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LOCALIZATION OF EIGENVECTORS OF NON-HERMITIAN BANDED
NOISY TOEPLITZ MATRICES

ANIRBAN BASAK, MARTIN VOGEL, AND OFER ZEITOUNI

ABSTRACT. We prove localization with high probability on sets of size of order N/log N for
the eigenvectors of non-Hermitian finitely banded N x N Toeplitz matrices Py subject to small
random perturbations, in a very general setting. As perturbation we consider N x N random
matrices with independent entries of zero mean, finite moments, and which satisfy an appropriate
anti-concentration bound. We show via a Grushin problem that an eigenvector for a given
eigenvalue z is well approximated by a random linear combination of the singular vectors of
Pn — z corresponding to its small singular values. We prove precise probabilistic bounds on the
local distribution of the eigenvalues of the perturbed matrix and provide a detailed analysis of
the singular vectors to conclude the localization result.

1. INTRODUCTION AND STATEMENT OF RESULTS

1.1. The setting. The spectrum of non-Hermitian operators is inherently sensitive to tiny per-
turbations due to the fact that their resolvent may be large even far away from the spectrum.
This is in stark contrast to the Hermitian case, where due to the spectral theorem, the norm of the
resolvent is effectively controlled by the distance of the spectral parameter to the spectrum. This
spectral instability of non-Hermitian operators, although traditionally an adversary for numerical
analysis [70, 72|, has recently shown itself at the origin of beautiful new results in a variety of con-
texts. For instance in the theory of non-linear partial differential equations for instance, spectral
instability may help to explain the blow up in finite time of solutions to certain non-linear diffusion
equations which, when solely studying the spectrum of the linearized operator, were expected to
have stable solutions [58, 54, 30].

In mathematical physics non-Hermitian operators appear in a large variety of subjects, such
as open quantum systems [50, 51, 52|. In quantum mechanics, the study of scattering systems
[26, 37, 60, 66, 48, 25| naturally leads to the concept of quantum resonances which can be described
by the eigenvalues of a non-Hermitian operator obtained from a complex deformation [66] of a
Hermitian quantum Hamiltonian. In physical models an “ideal” operator can be perturbed by
many different sources, some of which are uncontrolled by experimentalists. To account for these
error terms disorder is introduced and, in view of the phenomenon of spectral instability, it is
therefore relevant to investigate the influence of random perturbations on the spectral data of
non-Hermitian operators. The recent works [62, 41, 24] investigate for instance the distribution of
the quantum resonances of random Schrédinger operators such as the celebrated Anderson model
[6].

In this paper we consider large deterministic non-Hermitian N x N Toeplitz matrices Py
with small additive random perturbations. It was shown in a series of recent results that the
spectra of such matrices, apart from finitely many fluctuating outliers |7, 8, 9, 65, 64], mimic the
absolutely continuous spectra of the associated infinite dimensional Laurent operator on Z. This
is particularly striking since a perturbation of size O(N~%°) is sufficient to produce this effect,
whereas the spectrum of the unperturbed matrix is far from the spectrum of the Laurent operator.

The aim of this paper is to discuss the eigenvectors associated with the eigenvalues of such
perturbed Toeplitz matrices. Are the eigenvectors localized or delocalized? The precise meanings
of these notions vary over different subjects, however, they all serve to capture how much an ¢2
normalized eigenvectors concentrates on or spreads out over certain parts of its support.
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In random matrix theory there are several ways of testing for localization or delocalization of
¢? normalized eigenvectors 1. One way is by comparing their /7 norms for 2 < p < 400 with
N/P=1/2 Complete delocalization is said to occur when |[¢)||, = O(N/P~1/2) (up to some loga-
rithmic factors) since N'/P=1/2 is the £7 norm of the fully delocalized vector (N~1/2,... N~1/2),
Conversely localized eigenvectors have a large /P norm, as for instance the fully localized vector
(0,0,1,0,...,0) has ¢Z norm equal to one. These notions were used for instance to prove delocal-
ization via optimal /7 bounds of the eigenvectors of Wigner matrices [29, 28|, for non-Hermitian
random matrices [56], and for the adjacency matrix of Erdés-Rényi graphs [27]. Recently, local-
ization and delocalization of eigenvectors for the adjacency matrix of critical FErdés-Rényi graphs
were established in [2].

There is a complementary notion of delocalization, known as no-gaps delocalization, which
asserts that for any subset I C [N], with [I| reasonably large, one has [[¢[;2(;) 2 [I| (again
allowing for logarithmic factors). Recently, such delocalizations have been established for Wigner
matrices and matrices with independent and identically distributed (i.i.d.) entries (cf. [56, 43, 45]).

In the field of quantum chaos [59], in the setting of Hermitian pseudo-differential operators,
localization and delocalization of normalized eigenvectors are studied via their associated semi-
classical defect measures. Translated to the matrix setting |5], we note that ) 5:1 |v(z) |25, where
0, denotes the Dirac measure at z, defines a probability measure. One says that quantum ergodic-
ity occurs when 32N a(z)[1(x)|? is close to + SNV a(x) for most eigenvectors v, and uniquely
quantum ergodicity occurs when this holds for all eigenvectors. In contrast, scarring occurs when
we have concentration of the form > ., [¢(2)]* > 1 —¢, € > 0, of the eigenvector on some small
set A. On the other hand, if |9, < N7®) for some f(p) # 1/2 — 1/p, then the eigenstate 1 is
termed to be non-ergodic and multi-fractal [44]. These notions were recently applied to the study
of the eigenfunctions of the discrete Laplacian on large regular graphs [3, 4|, and to the proof
of delocalization of eigenvectors of generalized Wigner matrices [16]. See also [10] for results on
deformed Wigner matrices.

In this paper we prove that the eigenvectors of non-selfadjoint Toeplitz matrices subject to small
random perturbations localize on a set of cardinality N/log N in the sense that they scar on a set
of size N/log N with probability close to one.

To the best of our knowledge, this is the first instance where localization results are proved in
the setting of noisy perturbations of non-Hermitian matrices.

It will be seen below that for eigenpairs (A, 7)), the length of the localizing set for ¢) and the
rate of decay of the slowest decaying pure state associated to A have the same order of magnitude
(see Remark 9.4). On the other hand, pure states can be related to the Lyapunov spectra of the
associated transfer matrices (cf. [7, Section 1.2]). Therefore, the reader may note that our result
on the localization has the same flavor as the one predicted in the case of the random Schrédinger
operator on a strip, where it is conjectured that the rate of decay of eigenfunctions is neither
slower nor faster than the one prescribed by the slowest Lyapunov exponent (see [33] and the
references therein).

1.2. The results. Let N+ € Z be such that —N_ < N, and either Ny # 0 or N_ # 0. Let
a; € C, i € Z, be such that ay, # 0, a_n_ # 0, and a; = 0 for i ¢ [-N_, N,|. Introduce

the symbol p(¢) = ij\]_ a;j¢™7 and the associated N x N Toeplitz matrix Py with entries
Pn(i,j) = a;—j, that is

apg  a—1 ... a_n_

a  ay a—1

Py=| - e e . 1.1
N CZN+ ()

an, e ap
(We refer to Section 4 for an introduction to the terminology, especially with respect to symbols.)
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We consider in this paper noisy perturbations of Py of the form
PR =Pv+N7Qn, v>1, (1.2)

with @n an N x N (random) matrix satisfying Assumptions 1.1 and 1.2 below. The first assump-
tion is on the existence of finite moments.

Assumption 1.1. Let {Qi,j}f-yj:l be the entries of the N x N noise matriz Q = Qn .

(i) The entries of Q are jointly independent and have zero mean.
(ii) For any h € IN there exists an absolute constant € < oo such that
N
max E[|Q;,;|*"] < €.
3,7=1
For notation convenience, we take the sequence €, increasing in h. To introduce the second
assumption, recall Lévy’s concentration function, defined for any complex-valued random variable
X and € > 0 by

L£(X,e) ¥ sup P(IX — w| < o). (1.3)
weC

Assumption 1.2. Assume that there exist absolute constantsn € (0,1] and C12 < 00, such that
L(Qij,e) < Croe™™, (1.4)
for all sufficiently small € > 0, uniformly for all N and i,j € {1,2,...,N}.

(The standard example of a noise matrix satisfying Assumptions 1.1 and 1.2 is the complex Ginibre
matrix, i.e. with i.i.d. entries that are standard complex Gaussian variables.)

It was recently shown in [7, 8, 64, 65] that all but o(N) of the eigenvalues {\M} of P]C\% , lie in
a small neighborhood of the curve p(S!), where S! := {z € C : |z| = 1}; in fact, it was shown in
those references that the empirical measure of eigenvalues of P]C\? »

N
Ly = N_lz(s)\gv, (1.5)
=1
converges weakly to the push forward of the uniform measure on S! by p. As part of our study,
we will obtain more precise information, and show (see Theorem 1.5 and Sections 5-7) that most
of the eigenvalues lie in certain neighborhoods of width of order log N/N that are separated from
p(S1) by distance of the same order.

Our goal in this paper is to study the eigenvectors associated with the latter (random) eigenval-
ues. Roughly speaking, we will show that those we will show that those eigenvalues 2 away from
certain isolated bad points of p(S!) have corresponding eigenvectors which are close to a random
linear combination of the eigenvectors e; of (Py — 21)*(Pn — £I) associated with its smallest
eigenvalues. In particular we will show that this random linear combination of vectors localizes at
scale N/log N. To state our results precisely requires the introduction of some machinery, which
we now do.

Sometimes, the symbol p possesses a natural contraction, defined as follows. Set

g(p) = ged{|j| : j # 0 and a; # 0}. (1.6)
If go := g(p) > 1 then p(¢) = ¢p(¢&°) for some Laurent polynomial g,. If go = 1 then ¢, = p. For
e > 0 and a set B C C, B¢ denotes the e-blow up of B, that is the Minkowski sum of the sets B
and D(0,¢), the open disc of radius € centered at zero.

Definition 1.3 (Set of bad points). Let By be the collection of self intersection points of q,(S'),
and let By be the set of branch points, i.e. points z where the Laurent polynomial p(-) — z has
double roots. Set By := By U By and Gy := p(S') \ BS.

In Definition 1.3, a point w € C is a self intersection point of g,(S*) if there exist ¢; # (2 € S! so

that q,(C1) = gp(¢2) = w.
Throughout the paper, we make the following assumption on the symbol p.

Assumption 1.4. The symbol p satisfies a_n_,an, # 0, and By is a finite set.
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Under Assumption 1.4, B, is a finite set. Indeed, Bs is precisely the set of all z’s such that
the discriminant of the polynomial ¢ + ¢"+p(¢) — z vanishes, and [15, Lemma 11.4] yields that
B; is a finite set. We note that by [40], unless N_ = N4 and |a_y_| = |an, |, Bi has cardinality
bounded above by (Ny + N_ — 1)2, so symbols avoiding this situation satisfy Assumption 1.4.
For z € C let

d(z) = indp,(g1y(2)
denote the winding number of the curve p(S!') around z. We now describe the collection of
eigenvalues of interest to us. For 0 < ¢,C < oo and N large enough so that 2C'log N/N < ¢, set

Q(e,C,N) :={z € C:C tlog N/N < dist(z,G,c) < Clog N/N,d(z) # 0}, (1.7)
where for a set B C C and w € € we denote dist(w, B) := infyrep |w — w'|. Let Noe oz Ny =
{AN € Q(e,C, N)}| denote the number of eigenvalues of Pﬁﬁ that lie in Q(e,C, N).

The following theorem, a combination of the convergence of Ly discussed above and Theorems
5.4, 5.7, and 7.1 below, shows that most eigenvalues of P]f,g,y lie in (e, C, N) for appropriate ¢, C.

Theorem 1.5. Let Assumptions 1.1, 1.2, and 1.4 hold. Fix u > 0 and v > 1. Then there exist
0 <ers5,Crs < oo (depending on «y, p and p only) so that

P(NQ(al.SaCL&N),N,’Y <(1- /‘)N) —N—oo 0. (1.8)

Theorem 1.5 may be of independent interest since it improves upon previous results [7, 8, 64, 65|
by providing a much sharper estimate on the position of the eigenvalues of P]C\% . We refer the
reader to Sections 57 for its proof. In what follows, we fix p > 0, v > 1 and consider the €15
and C'1 5 determined by Theorem 1.5. We then consider eigenvalues )\ZN € Qe15,C15,N). By

Theorem 1.5, most eigenvalues are of this type. Notice also that for any z € Q(e15,C15,N), we
have that d = d(z) # 0.
The main result of this paper is the following description of the (right) eigenvectors of P]e ”

Theorem 1.6. Fiz 15,C1.5 and the notation as above.
1. The following occurs with probability approaching one as N — co. For each z € Q(e15,C1.5,N)

which is an eigenvalue of P]C\?w let v =v(2) denote the corresponding (right) eigenvector, normal-
ized so that ||v||a = 1. Then there ezists a vector w with ||w|2 =1 such that

o —wll2 = o(1), (1.9)
and a constant ¢ > 0, depending on 7y, so that for any £ € [N],

w]lgz(e,ny) < e 8NN /e, if d >0,

—cflo : 1.10
w2 n—gy < e 8NN jeif d < 0. (1.10)

The vector w can be taken as a (random) linear combination of the |d| eigenvectors of (Pn —
z2I)*(Pny — z2I) corresponding to the |d| smallest eigenvalues.

2. Fiz zg = 29(N) € Q(e15,C15,N) deterministic, Cp, Co large, and n > 0 small. Then, there
exist constants ¢ = c1(n, Co, Co) and co = co(y) € (0,1), with cg — 1 asy — 1 and cg — 0
as y — 00, so that, with probability at least 1 — 1, for every 2 = AN € D(zp,Colog N/N), any
0< <V <CyN/logN satisfying £ — € > N and all large N,

HwH?Q([M/D > (0 —0)log N/N, if d >0,

ol ) > (6 — log N/N, i d < 0. (1.11)

Further, for any 0 < ¢ < Cy,

||v\|?2([1 N/ log N]) > /2, if d >0,
0] > dei)2, ifd<0. (1.12)
02([N—c'N/log N,N]) = )
Theorem 1.6 shows a localization phenomenon, numerically illustrated in the examples of Figure
1: for all eigenvalues in the good regions, the corresponding eigenvectors localize at scale N/log N,
and for most eigenvalues, this is the scale at which the eigenvector is “spread out”. (Contrast the
situation with the regime v < 1, where delocalization is observed in simulations, see Figure 2;
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Figure 1. Eigenvectors (left panel) and eigenvalues (right panel) for N = 4000, v = 1.2
and symbol ¢+¢2. Plotted are the moduli of the entries of the eigenvector that corresponds
to the eigenvalue marked with a red x. The top two rows correspond to situations covered
by Theorem 1.6; note the localization, which occurs at scale N/log N. The bottom row is
not covered by Theorem 1.6, because the chosen eigenvalue is at vanishing distance from

B;.

we discuss predictions for that regime in Section 3.1, after we introduce relevant notions and in
particular the relevant Grushin problem.)

Building on Theorem 1.6, equipped with a local estimate on the number of eigenvalues )\ZN
in regions of diameters O(log N/N) (see Theorem 7.4) and applying a Fubini type argument,
one can show that except for an arbitrarily small fraction of the eigenvalues, the corresponding
eigenvectors v(AN) localize at scale N/log N. In particular, we prove the following result.

Corollary 1.7. Let Assumptions 1.1, 1.2, and 1.4 hold. Then, for any p > 0 there exists p1, o >
0 so that with |supp ,,, (v)| := min{[1] : [|[v|le2(r) > 1 — p1},

. 1 .
lim sup NE#{Z : suppm(v()\ﬁv)) < uaN/log N} < p.

N—o0

Theorem 1.6 states that the eigenvectors of P]i,g ” corresponding to most eigenvalues Z can be
approximated by a random linear combination of the eigenvectors e; of (Py — 2I)*(Py — 1)
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Figure 2. Eigenvectors (left panel) and eigenvalues (right panel) for N = 4000, v = 0.8
and symbol ¢ + (2. These cases are not covered by Theorem 1.6. Note the stark difference
with the corresponding situations in Figure 1, in both the location of eigenvalues relative
to p(S1) and in the localization properties of eigenvectors.

associated with its |d| smallest eigenvalues. These are precisely the right singular vectors of Py —Z21
associated with its |d| smallest singular values. However, these singular vectors e; are (in general)
difficult objects to study and do not admit an easy description. Therefore, we will approximate
these singular vectors with certain quasimodes of the operator Py. The term quasimode for Py
and a (quasi-)eigenvalue z refers to a approximate ¢>-normalized eigenvectors 1) € CV of Py — z
in the sense that

|(Pnv — 2)¥|| =0, N — 0.

In the literature quasimodes are also referred to as pseudo-eigenvectors or pseudomodes. In Section
9, we describe a |d|-dimensional space of quasimodes associated with Py —zI, and in Section 10.2,
we show that the eigenvectors e; of (Py —zI)*(Py —zI) associated with its |d| smallest eigenvalues
are close to these quasimodes. We refer to Propositions 9.6 and 10.3 for the precise construction,
which we do not repeat here. We emphasize however that the construction of the e;-s depends on
p, N and z only and not on @ (even if eventually the value of z to which it will be applied will
depend on Q).

The upper bound (1.10) is due to the decaying nature of these |d| linearly independent quasi-
modes either to the left (when d < 0) or to the right (when d > 0). These quasimodes decay
exponentially quickly, [u(n)| < e~ or |u(n)| =< e "™~ however, at different rates r > 0. Out
of these |d| quasimodes the first (|d| —go) (recall (1.6)) quasimodes decay at a constant rate r > 0,
resulting in them being completely localized to a point, i.e. either on the left or right hand side
of the interval [1, N]. In contrast, the rest decay at a rate r < log N/N, which implies that they
localize at a scale N/log N. In contrast, the lower bound (1.11) follows upon showing that w has
a non-negligible projection (in £?) onto S, the subspace spanned by the last gg quasimodes that
decay precisely at rate log N/N.

Note that Theorem 1.6 and Corollary 1.7 establish absences of quantum ergodicity and no-gaps
delocalization, and show that the semiclassical defect measure in this setting is the Dirac measure
at zero or one, depending on whether d is positive of negative.
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One may wonder whether the assumption 2 € D(zp, Cylog N/N) in the second part of Theorem
1.6 is optimal. It will be clear from the proof that to derive (1.11) one needs to control the
supremum of the random field z — f(z)!Qe(z) for some é(z), f(z) € €V such that the Lipschitz
norms of the functions z — &(z) and z — f(z) are O(N/log N) and O(1), respectively. It is
then standard to check that the supremum of the field {&(z)'Qf(z)} can only be bounded by an
O(1) quantity in discs of radius O(log N/N). The boundedness of this random field is crucial in
deriving that w has non-negligible projection onto §. Repeating the same reasoning one can also
observe that for all 2 simultaneously in the good region, with probability approaching one, the ¢2
norm of the projection of w onto § is at least of the order log N/N, and we believe that this is
the correct picture.

1.3. Connection to pseudospectra and pseudo-eigenvectors. Roughly speaking, the pseu-
dospectrum of an operator represent the spectrum of the operator when subjected to the worst-case
perturbation. However, here we study the spectrum under a typical perturbation. Nevertheless,
in many scenarios the spectrum of random perturbations of a non-self-adjoint operator closely
resembles the pseudospectral level lines of the unperturbed operator (cf. |7, Section 1.3] and the
references therein). There have been attempts to understand pseudospectral properties of Toeplitz
matrices. It was proved that the e-pseudospectrum of an unperturbed Toeplitz matrix converges
to an e-neighborhood of the spectrum of the limiting Toeplitz operator [55]. On the other hand,
in [14] it is shown that for Py any asymptotically good pseudo-eigenvector must be asymptotically
strongly localized, meaning that almost all its mass is carried either by the subset [1,jy] or the
subset [N — jn, N] for any sequence {jy} such that jy — oo as N — oco. Note the contrast
with the localization behavior of the eigenvectors of the noisy version of Py: they localize with
JjnN < N/log N.

For a more general model, the twisted Toeplitz matrices, a special case of the Berezin-Toeplitz
quantization of the two dimensional torus, it has been shown in [71] that if certain (anti-)twist
condition is satisfied by the symbol of the operator, then the pseudo-eigenvectors are localized
in the form of localized wave packets. This has been generalized in [13] to the Berezin-Toeplitz
quantizations of compact symplectic Kdhler manifolds. In the field of microlocal analysis of
pseudo-differential operators, the analogue of this (anti-)twist condition is the non-vanishing of
the Poisson bracket of the real and imaginary parts of the principal symbol of the operator. This
condition, also known as Hormander’s commutator condition [39], is a corner stone in the now
classical theory of local (non-)solvability of partial differential equations. In the works [19, 20, 21,
76, 23, 53| it was linked via a WKB construction to the construction of wave packet pseudomodes
of Schrédinger operators with complex potentials, and more generally to nonselfadjoint pseudo-
differential operators.

1.4. Extensions. A natural extension of our results would be to the region v € (1/2,1], see
Section 3.1 for a discussion. We mention a couple of additional potentially interesting extensions,
of broad interest.

Sup-norm delocalization versus no-gaps delocalization. As already mentioned in Section
1.1, there are two complementary notions of delocalizations in the random matrix literature. It is
shown in [11, 57] that both these notions of delocalization hold for Wigner matrices under various
assumptions on it entries. There is no reason to believe that these two notions of delocalizations
should hold simultaneously in any given setting.

Indeed, from the proof of Theorem 1.6 it follows that when Py is a Jordan block, i.e. its symbol
is p(¢) = ¢, and v > 3/2 we have that ||v]|e =< 4/log N/N for an eigenvector v corresponding
to a bulk eigenvalue. See Remark 11.2 for further details. Thus, in this simple setting, the
eigenvectors corresponding to most of the eigenvalues are completely delocalized according to the
sup-norm criterion. However, they do not satisfy no-gaps delocalization. It is worth investigating
whether one indeed has that ||v]e =< y/log N/N for all v > 1 and any finitely banded Py.

Localization for the outlier eigenvalues and multi-fractal structure. Based on simulations
and some heuristic arguments, we predict that the eigenvector ¢ corresponding to an eigenvalue



8 ANIRBAN BASAK, MARTIN VOGEL, AND OFER ZEITOUNI

residing at a distance of order N*~!, o € (0, 1], from the spectral curve localizes at scale N'~%.

