. Let β : Z → X be a resolution of singularities with exceptional
set E, and assume that E is a divisor with simple normal crossings. Let also E1 denote the reduced divisor on
Z whose support is the union of all irreducible components of E that are invariant under β−1G . There exists a
rational number 0 6 ε < 1 such that

κ
(
− c1(NG )

)
= κ

(
− c1(Nβ−1G ) + εE1

)
and ν

(
− c1(NG )

)
= ν

(
− c1(Nβ−1G ) + εE1

)
.

In particular, −c1(NG ) is pseudo-effective if and only if so is −c1(Nβ−1G ) + εE1.

Proof. Applying Lemma 4.6 and using Remark 4.8, we see that there exist an effective β-exceptional Q-divisor
E2 and a rational number 0 6 ε < 1 such that −β∗c1(NG ) + E2 ∼Q −c1(Nβ−1G ) + εE1. By [Nak04, Lemma

II.3.11], we have κ
(
− β∗c1(NG ) + E2

)
= κ

(
− c1(NG )

)
since E2 is effective and β-exceptional. We also have

ν
(
− β∗c1(NG ) + E2

)
= ν

(
− c1(NG )

)
by [Nak04, Proposition V.2.7]. This proves the proposition. �



CODIMENSION ONE FOLIATIONS WITH TRIVIAL CANONICAL CLASS ON SINGULAR SPACES 13

The following results often reduce the study of mildly singular foliations with numerically trivial canonical
class on varieties with canonical singularities to those on varieties with terminal singularities.

Proposition 4.10. Let X be a normal complex projective variety with canonical singularities, and let G be
a foliation on X. Suppose that G is canonical and that KG is Cartier. Let β : Z → X be a Q-factorial
terminalization of X. Then β−1G is canonical with Kβ−1G ∼Z β

∗KG .

Proof. Note that c1(NG ) is Q-Cartier since c1(NG ) ∼Z KG −KX . Recall also that KZ ∼Q β∗KX . Applying
Lemma 4.6 to det N ∗

G on a resolution of Z, we see that there exist effective β-exceptional Q-diviors E1 and
E2 with E1 reduced, and a rational number 0 6 ε < 1 such that c1

(
Nβ−1G

)
+ E2 ∼Q β∗c1

(
NG

)
+ εE1. On

the other hand, we have Kβ−1G ∼Z β
∗KG + F for some effective integral β-exceptional Weil divisor F since G

is canonical and KG is Cartier. Since Kβ−1G ∼Q KZ + c1
(
Nβ−1G

)
and KG ∼Z KX + c1

(
NG

)
, we must have

εE1 = F +E2 by the negativity lemma. It follows that F = 0, and hence Kβ−1G ∼Z β
∗KG . By Lemma 4.2, we

see that β−1G is canonical, completing the proof of the proposition. �

Example 4.11 below shows that Proposition 4.10 is wrong if one drops the assumption that KG is Cartier.

Example 4.11. Let E be an elliptic curve, and set X1 := E × P1. Let G be a cyclic group of order 2 acting on
E by x 7→ −x and acting on P1 by (x : y) 7→ (y : x), where (x : y) are homogeneous coordinates on P1. Set
X := X1/G, and denote by f : X1 → X the projection map, which is two-to-one quasi-étale cover. We obtain a
rational surface containing eight rational double points. Consider the foliation G on X given by the morphism
X → P1/G ∼= P1. The canonical divisor KG is not Cartier, but 2KG is. Let β : Z → X be the blow-up of the
eight singular points, and denote by Ei the β-exceptional divisors. We have Kβ−1G ∼Q β

∗KG + 1
2

∑
iEi. Now,

we claim that G and β−1G are canonical. By Lemma 4.2, it suffices to show that β−1G is canonical. Any of
the four singular fibers of Z → P1 is a chain of three smooth rational curves: the union of two reduced disjoint
(−2)-curves and a (−1)-curve with multiplicity 2. Moreover, it has simple normal crossings. Thus, β−1G is
locally given by the 1-form 2udv + vdu, and hence canonical (see [McQ08, Fact I.2.4 (d)] or Proposition 4.15
below).

Lemma 4.12. Let X be a normal complex projective variety with canonical singularities, and let G be a foliation
on X. Suppose that G is canonical and that det NG is Cartier. Let β : Z → X be a Q-factorial terminalization
of X. Then β−1G is canonical with Kβ−1G ∼Z β

∗KG .

Proof. Recall that KZ ∼Q β
∗KX . By [GKKP11, Theorem 4.3], there is an effective β-exceptional Weil divisor

E on Z such that c1(Nβ−1G ) ∼Z β
∗c1(NG )−E. Since Kβ−1G ∼Q KZ + c1

(
Nβ−1G

)
and KG ∼Q KX + c1

(
NG

)
,

we must have Kβ−1G ∼Q β∗KG − E. It follows that E = 0 since G is canonical by assumption. Applying
Lemma 4.2, we see that β−1G is canonical. This finishes the proof of the lemma. �

4.3. Algebraically integrable foliations. In this paragraph, we address algebraically integrable foliations with
canonical singularities.

Lemma 4.13. Let X be a normal complex projective variety, and let G be an algebraically integrable foliation
on X. Suppose that G is canonical. Let ψ : Z → Y be the family of leaves, and let β : Z → X be the natural
morphism (see 3.6). Then the following holds.

(1) The foliation β−1G is canonical with Kβ−1G ∼Q β
∗KG .

(2) There exists a dense open set Y ◦ ⊆ Y such that Z has canonical singularities over Y ◦. In particular, a
general fiber of ψ has canonical singularities.

(3) If P is a prime divisor on Y and C := (ψ∗P )red, then the pair (Z,C) is log canonical over an open
neighborhood of the generic point of P .

Proof. Recall from subsection 3.6 that there is an effective Weil Q-divisor B on Z such that

(4.1) Kβ−1G +B ∼Q β
∗KG .

On the other hand, since G is canonical by assumption, there exists an effective Weil Q-divisor E on Z such
that

(4.2) Kβ−1G ∼Q β
∗KG + E.

From equations (4.1) and (4.2), we obtain

B + E ∼Q 0.
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This immediately implies that B = 0 and E = 0, and shows that Kβ−1G ∼Q β∗KG . By Lemma 4.2, β−1G is
then canonical, proving Item (1).

Let β1 : Z1 → Z be a resolution of singularities, and set ψ1 := ψ ◦ β1. By Example 3.3, we have Kβ−1G ∼Z
KZ/Y −R(ψ) and Kβ−1

1 β−1G ∼Z KZ1/Y −R(ψ1) + F1, where R(ψ) and R(ψ1) denote the ramification divisors

of ψ and ψ1 respectively, and F1 is a β1-exceptional Q-divisor on Z1 such that ψ1(SuppF1) has codimension
at least two in Y . In particular, KZ/Y − R(ψ) is Q-Cartier. Since β−1G is canonical, there exists an effective
β1-exceptional Q-divisor E1 on Z1 such that

(4.3) Kβ−1
1 β−1G ∼Q β

∗
1Kβ−1G + E1.

Set also Y ◦ := Y \ ψ1

(
SuppR(ψ1) ∪ SuppF1

)
, Z◦ := ψ−1(Y ◦), and Z◦1 := ψ−1

1 (Y ◦). Equation (4.3) then gives

KZ◦1
∼Q β

∗
1KZ◦ + E1|Z◦1 .

This shows that Z◦ has canonical singularities. Item (2) follows easily.
To prove Item (3), we may assume that β : Z1 → Z is a log resolution of (Z,C). Shrinking Y , if necessary,

we may assume that Y is smooth, and that ψ1 is also equidimensional. Then Kβ−1
1 β−1G = KZ1/Y − R(ψ1).

We may also assume without loss of generality that either R(ψ1) = 0 or ψ1

(
SuppR(ψ1)

)
= P . It follows that

C = ψ∗P −R(ψ) and that C1 := (ψ∗1P )red = ψ∗1P −R(ψ1). Equation (4.3) now yields

KZ1
+ C1 ∼Q β

∗(KZ + C) + E1.

Since C1 is reduced, we conclude that (Z,C) is log canonical, completing the proof of the lemma. �

Remark 4.14. In the setup of Lemma 4.13 (1), suppose in addition that KG is Cartier. Then Kβ−1G ∼Z β
∗KG .

The converse is also true if dimY = 1 by Proposition 4.15 below.

Proposition 4.15. Let X be a normal complex projective variety, and let ψ : X → Y be a surjective morphism
onto a smooth projective curve. Denote by G the foliation induced by ψ. Let β : X1 → X be a resolution of
singularities, and denote by R(ψ1) the ramification divisor of ψ1 := ψ ◦ β. If X has canonical singularities over
Y \ ψ1

(
SuppR(ψ1)

)
and, for any point P in ψ1

(
SuppR(ψ1)

)
, the pair

(
X, (ψ∗P )red

)
is log canonical over an

open neighborhood of P , then G is canonical.

Proof. Let R(ψ) denote the ramification divisor of ψ, and denote by B(ψ) the reduced divisor on Y with
support ψ

(
SuppR(ψ)

)
. By Example 3.3, we have KG = KX/Y − R(ψ). Note that KG is Q-Cartier since

R(ψ) = ψ∗B(ψ)−
(
ψ∗B(ψ)

)
red

and KX +
(
ψ∗B(ψ)

)
red

is Q-Cartier.
Let β : X1 → X be a resolution of singularities, and let E be the β-exceptional divisor on X1 such that

(4.4) Kβ−1G ∼Q β
∗KG + E.

Denote by B(ψ1) the reduced divisor on Y with support ψ1

(
SuppR(ψ1)

)
. Set C :=

(
ψ∗B(ψ1)

)
red

and C1 :=(
ψ∗1B(ψ1)

)
red

. Then Equation (4.4) above yields

KX1
+ C1 = β∗(KX + C) + E.

Since X has canonical singularities over Y ◦ := Y \ ψ1

(
SuppR(ψ1)

)
, we see that E is effective over Y ◦. On the

other hand, since the pair (X,C) is log canonical over some open neighborhood of SuppB(ψ1), we conclude
that E is effective over some open neighborhood of SuppB(ψ1). This proves that E is effective, completing the
proof of the proposition. �

Example 4.16. Let Y and Z be normal projective varieties, and let G be the foliation on X := Y × Z induced
by the projection Y × Z → Y . Then G is canonical if and only if Z has canonical singularities. Indeed, if G is
canonical, then Z has canonical singularities by Lemma 4.13 above. Suppose that Z has canonical singularities,
and let β1 : Z1 → Z be a resolution of singularities. Let also Y1 → Y be a resolution of Y1. Let G1 be the
foliation on Y1 ×Z induced by the projection Y1 ×Z → Y1, and denote by γ1 : X1 := Y1 ×Z → Y ×Z = X the
natural morphism. Notice that KG is Q-Cartier, and that KG1 ∼Q γ∗1KG . Thus, by Lemma 4.2, it suffices to
show that G1 is canonical. Let G2 be the foliation on X2 := Y1 × Z1 induced by the projection Y1 × Z1 → Y1,
and denote by γ2 : X2 = Y1 × Z1 → Y1 × Z = X1 the natural morphism. Since Z has canonical singularities,
KG2

∼Q γ∗2KG1
+ E2 for some effective and γ2-exceptional Weil Q-divisor. Now, G2 is canonical since it is a

regular foliation (see Lemma 5.9). In particular, if γ3 : X3 → X2 is any projective birational morphism with
X3 normal, then Kγ−1

3 G2
∼Q γ∗3KG2 + E3 for some effective and γ3-exceptional Weil Q-divisor. It follows that

Kγ−1
3 G2

∼Q (γ2 ◦ γ3)∗KG1 + γ∗3E2 + E3. This shows that G is canonical.
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The following result, which will be crucial for the proof of Theorem 6.1, extends [AD19, Lemma 2.12] to the
singular setting.

Proposition 4.17. Let G be a foliation of rank r > 1 on a normal complex projective variety X. Suppose
that G is algebraically integrable and that KG is Q-Cartier. Let ψ : Z → Y be the family of leaves, and let
β : Z → X be the natural morphism (see 3.6). Let also B be the effective β-exceptional Q-divisor on Z such
that Kβ−1G +B ∼Q β

∗KG . If E is a β-exceptional prime divisor on Z such that ψ(E) = Y , then E ⊆ SuppB.

Remark 4.18. Proposition 4.17 says that G is not canonical along β(E).

Proof of Proposition 4.17. We argue by induction on r > 1. Let E be a β-exceptional prime divisor on Z, and
assume that ψ(E) = Y .

Suppose first that r = 1. Let m be a positive integer and let X◦ ⊆ X be a non-empty open set such
that OX◦

(
mKG |X◦

) ∼= OX◦ . Suppose in addition that β(E) ∩ X◦ 6= ∅. Let f◦ : X◦1 → X◦ be the associated
cyclic cover, which is quasi-étale (see [KM98, Definition 2.52]). Finally, let Z◦1 be the normalization of the
product Z◦ ×X◦ X◦1 , where Z◦ := β−1(X◦), and let β◦1 : Z◦1 → X◦1 and g◦ : Z◦1 → Z◦ denote the natural
morphisms. Recall from subsection 3.6 that there exists an effective β◦1 -exceptional divisor B◦1 on Z◦1 such that
K(β◦1 )−1(f◦)−1(G|X◦ ) + B◦1 ∼Z 0. Moreover, (g◦)∗

(
B|Z◦

)
− B◦1 is effective (see equation (3.1)). Since ψ(E) = Y

by assumption, we see that E is not invariant under β−1G . Let E◦1 be a prime divisor on Z◦1 such that
g◦(E◦1 ) = E ∩Z◦. Notice that E◦1 is not invariant under (β◦1)−1(f◦)−1(G|X◦) and that E◦1 is β◦1 -exceptional. By
[Sei67, Theorem 5], the singular locus of X◦1 is invariant under any derivation on X◦1 . Thus, if β◦1(E◦1 ) is contained
in X◦1 \(X◦1 )reg then E◦1 ⊆ SuppB◦1 by Lemma 4.19 below. Suppose that β◦1(E◦1 )∩(X◦1 )reg 6= ∅. By construction,
the image inX◦1 of any irreducible component of a general fiber of the composed map Z◦1 → Z◦ → Y is the closure
of a leaf of (f◦)−1

(
G|X◦1

)
. Since E◦1 is β◦1 -exceptional, we see that there are infinitely many such subvarieties

through a general point of β◦1(E◦1 ). Therefore, β◦1(E◦1 ) is contained in the singular locus of (f◦)−1
(
G|X◦1

)
, and

hence E◦1 ⊆ SuppB◦1 by Lemma 4.19 again and Lemma 3.5. In either case, since (g◦)∗
(
B|Z◦

)
−B◦1 is effective,

we see that E ⊆ SuppB. This proves the proposition when r = 1.
Suppose from now on that r > 2. We may assume without loss of generality that X ⊆ PN for some positive

integer N .
Let H ⊂ X be a general hyperplane section. We may assume that H and G := β−1(H) are normal varieties

(see [Gro66, Théorème 12.2.4]). Set γ := β|G : G → H and E := G|H ∩ TH , so that γ−1E = β−1G|G ∩ TG.
Applying [Gro66, Théorème 12.2.4] again, we see that general fibers of ψ|G : G → Y are integral by general
choice of H. This implies that ψ|G : G→ Y is the family of leaves of E . Since the restriction of β to any fiber
of ψ is finite, we have dimβ(E) > r − 1 > 1. In particular, E|G is a non-zero divisor on G.

Using Proposition 3.6 and the formula Kβ−1G +B ∼Q β
∗KG , we obtain

(4.5) KE ∼Z KG |H +H|H

and

(4.6) Kγ−1E ∼Z Kβ−1G |G +G|G −BG ∼Q γ
∗KE −BG −B|G,

for some effective γ-exceptional divisor BG on G. By induction, we must have

SuppE|G ⊆ Supp
(
BG +B|G

)
.

Given a general fiber F of ψ, we may assume that H ∩ Freg is smooth by Bertini’s theorem. This immediately
implies that ψ|G

(
SuppBG

)
( Y (see Proposition 3.6 (1)). On the other hand, by general choice of H, any

irreducible component of E ∩G is mapped onto Y by ψ|G. Therefore, we have SuppE|G ⊆ SuppB|G, and hence

E ⊆ SuppB.

This completes the proof of the proposition. �

Lemma 4.19. Let Z and X be normal complex varieties, and let β : Z → X be a birational projective morphism.
Let G be a foliation of rank one on X. Suppose that KG is Cartier, and write Kβ−1G ∼Z β

∗KG + B for some
β-exceptional divisor B on Z. Let E ⊂ Z be a prime divisor not contained in SuppB. If β(E) is contained in
a proper closed G -invariant subvariety Y ( X, then E is invariant under β−1G .

Proof. The statement is local on X, hence we may shrink X and assume that KG ∼Z 0 and that X is affine,
X ⊆ AN for some integer N > 1.

Let ∂Z ∈ H0
(
Z, TZ � OZ(B)

)
such that β−1G � OZ(B) = OZ∂Z , and denote by ∂X ∈ H0(X,TX) the

derivation on X induced by ∂Z , so that G = OX∂X . By construction, ∂Z is a regular derivation on Z \ SuppB.
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Let f be a non-zero regular function on X, vanishing on Y , such that m := vE(f) is minimal, where vE
denote the divisorial valuation on the field of rational functions on X induced by E. Note that m is positive
since f vanishes on Y . Let also g be a local equation of E on some open subset U ⊆ Z \ Supp(B). There exists
a function u on U such that u|E∩U 6≡ 0 and f ◦ β|U = ugm. It follows that

∂Z
(
f ◦ β

)
|U = gm∂Z |U (u) +mugm−1∂Z |U (g).

On the other hand, we have

∂Z(f ◦ β) = β ◦ ∂X(f)

and thus

vE
(
∂Z(f ◦ β)

)
= vE

(
∂X(f)

)
> vE(f) = m

by choice of f , using the fact that ∂X(f) vanishes on Y since f does and Y is G invariant.
Suppose that vE

(
∂Z(g)

)
= 0. We have vE(∂Z |U (u)) > 0 since ∂Z |U is regular on U , and thus

vE
(
gm∂Z |U (u)

)
> m.

But then

vE
(
gm∂Z |U (u) +mugm−1∂Z |U (g)

)
= vE

(
mugm−1∂Z |U (g)

)
= m− 1

since vE(u) = 0, yielding a contradiction. This shows that vE
(
∂Z(g)

)
> 1, proving the lemma. �

The following easy consequences of Lemma 4.19 might be of independent interest.

Proposition 4.20. Let Z and X be normal complex varieties, and let β : Z → X be a proper birational
morphism. Let ∂Z ∈ H0(Z, TZ), and let ∂X ∈ H0(X,TX) be the induced derivation on X. Suppose that ∂X 6= 0
in codimension 1. Let also E ⊂ Z be a prime divisor. If β(E) is contained in the singular locus of X, then E
is invariant under ∂Z .

Proof. By [Sei67, Theorem 5], the singular locus of X is invariant under ∂X . Let B be the maximal effective
divisor on Z such that ∂Z ∈ H0

(
Z, TZ�OZ(−B)

)
. Observe that B is β-exceptional since ∂X 6= 0 in codimension

1 by assumption. If E ⊆ SuppB, then ∂Z |E ≡ 0 and E is invariant under ∂Z . If E is not contained in SuppB,
then the claim follows from Lemma 4.19 above applied to the foliation G = OX∂ ⊆ TX . �

Recall that an equivariant resolution of a normal variety X is a projective birational morphism β : Z → X
with Z smooth such that β restricts to an isomorphism over the smooth locus of X and such that β∗TZ = TX .
The following consequence of Lemma 4.19 is a special case of [GKK10, Corollary 4.7].

Corollary 4.21. Let X be a normal complex variety, and let β : Z → X be an equivariant resolution of X.
Then β∗TZ(−logE) = TX , where E denotes the union of all prime β-exceptional divisors.

4.4. Singularities of foliations with numerically trivial canonical class. In general, Definition 4.1 requires some un-
derstanding of the numbers a(E,X,G ) for all exceptional divisors of all birational modifications of X. However,
if KG is Q-Cartier and KG ≡ 0, then we have the following characterization of canonical singularities, due to
Loray, Pereira, and Touzet when X is smooth.

Proposition 4.22. Let X be a normal complex projective variety, and let G be a foliation on X with KG

Q-Cartier and KG ≡ 0. Then G has canonical singularities if and only if G is not uniruled.

Proof. The same argument used in the proof of [LPT18, Corollary 3.8] shows that the conclusion of Proposition
4.22 holds. One only needs to replace the use of [LPT18, Theorem 3.7] by Theorem 4.23 below. �

Theorem 4.23. Let X be a normal complex projective variety, and let G be a foliation on X with canonical
singularities. Then G is uniruled if and only if KG is not pseudo-effective.

Proof. Let β : Z → X be a resolution of singularities.
Suppose first that KG is not pseudo-effective. Then Kβ−1G is not pseudo-effective as well. Applying [CP15,

Theorem 4.7] to β−1G , we see that G is uniruled.
Suppose now that G is uniruled. The same argument used in the proof of [LPT18, Theorem 3.7] applied to

β−1G shows that Kβ−1G is not pseudo-effective. This in turn implies that KG is not pseudo-effective since G is
canonical, finishing the proof of the theorem. �
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4.5. Abundance for algebraically integrable foliations with numerically trivial canonical class. Let X be a projective
klt variety with numerically trivial canonical class. By a theorem of Nakayama, KX is torsion. Proposition 4.24
below extends Nakayama’s result to mildly singular algebraically integrable foliations.

Proposition 4.24. Let X be a normal complex projective variety, and let G be an algebraically integrable
foliation on X. Suppose that G is canonical with KG ≡ 0. Then KG is torsion.

Proof. Let ψ : Z → Y be the family of leaves, and let β : Z → X be the natural morphism (see 3.6). Let
also F be a general fiber of ψ. By Lemma 4.13, β−1G is canonical with Kβ−1G ∼Q β∗KG , and moreover, F
has canonical singularitites. Recall from Example 3.3 that Kβ−1G = KZ/Y − R(ψ), where R(ψ) denotes the
ramification divisor of ψ. From the adjunction formula, we conclude that KF ∼Z KZ |F ≡ 0, and thus KF is
torsion by [Nak04, Corollary V 4.9]. It follows that there exists a Q-divisor B on Z with ψ(SuppB) ( Y such
that

KZ/Y −R(ψ) ∼Q B.

On the other hand, since KZ/Y −R(ψ) ≡ 0 by assumption, there exists a Q-divisor on Y such that B = ψ∗D.
This follows easily from [Rei97, Theorem A.7]. Therefore, we have

KZ + ψ−1(C) ∼Q ψ
∗(KY + C +D

)
,

where C is the reduced divisor on Y with support ψ
(
SuppR(ψ)

)
. By Lemma 2.6, D is Q-Cartier. Moreover,

we have D ≡ 0 by the projection formula. By Lemma 4.13 applied to β−1G , the discriminant of the lc-trivial
fibration ψ :

(
Z,ψ−1(C)

)
→ Y is C (we refer the reader to [Amb05] for the definitions of lc-trivial fibration

and discriminant). From [Amb05, Theorem 3.5] (see also [Flo14, Theorem 1.2]), we conclude that D is torsion,
proving the proposition. �

5. Weakly regular foliations on singular spaces

5.1. Definitions and examples. There are several notions of regularity for foliations on singular spaces. We first
recall the notion of strongly regular foliation following [Hol78, Definition 1.9].

Definition 5.1. Let G be a foliation of rank r > 1 on a normal complex variety X. Say that G is strongly
regular at x ∈ X if x has an open analytic neighborhood U that is biholomorphic to Dr ×M , where D is the
complex open unit disk and M is a germ of normal complex analytic variety, such that G|U is induced by the
projection Dr ×M →M . Say that G is strongly regular if G is strongly regular at any point x ∈ X.

Remark 5.2. By [BM16, Lemma 1.3.2], G is strongly regular at x ∈ X if and only if G is locally free in a
neighborhood of x and the natural map ΩrX → OX(KG ) induced by the r-th wedge product of the inclusion
G ↪→ TX is surjective at x.

Example 5.3. If Y and Z are normal varieties and G is the foliation on X := Y × Z induced by the projection
Y × Z → Y , then G is strongly regular if and only if Z is smooth.

The notion of strong regularity is however not flexible enough to allow for applications. The following notion
of regularity for foliations addresses this issue ([AD14, Definition 3.5]).

Definition 5.4. Let G be a foliation of rank r > 1 on a normal complex variety X. The r-th wedge product
of the inclusion G ↪→ TX gives rise to a non-zero map OX(−KG ) → (∧rTX)∗∗. We will refer to the dual map

Ω
[r]
X → OX(KG ) as the Pfaff field associated to G .
The singular locus S of G is the closed subscheme of X whose ideal sheaf is the image of the induced map

Ω
[r]
X � OX(−KG )→ OX , which we will refer to as the twisted Pfaff field associated to G .
We say that G is weakly regular at x ∈ X if x 6∈ S. We say that G is weakly regular if S = ∅.

Example 5.5. Let X be a normal variety, and consider G = TX . Then G is weakly regular.

A strongly regular foliation is weakly regular in the sense of Definition 5.4 above. The converse is true if X
is smooth by Frobenius’ theorem. Other examples of weakly regular foliations are provided by the following
results.

