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ITO-KRYLOV’S FORMULA FOR A FLOW OF MEASURES

THOMAS CAVALLAZZI

ABsTRACT. We prove Itd’s formula for the flow of measures associated with an It6 process having a
bounded drift and a uniformly elliptic and bounded diffusion matrix, and for functions in an appropriate
Sobolev-type space. This formula is the almost analogue, in the measure-dependent case, of the [t6-Krylov
formula for functions in a Sobolev space on R x R%.

1. INTRODUCTION

We fix (Q, F, (Ft)t>0,P) a filtered probability space satisfying the usual conditions. Let 7' > 0 be a
finite horizon of time, d,d; € N* with d; > d, and (Bt)¢>0 a (Ft)r>0-Brownian motion of dimension d.
We consider the It6 process on R¢ defined, for ¢ € [0,T], by

t t
X, = X0+/ bsds+/ o, dBs, (1.1)
0 0

where Xo € L2(Q, Fo;R%Y), b: [0,T] x @ — R% and 0 : [0,T] x Q — R¥™% are progressively measurable
processes. In the following, we will denote by pu; the law of X; and by a the matrix oo*.

Let us fix a real-valued function v defined on the 2-Wasserstein space Py(R%), i.e. the space of proba-
bility measures on R¢ having a finite moment of order 2. In this paper, we are interested in It6’s formula
for u and the flow of probability measures (pt).ejo,r)- This formula describes the dynamics of ¢ — u(u),
essentially by computing its derivative (see (1.2) below). It has a wide range of applications for example
in Mean-Field Games, McKean-Vlasov’s control problems, McKean-Vlasov Stochastic Differential Equa-
tions (SDEs) but also in the study of interacting particle systems and the propagation of chaos. These
applications will be detailed below.

It0’s formula for a flow of measures naturally requires differential calculus on the space of measures
P2(RY). We will use the linear (functional) derivative, which is a standard notion of differentiability for
functions of measures relying on the convexity of Po(R?). The function u admits a linear derivative if there
exists a real-valued and continuous function g—% defined on Py(R%) x R?, at most of quadratic growth with

respect to the space variable uniformly on each compact set of Po(R?), and such that for all u, v € Pa(R4)

1
u(p) — u(v) = /0 /R St (1 ) ) d(p — ) .

The standard It6 formula for a flow of measures can be found in [4] (see Theorem 6.1) or in Section 3
of [11] and Chapter 5 of [9] (see Theorem 5.99) under less restrictive assumptions. It states that for all
t€[0,T]

) = ulo) + | B (avg—;<us><xs> - bs) ts+s [ B (aif—;<us><xs> - ) ds, (1)

where -y denotes the usual scalar product of two vectors z,y € R% and A-B := Tr(A*B) the usual scalar
product of two matrices A, B € R¥“. The common point between these results is that the function u has

Date: November 07, 2022.

2000 Mathematics Subject Classification. 60H05,60H50.

Key words and phrases. 1td’s formula, flow of probability measures, linear functional derivative, Krylov’s estimate.
1



2 THOMAS CAVALLAZZI

to be C? in some sense. More precisely, it is always assumed that for all i € Po(R?), the linear derivative
g—; (12)(+) belongs to C2(R?) or equivalently that the L-derivative d,u(u)(-) belongs to C! (R?) (see below for
the definition of the L-derivative and its link with the linear derivative). This paper aims at proving It6’s
formula (1.2) for functions u having a linear derivative % that is not C? with respect to the space variable.

We now fix the assumptions on the Itd process (Xt)te[O,T}- In this paper, we always assume that the
drift b and the diffusion matrix o in (1.1) satisfy the following properties.

(A) There exists K > 0 such that almost surely
Vt € [0,T], |be] + |oy] < K.
(B) There exists 6 > 0 such that almost surely
Vi€ [0,T], YA € R, aph - A > 6|M)2.

Assumptions (A) and (B) stem from Section 2.10 of [20]. Therein, Krylov deals with controlled diffu-
sion processes and needs to apply the standard It6 formula for the so-called pay-off function which is not
C2. That is why he proves an extension of the classical Ité formula for the It6 process (Xt)tepo,1) satisfying
Assumptions (A) and (B), and for a function g : R — R belonging to an appropriate Sobolev space.
The crucial point is that (X;); satisfies the non-degeneracy Assumption (B). It ensures that the noise
does not degenerate and allows to produce a regularizing effect. Let us explain how. The non-degeneracy
assumption leads to Krylov’s inequality (see Theorem 4.1 taken from Section 2.3 of [20]). This inequality,
in turn, implies that for almost all ¢t € [0, 7], u¢, the law of X, has a density p(¢,-) with respect to the
Lebesgue measure (see Proposition 4.3). Moreover, this density belongs to L@1'([0,7] x R%), where
(d + 1) denotes the conjugate exponent of d + 1 defined in Section 2. The existence of densities together
with the integrability property permit to assume Sobolev regularity for the function g. More precisely,
It6-Krylov’s formula is established under the assumption that ¢ is continuous on R% and that Vg belongs
to the Sobolev space Wli’ck(Rd), for k > d+1,1i.e. that Vg and V2g arein L¥ (R?) (see Section 2.10 of [20]).

Our goal here is to take advantage of the regularizing effect of the noise, stemming from the existence
of the densities p(t,-) and their integrability property, to establish an analogue of It6-Krylov’s formula in
the measure-dependent case. Looking at 1t6’s formula for a flow of measures (1.2), the regularizing effect
comes from the presence of expectations which average, with respect to the space variable, the derivatives
of % on all the trajectories of (X¢);. Indeed, the regularization by noise will only appear through the
space variable of the linear derivative but not through its measure variable. This is not surprising since
the space of measures Po(R?) is somehow infinite dimensional while the noise is of finite dimension. Thus,
we cannot expect a true regularization in the measure variable of g_#y The fact that a finite dimensional
noise cannot have a complete regularizing effect in the space Po(R?) is explained in [23] in the context of
McKean-Vlasov SDEs.

In order to prove It6’s formula (1.2) for w, it is clear that u needs to admit a linear derivative with at
least distributional derivatives of order 1 and 2 with respect to the space variable in L*(R%) for some k, as
for the standard It6-Krylov formula. Let us describe more precisely our assumptions on u. As said before,
for almost all ¢ € [0, T], the law p; has a density p(t, -) such that p belongs to L4V ([0, T] x R%). Denoting
by Z(R%) the space of measures p € Po(R?) having a density with respect to the Lebesgue measure in
LD (RY), our assumptions on the derivatives of g—%(u)(') are only made for measures u belonging to
2(R9). This is natural since for almost all ¢t € [0, 7], us belongs to 2(R%), and the derivatives of g_;i
are evaluated along the flow (1t).c0,7] and integrated in time. Moreover, because of the integrability
property of the densities p(t,-), the derivatives of g—#l(u)() do not need to be defined and continuous on
the whole space R? because they are somehow integrated against the densities p(t,-) (see (1.2)). We say
"somehow" because it is not completely the case since b and a are random. But as they are bounded,
we can omit them in some sense. More precisely, the integrability property of the densities leads us to
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assume that u admits a linear derivative such that for all y € 2(R4), av%(u)(-) belongs to the Sobolev
space W1#(R?) defined in Section 2, with k > d + 1. This is exactly the same condition as in the stan-
dard Ito-Krylov formula, except that we replace Wlick (R?) by WHF(R?). This is essentially explained by
the expectations in It6’s formula (1.2). Indeed, the process (X;); cannot be localized by stopping times.
Moreover, we assume that the map u € Z(R%) — &,g—;(,u)(-) € WHF(R?) is continuous for a distance on
2 (R%) satisfying the assumptions of Definition 2.3. This continuity assumption can be interpreted as the
fact that the noise has no regularizing effect in the measure variable of the linear derivative, as explained
above. The precise assumptions of our It6-Krylov’s formula are given in Definition 3.1 and Theorem 3.3.
Eventually, we extend in Theorem 3.12 our formula to functions depending also on the time and space
variables satisfying the assumptions of Definition 3.10.

We now focus on some applications of It&’s formula for a flow of measures. This one has been devel-
oped with the increasing interest for Mean-Field Games and McKean-Vlasov SDEs over the last decade.
Mean-Field Games were initiated independently by Caines, Huang and Malhame in [5| and by Lasry and
Lions in [21]. The notion of Master equations has been introduced by Lions in his lectures at Collége de
France [22] in order to describe Mean-Field Games. Master equations are Partial Differential Equations
(PDEs) on the space of probability measures and can be derived with the help of Itd’s formula. We refer to
Lions’ lectures [22], the notes written by Cardialaguet [6], and the books of Carmona and Delarue [9, 10|
for more details on Mean-Field Games and Master equations. We also mention Bensoussan, Frehse and
Yam [1] and Carmona, Delarue [8] where Master equations are derived, with the help of It6’s formula in
[8]. The question of existence and uniqueness of classical solutions to Master equations was addressed by
Cardaliaguet, Delarue, Lasry and Lions in [7] and by Chassagneux, Crisan and Delarue in [11]. From a
different point of view, Mou and Zhang deal with the well-posedness of Master equations in some weaker
senses in [24].

Moreover, It6’s formula appears to be the natural way to connect a McKean-Vlasov SDE (more precisely
the associated semigroup (P;); acting on the space of functions of measures) to a PDE on the space of
probability measures (the Master equation) in the same manner as for classical SDEs. It turns out to be
a crucial tool to study the stochastic flow generated by a McKean-Vlasov SDE, as explained in Chapter
5 of [9]. The link between McKean-Vlasov SDEs and PDEs on the space of measures is at the heart of
the work of Buckdahn, Li, Peng and Rainer [4] where the authors prove that the PDE admits a unique
classical solution expressed with the flow of measures associated with the McKean-Vlasov SDE. Moreover,
in the parallel work [11], Chassagneux, Crisan and Delarue adopt a similar approach and study the flow
generated by a forward-backward stochastic system of McKean-Vlasov type under weaker assumptions
on the coefficients of the equation. Both works are motivated by Mean-Field Games, and [t&’s formula
plays a key role. In [15], Crisan and McMurray prove that the Master equation admits a unique classical
solution for some irregular terminal condition using Malliavin calculus. They point out a smoothing effect
concerning the differentiability of the solution with respect to the measure even though there is no noise
in the measure direction. Furthermore, the problem of propagation of chaos for the interacting particles
system associated with the McKean-Vlasov SDE can also be addressed with the help of the associated
PDE on the space of measures (see Chapter 5 of [9]). It allows to obtain quantitative weak propagation of
chaos estimates between the law of the solution to the McKean-Vlasov SDE and the empirical measure of
the associated particle system. This approach was adopted for example by Chaudru de Raynal and Frikha
in [14, 13|, by Delarue and Tse in [16] and by Chassagneux, Szpruch and Tse in [12]. Let us also mention
that the Master equation satisfied by the semigroup has been recently used by Jourdain and Tse in [19] to
study the mean-field fluctuation (CLT) of an interacting particle system. Finally, Itd’s formula for a flow of
measures is also important to deal with McKean-Vlasov control problems because it allows to derive a dy-
namic programming principle describing the value function of the problem as presented in Chapter 6 of [9].