This shows in particular that for such a v one has |||, < N(O‘_l)'(%_%), establishing that such
eigenvectors are multi-fractal. The same reasoning shows that the eigenvectors corresponding
to outlier eigenvalues, i.e. those are at a distance of order one from p(S'), would be completely
localized. That is, most of their mass is carried by finitely many entries. It seems plausible that
the methods of our current work could be adapted to prove these results.

1.5. Structure of the paper. In Section 2, we introduce a Grushin problem for a matrix P,
which allows us to represent the null space of P, if non-empty, in terms of a certain resolvent
expansion, see Lemma 2.1. Section 3 then provides a sketch of the proof of Theorem 1.6. Section
4 discusses results on Toeplitz and related operators that are used later in the paper. Sections
5-7 are devoted to estimates on the location of “most” eigenvalues of PQ " which together yield
Theorem 1.5. The following Section 8 derives estimates on the resolvent of of Py — zI, for
appropriate z in the “good” region. Section 9 is devoted to the study of quasimodes of Toeplitz
matrices, which are the building blocks for the eigenvectors of Pf\% ” and eventually give the vector
w in the statement of Theorem 1.6. Section 10 gives estimates on the singular values and vectors
of Py — z, and bounds on various norms of matrices appearing in the Grushin problem. Finally,
Section 11 collects all preparatory material and provides the proof of Theorem 1.6.

1.6. Notation. We use the following set of notation throughout this paper. The notation a < b
means that Ca < b for some sufficiently large constant C' > 0. Writing a =< b means that there
exists a constant C' > 1 such that C~'a < b < Ca. The notation a > b is used to denote that
a > C~'b, while we write a = o(b) to denote a < C~1b for all C < co. Constants C,C > 0
denoted explicitly in the proofs may change value from line to line, while constants such as C' 2o
will be kept fixed throughout. The notation f = O(N) means that there exists a constant C' > 0
(independent of N) such that |f| < CN. When we want to emphasize that the constant C' > 0
depends on some parameter k, then we write Cf, or with the above notation Ok (N).

We use the standard notation of ceiling and floor: for x € R we write [x] := max{n € Z;n > z}
and [z] := max{n € Z;n < zx}, respectively. For m,n € Z the notation [m,n| is used to denote
the discrete interval {m,m+1,...,n} and we use the shorthand [n] to denote the discrete interval
[1,n].

We identify (?(K) ~ (2. := {u € {*>(Z);suppu C K} and we will frequently identify £[20,N—1] ~
0,N—1]" When
the Euclidean norm and inner products are considered over some specific discrete interval I we
write || - [|p2(y and (- | -)g2(). The notation || - || is used to denote the supremum norm for a
vector. For a matrix A the notations ||A|| and ||A|gs denote its operator norm, and Hilbert-
Schmidt norms, respectively. For a vector v € CV we write v* € (CV)* for its natural dual with
respect to the Hermitian scalar product, i.e. v*u = (ulv) for any v € CV.

For a N x N matrix A we denote by ¢;(A) < ... < ty(A) the eigenvalues of vV A*A. The
singular values s1(A4) > -+ > sy(A) of A are then given by

SN_n+1(A):tn(A), TLZl,...,N. (113)
For brevity, we sometimes write spax(A) and spin(A) for the maximum and the minimum singular

values of A. We let I; denote the identity matrix, viewed as element in C%*¢,
The following standard conventions are followed:

CY so the norm || - || and Hermitian scalar product (-|-) on C*V will be the ones of /2

0
avpe max{a,b}, a,b € R, Haj =1, and Zaj =0.
1
We also use the Dirac notation 6, , = I(m = n). The notation ©(-) denotes the Heaviside
function, that is ©(z) = 0 when = < 0, and ©(z) = 1 for x > 0. For z € C and r > 0, we write
D(z,r) C C for the (open) disc of radius r centered at z. For ¢ > 0 and a set B C C, B° denotes
the e-blow up of the set B, that is the Minkowski sum of the sets B and D(0,¢). The notation
BUB' is used to denote a disjoint union. For a set D C € we use both cl(D) and D to denote its
closure. The complement of an event A is denoted AL,
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2. THE GRUSHIN PROBLEMS

We begin by setting up, in some generality, a well-posed Grushin problem, based on |73, 36],
see also |65, 64]. It, and its behavior under perturbations, will play a crucial role in our analysis.

Roughly speaking, the Grushin problem amounts to replacing an operator of interest by an
enlarged bijective system. In the context of linear partial differential equations, the study of such
enlarged system of operators can be traced back to Grushin [35], where it was used to study
hypoelliptic operators. In a different setting, such an enlarged system was used by Sjostrand [61],
whose notation we use. It has also been quite useful in bifurcation theory, numerical analysis, and
for treatments of spectral problems arising in electromagnetism and quantum mechanics. See the
review paper [67].

2.1. Grushin problem for the unperturbed operator. Let P be a complex N x N-matrix.
(In our application, we will often take P = Py — zI where Py is the (deterministic) Toeplitz
matrix with symbol p and z is a random parameter close to the spectral curve p(S!). Then, all
objects implicitly depend on z, and we supress this dependence in notation when not needed.)
Let

0<t<--- <ty (2.1)
denote the eigenvalues of P* P with associated orthonormal basis of eigenvectors ey, ..., ey € CV.
The spectra of P*P and PP* are equal and we can find an orthonormal basis fi, ..., fx € CN of
eigenvectors of PP* associated with the eigenvalues (2.1) such that

P*f; =tie;, Pej=tif;, i=1,...,N. (2.2)
Let 0 < @ < 1 and let M > 0 be the number of singular values t; € [0, o], i.e.
0<thi < Sty <a<typr < <tn. (2.3)
Let §;, 1 <i < M, denote an orthonormal basis of CM. Put
M M
Ry:=> ;0ef, R_:=)Y fiodf (2.4)
i=1 i=1
Then the Grushin problem
P::<P R—>:@Nx®M—><DN><@M (2.5)
Ry O

is bijective. To see this we take (v,v;) € CV x €™ and proceed to solve

(2)-(2)

We write u = SN u(j)e; and v = SV v(j) f;. Similarly, we express u_, vy in the basis 01, . .., our.
The relation (2.2) then shows that (2.6) is equivalent to

SN (i) fi + 1 us () f5 = X v() i,
u(j) =vi(d), j=1,...,M,
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which can be written as
tiu(i) = v(7), i=M+1,...,N,

ti 1 u(d) \ [ (i) i @)
<1 0) (u(2)> B <U+(z)> ’ =1...,M.

Since )
t 1\ [0 1
1 0 S\l =)
we see that
E FE
-1 _.¢_ +
pren (P 5 o
with
N 1 M M M
E = Z L ci ofy,, FEi= Zei odf, E_= Zéi off, and FE_4 = —théj 0d:. (2.9)
M+1 " 1 1 1
From (2.3) and (2.9) it follows that we have the following norm estimates
1
IEGIN< —, 1Bl =1, [E—+] <o (2.10)

Next, we recall a general fact on well-posed Grushin problems.

Lemma 2.1. Let H be an N-dimensional complex Hilbert space, and let N > M > 0. Suppose
that

. P R_ . M M
P—<R+ O).Hx@ — H xC

s a bijective matriz of linear operators, with inverse

_(F By
C(E B
Then, Ey : N(E_1) — N(P) is bijective with inverse Ry [y (p), and E* : N(E* ) — N(P*) is

bijective with inverse R [ nr(px)-

Proof. From PE =1, we get that PE, + R_FE_ = 0 and so

Similarly, we get from EP = 1 the equation E_P 4+ E_, R, = 0, and hence
Ry :N(P) - N(E_4). (2.12)

The identity EP + E Ry = 1 yields that £y Ry = 1 on N(P), which, together with R, E, =1,
shows that (2.11), (2.12), are bijective and inverser to each other. The proof of the second claim
is similar, one can follow the same arguments applied to P*E* = E¥P* = 1. O

2.2. Grushin problem for the perturbed operator. Now we turn to the perturbed operator

P :=P+6Q, 0<o<1. (2.13)
where @ is a complex N x N-matrix (eventually, random). Let Ry be as in (2.4), and put
S
Pl (7 B eV oM eV x oM (2.14)
Ry 0
with P = P, Applying € (see (2.8)) from the right to (2.14) yields

POE = Inon + (5%E 5QOE+> . (2.15)

Suppose that (I 4+ 0QE) is invertible. It is then straightforward to check that P° is invertible,

with inverse 5 5
(P) =& = (E vt ) (2.16)



LOCALIZATION OF EIGENVECTORS OF NON-HERMITIAN BANDED NOISY TOEPLITZ MATRICES 11

where
ES=E(I+0QE)™", E°=E_(I+6QE)™", (2.17)
E°, =E_, - E_(I1+6QE)"'QE, (2.18)
and
ES = By — E(I +6QF) '6QF,. (2.19)

We note that if one takes P = Py — zIy with 2z an eigenvalue of Py +46@Q), then Lemma 2.1 applied
to P? gives a convenient description of the null-space of P, which is precisely the eigenspace of
Py 4+ 0@ corresponding to the eigenvalue z. This observation will be a crucial part of our analysis,
see (3.1) below.

Remark 2.2. Under the additional assumption that
20[|Qllat < 1, (2.20)

which will occur in our setup of @ as in Assumption 1.1 if 6 = N~7 with v > 3/2 (and with
a =< N~Y), we obtain by a Neumann series argument that

E5 Eé QE') (EQ)”E
gl — <Ei E§++> £+ Z ( (QE)" E—(QE)”15E+> , (2.21)

where by (2.20), (2.10),
IE°|| = | E(L+6QE) Y| < 2| Bl < 227,
1B || = (1 + 6QE) By || < 21 B4 | <2,

(2.22)
IE2 || = |E-(1+6QE) " < 2|l E_| <2,
IE2, — Byl = |E-(146QE) "' SQE,|| < 2]6Q)| <
In particular, in that case,
B} = B, — 0QE(1+ 0(5Qlla™")) By (2.23)
and
E°, =E_ —6E_(1+003)Qlla")QEL. (2.24)

3. STRUCTURE OF THE PROOF OF THEOREM 1.6

A key ingredient for the proof Theorem 1.6 is Theorem 1.5. The proof of the latter result splits
into two parts: In the first part we show that all eigenvalues must be separated from p(S') by a
distance of the order log N/N. At a very high level it involves an expansion of the determinant of
Pjgﬁ — zIn, with z € C, identifying the dominant term in that expansion, and showing that the
dominant cannot be equal to zero (with probability approaching one) when z is in the vicinity of
the spectral curve. We refer the reader to Section 5-6 for further details on these steps. The second
part of Theorem 1.5 requires us to show that most of the eigenvalues must be within a distance
O(log N/N) from spectral curve, again with probability approaching one. This is achieved by an
application of Jensen’s formula together with upper and lower bounds on the log-potential of Ly
(see (1.5)). See Section 7 for details.

In the remainder of this section we describe the structure of the proof of Theorem 1.6, taking for
granted Theorem 1.5 and various technical estimates. The proof of Theorem 1.6 begins with the
Grushin problem for PZ‘S = Pgﬁ — 21, see (2.16), for 6 = N~7, z which is roughly an eigenvalue,
and M = [ind,g1y(2)| (this will lead to tpr+1 2 log N/N and a bounded below by a constant
multiple of log N/N, see Proposition 10.1). To keep track of the dependence on z, throughout this
section we write F(z), E4(z), etc. To relate the null-space of P? with the null space of E?_ (2)

z
we will use Lemma 2.1 in an indirect manner: As in its proof note that from (2.14) and (2.16),

E°(2)P + ES(2)Ry(2) =1 and  E°(2)P? + E°_(2)R4(2) = 0. (3.1)
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If z = 2 were an eigenvalue of P]g ., with corresponding normalized eigenvector v then, with
notation as in Section 2 and recalling the definition of E(z), we would obtain from (3.1) that
since {e;(2)} forms an orthonormal basis of CV,

S ) ) = (- By(3)R(2)o
= (I-BY(®)R+(2))v — EG)(I+6QE(2)) "6QE, (2)Ry(2)v
= E()I+6QE(2) "6QFE, (2)Ry(2)v. (3.2)
Consider first the case where v is large (y > 3/2 will do). Since ||Q|| = O(N/?%€), for any € > 0,
with high probability, we obtain that N _VHQHa_1 = 0(1) and therefore (2.20) holds. Using then

(2.23)-(2.24), the projection of v on span(e;(z),7 > M +1) is negligible, which yields the first part
of Theorem 1.6.

To see the second part, still in the case of large v (here we will need v > 2) and z = 2, we
obtain from (3.1) that

0 = LRy (2)v = —E_4 (2)Ry(2)v + SE_(2)QE+ (%) Ry (2)x (3.3)
—52 E_(2)(I +6QE(2)) ' QE(2)QEL(2) R+ (2)v,
where we also have used the resolvent expansion. By the same reasoning as above, the third term

n (3.3) turns out to be of order o(¢), hence negligible compared to the first two terms. Therefore,
recalling the definitions of E(z), E_4(2), and Ry (z) we obtain that, with a; = (e;(2)*v),

—E_(2)Ry(2)v+0E_(2)QEL (2) Ry (2)v
M
= ait;d; +5Z Zaj (fi(2)*Qe;j(2))| 6; = 0(d). (3.4)
=1 =1 | j=1

Now, again by Proposition 10.1, there exists M > My > 0 so that t; decay exponentially in N for
J € [Mp]. Thus, we obtain from (3.4) that for v large,

My | M
S D ay- (£:1(2)"Qei(2)) | 61| = o(1).

i=1 |j=1
Assume now that a; = o(1) for j = My +1,..., M. Using a basic chaining argument we would
then conclude that

Mo | Mo

DD ai- (fi(2) Qei(2)) | 4if| = llaT Al = o(1),

i=1 |j=1

where A is the My x My matrix with entries A4;; = fi(2)*Qe;(2). If 2 were deterministic, we
would have that the smallest singular value of A is o(1) and this would lead to a contradiction.
Since Z is actually random, we will proceed by using the fact that the functions f;, e; are localized,
which makes the minimal singular value of A continuous in z.

When v € (1, 2], we cannot use in (3.2) and (3.3) an a-priori bound of the form (2.20). Instead,
we use a lower bound on the minimum singular value of I + JQF), see (10.10), and the resolvent
expansion to replace (I +J6QFE)~! by Zfzo(—éQE)i + (=6QE) (I —6QE)~! for an appropriate
L. Proposition 10.11 and the a-priori bounds on the minimal singular value of I + §QF suffice to
control the sum, and again we use a net in order to work with deterministic 2’s.

To carry out this program necessitates a fair amount of auxillary results. We need a-priori
estimates for the singular values and associated quasimodes of Py — z[ for z close to the location
of eigenvalues of PQ . So we begin in Section 4 with a fairly detailed analysis of the singular
values and vectors of PN —zI (for general z), and relate the singular values to the winding number
of p around z (we will stay away of the bad set B, of Definition 1.3, so that the winding number is
locally constant and the distance of z from p(S!) is controlled). In Sections 5-7 we provide precise
estimates for the range of zs that we need to consider, that is, for the location of the eigenvalues
of Pf\%y. Those precise estimatess are then used in Section 9 in constructing the quasimodes of
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(Py — 2I)(Py — zI)*, in terms of the roots of the symbol p — z. These quasimodes are then used
in Section 10, where we show that the eigenvectors are appropriate linear combinations of the
localized quasimodes.

3.1. The case v < 1 - discussion and speculations. We end this section with some brief
remarks concerning v < 1. In that regime, the single entries of §Q) = N~7@Q are larger than
N~! and in particular are asymptotically larger than the distance of the eigenvalue from the
spectral curve. In particular, when writing the Grushin problem (2.14), one is forced to take
M growing with N (in fact, essentially M =< N 2(1-7). This is forced by the requirement that
|E_(6Q)E+|| < M/N). The resulting eigenvector of P° are expected to be a combination of
the M bottom quasimodes, with random coefficients. Since the quasimodes oscillate at scale
N/M = N?'~! the combination is expected to converge to a y-dependent Gaussian process with
correlation length of that scale. The simulations in Figure 2 are in line with this picture, although
proving it require ideas going beyond the methods of this paper.

4. ANALYSIS OF TOEPLITZ MATRICES

In this section we begin with presenting some fundamental results about the calculus of Toeplitz
matrices. In particular we will focus on symbols given by Laurent polynomials and we will discuss

the quantization procedure which maps such a symbol to an operator acting on functions on Z,
2(Z), £*([0, 00]), and ¢%(Z/NZ).

4.1. Toeplitz matrices. We begin by recalling some well known facts about Toeplitz matrices,
see for instance [15] and the references therein.
For a u € ¢?(Z) we define the Fourier transform by

Fu(€) = upe ™, ¢ eR/2Z, (4.1)
nez
so that F : (*(Z) — L*(R/2nZ, %) is unitary, and
—1 _ _ i iné
FAN0 = ha= g [ reea (1.2

We consider the symbol class of continuous functions on the unit circle S* with absolutely
convergent Fourier series called the Wiener algebra

We={ae€C(S"); > lan| < +oo}. (4.3)
nez
Using the Fourier transform we can represent a symbol p € W by
p(e’) = an e M ¢ € R/21Z. (4.4)
nez
We can quantize the symbol p € W by

Op(p) &

Using Parseval’s equality it is easy to see that p(7) : £2(Z) — (*(Z) is a bounded operator; it is
also straight forward to check that the ¢? adjoint of Op(p) is given by

FipF. (4.5)

= ~ def
Op(p)* = Op(p), B(¢) = p(1/C). (4.6)
Let 7 denote the right shift operator (71)(n) = 1 (n — 1) on £*(Z) or more generally on functions
Y : Z — C. Notice that 7™ = e 5o the symbol of 7 is given by e™% = 1/¢, ¢ € S. So
we can express (4.5) as well as
Op(p) = > pnT". (4.7)
nez
which can be seen to act more generally on function v : Z — C.
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Let K C Z be a finite subset or an infinite interval. We identify (?(K) ~ (2. := {u €
?%(Z);suppu C K}, and we define

def def
PK = PK(p) = 1KOp(p)1K : 6%( — @{ (4.8)
When K is finite we call P a Toeplitz matriz and when K is infinite, for example K =] — 0o, 0]
or K = [0,00[ we call Px an infinite Toeplitz matriz. For simplicity we will sometimes write

Py = Pn(p) when K = [0, N — 1] and P(p) when K = [0, ool.

Notice that the matrix elements of Py are given by
Pn(v,p) =py—p, v,pel0,N—1]. (4.9)

A counter part to the Toeplitz matrices are the Hankel matrices. Let R be the reflection operator
defined by (Rw)(n) = ¢»(—n) on functions ¢ : Z — C. Let

xn(Q)=¢" (eSS neZ (4.10)
For a € W we define the Hankel matrix of a by

H(a) €S anH(xn), H(xn) = Lo o™ "Rl per. (4.11)
1

Represented as infinite matrices we see that Toeplitz matrices carry the same entry on the diag-
onals, whereas Hankel matrices carry the same entry on the anti-diagonals, for instance

apyp a-—1 a—o2 ... al a9 as
. aj ag a1 ... o a9 as ... ...
T(CL) o as al a N ’ H(a) o az ... ... ... ) (4'12)

Note that H(xy) =0 for n < 0, and that H(x,) has rank n for n > 1.

The quantization procedures p — Op(p) and p — Pk (p) are clearly linear. Composition of
such operators is however more complicated. Given a,b € W we have that

Op(ab) = Op(a)Op(b). (4.13)

However, the composition of two Toeplitz matrices is in general not a Toeplitz matrix but only a
Toeplitz matrix modulo two products of Hankel matrices, see for instance [15, Proposition 3.10].

Given a,b € W we have, with Iy = 19 y_;) and ﬁN =InyH(xn)y, that

T (ab) = T (a)Tn (b) + Iy H (a)H () + Iy H (@) H (b)Iy. (4.14)
In this paper we mainly consider the operator
Ny
Op(p) = Z a;7’, a_N_,a_n_41,..-,an, € C, azn, #0 (4.15)
—N_

acting on ¢2(Z) or, more generally, on functions v : Z — C, whose coefficients satisfy Assumption
1.4, and with symbol p given by

Ny

C\{0} 3¢ p(¢) =) a;¢ . (4.16)

—N_

4.2. Circulant matrices. In this section we discuss circulant matrices, which are close relatives
of Toeplitz matrices that play an important role in our analysis.

For N > 1 and p € W we consider Op(p) (4.7) acting on ¢?(Z/NZ) which we identify with the
space of N-periodic functions on Z. To distinguish this case from the other operators considered
in this paper, we write

Pyynz 2 Op(p) : 2(Z/NZ) — (X(Z/NZ). (4.17)
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For v € Z/NZ we get that
(Pz/nzu)(v) = Z uw(v —n) = Z Zpl/—u-‘rkN u(p),
nez WEZ/NZ kEZ

so the matrix elements of Pz,/y7 are given by

Pz Nz (v, 1) = Zpuf,u+kN, p,v € Z/NZ. (4.18)
keZ

Identifying [0, N — 1] ~ Z/NZ, we see by (4.9) that for p as in (4.16),

def
PZ/NZ(Va /’L) - PN(Va /J“) = Pv—p+N +pu—qu = B(Va M)? B,V e [07 N — 1]7 (419)
where B is of rank N + N_. Using the discrete Fourier transform, with

Fn = N2 (exp(=2minm/N))ocnmen—1

we may represent Pz 7z by
Pynz = Fi diag(p(e*™/N);0 <1 < N - 1) Fy, (4.20)

which immediately shows that the spectrum of Pz yz is given by o(Pz/nz) = {p(e2™/N); 0 <
I<N-1)}L

4.3. Roots of a Laurent polynomial. In this section we discuss the roots of the Laurent
polynomial
Ny

p(¢) = Z a;¢?, =M <Ny, a—m_am 41,....am, €C, azmy, #0. (4.21)
o

It will be convenient to extend the symbol p to a holomorphic map p : C — C on the extended

complex plane C¥ oy {oc}. Here Cisa complex manifold, equipped with the topology given
by U € C open if either U C C open or @\U C C is compact, and with the equivalence class
of holomorphic atlases represented by {id : € — C, ¢ : C\{0} — €} where ¢(c0) = 0 and
¢(z) = 1/z for z ¢ {0,00}. In what follows we will drop the tilde notation and denote by p also
the extension.