Proposition 5.6. Let X be a normal complex variety, and let ψ : X → Y be a dominant morphism onto a
variety Y . Let G be the foliation on X induced by ψ. Then G is weakly regular over the generic point of Y .
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Proof. Note that we may assume without loss of generality that Y is smooth. By [Har77, Proposition III.10.6],
the tangent map Tψ : TX → ψ∗TY is surjective along a general fiber F of ψ. The claim then follows from
Lemma 5.7 below. �

Lemma 5.7. Let X be a normal variety of dimension n > 2 and let G ( TX be a foliation of rank r > 1 on
X. Set q := n − r. Then G is weakly regular if and only if the map η : (∧qTX)∗∗ � det N ∗

G → OX induced by
the q-th wedge product of the quotient map TX → NG is surjective.

Proof. The wedge product of differential forms on Xreg induces an isomorphism of reflexive sheaves

Ω
[r]
X
∼=
(
∧q TX

)∗∗
� OX(KX).

The canonical isomorphism OX(KG ) ∼= OX(KX)� det NG then yields

Ω
[r]
X � OX(−KG ) ∼=

(
∧q TX

)∗∗
� det N ∗

G .

One readily checks that the map Ω
[r]
X �OX(−KG )→ OX induced by η is the twisted Pfaff field associated with

G . This shows the lemma. �

Lemma 5.8. Let X be a normal variety, and let G be a foliation on X. Suppose that there exists a distribution
E on X such that TX = G ⊕ E . Then G is weakly regular.

Proof. Set r := rank G . Observe that det G ∗ ∼= OX(KG ) is a direct summand of Ω
[r]
X and that the twisted Pfaff

field Ω
[r]
X � OX(−KG ) → OX associated to G is induced by the projection Ω

[r]
X → det G ∗. This immediately

implies that G is weakly regular. �

5.2. Elementary properties. The following lemma says that a weakly regular foliation G has mild singularities if
KG is Cartier.

Lemma 5.9. Let X be a normal complex variety with klt singularities, and let G be a foliation on X. Suppose
that KG is Cartier. If G is weakly regular, then it has canonical singularities.

Proof. Let Z be a normal variety, and let β : Z → X be a birational projective morphism. Let ηX : Ω
[r]
X �

OX(KG ) and ηZ : Ω
[r]
Z → OZ(Kβ−1G ) be the Pfaff fields associated to G and β−1G respectively. Recall from

paragraph 2.6 that there exists a morphism of sheaves dreflβ : β∗Ω
[r]
X → Ω

[r]
Z that agrees with the usual pull-

back morphism of Kähler differentials wherever this makes sense. Next, we show that there exist a morphism
β∗OX(KG )→ OZ(Kβ−1G ) and a commutative diagram as follows:

β∗Ω
[r]
X Ω

[r]
Z

β∗OX(KG ) OZ(Kβ−1G ).

dreflβ

β∗ηX ηZ

Let K denote the kernel β∗ηX . Since β is birational, the image of K by ηZ ◦ dreflβ is a torsion subsheaf
of OZ(Kβ−1G ). But the latter is torsion-free by construction, proving our claim. In particular, there is a
β-exceptional effective divisor E on Z such that Kβ−1G = β∗KG + E, proving the lemma. �

Remark 5.10. We will show that the converse is also true if G is algebraically integrable with KG ≡ 0 (see
Corollary 5.23).

Example 5.11 below shows that Lemma 5.9 is wrong if one drops the assumption that KG is Cartier.

Example 5.11. Let Y and Z be normal varieties, and let G be the foliation on X := Y × Z induced by the
projection Y × Z → Y . Then G is weakly regular by Lemma 5.8. But G has canonical singularities if and only
if Z has canonical singularities by Example 4.16.

Next, we analyze the behaviour of weakly regular foliations with respect to smooth morphisms, quasi-finite
maps, and birational modifications.

Lemma 5.12. Let π : Y → X be a surjective étale morphism of normal varieties, and let G be a foliation on
X. Then G is weakly regular if and only if so is π−1G .
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Proof. Recall that the pull-back of a reflexive sheaf by a flat morphism is reflexive as well by [Har80, Proposition

1.8]. Note also that π∗
(
Ω

[r]
X � OX(−KG )

) ∼= Ω
[r]
Y � OY (−π∗KG ) since both are reflexive sheaves and agree on

π−1(Xreg) = Yreg. Let η : Ω
[r]
X �OX(−KG )→ OX be the twisted Pfaff field associated to G . One readily checks

that the induced map π∗η : Ω
[r]
Y �OY (−π∗KG )→ OY is the twisted Pfaff field associated to π−1G . The lemma

follows since π is a faithfully flat morphism. �

Proposition 5.13. Let X be a normal complex variety, let G be a foliation on X, and let π : Y → X be a
quasi-finite dominant morphism. Suppose that any codimension one irreducible component of the branch locus
of π is G -invariant. Then the following holds.

(1) If G is weakly regular, then so is π−1G .
(2) Suppose in addition that π is finite and surjective. If π−1G is weakly regular, then so is G .

Proof. Set r := rank G , and let ηX : Ω
[r]
X �OX(−KG )→ OX and ηY : Ω

[r]
Y �OY (−Kπ−1G )→ OY be the twisted

Pfaff fields associated to G and π−1G respectively.

Suppose first that G is weakly regular. By Lemma 3.4, we have Kπ−1G ∼Z π
∗KG . This implies that

π[∗](Ω[r]
X � OX(−KG )

) ∼= π[∗]Ω
[r]
X � OY (−Kπ−1G ).

One then checks that we have a commutative diagram

π∗
(
Ω

[r]
X � OX(−KG )

)
Ω

[r]
Y � OY (−Kπ−1G )

OY OY .

π∗ηX ηY

This shows that π−1G is a weakly regular foliation, proving Item (1).

Suppose from now on that π is a finite cover, and that π−1G is weakly regular. Let γ : Y1 → Y be a finite
cover such that the induced cover π1 : Y1 → X is Galois, with Galois group G. We may also assume that π1 is
quasi-étale away from the branch locus of π. By Item (1) applied to γ, π−1

1 G is weakly regular as well. Thus, we
may assume without loss of generality that π is Galois with Galois group G. By Lemma 3.4, the tangent map
Tπ induces an isomorphism π−1G ∼= (π∗G )∗∗. It follows that OY (Kπ−1G ) ∼= OY (π∗KG ) as G-sheaves. Note
that ηY is G-equivariant. By [GKKP11, Lemma A.4] and [Bri98, Theorem 2], we have(

π∗
(
Ω

[r]
Y � OY (−Kπ−1G )

))G ∼= Ω
[r]
X � OY (−KG ).

It follows that the map ηGY : Ω
[r]
X � OY (−KG ) → OX induced by ηY is the twisted Pfaff field associated to

G . From [GKKP11, Lemma A.3], we see that ηX = ηGY is surjective. This shows that G is weakly regular,
completing the proof of the proposition. �

The following is an immediate consequence of Proposition 5.13.

Corollary 5.14. Let X be a normal complex variety, let G be a foliation on X, and let π : Y → X be a
quasi-étale cover. Then G is weakly regular if and only if so is π−1G .

Lemma 5.15. Let π : Y → X be a projective birational morphism of normal complex varieties, and let G be a
foliation on X. Suppose that KG is Cartier, and that Kπ−1G ∼Z π

∗KG . Suppose furthermore that X has klt
singularities. If G is weakly regular, then so is π−1G .

Proof. Let ηX : Ω
[r]
X � OX(KG ) and ηY : Ω

[r]
Y → OY (Kπ−1G ) be the Pfaff fields associated to G and π−1G

respectively. Recall from the proof of Lemma 5.9 that there is a commutative diagram

π∗Ω
[r]
X Ω

[r]
Y

π∗OX(KG ) OY (Kπ−1G ).

dreflπ

π∗ηX ηY

∼

This immediately implies that π−1G is weakly regular, proving the lemma. �
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Lemma 5.16. Let π : Y → X be a dominant morphism of normal complex varieties, and let G be a foliation
on X.

(1) Suppose that Y = X × Z and that π is the projection onto X. Then Kπ−1G ∼Z π
∗KG +KY/X , and G

is weakly regular if and only if so is π−1G .
(2) If π is a smooth morphism, then Kπ−1G ∼Z π

∗KG + KY/X . Moreover, G is weakly regular if and only

if π−1G is weakly regular.
(3) Suppose that X has klt singularities, and that π is a small projective birational map. Suppose on addition

that KG is Q-Cartier. Then Kπ−1G ∼Q π
∗KG . Moreover, if G is weakly regular, then so is π−1G .

Proof. Set r := rank G , and let ηX : Ω
[r]
X � OX(−KG )→ OX be the twisted Pfaff field associated to G .

Suppose first that Y = X × Z and that π is the projection onto X. Denote by p the projection onto Z, and
set m := dimZ. Recall that the pull-back of a reflexive sheaf by a flat morphism is reflexive as well by [Har80,
Proposition 1.8]. Then

π−1G ∼= TY/X ⊕ π∗G ∼= p∗TZ ⊕ π∗G ,
and hence Kπ−1G ∼Z π

∗KG +KY/X ∼Z π
∗KG + p∗KZ .

We have

Ω
[r+m]
Y

∼=
⊕

i+j=r+m

π∗Ω
[i]
X � p

∗Ω
[j]
Z

and the twisted Pfaff field associated to π−1G is the composed map

Ω
[r+m]
Y � OX(−Kπ−1G )

(
π∗Ω

[r]
X � p

∗Ω
[m]
Z

)
� OX(−Kπ−1G ) ∼= π∗

(
Ω

[r]
X � OX(−KG )

)
π∗OX ∼= OY .

π∗ηX

It follows that G is weakly regular if and only if so is π−1G since π is a faithfully flat morphism.

Suppose now that π is smooth. Set m := dimY − dimX, X◦ := Xreg, and Y ◦ := π−1(X◦) ⊆ Yreg. We have
an exact sequence of vector bundles

0→ TY ◦/X◦ → (π−1G )|Y ◦ → (π|Y ◦)
∗G|X◦ → 0

and thus Kπ−1G ∼Z π
∗KG +KY/X since Y ◦ has complement of codimension at least two in Y . We proceed to

show that G is weakly regular if and only if so is π−1G . The statement is local on X for the étale topology by
Lemma 5.12. Thus, we may assume that Y = X×Am and that π is given by the projection Y = X×Am → X.
The claim then follows from the previous case.

Suppose finally that X has klt singularities, and that π is a small projective birational map. Suppose in
addition that KG is Q-Cartier. We clearly have Kπ−1G ∼Q π

∗KG . Replacing X by an open subset, if necessary,
we may assume that KG is torsion. It follows that Kπ−1G is torsion as well. By Corollary 5.14, replacing Y
and X by the associated cyclic quasi-étale covers (see [KM98, Definition 2.52]), we may also assume that KG is
Cartier and that Kπ−1G ∼Z π

∗KG . The statement then follows from Lemma 5.15. �

Remark 5.17. In the setup of Lemma 5.16 (3), suppose in addition that KG is Cartier. Then Kπ−1G ∼Z π
∗KG .

Lemma 5.18. Let X be a normal complex projective variety with klt singularities, and let G be an algebraically
integrable foliation on X with canonical singularities. Let ψ : Z → Y be the family of leaves, and let β : Z → X
be the natural morphism (see 3.6). If G is weakly regular, then so is β−1G .

Proof. By Lemma 4.13, we have Kβ−1G ∼Q β
∗KG . Note that the statement is local on X. Let m be a positive

integer and let X◦ ⊆ X be a dense open subset such that OX◦
(
mKG |X◦

) ∼= OX◦ . Let f◦ : X◦1 → X◦ be the
associated cyclic cover, which is quasi-étale (see [KM98, Definition 2.52]), and let Z◦1 be the normalization of
the product Z◦ ×X◦ X◦1 , where Z◦ := β−1(X◦). Let also β◦1 : Z◦1 → X◦1 and g◦ : Z◦1 → Z◦ denote the natural
morphisms. Recall from subsection 3.6 that K(β◦1 )−1(f◦)−1(G|X◦ ) ∼Z (β◦1)∗K(f◦)−1(G|X◦ ) and that the support

of the ramification divisor R(g◦) of g◦ must be (β◦1)−1(f◦)−1(G|X◦)-invariant. By construction, K(f◦)−1(G|X◦ )

is Cartier. Moreover, (f◦)−1(G|X◦) is weakly regular by Corollary 5.14. Applying Lemma 5.15, we see that

(β◦1)−1(f◦)−1(G|X◦) = (g◦)−1
(
(β−1G )|Z◦

)
is weakly regular. The statement then follows from Proposition

5.13. �
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5.3. Criteria for weak regularity. Let G be a foliation with numerically trivial canonical class on a complex
projective manifold. Suppose that G has a compact leaf. Then Theorem 5.6 in [LPT18] asserts that G is
regular and that there exists a foliation on X transverse to G at any point in X. In this paragraph, we extend
this result to mildly singular varieties (see Corollary 5.22). We also show that algebraically integrable foliations
with mild singularities and numerically trivial canonical class are weakly regular (see Corollary 5.23). Finally,
we provide another criterion for regularity of foliations (see Proposition 5.26).

We will need the following easy observations.

Lemma 5.19. Let X be a normal complex variety, and let G be a foliation of rank r on X. Suppose that KG

is Cartier, and let η : Ω
[r]
X → OX(KG ) be the Pfaff field associated to G . Let L ⊂ X be a subvariety which is not

entirely contained in the union of the singular loci of X and G . Suppose in addition that dimL = r. Then the
following holds.

(1) The variety L is the closure of a leaf of G if and only if the composed map ΩrX |L → Ω
[r]
X |L → OX(KG )|L

factors through the natural map ΩrX |L � ΩrL.

(2) Suppose that L is the closure of a leaf of G , and let F be the normalization of L. Denote by n : F → X
the natural morphism. Then there is a commutative diagram

n∗ΩrX n∗Ω
[r]
X n∗OX(KG )

ΩrF Ω
[r]
F n∗OX(KG ).

dn

n∗η

Proof. Item (1) follows from [AD13, Lemma 2.7] using the fact that OX(KG )|L is torsion-free. Item (2) follows

from Item (1) and [ADK08, Proposition 4.5]. �

Lemma 5.20. Let X be a normal complex projective variety, and let H be an ample divisor on X. For any

integer 1 6 r 6 dimX, the image of c1(H)r ∈ Hr
(
X,ΩrX

)
under the natural map Hr

(
X,ΩrX

)
→ Hr

(
X,Ω

[r]
X

)
is non-zero.

Proof. In order to prove the lemma, it suffices to consider the case when r = dimX. Let β : Z → X be
a resolution of X. The image of c1(H)dimX ∈ HdimX

(
X,Ω dimX

X

)
under the map HdimX

(
X,Ω dimX

X

)
→

HdimX
(
Z,Ω dimX

Z

)
is non-zero, and hence c1(H)dimX is non-zero as well. On the other hand, the kernel and

the cokernel of the natural map Ω dimX
X → Ω

[dimX]
X are supported on closed subsets of codimension at least two.

It follows that the natural map HdimX
(
X,Ω dimX

X

)
→ HdimX

(
X,Ω

[dimX]
X

)
is an isomorphism, completing the

proof of the lemma. �

Proposition 5.21. Let X be a normal complex projective variety, and let G be a foliation of rank r on X with
KG Cartier and KG ≡ 0. Let L ⊂ X be a proper subvariety which is not entirely contained in the union of the
singular loci of X and G . Suppose that L is the closure of a leaf of G . Let F be the normalization of L, and

denote by n : F → X the natural morphism. Suppose furthermore that the map ηF : Ω
[r]
F → n∗OX(KG ) given

by Lemma 5.19 is an isomorphism, and that F has rational singularities. Then G is weakly regular, and there
exists a decomposition TX ∼= G ⊕ E of TX into involutive subsheaves.

Proof. Let β : Z → X be an embedded resolution of L, and let T be the strict transform of L in Z. Observe
that β|T : T → L factors through F → L, and denote by γ : T → F the induced map.

Let H be an ample divisor on X. Let also η : Ω
[r]
X → OX(KG ) be the Pfaff field associated to G . Consider

the image c of c1(H)r ∈ Hr
(
X,ΩrX

)
under the composed map

Hr
(
X,ΩrX

)
→ Hr

(
X,Ω

[r]
X

)
→ Hr

(
X,OX(KG )

)
.

We will show that c 6= 0 and that Hr(n∗)(c) 6= 0, where Hr(n∗) : Hr
(
X,OX(KG )

)
→ Hr

(
F, n∗OX(KG )

)
denotes the map induced by n∗. By Lemma 5.19, we have a commutative diagram

Hr(X,ΩrX) Hr
(
X,Ω

[r]
X

)
Hr
(
X,OX(KG )

)

Hr(F,ΩrF ) Hr
(
F,Ω

[r]
F

)
Hr
(
F, n∗OX(KG )

)
.

Hr(dn)

Hr(η)

Hr(n∗)
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By assumption, the map Hr
(
F,Ω

[r]
F

)
→ Hr

(
F, n∗OX(KG )

)
is an isomorphism. On the other hand, by Lemma

5.20 above, the image of c1
(
H|F

)r ∈ Hr
(
F,ΩrF

)
under the map Hr

(
F,ΩrF

)
→ Hr

(
F,Ω

[r]
F

)
is non-zero. This

immediately implies that c 6= 0 and that Hr(n∗)(c) 6= 0.
Consider the commutative diagram

Hr
(
Z, β∗OX(KG )

)
Hr
(
T, (n ◦ γ)∗OX(KG )

)
Hr
(
X,OX(KG )

)
Hr
(
F, n∗OX(KG )

)
.

Hr(n∗)

Since F has rational singularities, the morphism Hr
(
F, n∗OX(KG )

)
→ Hr

(
T, (n ◦ γ)∗OX(KG )

)
is an isomor-

phism. This implies that the image cZ of c under the map Hr
(
X,OX(KG )

)
→ Hr

(
Z, β∗OX(KG )

)
is non-zero.

On the other hand, by Hodge symmetry with coefficients in local systems, there are natural isomorphisms

Hr
(
Z, β∗OX(KG )

) ∼= H0
(
Z,ΩrZ ⊗ β∗OX(−KG )

)
and Hr

(
T, (n ◦ γ)∗OX(KG )

) ∼= H0
(
T,ΩrT ⊗ (n ◦ γ)∗OX(−KG )

)
.

It follows that αZ := cZ ∈ H0
(
Z,ΩrZ ⊗ β∗OX(−KG )

)
is a twisted r-form that restricts to a non-zero twisted

r-form αT ∈ H0
(
T,ΩrT⊗(n◦γ)∗OX(−KG )

)
. Let α ∈ H0

(
X,Ω

[r]
X ⊗OX(−KG )

)
be the twisted reflexive r-form on

X induced by αZ , and let αF ∈ H0
(
F,Ω

[r]
F ⊗n∗OX(−KG )

)
be the non-zero twisted reflexive r-form on F induced

by αT . By construction, η(α) is a regular function that restricts to the non-zero regular function ηF (αF ) on F .

It follows that η(α) is constant. The contraction with α then gives a morphism (∧r−1G )∗∗ → Ω
[1]
X ⊗OX(−KG )

such that the composed map (∧r−1G )∗∗ → Ω
[1]
X ⊗OX(−KG )→ G ∗⊗OX(−KG ) is an isomorphism. This shows

that there is a decomposition TX ∼= G ⊕ E . Note that E is given by the twisted r-form α which extends to
the twisted r-form αZ on Z with values in the flat line bundle β∗OX(−KG ), which is automatically closed.
This implies that E is involutive. Finally, G is weakly regular by Lemma 5.8, completing the proof of the
proposition. �

Corollary 5.22. Let X be a normal complex projective variety with klt singularities, and let G be a foliation on
X. Suppose that KG is Cartier and that KG ≡ 0. Let L ⊂ X be a proper subvariety disjoint from the singular
locus of G and not contained in the singular locus of X. Suppose that L ∩ Xreg is a leaf of G|Xreg

. Suppose
furthermore that the normalization F of L has rational singularities. Then G is weakly regular and there is a
decomposition TX ∼= G ⊕ E of TX into involutive subsheaves.

Proof. Denote by n : F → X the natural morphism, and let ηF : Ω
[r]
F → n∗OX(KG ) be the map given by Lemma

5.19. By Lemma 5.19 and paragraph 2.6, we have a commutative diagram

n∗Ω
[r]
X n∗OX(KG )

Ω
[r]
F n∗OX(KG ).

drefln

n∗η

ηF

On the other hand, the map n∗η is surjective by assumption. This immediately implies that ηF is an isomor-
phism, so that Proposition 5.21 applies. �

Corollary 5.23. Let X be a normal complex projective variety with klt singularities, and let G be an algebraically
integrable foliation on X with canonical singularities. Suppose that KG is Cartier and that KG ≡ 0. Then G is
weakly regular and there is a decomposition TX ∼= G ⊕ E of TX into involutive subsheaves.

Proof. Let ψ : Z → Y be the family of leaves, and let β : Z → X be the natural morphism (see 3.6). Let also
F be a general fiber of ψ. Note that L := β(F ) is the closure of a leaf of G . By Lemma 4.13, F has canonical
singularities and Kβ−1G ∼Q β

∗KG . In particular, F is the normalization of L, and it has rational singularities
by [Elk81]. Moreover, KF ∼Q n

∗OX(KG ) by Example 3.3 and the adjunction formula, where n : F → X denotes

the restriction of β to F . It follows that the map ηF : Ω
[r]
F
∼= OF (KF )→ n∗OX(KG ) given by Lemma 5.19 is an

isomorphism, where r denotes the rank of G . The conclusion then follows from Proposition 5.21. �
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Example 5.24 shows that Corollary 5.23 above is wrong if one drops the assumption that KG ≡ 0.

Example 5.24. Let B and C be smooth projective curves, and let X be the blow-up of B × C at some point.
Let also G be the foliation on X induced by the natural morphism X → B. Then G has canonical singularities
but it is not regular.

The proof of Proposition 5.26 below makes use of the following result, which might be of independent interest.

Lemma 5.25. Let X be a normal complex projective variety, and let G be a foliation of rank r on X with KG

Cartier and KG ≡ 0. Let H be a very ample Cartier divisor on X, and let ΩrX → OX(KG ) be map induced
by the Pfaff field associated to G . Let β : Z → X be a resolution of singularities. Suppose that the image c of
c1(H)r ∈ Hr

(
X,ΩrX

)
under the composed map

Hr
(
X,ΩrX

)
→ Hr

(
X,OX(KG )

)
→ Hr

(
Z, β∗OX(KG )

)
is non-zero. Then G is weakly regular, and there exists a decomposition TX ∼= G ⊕ E of TX into involutive
subsheaves.

Proof. The proof is similar to that of [DPS01, Proposition 2.7.1].

Set n := dimX. The linear system |H| embeds X into PN for some positive integer N . Denote by γ : Z → PN
the natural map. Let (Ui)i∈I be a finite covering of PN by open sets such that OX(KG )|Xi

∼= OXi
, where

Xi := Ui ∩ X. Denote by vi ∈ H0(Xi,∧[r]TXi
) a r-field defining G|Xi

, and let ui ∈ H0(Ui,∧rTUi
) such that

ui|Xi
= vi ∈ H0(Xi,∧[r]TXi) ⊂ H0

(
Xi,∧rTUi |Xi

)
. Let ωFS be the Fubini-Study form on PN , and denote by ωi

its restriction to Ui. The pull-back ηi on γ−1(Ui) of the contraction uiyωri of ωri by ui is a ∂-closed (0, r)-form.

Moreover, the ηi glue to give a ∂-closed (0, r)-form η with coefficients in the unitary flat line bundle β∗OX(KG ).
By construction, η represents c if Hr

(
Z, β∗OX(KG )

)
is identified with the corresponding Dolbeault cohomology

group.
By Hodge symmetry with coefficients in local systems, there exists a holomorphic r-form α with values in

β∗OX(−KG ) such that {α} = c ∈ Hr
(
Z, β∗OX(KG )

)
. In particular, there exists a (0, r− 1)-form ξ with values

in β∗OX(KG ) such that α = η + ∂ξ. Note that α is harmonic with respect to any Kähler form. In particular,
α is closed.

Set X◦ := X \ β
(
Excβ

)
and let v◦ ∈ H0

(
X◦,∧rTX◦ ⊗ OX◦(KG|X◦ )

)
be a twisted r-field defining G|X◦ . Let

also α◦ ∈ H0
(
X◦,ΩrX◦⊗OX◦(−KG|X◦ )

)
be the twisted r-form induced by α on X◦. Notice that the contraction

α◦(v◦) is a regular function, and hence constant since X◦ has complement of codimension at least two in X.
To prove the statement, it suffices to show that α◦(v◦) is non-zero (see Lemma 5.8).