Recently, It6’s formula has been extended to flows of measures generated by cadlag semi-martingales. It
was achieved independently by Guo, Pham and Wei in 18], who studied McKean-Vlasov control problems
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with jumps and by Talbi, Touzi and Zhang in [26] who worked on mean-field optimal stopping problems.
In both works, dynamic programming principles are established thanks to It6’s formula for a flow of mea-
sures. Finally, we also mention that several It6-Wentzell-Lions formulae for functional random fields of
It6 type depending on measure flows have been established by dos Reis and Platonov in [17].

Let us explain our choice to work with the linear derivative. Indeed, the L-derivative, which was
introduced by Lions in his lectures at Collége de France [22], is also well-adapted to establish It6’s formula
for a flow of measures. We say that u is L-differentiable if its lifting defined by

i:X e 2 RY — u(L(X)) € R,

where £(X) denotes the law of X, is Fréchet differentiable on L?(2; R?). Moreover, there exists a R9-
valued function d,u defined on P2(R?) x R such that the gradient of @ at X € L?(Q; RY) is given by the
random variable 0, u(L£(X))(X). The function d,u is called the L-derivative of u. The advantage of the
L-derivative is that it permits to use standard tools of differential calculus on Banach spaces. Of course,
there is a link between the L-derivative and the linear derivative of u. Indeed, in general, the L-derivative
Oyu(p)(+) is equal to the gradient of the linear derivative 80(?—%(;1)(-) (see Propositions 5.48 and 5.51 in
[9] for the precise assumptions). Under our assumptions presented above, Sobolev embedding theorem
ensures that for all y € 2(R%), %(u)(') belongs to C'(R%; R), and that avg—#l(u)(-) is continuous and
bounded on R%. We would be tempted to deduce that u admits a L-derivative given, as recalled above, by
av%(u)(-). However, this term is assumed to exist only for measures x4 € Z(R?) and not for u € Po(R?).
This is the case in Example 3.6, where this term is not well-defined for any u € Po(R?) (see Remark 3.7).
It seems therefore more restrictive to work with the L-derivative and thus justifies our choice to work with
the linear derivative.

The paper is organized as follows. Section 2 gathers some notations and definitions used throughout the
paper. In Section 3, more precisely in Definitions 3.1 and 3.10, we define the spaces of functions for which
we will establish [t6-Krylov’s formula. These formulas are given in Theorem 3.3 for functions defined on
Po(R?) and in Theorem 3.12 for functions depending also on the time and space variables. Moreover, we
give examples of functions for which our formulas hold and we discuss our assumptions through them.
The proofs of these examples are postponed to Appendix A for ease of reading. In Section 4, we give some
preliminary results. We start with Krylov’s inequality and its consequences on the existence of densities
for the flow of measures (u)¢c[o,7] in Proposition 4.3. Then we recall some classical results on convolution
and regularization. Finally, Sections 5 and 6 are respectively dedicated to the proofs Theorems 3.3 and 3.12.

2. NOTATIONS AND DEFINITIONS

2.1. General notations. Let us introduce some notations used several times in the article.
Bp is the open ball centered at 0 and of radius R in R? for the euclidean norm.

- p' is the conjugate exponent of p € [1,4o00], defined by % + 1% =1.

- LV (RY) is the space of functions f such that for all R >0, f € LP(Bg).

- W™k (©) is the Sobolev space of functions v € L*(O) admitting distributional derivatives of order
between 1 and m in LF(O), where O is open in R%. It is equipped with the norm

[ullmeoy = > 10%llpeo)-

aeN?, |a|<m

- W/gi:’k(Rd) is the space of functions u such that for all R > 0, u belongs to W™ (Bg).

(pn)n is a mollifying sequence on R, that is a sequence of non-negative C> functions, such that
for all n, [gapn()dz =1 and p, is equal to 0 outside By ,. We assume that p,(z) = p,(—z) for
all x.

x denotes the convolution of two functions, when it is well-defined, or two probability measures.
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B(FE) is the Borel o-algebra where E is a metric space.

- A* denotes the transpose of the matrix A € R%*¢,

- A - B denotes the usual scalar product of two matrices A, B € R¥? given by A - B := Tr(A*B).
- Z(RY) is defined in Definition 2.3.

- Wi (R?) is defined in Definition 3.1.

- Wy(R?) is defined in Definition 3.10.

2.2. Spaces of measures and linear derivative. The set P(R?) is the space of probability measures
on R? equipped with the topology of weak convergence. The Wasserstein space Po(R?) denotes the set
of measures i € P(R?) such that [ga|#|?du(z) < 400, equipped with the 2-Wasserstein distance Wy
defined for p, v € Po(R?) by

1/2
Walu) = nt ([ fe-yPny)
mell(p,v) \JRIxRI

where TI(p, v) is the subset of Po(R? x R?) with marginal distributions p and v. We will work with the
standard notion of linear derivative for functions of measures.

Definition 2.1 (Linear derivative). A function u : Po(R%) — R is said to have a linear derivative if there

exists a continuous function (u,v) € Po(R?) x R% g—;(,u)(v) € R, satisfying the following properties.
(1) For all compact K C Py(R%) sup sup {(1 + JvA)7t 5—u(,u)(fu) } < +o0.
veRd ek om

1 u
(2) For all p,v € Po(RY), u(p) — u(v) = /0 /Rd ;—m(t,u + (1 =t)w)(v)d(p —v)(v)dt.

Remark 2.2. Instead of the second point of the previous definition, it is equivalent to assume that for
all u,v € Po(RY), t € [0,1] = u(tp + (1 —t)v) is of class C! with

vt € [0, 1], %u(tu +(1—-tw) = /Rd m(tu + (1 =t)w)(v)d(p—v)(v).

ou

One can find more details in Chapter 5 of [9], in particular the connection with the L-derivative.

Let us fix (p,), a mollifying sequence on R?, that is a sequence of non-negative C> functions, such that
for all n, [ga pu(x)dz =1 and p, is equal to 0 outside By /,. We assume that p,(z) = pp(—z) for all .

Definition 2.3. Let us define Z(R9) as the space of measures 1 € Po(R?) which admit a density 3—’; with
respect to the Lebesgue measure belonging to L4t (RY). We endow Z(R%) with a general distance d
satisfying the following properties.

(H1) For any n > 1, p € (P2(R%), W) = p* p, € (Z(R?),ds) is continuous.

(H2) For any p € Z2(R%), p* py W M for dgp.

Note that for all » > 1 and for all g € Pa(R%), p* p, € P(RY). Indeed, its density is given by
z = ppxp(z) = [ra pn(x—y) dp(y). Jensen’s inequality ensures that it belongs to LU (R4). Considering
the space (Z(R%),d ) comes in a natural way with Assumptions (A) and (B) on the Ité process X. As
explained in the introduction, it implies the existence of a density p € L([0, T] x R%; RT)N LD ([0, T] x
R4 R*) such that for almost all ¢ € [0,7], the law of X, is equal to p(¢,-) dz and belongs to Z(R%) (see
Proposition 4.3). Let us give two examples for the distance d.

Example 2.4. The Wasserstein distance Wy clearly satisfies Assumptions (H1) and (H2) in Definition
2.3. Another family of examples is given by the distance dj, defined, for k € [d+ 1, 4+oo[, u, v € 2(R%), by

dp  dv

dr dzx

dk(:u’ V) = ‘ k’( @
L (R




[§ THOMAS CAVALLAZZI

Note that dj is well-defined since for any u € Z(R9), Z—g e L'(RY) n LY (RY) which is included in
Lk/(Rd) by interpolation. The proof is postponed to the Appendix (Section A.1).

3. ITO-KRYLOV’S FORMULA, AH-HOC SPACES OF FUNCTIONS AND EXAMPLES

Let us introduce now the Sobolev-type space of functions on Py(R%) for which we will prove Ito’s
formula for a flow of measures.

Definition 3.1. Let W;(R%) be the space of continuous functions u : P»(R?) — R having a linear
derivative 2% such that for all u € Z2(R%), the function 2% (u)(-) admits distributional derivatives of

om om

order 1 and 2 in L¥(R?), for a certain k > d + 1, and satisfies the following properties.
(1) The map p € (Z(R%),d») 31)(?—%(/1)(') € (Wl’k(Rd))d is continuous for a certain distance dg
satisfying (H1) and (H2).
(2) There exists @ € N such that & > (1 + a)d and for all compact K C Py(R¢) and for any

peKn 2Ry
ou ou dp ||
Op—(p) (- + (|02 — () (- <Cr |1+ .
0], ||, S ;c< |2 LW))

Remark 3.2. -The space Wi (R?) contains the functions which satisfy Assumption (1) in Definition 3.1
with (Py(R4), W) instead of (2(R?),d»). Indeed, the second point is clearly satisfied with o = 0 since
KC is compact.

-Assumption (2) in Definition 3.1 allows to control the growth of H@vg—%(u)(-)HWm(Rd) with respect to

the measure y. It allows us to take advantage of the continuity of the flow in Py(R?) (because the control
is assumed on compact subsets of Pg(Rd)), but also of its integrability properties proved in Lemmas 4.5
and 4.6. The form of the inequality suggests the integration of functions in L¥(R?) with respect to p, at
least when the function w is linear in pu.

-Sobolev embedding theorem (see Corollary 9.14 in [3]) ensures that for all u € 2(R%), 2% (u)(-) belongs

’ dm
to C'(R% R) and that av%(u)(-) is bounded and ~-Holder, where v :=1 — %. Note that we do not need
that %(M)() € W2F(R?) since there is no integrability assumption made on the linear derivative.

Having this definition at hand, we can now state It6-Krylov’s formula for functions in W; (R%).

Theorem 3.3 (It6-Krylov’s formula). Let u be a function in Wi (R%), which was defined in Definition
3.1. We have for all ¢t € [0,T]

i) = o) + [ B (25 ) dse 5 [ E () o) ds ()

where 83%(u8)(X8) cag:="Tr (825—;(/18)(X8)a5> is the usual scalar product on R4*9,

v

Remark 3.4. Notice that a function u € W;(R?) is assumed to have a linear derivative on the whole
space Po(R%). This seems a bit strong at first sight in comparison with the assumptions on its spatial
derivatives that are only made for measures p € Z(R%). Indeed, we could consider working with a linear
derivative defined only on the space of densities, as done for example in [1]. However, in order to establish
Ito-Krylov’s formula by regularization, the function u needs to be continuous on the whole space Py (R%)
and not only on Z(RY). Indeed, the flow s € [0,T] + us € P2(R?) is continuous but s; does not
necessarily belong to Z2(R?) for all ¢ € [0, T]. This is proved only for almost all £. Thus, as the function u
has to be continuous on Py(R?), we have chosen to assume the existence of a linear derivative on Po(R?)
even though we could have only required it on the space of densities.
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Now, we focus on examples of functions belonging to Wi (R%). Let us start with the linear case.