We exclude the case of constant Laurent polynomials, i.e. we assume that

Ny > 0 when N = 0. (4.22)
We say that ¢ € CU{oo} is a root of (4.21) when
I
p(Q) = a;¢7 =0, (4.23)
-

and, by using the change of coordinates ¢ = 1/w, we have that ( = oo is a root if w = 0 is a root
of p(1/w). We keep in mind that in the sequel we will be interested in symbols whose coefficients
a; may depend on a spectral parameter z € C. For instance the coefficient of order zero of the
symbol p(¢) — z is ag — z, and all the other coefficients remain independent of z.

Lemma 4.1. The Laurent polynomial (4.21), assuming (4.22), has 9 =Ny V0 +N_ V0 roots
in CU{oo}. Assume that 0 ¢ p(S'), and let

G, m. denote the roots in D(0,1), (4.24)

and
(i -+, Cn denote the roots in (CU{oo})\D(0,1), (4.25)
where my +m_ =N (working with the convention that when m4 = 0 resp. m_ =0, we have no

roots (4.24) resp. (4.25)). We can distinguish the following three cases:
Case 1 If Ny > 0, then we have that

0<IGH < <IGh <1< [ < - <G| < 400 (4.26)
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Case 2 When M, < 0, then we have that oo is not a root but 0 is a root of (4.23) of multiplicity
mo € [LV N4, [N_]|] . In this case, we have that

0= G = = 1Ghl < [Gropal < SUGH I <1 <G < <Gl < 400 (4.27)

Case 3 When M_ < 0, then 0 is no root, but 0o is a root of multiplicity meo € [1V [N_|, |MN4]],

and we may order the roots as

0<[G<- - <IGh I <1< < - <Gl <Hoo =[G il = =10 |-
(4.28)

Proof. 1. If 914 > 0, we see that neither 0 nor co can be a root of (4.23), which therefore has the

same roots as
N4+

p(Q) = Z am, ¢’ =0, (4.29)
0

a polynomial of degree 914 + D1_. We order its D4 + D_ roots, counted with their multiplicities,
as in (4.24), (4.25), with my + m_ =9y + 91_, and we conclude (4.26).

2. When 91, < 0 then (4.23) is given by

N_
p(Q) = a ;¢ =0, (4.30)

904
a polynomial of degree 91_ and so we have 91_ roots in C and co cannot be a root. It follows
from (4.30) that 0 is a root with multiplicity
mo =min{j € {|N4],...,N_};a; — 20,0 # 0}, (4.31)

where we recall the Dirac notation from Section 1.6. Notice that max{1, |94|} < mo < [N_|. In
this case, we denote the roots as in (4.24), (4.25) and (4.27).

3. If M_ < 0 then (4.23) is given by
RISS
p(¢) = a;¢7 =0 (4.32)
9|
So 0 is not a root, however, co maybe be one. Performing the change of variables w = 1/( we see

that p(1/w) satisfies the assumptions of Step 2 with the roles 91— and 914 exchanged and roots
wj: = 1/(?. Hence, we conclude (4.28) when Case 3 holds. O

4.4. Kernels of Py — 2z and P_, o — 2. In this section we discuss how to construct the
elements of the kernels of Py | — 2z and P_, o] — 2, see (4.8), where p is as in (4.16), (4.15),
z € C\p(SY).

Recall that the index of a Fredholm operator A on a Hilbert space is given by
Ind(A4) = dim N (A) — dim N (A").

Here N'(A) denotes the kernel of A, and note that the kernel of A* is isomorphic to the cokernel of
A. We know from [15, Theorem 1.9|, [65] that Px — z, for K =] — 00, 0] and [0, o[, are Fredholm
operators, and that the winding number ind,g1)(2) of the curve p(Sh) around z is related to the
Fredholm index of P — z as follows:

Ind(Py,c0f — 2) = indys1y(2), Ind(P_s 0] — 2) = —ind,(s1)(2). (4.33)
Using Lemma 4.1 one can express the winding number of p(S!) around z by
. 1 d
ind,(s1)(2) = 5= —log(p(n) — z)dn=m4 — (N VO0) = (N_VO0)—m_. (4.34)
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Remark 4.2. If the symbol p — 2 satisfies Case 2 of Lemma 4.1, then ind,s1)(2) = my > 0, and
if it satisfies Case 3, then ind,s1)(z) = —m_ < 0.

When comparing with the literature, for instance 15|, then the right hand sides of the equations
in (4.34) and (4.33) have the opposite sign. This discrepancy comes from our choice to write the
Fourier series (4.1) with a minus instead of a plus sign in the exponential.

Our aim is now to give explicit expressions for the kernel vectors of Py o — 2 and P_ g — 2
depending on the roots of the symbol p — z. We will only treat the case when the symbol
satisfies the assumptions of Case 1 of Lemma 4.1 since the other two cases are non-generic.
Furthermore, we will only work in the case where all roots of p — z are simple. We will see that
under these assumptions the kernel vectors will be given by exponential solutions as in (4.37)
below, corresponding to the roots in C\{0}.

4.4.1. FExponential solutions. We begin with a slightly more general discussion on exponential
solutions. Let ¢ € C\{0} be a root of (4.23) with multiplicity mult(¢), then the exponential
functions

Z3ves foelv) € UR¢), 0< k< mult (¢) — 1 (4.35)
are solutions to

Op(p)fcx =0, on Z, (4.36)
and these functions are linearly independent, by the following proposition.

Proposition 4.3 (|65, Proposition 3.1]). Let (1,...,(n € C\ {0} be distinct numbers and let
1<m; <oo,1<7<MN Thefunctionsfcj’k 2 —C,1<j<N, 0<k<m;—1 are linearly
independent. More precisely, if K C Z is an interval with #K = mi+ma+ ... +m, then fgj,le

form a basis in £2(K).
This result together with Lemma 4.1 immediately yield the following result.

Proposition 4.4 (|65, Proposition 3.7]). Let p be as in (4.21), (4.22) with My > 0. Suppose that
0 ¢ p(SY), that all roots of p(¢) are simple and ordered as in (4.26).

Then, the space of exponential solutions to Op(p)u = 0 is of dimension m4 + m_, and the
general solution is of the form

o m_
u(v) =Y af () +D a; ()", aj €C, (4.37)
j=1 J=1
The subspace of solutions decaying as v — +00 is given by
a; =0, for 0<j<m- (4.38)
and the subspace of solutions decaying as v — —o0 is given by
af =0, forl1<j<my (4.39)

Proof. The statement on the dimension and (4.37) are an immediate consequence of Lemma 4.1
and Proposition 4.3. The last statement is a consequence of the fact that |C]+] <land|(j[>1. O

4.4.2. Eigenvectors in Case 1. We recall [65, Proposition 3.6] in a slightly modified form to fit
our somewhat different notation.

Proposition 4.5. Let p be as in (4.21), (4.22) with Ny > 0. Let K C Z be an interval of length
<Ny + M. Any function u: K — C can be extended to a solution u: Z — C to Op(p)u = 0.
The space of such extensions is affine of dimension Ny + N_ — #K. In particular the extension
is unique when Ny + N_ = #K.

Let p be as in (4.15), (4.16) and let z € C\p(S'). We assume that the symbol p(¢) — z satisfies
Case 1 of Lemma 4.1 (with p({) — z replacing p(¢) in (4.21)). This translates to
e Ni >0,
e orz#agwhen N =0, or z# 0 when N_ <0, (4.40)
e orz#apwhen Ny =0, or z# 0 when N, < 0.



18 ANIRBAN BASAK, MARTIN VOGEL, AND OFER ZEITOUNI

By Lemma 4.1, we have my +m_ = N4y V 0+ N_ V0 roots of p(¢) — 2.

We now turn to the operators P o — 2 and F|_ 0 — 2. The two cases are similar, so we
focus on the first one and identify [0, co[~ IN whenever convenient. The following discussion is a
modified version of the one in [65], presented here for the reader’s convenience.

Let u € £(IN) be so that (P [ — 2z)u = 0 on IN. When N4 > 0 we put
u(—Ny)=---=u(-1) =0, (4.41)
and when N; < 0, we do not put (4.41). Then we see that, for v =0,1,...,

Ny
Z a;7 —z | u(v) =0. (4.42)

—N_
Continuing, we then know how to extend w [[_(n, vo0),00[ t0 a function u : Z — C satisfying
(Op(p) — z)u = 0 on Z, by solving (4.42) with u replaced by w and for v = —1,—2,.... More
precisely, the equation for v = —1 defines uniquely u(—N; V 0 — 1) and the next one gives

u(—Ny V0 —2). Continuing in this way we get a solution u of (Op(p) — z)u = 0 on Z. Since we
are in Case 1, Proposition 4.4 implies that u is of the form (4.37).
Since u € ¢2(IN), it follows by (4.38) that

u(v) =) ai ()" (4.43)

When N, > 0 we have by construction that u(r) = u(v) = 0 for v € [-N4, —1], which implies
that the coefficients aj in (4.43) are determined by

af
0=2A| : |, A=f,.... % )echm,
N (4.44)
a
my
A= (())-Ny<ve1, forj=1,...,my.
Notice that 2 is a rectangular matrix of size Ny x m,. Recall from Proposition 4.3 that the
exponential functions (4.35) restricted to an interval K € Z of length |K| = m. are linearly

independent. Thus, the linear system in the first line of (4.44) has m4 — Ny linearly independent
solutions if my — Ny > 0, and none when my — Ny < 0. This implies that dim N'(Pyg 4o — 2) =
(m+ — N+) v 0.

Similarly, when N4 < 0, we have no constraints on the coefficients in (4.43), which yields m V0
linearly independent solutions, so dim N'(Pjy ;o[ — 2) = m4 V 0. Thus

dlmN(P[()’_’_oo[ — Z) = (m+ — N+ V O) V0. (445)

Similarly one also obtains the corresponding statements for the kernel of (P]—oo,o} — z) with the
N4, m4 replaced by N_, m_. Summing up what we have proven so far, we get in view of (4.33),
(4.34), see [65] for similar statements:

Proposition 4.6. Let p be as in (4.15), (4.16). Let z € C\p(S*). Assume that the assumptions
of Case 1 in Lemma 4.1 hold for p(¢) — z, see also (4.40). Then

dim N (P[O,+oo[ — Z) = indp(s1)(z) VO
and u € N (P[O,Jroo[ — 2) if and only if u € ([0, 0c[) is such that @ defined above is of the form

i(v) =Y _af (), af €, (4.46)
j=1

with a;r additionally satisfying (4.44) when Ny > 0. Furthermore,
dim N (P_oo g — 2) = (—ind,(s1(2)) V0.
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and u € N (P]_OQO] — 2) if and only if u € €*(] — 00, 0] is of the form
i)=Y a; ()", a; €C, (4.47)

with a; additionally satisfying the analog of (4.44) (with m4, N4, C+ replaced by m—, N_, ¢, and
the corresponding vectors A indexed over 1 <v < N_), when N_ > 0.

5. SEPARATION OF THE EIGENVALUES FROM THE SPECTRAL CURVE

As discussed in the introduction, in our setup all but o(IN) of the eigenvalues of P]C\% . lie in a

small neighborhood of p(S'). In this section we obtain complementary, precise estimates on the
location of (all) the eigenvalues for the finitely banded case: we will show that if the perturbation
is small in the sense that v > 1, then the eigenvalues avoid certain N-dependent regions, referred
to as forbidden tubes (see Definition 5.1 below), around the spectral curve. These tubes are
determined in terms of the roots of the Laurent polynomial p,(-) = 0, where

Ny

PO E Q) —2=Y a7 —2=0, (5.1)

—N_

with ¢ € CU{oo} and z € C. As before, we will exclude the trivial case Ny = 0. Furthermore, if
N4 < 0 then we modify p by setting a; = 0 for j = Ny +1,...,0. This allows us, without loss of
generality, to assume that Ny > 0.

To state the main result of this section we need to introduce some notation. With the goal of
being consistent with the notation of [9], we write {nj(z)}gﬁ:l for the negative of the roots of p, () =
0 arranged in a non-increasing order of their moduli. For z ¢ p(S') we let my = m.(z) denote
the number of roots of p,(-) that are in D(0, 1), while the number of roots in (C U {oco})\ D(0, 1)
is denoted m_ = m_(z). Therefore,

m my +m_ = Ny +max{N_, 0},
and
m@)| = n(2)[ = 2 nm_(2)] > 1> im_11(2)| Z -+ = Inm(2)].
Compared with the previous notation, see e.g. Lemma 4.1, we have that n; = —(,, _,  for
i=1,...,m_and ny,_4; = _<77+1+—i+1 fori=1,...,m4. Recall the notation g(-) from (1.6). The

parameter g(-) will determine the width of forbidden tubes, see Remark 5.6.
The definition of the forbidden tubes also involves the winding number of p(S*). For d € Z we
set

SiE {z € €\ p(S") : my(z) — Ny = d}. (5.2)

Note that for z € S, the winding number indp(sl)(z) equals d. Also observe that on Sy the
functions z — m4.(z) are constants and those common values are determined by d and N.
Recall that cl(A) denotes the closure of a set A C C. We can now define the forbidden tubes.

Definition 5.1 (Forbidden tubes). Let p(:) be a Laurent polynomial. For z € C, let p,(-) be as
n (5.1), and write g(p) =go € Z. Fizeg > 0, v > 1, and g, > 0 such that g}, < .

oFordG[O,ﬁz]ﬂZwesetZ‘é Lf e UTd .+ where for d >0

80,80

def
T‘f’(l) < cl({z € Sz : max {|77m7+g0+1( Mo |7 (2)]” 1} 1 — eg,

€0+€0
1= &) < m_to (2)] < [m_11(2)] < 1}),
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7;2(810) =0, and
7;?):(520) def {z € S, : max {]nm7+1(z)‘7 ’nm,—gO(Z)\_l} <1- ¢
1= ey < m_—gor1 ()7 < ()] < 1}

oForde[—ﬁL,O)ﬂZweset’Cé dede UTd(),where

(1) def cl({z € Sg: max {m_+1(2)], [ g0 (2)] 1} < 1 — 0,

6()750
1= e < I —gor1 ()" < ()] < 1,

2) def
74(2) de {zeSd:max{|a7m,+g0+1( s [m_(2)1™ 1} 1 —eo,

€0p€0

1= e < It (2)] < [ 11(2)] < 1}
F-d,(s) def d,(s) o, g def 2d (1) di(2)
For all d, set Tyd/750 ~ Y(y/=1)log N/N,eo’ s € {17 2}7 and write Ty’,ao - Tyd’,ao U 7;%,60 :
Note that ’f'ﬂ ., is a (union of) tubes of vanishing width, whereas the width of 7;% -, is small but

fixed. When the choices of the parameters 7/, €, £, are clear from the context we will suppress the
dependence of the tubes on these parameters, and write 7¢, 7% T4() and T4(), for s € {1,2}.

Remark 5.2. The map z — {nj(z)}?”:l is continuous in the symmetric product topology |74,
Appendix 5, Theorem 4A|]. Therefore, the map z — (|n1(2)],|n2(2)|,- .., [nm(2)]) is continuous as
well. This implies in particular that for d>0 and any z € 7;d0’,(510), one has that

max { [1m_+go+1(2)]; [1m_ (2)] 7'} < and 1 — £ < [Nm_1g0(2)] < [Mm_+1(2) < 1,

where m+ are determined by d and Ny. When d < 0 a similar assertion holds for z € 7;d0(€1,)
€0

Remark 5.3. While proving the results in this section, and Sections 6 and 7 we will need to
consider gy and €(, such that e(,/eo is a small fraction depending only on the degree of the Laurent
polynomial p(-). The specific choices will be spelled out during the proofs.

We illustrate Definition 5.1 in some examples. Consider first the simplest setup when the
Toeplitz matrix Py is the Jordan block Jy given by (Jn);j = 1j—i11 for 4, j € [N]. In this case,
7 = D(0,1) \ D(0,1 — &), whereas T%®?) is D(0,1+ ¢}) \ D(0,1). The rest of the tubes are
empty. When the spectral curve p(S?) is a Limagon, i.e. Py = Jy + J% has symbol p(¢) = ¢ + (3,
the union of the tubes is a region around the entire spectral curve, except for a small neighborhood,
determined by e, around the point on p(S') where the curve intersects itself. See Figure 3.

Below is the first main result of this section. Hereafter, for any z € C we use the shorthand
PY=Pg —zly.

Theorem 5.4. Fizy > 1. Set § = N~7. Let p(-) be a Laurent polynomial and Py be the N x N
Toeplitz matriz with symbol p(-), and the entries of the noise matriz Q satisfies Assumption 1.1.

Then, for any €y > 0 there exists some constant ¢,z > 0, depending on €y and vy, such that
lim P (Elz € SC7 2o o8 N/N

N—o0
Remark 5.5. The proof of Theorem 5.4 yields that one can take
/
. v -1

V.0 —

\ (B UBY) : det(P?) = o) —0.

d , (5.3)
SUD (51200 20 M) | 7705 ()]

for any v such that 1 <~ < ~. By the Implicit Function Theorem we have that

sup max
D Jj€lm]

Lny()| = 0(1), (5.4)
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Figure 3. The different tubes for the Limagon, where p(¢) = ¢ + ¢, Ny = 0, and
d = 0,1,2 according to whether z is outside the curve, inside the larger loop, or inside
the inner loop. The shaded disc is B}°, for some &y > 0 (recall Definition 1.3). Theorem
5.4 precludes the appearance of eigenvalues of small random additive perturbations of

Py = Jy + J12v in a region away of the shaded area that includes Sy U '7'1’(1)

v',€0
Theorem 5.7 handles 7% U 7;2,(810)

v'.€0

, while

for any bounded domain D such that dist (D,By) > 0. Therefore, if we impose the additional
assumption that dist (p(S'),Ba) > 0, then for &y > 0 sufficiently small the constant Cyz N
Theorem 5.4 can be chosen to be free of €9. In particular, in the simplest case when Py = Jy,
the elementary Jordan block, Theorem 5.4 holds with any ¢z, = ¢, < (y —1). We note that in
that example with QN a complex Ginibre matriz, Davies and Hager [22| showed that for v > 7,
with high probability all eigenvalues are contained in D(0,1 — (v — 3)log N/N). Thus, Theorem
5.4 provides a sharper result for general finitely banded Toeplitz matrices, under o fairly generic
assumption on Q.

Remark 5.6. Let gg € IN and consider the symbol p(() = (8. Then the empirical measures of the
eigenvalues of random perturbations of the corresponding Toeplitz matrices converge to the uniform
measure on S, see 7,8, 65]. However, using (5.3), one obtains from Theorem 5.4 that for v > 1,
with high probability the eigenvalues must be inside the disk of radius 1 — gg - (v — 1)log N/N,
for any v <. The radius of the disk can be shown to tight upto o(log N/N). Thus, although the
parameter g(p) plays no role in determining the limit of the empirical measure of the eigenvalues
of randomly perturbed Toeplitz matrices, it indeed plays a role in determining the separation of the
eigenvalues from the limiting spectral curve.

Theorem 5.4 shows that all eigenvalues of P? must be at a distance at least Cyz log N/N from
the portion of p(S!) that intersects cl(Sp). To prove the localization of the eigenvectors we need
to extend this picture to the regions with non-zero winding number. This is done in the result
below.

Theorem 5.7. Fixeg >0, v +1>~v >+ > 1 and d € [-m,m|NZ. Assume that the noise
matrix Q satisfies Assumptions 1.1 and 1.2. Then, for all €9 > 0, we have
: 7d e 1
Jim P (32 e T4\ By : det(P?) = 0) ~0.

While proving Theorems 5.4 and 5.7, for convenience, we will avoid neighborhoods of bad points
as defined in Definition 1.3. With additional efforts, it seems possible to extend our results also
to neighborhoods of some bad points, in particular those in B;. We do not purse that direction
here.

Remark 5.8. Theorems 5.4 and 5.7 hold for v > 1. We believe, and simulations suggest (see
Figure 2), that this threshold for «y is sharp. That is, for v < 1 one may find eigenvalues in cl(Sp)
with non-negligible probability. Furthermore, the width of the tube, namely a constant multiple of
log N/N, is also sharp. See also Theorem 7.1.
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Remark 5.9. The papers |63, 64, 65| provide complementary estimates on the location of the
eigenvalues around the curve p(S'), showing that for the finitely banded case, v sufficiently large
and any &y > 0, all but O(N?0) eigenvalues reside inside a tube around the spectral curve of width
O(N %), with high probability.

Remark 5.10. The proofs of Theorems 5./ and 5.7 yield quantitative bounds on probabilities of
the events considered. From the proof it follows that, for any K, € N, the probability that there is
no eigenvalue in ng,go log N/N \ (B® UB5°) can be bounded by O(N~5+). If additional assumptions
on the moments of entries of Q are imposed then this bound can be further improved. For example,
the assumption that the entries of Q have a uniform stretched exponential tail decay would imply a
stretched exponential tail decay of the probability as well. On the other hand, the proof of Theorem
5.7 yields that the probability that there are no eigenvalues of Pf m 72@750 \ B3 can be bounded by

O(N=O=YM/8) form > 0 as in Assumption 1.2.

Remark 5.11. The determinant of a matrix and its transpose are the same. Furthermore, if Q)
satisfies Assumptions 1.1 and 1.2 then so does Q7. Therefore, whenever Py is a lower triangular
Toeplitz matriz, to prove Theorems 5.4 and 5.7 we can work with P]-\r,. Thus, while proving these
two theorems, without loss of generality, we may and will assume that N_ > 1.