Let ω be the smooth closed semi-positive (1, 1)-form on Z induced by ωFS. Since α and ω are closed, we have

d(α ∧ ξ ∧ ωn−r) = (−1)r−1α ∧ dξ ∧ ωn−r = (−1)r−1α ∧ ∂ξ ∧ ωn−r,
and hence ∫

Z

α ∧ α ∧ ωn−r =

∫
Z

α ∧ η ∧ ωn−r

by Stokes’ theorem. By the Hodge-Riemann bilinear relations, there exists a complex number C1 6= 0 such that
the smooth (n, n)-form

C1α ∧ α ∧ ωn−r |β−1(X◦) = C1α
◦ ∧ α◦ ∧ ωn−rFS

is semi-positive and not identically zero since α 6= 0 by assumption. It follows that
∫
Z
α ∧ η ∧ ωn−r 6= 0. On

the other hand, a straightforward computation shows that∫
Z

α ∧ η ∧ ωn−r =

∫
X◦

α◦ ∧ (v◦yωFS
r
|X◦) ∧ ωFS

n−r
|X◦ = C2α

◦(v◦),

for some complex number C2 6= 0. This immediately implies that α◦(v◦) is non-zero. Arguing as in the proof
of Proposition 5.21, one shows that there is a decomposition TX ∼= G ⊕ E of TX into involutive subsheaves and
that G is weakly regular, finishing the proof of the lemma. �

Proposition 5.26. Let X be a normal complex Q-Gorenstein projective variety, and let G be a codimension
one foliation on X with KG Cartier and KG ≡ 0. Suppose that X is smooth in codimension two with rational
singularities, and that KX ·HdimX−1 6= 0 for some ample Cartier divisor H on X. Suppose furthermore that
there exists an open set X◦ ⊆ Xreg with complement of codimension at least three such that G|X◦ is defined by
closed holomorphic 1-forms with zero set of codimension at least two locally for the analytic topology. Then G
is weakly regular, and there exists a decomposition TX ∼= G ⊕ E of TX into involutive subsheaves.
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Proof. Set n := dimX, and let η : Ωn−1
X → OX(KG ) be map induced by the Pfaff field associated to G . Let

β : Z → X be a resolution of singularities. The natural map Hn−1
(
X,OX(KG )

)
→ Hn−1

(
Z, β∗OX(KG )

)
is

an isomorphism since X has rational singularities. Thus, by Lemma 5.25, it suffices to show that the image of
c1(H)n−1 ∈ Hn−1(X,Ωn−1

X ) under the map Hn−1(η) : Hn−1
(
X,Ωn−1

X

)
→ Hn−1

(
X,OX(KG )

)
is non-zero.

Set L := N ∗
G . By Lemma 5.27 below, the cohomology class c1(L|X◦) ∈ H1(X◦,Ω1

X◦) lies in the image

of the natural map H1
(
X◦,L|X◦

)
→ H1(X◦,Ω1

X◦). Recall that rational singularities are Cohen-Macaulay.
It follows that OX(KX) and OX(KX − KG ) ∼= L are Cohen-Macaulay sheaves. Then the restriction map
H1(X,L )→ H1

(
X◦,L|X◦

)
is an isomorphism by [ST71, Theorem 1.14]. Applying [ST71, Theorem 1.14] again

together with [Har80, Proposition 1.6], we see that the restriction map H1
(
X,Ω

[1]
X

)
→ H1(X◦,Ω1

X◦) is injective.

It follows that the image of c1(L ) ∈ H1
(
X,Ω1

X

)
under the natural map H1

(
X,Ω1

X

)
→ H1

(
X,Ω

[1]
X

)
is the image

of a class c ∈ H1(X,L ).
The same argument used in the proof of Lemma 5.20 shows that c1(H)n−1⊗ c1(L ) maps to a non-zero class

c1(H)n−1 ∪ c1(L ) ∈ Hn
(
X,Ω

[n]
X

)
under the composed map

Hn−1(X,Ωn−1
X )⊗H1(X,Ω1

X) Hn(X,ΩnX) Hn
(
X,Ω

[n]
X

)
,•∪ •

using the assumptions thatKX ·HdimX−1 6= 0 andKG ≡ 0. On the other hand, one checks that c1(H)n−1∪c1(L )
is the image of c1(H)n−1 ⊗ c under the composed map

Hn−1(X,Ωn−1
X )⊗H1(X,L ) Hn−1

(
X,OX(KG )

)
⊗H1(X,L )

Hn(X,OX(KG )⊗L ) ∼= Hn
(
X,Ω

[n]
X

)
.

Hn−1(η)⊗Id

•∪ •

This immediately implies that Hn−1(η)
(
c1(H)n−1

)
6= 0, completing the proof of the proposition. �

The following result generalizes [BB70, Corollary 3.4].

Lemma 5.27. Let X be a complex manifold, let G ⊂ TX be a codimension one foliation, and set L := N ∗
G .

Suppose that G is defined by closed holomorphic 1-forms with zero set of codimension at least two locally for
the analytic topology. Then the cohomology class c1(L ) ∈ H1(X,Ω1

X) lies in the image of the natural map
H1
(
X,L

)
→ H1(X,Ω1

X).

Proof. Note that L is a line bundle by [Har80, Proposition 1.9]. Let (Ui)i∈I be a covering of X by analytically
open sets such that G|Ui

is defined a closed 1-form ωi with zero set of codimension at least two. Then, we can
write ωi = gijωj on Uij := Ui ∩ Uj , where gij is a nowhere vanishing holomorphic function on Uij . The cocycle
[(gij)] ∈ H1(X,O×X) then satisfies [(gij)] = [L ] since both classes agree away from the singular set of G which
has codimension at least two in X. Now, since ωi and ωj are closed, we must have 0 = dgij ∧ ωj on Uij . It
follows that

dgij ∈ H0
(
Uij ,L|Uij

)
⊂ H0

(
Uij ,Ω

1
Uij

)
since L is saturated in Ω1

X by [AD13, Lemma 9.7]. This implies that the cohomology class c1(L ) = [(d log gij)] ∈
H1(X,Ω1

X) lies in the image of the natural map H1
(
X,L

)
→ H1(X,Ω1

X), proving the lemma. �

5.4. Local structure in codimension 2 of weakly regular rank 1 folations. In the present section, we exemplify the
notion of weakly regular foliation by describing weakly regular rank 1 foliations on surfaces with klt singularities.
The results are not used elsewhere so that this section can be safely skipped.

We first show that a weakly regular foliation given by a derivation with zero set of codimension at least two
is strongly regular in codimension two.

Proposition 5.28. Let X be a normal complex variety with klt singularities, and let G ⊂ TX be a weakly regular
foliation of rank one. Suppose in addition that KG is Cartier. Then there exists a closed subset Z ⊆ X with
codimZ > 3 such that G|X\Z is strongly regular.

Proof. Set n := dimX. Recall from [GKKP11, Proposition 9.3] that klt spaces have quotient singularities in
codimension two. Thus, we may assume without loss of generality that X has quotient singularities. Given
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x ∈ X, we have (X,x) ∼= (Cn/G, 0) for some finite subgroup G of GL(n,C) that does not contain any quasi-
reflections. In particular, the quotient map π : Cn → Cn/G is étale outside of the singular set. The statement
is local on X, hence we may shrink X and assume that there exists ∂ ∈ H0(X,TX) such that G = OX∂. By
Proposition 5.13, ∂ induces a nowhere vanishing vector field ∂U ∈ H0(U, TU ) on some open G-stable neighbor-
hood U of 0 ∈ Cn. Since G is weakly regular, there exists a G-invariant holomorphic 1-form αU on U such
that αU (∂U ) = 1. Let α0

U be the 0-th jet of αU at 0. Then α0
U is G-invariant as well, and α0

U (∂U )(0) = 1.
In particular, we have α0

U 6= 0. On the other hand, α0
U = df for some holomorphic function f at 0 such that

f(0) = 0. Observe that f must be G-invariant, so that there exists a holomorphic function t on some open ana-
lytic neighborhood of x in X such that ∂(t)(x) 6= 0. By a result of Zariski (see [Zar65, Lemma 4]), this implies
that R = R1[[t]], where R is the formal completion of the local ring (OX,x,mx) and R1 ( R is a Noetherian
normal ring with dimR1 = dimR−1. Moreover, the extension of 1

∂(t)∂ to R coincides with ∂t. The proposition

then follows from [BM16, Lemma 1.3.2] (see Remark 5.2). �

The following is an immediate consequence of Proposition 5.28.

Corollary 5.29. Let X be a normal surface, and let G ( TX be a weakly regular foliation of rank one. Suppose
that X has klt singularities and that KG is Cartier. Then X is smooth.

We finally describe the structure of weakly regular foliations on klt surfaces.

Proposition 5.30. Let (X,x) be a germ of normal surface with klt singularities, and let G ⊂ TX be a foliation
of rank one. Then G is weakly regular if and only if there exists a positive integer m, as well as non-negative
integers a and b with (a,m) = 1 and (b,m) = 1 such that (X,x) ∼= (C2/G, 0) and π−1G = OC2∂y1

where (y1, y2)
are coordinates on C2, G =< ζ > is a cyclic group of order m acting on C2 by ζ · (y1, y2) = (ζay1, ζ

by2), and
π : C2 → C2/G denotes the quotient map.

Proof. Suppose first that G is weakly regular. Recall that X is Q-factorial by [KM98, Proposition 4.11]. Let m
be the smallest positive integer such that mKG is Cartier at x, and let π : Y → X be the associated local cyclic
cover, which is a quasi-étale cover of degree m (see [KM98, Definition 5.19]). By Proposition 5.13, π−1G is a
weakly regular foliation on Y with Kπ−1G Cartier. It follows from Corollary 5.29 that Y is smooth. The same
argument used in the proof of [McQ08, Corollary I.2.2] then shows our claim.

Conversely, letm be a positive integer, let a and b be non-negative integers such that (a,m) = 1 and (b,m) = 1,
and let G =< ζ > be a cyclic group of order m acting on C2 with coordinates (y1, y2) by ζ ·(y1, y2) = (ζay1, ζ

by2).
Set X := C2/G, and denote by π : C2 → C2/G the natural morphism. Let L be the line bundle OA2 equipped
with the G-linearization given by the character ζ 7→ ζa of G. Note that there exists a reflexive rank 1 sheaf M
on X such that L ∼= π[∗]M . Then ∂y1

(resp. dy1) is a global G-invariant section of TC2 ⊗L (resp. Ω1
C2 ⊗L ∗),

and thus yields a global section τ (resp. α) of TX �M (resp. Ω
[1]
X �M ∗). Since dy1(∂y1

) = 1, we must have
α(τ) = 1. This shows that the foliation induced by τ on X is weakly regular, completing the proof of the
proposition. �

6. Weakly regular foliations with algebraic leaves

It is well-known that an algebraically integrable regular foliation on a complex projective manifold is induced
by a morphism onto a normal projective variety (see [HV10, Proposition 2.5]). In the present section, we extend
this result to weakly regular foliations with canonical singularities on mildly singular varieties.

Theorem 6.1. Let X be a normal complex projective variety with Q-factorial klt singularities, and let G be a
weakly regular algebraically integrable foliation on X. Suppose in addition that G has canonical singularities.
Then G is induced by a surjective equidimensional morphism ψ : X → Y onto a normal projective variety Y .
Moreover, there exists an open subset Y ◦ with complement of codimension at least two in Y such that ψ−1(y)
is irreducible for any y ∈ Y ◦.

Before we give the proof of Theorem 6.1, we need the following auxiliary lemma.

Lemma 6.2. Let X be a normal complex projective variety with klt singularities, and let G be a weakly regular
algebraically integrable foliation on X. Let ψ : Z → Y be the family of leaves, and let β : Z → X be the natural
morphism (see 3.6). Suppose in addition that G has canonical singularities. Then there exists an open subset
Y ◦ with complement of codimension at least two in Y such that ψ−1(y) is irreducible for any y ∈ Y ◦.
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Proof. By [Dru17a, Lemma 4.2], there exists a finite surjective morphism g : Y1 → Y with Y1 normal and
connected such that the following holds. If Z1 denotes the normalization of Y1×Y Z, then the induced morphism
ψ1 : Z1 → Y1 has reduced fibers over codimension one points in Y1. We obtain a commutative diagram

Z1 Z X

Y1 Y.

ψ1

f

ψ

β

g

Let Y ◦ ⊆ Yreg be an open subset with complement of codimension at least two in Y such that Y ◦1 := g−1(Y ◦)

is smooth and R
(
ψ1|Z◦1

)
= 0, where Z◦1 := ψ−1

1 (Y ◦1 ) and R
(
ψ1|Z◦1

)
denotes the ramification divisor of the

restriction ψ1|Z◦1 of ψ1 to Z◦1 . Set Z◦ := ψ−1(Y ◦), and denote by R
(
ψ|Z◦

)
the ramification divisor of the

restriction ψ|Z◦ of ψ to Z◦. By [Dru17a, Lemma 5.4] together with Lemma 4.13, the pair
(
Z◦,−R(ψ|Z◦)

)
has

canonical singularities. On the other hand, we have

KZ◦1 /Y
◦
1

= KZ◦1 /Y
◦
1
−R

(
ψ1|Z◦1

)
∼Z (f|Z◦1 )∗

(
KZ◦/Y ◦ −R

(
ψ|Z◦

))
by Lemma 3.4. Applying [Kol97, Proposition 3.16], we see that Z◦1 has canonical singularities.

To prove the statement, it suffices to show that ψ−1
1 (y) is irreducible for any y ∈ Y1 away from a codimension

two closed subset. We argue by contradiction and assume that there exists a prime divisor D ⊂ Y1 such that
ψ−1

1 (y) is reducible for a general point y ∈ D.
Let S ⊆ ψ−1

1 (D) be a subvariety of codimension two in Z1 such that for a general point z ∈ S there is
at least two irreducible components of ψ−1

1

(
ψ1(z)

)
passing through z. Let z ∈ S be a general point. Recall

from [GKKP11, Proposition 9.3] that z has an analytic neighborhood U that is biholomorphic to an analytic
neighborhood of the origin in a variety of the form CdimX/G, where G is a finite subgroup of GL(dimX,C)
that does not contain any quasi-reflections. In particular, if W denotes the inverse image of U in the affine
space CdimX , then the quotient map π : W →W/G ∼= U is étale outside of the singular set.

From Lemma 5.18 together with Proposition 5.13, we see that G induces a regular foliation on W . Let F1

and F2 be irreducible components of ψ−1
1

(
ψ1(z)

)
passing through z with F1 6= F2. Note that π−1(F1 ∩ U) ∩

π−1(F2 ∩ U) 6= ∅. By general choice of z, F1 and F2 are not contained in the singular locus of f−1β−1G , and
hence both π−1(F1∩U) and π−1(F2∩U) are a disjoint union of leaves. But then any leaf passing through some
point of π−1(F1 ∩ U) ∩ π−1(F2 ∩ U) is a connected component of both π−1(F1 ∩ U) and π−1(F2 ∩ U). This in
turn implies that F1 = F2, yielding a contradiction. This finishes the proof of the lemma. �

Proof of Theorem 6.1. Set r := rank G . Let ψ : Z → Y be the family of leaves, and let β : Z → X be the natural
morphism (see 3.6). Set also GZ := β−1G . To prove Theorem 6.1, we have to show that the β-exceptional set
Excβ is empty. We argue by contradiction and assume that Excβ 6= ∅. Let E be an irreducible component
of Excβ. Note that E has codimension one since X is Q-factorial by assumption. By Lemma 4.13, we have
KGZ

∼Q β∗KG . Applying Proposition 4.17, we see that ψ(E) ( Y . On the other hand, there exists an open
subset Y ◦ with complement of codimension at least two in Y such that ψ−1(y) is irreducible for any y ∈ Y ◦ by
Lemma 6.2. This implies that E = ψ−1

(
ψ(E)

)
. In particular, E is invariant under GZ .

Let m be a positive integer and let X◦ ⊆ X be a dense open subset such that OX◦
(
mKG |X◦

) ∼= OX◦ . Suppose
in addition that β(E) ∩ X◦ 6= ∅. Let f◦ : X◦1 → X◦ be the associated cyclic cover, which is quasi-étale (see
[KM98, Definition 2.52]), and let Z◦1 be the normalization of the product Z◦ ×X◦ X◦1 , where Z◦ := β−1(X◦).
Let also β◦1 : Z◦1 → X◦1 and g◦ : Z◦1 → Z◦ denote the natural morphisms. Recall from the proof of Lemma 5.18
that the foliations GX◦1 and GZ◦1 induced by G on X◦1 and Z◦1 respectively are weakly regular foliations, and that
KGZ◦1

∼Z (β◦1)∗KGX◦1
. Let E◦1 be a prime divisor on Z◦1 such that g◦(E◦1 ) = E ∩ Z◦ =: E◦. Notice that E◦1 is

invariant under GZ◦1 since E is GZ-invariant. Moreover, E◦1 is β◦1 -exceptional. Let F ◦1 denote the normalization
of E◦1 , and let α◦1 : F ◦1 → B◦1 be the Stein factorization of the map F ◦1 → X◦1 . Shrinking X◦, if necessary, we
may assume wihtout loss of generality that B◦1 is smooth. We obtain a commutative diagram
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F ◦1 B◦1

E◦1 Z◦1 X◦1

E◦ Z◦ X◦

E Z X

Y.

α◦1

n◦1

j◦1

i◦1 β◦1

g◦ f◦

β◦

β

ψ

Claim 6.3. The foliation on F ◦1 induced by GZ◦1 is projectable under the map α◦1 : F ◦1 → B◦1 .

Proof of Claim 6.3. Let ηZ◦1 : Ω
[r]
Z◦1
� OZ◦1

(
KGZ◦1

)
the Pfaff field associated to GZ◦1 . Since E◦1 is invariant under

GZ◦1 , the composed map of sheaves ΩrZ◦1 |E◦1
→ Ω

[r]
Z◦1 |E◦1

→ OZ◦1
(
KGZ◦1

)
|E◦1

factors through the natural morphism

ΩrZ◦1 |E◦1
� ΩrE◦1

and gives a map ΩrE◦1
→ OZ◦1

(
KGZ◦1

)
|E◦1

(see [AD13, Lemma 2.7]). By [ADK08, Proposition 4.5],

the latter extends to a morphism

ηF◦1 : ΩrF◦1 → (n◦1)∗
(
OZ◦1

(
KGZ◦1

)
|E◦1

)
.

By construction, ηF◦1 is the Pfaff field associated to the foliation induced by GZ◦1 on F ◦1 on a dense open set.
Notice that

(n◦1)∗
(
OZ◦1

(
KGZ◦1

)
|E◦1

) ∼= (α◦1)∗
(
(j◦1 )∗OX◦1

(
KGX◦1

))
since OZ◦1

(
KGZ◦1

) ∼= (β◦1)∗OX◦1
(
KGX◦1

)
by construction. Therefore, there exists a morphism of sheaves

ηB◦1 : ΩrB◦1 → (j◦1 )∗OX◦1
(
KGX◦1

)
whose pull-back under α◦1 is the composition

(α◦1)∗ΩrB◦1
ΩrF◦1

(n◦1)∗
(
OZ◦1

(
KGZ◦1

)
|E◦1

) ∼= (α◦1)∗
(
(j◦1 )∗OX◦1

(
KGX◦1

))
.

dα◦1
ηF◦1

Now, to show that the foliation on F ◦1 induced by GZ◦1 is projectable under the map α◦1 : F ◦1 → B◦1 , it suffices
to prove that ηB◦1 is non-zero.

Let ηX◦1 : Ω
[r]
X◦1
� OX◦1

(
KGX◦1

)
the Pfaff field associated to GX◦1 . Let E◦2 ⊆ E◦1 denote a smooth dense open

set contained in the smooth locus of Z◦1 , and let F ◦2 ⊆ F ◦1 be its inverse image in F ◦1 . Notice that E◦2
∼= F ◦2 . Set

i◦2 := i◦1|E◦2
: E◦2 ↪→ Z◦1 and α◦2 := α◦1|F◦2

: F ◦2 → B◦1 . By [Keb13, Proposition 6.1] (see also subsection 2.6), the

composition

(
(β◦1)∗Ω

[r]
X◦1

)
|E◦2

Ω
[r]
Z◦1 |E◦2

∼= ΩrZ◦1 |E◦2
ΩrE◦2

dreflβ
◦
1 |E◦2 di◦2

agrees with

(
(β◦1)∗Ω

[r]
X◦1

)
|E◦2
∼=
(
(α◦1)∗

(
(j◦1 )∗Ω

[r]
X◦1

))
|F◦2

(
(α◦1)∗ΩrB◦1

)
|F◦2

ΩrF◦2
.

(
(α◦1)∗dreflj

◦
1

)
|F◦2 dα◦2

On the other hand, recall from the proof of Lemma 5.15, that there is a commutative diagram

(β◦1)∗Ω
[r]
X◦1

Ω
[r]
Z◦1

(β◦1)∗OX◦1
(
KGX◦1

)
OZ◦1

(
KGZ◦1

)
.

dreflβ
◦
1

(β◦1 )∗ηX◦1
ηZ◦1

∼
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One then checks that the diagram

(j◦1 )∗Ω
[r]
X◦1

ΩrB◦1

(j◦1 )∗OX◦1
(
KGX◦1

)

dreflj
◦
1

(j◦1 )∗ηX◦1
ηB◦1

is commutative as well. This immediately implies that ηB◦1 is non-zero, completing the proof of the claim. �

Since the foliation induced by GZ◦1 on F ◦1 is projectable under α◦1, there are infinitely many leaves of GZ◦1
contained in E◦1 that map to the same leaf of the foliation induced by ηB◦1 on B◦1 since dimE◦1 > dimB◦1 . On the

other hand, recall that ψ−1(y) is irreducible for any point y ∈ ψ(E)∩ Y ◦. Hence, there exists a positive integer
m such that the cycle theoretic fiber ψ[−1](y) is m[ψ−1(y)] for a general point y in ψ(E). It follows that the
restriction of the map Y → Chow(X) (see 3.6) to ψ(E) has positive dimensional fibers, yielding a contradiction.
This finishes the proof of the theorem. �

Remark 6.4. In the setup of Theorem 6.1, let ψ : Z → Y be the family of leaves, and let β : Z → X be the
natural morphism (see 3.6). If X is only assumed to have klt singularities, then the same argument used in the
proof of the theorem shows that β is a small birational map.

Corollary 6.5. Let X be a normal complex projective surface with klt singularities, and let G be an algebraically
integrable foliation by curves on X with canonical singularities. If G is weakly regular, then it is induced by a
surjective equidimensional morphism ψ : X → Y onto a smooth complete curve Y .

Proof. This is an immediate consequence of Theorem 6.1 since X is automatically Q-factorial by [KM98, Propo-
sition 4.11]. �

The following is an easy consequence of Theorem 6.1 above together with Lemma 5.9.

Corollary 6.6. Let X be a normal complex projective variety with Q-factorial klt singularities, and let G be
a weakly regular algebraically integrable foliation on X. Suppose in addition that KG is Cartier. Then G is
induced by a surjective equidimensional morphism ψ : X → Y onto a normal projective variety Y . Moreover,
there exists an open subset Y ◦ with complement of codimension at least two in Y such that ψ−1(y) is irreducible
for any y ∈ Y ◦

7. Quasi-étale trivializable reflexive sheaves

In this section we provide another technical tool for the proof of the main results.

Proposition 7.1. Let X be a normal complex projective variety, and let G be a coherent reflexive sheaf of rank
r. Suppose that there exists a finite cover f : Y → X such that f [∗]G ∼= O⊕rY . Then, there exists a quasi-étale

cover g : Z → X such that g[∗]G ∼= O⊕rZ .

7.1. The holonomy group of a stable reflexive sheaf. We briefly recall the definition of algebraic holonomy groups
following Balaji and Kollár ([BK08]).

Let X be a normal complex projective variety, and let G be a coherent reflexive sheaf on X. Suppose that
G is stable with respect to an ample Cartier divisor H and that µH(G ) = 0. For a sufficiently large positive
integer m, let C ⊂ X be a general complete intersection curve of elements in |mH|, and let x ∈ C. By the
restriction theorem of Mehta and Ramanathan, the locally free sheaf G|C is stable with deg G|C = 0, and hence
it corresponds to a unique unitary representation ρ : π1(C, x)→ U(Gx) by a result of Narasimhan and Seshadri
([NS65]).

Definition 7.2. The holonomy group Holx(G ) of G is the Zariski closure of ρ
(
π1(C, x)

)
in GL(Gx).

Remark 7.3. The holonomy group Holx(G ) does not depend on C 3 x provided that m is large enough (see
[BK08]).
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7.2. Strong stability. The following notion is used in the formulation of Lemmas 7.5 and 7.6.

Definition 7.4. Let X be a normal projective variety, let H be a nef and big Cartier divisor on X, and let G be
a coherent reflexive sheaf. We say that G is strongly stable with respect to H if, for any normal projective variety
Y and any generically finite surjective morphism f : Y → X, the reflexive pull-back sheaf f [∗]G is f∗H-stable.

Lemma 7.5 ([Dru17b, Lemma 6.3]). Let X be a normal complex projective variety, let x ∈ X be a general
point, and let G be a coherent reflexive sheaf. Suppose that G is stable with respect to an ample divisor H and
that µH(G ) = 0. Suppose furthermore that the holonomy group Holx(G ) is connected. Then G is strongly stable
with respect to H.

The following observation is needed for the main result of this section.

Lemma 7.6. Let X be a normal complex projective variety, and let G be a coherent reflexive sheaf. Suppose
that G is polystable with respect to an ample divisor H and that µH(G ) = 0. Then there exists a quasi-étale
cover g : Z → X as well as coherent reflexive sheaves (Gi)i∈I on Z such that the following holds.

(1) There is a decomposition g[∗]G ∼= ⊕i∈IGi.
(2) The sheaves Gi are strongly stable with respect to g∗H with µg∗H(Gi) = 0.