Example 3.5 (Linear functional). Fix g € C°(R% R) admitting a distributional derivative such that
Vg € (W (R4))? for some k > d + 1. Then, the function

P,(RY) — R
p H/Rdg(w) du(x),

belongs to the space Wi (RY).

Indeed, Sobolev embedding theorem (see Corollary 9.14 in [3]) implies that Vg € L>°(R?) since k > d+1.
Thus g is at most of linear growth so that for all u € Py(R?), %(u) = g, which clearly satisfies Assump-
tions (1) and (2) (with @ = 0) in Definition 3.1.

Let us now focus on the multi-linear case.

Example 3.6 (Polynomials on the Wasserstein space). Fix N > 2 and g € C°((R%)";R) such that
- there exists C' > 0 such that for all € = (z1,...,2x5) € (ROY, |g(x)] < C(1+ |21+ +|zn]?),
- the distributional derivative Vg belongs to (WL (R?)V))N for a certain k € [Nd, +oo.
Then, the function
P2(RY) — R
o= g(ml,...,xN)d,u(xl)...d,u(xN),
(RHN
belongs to the space Wi (R?) for d = dj.

The proof is postponed to the Appendix (Section A.2).

Remark 3.7. - In Definition 3.1, the distributional derivatives of the linear derivative %(u) are not

necessarily integrable functions for all g € Py(R%). Of course, in Example 3.5, it is the case for all
i € Po(R?) as the linear derivative does not depend on the measure p. However, in Example 3.6 for
N = 2, the linear derivative is given by

ou (1) (v) =/Rdg(v,y) du(y) +/Rd 9(y,v) du(y). (3.2)

om
Formally, the derivative with respect to v of the first integral in (3.2) is

/ Dvg(v,y) du(y).
R4

This term is not well-defined for general measures p € Py(R?) because we have only assumed that
Vg € (WHF(R?))24 with k > 2d. Indeed, for k = 2d, we just know by Sobolev embedding theorem
that Vg belongs to (L"(R?%)?¢ with r € [2d, +o0[ (see Corollary 9.11 in [3]). As we will see in the proof
(Section A.2 of the Appendix), it is well-defined as an integrable function of v if we restrict to measures
p € Z(RY). This also justifies why we have chosen to work with the linear derivative instead of the L-
derivative. Indeed, the L-derivative of u would be equal to the gradient of the linear derivative av%(u)(-),
which is not well-defined for all € Py(R?). Thus, the function u does not need to be L-differentiable in
the usual sense in our setting.

- Our assumptions on the derivatives of g—% in Definition 3.1 deal with #(R%) instead of the whole space
Po(R?) essentially because in Itd’s formula (3.1), these derivatives only appear under integrals along the
flow (is)sefo, 7], which belongs to & (RY) for almost all s € [0, T]. However, we assume that u is continuous

on Py(RY) since the flow s € [0,T] — us € Po(R?) is continuous but j; does not necessarily belong to
PR for all t € [0,T] .
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The next example focuses on the particular case of convolution which has to be treated differently than
in Example 3.6 with NV = 2 because of the structure of the convolution which mixes the two variables.

Example 3.8. Let f € CO(R% R) be a function such that the distributional derivative V f belongs to
(WLEFL(R®))? for a certain k > d. Then, the function

Pg(Rd) — R
p H/ [ *pdpy,
Rd

belongs to Wy (R?) for dgp = Wh.

Here, the particular structure of convolution enables us to work on the whole space Pg(Rd) instead of
P2 (RY), as explained in the first point of Remark 3.2. The proof is postponed to the Appendix (Section
A3).

Finally, we give a non-linear example of functions belonging to W;(R?).

Example 3.9. Let ' € C}(R;R) and g € C°(R% R) be such that the distributional derivative Vg belongs
to (WHF(R?)) for some k > d + 1. Then

u{ P,(RY) — R
' po o F([gagdp)

belongs to Wy (R?) for dgp = Wh.

The proof is again postponed in the Appendix (Section A.4).

We now deal with the extension of It6’s formula for functions depending also on the time and space
variables. First, we define the space of functions generalizing the space Wi (R4).

Definition 3.10. Let W5(R%) be the set of continuous functions u : [0, 7] x R? x Po(R%) — R satisfying
the following properties for a certain distance d 4 satisfying (H1) and (H2).

(1) For all (x, 1) € R% x Po(R?), u(-,z, 1) € C' and du is continuous on [0, 7] x R x Py(RY).
(2) There exists k; > d + 1 such that for all (¢, ) € [0,T] x 2(R%), u(t,-, u) € Wfli’fl(Rd) and for all
te€[0,7) and R > 0

b (PR, do) > duultyp) € (W (BR))

is continuous and d,u and d2u are measurable with respect to (t,z, ) € [0,T] x R¢ x 2(R?).

(3) For all (t,z) € [0,T] x R?, u(t, z,-) admits a linear derivative 2% (¢, z,-)(-) which is continuous on
[0, 7] x R% x P2(R?) x R%, and such that for all X C R? x Py(R?) compact and ¢ € [0, 7], there
exists C' > 0 such that for all v € RY

ou

_(tv €, /L)(U)

<O 9.
5 de < C(1+|v|*)

sup
(z,n)EX

(4) There exists ko > 2d such that for all (t,u) € [0,T] x 2(R4), g—;‘l(t, -, 1t)(+) admits distributional
derivatives with respect to v of order 1 and 2 such that for all ¢ and R > 0

je (PRY,dy) s (aﬁ—“@s, (), 22

ou (t)()) € (24 (B x RE) x (LB x R

om

is continuous and measurable with respect to (t,z, i,v) € [0,T] x R% x Z(R%) x R4,
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(5) There exists a1,a0 € N with k; > (2a; + 1)d, ko > (ag + 2)d such that for all X C Py(RY)
compact and R > 0, there exists Cx g > 0 such that for all u € KN 2(R9)

aq
sup {10t ) s () + 0500t 1) o 5 < O <1 ’ ' Lka(R@)

a2
sup ‘ <Ckpr|1l+ ‘ ) .
t<T L¥k2 (B xR%) L*2(R4)

Remark 3.11. - The space W»(R?) contains the functions satisfying the four first assumptions of Defini-
tion 3.10 with (2 (R%), d») replaced by (P2(R?), W5) and also assuming that the functions in Assumptions
(2) and (4) are continuous with respect to (¢, i) € [0, T] x Po(R?). Indeed, Assumption (5) is automatically
satisfied with vy = a9 = 0 because K is compact.

dp

dx

ou du
av%(ty E N)()

ou
2
g dx

(2

(tv K N)()

gl

Lk2(BrxR4) om

- The bound in Assumption (3) is quite natural. If the supremum in this bound was taken only over a

compact set of Po(R?), it would be the definition of the linear derivative. But we also need to control

g—; locally uniformly in the space variable z € R? because of our regularization procedure through a

convolution both in the space and measure variables. Assumptions (2), (4) and (5) are generalizations of
those in Definition 3.1 adapted to the presence of the space and time variables. In Assumption (5), the
condition on ko and ao changes a bit compared to the analogous assumption in Definition 3.1, essentially
because it deals with functions on R?? instead of R?. Let us mention that Assumption (5) in Definition
3.10 can be replaced by the integrability properties (6.1) established in Step 1 of the proof of the next
theorem (see Section 6).

The next theorem is the natural extension of the formula for functions in Wy(R?). Let () sefo,7] and

(vs) sefo,r] be two progressively measurable processes, taking values respectively in R? and R¥% and
satisfying Assumptions (A) and (B). We set, for all t < T

t t
5t=§o+/ nsds+/ 7, dB,,
0 0

where & is a Fy-measurable random variable with values in R%.

Theorem 3.12 (Extension of It6-Krylov’s formula). Let u be a function in Wy(R?), which was defined
in Definition 3.10. We have almost surely, for all ¢ € [0,T]

t 1 t
u(tvétmut) = ’LL(O,&(],/LO) +/0 (8tU(S,£s,/LS) + 8xU(S,£S,/LS) : 778) ds + 5/0 63U(8,£s,,us) : /78/7;( ds
b ou s~ 1 [t~ (.56u s
[ B (om0 ) dst g [ B(EIE G sm) (R d) ds (33)

t
+/0 aiﬂu(své&ﬂs) : (/78 dBS)7

where (€, F,P) is a copy of (Q, F,P) and (X, 5,&) is an independent copy of (X,b,0).
Let us now give examples of functions belonging to the space Wy(R9).

Example 3.13. Let g € C°(R??;R) be a function such that its distributional derivative Vg belongs to
(WHF(R24))24 for some k > 5d. Then, the function

RYx P,(RY) — R
(@, 1) = /Rd 9(z,y) du(y)
belongs to Wy (R?) for dp = dj,.
The proof is postponed to the Appendix (Section A.5).
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Example 3.14. Let ' € C}'(R? x R;R) be a function such that for all R > 0
y € R VF(-,y) € (W' (Bg))™,

is well-defined and continuous for some k; > d + 1. Let g € CO(R% R) be such that the distributional
derivative Vg belongs to (W1#2(R9))? for some kg > 2d. Then

{ R? x P(RY) — R
u:
(x, ) — F (z, Jra gdpu)
belongs to Wy (RY) for dgp = Wh.
The proof is again postponed to the Appendix (Section A.6).

Remark 3.15. In the abstract, we said that our It6-Krylov’s formula for a flow of measure was the al-
most analogue of the standard Ito-Krylov formula. We used the word "almost" because Assumption (1)
in Definition 3.10 is not completely satisfactory. Indeed, we do not assume Sobolev regularity with respect
to time, as it is the case in [t6-Krylov’s formula for functions defined on [0, 7] x R%. Of course if u is of the
form u(t, n) = [ga 9(t, z) du(z) with g € C°([0,T] x R% R) at most of quadratic growth in z uniformly in
t, and such that the distributional derivatives dyg, 9, and 92g are in L*([0,T] x R%) for some k > d + 1,
we will succeed in proving It6-Krylov’s formula for w.

Let us give the idea of the proof. We regularize u by setting u"(t, ) = fRd g * pn(t,z) du(z), where
(pn)n is a mollifying sequence on R x R, The function u™ clearly satisfies the assumptions of the standard
It6 formula for a flow of measures (see Proposition 5.102 in [9]). It ensures that for all ¢ € [0, 7]

t t
’u,n(t”ut) = un(07N0) + / E(atg * pn(saXs)) ds +/ E (a:cg * pn(sts) : bs) ds
0 0

t
+ % / E (029 * pn(s, Xs) - as) ds. (3.4)
0

As ¢ is continuous, (g * pn), converges to g uniformly on compact sets. It follows from the growth
assumption on g that u™ converges point-wise to u. Using that (9;g * pn), converges in L*([0,T] x R%) to
Org as n — 400, we deduce with Krylov’s inequality in Corollary 4.2 that for all ¢ € [0, 7]

/E(@tg*pn(s,Xs))dS%/ E(9g(s, X.)) ds.
0 0

The same holds with the two other integrals in (3.4). Taking the limit n — +oo in (3.4) yields for all
t €[0,7]

UWMFﬂWMw+AE@mw&WB+AE@M&&%@MS

t
+ % / E (8§g(s,Xs) cas) ds.
0

In the general case, when the dependence in u of the function w is not explicit, we cannot apply Krylov’s
inequality. Indeed, consider a function u : [0,7] x P2(R%) — R such that, for all 4 € Po(R?), u(-,pu) €
WLk(]0,T)). In Ito’s formula for u, as in the classical formula, there should be the term fg Oyu(s, ps) ds.
The assumption does not imply that this term is well-defined. One possible hypothesis is to assume that
for all compact K C Py(RY), sup ek [Opu(-, )| € L([0,T7]). Following our strategy to prove It6-Krylov’s
formula, we would consider the mollified version of u defined by u™(t, 1) = u(-, u * pL) * p2(t), where
(pL)n and (p2),, are mollifying sequences on R? and on R. respectively. Assume that we have proved Itd’s
formula for ™. In order to take the limit and deduce It6’s formula for u, we would like to show that

T
[ 101t v ph) ¢ 265) = Buuls )] ds 0.
0
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However, this convergence is not obvious in the general case since the presence of s prevents us from
using the classical results on convolution and we cannot apply Krylov’s inequality if the dependence in
the measure argument is not linear.