5.1. Decomposition of the determinant. In this section we decompose the determinant, of P2
into the sum of homogeneous polynomials {det(z)}4_, in the entries of the noise matrix Q, see
(5.6) and (5.5) below. We then suitably preprocess dety(z) so that various bounds on those terms
can be derived, leading to a proof of Theorems 5.4 and 5.7. At a high level, this decomposition
and some of the preprocessing steps are as in [8, 9|, where these were used to study the empirical
measure of the eigenvalues and the process of outlier eigenvalues, respectively. However, in [8, 9|
it was sufficient to derive bounds when z avoids an N-independent region around the spectral
curve p(S'). Here, we need to consider an N-dependent region around it, and this requires better
bounds and a more sophisticated analysis than in [8, 9], especially in the proof of Theorem 5.7.
For k € [N] we set

dety(z) = detgn(2) = D (—1)8)8) det(P,[X YN det(Q[X;Y]),  (5.5)
X,YC[N]
| X|=[Y|=F
where for a matrix A the notation A[X;Y] denotes the sub-matrix of A induced by the rows in
X and columns in Y, X¢:=[N]\ X, Y°:=[N]\Y, and for Z € {X,Y}, oz is the permutation
on [N] which places all the elements of Z before all the elements of Z¢, but preserves the order of
the elements within the two sets. Additionally denote detg(z) := det(P,). From [8, Lemma A.1]
it follows that

N
det(P. + N77Q) =) _ dety(2). (5.6)
k=0

We next represent {dety(z)}Y_; as linear combinations of products of determinants of certain
bidiagonal and upper triangular Toeplitz matrices with coefficients that are determinants of sub-

matrices of Q. If P, is an upper triangular matrix, as {—nj(z)}gnzl are the roots of the equation
p2(-) = 0, it is immediate to check that

m
P.=a n_-[[(In +ni(2)In), (5.7)

j=1
where we recall that Jy is the elementary Jordan block given by (Jn)i; = i1, for i,5 € [N],
using the Dirac notation from Section 1.6. Then the desired representation is a consequence of
the Cauchy-Binet theorem. For a general Toeplitz matrix, (5.7) does not hold. However, as in [§],
P, = Pyn(z) can be viewed as a certain sub-matrix of an upper triangular finitely banded Toeplitz
matrix with a slightly larger dimension, and one can use a product form for the latter coupled
with the Cauchy-Binet theorem. To use this idea efficiently we borrow the following definition

from [8]. As already alluded to above, without loss of generality, we will assume that Ny > 0 and
N_>1.
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Definition 5.12 (Toeplitz with a shifted symbol). Let Pn(p) be a Toeplitz matriz with the finite
symbol

Ny
p(r) = Z a;77, Ny >0,N_>1.
j=—N_

Forn > Ny+N_, z€ C and Ny, N_ € Ny such that Ny +N_ = N, +N_ def N, let Py(p, z; N_)
denote the n x n Toeplitz matriz with symbol
Ny
P 3 a ),
j=—N_

where a;. =a; — 200, j=—N_,—N_+1,...,Ny.

From Definition 5.12 it follows that

a/N+ PR a/o_z PR a—N7 0 PR O
0 an, ag — 2
Pf\? (p,Z,N): : - K - -N- ) ]/\7+::N+N+'
+ : .. .. .. :
ap — 2
L 0 () an, |

(5.8)

Therefore, N R
Pn(pz) = Pn(p,z;N-) = Pg, (p, 2 N)[[N]; [N4] \ [N¢]]-
Recalling (5.5) and writing S + ¢ for the Minkowski sum of the sets S and {¢}, we obtain that

detg(z) = Y (—1)Eex)e@)n(X,y) . N7 det(Q[X;Y)), (5.9)
X,YC[N]
|X[=IY |=k
where
D(X,Y) =D(X,Y,2) € det(Pg, (p, 5 N)[XG Y+ N]), (5.10)

To derive upper bounds on {dety, (2)}2\[:0 we will use Assumption 1.1 to compute high moments
of the former (and also use Markov’s inequality). By (5.9), this requires the computation of high
moments of ®(X,Y) for any X,Y C [N]. To this end, we first simplify the expression for ©(X,Y).

Because Pg (p, z; N) is an upper triangular Toeplitz matrix and {nj(z)}]ﬁlzl are the negative of
the roots of the equation p,(-) = 0, we obtain as in (5.7) that

N m
Pg (p.zN) = gz;(am—e — 20pn,) TG, = a-n. Hf%m + ()1, )- (5.11)
= j:

We split the product in (5.11) into three blocks: in the first block we consider the product over
the roots that are greater than one in moduli and separated from one, in the second block we
will have product over the roots that are close to one in moduli, and in the third we consider the
product over the rest. To write this decomposition efficiently we set

= { e 1
and introduce, recalling (1.6) and that g(p) = go,
m1+go
P.=Pg. (2 I Uz, +ni(2)l5,): (5.13)

Jj=mi1+1
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(Note that if gg = 1 then P, is a bidiagonal matrix. The case gyg > 1, in which P, is an upper
triangular finitely banded Toeplitz matrix with bandwidth gy, requires a special combinatorial
analysis contained in Section 5.3 below.) We now obtain from (5.11) that

mq m
Pﬁ+(p,Z;N) =a_n_ H(Jﬁ+ +77j(z)fﬁ+)‘772- H (JN+ +77j(z)fﬁ+), (5.14)
Jj=1 j=mi+go+1

where, as is our convention, an empty product equals one. Notice that in the special case gy =
1, the decompositions (5.11) and (5.14) are identical. Before going further let us explain the
advantage of the decomposition (5.14) over (5.11).

When z avoids a N -independent region around the spectral curve all the roots of p,(-) = 0 are
also bounded away from the unit circle. For such z’s using the decomposition (5.11) appropriate
bounds on quantities analogous to ©(X,Y, z) were derived in [8, 9]. Under the setup of Theorem
5.7, when 7 > gy, suitable adaptations of the arguments in [8, 9] yield good bounds on ©(X,Y, z),
and these adaptations fail when v < go. At a high level this is due to the fact that the arguments
in [8, 9], while applying the Cauchy-Binet theorem to obtain a bound on ®(X,Y, z), bound each
of the roots {—nj(z)}gﬁ:l by their moduli. Since, for any z € 7%, there are gy many roots close to
one in moduli, this requires v > go. To push the analysis to the case gg > v > 1, we will use that
the roots of the symbol of the Toeplitz matrix P, are those of p,(-) = 0 that are close to the unit
circle. Instead of bounding each of these roots by their moduli, obtaining a bound on minors of
P, by combinatorial means yields cancellations. Therefore, (5.14) is more useful than (5.11) in
the proof of Theorem 5.7, when 1 < v < go.

We now turn to deriving a tractable representation of ®(X,Y, z). Set

'fle = fl\lg(z) =m — T/fll(z) — £0- (515)

Fix k € [N], and sets {X;}7,"! and {Y;}727! such that |X;| = k + Ny, for i € [ + 1], and
Y| = k + Ny, for ¢/ € [ma + 1]. Write

Xl' = {{L‘Z’J < ZTjg < --- <517z‘,k+N+}7 Xk = (Xl,Xg,...,X,’;l1+1), (5.16)
Y;v = {yi/@ < Yiro <0 < yi/7k+N+} s and yk = (Yi,YQ, R ,Ym2+1). (5.17)
Set
m1 o
D1(X}) = D1 (Ay, 2) = [ [ det ((J]v+ n ni(z)lﬁ+)[X,-;Xi+1]> (5.18)
i=1
and
ma o
gg(yk) = :DQ(yk, Z) = H det ((J]/\?+ -+ 771'/+fﬁ1+g0 (Z)INJr)[K/, }/;:/4_1]) s (519)
i'=1

where Z := []/\\Q]\Z for any Z C []v+] We emphasize the notational difference between Z and Z°¢.

The former will be used to write the complement of Z when viewed as a subset of []/\}Jr], whereas
for the latter Z will be viewed as a subset of [N].
Now using the Cauchy-Binet theorem and the representation (5.14) we find that

DX, Y)= > dFF Di(X) - det(P.[ X, 41 V1)) - D2 (W), (5.20)
X, Vi
where the sum above is taken over (X}, Vj) such that
X1 =X U[N4]\ [N] and  Yi,o1 = (Y + N U[NL]. (5.21)
Next using |8, Lemma A.3]| we find that

kN4
det((J]\A,+ + ni(z)IﬁJr)[Xi;XiH]) = 771'(2)““’1_1 . H ni(z)wi“v‘f_xi»‘f_l
(=2

i (2) MR i < mip < Tigresen L€ B+ Ny, (5.22)
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where we have set x; 11 p4nN, 41 = N, 41 for convenience. Thus, in light of (5.22), we may restrict
the sum in (5.20) over A}, belonging to

o1 -
Li) = 1< 21 <21 < Tig12 S T2 <o < Tipl kb Ny S TippNy S Nybo (5.23)

It will also be convenient to further partition the set of all X}, € f,(cl) so that ©1(AX%) is constant

in each block of that partition. To this end, for any £ := (¢1,02,...,¢5,1+1) with 0 < ¢; < ]VJF for
i € [m1], and k € [N], we let

1 (1
Ly) = {x, e LV
k+Ny
Ti+1,1 + Z (.%'H_Lj — xi,j—l) + (N+ - wi,k+N+) =li+k+ Ny, foralli=1,2,..., ’fl\ll}
j=2

If X, € Lélll for some £, by (5.22), we have that

I det ((JM +mi(2) g, )X Xm]) ~ [ n=)" (5.24)
i=1 i=1

Recall that for z € T¢ the roots {m(z)}@l are greater than one in moduli and bounded away

from one. Thus, for large values of {/;};", the RHS of (5.24) will be exponentially (in ) large.
It would be useful to factor out this exponential factor. So, using the observation that

k+N4 k+N4
Tit1,1 + Z (Tit1,j — ®ij-1) + Z (Tij — @it1,5) + (N4 — Zigen, ) = Ny,
j=2 j=1

(1)

we have the following equivalent representation of L, ;:

E+Ny
Lgyl]z = {Xk S Lk : Z (1/‘1'7]' — Ti+1,5 + 1) == Zi; 1€ [T/T\Ll]}, where Aél = N+ - & (525)
j=1

Since xijt1,; < ;5 for any ¢ € [my], and j € [k 4+ N4|, we further note from (5.25) that

6 >k+ Ny, fori=1,2,...,M. (5.26)

This lower bound will be used later in the proof.

Equipped with the above set of notation we now find that, for any X} € Lgl),

0,(&) = [[m=)™ - [[m(x) % (5.27)
=1 =1

Thus we indeed have that ©1(X%) is constant for Ay € ng. We now adopt a similar decomposition
of the set of indices ) so that again inside each of the blocks ©2()) will remain the same. This
necessitates the following notation: By a similar reasoning to the above the sum over ) in (5.20)
can be restricted to the following set

(o N
L;) =AYk L< w1 Sy <Yirg12 <Y < < Yrpl kb Ny S YNy < Nyjoo (5.28)

Next, for q := (q1,¢2, - - ., gm,) With 0 < ¢y < N, fori' € [ma] we write

L2 = e 1P

k+ Ny

i1+ Y Wiy — Yirg-1) + (Ny = Yirken,) = g + b+ Ny, for i’ € [mg]}. (5.29)
=2
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Using [8, Lemma A.3| we observe that for YV, € LEJQI)w

ma
k) = [ msmnveo (2) (5.30)
i'=1

Now upon recalling the restriction on X and Yz, from (5.21), we deduce from (5.20), (5.27),
and (5.30) that, for any X,Y C [N] such that | X| = |Y| = k, we have the representation

DX, Y,z)=a" | D> Y Di(A) - det(Ps mlﬂ,yl])-@Q(yk)]
XkEL(l) ykEL(?)

S0 | EEN DO VR ol | (IO

£4q x, eLg,i ykeLg‘?L =1

(5.31)

- det(P[ X, 15 Yi]) H M+ +eo (2) ™+ L, xRNV ™ Wy sa=(r 4N U] | -

5.2. Bound on ®(X,Y). In this section we state bounds on ®(X,Y, z) which will be used in
Section 6.1 to compute high moments of the non-dominant terms in the expansion det(P?). While
stating (and deriving) such bounds it will be convenient to scale ©(X,Y, z) (and dety(z)) by the

order of magnitude of the dominant term in the expansion of det(P?). Therefore, for z € T¢ we

define
__ Mmi+go

A(z) = R(z,d, gy, 20) = ay N7 T ni(2)Y, (5.32)
j=1
where my is as in (5.12) and

~ o~ — i d,(1)
d=d(z) = { Z g iiz E ;’(2)? (5.33)
Recalling (5.12) and (5.15), this implies that
d() =ma() =Ny  onT% (5.34)
For z € T¢, further set
dety(2) == dety(2)/8R(z), k=0,1,2,...,N, (5.35)
and for any X,Y C [N] such that | X|=|Y| =k,
BDoR(XY,2) e 2 KTE) DAY 2) , (5.36)
N7 (2—Ny) .ﬁ(z) _N Hm1+go ( )N

where the last equality is due to (5.32) and (5.34).
The following is the first main result of this subsection. Its proof spans over this and the next
subsection.

Lemma 5.13. Let p(-) be a Laurent polynomial with Ny > 0,N_ > 1 and g(p) = go € N. Fiz
£0,€0 > 0 such that £(/eo is sufficiently small. Fiz X,Y C [N] such that | X| = |Y| =k so that

X={ri <z < - <z} andY ={y1 <ya < -+ < yg}. Assume 32 0. Then we have the
following bounds on ©(X,Y, z), for all z € 7;‘?) “

(i) There exists a constant Cs13 < oo depending only on €9 and p so that for any k € N
satisfying k + Ny > ma,

m1 (k+N. — P
D(X,Y,2)] < CIHEN g 4 (2)]NE®2)

SR ) 0 o). e
q=0
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where
kE+ Ny —mg  ifme <k+ Ny <mg+go and z € THD),
G(k,z):=1¢ go if k+ Ny > o +go and z € T, (5.38)
0 if z € T2
and
My —Ny k
IX,Y,q) H Liy<ay - 11 LiN—z;<q}- (5.39)

j=k+Ni—mo+1
(ii) Let k € IN be such that k + N+ < mgy. Then, for all large N,

~ o\ N

D(X,Y,2) < (1 - Z> .
Remark 5.14. The roots of p.(-) = 0 can be partitioned into blocks of cardinality g(p) = go such
that all gg roots in any of those blocks have the same modulus. One also has that N1 is a multiple
of go. Therefore, d = my — N4 > 1 implies that d > go. On the other hand, for d = 0 we have
that T = 0. Hence, whenever needed, we will use the bound on ’}5(X, Y, z) derived in Lemma
5.18 for all z € T4 gnd all d > 0.

Some explanations of the bounds stated in Lemma 5.13 are in order. We will see in Section 6
that, for ko < N such that ko + N; = ma(z), dety,(z) will be the dominant term in the expansion
(5.6), and we will show in Corollary 6.13 that it has the same order of magnitude as that of R(z).
The other dety(z) will be negligible compared to detg,(z). Since the entries of the noise matrix
are independent and of zero mean, one gets from (5.9) that

Efldety(2)"] = N72F Y DX, Y, 2)]* - E(| det(Q[X; Y])). (5.40)
X,YC[N]
|X[=IY[=k
Therefore, the bound in Lemma 5.13(ii) indeed shows that, for k such that k + N < ma(z) one
has that dety(z) is ezponentially small compared to dety,(z).

The implication of the bound in Lemma 5.13(i) is a bit more delicate. Notice from (5.37)-(5.39)
that the number of choices of the largest (M2 — Ny) elements of X is bounded by O(g™2~N+).
Same holds for the smallest (m2 — Ny) elements of Y. Since there is a factor in (5.37) which is
exponential in ¢ those elements of X and Y are essentially fized for the purpose of computation
of the second moment of dety(z). This observation, as well as the factor |nz,41(2)|"VE*2) in
(5.37), are crucial in determining the correct order of magnitude for dety(z) for k > ma(z) — N4.
Now summing over the allowable ranges of the rest of the elements of X and Y, i.e. those which
are free, using (5.40) one obtains that, for k > mo(z) — Ny and z € 7?55780 with 1 </ <, detg(2)
is polynomially small compared to dety,(z). See the proof of Lemma 6.2 for details.

The proof of Lemma 5.13 requires two auxiliary lemmas. Before stating them we introduce the
notation

k+Ny k+N4
x; = x;(Xg) : Z z;;; for i € [my + 1], and yy = yy (Vi) : Z yir j; for i’ € Mg +1].

Jj=1 j=1
(5.41)

Below is the first auxiliary lemma. In its statement we use the notation of Lemma 5.13.

Lemma 5.15. Fiz £ € [N.]™ and q € [N.]™. For X, € Lglli and Yy € Lézlz, set

F1=F1( X, £, 2) : Hm (5.42)

_ _ ma =N . qi
Ty = 32 yk’ q,z Hnml-i-gO'H 4 and  F2 = 3’2(:)}]67 q, Z) = H (W) ’
m1T80
(5.43)

=1
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Assume e(, < €0/3. Then, for any z € 7'8%’60 we have

1 ﬁn(k+N+)
Y. D Bl L oxomagyg S <5) ) (5.44)
£ xerl) ’
Yo D Bl Ly, =N S <(§0)> ; (5.45)

7 ypeLl)

and

= q(r/fz2+1)+m2(k+N++l) eo\¢
P < N 1—-—=) 4
.Z_: > :2 ‘32‘ (Vg +1=(Y+N)UIN+ ]} < Aol + Ny +1) ( 5 ) (5.46)
q9:9=¢ ykGLfI,L

where
ma
= Z Q. (5.47)
=1

Proof. We first prove (5.44). We will iteratively sum over the collection of indices A}, such that

X, = X U([N4]\ [N]), starting from X, +1. For X € LS,Z we note that §; depends on X} only

through the values of £. Thus, to compute the sum over A}, such that &), € Lgllz it is enough to

find a bound on the number of possible choices for all those indices.
In the first step we keep the collection of indices (X1, Xa, ... X5, ) frozen. Then, upon recalling

N+ is bounded above by (k+N+ 11)
We iterate this argument for any ¢ € [mi]. The number of choices of the indices {x;; J}k+N+’

(5.25) we observe that the number of choices of {azmﬁu}lﬁ

upon keeping the collection of indices (X7, Xo,...,X;) frozen, is at most (k fN ) This yields
that

m g@ -1 /.
> il L xum o < Ul (k LN, — 1) (=)™, (5-48)

XkEng

where we recalled (5.12) and used that for z € T4,

m m —
ma{ b gl by | = ma (s (2 i (1 <10 6.49)

Jj=mi+go+l
Finally, to compute the sum over fl, 52, cees Afﬁl we use the following combinatorial identity: For
any A € (0,1) and m € IN
s—1
AT = (1 =A™ :
> (7)) (1% (5.50
s=m

Indeed, applying the above identity with A = (1 —¢p), m = k+ N4 and s = O fori=1,2,...,M
we deduce (5.44). Note also that we also used the lower bound ¢; > k + N (see (5.26)).
We now turn to the proof of (5.45). We first prove the following intermediate step.

q(mg + 1) +ma(k+ Ny +1) q
> Z 2] Ly, =N UIN ]} S ( Aok + Ny +1) (I—e0)?. (5.51)
q:q= 9y, eLq,k

To obtain (5.51), we sum over the indices {E/}ﬁil iteratively, starting with Y. It is straight-
forward to see that, upon keeping the other indices frozen, the number of choices for the indices

{yL]} + * such that Y, € ng is bounded above by (qﬂjf;\r,iv +). We use the same reasoning to
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successively bound the number of allowable choices of Ys,...,Y5,. It yields that the number of
choices of Y} such that ) € LEIQI)c and Ys,4+1 = (Y + Ny) U [N4] is bounded above by

ﬁ <qi/+k‘+N+) _ (q+k+N+>m2 _ (ﬁLg(q+k+N+)>
k+ N4 S\ k+ DNy S\ ma(k+Ny) )

=1

Thus, by (5.49), we have that the LHS of (5.51) is bounded above by

(mg(q +k+ Ny)

Yo D> el Ly, =venpuingy S Mok + N)

ATt

) Na:a=a) (- =) (5.52)

Noting that, for any ¢ > 0,

{a:q=q}l = <q+m2—1> < <q+m2>7 (5.53)

mg — 1 ms

that () (§) < b, () Gor) = (Z_t;), and substituting in (5.52) we obtain (5.51). To derive
(5.45) from (5.51) we observe that

(1—-¢)< <1 — 2; > , for e € (0,1/2) and m, € NN, (5.54)
*

and use (5.50) again.
Finally, to prove (5.46) applying (5.49) we find that whenever f, < €0/3,
ni(2)

m €0
sup ¢ max |—————~|,<1-——,
serd Li=mateot1 | M, 4go(2)

2
Repeating the proof of (5.51), the bound in (5.46) follows. O

The next lemma is the second auxiliary result to be used in the proof of Lemma 5.13, and uses
its notation.

Lemma 5.16. Fiz Xz, 11,Y1 C [N + Ni| such that | Xz, 11| = |Y1| = k+ N4, where k < N. If
Tayg1y = Y155 J €K+ Ny, and  zmi415 < Yijrges J € [F+ Ny —gol, (5.55)
then, for all z € T,
|det(P:[ X, 13 V1) < g BTN g, (2) [N R FY e, (5.56)
On the other hand, if (5.55) does not hold then the LHS of (5.56) vanishes.

The proof of Lemma 5.16 is postponed to Section 5.3. In that section a Toeplitz minor would
be represented as a certain skew Schur polynomial and using that representation Lemma 5.16 will
be proved. We now prove Lemma 5.13.