Proof. Suppose that there exists a quasi-étale cover g1 : Z1 → X such that the reflexive pull-back g
[∗]
1 G is not

stable with respect to g∗1H. Applying [HL97, Lemma 3.2.3], we see that the g
[∗]
1 G is polystable, and hence,

there exist non-zero reflexive sheaves (Gi)i∈I , g∗1H-stable with slopes µg∗1H(Gi) = µg∗1H
(
g

[∗]
1 G

)
= 0 such that

g
[∗]
1 G ∼=

⊕
i∈I

Gi.

Suppose in addition that the number of direct summands is maximal. Then, for any quasi-étale cover

g2 : Z2 → Z1, the reflexive pull-back g
[∗]
2 Gi is stable with respect to (g1 ◦ g2)∗H.

By [BK08, Lemma 40] (see also [Dru18, Lemma 6.19]), there exists a quasi-étale cover gi : Zi → Z1 such that
Holzi

(
(g1 ◦ gi)[∗]Gi

)
is connected, where zi is a general point on Zi. Let Z be the normalization of Z1 in the

compositum of the function fields C(Zi). Observe that the natural morphism g : Z → Z1 is a quasi-étale cover,
and factors through each Zi → Z1. The proposition then follows from Lemma 7.5 above. �

Remark 7.7. In the setup of Lemma 7.6, suppose furthermore that G is polystable with respect to any polar-
ization H on X and that µH(G ) = 0. Let H1 be any ample divisor on X. Then the sheaves Gi are strongly
stable with respect to g∗H1 and µg∗H1

(Gi) = 0.

Proof of Proposition 7.1. Let H be an ample Cartier divisor on X. Applying [HL97, Lemma 3.2.3], we see that
G is polystable with respect to H with µH(G ) = 0. By Lemma 7.6, there exists a quasi-étale cover g1 : Z1 → X
as well as coherent reflexive sheaves (Gi)i∈I on Z1 such that the following holds.

(1) There is a decomposition g
[∗]
1 G ∼= ⊕i∈IGi.

(2) The sheaves Gi are strongly stable with respect to g∗1H with µg∗1H(Gi) = 0.

Let Y1 be the normalization of the product Y ×X Z1, with natural morphism f1 : Y1 → Z1. By construction,

we have (g1 ◦ f1)[∗]G ∼= O⊕rY1
. It follows that (g1 ◦ f1)[∗]Gi ∼= OY1

for all i ∈ I, and hence G
[N ]
i
∼= OZ1

, where
N := deg g1 ◦ f1. Replacing Z1 by a further quasi-étale cover, we may assume that Gi ∼= OZ1

, proving the
proposition. �

Remark 7.8. In the setup of Proposition 7.1, suppose that X is a (smooth complete) curve. Then there is
an alternative argument. Indeed, by [HL97, Lemma 3.2.3], G is a polystable vector bundle. We may assume
without loss of generality that G is stable. By [NS65], G corresponds to a unique unitary representation

ρ : π1(X,x)→ U(Gx).

It follows that f∗G corresponds to the induced representation

ρ ◦ π1(f) : π1(Y, y)→ U(Gx)

where y is a point on Y such that f(y) = x. Applying [NS64, Proposition 4.2] to ρ ◦ π1(f) and the trivial
representation of π1(Y, y) in U(Gx), we see that ρ◦π1(f) must be the trivial representation. The statement then
follows since the image of π1(f) has finite index in π1(X,x).
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8. A global Reeb stability theorem

8.1. Global Reeb stability theorem. Let X be a complex manifold, and let G be a regular foliation on X. Let
L be a compact leaf with finite holonomy group G, and let x ∈ L. The holomorphic version of the local Reeb
stability theorem (see [HV10, Theorem 2.4]) asserts that there exist an invariant open analytic neighborhood U
of L, a (local) transversal section S at x with a G-action, an unramified Galois cover U1 → U with group G, a
smooth proper G-equivariant morphism U1 → S, and a commutative diagram

U1 U

S S/G

unramified

proper submersion

such that the pull-back of G|U to U1 is induced by the map U1 → S. In this section, we prove a global version of
Reeb stability theorem for weakly regular algebraically integrable foliations with trivial canonical class on mildly
singular spaces. The following is the main result of this section (see [DG18, Proposition 4.2] for a somewhat
related result).

Theorem 8.1. Let X be a normal complex projective variety with klt singularities, and let G be a weakly regular
algebraically integrable foliation on X. Suppose that KG ∼Q 0. Then there exist complex projective varieties Y
and Z with klt singularities and a quasi-étale cover f : Y ×Z → X such that f−1G is induced by the projection
Y × Z → Y .

The proof of Theorem 8.1 makes use of the following result, which might be of independent interest.

Proposition 8.2. Let X be a normal complex projective variety, and let G be an algebraically integrable foliation
on X. Suppose that G is canonical and that G ∼= O⊕rankG

X . Then there exists an abelian variety A as well as a
normal projective variety X1, and an étale cover f : A×X1 → X such that f−1G = TA×X1/X1

.

Proof. Let ψ : Z → Y be the family of leaves, and let β : Z → X be the natural morphism (see 3.6). Let also
F be a general fiber of ψ. Then Kβ−1G ∼Z 0 by Lemma 4.13 and Remark 4.14. Moreover, F has canonical
singularities. By Example 3.3 and the adjunction formula, we have KF ∼Z Kβ−1G |F ∼Z 0.

The same argument used in the proof of [AD13, Lemma 3.2] (see also [AD13, Remark 3.8]) shows that the

dual map Ω
[1]
X → G ∗ gives a generically surjective morphism Ω

[1]
Z/Y → β∗G ∗ and a commutative diagram

β∗Ω1
X Ω1

Z Ω1
Z/Y

β∗G ∗ Ω
[1]
Z/Y

dβ

This immediately implies that TF ∼= O⊕ dimF
F since KF ∼Z 0. By Lemma 2.15, we see that the neutral

component Aut◦(F ) of the automorphism group Aut(F ) of F is an abelian variety.
Let Aut◦(X) denote the neutral component of Aut(X), and let H ⊆ Aut◦(X) be the connected complex Lie

subgroup with Lie algebra H0(X,G ) ⊆ H0(X,TX). Note that β(F ) is invariant under the action of H, and
thus H also acts on the normalization F of β(F ), so that H ⊆ Aut◦(F ). Since both G and TF are trivial vector
bundles, the tangent map

LieH = H0(X,G )→ H0(F, TF ) = Lie Aut◦(F )

is surjective, and hence H ∼= Aut◦(F ). In particular, H is a closed (projective) algebraic subgroup of Aut◦(X).
By [Bri10, Proof of Theorem 1.2, page 10], there exist a normal projective variety X1, and a H-equivariant

finite étale cover f : H ×X1 → X, where H acts trivially on X1 and diagonally on H ×X1. In particular, we
have f−1G = TH×X1/X1

, completing the proof of the proposition. �

Next, we consider the special case where the foliation is induced by a morphism equipped with a flat connec-
tion.

Lemma 8.3. Let X be a normal complex quasi-projective variety, and let ϕ : X → Y be a projective equidi-
mensional morphism with connected fibers onto a smooth quasi-projective variety. Suppose that X has klt
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singularities over the generic point of Y , and that ϕ has reduced fibers over codimension one points in Y . Sup-
pose furthermore that KX/Y is relatively numerically trivial and that there exists a foliation E on X such that
TX = TX/Y ⊕ E .

(1) Then there exist complex varieties B and G, as well as a quasi-étale cover f : B × G → X such that
TB×G/B = f−1TX/Y . Moreover, B is smooth and quasi-projective, G is projective with canonical sin-
gularities, and KG ∼Z 0.

(2) Let F be a general fiber of ϕ. Suppose in addition that h0(F, TF ) = 0. Then there exists a smooth
quasi-projective variety Y1 as well as a finite étale cover Y1 → Y such that Y1 ×Y X ∼= Y1 × F as
varieties over Y1.

Proof. Let X◦ ⊆ X be the open set where ϕ|X◦ is smooth. Notice that X◦ has complement of codimension at
least two since ϕ is equidimensional with reduced fibers over codimension one points in Y by assumption. The
restriction of the tangent map

Tϕ|X◦ : TX◦ → (ϕ|X◦)
∗TY

to E|X◦ ⊆ TX◦ then induces an isomorphism E|X◦ ∼= (ϕ|X◦)
∗TY . Since E|X◦ and (ϕ|X◦)

∗TY are both reflexive
sheaves, we must have E ∼= ϕ∗TY . Thus E yields a flat connection on ϕ. Now, a classical result of complex
analysis says that complex flows of vector fields on analytic spaces exist (see [Kau65]). It follows that ϕ is a
locally trivial analytic fibration for the analytic topology.

Now, the same argument used in the proof of [Dru17b, Lemmas 6.4] shows that the conclusion of Lemma 8.3
holds. �

Remark 8.4. In the setup of Lemma 8.3 above, suppose in addition that X is projective with klt singularities,
and that KX is Cartier. Then the existence of E follows from the assumption KX/Y ≡ 0 by Corollary 5.22
together with Proposition 5.6.

The proof of Theorem 8.1 relies in part on the following descent result for foliations.

Lemma 8.5. Let X be a normal complex variety, and let G be a foliation on X. Let also Y be a normal
variety, let A be an abelian variety and let B be a projective variety with canonical singularities, KB ∼Z 0, and
q̃(B) = 0. Suppose that there is a finite cover f : Y × A × B → X such that f−1G = TY×A×B/Y . Suppose in
addition that any codimension one irreducible component of the branch locus of f is G -invariant. Then there
exist foliations G1 ⊆ G and G2 ⊆ G such that f−1G1 = TY×A×B/Y×B and f−1G2 = TY×A×B/Y×A.

Proof. Set Z := Y × A × B. Let X◦ ⊆ X be the open set such that f|f−1(X◦) : f−1(X◦) =: Z◦ → X◦ is
étale. By a result of Serre (see [Méz00, Lemma 2.10]), there exists a finite étale cover g◦ : Z◦1 → Z◦ such that
the induced cover Z◦1 → X◦ is Galois. Let Z1 be the normalization of X in the function field of Z◦1 , and let
f1 : Z1 → X be the natural morphism. Note that there exists a finite morphism g : Z1 → Z such that f1 = f ◦g.
By construction, g is étale away from the branch locus of f , so that any codimension one irreducible component

of the branch locus of f1 is G -invariant as well. By Lemma 3.4, we must have f−1
1 G ∼= f

[∗]
1 G .

Set E1 := g−1TY×A×B/Y×B and E2 := g−1TY×A×B/Y×A, and let γ be any automorphism of the covering
f1 : Z1 → X. In order to prove the statement, it suffices to show that Ei ⊆ TZ1 is γ-invariant (see [Cla17,
Lemme 2.13]).

Notice that E1 ⊕ E2 = f−1
1 G ∼= f

[∗]
1 G is γ-invariant by construction. Moreover, the natural maps

E1 = g−1TY×A×B/Y×B → g[∗]TY×A×B/Y×B and E2 = g−1TY×A×B/Y×A → g[∗]TY×A×B/Y×A

are isomorphisms since we observed that the induced map

f−1
1 G = E1 ⊕ E2 → g[∗](f [∗]G

) ∼= f
[∗]
1 G

is an isomorphism. In particular, E1
∼= O⊕ dimA

Z1
. Let F ∼= A × B be a general fiber of the projection Y ×

A×B → Y . By general choice of F , any irreducible component G of g−1(F ) is normal (see [Gro66, Théorème
12.2.4]) with TG ∼= E1|G⊕E2|G. In particular, we must have KG ∼Z 0. Applying Theorem 2.14, one checks that
there exist an abelian variety A1, a projective variety B1 with canonical singularities, KB1

∼Z 0, and q̃(B1) = 0,
and quasi-étale covers A1 → A and B1 → B such that G ∼= A1 × B1 and such that the restriction of g to G
identifies with G ∼= A1 × B1 → A × B ∼= F . Moreover, E1|G ∼= TA1×B1/B1

and E2|G ∼= TA1×B1/A1
. By Remark

2.16, we have h0(B1, TB1) = 0 and h1
(
B1,Ω

[1]
B1

)
= 0. This immediately implies that any map γ∗E1 → E2 or

γ∗E2 → E1 vanishes identically, completing the proof of the lemma. �

Before we give the proof of Theorem 8.1, we need the following auxiliary statements.
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Lemma 8.6. Let X be a normal complex projective variety, and let ψ : X → Y be a surjective equidimensional
morphism with connected fibers onto a normal projective variety. Suppose that X is Q-factorial. Let F denote
a general fiber of ψ, and assume that q(F ) = 0. If ψ−1(Y ◦) ∼= Y ◦ × F for some open set Y ◦ ⊆ Yreg with
complement of codimension at least two, then X ∼= Y × F .

Proof. Set X◦ := ψ−1(Y ◦). Let H be an ample divisor on X. We have Pic
(
Y ◦ × F

) ∼= Pic
(
Y ◦
)
× Pic(F ) since

q(F ) = 0 by assumption. Thus there exist Cartier divisors HY ◦ and HF on Y ◦ and F respectively such that
OX◦

(
H|X◦

) ∼= OY ◦
(
HY ◦

)
�OF

(
HF

)
. Let HY be the Weil divisor on Y that restricts to HY ◦ on Y ◦. By Lemma

2.6, HY is Q-Cartier. Notice that m0

(
H − ψ∗HY

)
is relatively ample over Y for any positive integer m0 such

that m0

(
H − ψ∗HY

)
is Cartier. It follows that

X ∼= ProjY
⊕
m>0

ψ∗OX
(
mm0

(
H − ψ∗HY

))
.

On the other hand, by [Har80, Corollary 1.7], the coherent sheaves ψ∗OX
(
mm0

(
H −ψ∗HY

))
are reflexive, and

restrict to H0
(
F,OF (mm0HF )

)
⊗OY ◦ by assumption. Therefore, there is an isomorphism of sheaves of graded

OY -algebras ⊕
m>0

ψ∗OX
(
mm0

(
H − ψ∗HY

)) ∼= (⊕
m>0

H0
(
F,OF (mm0HF )

))
⊗ OY .

This implies that X ∼= Y × F , finishing the proof of the lemma. �

Lemma 8.7 ([Dru18, Lemma 4.6]). Let X1, X2 and Y be complex normal projective varieties. Suppose that
there exists a surjective morphism with connected fibers β : X1×X2 → Y . Suppose furthermore that q(X1) = 0.
Then Y decomposes as a product Y ∼= Y1×Y2 of normal projective varieties, and there exist surjective morphisms
with connected fibers β1 : X1 → Y1 and β2 : X2 → Y2 such that β = β1 × β2.

We are now in position to prove Theorem 8.1.

Proof of Theorem 8.1. We maintain notation and assumptions of Theorem 8.1. For the reader’s convenience,
the proof is subdivided into a number of steps.

Step 1. Reduction to the case where KG ∼Z 0. By [KM98, Lemma 2.53] and Fact 2.10, there exists a quasi-étale
cover f : X1 → X with X1 klt such that f∗KG ∼Z 0. Moreover, Kf−1G ∼Z f

∗KG and f−1G is weakly regular by
Proposition 5.13. To prove Theorem 8.1, we can therefore assume without loss of generality that the following
holds.

Assumption 8.8. The canonical class KG is trivial, KG ∼Z 0.

This implies that G is canonical by Lemma 5.9.

Step 2. Reduction to the case where G is given by a morphism. Suppose that the conclusion of Theorem 8.1
holds under the additional assumption that the foliation is given by an equidimensional morphism. Then we
show that it holds in general.

Let β : X1 → X be a Q-factorialization (see 2.2), and set G1 := β−1G . By Lemma 5.16 and Remark 5.17,
G1 is a weakly regular foliation with KG1 ∼Z 0. By Lemma 5.9 again, we see that G1 is canonical. It then
follows from Theorem 6.1 that G1 is induced by a surjective equidimensional morphism onto a normal projective
variety. By assumption, there exist complex projective varieties Y1 and Z1 with klt singularities and a quasi-
étale cover f1 : Y1×Z1 → X1 such that f−1

1 G1 is induced by the projection Y1×Z1 → Y1. In particular, we have
KZ1

∼Z 0. By Theorem 2.14, replacing Z1 by a further quasi-étale cover, if necessary, we may assume without
loss of generality that Z1

∼= A1 × B1, where A1 is an abelian variety and B1 is normal projective variety with
q̃(B1) = 0. Let X2 be the normalization of X in the function field of Y1×Z1. We have a commutative diagram

Y1 × Z1 X2

X1 X.

f1, quasi-étale

β2, small and birational

f, quasi-étale

β, small and birational
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Note that TY1×A1×B1
∼= TY1 � TA1 � TB1 . The direct summand TA1 of TY1×A1×B1 induces an algebraically

integrable foliation E2 ⊆ f−1G with E2
∼= O⊕ dimA1

X2
. By Lemma 5.8, E2 is a weakly regular foliation, and it

has canonical singularities by Lemma 5.9. Applying Proposition 8.2 to E2, we see that there exists an abelian
variety A3 as well as a normal projective variety Z3, and a finite étale cover f2 : X3 := A3×Z3 → X2 such that
the foliation E3 := f−1

2 E2 is induced by the projection A3 × Z3 → Z3. Observe that the direct summand TB1

of TY1×A1×B1
induces an algebraically integrable foliation E⊥3 on X3 such that E3 ⊕ E⊥3 = f−1

2 f−1G . One then
checks that there exists an algebraically integrable foliation G3 on Z3 such that E⊥3 is the pull-back of G3 under
the projection A3 × Z3 → Z3. Note that G3 is weakly regular with KG3

∼Z 0 by Lemma 5.16. By replacing X
by Z3 and G by G3, and repeating the process finitely many times, we may therefore assume that dimA1 = 0.
But then the conclusion of Theorem 8.1 follows from Lemma 8.7 since q(B1) = 0 by construction. To prove
Theorem 8.1, we can therefore assume without loss of generality that the following holds.

Assumption 8.9. The foliation G is induced by a surjective equidimensional morphism with connected fibers
ψ : X → Y onto a normal projective variety Y .

Step 3. Let F be a general fiber of ψ. Note that F has klt singularities by [Kol97, Corollary 4.9]. Applying
Corollary 5.22, we see that there is a decomposition TX ∼= G ⊕ E of TX into involutive subsheaves.

Claim 8.10. There exist an open subset Y ◦ ⊆ Yreg with complement of codimension at least two in Y , and a
finite galois cover g◦ : Y ◦1 → Y ◦ such that the following holds. Let X◦1 be the normalization of Y ◦1 ×Y ◦ X, and
denote by ψ◦1 : X◦1 → Y ◦1 the natural morphism. Then ψ◦1 is a locally trivial analytic fibration for the analytic
topology. In particular, ψ◦1 has integral fibers. Moreover, there exists a decomposition TX◦1 = TX◦1 /Y ◦1 ⊕ E ◦1 of
TX◦1 into involutive subsheaves.

Proof. By [Dru17a, Lemma 4.2], there exists a finite surjective morphism g : Y1 → Y with Y1 normal and
connected such that the following holds. If X1 denotes the normalization of Y1×Y X, then the induced morphism
ψ1 : X1 → Y1 has reduced fibers over codimension one points in Y1. By replacing Y1 with a further finite cover,
if necessary, we may assume without loss of generality that the finite cover Y1 → Y is Galois. We have a
commutative diagram

X1 X

Y1 Y.

ψ1

f, finite

ψ

g, finite

Next, we show that the tangent sheaf TX1
decomposes as a direct sum TX1

= f−1G ⊕ f−1E and that

Kf−1G ∼Z 0. Set q := rank G , and let ω ∈ H0
(
X,Ω

[q]
X

)
a reflexive q-form defining E . The reflexive pull-back

ω1 ∈ H0
(
X1,Ω

[q]
X1

)
of ω then defines f−1E on a non-empty open set. In particular, ω1 induces an OX1

-linear

map
(
∧q TX1

)∗∗ → OX1
such that the composed morphism of reflexive sheaves of rank one

τ : det f−1G → (∧qTX1
)∗∗ → OX1

is generically non-zero. On the other hand, by Lemma 3.4, we have det f−1G ∼= f∗OX(−KG ) ∼= OX1 and hence
τ must be an isomorphism. This easily implies that TX1

= f−1G ⊕ f−1E .
Let Y ◦1 be the smooth locus of Y1, and set X◦1 := ψ−1

1 (Y ◦1 ). Let Z◦1 ⊆ X◦1 be the open set where ψ1|X◦1 is

smooth. Notice that Z◦1 has complement of codimension at least two in X◦1 since ψ1 has reduced fibers over
codimension one points in Y ◦1 . The restriction of the tangent map

Tψ1|X◦1 : TX◦1 →
(
ψ1|X◦1

)∗
TY ◦1

to f−1E|Z◦1 ⊆ TZ◦1 then induces an isomorphism f−1E|Z◦1
∼=
(
ψ1|Z◦1

)∗
TY ◦1 . Since f−1E|X◦1 and

(
ψ1|X◦1

)∗
TY ◦1 are

both reflexive sheaves, we finally obtain an isomorphism

f−1E|X◦1
∼=
(
ψ1|X◦1

)∗
TY ◦1 .

Now, a classical result of complex analysis says that complex flows of vector fields on analytic spaces exist (see
[Kau65]). It follows that ψ1|X◦1 is a locally trivial analytic fibration for the analytic topology. Set Y ◦ := Yreg \
g
(
Y1 \ Y ◦1

)
. Then g|g−1(Y ◦) : g−1(Y ◦)→ Y ◦ satisfies the conclusions of Claim 8.10. �
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Step 4. Reduction to the case where q̃(F ) = 0. We maintain notation of Claim 8.10. Set f◦ := f|X◦1 : X◦1 →
X◦ := ψ−1(Y ◦).

By Lemma 8.3 (1) and Theorem 2.14, there exist a quasi-projective variety Y ◦2 , an abelian variety A and a
projective variety B with canonical singularities, KB ∼Z 0 and q̃(B) = 0, and a quasi-étale cover f◦1 : X◦2 :=
Y ◦2 × A × B → X◦1 such that (f◦1 )−1

(
G|X◦1

)
is the foliation given by the projection Y ◦2 × A × B → Y ◦2 . Notice

that any codimension one irreducible component of the branch locus of f◦ ◦ f◦1 is invariant under G so that
Lemma 8.5 applies. There exist algebraically integrable foliations G1 ⊆ G and G2 ⊆ G with torsion canonical
class such that (f◦ ◦ f◦1 )−1

(
G1|X◦

)
= TY ◦2 ×A×B/Y ◦2 ×B and (f◦ ◦ f◦1 )−1

(
G2|X◦

)
= TY ◦2 ×A×B/Y ◦2 ×A. Note that G1

and G2 are weakly regular foliations by Lemma 5.8 since G1 ⊕ G2 ⊕ E = TX by construction.
Let X2 be the normalization of X in the function field of X◦2 . Applying Proposition 7.1 to the cover X2 → X

and to G1, we see that, replacing X by a further quasi-étale cover, if necessary, we may assume without loss of
generality that G1

∼= OdimA
X . By Proposition 8.2 together with Lemma 5.9, there exists an abelian variety A1

as well as a normal projective variety X1, and an étale cover f : A1 ×X1 → X such that f−1G1 = TA1×X1/X1
.

Then f−1G2 ⊆ TA1×X1/A1
and it is induced by a weakly regular algebraically integrable foliation H1 on X1 with

KH1
∼Z 0 (see Lemma 5.16). Moreover, by the rigidity lemma, H1 is given by a surjective equidimensional

morphism ψ1 : X1 → Y1 onto a normal variety Y1 whose general fiber F1 satisfies q̃(F1) = 0 since irregularity
increases in covers by [Laz04, Lemma 4.1.14]. To prove Theorem 8.1, we can therefore assume without loss of
generality that the following holds.

Assumption 8.11. The augmented irregularity of a general fiber F of ψ is zero, q̃(F ) = 0.

Step 5. Next, we show the following.

Claim 8.12. There exist a finite cover g : Y1 → Y and an open subset Y ◦ ⊆ Yreg with complement of codimension
at least two in Y such that the following holds. Let X1 be the normalization of Y1 ×Y X, and denote by
f : X1 → X and ψ1 : X1 → Y1 the natural morphisms. Then f is a quasi-étale cover, and ψ−1

1 (Y ◦1 ) ∼= Y ◦1 ×F as
varieties over Y ◦1 , where Y ◦1 := g−1(Y ◦).

Proof. We maintain notation of Claim 8.10. Notice h0(F, TF ) = 0 since q̃(F ) = 0 (see Remark 2.16), so that
Lemma 8.3 (2) applies. Replacing Y1 by a quasi-étale cover, if necessary, we may assume that ψ−1

1 (Y ◦1 ) =: X◦1
∼=

Y ◦1 × F as varieties over Y ◦1 . We obtain a commutative diagram

X◦1
∼= Y ◦1 × F X1 X

Y ◦1 Y1 Y.