4. PRELIMINARIES

4.1. Krylov’s inequality and densities. The key element to prove the theorem is Krylov’s inequality.
We recall it in the next theorem taken from [20] (see Theorem 4 in Section 2.3).

Theorem 4.1 (Krylov’s inequality). Let b: RT x Q — R% and o : RT x Q — R™% be two progressively
measurable functions. We assume that p,d; > d. Moreover, assume that there exists K > 0 and § > 0
such that

(A1) V(t,w) € RT x Q, |by(w)] + |or(w)] < K

(A2) V(t,w) € R* x Q, YA € RY, ay(w)\ - A > §|A|?, where a = oo™
For X a R%valued Fy-measurable random variable, we define the It6 process X = (Xyt)t, for all t € [0,T7,
by

t t
Xt:X0+/ b8d8+/ 0sdDBs.
0 0

Let A > 0 be a positive constant. Then, there exists a constant N = N(d,p, A, d, K) such that for all
measurable function f: RT x R - R

QAe”W@XMﬁSNWMmemy

We will use the following corollary for a finite horizon of time.

Corollary 4.2. If b and o satisfy Assumptions (A) and (B), there exists Ny = Ny(d,p,d, K,T) such that
for all measurable function f :[0,7] x R? — R, we have

T
EALWWWMSMWMMmmmy

Proof. We set by = by and 0, = o for t > T to guarantee that Assumptions (A1) and (A2) are
satisfied, without changing the process X on [0,T]. It remains to apply Krylov’s inequality to f(¢,z) :=
f(t,7)lgjo,7), which gives the existence of N1 = N1(d,p,d, K) such that

T
e‘TE/O |f (s, Xs)| ds < Ni|[ fll o+ (0, 11xm4)-
O

Krylov’s inequality also provides the existence of a density with respect to the Lebesgue measure for
s, for almost all s € [0, 7.

Proposition 4.3. Under Assumptions (A) and (B) on the coefficients b and o, there exists a function
pe LY([0,T] x RERY) N LAY ([0, T] x R4 RY) such that for all f: [0,7] x RY — R+t measurable

T
/ Ef(s,Xs)ds = / f(s,x)p(s,z)dxds. (4.1)
0 [0,T]xR4
If 7 is a stopping time such that (X;),c[o,7] belongs to Bg almost surely on the set {7 > 0}, then

E/OTATf(s,XS) ds < /[O,T}XBR f(s,2)p(s, x)dx ds. (4.2)

Moreover, for almost all s € [0,7T], us = L£(X5) is equal to p(s, ) dx.

We give the proof for the sake of completeness.
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Proof. We denote by p the push-forward measure of AQ P, where X is the Lebesgue measure on [0, 7], by
the measurable map (¢,w) € [0,T] x Q + (t, X;(w)) € [0,T] x R? defined, for any A € B([0,T]) ® B(R?),
by

T
,u(A):/O E1,4(s, Xy) ds.

Note that g is a finite measure on [0, 7] x R%. The monotone convergence theorem and Krylov’s inequality
ensure that for all f:[0,7] x R? = R* measurable

T
/ Ef(s, Xs)ds = / f(s,2)dpu(s,x) < Cllfll o1 o,r1xrA)-
0 [0,7] xR

Taking f = 14, for A € B([0,T]) ® B(R?) with Lebesgue measure 0, we deduce that u(A) = 0. Thus p
is absolutely continuous with respect to the Lebesgue measure on [0, 7] x R?. Radon-Nikodym’s theorem
provides the existence of p € L'([0, T] x R% R™¥) such that for all measurable function f : [0, 7] xR% — R*

T
/ Ef(s,Xs)ds = / f(s,x)p(s,z)dxds. (4.3)
0 0,T]x R4

Krylov’s inequality exactly proves that the map f € L4T1([0,T] x RY) / f(s,2)p(s,z)dxds is
TIxR4

a continuous linear form. Since the dual space of L 1([0, 7] x R?) is L(dJrl ([0,7] x R%), p belongs to
LD ([0, 7] x R%).

To prove (4.2), it is enough to notice that

AT T
E/o f(s, Xs)ds SE/0 f(s,Xs)1p,(Xs)ds.

Next, we establish that for almost all s € [0,T], us = p(s,-)dz. We fix s € [0,T], n > 1 large enough and
A € B(RY). Applying (4.3) with f = 15— 1/n,s+1/n]x A, and using Fubini-Tonelli’s theorem, we deduce that

n s+1/n s+1/n
—/ P(X; € A)dt = / /p(t,:n) dx ds.
2 s—1/n s—=1/n JA

Since t — P(X; € A) is bounded and as Fubini’s theorem implies that ¢ — [, p(t,z)dz belongs to
LY([0,T)), it follows from Lebesgue differentiation theorem (see Theorem 7.7 in [25]) that for almost all
s €[0,T]

P(X; € A) = /Ap(s,x) dx.

We denote by R the set of all Borel sets in R? of the form H?Zl]ai, b;[, with a; < b; two rational numbers
for all 4. The set R is at most countable, thus for almost s € [0, 7]

VAeR, P(X;€eA) = / p(s,x) dx.
A
The monotone class theorem enables us to conclude. O

Note that for almost all s € [0,T7], p(s,-) € L4 (RY) using Fubini-Tonelli’s theorem. We deduce the
following corollary.

Corollary 4.4. For almost all s € [0,7], us € Z(R).
We now prove two lemmas dealing with the integrability of the density p.
Lemma 4.5. Let p be the density given by Proposition 4.3. Then for all £ > d + 1
S €10,7) = 905, )l v ey € L/4(00, 7).
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Proof. Using Jensen’s inequality since % =k — 1 > d, we obtain that

/OT (/de(S,:n)k' dm)ﬁ ds = /OT </de(s,l‘)k/_1p(s,g;) d$> w ds

T k /
< / / p(s,z)aw F =D+ gz s,
o JRd

By definition of the conjugate exponent, we get

T k / T 1
/ / p(s, a:)W(k D dr ds = / / p(s,z)a ™t da ds,
0 JRd 0 JRd

which is finite since (d+ 1) =% + 1 and p € LAY ([0,T] x RY). O

Lemma 4.6. Let p and g be two densities of two Itd processes of the form (1.1) and satisfying (A) and
(B) given by Proposition 4.3. Then for k,« € N such that & > max{d + 1,d(« + 1)}, we have

T
/0 Hp(S, ')”(zk’(Rd)Hq(S7 ')”Lk'(Rd) ds < +o0.

Proof. Owing to Lemma 4.5, the function s — ||¢(s, ')HLk’(Rd) belongs to L'([0,T]) N L¥/4([0,T]). Using

Holder’s inequality, the proof is complete once we prove that s — [|p(s, ')H(zk’(Rd) belongs to L"([0,T7]) for

some r > (%)/. Lemma 4.5 ensures that s — ||p(s, ')”zk’(Rd) € Lﬁ([O,T]) thus we have to prove that
(%)/ < %. This is equivalent to our assumption k& > d(a + 1). O

4.2. Classical results on convolution and regularization. Fix p € [1 + co[. We will need the two
following basic lemmas, which we recall for the sake of clarity.

Lemma 4.7 (Convolution). - For all f € LP(R%) and for all g € L*(R%), the convolution f * g is
well-defined and belongs to LP(R?). Moreover, we have ||f * gllze < ||fllz#llgll 12
- For all f € LP(R%) and for all g € L (R%), the convolution f * ¢ is well-defined and belongs to
L*>°(R%). Moreover, we have ||f  g|[reo < || f|lze]lg]l -
Lemma 4.8 (Regularization). Recall that (p, ), is a mollifying sequence.
- Let f € LL (R and p € C°(R?). Then f x p € C*(R?) and Va € N9, 0%(f * p) = f * 0%p.
- If f € LP(R%), then f * p, i f,and if f € C°(RY), f * p, — f uniformly on compact sets.
-If fe LfOC(Rd), then for all R > 0, f * p, — f in LP(BRg).
The following proposition will also be useful.

Proposition 4.9. Let f € C°(R?) be a function admitting distributional derivatives of order 1 et 2 in
L} (RY). Then f x p, € C>°(R) and for all 4,j € {1,...d}

{ 8xl(f*pn) = 8x1f*pn
8Iil‘j(f*pn) = 8Z'ixjf*p77/'

The next lemma deals with the convolution of a function f € LP with x4 € P(R?).

Lemma 4.10. Let f € LP(R?). Then p € P(R%) — f * u € LP(RY) is continuous.
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Proof. Note that the convolution f * p is well-defined as an element of LP(R?) thanks to Jensen’s
inequality which shows that

vf € LP(RY), Y € PRY), || = plle < [If]lzv-

Let (ttn)n be a sequence of P(R?) weakly convergent to u € P(R?). Using Skorokhod’s representation
theorem (see Theorem 6.7 in [2]), there exists a probability space (', F',P’), a sequence of random
variables (X,,), converging P’-almost surely to a random variable X such that, the law of X, is u,, for all
n and the law of X if u. For any a € R?, let us denote by 7, f the translation of f defined, for all z € R?,
by 7of(x) := f(x — a). Jensen’s inequality and Fubini-Tonelli’s theorem yield

1 5 — f 5 il = / B (f( — Xa) — fl@— X)) do
Rd

< | B =X~ fla= X)) da

=E'(lrx,-xf — flI»)-
It follows from the almost sure convergence of (X,,), to X and the continuity of the translation operator
in LP that ||7x,—xf — fll7, = 0. Moreover, the inequality

Imxn—xf = FlIfe < 227 (lrxu—x FllTe + 1 FI50)
= 2P| fI1%p,

enables us to conclude with the dominated convergence theorem. O

4.3. Convolution of probability measures.
Lemma 4.11 (Contraction inequality). Fix p,v,m € Pa(R%). Then, we have
Wa(p s m,vxm) < Wa(p,v).
Proof. Let m € Pg(Rd X Rd) be an optimal coupling between u and v. We consider a couple of random

variables (X,Y’) with law 7, and a random variable Z independent of (X,Y") with law m. The law of
X + Z being i+ m and the law of Y 4+ Z being v * m, one has

Wapxm,vxm) < (X +2) = (Y + Z)|[12 = Wa(p, v).