Proof of Lemma 5.13(i) for z € T, Fix k € N such that k + N, > ms. Fix £,q, X}, and Y,

such that &}, € Lg?,z, Wi € Ll(f,)c, and (5.21) holds. We also assume that (5.55) holds, for otherwise

by the second half of Lemma 5.16 there is no contribution to the sum in (5.31).
We first show that for such pairs (X, £) and (), q) one must have

J(X,Y,q) =1, (5.57)
where we recall (5.39) and (5.47) for the definitions of J and q. To see (5.57), as Vi € Lffl){, we
note that for any j € [mo]

j—2 j-1 P
Ymot1,5 = Z(ymgﬂﬂ',jﬂ' = Ying—irj—i—1) T Ymp—j+2,1 < Zeri = Z < q. (5.58)

i=0 i=0 A=fg—j+1
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Similarly, as X}, € Lélli and Yy, € L) using that (5.55) holds, we also observe that

q,k’
~ (5.55)
(N + Ny —215) < (Ng = gg15) < (N —41y)
~ e+ Ny —j—1 k+Ny+1—j
= (N4 = Ykt N 15kt Ny ) + Wit2gritt — Virrg) < Y, oA <q, (5.59)
i=0 A=1

where in the last step we also used that
j2k+Ny—me+12>1 = E+Ny+1—j<m

The inequalities (5.58)-(5.59) together with (5.21) now establish (5.57). This implies that while
summing over the indices in (5.31), without loss of generality we can assume that (5.57) holds.
Before evaluating that sum we do some more simplifications to the representation in (5.31). As

Xy € Léllg, recalling the definition of {:Bi}ﬁll“ from (5.41) we see that

m1
Ling+1 = Z(wi—i-l - xi) +x = m1 k + N+ Zﬁ + x;.
i=1
Thus, for any X}, € Léll)c,
D1 =D1( X, £, 2) Hm L Mg (2)

m1 i
ni(2) ) i i (k+Ny) .
- e () ‘N z . 5 (5.60
iljl <’7ﬁ11+1(2) i+1(2) 1+1(2) (5.60)

On the other hand, for any V. € Lff,){,
Y=y -+ (N—k) =y +2(N = k) —q1— @z = = Y1 + 2 - (N =) = > _ gy

This yields that

92 = 92 yk’ye Z Hnml—i-go-‘rl '777711+1(Z)y1

g R . qi .
= H <nn7;i+i)1+(lz(;)> i1 ()TN YA (5.61)
i=1 mi

Fix k such that k + N, > mg + go. For X} € Lgllz and )y, € Zl(f), upon using that me > 0 and
(5.55), we find that

(5.41) RN+ (5.28) FHN+ 2 (5.55) KN+ —m2—go0
Yo+l 2 Z Yo+l 2 Z Y = Z Ty 41,5
Jj=ma+go+1 Jj=go+1 Jj=1
(5.26) k+Ni—ma—go 1 R
> Z x1,j —Z&—i-(k—i-NJr)ﬁh
j:l i=1
(5.41)

>z — Ze+ k+ Ny)my — Ny (s + g0). (5.62)
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Note that for k£ € IN such that my < k + Ny < mg + go, the sum over j in the left side of (5.62)
is empty. Therefore, by (5.26) and as X1 C [N4] we obtain that for such values of k,

Y1 = X1 — Ze (k+ Ny)mi — Ny (k+ Ny). (5.63)

Now as z € T4 we have |9, +1(2)] < 1. Thus, recalling (5.42)-(5.43) and (5.38), and using
(5.62)-(5.63) we deduce that
D] 1D2] < [B1] - [Ba] - [y 1 (=) NER2 7N, (5.64)
On the other hand, from (5.60)—(5.61) (5.31), and (5.36) it follows that

m1+go
DX, Y,2)| <laon_|” ’me | UIE [Z Y. > @ (5.65)

= €4 xeer) yierl)

| det(P.[Xsm, 115 Y1)
777?11-1-1( ) Tt

where we also used that g(p) = go (recall (1.6) for the definition of g(-)) implies that

D2 - 1X1=Xu[ﬁ+]\[N] ) 1Ym2+1:(Y+N+)U[N+] I(X,Y,q) |,

My +1(2)] = [y 42(2)[ = -+ = [N 140 (2)]- (5.66)
It is clear that if z € 7% for some d then z lies in compact domain in C. As the map z —

1rnax;-7;1 |nj(2)| is continuous, we therefore have that

max sup max]n]( z)| < 0.
zeTd J=1

Therefore, continuing from above, applying Lemma 5.16, from (5.57) and (5.64) we deduce that,
there exists some constant Cs 13 < oo such that

~mi(k+N. _ i
DXV, 2)| € T i (2) NN,

!Z Z Z ’Sl| |3’2‘ X1= XU NJr \[N} 1Y77L2+1=(Y+N+)U[N+} : j(Xﬂ Yuq) :

L,q XkGL(l) ykEL(2)

Finally we use Lemma 5.15 and

1480
1—ey < min [|n(z)| = %ggg(o Inj(z)| <1, for z € T, (5.67)
j=mi+1 mi1+1
to derive the desired bound. This completes the proof of Lemma 5.13(i) for z € 74(1), O

Proof of Lemma 5.13(ii) for z € T, As k + N, < Mg, for any YV € L¢(12,I)c we have that

(5 ) RN
2
(5.29) k+N4 R
> yort+ D> Wit — Y1) + (Ve = Yrenpsrpeny) — (k+ Ny (k+ Ny +1)
J=2
> N, — m, (5.68)

where in the second inequality we used that

Y1 <@ t+k+ Ny yseo—vye1<q@+k+ Ny oo, Ny — Yk Ny 41k Ny S QoiNg+1 + hk+ Ny,

and in the last we telescoped the sum and used again that k + N, < msg. This implies that the
set ngl)c is empty unless (5.68) holds.
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On the other hand, recalling (5.42)-(5.43), and using (5.31) and (5.36) we note that

m1+go

DOY.2)| < oy [ H\n ORI E et

i=m1+1

Z Z Z ‘31 ‘det m1+17Y1m : |32| : 1X1=Xu[ﬁ+]\[N] ’ 1Y7’ﬁ2+1:(Y+N+)U[N+] .

4a xeeLy) yiel?)

From Lemma 5.16 we have that
det(P, [Xm1+1;Y1])
H;nlfr:f—?—l mi(2)N
for all large N, where in the first step we have used (5.66) and in the second nequality we used

(5.67), that y1 > 0, @, 41 < MaNy, and k+ Ny < ig.
Therefore, applying Lemma 5.15, and (5.68)-(5.69), we deduce that

B N | 1 (2) [V @m0 (1 4 2¢f) 2, (5.69)

= a0

(5.69),(5.44) < 1 )ﬁn(k+N+)

N
- (14 2¢f)™ Z Z 2l - Ly, oy =(v+ N4 UV

il
(Béﬁ) l my(k+Ny) 1+2€ PN Z q(mo _|- 1) +mo(k+ Ny +1) (1 B @)6 1
< = 0) — ok + Ny +1) 9 {g=Ny—m3}

(5.70)
Since for any fixed n; € IN and no € IN large enough, depending only on €9 and ny, one has
Sa(1-2) < (1-%)"
8 )
gz=n2

and €,/ is sufficiently small, upon using (5.53), the claimed bound on ’}S(X .Y, z) now follows
from (5.70). This completes the proof of part (i) for z € T4, O

Next we prove Lemma 5.13 for z € T%®) . It requires some minor modifications compared to
the case z € T%W),

Proof of Lemma 5.13 for z € T%®3). First let us prove part (i). We begin by noting that (5.57)
continues to holds even for z € T%?) and k < N such that k + N, > M. Recall (5.42)-(5.43).
We use (5.31) and (5.36) to note that

‘33()(,3/,2)(

m1+go
<la-n_|” ’“H!n R | e [Z S 1Bl |det(Pa Xz, 415 V1)) - 32l

’L—T?Ll-‘r]. 4@ q X GL(I) ykeL(Q)
. 1X1:XU[]/\7+]\[N] . 1Ym2+1=(Y+N+)U[N+] . j(X, Y, q) . (571)

As z € T4 implies that [, +1(2)] = 1, applying Lemma 5.16, and using that y; < @s,41, we
obtain that

det (P, [Xﬁn-i-l; 1)) < ggo+2(k+N+)‘ (5.72)

Ny 41(2) V80 =0
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Thus, from (5.71), we now derive that

DX, 2)| < oy |75 g2 [T s
=1

[Z Z Z |8:1 |32 =XU[N4{\[N] 1Yﬁl2+1:(Y+N+)U[N+}'j(Xa}/aq) :

ta xieLy) vierl)

The claimed bound on @(X, Y, z) now follows upon using Lemma 5.15, in the same way as for
z € T4, This completes the proof of part (i) of the lemma for z € T2,

We now turn to the proof of the second part. To this end, we note that all the steps of the
proof of Lemma 5.13(ii) continues to hold under the current setup, except for the bound (5.69).
In fact, under our current setup, the bound (5.69) can be improved to (5.72). Thus, repeating
rest of the arguments in the proof of Lemma 5.13(ii) used for z € 741 the proof of the second
part of this lemma completes for z € T%(2), O

5.3. Toeplitz minors as skew Schur polynomials. The goal of this section is to prove Lemma
5.16. This will follow from the following bound on minors of finitely banded Toeplitz matrices.
Proposition 5.17. Let g,, N € N. Fiz a compact domain D C C and let z € D. Let fﬁ(z) =
fﬁ(ﬁz) be the N x N Toeplitz matriz with symbol

x

Do(7) = Za_j(z)Tfj, ag(z),a-1(2),...,a—g,(2) € C; ap(2) #0, a—g,(2) =1Vz € D. (5.73)
=0

Denote {n;(z) ?*:1 to be the roots of the polynomial p,(-) = 0. Assume that, for some constant
c1 € (0, 1),

Ce 1;(2)
inf min |1 — = > c1. 5.74
z€D k#j Nk (2) ! ( )
Then for any
X={n<n< - <mpC[N] and D:={n<n< <y} C[N]
we have that
= o n 2 Ex L T
det(T5(2)[X,D])| < ;&g H 7j( : (mm 7;(= >|> 3 | EREERR | [ TR
i=1 i=1
(5.75)

where ¥ 1= [ﬁ] \X, 9 = [N] \9D,

I:= Z;i, and 6:: ZUZ
=1 i=1

Remark 5.18. The bound on the order of magnitude of Toeplitz minors derived via Proposition
5.17 can be seen to be optimal when the roots of p,(-) = 0 have the same moduli. However, it
s suboptimal when the roots have different moduli. For erxample, consider the case g, = 2 and
choose z € C such that |71(2)|/|2(2)| = (L +¢€') for some &’ > 0. To see the sub optimality of the
bound now let X = {N — 1, N} and 2 = {1,2}.

Since we will apply Proposition 5.17 for a Toeplitz matrix for which the roots of its symbols
have the same moduli, we have not tried to derive a version of Proposition 5.17 that captures the
optimal order of magnitude even when roots have different moduli.

As already mentioned in Section 5.2, to prove Proposition 5.17 (and hence Lemma 5.16) we
will use the fact a Toeplitz minor can be expressed as certain skew Schur polynomial, see Remark
5.25 below for historical background. To state the relevant result and carry out the proof of
Proposition 5.17 we need to borrow some notations from the theory of symmetric functions. The
references [46, 68] are excellent resources for this purpose.

We start with the definition of complete homogeneous symmetric polynomials.
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Definition 5.19 (Complete homogeneous symmetric polynomial). Fiz w,r € N. The r-th com-
plete homogeneous polynomial in w variables, to be denoted by h.(-), is the sum of all monomials
of total degree r. That is, for (t1,ts,...,t,) € R,

r
he(tr,to, ... ty) == > It

1<s1 <so < <KsrSw u=1

We further set hg := 1 and h, :== 0 for r <0.
We next proceed to define the notion of skew Schur polynomials.

Definition 5.20 (Skew partitions and skew Schur polynomials). Fiz w,m € IN. A vector A =
(M, A2, ooy Ap) with N\ € Zi, i € [m], and A\ = Ag = -+ = A\, = 0 is called an integer partition
(or in short a partition), of length £(A) = m and weight |X| = """ A;.

For two partitions p and X we write pp C X if () < L(A) and ps < A for all s € [¢(p)]. In
that case, the pair (X, p) is called a skew partition and is often denoted by A/ .

Given a skew partition A/ we define the skew Schur polynomial in w variables as follows:

sa /() = det | (h, -, —uro (D)L ] (5.76)

where {h.(-)} are the complete homogeneous symmetric polynomials in w variables as in Definition
5.19, and the partition p is extended to have length () by appending zeros. When w is an empty
partition the polynomial sy g is called a Schur polynomial and is written as sx. Thus, for any
given partition X, we have

sx = det {(hAu,quv)ﬁ(;‘):l] . (5.77)

Remark 5.21. Skew Schur polynomials admit a combinatorial description in terms of skew semi-
standard Young tableaux. The equivalence of these two definitions is due to the first Jacobi-Trudi
identity (see [68, Theorem 7.16.1]). Since we do not require the notion of Young tableaux elsewhere
in this paper we have chosen (5.76) as the definition of the skew Schur polynomial sy ;,,. We refer
the reader to |68, Chapter 7.10] for a detailed overview of these matters.

The following identity, known already to Jacobi (see |68, Exercise 7.4] or [18, Theorem 3.2|)
provides an efficient representation of complete homogeneous symmetric polynomials.

Lemma 5.22. Let r,w € N and (t1,ta,...,tw) € R". If {ts}¥ are pairwise distinct then
w t(+w—1
J

he(t1, ta, . ., tw) = .
= eyt = t)

The next lemma, which is a key to the proof of Proposition 5.17, states that a Toeplitz minor
can be expressed in terms of skew Schur polynomials.

Lemma 5.23 (|47, Theorem 2.1]). Consider the setup of Proposition 5.17. Then

det(Tg (2)[%; D)) = (—1)RolHhol Gy (2)V =1 sy (01(2) 7L 72(2) 7L T (2) 7,
where

Ao = (N—n—i—l—t)l, N—n—l—Q—Ug, .. ,]V—t)n) and pg = (N—n—kl—g, N—n+2—;g, . N—;n).
Remark 5.24. The reader may note that the expression for the Toeplitz minor stated in Lemma
5.23 is somewhat different than the one in [47, Theorem 2.1|. This is due to the fact that [47]
expresses the minor in terms of the roots of the polynomial p,(T) := 78 - p,(7), where p,(-) is as
in (5.73), while {7);(z) ?*:1 are the roots of p,(-) = 0 which are indeed the reciprocals of those of
Remark 5.25. [t was first noted by Bump and Diaconis |17| that any Toeplitz minor can be
expressed in terms of skew Schur polynomials. They expressed such minors as an integral of
certain functions involving skew Schur polynomials over the unitary group (see |17, Theorem 3| ).
Later Alexandersson in [1] expressed minors of triangular Toeplitz matrices as certain skew Schur
polynomials (see |1, Proposition 3]). Maximenko and Moctezuma-Salazar [A7] gave a different proof
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of such a representaion for non-triangular banded Toeplitz matrices. Here we use the formulation
of [47] which is the most convenient for our setup.

Before proving Proposition 5.17 we make the following elementary observation.

Lemma 5.26. Consider the setup of Proposition 5.17. If X, C []V] are such that either there

exists an i € [n| for which r; < v; or there exists an i € [n — g,] such that t; > 9i4q,, then
det(T5(2)[X; D)) =

Proof. We note that T\N(z) is an upper triangular Toeplitz matrix with the symbol p,(-) (see

(5.73)). As {7’7}}?*:1 are the roots of p(1/-) = 0, it follows that

8%
() =[5 - 0()1g)-

Jj=1

~)

Therefore, by the Cauchy-Binet theorem we have that

det(T5(2)[%; D)) Z > Hdet (J5 — 05 I)Zs5 Zj 1)), (5.78)

=2 z,c[N] =1
|Ze|=n

where we set Z; = X and Zg, 1 =9). For £ € [g, + 1], we index the elements of Z; as follows:
Ly = {2’371 <z < < ng}.
By [8, Lemma A.3| we note that
det((Jg — ()1 g)[Ze; Zes]) # 0
if and only if
Zop11 S 201 < 2e412 S 202 <0 < Zpqin S Zen SN (5.79)

Therefore, in (5.78) we can restrict the sum over {Zs, Zs, ..., Zg, } such that (5.79) holds for all
¢ € [g,]. On the other hand, if (5.79) holds for all £ € [g,], as Z; = X and Zg, 11 =), we derive
that for all i € [n]

i = 2g, 41 S 2g i S0 K 215 = Ly
and for any i € [n — g,]
=214 < 22,i41 < 23,i42 < -+ < Zg,+1itg, = Ditg,-

Therefore, if either of the above two conditions are violated for some i € [n], then there must be
an ¢ € [g,] such that (5.79) is violated. In that case, the sum {Zs, Z3,...,Zg, } in (5.78) is an

empty sum and hence det(fﬁ(z)[f; @]) =0. (]
We are now ready to prove Proposition 5.17.

Proof of Proposition 5.17. From (5.76) we see that
S0/ () = det (e, ()7, | (5.80)

where Ag and po are as in Lemma 5.23. Set g:: (51752, e ,Eg*), where & := n; 1(z) for i € [n].
Using (5.80) in the first equality and Lemma 5.22 in the second, we have that

SA()/;J,Q § Z Sgn ) H th_Uﬂ(v) (§)
v=1
gx n g\g*—l

— Z H Ju_ [Z sgn (7 H v Hl{xv%n( 3 (5.81)
s

ezt st ielg i G — &) ol

where the sum in the first step and the innermost sum in the second step are over all permutations
7t on [n], and in the last step we also used the fact that h.(-) = 0 for r < 0.
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We claim that there are at most g} many permutations 7 such that the summand in the
innermost sum in (5.81) is nonzero. That is, there are at most g’ many permutations 7t such that

T 2 Yn(), forall v € [n]. (5.82)

Equipped with this claim, upon crudely bounding each term appearing in the sums in (5.81) by
its maximum, it now follows that

1

( o~ ] ) . g~ =p
— = =_ . maxléj]) < g*n‘cl_ *n<maX]§j]> s
1= (&k/&) = i=t

(5.83)
where the last inequality is due to (5.74). Now, using Lemmas 5.23 and 5.26, and noting that

sxo/mo @] < &2 (nfix g T
kelg\ {5}

g«
ao(z) = (=& [ (=), (5.84)
j=1

we obtain (5.75) from (5.83).

Thus, to finish the proof it remains to prove the claim regarding the number of permutations
7t satisfying (5.82). To do that, by Lemma 5.26, without loss of generality, we may assume that
Ly < Dytg, for all v € [n—g,].

Now we bound the number of choices of 7t satisfying (5.82) as follows:

® As 1 < iyg,, 91 < P2 < - < Yy, and ¥ =Ygy we find that 7(1) € [g.]. That is, the
number of choices for 7t(1) is g,.

e Having chosen 71(1) we now choose 7(2). Using the same argument as above we note that
1(2) € [g« + 1]. As (1) € [g.] C [g+ + 1] the number of choices for 7(2) is again at most
Ex-

e Continuing from the above, we find that for any given v € [n — g,] we must have n(v) €
[v 4+ g« — 1]. On the other hand (1), 7(2),...,7m(v — 1) € [v 4 g+« — 2|. Thus the number
of choices for 7t(v) is at most g.

o Finally mt(n — g, + 1), 7(n — gx + 2),...,7(n) can be chosen in at most g,!(< g8*) ways.

This proves the claim and hence we have the desired bound. O

We end this section with the proof of Lemma 5.16. This is a direct consequence of Proposition
5.17.

Proof of Lemma 5.16. We recall from (5.13) that P, is an upper triangular Toeplitz matrix of

dimension N, such that the roots of its symbols are {—nj(z)}?:l%f‘jrl. Note that g(p) = go (see
(1.6) for a definition of g(-)) implies that there exists 77(z) € C such that

N +5(2) = 0(2) - 2™V 7180 e [gg). (5.85)

Upon recalling the definition of the tube 7¢ we see that
o
3"

N .
1= 3 < 0 [0 4go(2)] < SUp g1 (2)] < 1+
2€T4 d

z€T"

This further implies that for any z € T¢ we have that 7j(z) # 0. Therefore, we indeed have that

7777114_%'(2) ‘ -1
— =1 2g, . 5.86
i#i€lgo] | My +5 (%) ’ (250
Recall also, see e.g. (5.66), that
Mi+1(2)] = [N 2(2)] = -+ = |75, 4g0 (2)]-

As | X, 41| = [Y1| = k + Ny the bound (5.56), as well as the fact that that the LHS of (5.56)
equals zero when (5.55) is violated, is now immediate from Proposition 5.17. This completes the
proof. O
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6. PROOFS OF THE SEPARATION THEOREMS 5.4 AND 5.7

In this section, we complete the proofs of Theorems 5.4 and 5.7, based on Lemma 5.13. The
proof is split into four parts: first, upon employing Lemma 5.13, we derive correct order of mag-
nitudes (of moments) of dety(z), per fixed z and k corresponding to non-dominant terms, in the
regions of interest. Next, in order to control sup, det(z), we derive bounds on the moments on
the supremum of the derivative of det(z). Combining these steps and a covering argument, we
get the desired bounds for sup, dety(z) for non-dominant terms in the expansion (5.6). The third
part of the proof derives a uniform lower bound on the dominant term, using Assumption 1.2.
In the last step, we combine the above ingredients with geometric information on the forbidden
regions to deduce Theorems 5.4 and 5.7.

6.1. Step 1: moment bounds on the non-dominant terms (per fixed z). In this section
we derive bounds on the moments of dety(z). Recall (5.6), (5.35), (5.12), and (5.15), and note
that 7, and 7y (which depend on z) are constant on the tubes 7% and 7%®) with fixed d.
We first consider the case of small k.

Lemma 6.1. Let Assumption 1.1 hold. Fiz e,e0 > 0 such that € /eq is sufficiently small. Fizx
d >0 and s € {1,2}. Then, for all large N,

— 2 g\ N
max sup E Udetk(z)’ ] < (1 — —) . (6.1)
k<ma—N4 LT () 8
56,50

Proof. Fix s € {1,2}. Since the entries of @) are independent with zero mean and bounded
variance, we get that for any X, Y,, X', Y’ C [N]

S kX, =X, Y, =Y, and |X.| = |[Y,| = &
. . 1./ ’ ’ )
E [det(Q[X*,Y*]) det(@[x,\ﬁz])} < el{ A, (6.2)
Therefore, upon recalling (5.9), (5.35)-(5.36), and (5.40) we find that
— 2 ~ ~
E Udetk(z)) } SGNPTNR) ST DX, Y, ) (6.3)
X,YC[N]
IX[=IY|=k

Since there are at most (JZ)2 choices for the sets X, Y C [N] such that | X| = |Y| = k, the claimed
upper bound now follows from Lemma 5.13(ii). This completes the proof. O

Next we derive bound on the second moment of detg(z) for k > mo — N .

Lemma 6.2. In the setup of Lemma 6.1, we have the following bounds, for all large N.
(i) Fiz v with 1 <~ <~. Then for any k € N such that mg — Ny < k < N we have

2} 0 (N,(V,y).(mmfﬁzz)) . s=1,2.

sup E UCTG\’%(Z)
ze%d,’(s)

YHEQ
(ii) For kg = mae — N4 we have

—~ 2
sup E Udetko(z)’ ] =0(1), s=1,2.
ZGTCf’(S)
£0:€0

(i1i) For any k € IN such that ma — Ny < k < N we have

sup E [‘({(;tk(z)r} =0 <N_(’Y—1)'(k+N+—'r’T\L2)> .
zETCf’(Z)
€0:€0

Remark 6.3. Lemma 6.2(ii) shows that the supremum of the second moment of d/e\tk(z), for
k = ko, is well controlled in the tubes T that are of small but fived width, whereas Lemma 6.2(i)

shows that the same can be said for any k > ko only in the tubes T4 that are of of vanishing width.
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In part (iii) we see that one has such a control for z € TR but, as will be seen during the course

of the proof, those bounds fail for z € T%1) \?d’(l)
Proof of Lemma 6.2. We start with the proof of part (i), beginning with s = 1. Denote

oy (10T D Plh <N sy »

log N
Nm1(2)|=1—( —1) ]gV , forzETd(l

&0 7

by Lemma 5.13(i) we have that

S RX, Y, o) < 202N N2 DGR ST ST a0, 3(X,Yg) | . (6.6)

X,YC[N] X,YC[N] ¢,¢'>0
|X[=IY|=k | X|=IY|=k

We claim that, for any ¢ > 0,

q + 27y N 2
X, YCIN]: | X|=Y|=kand J(X,Y,q) =1 2 . .
Y C N ] = [¥] = kand 306 Vi) = 1) < (V127 (LY

Indeed, upon recalling (5.39), we note that for a given ¢ > 0,

J(X,Y,q) =1 = max mfax (N —x;) mIQI;aZ)V; 0 <q
Y G=h+ Ny =41 RS Al

Thus the number of choices of {$J'}§:k+N+—m2+1 and {yj};?fl_N+

qz(ﬁm—z\u) < q2m2 < (27y)! q+ 2me
2m2

1s at most

Now choose the remaining elements of X and Y to obtain (6.7).
Next applying (5.50) and (5.54) we have

AT + 1) Mo (k+Np+1)+1
Yo, < (A2t .