ψ1

f, finite

ψ

g, finite

By replacing Y1 with a further finite cover, if necessary, we may assume without loss of generality that the
finite cover Y1 → Y is Galois. In particular, there is a finite group G acting on Y1 with quotient Y . The group
G also acts on X1 since X1 identifies with the normalization of Y1×Y X. Moreover, X◦1

∼= Y ◦1 ×F is G-invariant.
Since h0(F, TF ) = 0, G acts on F and its action on Y ◦1 × F is the diagonal action. Let G1 denote the kernel of
the induced morphism of groups G → Aut(F ). Note that X◦1/G1

∼= (Y ◦1 /G1) × F . By replacing Y1 by Y1/G1,
X1 by X1/G1, and G by G/G1, if necessary, we may assume that G ⊆ Aut(F ). Set X◦ := ψ−1(Y ◦). We
may obviously assume that dimY > 1 and dimF > 1. Then the quotient map Y ◦1 × F → (Y ◦1 × F )/G ∼= X◦1
is automatically étale in codimension one, and hence quasi-étale by the Nagata-Zariski purity theorem. This
immediately implies that f : X1 → X is a quasi-étale cover as well. �

Step 6. End of proof. We maintain notation of Claim 8.12. Let β1 : X2 → X1 be a Q-factorialization (see 2.2),
and set G2 := β−1

1 f−1G . By Lemma 5.16 and Remark 5.17, G2 is a weakly regular foliation and KG2
∼Z 0.

It follows that G2 is induced by a surjective equidimensional morphism ψ2 : X2 → Y2 onto a normal projective
variety by Theorem 6.1 again.

Since β1 is a small birational morphism, we may assume without loss of generality that ψ1 ◦ β1 has integral
fibers over Y ◦1 . In particular, the restriction of ψ1 ◦ β1 to X◦2 := (ψ1 ◦ β1)−1(Y ◦1 ) is equidimensional. It follows
that X◦2 → Y ◦1 is the family of leaves of G2|X◦2 , and hence there exists an open set Y ◦2 ⊆ Y2 and an isomorphism

Y ◦2
∼= Y ◦1 such that X◦2 = ψ−1

2 (Y ◦2 ). Notice that we have a decomposition TX2
∼= G2 ⊕ β−1

1 f−1E of TX2
into

involutive subsheaves. Set F2 := β−1
1 (F ), and observe that h0(F2, TF2

) = h0(F, TF ) = 0 since β1|F2
is a small

birational morphism. By Lemma 8.3 (2), replacing Y1 and Y2 by further quasi-étale covers, if necessary, we may
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assume that X◦2
∼= Y ◦2 × F2 as varieties over Y ◦2 . By Remark 2.16, we also have q(F2) = 0. On the other hand,

Y ◦2 has complement of codimension at least 2 in Y2 since X◦2 has complement of codimension at least 2 in X2

and ψ2 is equidimensional. So Lemma 8.6 applies, and show that X2
∼= F2 × Y2. From Lemma 8.7 again, we

conclude that X1
∼= F1 × Y1. This finishes the proof of Theorem 8.1. �

Proof of Theorem 1.5. We maintain the notation and assumptions of Theorem 1.5. By Proposition 4.24, KG is
torsion. By [KM98, Lemma 2.53] and Fact 2.10, there exists a quasi-étale cover f : X1 → X with X1 klt such
that f∗KG ∼Z 0. Moreover, f−1G is canonical by Lemma 4.3 and Kf−1G ∼Z 0. Applying Corollary 5.23, we
see that f−1G is weakly regular. Theorem 1.5 now follows from Theorem 8.1. �

8.2. Application. The purpose of this subsection is to prove the following decomposition result (see [Dru17a,
Proposition 6.1] for a somewhat related result).

Proposition 8.13. Let X be a normal complex projective variety with klt singularities, and let G be a foliation
on X with canonical singularities and KG ≡ 0. There exist normal projective varieties Y and Z with klt
singularities, as well as a quasi-étale cover f : Y × Z → X such that the following holds. The foliation f−1G
is the pull-back via the projection Y × Z → Y of a foliation H on Y with no positive-dimensional algebraic
subvariety tangent to H passing through a general point of Y . In addition, KZ ∼Z 0, H has canonical
singularities, and KH ≡ 0.

We will need the following minor generalization of [LPT18, Corollary 3.9].

Lemma 8.14. Let X be a normal complex projective variety, and let G be a foliation on X with canonical
singularities and KG ≡ 0. Then G is semistable with respect to any polarization H on X.

Proof. Let β : Z → X be a resolution of singularities. Suppose that G is not semistable with respect to H. Then
β−1G is not semistable with respect to β∗H. Applying [CP15, Theorem 4.7] to the maximally destabilizing
subsheaf of β−1G with respect to β∗(HdimX−1), we see that G is uniruled. But this contradicts Proposition
4.22, proving the lemma. �

Proof of Proposition 8.13. Recall from [LPT18, Paragraph 2.3] that there exist a normal projective variety Y ,
a dominant rational map ϕ : X 99K Y , and a foliation H on Y such that the following holds.

(a) There is no positive-dimensional algebraic subvariety tangent to H passing through a general point of
Y ; and

(b) G is the pull-back of H via ϕ.

Let E be the foliation on X induced by ϕ. We may assume without loss of generality that Y is the space of
leaves of E . Let ψ : Z → Y be the family of leaves, and let β : Z → X be the natural morphism (see 3.6).

Claim 8.15. The canonical class KE of E is torsion. In particular, KE is Q-Cartier.

Proof. Replacing X by a Q-factorialization (see Paragraph 2.2), we may assume in addition that X is Q-factorial
by Lemma 4.2.

Since β−1G = ψ−1H , there is an exact sequence

0→ β−1E = TZ/Y → β−1G → ψ[∗]H .

Therefore, there exists an effective Weil divisor B on Z

Kβ−1G ∼Z Kβ−1E + ψ∗KH +B.

It follows that

KG −KE ∼Z ϕ
∗KH + C,

where C := β∗B is effective. Notice that the pull-back ϕ∗KH is well-defined since ϕ is well-defined and
equidimensional on some open set with complement of codimension at least two (see Paragraph 2.7). Applying
[CP15, Corollary 4.8] to the foliation induced by H on a resolution of Y , we see that KH is pseudo-effective
(see Remark 2.7 for this notion). This immediately implies that ϕ∗KH + C is pseudo-effective as well. Let H
be an ample Cartier divisor on X. Then we have µH(KG ) > µH(KE ). On the other hand, by Lemma 8.14, we
also have µH(KG ) 6 µH(KE ), and hence µH(KE ) = µH(KG ) = 0. This implies that KE ≡ 0. By Proposition
4.22, E has canonical singularities since G does. Proposition 4.24 then implies that KE is torsion, proving the
claim. �
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By Theorem 1.5 applied to E and [AD13, Lemma 6.7], there exist normal projective varieties Y1 and Z1, as well
as a foliation H1 on Y1 and a quasi-étale cover f : Y1×Z1 → X such that f−1E = TY1×Z1/Y1

and such that f−1G
is the pull-back of H1 via the projection π : Y1×Z1 → Y1. Moreover, there is no positive-dimensional algebraic
subvariety tangent to H1 passing through a general point of Y1. We also have π∗KH1

= Kf−1G −Kf−1E ≡ 0.
In particular, π∗KH1

is Q-Cartier. This in turn implies that KH1
is Q-Cartier by Lemma 2.6. Moreover, we

have KH1 ≡ 0. By Lemma 4.5, H1 is canonical. This finishes the proof of Proposition 8.13. �

9. Algebraic integrability, I

In this section we prove algebraicity criteria for leaves of algebraic foliations on uniruled varieties (see Propo-
sition 9.3 and Theorem 9.4).

Example 9.1. Let n > 2 be an integer. Let A = Cn−1/Λ be a complex abelian variety, and let ρ : π1(A) →
PGL(2,C) be a representation of the fundamental group π1(A) ∼= Λ of A. Then the group π1(A) acts diagonally
on Cn−1 × P1 by γ · (z, p) =

(
γ(z), ρ(γ)(p)

)
. Set X := (Cn−1 × P1)/π1(A), and denote by ψ : X → A ∼=

Cn−1/π1(A) the projection morphism, which is P1-bundle. The foliation on Cn−1×P1 induced by the projection
Cn−1 × P1 → P1 is invariant under the action of π1(A) and yields a flat Ehresmann connection G on ψ. Note
that ρ is the representation induced by G . In particular, G -invariant sections of ψ correspond to π1(A)-invariant
points on P1.

Let H ⊆ PGL(2,C) be the Zariski closure of the image of ρ. Observe that H is abelian, and that G is
algebraically integrable if and only if H is finite.

Suppose that dimH > 0. Let p : SL(2,C) → PSL(2,C) ∼= PGL(2,C) denote the projection morphism, and
set

T :=

{(
a 0
0 a−1

)
, a ∈ C∗

}
⊂ SL(2,C) and U :=

{(
1 b
0 1

)
, b ∈ C

}
⊂ SL(2,C).

Using [Kap76, Theorem 4.12] (or [CS08, Lemma 6.2]), one checks that H is conjugate to p(T ) or p(U). In either
case, there is a representation

ρ̃ : π1(A)→ SL(2,C) such that ρ = ρ̃ ◦ p.
Thus, there is a flat rank two vector bundle (E ,∇) on A such that X ∼= PA(E ) over A. Moreover, if G∇ denotes
the linear Ehresmann connection on the total space E of E ∗ induced by ∇, then G is the projection of G∇|E×
under the natural map π : E× → X, where E× := E \ 0X .

Suppose that H = p(T ). Then we may assume that E = M ⊕ M−1 as flat vector bundles for some
M ∈ Pic0(A). Since dimH > 0 by assumption, M is not torsion. The G -invariant sections D1 and D2 of ψ
are the two sections given by the quotients M ⊕M−1 � M and E = M ⊕M−1 � M−1. The structure of
algebraic group on Cn × Gm induces a structure of commutative algebraic group G on X◦ := X \ (D1 ∪ D2)
fitting into an exact sequence

1→ Gm → G→ A→ 1.

Moreover, X◦ is a principal Gm-bundle over A, and the action of G on X◦ extends to an action on X. Finally,
G|X◦ yields a flat Gm-equivariant connection on X◦ → A.

Suppose that H = p(U). Then there is a non-trivial exact sequence 0 → OA → E → OA → 0. The only G -
invariant section D of ψ corresponds to the quotient E � OA. In this case, there is a structure of commutative
algebraic group G on X◦ := X \D fitting into an exact sequence

1→ Ga → G→ A→ 1,

and X is an equivariant compactification of G. Moreover, X◦ is principal Ga-bundle over A, and G|X◦ yields a
flat Ga-equivariant connection on X◦ → A.

The proof of Proposition 9.3 below relies on an algebraicity criterion for leaves of algebraic foliations proved
in [Bos01, Theorem 2.9], which we recall now.

Let X be an algebraic variety over some field k of positive characteristic p, and let G ⊆ TX be a subsheaf.
We will denote by Fabs : X → X the absolute Frobenius morphism of X.

The sheaf of derivations Derk(OX) ∼= TX is endowed with the p-th power operation, which maps any local
k-derivation D of OX to its p-th iterate D[p]. When G is involutive, the map F∗absG → TX/G which sends
D to the class in TX/G of D[p] is OX -linear. The sheaf G is said to be closed under p-th powers if the map
F∗absG → TX/G vanishes.
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Let R ⊂ C be a finitely generated Z-algebra, with field of fractions K, and set S := SpecR. For any closed
point s ∈ S with maximal ideal m, we let k(s) be the finite field R/m. We denote by s̄ : Spec k(s̄) → S a
geometric point of S lying over s with k(s̄) an algebraic closure of k(s). Given a scheme X over S, we let
XC := X ⊗ C, and Xs̄ := X ⊗ k(s̄). Given a sheaf G on X, we let GC := G ⊗ C, and Gs̄ := G ⊗ k(s̄).

Let X be a normal complex projective variety, and let G be a foliation on X. Let R ⊂ C be a finitely
generated Z-algebra, with field of fractions K, and let X be a projective model of X over S := SpecR. Let also
G be a saturated subsheaf of the relative tangent sheaf TX/S such that GC coincides with G . We say that G is
closed under p-th powers for almost all primes p if there exists an open dense subset U of S such that for any
closed point s in U, the subsheaf Gs̄ of TXs̄

is closed under p-th powers, where p denotes the characteristic of
k(s̄). This condition is independent of the choices of S and X.

Theorem 9.2 ([Bos01, Theorem 2.9]). Let G be an algebraic group over a number field K, whose neutral
component is solvable. Let P be a principal G-bundle over a smooth connected variety B over K, and let G be
a flat G-equivariant connection on P → B. Suppose that G is closed under p-th powers for almost all primes p.
Then G is algebraically integrable.

Proposition 9.3. Let A be a complex abelian variety, and let ψ : X → A be a P1-bundle. Suppose that there
exists a flat holomorphic connection G ⊂ TX on ψ, and that G is closed under p-th powers for almost all primes
p. Then G is algebraically integrable.

Proof. Set n := dimX. Since ψ admits a flat holomorphic connection, there is a representation

ρ : π1(A)→ PGL(2,C)

of π1(A) such that X ∼= (Cn−1 × P1)/π1(A), where the group π1(A) acts diagonally on Cn−1 × P1. Moreover,
G is induced by the projection Cn−1 × P1 → P1.

Let H ⊆ PGL(2,C) be the Zariski closure of the image of ρ. Note that G is algebraically integrable if and
only if H is finite.

We argue by contradiction and assume that dimH > 0. We use the notation introduced in Example 9.1.
There is a dense open set X◦ ⊂ X that is a principal bundle over A with structure group K = Gm or

K = Ga, and G|X◦ yields a flat invariant connection on ψ◦ := ψ|X◦ : X◦ → A, which is closed under p-th powers
for almost all primes p.

In addition, there is a flat rank two vector bundle (E ,∇) on A such that X ∼= PA(E ) over A. Moreover, if
G∇ denotes the linear Ehresmann connection on the total space E of E ∗ induced by ∇, then G is the projection
of G∇|E× under the natural map π : E× → X, where E× := E \ 0X (see Example 9.1 above). Let L ⊂ X be

a leaf of G . Since G∇|E× is invariant under the natural C∗-action on E×, we have π−1(L) ∼= L × C∗ and the

restriction of G∇ to π−1(L) is given by the projection L×C∗ → C∗ . It follows that G is algebraically integrable
if and only if so is G∇.

To show Proposition 9.3, let R be a subring of C, finitely generated over Q, and let A (resp. K, X and X◦) be
a smooth projective model of A (resp. K, X and X◦) over T := SpecR. We may assume that there exist a rank
two vector bundle E on X and a relative flat connection ∇ : E → Ω1

X/A ⊗ E on E such that (EC,∇C) ∼= (E ,∇)

and such that X = PA(E ). Let G be the subbundle of TX/T induced by ∇, so that GC coincides with G .
Shrinking T, if necessary, we may assume without loss of generality, that for any closed point t ∈ T, Gt̄ is closed
under p-th powers for almost all primes p. We may finally also assume that X◦t̄ is a principal bundle over At̄

with structure group Kt̄, and that the restriction of Gt̄ to X◦t̄ is Kt̄-equivariant.
Now, when t ∈ T is a closed point, its residue field is a number field, and hence Gt̄ is algebraically integrable

by Theorem 9.2 above. Let G∇ denote the linear Ehresmann connection on the total space E of E ∗ induced by
∇. By construction, G is the projection of G∇|E× under the map E× → X, where E× := E \ 0X. Moreover, if
t ∈ T is a closed point, then (G∇)t̄ is algebraically integrable since Gt̄ does. In other words, the flat connection
(Et̄,∇t̄) has finite monodromy representation. By [And04, Theorem 7.2.2], we conclude that (E ,∇) has finite
monodromy representation as well, so that dimH = 0. This yields a contradiction, completing the proof of the
proposition. �

The following is the main result of this section.

Theorem 9.4. Let X be a normal complex projective variety with terminal singularities, and let G be a codi-
mension one foliation on X. Suppose that G is canonical, and that it is closed under p-th powers for almost
all primes p. Suppose furthermore that KX is not pseudo-effective, and that KG ≡ 0. Then G is algebraically
integrable.
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Before proving Theorem 9.4 below, we note the following corollary.

Corollary 9.5. Let X be a normal complex projective variety with canonical singularities, and let G be a
codimension one foliation on X. Suppose that G is canonical with KG Cartier and KG ≡ 0 and that G is closed
under p-th powers for almost all primes p. Suppose in addition that KX is not pseudo-effective. Then G is
algebraically integrable.

Proof. Let β : Z → X be a Q-factorial terminalization of X. By Proposition 4.10, β−1G is canonical with
Kβ−1G ∼Z β

∗KG . Moreover, β−1G is obviously closed under p-th powers for almost all primes p. Finally, KZ

is not pseudo-effective since β∗KZ ∼Z KX and KX is not pseudo-effective by assumption. The statement now
follows from Theorem 9.4 applied to β−1G . �

Proof of Theorem 9.4. For the reader’s convenience, the proof is subdivided into a number of relatively inde-
pendent steps.

Step 1. Let β : Z → X be a Q-factorialization of X. By Lemma 4.2, β−1G is canonical with Kβ−1G ∼Q β
∗KG .

Moreover, β−1G is closed under p-th powers for almost all primes p. Finally, KZ is not pseudo-effective since
β∗KZ ∼Z KX and KX is not pseudo-effective by assumption. Thus, replacing X by Z, if necessary, we may
assume without loss of generality that the following holds.

Assumption 9.6. The variety X has Q-factorial terminal singularities.

Step 2. Since KX is not pseudo-effective by assumption, we may run a minimal model program for X and end
with a Mori fiber space (see [BCHM10, Corollary 1.3.3]). Therefore, there exists a sequence of maps

X := X0 X1 · · · Xi Xi+1 · · · Xm

Y

ϕ0 ϕ1 ϕi−1 ϕi ϕi+1 ϕm−1

ψm

where the ϕi are either divisorial contractions or flips, and ψm is a Mori fiber space. The spaces Xi are normal,
Q-factorial, and Xi has terminal singularities for all 0 6 i 6 m. Let Gi be the foliation on Xi induced by G .
Now, we show that KGi

≡ 0 and that Gi is canonical by induction on 0 6 i 6 m.
For i = 0, the claim is true by assumption. Let 1 6 i 6 m.
Suppose first that ϕi−1 is a divisorial contraction. By [KMM87, Lemma 3.2.5 (2)], there exists a Q-Cartier

divisor Ki on Xi such that KGi−1
∼Q ϕ

∗
iKi. Note that we must have Ki ∼Q KGi

. This in turn implies that Gi
has canonical singularities by Lemma 4.2 (2). Moreover, KGi

≡ 0 by the projection formula.
Suppose now that ϕi−1 is the flip of a small extremal contraction ci−1 : Xi−1 → Yi−1, and let ci : Xi → Yi−1

be the natural morphism. By [KMM87, Lemma 3.2.5 (2)] again, there exists a Q-Cartier divisor Ki−1 on Yi−1

such that KGi−1 ∼Q c∗iKi−1. Note that we must have KGi ∼Q c∗iKi−1. As before, we see that Gi is canonical
using Lemma 4.2 (2) and that KGi ≡ 0.

Finally, one readily checks that Gm is closed under p-th powers for almost all primes p. Hence, we may
assume without loss of generality that the following holds.

Assumption 9.7. There exists a Mori fiber space ψ : X → Y .

Step 3. First, we show that dimX−dimY = 1. We argue by contradiction and assume that dimX−dimY > 2.
Let F be a general fiber of ψ. Note that F has terminal singularities, and that KF ∼Z KX |F by the adjunction
formula. Moreover, F is a Fano variety by construction. Note also that F is smooth in codimension two since
it has terminal singularities. Let H be the foliation on F induced by G . Since c1(NG ) ≡ −KX is relatively
ample, we see that H has codimension one. By Proposition 3.6, we have KH ∼Z KG |F −B for some effective
Weil divisor B on F . Suppose that B 6= 0. Applying [CP15, Theorem 4.7] to the pull-back of H on a resolution
of F , we see that H is uniruled. This implies that G is uniruled as well since F is general. But this contradicts
Proposition 4.22, and shows that B = 0. By Proposition 4.22 applied to H , we see that H is canonical.
Finally, one checks that H is closed under p-th powers for almost all primes p.

Let S ⊆ F be a two dimensional complete intersection of general elements of a very ample linear system |H|
on F . We may assume wihtout loss of generality that S is smooth and contained in Freg. Let L be the foliation
by curves on S induced by H . By Proposition 3.6, we have NL

∼= NH |S . In particular, we have

(9.1) c1(NL )2 = K2
F ·HdimF−2 > 0.
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On the other hand, by the Baum-Bott formula (see [Bru04, Chapter 3, Theorem 1]), we have

(9.2) c1(NL )2 =
∑
x

BB(L , x),

where x runs through all singular points of L , and BB(L , x) denotes the Baum-Bott index of L at x (we refer
to [Bru04, Chapter 3] for this notion).

Let x be a singular point of L . If H is regular at x, then there is a holomorphic function f defined in a
neighborhood of x such that df vanishes at finitely many points and such that df defines L (see Proposition
3.6). It follows that BB(L , x) = 0. Suppose now that x is a singular point of H . By general choice of
S, we may assume that [LPT18, Corollary 7.8] applies. The foliation H is defined at x by the local 1-form
ω = pz2dz1 + qz1dz2, where p and q are positive integers and (z1, . . . , zs) are analytic coordinates on F centered
at x. By general choice of S, we may also assume without loss of generality that S intersects the singular
locus of H transversely. It follows that L is defined at x by the local 1-form ω = pvdu + qudv, where (u, v)

are analytic coordinates on S centered at x, and hence BB(L , x) = − (p−q)2

pq 6 0. In either case, we have

BB(L , x) 6 0, and hence c1(NL )2 6 0 by equation (9.2). But this contradicts inequality (9.1) above, and
shows that dimX − dimY = 1.

Next, we show the following.

Claim 9.8. There exists an open subset Y ◦ ⊆ Yreg with complement of codimension at least two such that
ψ◦ := ψ|X◦ is a P1-bundle, and such that G|X◦ yields a flat Ehresmann connection on ψ◦, where X◦ := ψ−1(Y ◦).

Proof of Claim 9.8. Recall that X is smooth in codimension two since it has terminal singularities. Since
dimX − dimY = 1, there exists an open subset Y ◦ ⊆ Yreg with complement of codimension at least two such
that X◦ := ψ−1(Y ◦) ⊆ Xreg. From [AW97, Theorem 4.1], we conclude that ψ◦ := ψ|X◦ is a conic bundle.

Suppose that there is a codimension two irreducible component of the singular set of G which is mapped
onto a divisor D by ψ.

Suppose first that ψ◦ is smooth over the generic point of D. Let B ⊂ Y be a germ of analytic curve passing
through a general point y of D and transverse to D at y, set S := (ψ◦)−1(B) ⊂ X, and let L be the foliation
by curves on S induced by G . Denote by π : S → B the restriction of ψ◦ to S, and set C := π−1(y) ∼= P1. We
have c1(NG ) ·C = 2 and either C is tangent to G , or C is transverse to G . In the latter case, G must be regular
along C, yielding a contradiction. This shows C is tangent to G . We may assume without loss of generality
that G intersects S transversely at a general point of C (see Proposition 3.6). This implies in particular that C
is L -invariant. Let x ∈ C be a singular point of L . If G is regular at x, then there is a holomorphic function f
defined in a neighborhood of x in S such that df vanishes at finitely many points and such that df defines L (see
Proposition 3.6). Suppose that C is given at x by the equation t = 0, and that f(x) = 0. Then f = tg for some
local holomorphic function g on S at x, and −CS(L , C, x) is equal to the vanishing order of g|C at x, where
CS(L , C, x) denotes the Camacho-Sad index (we refer to [Bru04, Chapter 3] for this notion). In particular,
CS(L , C, x) 6 0. Suppose now that G is singular at x. By [LPT18, Corollary 7.8], G is defined at x by the
local 1-form ω = pz2dz1 + qz1dz2, where p and q are positive integers and (z1, . . . , zn) are analytic coordinates
on X centered at x. This implies in particular that the singular locus of G is smooth in a neighborhood of x.
By general choice of B, we may also assume without loss of generality that S intersects the singular locus of
G transversely. It follows that L is defined at x by the local 1-form ω = pvdu + qudv, where (u, v) are local
coordinates on S centered at x. Since C is L -invariant, we may also assume that C is given at x by equation
u = 0. But then CS(L , C, x) = −pq < 0. On the other hand, by the Camacho-Sad formula, we have

C2 =
∑
x

CS(L , C, x),

where x runs through all singular points of L . This yields a contradiction since C2 = 0.
Suppose now that D is an irreducible component of the critical set of ψ◦, and let y ∈ D be a general point.

Let also C = C1 ∪ C2 be the corresponding fiber of ψ◦. Note that C1 6= C2, and that Ci is tangent to G since
c1(NG ) · Ci = 1. We argue as in the previous case. Consider a general germ of analytic curve passing through
y, set S := (ψ◦)−1(B) ⊂ X, and let L be the foliation by curves on S induced by G . Denote also by π : S → B
the restriction of ψ◦ to S. Note that S is smooth by general choice of B. As above, we may assume without
loss of generality that G intersects S transversely at general points of C1 and C2. This again implies that Ci is
L -invariant. Let x ∈ C be a singular point of L . If x is a regular point of G , then we have CS(L , C, x) 6 0 as
before. If G is singular at x, then CS(L , C, x) = −pq < 0 for some positive integers p and q if x 6= C1 ∩C2, and
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CS(L , C, x) = − (p−q)2

pq otherwise. Together with the Camacho-Sad formula and using C2 = 0, this shows that

G is regular at any point in C \ C1 ∩ C2 and that G is defined at the intersection point x of C1 and C2 by the
local 1-form z2dz1 + z1dz2, where (z1, . . . , zn) are analytic coordinates on X centered at x. Lemma 5.27 then
yields a contradiction since c1(NG ) · Ci = 1.