The next corollary follows from the fact that p, Wa, do-

Corollary 4.12. For all € Po(R%), pu* py, LUEN L.

4.4. Measurability. We will need the following lemma to guarantee that, for v € W;(R%), we can find
versions of Gv% and 83?—; that are measurable with respect to (u,v) € Z(R%) x RY,

Lemma 4.13. Let u : E — L*(R%) be a continuous function, where E is a metric space and k > 1.
Then, for all 2 € E, we can find a version of u(z) such that (x,v) € E x R? + u(x)(v) is measurable with
respect to B(E) ® B(R?).

Proof. For (z,v) € E x R%, we define

iz, v) I 1
w(z,v) = lim ——————
WS NB (0, 1/))
where A denotes the Lebesgue measure on R?. From Lebesgue differentiation theorem (see Theorem 7.7 in
[25]), we deduce that for all z € E, 4(z, ) = u(x) A-almost everywhere. We prove that for all n > 1, u™ is
continuous. Note that m does not depend on v. The continuity of u™ follows from the continuity

[ u@dy= lm ao),
B(v,1/n)

n—-+00
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of v € E u(x) € L*(RY), v € RY = 1p3,1/m) € L¥(R%) (coming from the dominated convergence
theorem), and of (f, g) € L¥(R?) x L¥(R?) = [ga fodz. O

5. PROOF OF THEOREM 3.3

The proof will be divided into three parts. Step 1 is dedicated to prove that all the terms in [t6-Krylov’s
formula (3.1) are well-defined. In Step 2, we regularize u by convolution of the measure argument with a
mollifying sequence (py,)n. The effect of replacing u(u) by u(u * py,) is that the linear derivative is regular-
ized by convolution, in its space variable. Then, we apply the standard It&’s formula for a flow of measure.
We finally take the limit n — +o0o in Step 3 with the help of Krylov’s inequality.

Step 1: All the terms in (3.1) are well-defined.
Let us show that the two integrals in (3.1) are well-defined.

Measurability. Thanks to Lemma 4.13, we can find a version of &,% which is measurable with respect
to (u,v) € Z(RY) x R%. To conclude, we prove that s — s € 2(R?) is measurable. Indeed if it is the
case, the function (s,w) € [0,7] X Q — avg—#l(us)(Xs (w)).bs(w) will be measurable by composition. First,
note that us € 2(R?) for almost all s € [0,T] (see Corollary 4.4) so we can change ys on a negligible set
of times s to ensure that ps € 2(RY) for all s € [0,T]. But ps = HEI_EOO s * pp, for de by Assumption

(H2) in Definition 2.3. It remains to show that s — ps*p, € 2(R%) is continuous and thus mesurable for
all n. This follows from the continuity of s — s € Po(R%) and also from Assumption (H1) in Definition
2.3.

Integrability. We can omit the coefficients b and a to prove the integrability properties because they are
uniformly bounded. Taking advantage from the existence of a density coming from Proposition 4.3, we

have by Hélder’s inequality
T
ds = / /
0 R4
T

/TE ou
0
<)
0

av%
T
< /0 O (14 905, M ey ) 19 My s,

0,5 (1) (0)

05 (1))

(,us)(Xs) p(s,x) dx ds

llp(s, ')HLk’(Rd) ds
Lk(Rd)

for some constant C' coming from Assumption (2) in Definition 3.1 because the flow (js)s<7 is compact
in Py(R?) and belongs to Z(R%) for almost all s. The last bound is finite thanks to Lemma 4.5 since
kE > max{d(a+ 1),d + 1}. The same properties hold for the term involving 83(?—7?1.

Step 2: Itd’s formula for the mollification of w.

For n > 1, we set u™ : u € Po(R?) = u(p * p,,). By standard arguments, for each n > 1, v has a linear
derivative given by

Now, we aim at applying the standard It6 formula for a flow of probability measures (see for example
Theorem 5.99 in Chapter 5 of [9] with the L-derivative) to u™ for a fixed n > 1.
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(i) Regularity of ‘?‘—mn(u) nfor a fixed p € P2(R?). Since for all € Po(RY), p* p, € P(RY),
Proposition 4.9 implies that $%-(u)(.) € C*°(R?) and for all 4,5 € {1,...,d}
ou" ou ou" ou
8%-%(#) = avZ 5, (,u * pn) * p, and avi vj %(N) = 81)1- vj %(N * pn) * Pn-
(ii) Continuity of 81,% and 812,‘3;‘—?7: with respect to (pu,v). Let i € {1,...,d}, (im)m € P2(RHN
and (V;)m € (RON be sequences converging respectively to p and v. We have

oum oum

0, 2 () () — B 2 (1))
<[00 ) 0m) = 00 S )| 00 5 000 = 0 5 00
=:D; + Dy

D5 converges to 0 when m — +o00 by (7). For Dy, the convolution inequality L¥ * LF" gives that

ou ou
Dy = |0y, — 5 (tem * pn) * pn(Vm) — Oy, — 5 (1 * pn) * pp(vm)
ou ou
< |[Ovi — (Nm * pn) — Ov; = (:U * Pn) HanLk’-

Assumption (H1) in Definition 2.3 provides that i, * p, d—‘@> W * pp, when m — 4-o00. Finally, using the
first assumption in Definition 3.1, we conclude that D; converges to 0 when m — +o0o. This shows the
continuity of av%“—mn on Py(RY) x R%. The same reasoning proves the joint continuity of 92 ‘Z#n .
(iii) Boundedness of 8, %% and 812,%. Let K C P2(RY) be a compact set. For p € K and v € RY,
one has
]

The set {p * pp, p € K} is compact in (Z(R?),ds») as the image of the compact K by the application
p € Po(RY) = pxp, € Z(R?) which is continuous by Assumption (H1) in Definition 2.3. The first

avzg (1 * pn)

HanLk’-
Lk

assumption in Definition 3.1 guarantees that sup,cx avl - L (o pn)‘ LR < 400 and thus
ou'
sup sup 81,5—(;0(21) < 0.
veRI pe m

The same property holds for 83‘?‘—;.

We can thus apply It6’s formula of [9] to obtain that for all n > 1 and for all ¢t € [0, T]

() = u" (s + /OtE(aviin:ms)(Xs)-bs) dst /0 (a2§“< ><Xs>-a5) ds.  (5.1)

Step 3: Letting n — +oo.

Our aim is now to take the limit n — 400 in (5.1). As for all u € Po(RY), pu*py, LEN w1 and wu is continuous
on Py (RY), we deduce that (u™),, converges pointwise to u. It remains to take the limit in the two integrals

of (5.1). We show that
/OtE <8v?b—mn(ﬂs)(Xs) . bs> ds — /OtE <av§—:L(Ms)(Xs) . bs> ds. (5.2)

Since b is uniformly bounded, it is enough to prove that

T
E/
0

ou

% d8—>0

81)55_,:1’(//' * pn) * pn(Xs) - 81)

(1s)(Xs)
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By Proposition 4.3, Hélder’s inequality and then the L! % L¥ convolution inequality, one has

E/T ou
0

avé_u(,us % pn) % pn(Xs) — Op—— (1) (Xs)
T
<

T
/
0

=11 + Is.

ds

ou ou
81)%(:“8 * pn) - 81)%(:“8)

Ip(s, ‘)HLk’(Rd) ds
Lk(Rd)

ou

ou
av%(NS) * Pn — av%(NS)

Lk(R) oG, )l ey s

The integrand in I converges to 0 for almost all s using Assumption (1) in Theorem 3.3 and the fact that

s * Pn d—‘@> s for almost all s thanks to Assumption (H2) in Definition 2.3. Let us now prove that the
dominated convergence theorem applies. The integrand is bounded by

ou
[sup av—(,us)
n>1 LF(R)
Note that the set {jis * pn, s € [0,T], n > 1} U {1, s € [0,T]} is compact in Po(RY). Indeed, if (s);, €

om
[0, T]N and (ng)r € NN are two sequences, we have to find a convergent subsequence from (i, * pn, k-
Up to an extraction, we can assume that (sg)i converges to some s € [0,T]. There are two cases. If there

il

ou
8@%(#3 *pn) ] ||p(57')HLk’(Rd)'

Lk(Rd)

exists [ such that nj; = [ infinitely often, then p, * p; W, s * pp by the contraction inequality (see Lemma
4.11). Otherwise, we can assume that (ny), converges to +00. We use the triangle inequality to get

Wahsy, * Pry,s ts) < Walhsy, * Py ts * Pry) + Walths * Py s fs)-
The last term converges to 0 owing to Lemma 4.12, and the first is bounded by Wa(us, , ts) by the
contraction inequality (see Lemma 4.11), which converges to 0. Thus Assumption (2) in Definition 3.1
ensures that there exists C' > 0 such that for almost all s € [0,7] and for all n

ou

Oy (s)

+ om

ou
81)%(:“8 * pn)

< C(1+ |lp(s,-) = pn”(zk’(Rd) + |Ip(s, ')”(zk'(Rd))'

Lk(R%) Lk (R®)

It follows from the convolution inequality L* % L' that for almost all s

ou
[sup av—(,us)
n>1 Lk(R%)
<20(1+ (s, )10 ) IP(3 Ml o ey

om
which is integrable on [0,7] thanks to Lemma 4.5 since k > max{d(«a + 1),d + 1}. We conclude by the
dominated convergence theorem that I; converges to 0. The term I, also converges to 0 following the same
method. Indeed, for almost all s, 31)?—;“,;(#5)(') € L¥(RY) thus the integrand converges to 0 by Lemma 4.8
and we conclude with the dominated convergence theorem. Therefore (5.2) is proved. Following the same
lines, we take the limit n — +o00 in the last integral of (5.1) to obtain that for all ¢ € [0, T

/OtE <8§?—mn(us)(Xs) . a8> ds — /OtE <83§—§l(ﬂs)(Xs) .a5> ds.

This concludes the proof of Theorem 3.3. O

d

ou
80%(,“5 * Pp)

] Ip(s, ‘)HLk’(Rd)
Lk(Rd)

6. PROOF OF THEOREM 3.12

The strategy of the proof is the following. In Step 1, we prove some integrability results coming from
Assumption (5) in Definition 3.10. Step 2 is devoted to prove that all the terms in It6-Krylov’s formula
(3.3) are well-defined using a localization argument, Krylov’s inequality, and Step 1. Moreover, we see
that it is enough to prove the formula up to random times localizing the process €. Step 3 is dedicated
to regularize u using convolutions both in space and measure variables. In Step 4 and 5, we follow the
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strategy of the proof of Theorem 5.102 in [9] to prove Itd6-Krylov’s formula for ™, the mollified version of
u. Finally, Step 6 aims at taking the limit n — +o0o thanks to Krylov’s inequality.

Note that there are three kind of integrals in It6’s formula (3.3): the terms involving standard time and
space derivatives in the first line, those involving the linear derivative in the second line and the martingale
term in the third line. We will treat them separately.