¢'>0 €o

On the other hand, (5.50), (5.54), and (6.7) yield that

g (k+Ny+3)+1
) . N2(k+N+—7’T\12)k27’ﬁ2(k!)—2

> D 23X, Y q) <(2m2)!.<‘w

£
X,YC[N] ¢=0 0
[X|=[Y|=k

Plugging in the last two bounds in (6.6) and using that G(k, z) < k + Ny — ma, we deduce that

Z |5(X,KZ)|2 < 6T(k+N+) . N27’(k+N+—r712) . k27’fz2 . (k')_Q
X,YC[N]
|X|=[Y|=k
for some constant C'; < co. Upon using (6.3) part(') of the lemma follows for s = 1.

Turning to s = 2 we observe that, as G(k,-) = 0 on 'Td (20 and 7'd for all large NV,
the upper bound (6.6) continues to hold in Wlth N2y *1)G(k z) replaced by one. Thus7 repeating
the rest of the arguments we derive part (i) for s = 2, as well as part (iii). The proof of part (ii) is
exactly the same, where we again note that G(ko,-) = 0 on 7?80) and use that ko + Ny —mg = 0.

0
This completes the proof of the lemma. ]
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While applying Theorem 5.7 to derive the localization of the eigenvectors we will choose 1 <
~" < 7 such that (v —~') is (fixed but) arbitrarily close to zero. For such choice of parameters, if
k+ Ny —ms is small then Lemma 6.2 does not yield a sufficiently strong probability bound to carry
out the covering argument. To overcome this caveat we control high moments of dety(z) for such
choices of k, which when applied together with Markov’s inequality produce desired probability
bounds.

Lemma 6.4. Consider the same setup as in Lemma 6.2. There exists a constant 66,4 < o0
(depending on p(-) and ey only) so that, for all h,k, Ko € N such that mo — Ny < k < Ko — Ny,
we have

M~ 2k , N
sup E ‘detk(z) < Oy N2 (bt N —iiz) (6.8)
7d,(1)
267’7,@0
and ) .
sup E ’d/e\tk(z)’ < Cp g N72hO= D (kN —ita) (6.9)
erh@ L i
E/O €0
where

Co.4 = Co.4(h, Ko, m,m3) := @é?f“ - (Koh)¥oh . €y

Proof. We start with the proof of (6.8). Note that it suffices to show that for any z € Td( )

0
_ __ 2h o , _
Tu(z) = N2vh(k+Ny—in2) g Ddetk(z)’ ] < Cgbfoh . (Koh)SKOh - Corcoh - N2hy (kN —ing) (6.10)

Turning to prove (6.10), using (5.9), (5.32), and (5.35)-(5.36) we find that

h

ZZH Sgn o (1)) sgn(o, (i) H X() y( Hdet X(i);y(i)])

X Y i=1 i=1

H DX, Y0, 2) H det(Q[X@; Y®])|, (6.11)

i=h+1 i=h+1

where the sum is taken over
X = {xW x®@  xCh) and Yy = {yW y®  yCh
and for i € [2h],

X0 .= {a:gl) < xgi) << a:g)} C [N] and Y .= {yli) < ygi) << y,(:)} C [N].

Associate to X the partition B x determined by the equivalence relation ng )~ x(,, ) ift a:y,)
xg,;/), for some i’ #i"” € [2h] and j', j” € [k]. Similarly, associate to Y the partition Py .

As the entries of @) are independent and are of zero mean it is straightforward to observe that
for any (X,Y") such that either P x or Py has an equivalence class of size one, the expectation of
the summand on the RHS of (6.11) equals zero. Hence, to compute a bound on the RHS of (6.11)
we only need to consider partitions Px and Py such that each of their equivalence classes has
size at least two. For brevity we term them pair partitions. Fix one such pair of partitions (3, J3)
and a pair (X,Y) such that Px =P and Py = P.

For any i € [2h] the determinant det(Q[X ;Y ®]) is a linear combination of k! terms each of
which are products of k independent entries of the sub matrix Q[X OF Y(i)]. Therefore denoting

h
Q:=E ||[]det(Qx®; v H det(Q[X ;Y|

i=1 i=h+1

by the triangle inequality, we note that 9 is a sum of at most (k!)2" terms of the form

Q Qs
Uy yVw Uw,Vw

] , (6.12)



40 ANIRBAN BASAK, MARTIN VOGEL, AND OFER ZEITOUNI

for some b € IN and collections of positive integers {c,}%,_; and {c},}% _; such that

b b
Y=Y d =k
w=1 w=1

where Qy,, v,, denotes the (uy,, vy, )-th entry of @ and the collection { (., vy)}8,_; is pairwise dis-
joint. Thus {Qu, v, }%—; are jointly independent. Upon using Holder’s inequality and Assumption

1.1(ii) it follows that (6.12) is bounded above by

b cw+ciu
" 2kh
H (E |:‘Quuuvw‘2kh:|) g Q:Zk’h g Q:QKoha
w=1

where in the last step we use that k < Ky and that &€, is increasing in w. This, in turn implies
that 9Q < KgKOh - €axon- Plugging this bound in (6.11), and applying Lemma 5.13(i), (6.5), and
that G(k,z) < k 4+ Ny — ma, we now deduce that

Sk(Z) < 26§fi§l(k+N+) . N2h('y’_1)~(k+N+—ﬁL2) . KgKoh X QtQKOh'

2h
S0 3 S [ogw - ax®,y® gy 8 (6.13)

PR L% Ypy=—1 X Px=Pi=1

where gy = (q(l),q(z), .. .,q(%)), and the outer sum is over all pair partitions 8 and ‘ﬁ To
evaluate the sum in (6.13) we will compute the sum in a specific order. To execute this step we
need a few definitions.

We split the elements of X and Y into generating and non-generating elements as follows: For

any i € [2h] we term the collection of elements {xgz) ?=k+N+*fﬁ2+l and {y](z)};%:zl—N+ non-generating
elements. The rest of the elements of X and Y are termed generating elements. Let (p1,92,. .., Pp),

for some b > 0, be the equivalence classes of P x, the partition associated with X. For w € [b], we
say that p,, is non-generating if it contains at least one non-generating element of X. Otherwise
P will be said to be generating. The same convention is adopted for Y.

We are now ready to derive the desired upper bound on (6.13). We proceed as follows:

e Fix a couple of pair partitions B and % Note that, as k < Ky, the number of choices of
(B, P) is bounded above by (Kgh)*Koh,

e We next evaluate the innermost sum in (6.13), fixing gx. Since Bx = P one only needs
to sum over the possible (common) values of the equivalence classes of 5.

e Let (p1,p2,...,pp) be the equivalence classes of B and without loss of generality assume
that (p1,p2,...,Pp,) are generating for some by < b. Notice that the number of elements
of X is 2kh. If Px =P for some X and P is a pair partition then by < (k+ Ny — ma2)h.

e As X C [N] the total number of possible values of {p,}?°_, is bounded above by N% <
NNy —m2)h

e On the other hand, upon recalling (5.39) we find that

2h
[[3(x®,y® ¢9) =1 — pw = N—qu, we b\ [b+1],
i=1
where g = 2122 1 ¢9. Thus, the number of choices for the of non-generating equivalences
classes is bounded above by 6% < ﬁﬁoh.
e We repeat the same idea as above to compute the second sum in (6.13).

Putting all the above pieces together we now obtain from (6.13) that

2h
Tp(2) < 2C2NT50 - (2Koh)SKO - €y, - NHIEN =m0 | N " ghoh TT o | (6.14)
q4 =1
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Applying (5.50) and (5.54) one can note that the sum over gy in (6.14) is bounded by CEoh for

some constant C' < oo, depending only on mg and €. Together, this yields (6.10) and completes
the proof of (6.8).
To prove (6.9) we simply note that, again by Lemma 5.13, (6.13) continues to hold for any z €
7;1(620) with N2V =1 (k4N =m2) peplaced by one. Therefore, repeating the rest of the arguments
0

we obtain (6.9) and complete the proof of the lemma. O

6.2. Step 2: uniform upper bounds on non-dominant terms. In this section we derive
uniform upper bounds on the non-dominant terms in the expansion (5.6). The following is the
main result of this section.

Theorem 6.5. Let Assumption 1.1 hold. Fix parameters ', e9,(, 0 > 0 such that (y —1) V1<
v <~ and gy/eo is sufficiently small. Let d >0 . Then, for all large N,

max P | sup Z cfe\tk(z) > N-0=/4 < 1/N. (6.15)
se{1,2} 2T |t N,
YHE0

Furthermore, for all large N,

P | sup Z d/e\tk(z) > N0/ <1/N. (6.16)
ZGTS’?& k#mao— Ny
b

The difference between (6.15) and (6.16) is that the former yields bounds for tubes with dimin-
ishing width (in V), while the latter provides bounds for certain tubes of fixed width. The bound
(6.16) will be used in the proof of Theorem 5.4.

To prove Theorem 6.5 we will use the uniform bounds on the moments of &;ck(z) that were
derived in Secti(\)n 6.1. We will also need a bound on the second moment of the supremum of the
derivatives of dety(z).

Lemma 6.6. Consider the same setup as in Theorem 6.5. Then there exist constants 0 <
c6.6,Co6 < 00, depending only on ' and &y, such that for any d > 0 and k € [N] we have
that

d — , |? N \?

max sup ——deti(2)| | < Cos () (6.17)

56{172} ~d,(s) 20 cg.6 log N/N dZ IOgN

z€<’7:/,”50 \B; )
and
d — 2 N \¢
E —det < Cse . 1

sup 5 de k(%) Ce6 <10gN> (6.18)

_ cg.6 log N/N
2€ ( %»(2)\330)
€0:€0

The proof of Theorem 6.5 will also require estimates on the non-random term in the expansion
of det(P?), as follows. Recall the notation d, see (5.33), and that P’ = Pf\;7 —zIy.

Lemma 6.7. Consider the same setup as in Lemma 6.1. We have the following bounds.
(a) If d>0 then, for all large N,

—~ €0 N

sup  |deto(2)] < (1 - Z) , se{1,2). (6.19)
AV
€00

(b) Fit d >0 and &> 0. Let d > 0. Then there exists a constant c, € (0,1) so that, with

X, = [N]\ [N —mg+ Ni] and Y, := [mg — N4|,
< inf DX, Ye2)| < swp  D(X.Yiz)| <l se{L2). (6.20)

€T N\ByY 2eTh )\ Bl
0’ €0:€0

sE
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Remark 6.8. Note that if d = 0 then X, = Y, = (. Therefore, in that case d/gco(z) = ’}S(X*, Y., 2)
(see (5.9)-(5.10) and (5.34)-(5.36)). Thus, for d = 0 Lemma 6.7(ii) provides a lower bound on

—~

the (dominant term) deto(z).
Equipped with Lemmas 6.6 and 6.7 we now prove Theorem 6.5.

Proof of Theorem 6.5 (assuming Lemmas 6.6 and 6.7) . Fix s € {1,2} and Ky = Ko(v,7/,m) =
[30/(y —~')] + m. We first show that for any k such that k + Ny > Ko,

max P sup
se{1,2} Ze/j‘—dv@)\BgO
v'eg V2

d/e\tk(z)( > N-2| <2/N3, (6.21)

To see (6.21), denote

—~ (kN1 —9)(v=+")
Fl(z) = {detk(z)| <N i }

and

d —
—detg(2)

> N3
dz

Fo = sup
~d, =\ 6.6 log N/N
z€ (7;,’(:0) \B;O)

Applying Lemma 6.6 (in particular (6.17)) and Markov’s inequality we obtain that

P(F)) < N3 (6.22)
From our choice of Ky and Lemma 6.2(i) it follows that
sup P(F(2)¢) < N1 (6.23)
267:%’(5)
Y HEQ

Let NV be a net of 7?{%2) of mesh size N7, which has cardinality at most O(N12). Then, (6.22)-
(6.23) yield that

P(U.enF(2)° U Fy) < 2/N3. (6.24)
On the other hand, we find that for all large N and 2’ € N the ball D(z', N=9) is contained in
the (cg.6log N/N)-blow up of 7A;d,iz) \ Bgo. Thus, using the triangle inequality and the first order
Taylor series expansion, we see that on the event Ny epnF(2') N F§,

d —
—dety (Z/)

- (6.25)

[dety(2)] < sup |dety(2')] + dist (2, A7) - sup
< z’e(’f;d/af;())\Bio)CGAGlog N/N

< N_%(k+N+—ﬁ12)'('Y_’Y,) + N_3 < N_Q,

for all large N, where in the last step follows from the facts that k£ + Ny > Ky and our choice of
K. Therefore, from (6.24) we now have (6.21).
Next we claim that

P| sup cTe\tk(z)’ > N-2| <2/N?, (6.26)
€T B
for any k € IN such that k + Ny < mg. Indeed, by Lemma 6.1, we see that (6.23) continues to
hold in this case. Thus, repeating the same proof as for (6.21), we obtain (6.26).
Now we aim to show that

P sup
zéid,’y(:o) \B50

&(;ck(z)‘ > aN—307) | < 2/N3, (6.27)

for any k such that ma+1 < k+ Ny < Ky. To this end, we set ho = ho(y,7',m,80) = [15/(v—7)].
We apply Lemma 6.4 with this hg and Markov’s inequality to find that (6.23) continues to hold
for any mo — Ny + 1 < k < Ko — N4. Thus, repeating the same argument as above, yet again,
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we further observe that (6.25) also holds, except for the last step. Since v/ > v — 1 the last step

there can be replaced by 2N ~30=7) Therefore we have (6.27).
Combining the probability estimates (6.21), (6.26), and (6.27), and using a union bound we
deduce that

— 1 ,
P sup > dety,(2)| = =N~0O=7)/4 < 3/N?,
2. (3)\ 520 |} 4 2
zeTj&O\BZ, kg {ma—Ny 0}

for all large N. If d=0 then, by (6.44), mg — N4+ = 0, and hence we have the desired probability

bound. If d > 0 then upon using Lemma 6.7(a) the proof of (6.15) completes. The proof of (6.16),
being similar, is omitted. O

We now proceed to the proof of Lemma 6.6, which uses the bounds derived in Lemmas 6.1 and
6.2, and Cauchy’s integral formula for smooth functions. Cauchy’s integral formula allows us to
control the second moment of the supremum of a random analytic function (and its derivative) on
a nice domain by controlling the supremum of the second moment of the same analytic function
on a slightly enlarged domain. To carry out this scheme, we first show that the blow up of any
tube 7%(5) s = 1,2, away from the bad set B , is again contained in a union of the tubes with
slightly modified parameters.

Lemma 6.9. Fiz 0 < g < g9, and €y > 0. We have the following geometric properties of the
tubes.

(i) There exists a constant Csg < 0o such that
T4, C (p(8") oo, (6.28)

In particular Td o IS G bounded set.

(it) Fix ej > 0 such that eq < €. There exists some constant £¢.9, depending only on €, such
that, for any € (0,1/2), and € < (eg.9, we have

€ d7 )
(Ts{é E:lo) \ Bau) - (ﬁlilﬁ) U 778ds g(ol ) 50) \Bso/2 (6.29)
for d =1, while for d > 0 we have

(e s) " e (7

1+ﬂ)66,(1—ﬁ)60

)5/07(17/8)50

T pnii o ) \ B2, (6.30)

Proof. We begin with the proof of part (i). We observe that z € 7;?) -, implies that there exists

a root 1(z) of p,(-) = 0 such that ||n(z)| — 1| < . Set 20 := p(n(z)/|n(2)]) € p(S'). By the
triangle inequality and uniform boundedness of p/(-) in a compact neighborhood of S!, one has
that |z — 2| < Cp.9¢ for some Cp9 < oo depending on p, yielding (6.28).

Turning to the proof of part (ii) we pick any z, belonging to the set on the LHS of (6.29). By

definition, there exists a zg € 7?,1(;)) \Bg0 such that |z, — 29| < Be. Thus, for € < £y9/2, we have
0

that z, ¢ 850/2. On the other hand, noting that for j € [m], the maps z — n;(2) are analytic
outside BSO/ ? and using that T¢ is a bounded set, we deduce that

mas [ (2) = 715(24)] < O(1) - |z — 0] < B/ (6.31)

where in the last inequality we chose € < g6 9¢(] with €69 a sufficiently small constant, depending
only on &g.
Since 29 € 'T, (1) , by (6.31) we deduce that

max{’nmf-‘rgo—i-l(z*)’? ’nm, (Z*)’_l} <1- 50(1 - 6/2)7 (6'32>
and
1—eo(1+B/2) < [nm_+1(20)| = [Mm_+go(26)| < 1+ 58/2, (6.33)

where we also use that the roots can be partitioned into blocks, each of size gy, such that the
roots in each of those block have the same moduli.



44 ANIRBAN BASAK, MARTIN VOGEL, AND OFER ZEITOUNI

Now there are three possibilities: If |9, 11(zc)| < 1, in which case z, € S4, and therefore

by (6.32)-(6.33) we have that z, € (11(:5))5 (1-B)e” If [)m_+go(2)| > 1 then z, € S8 and
0
consequently z, € ,,go’ o Finally, if |9y, +1(24)| = 1, by the maximum modulus principle,

there exists a sequence {Zn}ne]N such that |z — z,| < 1/n and |9y 41(2,)| < 1 for all n € IN. It
is clear that z, € Sy, and by the continuity of the roots the bound in (6.32) and the lower bound
in (6 33) holds for z,, for all large n, with 5/2 replaced by . This, in particular, shows that

Td (1) , for all large n. Therefore, T4

(148)e),(1—8 (148)eh,(1—B)<0 being a closed set the limit z, must

also be in Tirﬂ 1 (1-B)o” This completes the proof of (6.29). The proof of (6.30) being similar,
details are omltted g

The following lemma is proved by a standard volumetric estimate, that we omit.

Lemma 6.10. For any €, 3 € (0,1] there exists a net of p(S1)€ of mesh size Be and of cardinality
at most O(B~2e71).

We are now ready to provide the proof of Lemma 6.6.

Proof of Lemma 6.6. Fix d > 0 and s € {1,2}. This ﬁxes iy and d (see (5.12) and (5.33)). Fix
£0,€(,€4 > 0 such that &), < ¢ is sufficiently small and ejj < . The precise choice of ] will be
specified later. Set ¢ = 69l and let 8 € (0,1/16). Pick any 2 € T? := (TEZ’(EO) \Bgo)ﬂe. From
Lemmas 6.9(i)-(ii) and 6.10 we deduce that there exist a finite collection {z1,z22,...,2} C T?
such that
W_, D(z;,Be) D T? (6.34)
with
b=O0(ch - ?). (6.35)
Hence, it suffices to derive bounds on the derivative of c&k() on each lDiB := D(z;, fe) for i € [b].

Turning to do that we let D := D(0, R) \ B , where R := 2max, g1 [p(1/7)|, and consider a
smooth cutoff function x : D — C such that

)1 on]D?B,
X= 38
0 onD\D;".

This implies that the derivative of x(-) is non-zero only on ]Dgﬁ\ID A Since dist (]Dzﬁ 3]1)3’8) Be
one can choose x such that the absolute value of its anti- holomorphlc derivative Ogx(w) is at
most O(B8~ e~ !) in D. Further let Z: D + C be some (possibly random) holomorphic function.
Then, applying Cauchy’s integral formula for the smooth function z — =Z(2) - x(z) on the domain

D (e.g. see |38, Theorem 1.2.1]) we obtain that for any z € ]Di’B,

(2) = _% /}D - =(w) - 9ax(w) 4

[1]

w—z

where L(-) is the two-dimensional Lebesgue measure. By the bounded convergence theorem we

also have that () - Bux(w)
d 1 =(w
S N TeAN T AL
dz () ﬂ'/]DC_iﬂ\]D?ﬂ dL(w).

[I]

(w — 2)?

Now, by the Cauchy-Schwarz inequality and Fubini’s Theorem we further deduce that

d |’ L(D;”) ) )
E | sup |—=(z < L / E ||Z(w - |0gx(w)|” dL(w
20 [ZEO| | < e g oo B IE] el di(w)
=0(B7%7?%) - sup E[=(w)]. (6.36)
we]D?ﬂ

To complete the proof of the lemma we now proceed to apply (6.36) with appropriate choices of
=(-) and £f.