This proves that the singular set of G is mapped in codimension at least two in Y .
Let C ∼= P1 be an irreducible component of a fiber of ψ◦, and suppose that G is regular along C. Recall that

c1(NG ) · C ∈ {1, 2} and that C is tangent to G if c1(NG ) · C = 1. By [Dru17b, Lemma 3.2], we see that C is
not tangent to G , and hence c1(NG ) ·C = 2. This immediately implies that G is transverse to ψ◦ at any point
of C, finishing the proof of Claim 9.8. �

Step 4. By [Fuj99, Corollary 4.5] and [KMM87, Lemma 5.1.5], Y has Q-factorial klt singularities. Since
codimY \ Y ◦ > 2 and KG ≡ 0, we must have KY ≡ 0. Applying [Nak04, Corollary V 4.9], we conclude that
KY is torsion. Let Y1 → Y be the index one canonical cover, which is quasi-étale ([KM98, Definition 2.52]).
By construction, KY1

∼Z 0. In particular, Y1 has canonical singularities. By Theorem 2.14 applied to Y1, we
see that there exists an abelian variety A as well as a projective variety Z with KZ ∼Z 0 and q̃(Z) = 0, and a
quasi-étale cover f : A× Z → Y .

Recall that f branches only on the singular set of Y , so that f−1(Y ◦) is smooth. On the other hand, since
f−1(Y ◦) has complement of codimension at least two in A×Zreg, we have π1

(
A×Zreg

) ∼= π1

(
f−1(Y ◦)

)
. Now,

consider the representation

ρ : π1

(
A× Zreg

) ∼= π1

(
f−1(Y ◦)

)
→ π1

(
Y ◦
)
→ PGL(2,C)

induced by G|X◦ . By [GGK19, Theorem I], the induced representation

π1

(
Zreg

)
→ π1

(
A
)
× π1

(
Zreg

) ∼= π1

(
A× Zreg

)
→ PGL(2,C)

has finite image. Thus, replacing Z with a quasi-étale cover, if necessary, we may assume without loss of
generality that ρ factors through the projection π1

(
A× Zreg

)
→ π1(A). Let P be the corresponding P1-bundle

over A. The natural projection P → A comes with a flat connection GP ⊂ TP . By the GAGA theorem, P
is a projective variety. By assumption, its pull-back to A × Zreg agrees with f−1(Y ◦) ×Y ◦ X◦ over f−1(Y ◦).
Moreover, the pull-backs on A × Zreg of the foliations G and GP agree as well, wherever this makes sense. In
particular, G is algebraically integrable if and only if so is GP . Now, one checks that GP is closed under p-th
powers for almost all primes p. Theorem 9.4 then follows from Proposition 9.3. �

10. Algebraic integrability, II

In this section, we address codimension one foliations with numerically trivial canonical class on mildly
singular varieties X with pseudo-effective canonical divisor. An analogue of the Bogomolov vanishing theorem
then says that X has numerical dimension ν(X) 6 1 (see Lemma 12.5). We first describe codimension one
foliations with numerically trivial canonical class on varieties with ν(X) = 0 (see Lemma 10.1 and Proposition
10.2). We then give two algebraicity criteria for leaves of algebraic foliations on varieties with ν(X) = 1 (see
Theorem 10.4 and Theorem 10.5).

Lemma 10.1. Let X be a normal complex projective variety with klt singularities, and let G be a codimension
one foliation on X with KG ≡ 0. Suppose in addition that KX ≡ 0. There exist an abelian variety A, a normal
projective variety Z with KZ ∼Z 0 and q̃(Z) = 0, and a quasi-étale cover f : A× Z → X such that f−1G is the
pull-back of a codimension one linear foliation on A via the projection A× Z → A.

Proof. By [Nak04, Corollary V 4.9], KX is torsion. Let f : X1 → X be the associated cyclic cover, which is
quasi-étale (see [KM98, Definition 2.52]). Recall from Fact 2.10 that X1 is klt. Notice that Kf−1G ∼Z f

∗KG .
In particular, Kf−1G is Q-Cartier, and Kf−1G ≡ 0. To prove the statement, we can therefore assume without
loss of generality that KX ∼Z 0. Then X has canonical singularities, so that Theorem 2.14 applies. Replacing
X by a further quasi-étale cover, if necessary, we may therefore assume that there exist an abelian variety A, a
normal projective variety Z with KZ ∼Z 0 and q̃(Z) = 0 such that X = A× Z.

Let β : Z1 → Z be a resolution of singularities, and let m be a positive integer such that L := N
[m]

G is

a line bundle. Note that c1(L ) ≡ 0 by assumption. Since q̃(Z) = 0, we have h0
(
Z,Ω

[1]
Z

)
= 0 by Hodge

symmetry for klt spaces (see [GKP11, Proposition 6.9]), and hence h0
(
Z1,Ω

1
Z1

)
= 0. It follows that β∗(L|Z)

is torsion, and hence, L|Zreg
is torsion as well. Replacing Z by a further quasi-étale cover, if necessary, we

may therefore assume that NG |Z ∼= OZ . In particular, we see that NG is a line bundle. Moreover, since
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h0
(
Z,Ω

[1]
Z ⊗NG |Z

)
= h0

(
Z,Ω

[1]
Z

)
= 0, the fibers of the projection A × Z → A are tangent to G . Therefore, G

is the pull-back of a codimension one foliation H on A. Since KG ≡ 0 and KZ ∼Z 0, we must have KH ≡ 0,
and hence H is a linear foliation on A. This finishes the proof the lemma. �

We will use Lemma 10.1 together with Proposition 10.2 below.

Proposition 10.2. Let X be a normal complex projective variety with klt singularities, and let G be a codi-
mension one foliation on X with canonical singularities and KG ≡ 0. If ν(X) = 0, then KX is torsion.

Remark 10.3. We will prove that KX ≡ 0. Then [Nak04, Corollary V 4.9] implies that KX is torsion.

Proof of Proposition 10.2. Applying Proposition 8.13, we may assume without loss of generality that there is
no positive-dimensional algebraic subvariety tangent to G passing through a general point of X.

We argue by contradiction and assume that KX is not torsion. By [Nak04, Corollary V 4.9], we have
κ(X) = 0. Replacing X by a Q-factorialization (see Paragraph 2.2), we may assume that X is Q-factorial by
Lemma 4.2. By [Dru11, Théorème 1.2], we may run a minimal model program for X and end with a minimal
model. Therefore, there exists a sequence of maps

X := X0 X1 · · · Xi Xi+1 · · · Xm
ϕ0 ϕ1 ϕi−1 ϕi ϕi+1 ϕm−1

where the ϕi are either divisorial contractions or flips, and KXm
is torsion. The spaces Xi are normal, Q-

factorial, and Xi has klt singularities for all 0 6 i 6 m. Let Gi be the foliation on Xi induced by G . Arguing as
in Step 2 of the proof of Theorem 9.4, we see that KGi

≡ 0 and that Gi has canonical singularities. Note that
since KX is not torsion, there is some i such that ϕi is a divisorial contraction. Let i0 be the largest integer i
such that ψi is a divisorial contraction. By replacing X by Xi0 , if necessary, we may assume that there exist a
divisorial extremal contraction ϕ : X → Y and that KY is torsion.

Let E denote the foliation on Y induced by G . By Lemma 10.1 and using the fact that there is no positive-
dimensional algebraic subvariety tangent to G passing through a general point of X, there exist an abelian
variety A and a quasi-étale cover f : A→ Y such that f−1E is a codimension one linear foliation on A. Let X1

be the normalization of the fiber product X ×Y A, and denote by ϕ1 : X1 → A and f1 : X1 → X the natural
morphisms. Let E be the exceptional locus of ϕ.

Suppose first that E is invariant under G . Applying Lemma 3.4, we see that Kf−1
1 G ≡ 0. Then the

map f−1
1 G → ϕ∗1

(
f−1E

)
induced by the tangent map Tϕ1 : TX1

→ ϕ∗1TA is an isomorphism. This yields a

contradiction since every irreducible component of f−1
1 (E) is ϕ1-exceptional.

Suppose now that E is not invariant under G , and let ω ∈ H0(A,Ω1
A) defining f−1E . Observe that irreducible

components of f−1
1 (E) are not invariant under G . This implies that dϕ1(ω) does not vanish in codimension

one by [CM82, Proposition III.1.1, Première partie], and hence Nf−1
1 G

∼= OX1
. This in turn implies that

c1(NG ) ∼Q 0 using Lemma 3.4. It follows that KX ∼Q KG − c1(NG ) ≡ 0, yielding a contradiction again, since
−KX is ϕ-ample by construction.

This shows that KX is torsion, completing the proof of the proposition. �

Next, we address weakly regular codimension one foliations with trivial canonical class on varieties X with
ν(X) = 1.

Theorem 10.4. Let X be a normal complex projective variety with klt singularities, and let G be a weakly
regular codimension one foliation on X. Suppose that G is canonical with KG ≡ 0. Suppose in addition that X
is smooth in codimension two, and that ν(X) = 1. Then G is algebraically integrable.

Proof. For the reader’s convenience, the proof is subdivided into a number of relatively independent steps.

Step 1. Applying Proposition 8.13 together with Corollary 5.14 and Lemma 5.16, we may assume without loss
of generality that there is no positive-dimensional algebraic subvariety tangent to G passing through a general
point of X.

Step 2. Let β : Z → X be a resolution of singularities with exceptional set E, and suppose that E is a divisor
with simple normal crossings. Suppose in addition that the restriction of β to β−1(Xreg) is an isomorphism.
Let E1 be the reduced divisor on Z whose support is the union of all irreducible components of E that are
invariant under β−1G . Note that −c1(NG ) ≡ KX by assumption. By Proposition 4.9 and Remark 4.8, there
exists a rational number 0 6 ε < 1 such that

ν
(
− c1(Nβ−1G ) + εE1

)
= ν

(
− c1(NG )

)
= 1.
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By [Tou16, Theorem 6] applied to β−1G , we may assume that there exists an arithmetic irreducible lattice Γ of
PSL(2,R)N for some integer N > 2, as well as a morphism ϕ : Z → H := DN/Γ of quasi-projective varieties such
that G = ϕ−1H , where H is a weakly regular codimension one foliation on H induced by one of tautological
foliations on the polydisc DN . Note that ϕ is generically finite by Step 1.

By a result of Selberg, there exists a torsion-free subgroup Γ1 of Γ of finite index. Set H1 := DN/Γ1, and
denote by π : H1 → H the natural finite morphism. Recall that H has isolated quotient singularities. It follows
that π is a quasi-étale cover since N > 2.

Let F ⊂ Z be a prime divisor, and assume that F is not β-exceptional. Set G := β(F ). We show that
dimϕ(F ) > 1. We argue by contradiction, and assume that dimϕ(F ) = 0. One checks that there is only one
germ of H -invariant hypersurface through any (singular) point of H. This implies that F must be invariant
under β−1G since otherwise, ϕ(Z) would be contained in a leaf of H , which is impossible since the foliation
ϕ−1H has codimension one by construction. Set X◦ := Xreg. By assumption, G|X◦ is regular, and hence
G◦ := G∩X◦ is a smooth hypersurface with normal bundle NG◦/X◦

∼= NG |G◦ . Let S ⊆ X be a two dimensional
complete intersection of general elements of a very ample linear system |H| on X. We may assume without
loss of generality that S is smooth and contained in X◦, so that ϕ ◦ β−1 is regular in a neighborhood of S. Set
C := S ∩G. Then G · C < 0 since C is contracted by the generically finite morphism ϕ ◦ β−1

|S . On the other

hand, we must have G ·C = 0 by [Dru17b, Lemma 3.2], yielding a contradiction. This proves that dimϕ(F ) > 1.

Step 3. By Step 2, the natural map Z ×H H1 → Z is a quasi-étale cover away from the exceptional locus of β.
In particular, it induces a quasi-étale cover f1 : X1 → X. Let Z1 → Z ×H H1 be a resolution of singularities.
We obtain a diagram

X1 Z1 H1

X Z H.

f1, quasi-étale

β1, birational

g1

ϕ1, generically finite

π, quasi-étale

β, birational ϕ, generically finite

Let Ei be the codimension one regular foliations on H1 induced by the tautological foliations on DN so that
Ω1

H1

∼=
⊕

16i6N N ∗
Ei

. Set n := dimX. We may assume without loss of generality that the natural map⊕
16i6n ϕ

∗
1N

∗
Ei
→ Ω1

Z1
is generically injective. Now observe that the line bundle N ∗

Ei
is hermitian semipositive,

so that ϕ∗1N
∗

Ei
is nef. On the other hand, we have c1(ϕ∗1N

∗
E1

) · · · · ·c1(ϕ∗1N
∗

En
) > 0. This immediately implies that

κ(Z1) = ν(Z1) = dimZ1. It follows that κ(X1) = ν(X1) = dimX1 since β1 is a birational morphism. Applying
[Nak04, Proposition 2.7], we see that ν(X) = ν(X1) = dimX1 = dimX since KX1 ∼Q f∗1KX . It follows that
dimX = 1 since ν(X) = 1 by assumption. This finishes the proof of the theorem. �

The following is the main result of this section.

Theorem 10.5. Let X be a normal complex projective variety with terminal singularities, and let G be a
codimension one foliation on X. Suppose that G is canonical with KG ≡ 0 and that ν(X) = 1. Suppose in
addition that G is closed under p-th powers for almost all primes p. Then G is algebraically integrable.

Before proving Theorem 10.5 below, we note the following corollary.

Corollary 10.6. Let X be a normal complex projective variety with canonical singularities, and let G be a
codimension one foliation on X. Suppose that G is canonical with KG is Cartier and KG ≡ 0 and that G is
closed under p-th powers for almost all primes p. Suppose in addition that ν(X) = 1. Then G is algebraically
integrable.

Proof. Let β : Z → X be a Q-factorial terminalization of X. By Proposition 4.10, β−1G is canonical with
Kβ−1G ∼Z β

∗KG . Moreover, β−1G is closed under p-th powers for almost all primes p. Finally, ν(Z) = 1 since
KZ ∼Q β

∗KX and ν(X) = 1 by assumption (see [Nak04, Proposition V 2.7]). The statement now follows from
Theorem 10.5 applied to β−1G . �

Proof of Theorem 10.5. For the reader’s convenience, the proof is subdivided into a number of relatively inde-
pendent steps. Set n = dimX.

Step 1. Let β : Z → X be a Q-factorialization of X. By Lemma 4.2, β−1G is canonical with Kβ−1G ∼Q β
∗KG .

Moreover, β−1G is closed under p-th powers for almost all primes p. Finally, ν(Z) = 1 since KZ ∼Q β∗KX
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and ν(X) = 1 by assumption (see [Nak04, Proposition V 2.7]). Thus, replacing X by Z, if necessary, we may
assume that X is Q-factorial.

Step 2. By [Dru11, Théorème 3.3], we may run a minimal model program for X and end with a minimal model
in codimension one. Therefore, there exists a sequence of maps

X := X0 X1 · · · Xi Xi+1 · · · Xm
ϕ0 ϕ1 ϕi−1 ϕi ϕi+1 ϕm−1

where the ϕi are either divisorial contractions or flips, and KXm
is movable. The spaces Xi are normal, Q-

factorial, Xi has terminal singularities for all 0 6 i 6 m, and ν(Xi) = 1. Let Gi be the foliation on Xi induced
by G . Arguing as in Step 2 of the proof of Theorem 9.4, we see that KGi ≡ 0 and that Gi has canonical
singularities. Replacing X by Xm, we may therefore assume without loss of generality that X is Q-factorial and
KX is movable.

Step 3. Let S ⊆ X be a two dimensional complete intersection of general elements of a very ample linear system
|H| on X. We may assume wihtout loss of generality that S is smooth and contained in Xreg. Let L be the
foliation by curves on S induced by G . By Proposition 3.6, we have NL

∼= NG |S . In particular, we have

(10.1) c1(NL )2 = K2
X ·Hn−2 > 0

since KX is movable by Step 2.
On the other hand, by the Baum-Bott formula (see [Bru04, Chapter 3, Theorem 1]), we have

(10.2) c1(NL )2 =
∑
x

BB(L , x),

where x runs through all singular points of L , and BB(L , x) denotes the Baum-Bott index of L at x.
Let x be a singular point of L . Next, we compute the Baum-Bott index BB(L , x) as in Step 3 of the proof

of Theorem 9.4.
If G is regular at x, then BB(L , x) = 0. Suppose now that x is a singular point of G . Then G is defined

at x by the local 1-form ω = pz2dz1 + qz1dz2, where p and q are positive integers and (z1, . . . , zn) are analytic

coordinates on X centered at x, and BB(L , x) = − (p−q)2

pq 6 0. In either case, we have BB(L , x) 6 0.

Equations (10.1) and (10.2) above then show that BB(L , x) = 0 for any singular point x of L . It follows that
there exists an open set X◦ ⊆ X with complement of codimension at least three such that G|X◦ is defined by
closed holomorphic 1-forms with zero set of codimension at least two locally for the analytic topology.

Step 4. Suppose first that q(X) = 0. Then the Picard group of X is discrete, and thus KG is torsion. Replacing
X by the associated cyclic cover, which is quasi-étale (see [KM98, Definition 2.52]), and using Lemma 4.3 and
Remark 2.9, we may assume without loss of generality that KG ∼Z 0. By Proposition 5.26, we see that G is
weakly regular. Theorem 10.4 above then says that G is algebraically integrable.

Step 5. To prove the statement, we argue by induction on dimX.
If dimX = 1, then G is obviously algebraically integrable.
Suppose from now on that dimX > 2. By Step 4, we may assume without loss of generality that q(X) 6= 0.

Let

aX : X → A

be the Albanese morphism, that is, the universal morphism to an abelian variety (see [Ser01]). Since X has
rational singularities (see [KMM87, Theorem 1.3.6]), we have dim A = q(X) > 0 by [Kaw85, Lemma 8.1]. Let
F be a very general fiber of the Stein factorization of X → aX(X), and let H be the foliation on F induced by
G .

Suppose first that dimF > 0. Then F has terminal singularities, and KF ∼Z KX |F by the adjunction
formula. In particular, KF is movable. If H = TF , then H is algebraically integrable. Suppose that H
has codimension one. By Proposition 3.6, we have KH ∼Z KG |F − B for some effective Weil divisor B on F .
Suppose that B 6= 0. Applying [CP15, Theorem 4.7] to the pull-back of H on a resolution of F , we see that H
is uniruled. This implies that G is uniruled as well since F is general. But this contradicts Proposition 4.22, and
shows that B = 0. From Lemma 12.5, we conclude that ν(F ) ∈ {0, 1}. By Proposition 4.22 applied to H , we
see that H is canonical. Notice that H is closed under p-th powers for almost all primes p. If ν(F ) = 0, then
H is algebraically integrable by Lemma 10.1 and Proposition 10.7 below. If ν(F ) = 1, then H is algebraically
integrable by induction.
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This shows that if dimF > 2, then there is a positive-dimensional algebraic subvariety tangent to G passing
through a general point of X. By Proposition 8.13, replacing X by a quasi-étale cover, if necessary, we may
assume that there exist normal projective varieties Y and Z with dimY < dimX such that X = Y ×Z, as well
as a foliation E on Y such that G is the pull-back of E via the projection Y × Z → Y . Moreover, KZ ∼Z 0, E
has canonical singularities, and KE ≡ 0. The induction hypothesis applied to E then says that E is algebraically
integrable, so that G is algebraically integrable as well.

Suppose from now on that dimF 6 1 and that H is the foliation by points. Then the tangent map to aX
yields an inclusion map G ⊆ a∗XTA. On the other hand, by Lemma 8.14, G is semistable with respect to any

polarization on X. This immediately implies that G ∼= On−1
X since G is reflexive and KG ≡ 0. Moreover, G is a

sheaf of abelian Lie algebras. Let Aut◦(X) denote the neutral component of the automorphism group Aut(X) of
X, and let H ⊂ Aut◦(X) be the connected commutative Lie subgroup with Lie algebra H0(X,G ) ⊂ H0(X,TX).
Finally, let G ⊆ Aut◦(X) be its Zariski closure. Note that G is induced by H by construction. Moreover, G
is a commutative algebraic group. If H = G, then G is algebraically integrable. Suppose from now on that
dimG > dimX. Arguing as in the proof of [LPT18, Lemma 9.3], one shows that dimG = dimX and that X
is an equivariant compactification of G. Since KX is pseudo-effective and X has terminal singularities, X is
not uniruled. It follows that G = X is an abelian variety by a theorem of Chevalley. But this contradicts the
assumption that ν(X) = 1, completing the proof of the theorem. �

Proposition 10.7. Let A be a complex abelian variety, and let G be a linear foliation on A. Suppose that G is
closed under p-th powers for almost all primes p. Then G is algebraically integrable.

Proof. By [ESBT99, Proposition 3.6], we may assume without loss of generality that X and G are defined over
a number field. The statement then follows from [Bos01, Theorem 2.3]. �

11. Foliations defined by closed rational 1-forms

In this section, we address codimension one foliations with numerically trivial canonical class defined by closed
rational 1-forms with values in flat line bundles and whose zero sets have codimension at least two. Recall that
a flat vector bundle on a normal complex variety X is a vector bundle of rank r induced by a representation
π1(X)→ GL(r,C). The following is the main result of the present section.

Theorem 11.1. Let X be a normal complex projective variety with canonical singularities, and let G be a
codimension one foliation on X. Suppose that G is canonical with KG Cartier and KG ≡ 0. Suppose in
addition that G is given by a closed rational 1-form ω with values in a flat line bundle L , whose zero set has
codimension at least two. Then there exists a normal projective equivariant compactification Z of a commutative
algebraic group G of dimension at least 2 as well as a codimension one foliation H ∼= O dimZ−1

Z on Z induced
by a codimension one Lie subgroup of G, a normal projective variety Y with KY ∼Z 0, and a quasi-étale cover
f : Y × Z → X such that f−1G is the pull-back of H via the projection Y × Z → Z. Moreover, there is no
positive-dimensional algebraic subvariety tangent to H passing through a general point of Z.

Example 11.2. Setup and notation as in Example 9.1. Suppose in addition that dimH > 0.

Suppose that H = p(T ). Let z be a coordinate on C ⊂ P1 such that the inverse images of D1 and D2 on
the universal covering space Cn−1 × P1 of X are given by equations z = 0 and z = ∞ respectively. Then dz

z

induces a closed logarithmic 1-form with poles along D1 and D2 and empty zero set defining G . The 1-form dz
z2

induces a closed rational 1-form on X with values in the flat line bundle L = ψ∗M⊗−2 whose divisor of zeroes
and poles is −2D1.

Suppose that H = p(U). Let z be a coordinate on C ⊂ P1 such that the inverse image of D on the universal
covering space Cn−1×P1 of X is given by equation z = 0. Then the 1-form dz

z2 induces a closed rational 1-form
on X defining G with divisor of zeroes and poles −2D.

The proof of Theorem 11.1 makes use of the following result, which might be of independent interest.

Theorem 11.3. Let X be a normal complex projective variety with klt singularities. Let ω be a closed rational
1-form, and let G be the foliation on X defined by ω. Suppose that G has canonical singularities and KG ≡ 0.
Then one of the following holds.

(1) There exist a complete smooth curve C, a complex projective variety Y with canonical singularities and
KY ∼Z 0, as well as a quasi-étale cover f : Y × C → X such that f−1G is induced by the projection
Y × C → C.
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(2) There exists a normal projective equivariant compactification Z of a commutative algebraic group G

of dimension at least 2 as well as a codimension one foliation H ∼= O dimZ−1
Z on Z induced by a

codimension one Lie subgroup of G, a normal projective variety Y with KY ∼Z 0, and a quasi-étale
cover f : Y × Z → X such that f−1G is the pull-back of H via the projection Y × Z → Z. Moreover,
there is no positive-dimensional algebraic subvariety tangent to H passing through a general point of
Z.

To prove Theorem 11.3 above, we will need the following auxiliary result.

Lemma 11.4. Let X be a normal complex projective variety. Let ω be a closed rational 1-form, and let G be the
foliation on X defined by ω. Then there is a finite dimensional complex abelian Lie algebra V and a morphism
of sheaves of Lie algebras G → V ⊗ OX whose kernel E is an algebraically integrable foliation on X.

Proof. Let β : Z → X be a resolution of singularities, and let D be the divisor on Z of codimension one poles of
dβ(ω). We may assume without loss of generality that D has simple normal crossings. Set Z◦ := Z\SuppD, and
let z0 ∈ Z◦. Consider the multivalued holomorphic function h(z) :=

∫
γ
ω on Z◦, where γ is a path connecting

z0 and z contained in Z◦. Then h yields local first integrals for β−1G . Let

ρ : π1(Z◦)→ Ga
be the representation of π1(Z◦) induced by analytic continuation of the multivalued holomorphic function h
along loops with base point z0. Now, let

qaZ◦ : Z◦ → G
(
Z◦
)

:= H0
(
Z,Ω1

Z(log D)
)∗
/H1(Z◦,Z)

be the quasi-Albanese morphism, that is the universal morphism to a semi-abelian variety (see [Iit76]). Let
also F ◦ be a general fiber of qaZ◦ . The kernel of the natural morphism π1

(
Z◦
)
→ π1

(
G(Z◦)

)
is generated by[

π1

(
Z◦
)
, π1

(
Z◦
)]

together with finitely many torsion elements. It follows that the representation π1(F ◦)→ Ga
given by the restriction of ρ to π1(F ◦) is trivial. This in turn implies that the foliation induced by G on F ◦ has
algebraic leaves by [CM82, Théorème III.2.1, Première partie].