Step 1: Useful integrability results.
It follows from Assumption (5) in Definition 3.10 and Lemma 4.6 that for any M > 0 the following

quantities are finite:

T
Pp— . 2 . . ’
JI(M) i /0 |:i1;11)||a:vu(37 nus*pn)HLkl(BM) +igll)Haxu(s7 nus*pn)Hqu(BM) HQ(Sv )HLkl(BM) dS,
(6.1)

T
Pp— . 2 . /
Jo(M) = /0 ilgl) [Oxu(s, - ps * Pn)HL?h(BM) lq(s, )HLkl(BM) ds,

Jo(M) = /OTsup

n>1

avs_:L(S7 Yy Hs X Pn)()

. / . o/ d
L*2(By xR7) Jats )”LkZ(BM)”p(S’ )HLk2(Rd) %

ou
82_(37 Yy Hs ¥ Pn)()

v Sm HQ(37')HL1€’2(BM)HP(37 ')”Lkl2(Rd) ds.

Ji(M) = /OTsup

n>1

L*2(Bp xR%)

To prove this, we follow the method employed in Step 3 of the preceding proof to justify the dominated
convergence theorem. We just give details for Jo(M) since it requires a bit more attention. Owing to
Assumption (2) in Definition 3.10, we know that for all (¢, ) € [0,T] x Z2(RY), dyul(t,-,pn) € WhF(B).
Sobolev embedding theorem (see Corollary 9.14 in [3]) ensures that the embedding W1*1(Bys) < L?*1(Byy)
is continuous since k1 > d + 1. Thus there exists C > 0 such that

Vit € [OvT]7 Ve ‘@(Rd)7 Haﬁﬂu(tv 'nu)HLZkl (Bwm) <C <||8£Bu(tv 'nu)HLkl (Bum) + ||agu(t7 'nu)HLkl (BM)) :

Thanks to Assumption (5) in Definition 3.10, there exists a constant Cjs > 0 such that for almost all s
and for all n > 1

] 2 201
fgf 10zu(s, -, ps * pn) |72, (Bar) <Cum <1 + [Ip(s, )HLk’l (Rd)> ;

where we used the fact that {{s*pn, s € [0,T], n > 1} is relatively compact in P»(R?) and the convolution
inequality L* % L'. We conclude with Lemma 4.6 since k; > max{d(2a; 4+ 1),d + 1}. Note that these
integrability properties remain true if we replace ugs * pn by s and remove the supremum. We justify it
only for the second point. It follows from the continuity assumption (2) in Definition 3.10 that for almost
all s €[0,T]

whk1(B
1—(> ) 8$u(s7 ) MS)v

Ozu(8, -, fis * pn)
because s * pn, LEN us for almost all s. Sobolev embedding theorem guarantees that
[0zu(t, - 1 % pn)|| p2ra (By) 7 [0z u(t, -, )| L2 (Bm)
Thus we obtain

T
00 By (5 s, s < D) < o

Step 2: Meaning of the terms in (3.3) and localization.
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Let (Tar)ar be the sequence of stopping times converging almost surely to T defined by
Ty =inf{t € [0,T], |&| > M} AT.
Let ¢M = &7,,, which is bounded by M on the set {Th; > 0}.

(i) Terms involving standard derivatives in (3.3). We prove that almost surely

T
/ ‘81"&(3,65,#5) : 7]5’ ds < 400.
0

By Proposition 4.3 and Hélder’s inequality, one has

TNT T
E / Oyuls, € p1s)| ds < / / Bau(s, 2, s)a(s, 7) da ds
0 0 By

T
< [ 1ot sl g g, B
S JI(M)7
which is finite (see (6.1) in Step 1). We deduce that almost surely, for all M > 1

TN\
/ Bou(s, Eay )| ds < .
0

But it is clear that for almost all w €  and for M bigger than some random constant M(w) > 1,

Tyr(w) = T. Thus, since 7 is uniformly bounded, fOT |0z u(s, Es, pis)-ns| ds is finite almost surely. The other
terms in the first line of Itd’s formula (3.3) are treated with the same method.

(ii) Martingale term in (3.3). We need to prove that fOT |0zu(s, &, ps)|? ds is almost surely finite.
Reasoning as before, it is a consequence of the fact that Js is finite since we have

T
[ 10 s 5., s < o)
Therefore the martingale term in (3.3) is well-defined.
(iii) Terms involving the linear derivative in (3.3). We remark that X and £ can be seen as

independent processes on the product space Q x Q with £(X,) = p(s,-)dz and L(&) = ¢(s,-) dx for
almost all s. Holder’s inequality gives that

TNT v N 6
E / E |9,

0 8U_(87§87/”'8)(X5)
T
<]
0 B]wXRd
T

om
/ ou
<
0

ds

ou
av%(s, z, NS)(U) Q(Sy x)p(s, U) dx dv ds

81)%(37 ) :us)(')

= J3(M)7

which was defined in (6.1) and is finite. We deduce as previously that fOT E

almost surely finite. The term involving 83(?—:; is dealt similarly.

195, M g, 12655 g

Lk2 (B]w XRd)

8”(?_7?1(37 657 ,Ufs)(Xs)bNS ds is

Since all the terms in (3.3) are well-defined, it is enough to prove It6-Krylov’s formula for
u(t A Tar, &ntyy s ttaT,, ) almost surely for all ¢ € [0,7], and then take the limit M — 0o using the
continuity of the integrals in It6-Krylov’s formula with respect to t. So we fix 7 := Tyy for M > 1 and we
want to prove the formula up to time 7.
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Step 3: Mollification of wu.

Let u™ be the function defined by u"(t, z, p) := u(t, -, u* pp) * pp(x). It is clearly continuous on [0, 7] X
R x Py (R), as u. Since dyu is jointly continuous, it follows from Leibniz’s rule that u™ is C! with respect
to t and that we can differentiate under the integral i.e. for all (¢,z, ) € [0,T] x R% x Py(R?)

atun(t7 z, ,LL) = atu(ta X Pn) * Pn(x)a
which is also jointly continuous. As a result of Lemma 4.8 and Proposition 4.9, u™ is C? with respect to x
and we have

Ot (t,z, 1) = Opu(t, -, pu % pn) * pp(x) and  O2u™(t,x, pu) = O2ult,-, u* pn) * pn(z).
These two functions are continuous on [0, 7] x R? x Py(R%) by the dominated convergence theorem and
the fact that u is jointly continuous. We define g, by g (z,v) := pn(x)p,(v) for all 2,v € R%. Tt is easy to
see that (gp), is a mollifying sequence on R??. Next, we claim that for all (t,z) € [0,T] x R%, u"(t,z, -)
has a linear derivative given by

() (0) = St ) () % ). (62

This convolution is well-defined as g—% is jointly continuous. To prove (6.2), note first that the bound

of Assumption (3) in Definition 3.10 implies that for all (¢,z) € [0,7] x R?, % (¢, 2, u)(-) is at most of

quadratic growth, uniformly in g on each compact set. Since for all (¢,x) € [%mT] x RY, g;;fb (t,z,-)() is
continuous on Pa(R?%) x R?, the dominated convergence theorem proves that 5“ S—(t,z,-)(-) is continuous.
As explained in Remark 2.2, it is enough to compute, for i, v € Po(R%) and A E [0 1], the derivative with
respect to A of u™(t,z,my), where my = Ay + (1 — N)v. As recalled in the proof of Theorem 3.3, when

(t,z) are fixed
ou

iu(t T, K pp) = /
) AR = Sm
Thanks to the bound Assumption (3) in Definition 3.10 for all compact K C R%, one has

<C <1 + /Rd w2 d(p + u)(v)> .

We can conclude with the help of Leibniz’s rule and Fubini’s theorem that

d ou ~
Y (t,z,my) = /Rd %(t,-,m,\ * pp) * pp(x,v) d(pn — v)(v).

—(t,z,my * pr) * pp(v) d(p — v)(v).

sup sup u(t, z,my * pp)

zeK \€(0,1]

a4
d\

It follows from the joint continuity of 5;2 and Leibniz’s rule that ‘?L—m" is C? with respect to v and that

ou™ ou . ou .
8115—(757337#)(’0) - %(t s Hx pn)() * Upn(x7v) - av%(t Yy X pn)() * pn($,’U)

ou” ou . ou -
(5 om vom

Note that 8 " and 82— are continuous on [0, 7] x R x Py(R%) x R? thanks to the dominated conver-
gence theorem and the joint continuity of g_#y Moreover for all compact K C Po(R?) and for all M > 0

(220 e )

ou™
av % (ta €, N) (U)

Sup sup sup sup
te[0,T| pek |z|<M veR4

< H00. (6.3)

Indeed, Holder’s inequality ensures that

(020 )

ou”
av%(tv z, M)(U)

sup sup
|z|<M veR4

U ou
<

325

av%(tfaﬂ*pn)(') v Sm ( 7'7ﬂ*pn)(')

] 1l gy

Lk2(Bpr11 xR4) ‘ L¥2(Bpry1 xR4)
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the ball Bpsy1 coming from the fact that the support of p,, is included in Bj. Since K * p,, is compact in
P2(RY) and included in Z(R4), Assumption (5) in Definition 3.10 ensures that there exists C' > 0 such

that for all p € K
dp * py || -
< 1 nll o w .

But we know that d’&%(m) = /Rd pn(z —y) du(y). We conclude with Jensen’s inequality that

n

ou
81} % (t7 z, :u) (U)

|20 )

Sup sup sup
t€[0,7] |z|<M veR4

< lpnll®2

Lk,Q (Rd) Lkl (Rd)

dp* pn ||
dx

This proves (6.3).
Step 4: Ito’s formula (3.3) for u™ when the coefficients b and o are continuous.

We claim that (¢,z) — U™(t,x) := u™(t,z, ) € C12([0,T] x R%). The regularity with respect to = is
clear with the preceding properties on u™. Let us thus focus on the regularity with respect to the time
variable. For (t,z) € [0,T] x R fixed, the regularity assumption on u with respect to ¢ and the standard
It6 formula for a flow of measures applied to u™(¢,x,-) (see Theorem 5.99 in Chapter 5 of [9]) ensure that
we have for h € R satisfying t + h > 0

un(t + h7 z, Mt-l—h) - un(t7 Zz, ,Ltt) = un(t + h7 xz, ,ut-i-h) - un(tu z, Mt-l—h) + un(tu z, Mt-l—h) - un(tu z, Mt)

t+h t+h Su™
:/ Ou" (s, x, pyrp) ds —I—/ E (80%(t,x,us)(Xs) : bs> ds (6.4)
t t

1 t+h Su™
+ —/ <02 (t,x, ps)(Xs) 'a5> ds.
2 J; Im

The function (s,z,u) € [0,T] x R? x Po(R?) = 9yu™(s,x, ;1) is continuous so

1

t+h
—/ ou" (s, , pyrp) ds — O (t, x, jug).
h t h—0

The two other terms in (6.4) can be dealt similarly. Indeed, the dominated convergence theorem justified by
(6.3) ensures that the functions (s,z) € [0, T]xR% — E (0,3% (s, z, p1s) (Xs) - bs) and (s, z) € [0,T]xR?