LOCALIZATION OF EIGENVECTORS OF NON-HERMITIAN BANDED NOISY TOEPLITZ MATRICES 45

We note that the roots of p,(-) = 0 are analytic in z for z € D. Therefore, there exists a
reordering of the indices of the roots {7;(2)}em), to be denoted by {7;(2)};e[m), such that the
maps z — 7);(z) are holomorphic on ID. We set

dety(2)
ay N- »demﬁgOA(Z)N'

E(z) = Ek(z) := (6.37)

We claim that the holomorphic functions {7;(2)};c[m) can be chosen in such a way so that

m1+go m1+go

II 7= [[ ni(z)  forze DY (6.38)
j=1 i=1

Indeed, pick any z € ]D?ﬁ. By the Implicit function theorem it is immediate that {7;(2)};em) can
be chosen such that (6.38) holds for z = z. Also, note that by Lemma 6.9(ii) we have that
33 443 J(8) +(—1)°go,(3—s 80/2
DY € T € (T oy amo U Ty i) \ B (6.39)

The inclusion (6.39) and 8 < 1/16 imply that there are no roots of p,(-) =0 in ]D?ﬂ with moduli
between 1 + 2¢( and 1 + ¢¢/2 (choose ¢p and ¢ such that (/o < 1/8). Hence, (6.38) must

continue to hold for all z in the connected domain ]D?ﬂ , for otherwise the image of the continuous
map |7;(z)| from ID?B to R4 would be disconnected for some j. It further follows from (6.39) that
d(-) = d and vy (-) = My on ]D?ﬁ. This means that (i;ck() = Zk(-) on ]D?B (recall (5.32)-(5.35)).
Since this holds for every i € [b] we use (6.34) and (6.39) to deduce from (6.36) that

d 2

sup *Cfe\tk(z)

: = O(p/(ef)") - sup B [|dety(w)?] . (6.40)
2€T8 | A%

weT48

E

To complete the proofs of (6.17)-(6.18) it remains to find an upper bound on the RHS of (6. 40)

We first consider the proof of (6.18). Set ej = (7' — 1)log N/N. With this choice of &),
B < 1/16, we obtain from (6.39) that T** C 7—2626780/2 7,25?’2( ). Apply Lemmas 6.1, 6.2(i) and
6.2(iii) with ej, and &g replaced by 2&{, and €y/2 to derive that

sup E [|&e\tk(z)\2] =0(1). (6.41)
weT48

Plugging this bound in (6.40) we obtain (6. 18)

The proof of (6.17) is similar. Set 60 =¢j = (v —1)log N/N and choose /3 such that (1 —|—
3B)e, = (7" — 1)log N/N for some " < ~. Apply Lemmas 6.1, 6.2(1) and 6.2(iii) with 7", &{
and £¢/2 instead of 4/, (), and ey, respectively to deduce that (6.41) continues to hold for ’JT/B =

(72(1)(510) \Bgo)ﬁg. The desired bound now follows from (6.40). O

We end this section with the proof of Lemma 6.7.

Proof of Lemma 6.7. We first prove part (a). The proof is a direct consequence of Widom’s
formula for the determinant of a finitely banded Toeplitz matrix. Indeed, by [15, Theorem 2.§],

for s € {1,2}, we have, recalling that N = Ny + N_, that

m1+8go

deto(z) = N1(M2=Nt) H n;(z (=1)NN- Z Cz(z Hm ,

Ie([N]) i€l

where for any Z C [Kr ]
M (Z)
Cr(z) := —
Al | S e
j2€[N\Z
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Observe that that inf,c7d [, 44,(2)| = 1/2. Thus, now by the continuity of the maps z — 1;(2),
for j € [m], as 7% is a bounded set and we work off B5°, it follows that

0< inf _[Cimtg) ()] € sup  [Cimytgo)(2)| £ max sup  [Cz(z)] <oo.  (6.42)

Z€T\BY 2eTA\BLO LCIN+HN-] a0

On the other hand, recalling the definition of the tube 7¢, it is evident that

elmel)<c- D o

Sup{ _ max <
zeTd \J1€[M1+gol, j2&[M1+go]

Notice that, for s € {1,2}

d>0 < mo— Ny >0 <= mp+go<N_. (6.44)

Therefore, as d> 0, we have that Z \ [my + go] # 0 for any set Z C [N] of cardinality N_. Thus,
(6.43) now implies that

1+go co\ N
sup | [T m™ - [In=™ < (1-3)
z€T4| 5 i€l

for all such subsets Z. Using this together with (6.42) we now have part (a).
Turning to the proof of part (b), we recall (5.8) to observe that Pﬁ+ (p,z; N)[XEYE+ Ny]isa

(N+ — mg)-dimensional Toeplitz matrix with symbol
Ny
pu(r) =7y gl — 2
j=—N_

Notice that the roots of p.(1/-) coincide with those of p.(-). Therefore, again by [15, Theorem
2.5], using that N = my + ma + go, from (5.10) and (5.36) we deduce that

A Ny +go) ,—(f2—Ny) e —(Ma—Ny) HieIni(Z)N
DX, Yey2) = (1) oy ] me) S Crle) L
Jj=1 IE( [N] ) szl nj(z)

m1+80
(6.45)
where we use the shorthand N := NJ’_ —mgy = N+ Ny —ma.

Upon using (6.42) one finds that the summand in the RHS of (6.45) for Z = [m;+go] is uniformly
bounded below by 3¢, for some constant ¢, > 0. On the other hand, for Z # [m;+go], using (6.42)-
(6.43) we deduce that it is exponentially small (in N and hence in N ) compared to ¢,. Therefore,
the sum in (6.45) is uniformly bounded below by 2c,. Using now that sup,cs« max;em 1;(2)] <
oo, and shrinking ¢, if needed, complete the proof of the lower bound in (6.20) completes. The
proof of the upper bound is immediate from (6.45), the above discussion, and the fact that
inf, 7 [N, +go(2)| = 1/2. We omit further details. O

6.3. Step 3: uniform lower bound on the dominant term. In this section we prove a
uniform lower bound on the dominant term in the expansion of det(P?). The following is the
main result of this section.

Theorem 6.11. Fiz 9,89 > 0. Assume that d > 0 and that the entries of Q satisfy Assumption
1.2. Then, there exists Cs.11 = Cg.11(p,M, €0,80) < 00 so that for all e, sufficiently small,

(s

1
P im0l () < 2™ ) < Conleh . se{1.2)
zET,’(ég \B30
€g:€

The proof of Theorem 6.11 uses the following anti-concentration bound for certain polynomials
in independent random variables such that the degree of each of those random variables in those
polynomials is at most one. This is a generalization of [9, Proposition 4.1].



LOCALIZATION OF EIGENVECTORS OF NON-HERMITIAN BANDED NOISY TOEPLITZ MATRICES 47

Lemma 6.12. Fiz k € IN and let {Ui}le be a sequence of independent complex-valued random
variables, whose Lévy concentration functions satisfy the bound (1.4) withn € (0,1]. Let {Z7;Z €

([Z})} be another collection of random wvariables which is jointly independent of the collection

{UYk_,. Define

Uy, = Z ZIHUi.

ZC [k i€l

Then, for any constant ¢, > 0 and ¢ € (0, c,e™ 1] we have that

_ (1+m) N
P (|| <e) < Coa2- (;) : (log (C )) +P (| Zyl <),

* ;
where Cg 19 < 00 is some large constant depending only onn and Ci ..

Proof of Lemma 6.12. We will show that
P (U] < €|Zw) - 125}
(1+m) k—1
~ _ = g Cx
< P (|Z/{k| < Cy 1€’Z[k]) . 1{|Z[k]|>c*} < 06.12 . <C> (log (*)) 5 (646)

where

~ ~ ~ Zr
Up = ZIHUi and  Zr:= 7 for T c [k].
ZC[k] €T

(Notice that {Zz;Z C [k]} are well defined on the event {1Z3)| > cx}, and hence so is Up,.) Taking
the expectation over Z; in (6.46) together with a union bound immediately yields Lemma 6.12.

The first inequality in (6.46) is straightforward from the definition of . So, we only need to
prove the second inequality in (6.46).
Turning to that task, for j € [k], set J; :={j,j +1,...,k}. Define

Z:{\j = Z Z\I H U; and Z;{vj = Z Z\I H U;, for j € [k: — 1] U {0},
Z:ID5Jj 1 1€\ Tj+1 Z:ID2Tj+2 1€EI\Tj12
(+1)¢1

where Jj.11 = (). We will prove inductively that, for any j € [k], and all t € (0,e],

~ ) j—2
P (|uj\ < t\Z[k]) < (6(Cpq Vv 1)ty ¢t <log (1)) . (6.47)

Plugging t = c; ' and j = k in (6.47) yields (6.46).
Proceeding to the proof of (6.47), we start with j = 1. As Z; = 1 we have that U = Uy +Up.
Thus, as Uy is independent of {Z7,Z C [k]}, by (1.4) we have that

p (\L?l\ < t\Z[k]) < L(UL, 1) < Cpattn,
To prove (6.47) for an arbitrary j € [k], upon using induction we note that

Uj=U; - Uiy +Uj—y,  for j € [K]. (6.48)
Observe that by our assumption the random variables {Z/{j_l,Zj{j_l} are independent of U; for any

j € [k]. This, in particular, allows us to use the anti-concentration property of U; to derive the
same for U;.
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To complete the proof of (6.47) by induction, assume it holds for j = 7, and set C; =
(6(C1.4 V 1)e!*M)?. The induction hypothesis yields that

P (‘ﬁjwrl‘ < t‘Z[k]>

<P ([t.|<t|zp) +E|P ( Uj. + gf < éw‘z)ﬁﬂﬁ,zwo 1 (|| =) ‘Z[k]
T G
e <1og <1>)j*_2 + Crat B[ |7 (|| > ¢) | 2] (6.49)

where we have used that the triplet {&j*,z,?j*,z[k}} is independent of Uj,. Using integration by
parts, for any probability measure p supported on [0, 00) we have that

-1

[t = e+ - [0 18l

Therefore, using the induction hypothesis and the fact that n € (0, 1], we have that

B [l (] > o) 2] < e B (07 ([ € e ) |2
S 2/61 - (’Z’A’M - S‘Z[k]) ds < 2" + 20, /el s (10»?; (D)JQ ds
t

. 82—1-77
20 1\ \ 71
<2l T (10 = .
¢ +<j*—1>v1<°g<t>>

Combining the above with (6.49) and using that log(1/t) > 1 for t < e™!, we establish (6.47)
for j = j. + 1. This concludes the induction argument and hence the proof of the lemma is
complete. 0

Lemmas 6.7(b) and 6.12 yield easily an anti-concentration bound for detz,_n, (-) per fixed z,
as follows.

Corollary 6.13. Consider the same setup as in Theorem 6.11. Then for s € {1,2} and ¢ €
(0, cxe™ 1] we have

sup P (!cfe\tmrm ()| < 6) < Cs 1o - <Ce>(1+n) | (log (C*))an—N+—17

d,(s)\ 1280 * £
ZETEE),EO \B,
where ¢, 1s as in Lemma 6.7(b).

Proof. Recall (5.9), and (5.32)-(5.36). Fix s € {1,2}. We note that

det, -, (2) = (—1)Ex )8 @ID(X, |V, 2) - det(Q[X,; Vi)
+ ) (—1ypEnex) DX Y, 2) - det(QLX;Y]), (6.50)

where X, and Y, are as in Lemma 6.7(b), and the sum in the RHS of (6.50) is over subsets
X,Y C [N] such that | X| = |Y| = m2 — N4+ and (X,Y) # (X,,Y,). It is easy to see to that
(T&fﬁz_ N, (2) is a homogeneous polynomial in the entries of @, which are jointly independent,
such that the degree of each of its entry in that polynomial is at most one. Hence, Lemma 6.12
is applicable. By Lemma 6.7(b) we have uniform lower bound on @(X*, Y., z). Therefore, upon
applying Lemma 6.12 with k = s — N5 and the roles of {U;}¥_, being played by the diagonal
entries of the sub matrix Q[X,, Y,], we derive the desired anti-concentration bound. ]

Corollary 6.13 is not sufficient to yield Theorem 6.11. As discussed in Section 6.2, we also need
a bound on the supremum of the derivative of dets, _n, (z). This is derived below.
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Lemma 6.14. Let Assumption 1.1 hold. Fix €y. There exists some constant cg14 > 0, depending
only on p,€o, such that for all g, e, > 0 such that e /eq is small enough,

2

—detm, n, (2)] | =0(1), se{1,2}. (6.51)

z

limsup E sup

N—o0 _ cg. 1456
-
€0:€0

Proof. We borrow ingredients from the proof of Lemma 6.6. Let s = 2. The proof for s = 1 being
the same will be omitted.
Our starting point is (6.40). Fix kK = mg — N4. As in the proof of Lemma 6.6 we set &€ = €6.9¢(

and fix B8 € (0,1/8). Set ef = ¢). By (6.39) T3 is contained in the union of 7';6’(2) and

0:€0/2

2;%:2’/(21). Apply Lemma 6.2(ii) for 72 and 79+€0(1) with ) and ¢ being replaced by 2¢h,
0

and €9 /2, respectively to deduce that (6.41) holds under the current setup. Therefore, the desired
bound follows from (6.40). This finishes the proof. O

Remark 6.15. From (6.40)-(6.41) we have that the RHS of (6.51) is O((ef)™3). On the other
hand Lemma 6.2(i1), and hence (6.41), hold as soon as /9 < ¢ where ¢ > 0 is some constant
depending only on the degree of the Laurent polynomial. This allows us to use Theorem 6.14 for

gy = cgo and extend the result for e{, < ceg, by noting that the sets (7?’(5‘? \850)66-1456 are increasing
0’

in ey. It in particular enables us to claim that the RHS of (6.51) is O(ey®). This observation will

be used in the proof of Theorem 6.11 to claim that the constant Cg 11 does not depend on &.

We are now ready to prove Theorem 6.11.

Proof of Theorem 6.11. Fix s € {1,2}. Similar to the proof of Theorem 6.5 we will also use a
covering argument.

Write
F(z) o= {Ideti, v, (2)] < ches'}

and

]-'0 = sup

d — 1
/ 7det’r’ﬁ2_N+(Z) >

SO
Ze(t%vso\g2 )

e
=
* )

where e, = (¢})V4. By Lemmas 6.9(i) and 6.10 there exists a net N, of 7?,[(;0) with mesh size
0

61460/ 2 such that |N| = 0(56_1). Therefore, applying Corollary 6.13 and Lemma 6.14 (see also
Remark 6.15) we have that

P (uze N F() U ﬁo) ~0 ((5g)ﬂ/3) , (6.52)

for any £(, > 0 sufficiently small. On the other hand, for any z € N, we have that D(z, cg.146(/2) C
(Td’(s) \530)06‘1456/ 2. Therefore, by the first order Taylor series expansion and triangle inequality

/
€0>€0

it follows that on the event N,enF(2)¢ U FE, for any 2/ € té’f;o) \ BY

——dets,—n, (2)

ety v, ()] > inf |detz,—, (2)| — dist (2, \,) - sup -

ZEN* _
z€ (T(f"'S)\B;O)
€00

c6.145()

1 —1 1 3n/4
> 556‘5* = 5(56) e,

This together with (6.52) completes the proof of the theorem. O
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6.4. Step 4: combining bounds from Sections 6.1-6.3. In this short section we combine
the results obtained in the previous three sections and complete the proofs of Theorems 5.4 and
5.7. We start with the proof of Theorem 5.4. The estimates derived Sections 6.1-6.3 are for the
tubes which are defined through the roots p,(-) = 0, while Theorem 5.4 is to be proved for regions
that are defined via the spectral parameter z. Therefore, we will need to prove some additional
geometric features of the tubes which will allow us to relate those to regions defined through z.
These will also be used later in Section 7. Stating these results requires the following notation.

For any € > 0 and set B C C we write B¢ := ((B)€)°. For any collection of (go + 1) distinct
indices 4 := {i1,42,...,ig,+1} C [m]| and ¢ > 0 we set

Wile) i={z € C |l (2) = 1] +|myy ()] = 1| < ¢, forall j # j' € [go +1]} .
and
W(c) :={z: 3In =n(z) such that p.(—n) =0 and ||n| — 1| < c}.

Lemma 6.16. Fiz gy > 0. We have the following geometric properties:
(i) There exists a constant Cg16 < 00 such that for any € > 0,

(p(S1))¢\ B € W(Cs16€) \ B.

(ii) There exists a constant cg.16 > 0 such that for any ¢ < cg.16,

U i) | n(BP UBR)" =0. (6.53)
iClim):|i|=go+1

(iii) Fiz 0 < g9 < €, such that €, + €0 < cg.16€0- Then, for any € > 0 such that € < CG_.11656,

s e v € (T, ) e v
d
(i) Let g, ep, and € be as in part (ii). Then,
(85\So) \ (BP U B) € (T2 U T B W)\ (87 U ByY). (6.54)
(v) Let €g,ep, and € be as in part (ii). Then,
(S0\ Sy )\ (B UB) € T\ B3,

Proof. The proof of part (i) is immediate. Fix 2z’ € (p(S'))¢. Then there exists z € p(S') such
that |2/ — Z| < e. This, in particular implies that there exists i € [m] such that n;(2) € S'.
Therefore, by the triangle inequality,

d

Im:(2)] = 1] < Imi(2) = mi(2)] < max  sup 2| " —Z1. (6.55)

M e (p(s1y)2e\B20

Since p(S') is a bounded set, and the roots are analytic outside a neighborhood of By we have
that the supremum of the derivative of the roots is bounded (p(S1))2¢\ B5°. This yields part (i).

Next we turn to prove (ii). Let us first prove (6.53) for Laurent polynomials p(-) such that
g(p) = go = 1. To this end, fix an arbitrary constant ¢ > 0. Assume that (6.53) does not
hold for this chosen c. Then there exist a z ¢ Bi° U B5” and a pair i # j € [m] such that
[[ni(2)| — 1| + |nj(2)| — 1] < c£o. Therefore, if (6.53) does not hold for any ¢ > 0 then we obtain a
pair i # j € [m], a sequence {z,}, and a subsequence of integers {ny} such that

[7i(zn )] = 1 + [Inj (20, )| = 1] < €o/m and  zp, € C\(B"UBY"),  Vk. (6.56)
Since for each of these zp, there exists a root of pz,, (+) = 0 that is close to the unit circle, it follows
that {zy,} is a bounded sequence (see also the proof of Lemma 6.9(i)), which thus possesses a
converging subsequence, and hence may be assumed to converge to some z, ¢ Bgo. Now, by the
continuity of the maps z — 7;(z) and z — 7;(z) we derive from (6.56) that |n;(z.)| = |n;(24)| = 1.
As z, ¢ Bgo we further deduce that 7;(2z.) # n;(2). This, in particular, implies that there exist
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n #n' € S! such that p(—n) = p(—n') = 2, and hence z, € By. This is a contradiction. Therefore,
we have (6.53) for go = 1.

To prove (6.53) for a Laurent polynomial p(-) with g(p) = go > 1 we note that for such p(-)
there exists a Laurent polynomial p(-), with g(p) = 1, such that p(n) = p(n&®) for n € C. This
means that the roots of p.(-) = 0 are obtained by taking the go-th roots of those of p,(-) = 0.
Furthermore, the set of intersection points and branch points of p(-) and p(-) are identical. Since
(6.53) holds for p(-), upon shrinking cg.16 it continues to hold for p(-).

The proof of (iii) is also straightforward. Indeed, by parts (i) and (ii) we have

C

(p(8) 1\ (BPUBT)  WENBPUBS) =wiepn | U Wilearsdo) | \(BPUBS)
1C[m]:|i|=go+1
(6.57)
Note that by the definition of W(-) it follows that any z belonging to rightmost set in (6.57) must
have a root —n(z) of p,(-) = 0 such that ||n(z)| — 1| < . As g(p) = go there are gy such roots.
Recalling the definition of W;(-) we deduce that distance of all other roots from S must be at
least 9. Hence, z € 7;‘,10750 for some d. This yields part (iii).

Turning to prove part (iv) we begin with the proof of the following intermediate result:

(S5 \ So) \ (B* UB3") € (p(S1))°\ So) \ (Bi* UBy). (6.58)
for any € < €y9/2. To see (6.58), we note that given any z belonging to the set on the LHS of (6.58)
there exists z, € Sy such that |z — z,| < €. Define z,(t) := z,(1 —t) + tz, t € [0,1]. We claim that
there exists t, € (0, 1] such that z,(t,) € p(S!). This will indeed show that z € (p(S1))¢.

To prove the existence of t,, as z, € Sp, we see that, [nn_(2zx)] > 1 > [nv_+1(24)]. As z ¢ So,
we have either |ny_(2)] < 1 or |ny_41(2)| = 1. Assume |ny_(2)| < 1. If an equality holds then
we set t, = 1. So, assume further that |ny_(z)| < 1. Since the map zyp — [nn_(20)| is well
defined and continuous for zy ¢ B;O/ ?_ the existence of ¢, € (0,1) such that [nn_(2+(t+))| = 1, and
hence z,(t,) € p(St), is immediate from the intermediate value theorem. Similarly for the case
Inn_+1(2)| = 1 one can repeat the above argument to find ¢, € (0, 1] such that |ny_41(z(t4))| =1
implying again z(t:) € p(St). This yields (6.58).

Returning to the proof of (6.54) we apply part (iii) to deduce that for any € > 0 such that
e < O {5ch we have

(S§\S) \ (B UBY) © (UaTd ., ) \ (B UB).

Thus, upon noting that as g(p) = go the winding number should be a multiple of gg, it suffices to
show that

+g0,(2
(S5 S0) () (Vtaongn T, U TP ) = 0. (6.59)
Assume that there exists z € (8§ \ So) N 79 ., for some d such that |d| > 2go. Again we need
0’
to split to the cases [ny_(2)] < 1 and |[nny_4+1(2)] = 1. We first consider the case |ny_(z)] < 1.
Recall that d = my — Ny = N_ — m_. By the definition of the tube 7;‘,1 ., We note that d > 2g,
0’
implies that |ny_(2)| < 1 —¢gp. On the other hand, d < —2gq implies that [ny_(2)|7! < 1 — &o.
However, we also recall from above that |ny_(z)| < 1 implies that there exists z,(t,) € p(S') such
that |nn_ (2:(t))] = 1 and |z — 2 (t,)| < €. As € < Cy146h, and €}y < £0/2, this together with
(6.55) indeed yields a contradiction. A similar argument works for the case [ny_41(2)| > 1. One
can repeat the same argument again to further show that (S§\ Sp) N '7?%;;’(2) = (). We omit the
0
details.
Finally we proceed to prove part (v). Repeating an argument similar to the proof of (6.58) we
obtain that B B B B
(So\ Sy )\ (B UB3) C (p(S1))° NSo) \ (B UBY). (6.60)
Now by part (iii) the set on the RHS of (6.60) must be contained in the union of the tubes.
However, the only tube that has nonempty intersection with Sq is 7:5(’)(520) This yields part (v) and
0
hence the proof of the lemma is now complete. O
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We are ready to prove Theorem 5.4.

Proof of Theorem 5.4. Fix v/ > 1 such that v — 1 < v < 7. Set g5 = (7' — 1)log N/N, ¢y =
¢6.16€0/2, some arbitrary constant e > 0 such that e(j/e¢ sufficiently small, e; = Cf 11656, and
€2 = Cy {4ch. By Lemma 6.16(iv)-(v) we note that
_ ~ a _— _ ~
(S51\S) \ (BR UBY) C (T2 uT &)\ (87 U BY)
and B B N
(So\ Sy )\ (B UBY) € T2\ By,
Therefore, by [9, Theorem 1.1] and a union bound we now derive that

limsup P (32 € S5\ (B‘i‘?o U Bgo) : det(Pf) = 0)

N—oo
<limsupP (32 € (S5 \ S, 2 B UBY) : det(P?) = 0
Nes 0 0 1 2 z
[e.e]
< limsup [P (Elz e T8 W\ B - det(P)) = o) +P (Elz e TP\ B : det(P?) = o)} .
N—oo ’ 050
(6.61)

It remains to show that each of the terms in the RHS of (6.61) equals zero in the limit. For
d € {0, g0}, upon recalling (5.6), this follows from Theorem 6.5, Lemma 6.7(b) (see also Remark
6.8), and the triangle inequality. To see that the same holds for d = —go, as P]E is a Toeplitz
matrix with symbol p(-) = p(1/-) and hence ind,,g1y(-) = —indg1y(+), we apply Theorem 6.5 and
Lemma 6.7(c) for (P2)T. This completes the proof of the theorem. O

We end the section with the proof of Theorem 5.7.