Let EZ ⊆ β−1G be the foliation on Z such that EZ |Z◦ is the kernel of the morphism

β−1G |Z◦ → (qaZ◦)
∗TG(Z◦)

∼= H0
(
Z,Ω1

Z(log D)
)∗ ⊗ OZ◦ ,

and let E be the induced foliation on X. We have shown that E is algebraically integrable. On the other hand,
any irreducible component of D is invariant under β−1G by [CM82, Proposition III.1.1, Première partie]. This
implies that the map

β−1G → H0
(
Z,Ω1

Z(log D)
)∗ ⊗ OZ

induced by the contraction morphism TZ ×Ω1
Z → OZ is well-defined. Therefore, we must have exact sequences

0→ EZ → β−1G → H0
(
Z,Ω1

Z(log D)
)∗ ⊗ OZ

and

0→ E → G → H0
(
Z,Ω1

Z(log D)
)∗ ⊗ OX .

This finishes the proof of the lemma. �

Proof of Theorem 11.3. We maintain notation and assumptions of Theorem 11.3. By Proposition 8.13, there
exist normal projective varieties Y and Z, a foliation H on Z such that there is no positive-dimensional algebraic
subvariety tangent to H passing through a general point of Z, and a quasi-étale cover f : Y × Z → X such
that f−1G is the pull-back of H via the projection Y × Z → Z. Moreover, H has canonical singularities and
KH ≡ 0.

If dimZ = 1, then we are in case (1) of Theorem 11.3.
Suppose from now on that dimZ > 2. Let F ∼= Z be a general fiber of the projection Y × Z → Y . Then

(f−1G )|F ∩ TF ∼= H , and hence the restriction of df(ω) to F is a closed rational 1-form defining H . Applying
Lemma 11.4 above to H , we see that there is a finite dimensional complex abelian Lie algebra V and an injective
morphism of sheaves of Lie algebras H → V ⊗ OZ . This immediately implies that H ∼= O dimZ−1

Z since H
is reflexive and KH ≡ 0. Moreover, H is a sheaf of abelian Lie algebras. Let Aut◦(Z) denote the neutral
component of the automorphism group Aut(Z) of Z, and let H ⊂ Aut◦(Z) be the connected commutative Lie
subgroup with Lie algebra H0(Z,H ) ⊂ H0(Z, TZ). Finally, let G ⊆ Aut◦(Z) be its Zariski closure. Note
that H is induced by H by construction, and that dimG > dimZ since H is not algebraically integrable.
Moreover, G is a commutative algebraic group. Arguing as in the proof of [LPT18, Lemma 9.3], one shows
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that dimG = dimZ and that Z is an equivariant compactification of G. Thus, we are in case (2) of Theorem
11.3. �

In the setting of Theorem 11.1, the twisted rational 1-form ω is not determined by G (see Example 11.2).
The following result addresses this issue.

Lemma 11.5. Let X be a normal complex projective variety, and let α and β be closed rational 1-forms with
values in flat line bundles L and M . Suppose that the divisors of zeroes and poles of α and β coincide. Suppose
in addition that α ∧ β = 0. Then either L ∼= M as flat line bundles and α = cβ for some c ∈ C∗, or there is a

non-zero γ ∈ H0(X,Ω
[1]
X ) such that α ∧ γ = 0.

Proof. Let D be the divisor of zeroes and poles of α, and set X◦ := Xreg. There exist a covering (Ui)i∈I of X◦

by analytically open sets and closed meromorphic 1-forms αi (resp. βi) on Ui with divisor of zeroes and poles
D|Ui

satisfying αi = aijαj (resp. βi = bijβj) over Ui ∩ Uj with aij ∈ C∗ (resp. bij ∈ C∗) and such that (αi)i∈I
(resp. (βi)i∈I) represents α|X◦ (resp. β|X◦).

Since αi ∧ βi = 0 by assumption, there exists a meromorphic function fi on Ui such that αi = fiβi. Note
that we must have dfi ∧ βi = 0 since dαi = dβi = 0. Now, observe that fi is a nowhere vanishing holomorphic
function since the the divisors of zeroes and poles of αi and βi coincide by assumption. On the other hand, we
have fi =

aij
bij
fj over Ui ∩ Uj . If the functions fi are constant, then L ∼= M as flat line bundles, and we can

suppose without loss of generality that aij = bij for all indices i and j. Then α = cβ with c = fi = fj . Suppose

that some fi is not a constant function. Since dfi
fi

=
dfj
fj

, there exists a non-zero holomorphic 1-form γ◦ on X◦

that restricts to dfi
fi

over Ui. By construction we have α|X◦ ∧ γ◦ = 0. The claim now follows from the GAGA

theorem. �

To prove Theorem 11.1 in the case where X is uniruled, we will reduce to foliations defined by closed rational
1-form using Proposition 11.9 below. We first consider the special case where X has terminal singularities.

Proposition 11.6. Let X be a normal complex projective variety with terminal singularities, and let G ⊂ TX
be a codimension one foliation with canonical singularities. Suppose that G is given by a closed rational 1-form
ω with values in a flat line bundle L whose zero set has codimension at least two. Suppose furthermore that
KX is not pseudo-effective, and that KG ≡ 0. Then there exists a quasi-étale cover f : X1 → X such that f−1G
is given by a closed rational 1-form with zero set of codimension at least two.

Proof. For the reader’s convenience, the proof is subdivided into a number of steps.

Step 1. By Proposition 8.13, there exist normal projective varieties Y and Z, a foliation H on Y such that
there is no positive-dimensional algebraic subvariety tangent to H passing through a general point of Y , and a
quasi-étale cover f : Y ×Z → X such that f−1G is the pull-back of H via the projection Y ×Z → Y . Moreover,
H has canonical singularities and KH ≡ 0. Let F ∼= Y be a general fiber of the projection Y × Z → Z. Then
(f−1G )|F ∩ TF ∼= H , and hence the restriction of df(ω) to F is a closed rational 1-form with values in L|F
defining H whose zero set has codimension at least two. Moreover, its pull-back to Y × Z is a closed rational
1-form with values in the pull-back of L|F whose zero set has codimension at least two defining G . Finally, KY

is not pseudo-effective, and one checks Y has terminal singularities using Fact 2.10. Therefore, replacing G by
H , if necessary, we may assume that there is no positive-dimensional algebraic subvariety tangent to G passing
through a general point of X.

Step 2. Let β : Z → X be a Q-factorialization of X. By Lemma 4.2, β−1G is canonical with Kβ−1G ∼Q β
∗KG .

Moreover, β−1G is given by a closed rational 1-form with values in the flat line bundle β∗L whose zero set has
codimension at least two. Finally, KZ is not pseudo-effective since β∗KZ ∼Z KX and KX is not pseudo-effective
by assumption.

Suppose now that there exists a quasi-étale cover g : Z1 → Z such that (g◦β)−1G is given by a closed rational
1-form ω with zero set of codimension at least two, and let f : X1 → X be the normalization of X in the function
field of Z1. Denote by γ : Z1 → X1 the induced birational map. Then f1 is quasi-étale and dγ(ω) is a closed
rational 1-form with zero set of codimension at least two defining f−1G . Thus, replacing X by Z, if necessary,
we may assume without loss of generality that X has Q-factorial terminal singularities.

Step 3. Since KX is not pseudo-effective by assumption, we may run a minimal model program for X and end
with a Mori fiber space (see [BCHM10, Corollary 1.3.3]). Therefore, there exists a sequence of maps
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X := X0 X1 · · · Xi Xi+1 · · · Xm

Y

ϕ0 ϕ1 ϕi−1 ϕi ϕi+1 ϕm−1

ψm

where the ϕi are either divisorial contractions or flips, and ψm is a Mori fiber space. The spaces Xi are normal,
Q-factorial, and Xi has terminal singularities for all 0 6 i 6 m. Let Gi be the foliation on Xi induced by G .
Arguing as in Step 2 of the proof of Theorem 9.4, we see that KGi

≡ 0 and that Gi has canonical singularities.
Moreover, ω induces a closed rational 1-form ωm on Xm with values in a flat line bundle Lm, whose zero set
has codimension at least two. By construction, Gm is given by ωm, and if Lm is a torsion flat line bundle then
so is L .

We will show in steps 4-7 that either Lm is torsion, or Xm is smooth, the polar locus of ωm is a smooth
hypersurface Dm and Gm can be defined by a (closed) logarithmic 1-form with poles along Dm. Taking this for
granted, we now show that the conclusion of Proposition 11.6 holds for X.

If Lm is torsion, then so is L . Therefore, there exists a quasi-étale cover f : X1 → X such that f∗L ∼= OX1

as flat line bundles. Then, f−1G is given by the closed rational 1-form df(ω) whose zero set has codimension
at least two.

Suppose now that Xm is smooth, that the polar locus of ωm is a smooth hypersurface Dm and that Gm can be
defined by a closed rational 1-form αm with a pole along Dm. Let Z be a resolution of the indeterminacy locus of
the rational map X 99K Xm, and let p : Z → X and q : Z → Xm be the natural maps. By construction, we have
p∗L ∼= q∗Lm. By assumption, there exists an effective divisor D on X such that NG

∼= OX(D)⊗L . Moreover,
we have NGm

∼= OXm
(Dm) ⊗Lm. Since KG ≡ 0 and KGm

≡ 0, we have p∗(KX + D) ≡ q∗(KXm
+ Dm). By

[KM98, Lemma 3.38], there exists an effective q-exceptional Q-divisor E on Z such that p∗KX = q∗KXm
+ E.

Moreover, SuppE contains the strict transforms of the divisors contracted by the rational map X 99K Xm.
Thus, we obtain

q∗Dm ≡ p∗D + E.

On the other hand, Dm is the push-forward of D on Xm. This implies that q∗Dm − p∗D is q-exceptional. By
the negativity lemma, we must have

q∗Dm = p∗D + E.

It follows that q(SuppE) ⊂ SuppDm. In particular, the 1-form dq(αm) has poles along SuppE. Since SuppE
contains the strict transforms of the divisors contracted by the rational map X 99K Xm, we conclude that the
closed rational 1-form on X induced by αm has zero set of codimension at least two. So, in either case, the
conclusion of Proposition 11.6 holds for X.

For simplicity of notation, we will assume in the following that X = Xm, writing ψ := ψm.

Step 4. By assumption, there exist prime divisors (Di)16i6r on X and positive integers (mi)16i6r such that
NG
∼= OX

(∑
16i6rmiDi

)
⊗L . Let I ⊆ {1, . . . , r} be the set of indices i ∈ {1, . . . , r} such that ψ(Di) = Y .

Note that I 6= ∅ since
∑

16i6rmiDi ≡ −KX is relatively ample.
Suppose that there exists i ∈ I such that the residue of ω at a general point of Di is non-zero. Then arguing

as in [LPT18, Section 8.2.1], one shows that L is torsion.

Suppose from now on that the residue of ω at a general point of Di is zero for any i ∈ I.

Step 5. Let F be a general fiber of ψ. Note that F has terminal singularities, and that KF ∼Z KX |F by the
adjunction formula. Moreover, F is a Fano variety by construction. Let H be the foliation on F induced by
G . Note that H has codimension one by Step 1. By Proposition 3.6, we have KH ∼Z KG |F − B for some
effective Weil divisor B on F . Suppose that B 6= 0. Applying [CP15, Theorem 4.7] to the pull-back of H on
a resolution of F , we see that H is uniruled. This implies that G is uniruled as well since F is general. But
this contradicts Proposition 4.22, and shows that B = 0. By Proposition 4.22 applied to H , we see that H
is canonical. Since F is simply connected by [HM07, Corollary 1.14], H is given by a closed rational 1-form
(possibly with codimension one zeroes) with zero residues at general points of its codimension one poles. Lemma
11.7 then implies that F ∼= P1.

Now, we have
∑

16i6rmiDi · F = 2. Suppose that D1 · F = D2 · F = 1 or that D1 · F = 2. Let y ∈ Yreg be

a general point, and let U ⊆ Yreg be an analytically open neighborhood of y such that ψ−1(U) ∼= U × P1. We
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may assume that there exists a coordinate z on C ⊂ P1 such that the poles of ω|ψ−1(U) are given by equations
z = 0 and z =∞. Then

ω|U×C = a
dz

z
+

1

z
(α+ zβ + z2γ)

where a is a holomophic function on U , and α, β and γ are holomorphic 1-forms on U . Observe that a(y) 6= 0
since G is generically transverse to F . This implies that ω has non-zero residue along Di for any i ∈ I, yielding
a contradiction. Therefore, we must have ] I = 1 and renumbering the Di, if necessary, we may assume that
m1 = 2, and D1 · F = 1.

Recall that X is smooth in codimension two since it has terminal singularities. Since dimX−dimY = 1, there
exists an open subset Y ◦ ⊆ Yreg with complement of codimension at least two such that X◦ := ψ−1(Y ◦) ⊆ Xreg.
From [AW97, Theorem 4.1], we conclude that ψ◦ := ψ|X◦ is a conic bundle. It follows that ψ◦ is smooth since
ψ is an elementary Mori contraction and D1 · F = 1.

Finally, we show that r = 1. We argue by contradiction and assume that r > 2. Set Ci := ψ(Di) for
i ∈ {2, . . . , r}. Note that Ci is a divisor on Y by construction. Moreover, Di is invariant under G by [CM82,
Proposition III.1.1, Première partie]. By [Fuj99, Corollary 4.5] and Lemma [KMM87, Lemma 5.1.5], Y has
Q-factorial klt singularities. One readily checks that there exist positive rational numbers λi for i ∈ {2, . . . , r}
and an effective Q-divisor C on Y such that KY +

∑
26i6r λiCi+C ≡ 0 using the fact that codimY \Y ◦ > 2 and

the assumption KG ≡ 0. It follows that KY is not pseudo-effective. In particular, Y is uniruled by [BDPP13]
applied to a resolution of Y .

Let Y 99K R be the maximal rationally chain connected fibration. Recall that it is an almost proper map
and that its general fibers are rationally chain connected. We show that the canonical divisor of a general fiber
is not pseudo-effective. We argue by contradiction. Consider a commutative diagram:

Y1 Y

R1 R,

β, birational

γ, birational

where Y1 and R1 are projective manifolds. Let Γ and E be effective β-exceptional divisors on Y1 such that
(Y1,Γ) is klt and KY1 +Γ = β∗KY +E. We may assume without loss of generality that Γ+E has simple normal
crossing support. Notice that general fibers of Y1 → R1 are rationally chain connected by [HM07, Theorem
1.2]. Applying [GHS03], we see that R1 is not uniruled. This in turn implies that KR1

is pseudo-effective
by [BDPP13] again. Using [Cam04, Theorem 4.13], we conclude that KY1

+ Γ is pseudo-effective, yielding a
contradiction since KY is not pseudo-effective in our case.

Let now G be a very general fiber of the composed map X → Y 99K R. Note that G is projective with
terminal singularities. Moreover, it is rationally chain connected and dimG > 2 by construction. Arguing
as in the first paragraph of this step and using Lemma 11.8, we see that we must have G ∼= P1, yielding a
contradiction. This proves that r = 1.

Step 6. We now show that, shrinking Y ◦ further, if necessary, G|X◦ yields a flat Ehresmann connection on ψ◦.

Let C ∼= P1 be any fiber of ψ◦. We have c1(NG ) · C = 2 and either C is tangent to G , or C is everywhere
transverse to G . Thus, we have to show that C is not tangent to G .

Set y := ψ(C) ∈ Y ◦. By assumption, there is an analytically open neighborhood U of y in Y ◦ such that G is
defined over ψ−1(U) by a closed rational 1-form ωU with poles along D1 ∩ ψ−1(U). Shrinking U , if necessary,
we may assume that ψ−1(U) ∼= U ×P1 and that there exists a coordinate z on C ⊂ P1 such that the pole of ωU
is given by equation z =∞. Then

ωU |U×C = adz + α+ zβ + z2γ

where a is a holomophic function on U , and α, β and γ are holomorphic 1-forms on U . Since dωU = 0 by
assumption, we must have dα = 0, β = da, and γ = 0. Shrinking U further, we may assume that α = db for
some holomorphic function b on U , so that ωU |U×A1 = d(az + b). Set u := 1

z . Then G is given by d( au + b) in a
neighborhood of z = ∞. If a(y) = 0, then G is not canonical in a neighborhood of C ∩ {u = 0} (see [McQ08,
Observation I.2.6] and [DO19, Proposition 2.10]), yielding a contradiction. This shows that a(y) 6= 0, and hence
C is not tangent to G . This proves that G|X◦ defines a flat Ehresmann connection on ψ◦.

Step 7. Recall that Y has Q-factorial klt singularities (see Step 5). Since codimY \Y ◦ > 2 and KG ≡ 0, we must
have KY ≡ 0. Applying [Nak04, Corollary V 4.9], we conclude that KY is torsion. Let Y1 → Y be the index
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one canonical cover, which is quasi-étale ([KM98, Definition 2.52]). By construction, KY1 ∼Z 0. In particular,
Y1 has canonical singularities. By Theorem 2.14 applied to Y1, we see that there exists an abelian variety as
well as a projective variety Z with KZ ∼Z 0 and q̃(Z) = 0, and a quasi-étale cover f : A× Z → Y . Recall that
f branches only on the singular set of Y , so that f−1(Y ◦) is smooth. On the other hand, since f−1(Y ◦) has
complement of codimension at least two in A× Zreg, we have π1

(
A× Zreg

) ∼= π1

(
f−1(Y ◦)

)
. Now, consider the

representation

ρ : π1

(
A× Zreg

) ∼= π1

(
f−1(Y ◦)

)
→ π1

(
Y ◦
)
→ PGL(2,C)

induced by G|X◦ . By [GGK19, Theorem I], the induced representation

π1

(
Zreg

)
→ π1

(
A
)
× π1

(
Zreg

) ∼= π1

(
A× Zreg

)
→ PGL(2,C)

has finite image. Thus, replacing Z with a quasi-étale cover, if necessary, we may assume without loss of
generality that ρ factors through the projection π1

(
A× Zreg

)
→ π1(A). Let P be the corresponding P1-bundle

over A. The natural projection π : P → A comes with a flat Ehresmann connection GP ⊂ TP . By the GAGA
theorem, P is a projective variety. By assumption, its pull-back to A× Zreg agrees with f−1(Y ◦)×Y ◦ X◦ over
f−1(Y ◦). Moreover, the pull-backs on A × Zreg of the foliations G and GP agree as well, wherever this makes
sense. Since there is no positive-dimensional algebraic subvariety tangent to G passing through a general point
of X by assumption, we must have dimZ = 0.

Set A◦ := f−1(Y ◦), P ◦ := π−1(A◦), and GP◦ := GP |P◦ . Let g◦ : P ◦ → X◦ denote the natural morphism,

which is an étale cover. Set D◦P := (g◦)−1(D1 ∩X◦). Then GP◦ is given by the closed rational 1-form ωP◦ :=
dg◦(ω|X◦) with values in the flat line bundle LP◦ := (g◦)∗(L|X◦). Moreover, the zero set of ωP◦ has codimension
at least two. Since P is smooth and P \ P ◦ has codimension at least two, LP◦ is the restriction to P ◦ of a
flat line bundle LP on P , and ω◦P extends to a closed rational 1-form ωP with values in LP whose zero set
has codimension at least two. Note that the divisor of zeroes and poles of ωP is −2DP , where DP denotes the
Zariski closure of D◦P . By [CM82, Proposition III.1.1, Première partie], DP is a leaf of GP . It follows that DP

is a section of π.
Let H ⊆ PGL(2,C) be the Zariski closure of the image of ρ. We use the notation introduced in Examples 9.1

and 11.2. Recall from Step 1 that there is no positive-dimensional algebraic subvariety tangent to GP passing
through a general point of P . Therefore, H is conjugate to p(T ) or p(U). Observe that GP is not given by a
(closed) holomorphic form since it is transverse to π by Step 6.

If H = p(U), then LP
∼= OP as flat line bundles by Lemma 11.5 together with Example 11.2. This in turn

implies that L is torsion since the image of π1(P ◦) in π1(X◦) has finite index.
Suppose from now on that H = p(T ). Let

aY : Y → A(Y )

be the Albanese morphism. Since X is a projective variety with rational singularities, Pic◦(Y ) is an abelian

variety, and A(Y ) ∼=
(
Pic◦(Y )

)∨
. Moreover, the Albanese morphism is induced by the universal line bundle (see

[Kaw85, Lemma 8.1]). In particular, there is a flat line bundle LA(Y ) on A(Y ) and a positive integer m such

that L ⊗m ∼= ψ∗
(
aY
∗L ⊗mA(Y )

)
. This in turn implies that there exists a degree m étale cover Y1 → Y such that

the pull-backs of L and LA(Y ) on Y1 agree. Set PA(Y ) := PA(Y )

(
OA(Y ) ⊕LA(Y )

)
and A1 := A×Y Y1. Lemma

11.5 together with Example 11.2 then imply that A1 ×A P ∼= A1 ×A(Y ) PA(Y ) and that the pull-back of GP on
A1 ×A P is also the pull-back of a foliation on PA(Y ). We conclude that aY : Y → A(Y ) is generically finite
since there no positive-dimensional algebraic subvariety tangent to GP passing through a general point of P .
Recall from [Nak04, Corollary V 4.9] that κ(Y ) = 0. Applying [Kaw81, Theorem 13] to the Stein factorization
of aY : Y → A(Y ), we see that aY is an isomorphism. In particular, we can choose A = Y above. Then the
restriction of the tangent map Tψ : TX → ψ∗TA to G gives an isomorphism G ∼= ψ∗TA, so that G induces a flat
connection on ψ. Now, a classical result of complex analysis says that complex flows of vector fields on analytic
spaces exist (see [Kau65]). It follows that ψ is a locally trivial analytic fibration for the analytic topology. This
shows that X ∼= P and that G identifies with GP . In particular, G is defined by a closed logarithmic 1-form,
completing the proof of the proposition. �

Lemma 11.7. Let X be a normal complex projective variety with klt singularities. Let ω be a closed rational
1-form on X, and let G be the foliation defined by ω. Suppose that G has canonical singularities and KG ≡ 0.
Suppose in addition that the residues of ω at general points of its codimension one poles are zero. If X is Fano,
then X ∼= P1.
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Proof. By Theorem 11.3 and using the assumption that X is Fano, we may assume that there exists a normal
projective equivariant compactification Z of a commutative linear algebraic group G as well as a quasi-étale
cover f : Z → X such that f−1G is induced by a codimension one Lie subgroup H of G. Moreover, there is no
positive-dimensional algebraic subvariety tangent to G passing through a general point of X.

Recall thatG ∼= (Gm)r×(Ga)s for some non-negative integers r and s. If s > 2, then dim LieH∩Lie (Ga)s > 1,
and hence G is uniruled. But this contradicts Proposition 4.22, and shows that s 6 1. By [AK15, Theorem 2],
X is a toric variety. It follows that Xreg has finite fundamental group by [Oda88, Proposition 1.9].

Since ω is closed and since the residues of ω at general points of its codimension one poles are zero, we
conclude that there is a meromorphic function f on Xreg such that ω = df using [CM82, Théorème III.2.1,
Première partie]. By the Levi extension theorem, f extends to a meromorphic function on X, and thus, f is
a rational function. This in turn implies that G is algebraically integrable. It follows that dimX = 1, since
there is no positive-dimensional algebraic subvariety tangent to G passing through a general point of X. This
completes the proof of the lemma. �

Lemma 11.8. Let X be a normal complex projective variety with klt singularities. Suppose that there exists
a surjective morphism ϕ : X → B onto a normal rationally chain connected projective variety B with klt sin-
gularities whose fibers over an open set with complement of codimension at least two in Y are isomorphic to
P1. Suppose furthermore that KB 6≡ 0. Let ω be a closed rational 1-form on X, and let G be the foliation
defined by ω. Suppose that G has canonical singularities and KG ≡ 0. Suppose in addition that the residues
of ω at general points of its codimension one poles are zero and that there is no positive-dimensional algebraic
subvariety tangent to G passing through a general point of X. Then X ∼= P1.

Proof. By Theorem 11.3, we may assume that there exists a normal projective equivariant compactification
Z of a commutative algebraic group G as well as a quasi-étale cover f : Z → X such that f−1G is induced
by a codimension one Lie subgroup H of G. Notice that there is no positive-dimensional algebraic subvariety
tangent to f−1G passing through a general point of Z. By a theorem of Chevalley, there is an exact sequence
of algebraic groups

1→ Gaff → G→ A→ 1,

where A is an abelian variety and Gaff is a connected affine algebraic group. Using [HM07, Theorem 1.2] together
with the rigidity lemma, we see that the morphism G→ A extends to a morphism ψ : Z → A.

Let F be a general fiber of ψ. Note that F has terminal singularities. Let H be the codimension one
foliation on F induced by f−1G . By Proposition 3.6, we have KH ≡ −B for some effective Weil divisor B on
F . Suppose that B 6= 0. Applying [CP15, Theorem 4.7] to the pull-back of H on a resolution of F , we see that
H is uniruled. This implies that f−1G is uniruled as well since F is general. But this contradicts Proposition
4.22, and shows that B = 0. By Proposition 4.22 applied to H , we see that H is canonical. Arguing as in
the proof of Lemma 11.7 above and using the fact that there is no positive-dimensional algebraic subvariety
tangent to f−1G passing through a general point of Z, we conclude that dimF = 1 and that H is the foliation
by points. Now, we may assume without loss of generality that f−1G ∼= O⊕ dimZ−1

Z (see Theorem 11.3). This
immediately implies that f−1G yields a flat Ehresmann connection ψ. In particular, ψ is a P1-bundle.