E (029 (s, x, 15)(X,) - as) are continuous. Then, it follows that U™ € C12([0,T] x R?) and that for all
(t,x) € [0,7] x R

n n ou' 25 u™
QU™ (t,z) = 0" (t, 2, 1) + E 31)%@7957#1&)()(0 - by 2 9, v S ~— () (Xe) -a ) -
We can now apply the classical It6 formula for U™ and &£, up to the random time 7 defined at the end of
Step 2, to obtain that almost surely, for all ¢ € [0, 7]
tAT

1 .
un(t AT, ét/\T?“t/\T) = un(oa&]muO) + 8tun(875871u8) + Qvu"(s,ﬁs,,us) “Ns + _83’“”(57587/‘8) *VsVs ds
0

tAT _ (5’U, B N 1 tAT 9 5,“ _ _
+ E(a&Js@%x&wm>w+§A (a5<,@%m&»%>w
(6.5)
tAT

+ o 890“”(37 fsy ,Us) : (’Ys st)'

Note that (6.5) does not require Assumptions (A) and (B) on the It6 process X. These assumptions will
only be used in Step 6.
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Step 5: Removing the continuity hypothesis on the coefficients b and o.

We consider (b™),,, and (¢™),, two sequences of continuous and progressively measurable processes such
that

T
E/ 7 — bs|> + |0 — o4t ds — 0.
0

We set, for ¢t < T, X" := Xo + fg b7 ds + f(f o' dBg, and u® the law of X[*. Owing to Step 4, Itd’s
formula (6.5) holds true for X™ and £. Now, we aim at taking the limit m — 400 in (6.5). Note
that the set K := {u7, s < T, m > 1} U {us, s < T} is compact in Py(R?). Indeed, using Jensen’s

inequality and the Burkholder-Davis-Gundy (BDG) inequalities, it is clear that Esup|X;® — X;|> — 0,
t<T
thus sup Wa(uj”, p1e) — 0. We deduce that almost surely, for all ¢ € [0, 7]

t<T
un(tv 5157 M;n) m—>—+>oo un(t7 gfn Mt)

Now, we take the limit m — 400 in the integrals in It6’s formula (6.5).

(i) Martingale term in (6.5). Using BDG’s inequality, there exists C' > 0 such that

2

Esup
t<T

TNAT
< CE / 100" (5, €9, ™) — Dott™ (5, €, 1) 2Is 2 s
0

tAT
/0 (O™ (5, £0. 1) — Dyt (5, € 1) - (2 dB)

T
< CE/O |0pu" (5, &, ") — 896“”(37587ﬂs)‘213N1(§S)’78’2ds-

The dominated convergence theorem can be applied since 7 is bounded and d,u" is jointly continuous on
[0,T] x R? x Py (Rd). It shows that, up to an extraction, almost surely

tAT tAT

vVt < T, Ot (5,&s, 1) - (75 dBs) — 0, u"(8,&s, 1bs) + (75 dBs).

0 m——+00 0

(ii) Terms involving the linear derivative in (6.5). Let us write

tAT Sum N _ AT Su™ N _
[ (05 ) ) s [ B (05 ) (62) -5
TAT
[
0
TnAT
v E
0

=L+1

0, (5 ) X 07— ]

oum ~ ou”

8@%(37587#?)(‘)(?1) - av—('S,Es,Ms)(Xs)

5 |bs| ds

Cauchy-Schwarz’s inequality ensures that

TAT 2 1/2 T _ . ~
I < (/ E ds> (/ E[bm —bs|2ds>
0 0

We conclude that I; converges to 0 thanks to the bound (6.3) proved in Step 3 and since £ is bounded by
M on the set {7 > 0}. To show that Iy — 0, we use the fact that b is bounded by K to get

TAT n B n
I < K/ B ou ou
0

1/2
ou” ~

v e 9968y gn X;n
05— (5. &, ) (XT)

811—(87587“21)()(?) _80—(87587MS)(X8) ds.

om om
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The continuity of E?v%“—mn and the convergence in L? of (X7),, to X, ensure that for all w € Q,

&,?—mn(s, E(w), g (Xm) — av‘;“—mn(s, &s(w), ,us)(XS)‘ converges in probability on Q to 0 as m goes to infin-

ity. Using a uniform integrability argument coming from (6.3), we deduce that I converges to 0. Following
the same strategy, one has for all ¢ € [0, 7]

/MTE 82%(35 m(Xm)-an ) ds — /MTE 82%(35 )(Xs) - ds ) ds
0 v(sm Y 87:“3 S S Mm——400 0 U5m Y 87:“8 S S .

(iii) Terms involving standard derivatives in (6.5). It follows from the dominated convergence
theorem that almost surely, for all t < T

tAT 1 tAT
| O ) o ) st g [ 02 2 s
tAT 1 tAT 5
— (Opu™ (5, &5, pis) + Opu” (5, &, p1s) - Ms) ds + = 0u" (8, s, 1s)  VsVs dS.
m—+oo Jq 2 0

Indeed the functions d,u™, d,u™ and O?u™ are jointly continuous on [0,7] x R% x Py(R¢) and thus uni-
formly bounded on [0,T] x By x {u3", s € [0,T], m > 1}. Moreover, n and ~ are also uniformly bounded.

This concludes Step 5.
Step 6: Letting n — +oo.

From Step 5, we deduce that It6’s formula (6.5) in Step 4 holds for ™ up to time 7. To conclude the
proof, we need to take the limit n — +o0 in each term of (6.5). Then it remains to remove the stopping
time 7 as explained at the end of Step 2 (i.e. letting 7 — T'). The continuity of u ensures that almost
surely, for all ¢t < T, u"(t, &, pue) — u(t, &, ). We now focus on the integrals in 1t6’s formula (6.5).

(i) Martingale term in (6.5). Thanks to BDG’s inequality, Holder’s inequality, and the boundedness
of v, we have
2

Esup
t<T

T
< OE/O |02u(S, - fhs * pr) * pr(&s) — amu(safs,NS)PlBM (&s)ds

tAT
/0 (Opt” (5, Eus 1) — Ou(s, Ex. 1)) - (75 dBy)

T
- C/ / ’axu(su "y ,LLS * Pn) * pn(‘r) - 8Z‘u(37 .Z', /’LS)‘2q(s7 .Z') dﬂ}‘ dS
0 JBum
T 2
< C/O Ha:cU(S, 5 s ¥ pn) * Pp — a:cu(sa " IUS)HLZM(BM)”Q(S? )HLk’l (Bur) ds
T
< C/O Ha:cu(sa 5 s ¥ pn) * Pn — aﬂvu(s’ ) 'us) * PnH%%l (BM)”q(S’ )HLk/1 (Bwm) ds

T
+ C/O Hamu(s’ E /LS) *Pn — aru(37 ) MS)H%WH (BM)HQ(Sv )HLk’l (Bar) ds
=11 + Is.
We prove that I; and I converge to 0. First note that, due to the convolution inequality L * L', we have

for f € LT _(R%) and for all R > 0, ||f * pollerBr)y < I fllor( . The control on Br1 follows from the

loc

fact that the support of each p,, is included in B;. Hence

Bry1)

T
L < C/() ||8xu(37',,us*pn) _aiﬂu(sv'7:u8)||i%1(BM+1)Hq(S7 ')HLk’ ds =: 1.

1(Bm+1)
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As a consequence of Sobolev embedding theorem, for all ¢, the function
pe (PR, dp) — dyult, n) € L™(Bar11)

is continuous. Since ps € Z(R?) for almost all s and thanks to Assumption (2) in Definition 2.3, we
deduce that the integrand in I; converges to 0 for almost all s. It follows from the dominated convergence
theorem (see (6.1) in Step 1) that I converges to 0, as well as I;. We now focus on Io. The integrand
in I converges to 0 for almost all s because dyu(s,, us) € L**(Byr). We conclude with the dominated

convergence theorem as previously. This shows that, up to an extraction, almost surely

tNT tAT

0 aﬂ?u“(£7§87ﬂ$) ' (’YS dBS) - 0 896“(37657”5) : (’Ys st)

sup — 0.

t<T

(ii) Terms involving the linear derivative in (6.5). Following the same strategy, we obtain using
Holder’s inequality

AT Sum _ ~ tAT Su B ~
E E 81)— S8y Ms Xs ’bs d _/ E<av_ S8y Ms Xs bs) d
| [B (0,50 s ) (X)) as - [ LOMRIE SHARE
<EE/TMa—5“n( o 10) (K):6s — 002 (s, 0, 1) (X)) d
= o vSm 5,85y Ms s)-Us v Sm S,Gsy Ms s)-Os| AS
_ (T sum L~ ou ~ ~
< - b — 0. .
BB [ 055, 6t (80) By = 0, 5 (5062000 (K0) | Ly (6
T ou” ou
§C/ / Op—(8,, us)(v) — Op—1(s,, us)(v)| q(s,x)p(s,v) dx dv ds
] |0 ) 0) g o 1)) a0
T ou ou

go/
0

The dominated convergence theorem justified by Assumption (4) in Definition 3.10 and (6.1) in Step 1

ensures that this term converges to 0. The same argument holds true for the term involving 83(?—;2

O (8: s s pn) () * P = Do (s, ps) () llaCs, M e g,y I1PCS5 Ml gy gy -

L¥2(Bpr xR4)

(iii) Terms involving standard derivatives in (6.5). The convergence of the term involving d;u” in
(6.5) follows from the continuity of d;u on [0,7] x R? x P(R%) and the dominated convergence theorem
since almost surely on the set {7 > 0}

sup sup |Ou"(s,&s, us)| < sup sup sup |Opu(s,x, ps * pp)| < +o0.
s€[0,T] n=>1 s€[0,T) n>1 |z|<M+1

For the spatial derivatives, Holder’s inequality ensures that

tAT tAT
E sup Ozu™ (8, s, phs) - Ms ds — Ozu(s,&s, ths) - s ds
0

t<T

0
T
<C /0 |0zu(s, -, pis * pn) * pn — Ozu(s, -, “S)HLkl(BM) la(s, ')HLk,1 (Bum) ds.

The right-hand side term converges to 0 with same reasoning as before. This shows that, up to an
extraction, one has almost surely

tAT tAT

aiﬂun(s7gsmus) *Ns ds — 8xU(S,£S,/LS) *Ns ds
0 0

— 0.

su
D n—-4o0o

t<T

The term involving d2u in (6.5) is dealt similarly.
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Taking the limit n — 400 in (6.5), up to an extraction, we conclude that almost surely, for all ¢ € [0, T]

U(t A T, St/\Ta Mt/\T) - U(O, 507 NO)
tAT

tNT 1
+ /0 (8tu(37 587 ,LLS) + 81‘“(37 687 MS) . 778) dS + 5 0 85“(87 587 ,LLS) . ’YS’.Y: dS

tAT ou B ~ 1 tAT 9 du _ ~
#[TB (o e bR 6 s g [ B (R () ) ds
tAT

+ ) a:cu(sa &s) ,Us) : (’Ys st)'

This ends the proof as explained in Step 2. O

APPENDIX A.