Let Z
ψ1−→ B1

g−→ B be the Stein factorization of the composed map Z → X → B. Observe that a general
fiber F1 of ϕ is contained in the smooth locus of X so that f is étale in a neighbourhood of it. It follows that
f−1(F1) is union of rational curves and hence it is contracted by ψ. Using the rigidity lemma, we then see there
exists an isomorphism g1 : A→ B1 such that g1 ◦ψ = ψ1. On the other hand, since ϕ◦f has reduced fibers over
an open set with complement of codimension at least two in Y by assumption, we conclude that g is quasi-étale.
In particular, we must have KB ∼Q 0. This yields a contradiction since KB 6≡ 0 by assumption, completing the
proof of the lemma. �

Proposition 11.9. Let X be a normal complex projective variety with canonical singularities, and let G be a
codimension one foliation on X. Suppose that G is canonical with KG Cartier and KG ≡ 0 and that KX is
not pseudo-effective. Suppose in addition that G is given by a closed rational 1-form ω with values in a flat line
bundle L and whose zero set has codimension at least two. Then there exists a quasi-étale cover f : X1 → X
such that f−1G is given by a closed rational 1-form with zero set of codimension at least two.

Proof. By Proposition 8.13, there exist normal projective varieties Y and Z, a foliation H on Y such that
there is no positive-dimensional algebraic subvariety tangent to H passing through a general point of Y , and a
quasi-étale cover f : Y ×Z → X such that f−1G is the pull-back of H via the projection Y ×Z → Y . Moreover,
KZ ∼Z 0, H has canonical singularities and KH ≡ 0. Note that KY is not pseudo-effective.
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If dimY = 1, then Y ∼= P1, and G is given by a (closed) logarithmic 1-form. Suppose from now on that
dimY > 2.

Let F ∼= Y be a general fiber of the projection Y × Z → Z. Then (f−1G )|F ∩ TF ∼= H , and hence KH

is Cartier and the restriction of df(ω) to F is a closed rational 1-form with values in L|F defining H whose
zero set has codimension at least two. Its pull-back to Y × Z is a closed rational 1-form with values in the
pull-back of L|F defining G whose zero set has codimension at least two. Finally, one checks that Y has
canonical singularities using Fact 2.10. Therefore, replacing G by H , if necessary, we may assume that there
is no positive-dimensional algebraic subvariety tangent to G passing through a general point of X, and that
dimX > 2.

Let β : Z → X be a Q-factorial terminalization of X. By Proposition 4.10, β−1G is canonical with Kβ−1G ∼Z
β∗KG . Suppose first that G is closed under p-th powers for almost all primes p. Then G is algebraically
integrable by Corollary 9.5, yielding a contradiction. Thus, by Proposition 12.3 and Lemma 8.14, β−1G is
given by a closed rational 1-form α with values in a flat line bundle M whose zero set has codimension at least
two. Finally, KZ is not pseudo-effective since β∗KZ ∼Z KX and KX is not pseudo-effective by assumption. By
Proposition 11.6, we may therefore assume without loss of generality that M is torsion. Applying [Tak03], we
see that the natural map of topological fundamental groups π1(Z)→ π1(X) is an isomorphism. Now, since M
is flat, it is induced by a representation π1(Z) → C∗. The latter then yields a (torsion) flat bundle L on X
such that M ∼= β∗L . Moreover, α induces a closed rational 1-form ω on X with values in L whose zero set
has codimension at least two. By construction, ω defines G . This completes the proof of the proposition. �

Before proving Theorem 11.1 below, we address foliations defined by closed rational 1-forms with values in
flat line bundles on projective varieties with pseudo-effective canonical class.

Proposition 11.10. Let X be a normal complex projective variety with klt singularities, and let G be a codi-
mension one foliation on X with canonical singularities and KG ≡ 0. Suppose that KX is pseudo-effective, and
that G is given by a closed rational 1-form ω with values in a flat line bundle L whose zero set has codimension
at least two. Then there exist an abelian variety A, a normal projective variety Z with KZ ∼Z 0 and q̃(Z) = 0,
and a quasi-étale cover f : A×Z → X such that f−1G is the pull-back of a codimension one linear foliation on
A via the projection A× Z → A.

Proof. There exists an effective divisorD onX such that NG
∼= OX(D)⊗L . On the other hand, c1(NG ) ≡ −KX

since KG ≡ 0, and hence −KX ≡ D. It follows that KX ≡ 0 since KX is pseudo-effective by assumption.
Proposition 11.10 then follows from Lemma 10.1. �

Proof of Theorem 11.1. We maintain notation and assumptions of Theorem 11.1. By Proposition 8.13, we may
assume without loss of generality that there is no positive-dimensional algebraic subvariety tangent to G passing
through a general point of X (see Step 1 of the proof of Proposition 11.6).

If KX is pseudo-effective, then the statement follows easily from Proposition 11.10.
Suppose that KX is not pseudo-effective. By Proposition 11.9, there exists a quasi-étale cover f : X1 → X

such that f−1G is given by a closed rational 1-form. Note that X1 is canonical by Fact 2.10. By Lemma 4.3,
f−1G is canonical, and we obviously have Kf−1G ∼Z f∗KG ≡ 0. Theorem 11.1 then follows from Theorem
11.3. �

Finally, we prove abundance in the setting of Proposition 11.6.

Proposition 11.11. Let X be a normal complex projective variety with terminal singularities, and let G ⊂ TX
be a codimension one foliation with canonical singularities. Suppose that G is given by a closed rational 1-form
ω with values in a flat line bundle L whose zero set has codimension at least two. Suppose furthermore that
KX is not pseudo-effective, and that KG ≡ 0. Then KG is torsion.

Proof. By Proposition 11.6, there exists a quasi-étale cover f : X1 → X such that f−1G is given by a closed
rational 1-form. Note that X1 terminal by Fact 2.10. By Lemma 4.3, f−1G is canonical, and we obviously have
Kf−1G ∼Z f

∗KG ≡ 0. Proposition 11.11 then follows from Theorem 11.3. �

12. Proofs of Theorems 1.1 and 1.3 and proof of Corollary 1.4

The present section is devoted to the proof of Theorems 1.1 and 1.3 and to the proof of Corollary 1.4. Lemma
12.1 and Proposition 12.3 below extend [LPT18, Theorem 7.5] to the singular setting.
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Lemma 12.1. Let X be a normal projective variety over some algebraically closed field k of positive charac-
teristic p with dimX > 2, and let G ⊂ TX be a codimension one foliation on X. Let ω be a rational 1-form ω
defining G , and let B denote the reduced effective divisor whose support is the union of codimension one zeroes
and poles of ω. If G is not closed under p-th powers, then the following holds.

(1) There exist a reduced effective Weil divisor D on X that does not contain any irreducible component

of B in its support, and α ∈ H0
(
X,Ω

[1]
X (log (B + D))

)
with dα = 0 such that dω = α ∧ ω. If C is

any irreducible component of Supp(B +D), then the residue of α at a general point of C is a constant
function with values in the prime field Fp ⊂ k.

(2) Suppose that X is smooth, and let A be a nef divisor such that TX(A) is generated by global sections.
Suppose furthermore that G is semistable with respect to a nef and big divisor H on X and that µH(G ) >
0. Then we have

D ·HdimX−1 6 c1(NG ) ·HdimX−1 + (dimX − 2)A ·HdimX−1 =: M.

Let C be an irreducible component of Supp(B + D) such that C ·HdimX−1 6= 0, and let m ∈ Z be the
vanishing order of ω along C. Then we have resC α ∈ {m, . . . ,m+M} ⊆ Fp.

Proof. Let X◦ denote an open set of X with complement of codimension at least two, contained in the regular
loci of X and G . Let (Ui)i∈I be a finite covering of X◦ by open affine subsets and let ωi be a regular 1-form on
Ui with zero set of codimension at least two such that ωi ∧ ω = 0. Write ωi = giω for some rational function gi
on X, and set gij := gi

gj
. We have ωi = gijωj , and hence gij is a nowhere vanishing regular function on Ui ∩Uj .

Set G ◦ := G|X◦ , and consider the non-zero map F∗absG
◦ → TX◦/G ◦ = NG |X◦ =: N ◦

G induced by the p-th
power operation. Note that N ◦

G is a line bundle. Shrinking X◦, if necessary, we may assume that there is an
effective divisor D◦ on X◦ such that the above map induces a surjective morphism

F∗absG
◦ � N ◦

G (−D◦).
We may also assume without loss of generality, that there exits a regular vector field ∂i on Ui such that
fi := ωi(∂

p
i ) is a defining equation of D◦ on Ui. By [LPT18, Proposition 7.3], 1

fi
ωi is a closed rational 1-form,

and hence dωi = dfi
fi
∧ ωi. On the other hand, by [LPT18, Corollary 7.4], we must have

dfi
fi
− dfj
fj

=
dgij
dgij

,

and hence
dfi
fi
− dgi

gi
=
dfj
fj
− dgj

gj
.

This immediately implies that there exists α ∈ H0
(
X,Ω

[1]
X (log (B +D)red

)
with dα = 0 such that α restricts to

−dgigi + dfi
fi

on Ui, where D denotes the Weil divisor on X such that D|X◦ = D◦. A straightforward computation

then shows that
dω = α ∧ ω.

This proves (1).
To prove (2), observe that we must have

µmin

(
F∗absG

)
6 µH

(
NG (−D)

)
= µH(NG )− µH

(
OX(D)

)
6 µH(NG )− µH

(
OX(Dred)

)
.

On the other hand, by the proof of [Lan04, Corollary 2.5]), we have

µmax

(
F∗absG

)
− µmin

(
F∗absG

)
6 (rank G − 1)A ·HdimX−1.

Now, we must have µmax

(
F∗absG

)
> 0 since µH(G ) > 0 by assumption. The claim then follows easily. �

Remark 12.2. Notation as in the proof of Lemma 12.1. By [LPT18, Corollary 7.4], there is a rational function
hij on X such that fi = gijfjh

p
ij . Note that hij is regular on Ui ∩Uj since both fi and fj are local equations of

D◦ on Ui ∩ Uj , and that the hij automatically satisfy the cocycle condition. Therefore, there exists a rank one
reflexive sheaf L on X as well as an effective Weil divisor such that NG

∼= OX(D)�L ⊗p.

Proposition 12.3. Let X be a normal complex projective variety, and let G be a codimension one foliation
on X. Let β : Z → X be a resolution of singularities. Suppose that G is semistable with respect to some
ample divisor H on X with µH(G ) > 0. Then either G is closed under p-th powers for almost all primes p, or
β−1G is given by a closed rational 1-form with values in a flat line bundle, whose codimension one zeroes are
β-exceptional.
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Remark 12.4. In the setup of Proposition 12.3, suppose in addition that X has klt singularities. Suppose that
β−1G is given by a closed rational 1-form ωZ with values in a flat line bundle LZ whose zero set has codimension
at least two. Applying [Tak03], we see that there exists a flat line bundle LX on X such that LZ

∼= β∗LX .
Then ωZ induces a closed rational 1-form ωX on X with values in LX defining G . Moreover, its zero set has
codimension at least two.

Proof of Proposition 12.3. Proposition 12.3 follows from Lemma 12.1 using the spreading out technique, which
we recall now. Assume that dimX > 2.

Let ω be a rational 1-form defining β−1G . Let E be an effective β-exceptional divisor such that A := m0β
∗H−

E is ample for some positive integer m0, and let B be a reduced effective divisor that contains codimension one
zeroes and poles of ω and all β-exceptional divisors in its support. Replacing H by m0H, we may assume that
m0 = 1. Let m be a positive integer such that TZ(mA) is generated by global sections, and set

M := c1
(
Nβ−1G

)
· (β∗H)dimX−1 +m(dimX − 2)A · (β∗H)dimX−1.

Let R ⊂ C be a finitely generated Z-algebra, and let X (resp. Z) be a projective (resp. smooth projective)
model of X (resp. Z) over S := SpecR. Let β : Z → X be a projective birational morphism such that βC
coincides with β. Let G (resp. β−1G ) be a saturated subsheaf of the relative tangent sheaf TX/S (resp. TZ/S),

flat over S, such that GC (resp. β−1GC) coincides with G (resp. β−1G ). We may assume that for any closed
point s ∈ S, Xs̄ is normal, and that Gs̄ (resp. β−1Gs̄) is a foliation on Xs̄ (resp. Zs̄). Let H (resp. A) be an
ample Cartier divisor on X (resp. Z) such that HC ∼Z H (resp. AC ∼Z A). Suppose that A = β∗H − E for
some effective β-exceptional relative divisor E over S, and that Es̄ is βs̄-exceptional for any geometric point
s ∈ S. Finally, let B be a reduced effective relative divisor on Z over S and let ω be rational section of Ω1

Z/T

such that BC = B and ωC = ω. Shrinking S, if necessary, we may assume that ωs̄ defines β−1Gs̄ for any
geometric point s ∈ S, and that Bs̄ contains the codimension one zeroes and poles of ωs̄. We can also choose
B so that B contains all β-exceptional prime divisors in its support.

Since semistability with respect to an ample divisor is an open condition in flat families of sheaves (see proof
of [HL97, Proposition 2.3.1]), we may assume that the sheaves Gs̄ are semistable with respect to Hs̄, with slopes
µHs̄

(
Gs̄
)

= µH(G ) > 0. It follows that β−1
s̄ Gs̄ is semistable with respect to β∗s̄Hs̄ with slope µβ∗s̄Hs̄

(
β−1Gs̄

)
= 0.

By [Gro95b, Lemme 2.4] and [Gro95a, Proposition 4.1], there exists a quasi-projective S-scheme Div6M
Z/S

parameterizing effective relative Cartier divisors on Z over S with A-degree at most M . Using [Gro66, Théorème

12.2.1], we see that there is an open set T ⊂ Div6M
Z/S parametrizing geometrically reduced divisors that do not

contain any irreducible component of some Bs̄ in their supports. Replacing T by Tred, if necessary, we may
assume that T is reduced. By generic flatness, we can suppose that T is flat over S. Let D ⊂ T ×S Z be the
universal effective relative Cartier divisor, and denote by π : T×S Z→ Z and υ : T×S Z→ T the projections.
Set C := π∗B. Observe that C is a reduced relative effective Cartier divisor on T ×S Z over T. Write

Ω
[1]
T×SZ/T

(
log (C + D)

)
for the reflexive sheaf on T×S Z whose restriction to the open set Z◦T where C + D has

relative simple normal crossings over T is Ω1
Z◦T/T

(
log (C|Z◦T + D|Z◦T)

)
, and set

U := υ∗Ω
[1]
T×SZ/T

(
log (C + D)

)
.

By generic flatness and the base change theorem, we see that, replacing T with a finite disjoint union of locally
closed subsets, we may assume without loss of generality that U is flat over T, and that the formation of

υ∗Ω
[1]
T×SZ/T

(
log (C + D)

)
commutes with arbitrary base change. We will also assume that, for any geometric

point t̄ ∈ T, the restriction of Ω
[1]
T×SZ/T

(
log (C + D)

)
to the fiber of the projection T ×S Z → T over t̄ is

reflexive, so that

Ω
[1]
T×SZ/T

(
log (C + D)

)
|Zs̄

∼= Ω
[1]
Zs̄

(
log (Bs̄ + Dt̄)

)
,

where s̄ ∈ S is the image of t̄ in S. By [Gro66, Corollaire 9.7.9], there exist a finite set I ⊂ N and a decomposition

T =
⊔
i∈I

Ti

of T into locally closed subsets such that any geometric fiber of Di := D ×T Ti → Ti has i irreducible
components, and such that any geometric fiber of Ci := C ×T Ti → Ti has n(i) irreducible components. Let
D◦i (resp. C◦i ) denote the open set where Di → Ti (resp. Ci → Ti) is smooth. We can choose Ti so that
there exist sections ai,1, . . . , ai,i (resp. bi,1, . . . , bi,n(i)) of D◦i → Ti (resp. C◦i → Ti) with ai,j(t̄) ∈ D◦t̄,i,j (resp
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bi,j(t̄) ∈ C◦t̄,i,j), where the D◦t̄,i,1, . . . ,D
◦
t̄,i,i (resp. C◦t̄,i,1, . . . ,C

◦
t̄,i,n(i)) are the irreducible components of the

corresponding fiber of D◦i → Ti (resp. C◦i → Ti).
Let t̄ ∈ T be a geometric point, and denote by s̄ the image of t̄ in S. Let lt̄,i,j (resp. mt̄,i,j) be the vanishing

order of ωs̄ along D◦t̄,i,j (resp. C◦t̄,i,j).
Let P ⊆ U be the closed subset defined by the conditions

(1) dαt̄ = 0,
(2) dωs̄ = αt̄ ∧ ωs̄,
(3) resD◦

t̄,i,j
αt̄
(
ai,j(t̄)

)
∈ {lt̄,i,j , . . . , lt̄,i,j +M} ⊂ k(t̄) for all indices 1 6 j 6 i, and

(4) resC◦
t̄,i,j

αt̄
(
bi,j(t̄)

)
∈ {mt̄,i,j , . . . ,mt̄,i,j + M} ⊂ k(t̄) for all indices 1 6 j 6 n(i) such that C◦t̄,i,j is not

βs̄-exceptional,

where t̄ ∈ Ti and αt̄ ∈ H0
(
Zs̄,Ω

[1]
Zs̄

(
log (Bs̄ + Dt̄)

))
.

Fix a closed point s in S, and denote by p > 0 the characteristic of k(s̄). Suppose that Gs̄ is not closed under
p-th powers. This immediately implies that β−1Gs̄ is not closed under p-th powers as well. Applying Lemma
12.1 to β−1Gs̄ and β∗s̄Hs̄, we conclude that there exist a reduced effective Cartier divisor D(s̄) on Zs̄ that does
not contain any irreducible component of Bs̄ in its support, and

αt̄ ∈ H0
(
Zs̄,Ω

[1]
Zs̄

(log (Bs̄ + D(s̄)))
)

with dαt̄ = 0 such that dωs̄ = αt̄ ∧ ωs̄. Moreover, the functions resD◦
t̄,i,j

αt̄ and resC◦
t̄,i,j

αt̄ are constant, with

values in {lt̄,i,j , . . . , lt̄,i,j + M} ⊂ k(s̄) and {mt̄,i,j , . . . ,mt̄,i,j + M} ⊂ k(s̄) respectively if C◦t̄,i,j is not βs̄-

exceptional. We also have D(s̄) · (β∗s̄Hs̄)
dimZs̄−1 6 M . Notice that there is no βs̄-exceptional prime divisor

contained in Supp D(s̄) by construction. It follows that

D(s̄) ·AdimZs̄−1
s̄ = D(s̄) · (β∗s̄Hs̄)

dimZs̄−1 −
∑

06i6dimZs̄−2

D(s̄) ·Es̄ ·Ai
s̄ · (β∗s̄Hs̄)

dimZs̄−2−i

6 D(s̄) · (β∗s̄Hs̄)
dimZs̄−1 6M,

and hence, αt̄ yields a closed point in P over t̄ := [D(s̄)] ∈ T.
If the set of closed points s̄ in S such that Gs̄ is not closed under p-th powers is Zarsiki dense, then the image

of P → S contains the generic point of S since it is a constructible set by a theorem of Chevalley (see [Gro64,
Corollaire 1.8.5]). It follows that there exists a closed logarithmic 1-form α on Z such that dω = α ∧ ω. Let
C be any prime divisor on Z. Since the residue resC α of α at a general point of C is a constant function, we
must have resC α ∈ {m, . . . ,m + M} ⊂ Z if C is not β-exceptional, where m denotes the order of vanishing of
ω along C.

Let (Ui)i∈I be a covering of Z by analytically open sets such that α|Ui
= d ln fi + dgi where fi (resp. gi) is a

meromorphic (resp. holomorphic) function on Ui. Then

ωi :=
1

fi exp(gi)
ω|Ui

is a closed rational 1-form with zero set of codimension at least two and ωi = cijωj on Ui ∩Ui for some cij ∈ C.
This completes the proof of the proposition. �

We end the preparation for the proof of our main results with the following observation.

Lemma 12.5. Let X be a normal complex projective variety with klt singularities, and let G be a codimension
one foliation on X with KG Q-Cartier and KG ≡ 0. Then ν(X) 6 1.

Proof. Let β : Z → X be a resolution of singularities with exceptional set E, and suppose that E is a divisor
with simple normal crossings. Let E1 be the reduced divisor on Z whose support is the union of all irreducible
components of E that are invariant under β−1G . Note that −c1(NG ) ≡ KX by assumption. By Proposition
4.9 and Remark 4.8, there exists a rational number 0 6 ε < 1 such that

ν(X) = ν
(
− c1(NG )

)
= ν

(
− c1(Nβ−1G ) + εE1

)
.

On the other hand, by [Nak04, Proposition V.2.7 (1)], we have

ν
(
− c1(Nβ−1G ) + εE1

)
6 ν

(
− c1(Nβ−1G ) + E1

)
.

The lemma now follows from [Tou16, Proposition 9.3]. �
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Proof of Theorem 1.1. By [KM98, Lemma 2.53] and Fact 2.10, there exists a quasi-étale cover f : X1 → X with
X1 canonical such that f∗KG ∼Z 0. By Lemma 4.3, f−1G is canonical and Kf−1G ∼Z 0. Replacing X by X1,
if necessary, we may assume that KG ∼Z 0.

By Proposition 12.3 and Lemma 8.14, either G is closed under p-th powers for almost all primes p, or it is
given by a closed rational 1-form ω with values in a flat line bundle whose zero set has codimension at least two
(see also Remark 12.4). In the latter case, the statement follows from Theorem 11.1.

Suppose that G is closed under p-th powers for almost all primes p. By Lemma 12.5, we have ν(X) 6 1. If
ν(X) = −∞, then Corollary 9.5 says that G is algebraically integrable. If ν(X) = 1, then G has algebraic leaves
as well by Corollary 10.6. In either case, the statement follows from Theorem 1.5. If ν(X) = 0, then Theorem
1.1 follows from Lemma 10.1 and Proposition 10.2. �

Proof of Theorem 1.3. By Proposition 12.3 and Lemma 8.14, either G is closed under p-th powers for almost
all primes p, or it is given by a closed rational 1-form ω with values in a flat line bundle whose zero set has
codimension at least two (see also Remark 12.4).

Suppose first that G is closed under p-th powers for almost all primes p. By Lemma 12.5, we have ν(X) 6 1.
If ν(X) = −∞, Theorem 9.4 and Corollary 9.5 then imply that G is algebraically integrable. If ν(X) = 1, then
G has algebraic leaves by Theorem 10.5 and Corollary 10.6. In either case, KG is torsion by Proposition 4.24.
If ν(X) = 0, then KG is torsion by Lemma 10.1 and Proposition 10.2.

Suppose now that G is given by a closed rational 1-form ω with values in a flat line bundle whose zero set
has codimension at least two. If ν(X) > 0, then the statement follows from Proposition 11.10. If ν(X) = −∞,
then Theorem 1.3 follows from Proposition 11.11. �

Proof of Corollary 1.4. Arguing as in the proof of Theorem 1.1, we see that we may assume without loss of
generality that KG is Cartier. Lemma 5.9 then implies that G is canonical, so that Theorem 1.1 applies. In
particular, to prove Corollary 1.4, it suffices to consider the case where X is an equivariant compactification of
a commutative algebraic group G of dimension at least 2 and G ∼= O dimX−1

X is induced by a codimension one
Lie subgroup H ⊂ G.

If X is not uniruled, then G must be an abelian variety by a theorem of Chevalley, and G is a linear foliation
on X, so that we are in case (2) of Corollary 1.4.

Suppose from now on that X is uniruled. Let β : Z → X be an equivariant resolution of X with exceptional
set E, and assume that E is a divisor with simple normal crossings and that β induces an isomorphism over Xreg.
By Corollary 4.21, there is an inclusion β∗G ⊂ TZ(−logE). In particular, we must have β∗G ⊂ β−1G . Since
G is canonical, we conclude that Kβ−1G ∼Z β

∗KG and that β∗G ∼= β−1G . This implies that any irreducible
component of E is invariant under β−1G . This also implies that β−1G is regular by Lemma 5.15. Since Z is
uniruled by assumption, there exists a P1-bundle structure ϕ : Z → Y onto a complex projective manifold Y
with KY ∼Z 0 such that β−1G induces a flat connection on ϕ. This follows either from [Tou08] or from the proof
of [Dru17b, Proposition 5.1] (see also [Dru17b, Lemma 3.8]). Suppose that E 6= ∅, and let E1 be an irreducible
component of E. Then E1 is smooth and NE1/Z is flat since E1 is invariant under β−1G . But this contradicts
the fact that E1 is β-exceptional. It follows that X is as in case (1) of Corollary 1.4. This finishes the proof of
the corollary. �

References
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[And04] Y. André, Sur la conjecture des p-courbures de Grothendieck-Katz et un problème de Dwork, Geometric aspects of
Dwork theory. Vol. I, II, Walter de Gruyter, Berlin, 2004, pp. 55–112.
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