A.1. Proof of Example 2.4. (1) It follows from the contraction inequality in Lemma 4.11 and Corollary
4.12.

(2) To prove (H1), we fix n > 1 and p; LEN p € P2(R?). For v € Po(RY), the density of v * p,, is given
by

2R s v(o) = [ pule— ) dvly)
Rd
Hence,

di(pj * pn, 1o * pp) = H/Rd pr(- = y) dpi(y) — /Rd pn( = y) du(y) L¥ (Rd)

Using Lemma 4.10, we conclude that dj(; * pn, it * pp) —+> 0. For (H2), let 4 € 2(R?) and denote by
]—) [ee]
f € LF (RY) the density of y. For n > 1, we have

WAL oy 25 5,
dx

owing to Lemma 4.8.

0

A.2. Proof of Example 3.6. Let us give the detailed proof in the bilinear case N = 2. It is standard
(see Example 4 page 389 in Chapter 5 of [9]) that u has a linear derivative given by

ou (1) (v) Z/Rdg(v,y) du(y) +/Rd 9(y,v) du(y).

om
We will only treat the first term since the other one can be dealt similarly.

Computation of the distributional derivatives and continuity: Let u € Z(R?) and f € LD (R4)
be its density. By interpolation, we know that f € L (R%) for all » > d + 1. Let ¢ € C®(RY)
and ¢ € {1,...,d}. Using Fubini’s theorem, justified by the quadratic growth of g and the fact that
fdx € P2(R?), we have

/Rd (/Rd g(z,y) f(y) dy) O, p(v) dv = /Rded 9(0,9) £ ()0, (v) dy dv.

Let us define f,(x) = @(flgn) * pp(x), for n large enough to have u(By) > 0. The function f, is a

probability density which is in C2°(RY). It easily follows from Lemma 4.7, Lemma 4.8 and the dominated
convergence theorem that

£ and £ (A.1)



26 THOMAS CAVALLAZZI

For a fixed n > 1, we have by definition of the distributional derivative

/ 9(0,9) () Ouy () dy dv = / B, (0, ) fo () (v) dy dv. (A2)
RIxR4 R4xR4

Our aim is to take the limit n — 400 in both side of the previous equality. Using Fubini’s theorem, the

left-hand side term is equal to
/ ( / 9(v,y)0, o(v) d’v> fn(y) dy
R4 Rd

[ sy
RIxR?

Moreover, it converges to

Indeed, f, LUEN f and the function y +— fRd g(v,y)0y,;p(v) dv is continuous and at most of quadratic
growth. For the right-hand side term, we prove that

Lo s fate@dido > [ 0ugo.)fwpto)dydo

RIxR4
Note that the limit is well-defined using Holder’s inequality

/ 190,90, 9) f (9)p(0) | dy dv < ]l oy / (0100, g, ) o ey v
RixR4 Rd

The right-hand side term is finite because v + ||y, g(v, *)|| L (ma) € L*(R?). The same inequality shows
that

|0 (o) — F)e(w)dy o

RIxR4

thanks to (A.1). Taking the limit n — 400 in (A.2), we deduce that :

[ sea)f@usydyde == [ 0.g00)f0)eto) dy do.
RIxR? RIxRY

Hence, the distributional derivative of v — fRd g(v,y)f(y)dy is given by the function

v [ sy

n—-4o0o

<o = Ty | 0000 s do = 0.

Moreover, it belongs to L* (Rd) because applying Hélder’s inequality, one has
e

Note that this inequality and the linearity in f justify that u € (Z2(R9),dy) Jra Oug () du(y) €
L*(RY) is continuous with

Following the same lines, we show that the distributional derivative of order 2 of g—;jb(,u), for u € 2(RY),
is given by the R%®“-valued function

vr—>/89vyd,u /8 9(y,v) du(y).
It is also a continuous function from (2 (R%),d},) into L¥(R?). Indeed, as previously, we obtain :

dp
‘ Az HVngLk(Rded)' (A.4)
Tl (rd)

k
k k
d’U S /1:{11 Havg(v, )”Lk(Rd)”f”Lk/(Rd) d’U

/ dwg(v,y) f(y) dy
Rd

= HangIZk(Rded)HfHIZk’(Rd)‘

0, 2 ()

om

qm
|| dx

IVl Lk maxra)- (A.3)

Lk (R?) Lk/(Rd)

ou
83%(;1)

é ‘

Lk(R%)
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Growth property: Using the inequalities (A.3) and (A.4) of the previous step, one has for all u € 2(R%)

ou du
- < ||ZZ
% 5m( 2 _‘dx

20

+ om

1Vl rascmey + Vg s ety | -

LF(RA) LF(RA) LF (R%)

The second point in Definition 3.1 is thus satisfied with o = 1 because we have supposed that k& > 2d.

In the general case N > 2, one can show following the same lines that v admits a linear derivative and
that for all u € 2(RY), its distributional derivative is given for all v € R? by

Z/ ) 9(z1, .., xj—1,0, 2541, ..., an) dp(zr) ..o dp(xj—1) dp(zjsr) - .. dp(zy).
R

Denoting by f the density of g and using Hoélder’s inequality, we obtain as previously that for all j €
{1,...,N}

e

= 10,91 ey L1 -

k
dv

/(Rd)Nl 02, 9(T15 -, Tj—1,0, T4 1, -+ TN) A1) - oo dp(j—1) dp(xjg1) - - - dp(zy)

We easily show that p € (2(R?),dg) — 0y 2% () € LF(R?) is continuous and the same properties hold
for the distributional derivative of order two. We deduce that u € Z(R9)

‘ ou

a _

5, (1)

The second point in Definition 3.1 is thus satisfied with & = N —1 because we have supposed that k > Nd.
O

25u du N 2
52 <[ 1Vl gty + IVl ey | -

5m dx

LF(R4) ‘ LF(R4) LF (R)

A.3. Proof of Example 3.8. Note that f*x and u(u) are well-defined for p € Po(R?). Indeed, it follows
from Sobolev embedding theorem (see Corollary 9.14 in [3]) that f € C*(R% R) and d,f € (L>®°(R%)).
Thus f is at most of linear growth. Since f is continuous and at most of linear growth, it is easy to see
that w has a linear derivative given by

ou z
i€ Po(RY), Yo € RY, < () (v) = f + pl(v) + [ p(v),
where f(z) = f(—x) (see Example 2 page 386 in Chapter 5 of [9]). An easy computation based on Fubini’s
theorem shows that the distributional derivatives of order 1 and 2 of %(u) are given by

s _ -
Vi,j e {1,....d}, { Ouig (1) = Ouifx ot Ori frr 1
8v1v35m(u) :8vivjf*:u'+avivjf*:u'a
as elements of LFT!1(R?). These functions are continuous with respect to u € Po(R?) owing to Lemma

4.10. It remains to apply the first point in Remark 3.2 to conclude.
O

A 4. Proof of Example 3.9. The function u is well-defined and continuous because Vg € L>°(R%) and
is continuous thanks to Sobolev embedding theorem. Thus g is at most of linear growth. It follows from
the continuity of p € Po(RY) — fRd g dp that the function u admits a linear derivative given by

V(o) € Po(RY) x R, 2 () = g(0)F" ( /| dgdu> .

We thus have in the sense of distributions

Yu € Po(RY), Yo € RY, 9, f—“( )(v) = Vg(v)F' </Rdgdu>.
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Moreover, the function
ou

€ Pa(RY) = v (1)(-) € L*(RY)

is continuous because F € C'(R;R) and Vg € L¥(R?). The same reasoning proves that
0
i€ PalRY), o € R 322 (0 (0) = Va0)F ([ adn).
om R4
and that the function

0
i€ Po(RY) = 9= (u)() € L*(R)
is continuous. We conclude that v € W;(R?) with Remark 3.2.
O

A.5. Proof of Example 3.13. The function u is well-defined and continuous. Indeed, Sobolev embedding
theorem implies that Vg € L>(R%) and is continuous. Hence g is at most of linear growth. Following the
same method as in the proof of Example 3.6, we obtain that

Vue 2RY), dpu(-,p) = y 029(-,y) du(y).
Moreover
dp
i€ PRY, ot wllrs < [Valosen ||
LV (R4)

This yields the continuity of the function
p € (PRY),dy) — Opul(-, n) € LF(RY).

Moreover, keeping the notations of Definition 3.10, Assumption (2) is satisfied and setting oy = 1, As-
sumption (5) is satisfied because we have supposed k& > 5d. The same holds true for 92u. Since g is
continuous and at most of linear growth, the linear derivative of u satisfies Assumption (3) in Definition
3.10 and is given, for all z,v € R? and for all u € P (R?), by

S (a,)0) = g(a ).

As Vg € (WHF(R?))4, Assumption (4) in Definition 3.10 is satisfied, as well as the growth property in
Assumption (5) with ag = 0.
]

A.6. Proof of Example 3.14. As in A.5, the function u is well-defined and continuous because Vg €
L>*(R%) and is continuous. Thus ¢ is at most of linear growth. It is clear with the assumption on VF

that for all p € Po(RY), u(-,p) € V[/Iifl (R%). It follows from the continuity of u € Po(RY) — [gagdu
that the function

1€ PoRY) o Qyu(o ) = 0, ( / dgdu> € (W (Bg))Y,

is also continuous for all R > 0. Moreover, it is easy to show with Remark 2.2 that for all z € R?, u(z, -)
admits a linear derivative given by

Vo) € PalRY) x R 2 ) (0) = 00, (o, [ g}

Assumption (3) in Definition 3.10 is clearly satisfied because JyF is continuous. Next, we compute the
derivatives of %(, 1) (+) with respect to v in the sense of distributions. For ¢ € C°(R??) and p € Po(R?),
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Fubini’s theorem ensures that

/R ), F <;p /R dydy) 0y (x,v) da dv = /R d ( /R 9(0)u0(,v) dv) o,F <x /R dgd,u> as
_ _/Rd (/Rd Vo(v)b(z,v) dv> 0, F <a;,/Rdgdu> do

= —/ <Vg(v)8yF (x,/ gd,u>> ¢(z,v) dx dv.
R2d R4
This proves exactly that

i € Pa(RY), Vo, € RY, 8,2 (@, 1) (0) = Vg(0), F ( / gdu) |
5’171, Rd

Since Vg € L*(R?) and 0, F (-, [ga g dp) € L>®(Bg), for all R > 0 and p € P>(R?), the function
J
(z,v) € Bp x R > &,%(x,,u)(v)

belongs to L*?(Br x R%). Moreover, the function

b Po(RY) 5 0,2 (- )() € (B x RY)

is continuous because F' € CY(R? x R;R) and thus y ~ 0, F(-,y) € L®(Bg) is continuous. The same
reasoning proves that

ou

Vi € Po(RY), Va,v € RY, 02— (2, ) (v) = V2g(v)9, F (%/Rdgdu> :

om
and that the function

1)
pe Pa(RY) = 5= (-, p)(-) € LM (Br x RY)

is continuous for all R > 0. We conclude that u € Wy(R?) with Remark 3.11.
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