Proof of Theorem 5.7. The case d = 0 is covered by Theorem 5.4. Consider the case d > 0. Fix
s € {1,2}. Since 0 <y —~' < 1 we observe that, for eff = N~(=7)/8,
TVE \BY C Ty By

for all large N. Therefore, applying Theorems 6.5 and 6.11 (with &, replaced by &), and upon
using the triangle inequality it is immediate that

P (32 € T30\ B : det(P?) = 0) < 2N =107/,

for all large N, yielding the desired result for d > 0. To prove the same for d < 0, as det(P?) =
det((P2)T) and Py is a Toeplitz matrix with symbol p(1/-), we work with (P?)T and proceed
same as above. This finishes the proof. O

Remark 6.17. Theorem 5.7 and Lemma 6.16(ii) imply, upon recalling the definitions of the tube
Tj’so and go, that with probability approaching one, for any eigenvalue z ¢ B® U B3 one has that

p~H(z) N (S + D(0,C;N " log N)) = 0,

for some appropriately chosen C., such that lim~_,1 C, = 0 and lim~_,o, C-, = 0.
v %l ¥ y

7. LOCATION OF THE BULK OF THE EIGENVALUES

In this section we prove that away from the bad sets, the bulk of the spectrum of Pﬁﬁ is
contained in tubes of width O(log N/N) around p(S'), with high probability, see Theorem 7.1.
We also prove in Theorem 7.4 an upper bound on the number of eigenvalues of Pf\% - residing in
the ball D(x, alog N/N), where the distance of = from the spectral curve is of the order log N/N
and o < 0o is some large constant. The latter estimate will we used in the proof of Corollary 1.7.

Before stating the results, recall the bad sets of Definition 1.3, and define for €, &, gy > 0,

Qe :={z € C:dist(z,p(S")) > €}, Ny:={z:z¢ QalogN/N\(BfOUBgO) an eigenvalue of P]C\?V}.
(7.1)
The first main result of this section is the following.
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Theorem 7.1. Fiz v > 1 and g > 0. Let Assumptions 1.1 and 1.2 hold. Then there exists a
constant Cr71 < oo, depending only on p(-), 7, and €y, so that for any o« > 0, we have

lim P (Way < 07;N> — 1 (7.2)

N—o0

To prove Theorem 7.1 we will use Jensen’s formula. For an analytic function f, let n¢(z,r)
denote the number of roots in a ball of radius r around z. If f(z) # 0, then we have

T 1 2m )
/ ni(8) 4o / log | f(z + rei®)|do — log | f(z)]. (7.3)
0 S 2T 0
In particular, we obtain from (7.3) the bound
1

ny(z,ur) < log | f(x)], (7.4)

) /QW log|f(z +re’)|d —

2(1 —u)m J 1—u

valid for u € (0,1). We will apply (7.4) with f(z) = det(P](’\%7 — zIN). Introduce the function

2T
boo(2) = % /0 log | — p(¢®)|db. (7.5)

To prove Theorem 7.1 we will need the following two lemmas. Recall that P} = Pﬁ y zIn.

Lemma 7.2 (Upper bound on determinant). Consider the setup as in Theorem 7.1. Then there
exist constants 0 < ¢7.9,Cr2 < 00, depending only on v,&y and p(-), such that

P(App) SN2,
for all large N, where
Ayp = N {1og | det(P?)] < Neoo(2) + Cralog N} .
26921/ nN(p(S1))°7:250\(B,°UB,°)
We also need the following complementary lower bounds.

Lemma 7.3 (Lower bound on determinant). Consider the setup of Theorem 7.1. Then, there
exists a constant C7 3 < oo depending only on v,€y, and p(-), such that

max P(AL ) < 1/NP, (7.6)

€ (p(S51))°72%0\ (B0 UB5Y)

where

A, 1B = {log |det(P?)] > Nooo(z) — Cr.31l0g N} .
Using these two lemmas, whose proofs are postponed, we now prove Theorem 7.1.

Proof of Theorem 7.1 (assuming Lemmas 7.2 and 7.3). Let R := 2max,cg1 |p(z)]. For i € N
such that ¢ < i, := [log(c7.260N/(4axlog N))/log 2], set

Qui = {z e D(0,R)\ (B UBS) :

| log N | log N
<3(x+21_3cx>- 08N dist (2, p(SY)) < (3“+2Z—20¢> -Og},

4 N 4 N
and define Ny ; := Ny N Q. From our choice of 4, it is clear that
(DO R\ BPUB))\ (U 9ai) € (DOR\(BPUBY)) Nz (T7)
By |9, Theorem 1.1] we have that

lim P (\Na N D(O,R)E\ > 0) < ]\}im P (Elz ¢ D(0,R) : z is an eigenvalue of P]C\?,y) =0.
—00 ?

N—o0
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On the other hand, we have from [65, Corollary 2.2| or [8, Theorem 1.2| that

C/
hm P <|N N Qc7 250/32| >

2

!
_ e Q ColV'y _
< A}gnoop (HZ c Qcmgo/gg : z is an eigenvalue of PNWH = 20() =0,

for any o > 0. Hence, in light of (7.7) it suffices to show that
liminf P (|Ny;| = O@2 '« ' N) for all i € [i,]) = 1. (7.8)
N—o0
Turning to prove (7.8), we cover {0y ; by a collection of balls D;; := D(zj,7i), j € N;, with
Zij € Qi and r; = 2i=4q . (logN/N). As zij € Qi we have that dist (25,81 U Ba) > &p.

For i < i, we also have that r; < r;, < ¢7.260/32. Therefore, there exists an absolute constant
€ (0,1), such that for any i < i, and 7 € [V;],

dist (D (2.5, u " 17:), B1 U Ba) > 3¢0/4.
On the other hand, we note that
(3a/4) - log N/N < dist (D(2,u ' r;), p(SY)) < e7.080/4.
The last two observations together imply that

U U D(zij,u™"ri) © Dy yany N (p(SH))7220/4\ (BY? U B, (7.9)
i=1j5=1

This allows us to apply Lemmas 7.2 and 7.3. Now, using (7.4), we have with
n;j = |{z € D;; : z is an eigenvalue of P]C’\%WH

that

1 o 5 1, b 1
N5 < 2(1—’&)71’/0 log | det(P — (Zi’j +u T,L'J-ez )IN‘dQ — 1—

" log | det(Pf\%V — zijIN)|,

where u € (0,1) is as above. Let Ayp be as in Lemma 7.2 with &y replaced by £3/2. Then, on
the event Ayp N A, , 1B, as ¢oo(2) is harmonic off p(S'), by (7.9) we have that

ni; < (1—u)” Y(C79 + C7.3)log N.
By Lemma 6.10 it follows that V;, the number of balls of radius r; needed to cover 2 ; satisfies
the bound
N; <027 o™t (N/log N), (7.10)
for some universal constant C' < co. Thus, on A, := Ayp NN; ;A ; LB,
|Noc,i| an]\ 1_U (072+C75)CN 2! 71.
JEN;

Therefore (7.8) and hence the theorem follows if we can prove P(A,) = 1 — 0o(1). Note however
that

ix N;
P(A)>1-P(Uhp) =Y > PAL ) >1-N3-N° (Z Ni> =1-o0(1),
i=1 j=1 i<ix
where we used (7.10) and Lemmas 7.2 and 7.3 with & replaced by £p/2. O
Using the same ideas, we next provide a local upper bound on the number of eigenvalues.

Theorem 7.4. Consider the setup as in Theorem 7.1. Fiz 0 < ot < ® < 0. Then, there exists a
constant C7.4 < 0o depending only on ~,&, and p(-), such that for any z € (p(S1))¥leN/N

P (|[NVaz:| > Craax?&* - log N) < N2,
for all large N, with
Now,z = {z’ € D(z,xlog N/N)N Qulog N/N \ (Bgfo U Bgo) : 2/ is an eigenvalue of Pﬁﬁ} .
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Proof. We follow the same strategy as in the proof of Theorem 7.1. Fix z € (p(S'))*ls N/N  For
i € [ix], where i, := [log(8a/a)/log 2], we set

Quzi = {Z, € D(z,@log N/N) N Qgiognyn \ (B UB) :

3 . log N 3 < log N
<:‘ + 2@3(x> : % < dist (2, p(Sh)) < (f + 222o¢> : 0;5\7}

Since dist (z, p(S1)) < ®log N/N, we notice that

ﬁg,&,i D D(z,&logN/N) N leogN/N \ (Bi:vo U Bgo).

'C@,\

Il
—

(2

Thus, it suffices to bound the number of eigenvalues in Ug;lﬁ%ayi.
As in the proof of Theorem 7.1 we cover ﬁ%aﬂ- by a collection of balls D; j = D(z; j,7:), j € N,
zi; € Quwi and 7; = 274 - (log N/N). By our choice of i, we procure a u € (0, 1) such that

D(zij,u™'F;) C (p(S1))3*los N/N Qen \ (Bfo/2 UB), forall jeN;andie [i].
Hence, arguing similarly as in the proof of Theorem 7.1 we deduce that the number of eigenvalues

of P]("\?7 in D; ; is O(log N) for all j € N; and i € [i,], on a set with probability at least 1 —1/N2.
To complete the proof we use a volumetric argument, yet again, to find that

N.=0 (g—zi . <z>2> .

This, together with the choice of 7, indeed yields the desired bound on Ny ... O

We now turn to the proof of Lemma 7.2. Recall ¢oo(2), see (7.5), and define

— - detg(2) _ dety(2)
) T @Y~ ep(Now ()’

where the last equality follows upon recalling that {—n;(z)};—; are the roots of p,(-) = 0 that are
greater than or equal to one in modulus, and from the fact that

I " log|n| if [n] > 1,
27r/0 log |n — €™|df) = { 0 otherwise.

In the lemma below we derive a bound on the supremum of the second moment &Eﬁk(‘)-
Lemma 7.5. Let Assumption 1.1 hold. Fiz €y,¢eo,e(, > 0 such that e()/eq is sufficiently small. Fix
k€ [NJU{0} and d > 0. Then for any € < €6.9(,/2, we have
— 2
sup E Ddetk(z)‘ } = 0(1), se{1,2}.
() gFo )
()
Proof. By Lemma 6.9 it suffices to show that
— 2
sup E Udetk(z)‘ } =0(1). (7.11)
ZGT?’(S)
£0:€0

We begin with the proof of (7.11) for k € [N] and s = 1. Recall from (5.12) that for this choice

of s, we have that M1 = m_. Since @ satisfies Assumption 1.1, we then observe that

E[@kwﬂ:wm > BE YR g (PN E [Jdet (@ [X;YDP] . (712)

X,Y C[N]
| X|=IY|=k

By Lemma 5.13(i)-(ii), for any k € [N], as |9s,11(-)] <1 on T we have that
DX, Y, 2)% - [y 1(2) BN < PN, (7.13)
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for some constant C' < oco. Since the second moment of the determinant of any & x k matrix with
entries satisfying Assumption 1.1 is k! and the number of ways one can choose two subsets of [N]
that are cardinality k is (]Z )2 the claimed upper bound, for s = 1, now follows upon using that
~ > 1 and plugging the bound (7.13) in (7.12).

To prove (7.11) for s = 2 we observe that m; + go = m_, and thus (;c;tk() = N*Vdd/e\tk(-) on
T%(2). Hence, the bound for any k € [N] is immediate from Lemmas 6.1 and 6.2(iii).

To prove (7.11) for k = 0 we recall (5.12) to notice that m; + go = m_ on T%2) while on
T4 we have my = m_. Therefore, as |fm,+1(-)] < 1 on T4 we find that

m1-+go

1 %0 < TTn0)
j=1 j=1

on T%) for any s € {1,2}. This, in turn, implies that |(ﬂe/tk()| < \&(;ck()] on T%) (recall (5.32)
and (5.35)). Thus, the bound for k£ = 0 is immediate from Lemma 6.7(i)-(ii). This completes the
proof of the lemma. O

Proof of Lemma 7.2. Set £9 = cg.1680/2. Fix €(; > 0 so that [ /e¢ is small enough for Lemma 7.5
to hold. Now set c7.0 = Cj 14¢6.16 - (€h/c0)/2. Applying Lemma 6.16(iii) and Markov’s inequality
we find that it suffices to show that for all d € Z

max E sup ](Tc;ck(z)\z = O(N?). (7.14)
s€{1,2} zeT‘f’(ngﬂl/N\Bg‘)
€€

The case d < 0 can be dealt by consider the transpose of Py. Hence, we will prove (7.14) only for
d > 0. Toward this end, we use Lemma 7.5 and ideas from the proof of Lemma 6.6. Fix d > 0,
s €{1,2}, ¢ = 1/(4N), and S € (0,1/8). Let D,e,b, and ]Diﬁ7 for i € [b] be as in the proof of
Lemma 6.6, where now the centers z; of the disks ]Df are restricted to be inside T := 7?’(:;)) NQy/N-
0

Notice that UlelDf O T.

Applying Cauchy’s integral formula for smooth functions, and proceeding as in the proof of
(6.36) we obtain that

E | sup [E(2)’| =0(1)- sup E[|E(w)*], (7.15)
zeD? weD??
for any random holomorphic function = : D — €. To complete the proof it remains to argue that
the map z — dety(z) is analytic on ]D?B for each i € [b].

To this end, observe that ]D?’B C Qy/(2n). Hence, the map z + m_(2) is constant on ]D?B. From
the definition of the tubes, and Lemma 6.9(ii) it further follows that

()] = | 41()| +b/4  on DY ¢ T%. (7.16)

Therefore, arguing as in the proof of Lemma 6.6 we deduce that the map z — (Te/tk(z) is indeed

analytic on ]D?B. Thus, using the bound on b (see (6.35)), Lemma 7.5, and (7.15) the proof of
(7.14) is completed. O

We now turn to the proof of Lemma 7.3. The key ingredient will be the anti-concentration bound
derived in Lemma 6.12. We need to argue that det(P?) admits certain specific representation so
that Lemma 6.12 is applicable. To carry out this step we need the following couple of notation.

Fix Xo, Yy C [N] such that |Xo| = |Yo| = ko for some ko < N. For k > ko define

dethvYO(z) = N*W’fz XYV (—1)senlox)sen(oy) . (_1ysEulox)+senloy)p (¥ Y)
X|=|Y|=k
XIYD‘XYO‘;YIDYO

Adet(Q[X \ Xo; YV \ Vo), (7.17)
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where sgn(X) and sgn(Y) are the signs of the permutations on X and Y that place all elements of
X and Y[ before those of X \ Xy and Y\ Yy, respectively, but preserves the order of the elements
in each of those individual sets. Also define
—~ X0,Y0 detk(Z)
det z) = ——————.
b (2) exp(Nooo(2))

Lemma 7.6. Consider the setup as in Lemma 7.53. Fix d > 0 and s € {1,2}. Let Xo,Yy C [N]
with | Xo| = |Yo| = d. The following moment bounds hold for detXO’Yo( ):

(i) For any k such that d < k < N we have

2
sup E Ddeth,Yo( )‘ ] Cm(k+N+)N727k+2(k—ko)7
zEﬁ’(5>
€050
where C7.5 < 00 is some constant.
(ii) Fix h, Ky € N. Then, for any k € IN such that d < k < Ko — N4+ we have

X, .
wp E Udetko, ‘ ] < CTKOR (o) . gy . N2k 42h(h—ko), (7.18)
zET(i’(S)
€4:€0

Proof. The proof of part (i) is similar in nature to that of Lemma 7.5. Hence, details are omitted.
To prove part (ii) we employ the same combinatorial argument as in the proof Lemma 6.4.
Indeed, similarly to (6.11), one can obtain an analogous expression for the (2h)-th moment of the

—~ Xo,Yo
absolute value of det;,  (z).

Then, using that that entries of () are independent and possess zero mean, one observes that
only partitions such that each block has size at least two need to be summed. This forces the
number of such partitions to be at most N2*=9"  Now, use the bound (7.13) for s = 1, while
for s = 2 use Lemma 5.13(i), and proceed as in the proof of Lemma 6.4. This yields the desired
bound. Further details are omitted. O

We now use Lemmas 6.12 and 7.6 to derive Lemma 7.3.

Proof of Lemma 7.3. Similar to the proof of Lemma 7.2 we notice that it suffices to prove the
probability bound in (7.6) for z € 7;,10’7(;) for d > 0, s € {1,2}, and some appropriately chosen &
and e. B _

Fix d > 0 and s € {1,2}. Set X, = [N]\ [N —d] and Y, = [d]. We claim that for any k > d

T X*7Y* oy i b

deti(z) =det,  (2) - det(Q[Xy; Ya]) + detr(2), (7.19)
where (Te/tk (z) is a homogeneous polynomial of degree k in the entries of @) such that the degree
of each individual entry is at most one, and the total degree of the entries of Q[Xy;Y;] is strictly
less than d. To see this claim we recall from (5.9) that

dety(z) = Y (—1Eex)se@v)n(Xy) . N7 det(Q[X; V). (7.20)

X, YC[N]

| X|=[Y|=k
Now we split the sum into two parts depending on whether X D X, and Y O Y,. If either
X 5 X, orY ) Y, then the corresponding term in the RHS of (7.20) is indeed a polynomial in
the entries of @@ such that the total degree of the entries of Q[)?*; 17*] is strictly less than d. Now
fix X,Y C [N] such that X D X, and Y O Y,. Expand det(Q[X;Y]) by writing it as a sum
over permutations 7t : X — Y. The sum over permutations 7 such that 71()?*) =Y, is indeed a
product of det(Q[X \ X,;Y \ Y;]) and det(Q[X,;Y:]) (upto some signs). The sum over the rest

of the permutations is again a polynomial such that the total degree of the entries of Q[)N(*; XN’*] is

~ XY,
strictly less than d. Combining these observations and upon recalling the definition of det;, =~ " (z)

we arrive at (7.19).
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On the other hand, dAeth(z) is a polynomial of total degree less than d, for any k < d. Since
det(P?%) = fozo det(2), this together with (7.19) imply that

det(P2) 0
exp(Nooo(2)) I%[:d] Ig v

where {U;}_, are the diagonal entries of the sub matrix QIX,; Y., {Z7,T C [d]} is a collection
of random variables that are independent of {U;}%_,, and

’VX*7Y*
Z[d] Z detk Z .
k>d

We now apply Lemma 6.12, and obtain that

det(P?) _ _ c _
P ng(4+7d)><N4+P<Z g*.N7d>7 721
(e Zal <5 720

for all large N, and any ¢, > 0. It remains to bound the probability that Zjg exceeds (¢,/2)- N —d
in absolute value.
Turning to do that we set Ko = [ Wilﬂ +d+ Ny. Apply Lemma 7.6(i) and Markov’s inequality

to deduce that

for any k > Ko — N4+. Apply Lemma 7.6(ii) with h = (ﬁ] and Markov’s inequality to further

derive that
7(7—1)7 d -5
P >N 3 | <N,

for any k € [N] such that d < k < Ko — N4. Hence, by a union bound we obtain that

<N”Yd D de tX*’Y*

k>d
Equipped with (7.21) and (7.22), and upon recalling the definition Z|4 we notice that to complete
the proof of this lemma it is now enough to show that

—~ X..Yx
detk ( )

> N—(2+’Yd)) < N_5,

~ XY,
det,  (2)

T )> <N (7.22)

D(X,, Y, 2)]
e la—n_ [N TS Ini (2) 1Y
EO,E

(7.23)

|
ol
*

for some ¢, > 0. To prove (7.23) we argue as in the proof of Lemma 6.7(b). The only difference
is that one needs to use (7.16) instead of (6.43). The rest of the argument is the same. This
completes the proof of this lemma. O

We end this section with the proof of Theorem 1.5. It is immediate from Theorems 5.4, 5.7,
and 7.1.

Proof of Theorem 1.5. We use J{\fﬁ to denote the number of eigenvalues of P]C\%V in Q. Fix g0 >0
such that the Lebesgue measure of the set p‘l(Bgo Np(Sh)) is less than p/(167) (recall Definition
1.3). Then, by [8, Theorem 1.2] (see also [65, Theorem 2.1]) it follows that P(Ng > pN/4) — 0
as N — oo, where Q := B,°. On the other hand, by Theorems 5.4, 5.7, and Lemma 6.16(iii)-(v)
it follows that there exists some 0 < ¢, < oo such that P(NV5, > 0) — 0 as N — oo, where
Q= (p(S1))er s N/N \ Ql Finally, upon choosing & = 4C7.1/p, and applying Theorem 7.1 with
this &« we deduce that P(N Nu/4) — 0 as N — oo, where Qg = Qulog N/N (recall (7.1)).

Setting 15 = gg and C1 5 = aVe, C Land taking a union bound over the events that J\/’Q, > Nu/4
for i = 1,2, 3, completes the proof. ]
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8. RESOLVENT ESTIMATES CLOSE TO THE SPECTRAL CURVE

Given a symbol p(¢) — z, with z € C, as in (4.16), we will see that there is an important
distinction between the regime where the spectral parameter z is inside a loop of p(S*), i.e. where
the winding number ind,g1y(2) of the curve p(S 1) around z is non-zero, and the regime where
indp(sl)(Z) = 0. In the former case, we will provide in Section 9 a construction of quasimodes,
which are approximate singular vectors, for finite Toeplitz matrices Py — z. In regions where the
winding number is zero, we will be interested in obtaining resolvent estimates. The key difficulty
in both regimes will be in obtaining sufficiently good estimates when z is allowed to be at an
N-dependent distance from p(S1).

In this section will prove the following estimate on the resolvent of a parameter dependent
Toeplitz matrix which, while being also of independent interest, will be an essential ingredient in
proving a spectral gap for the small singular values, see Section 10.1.

Theorem 8.1. Let ' @ C be a non-empty relatively compact open set. Let N € IN, let Qn €
be a family of non-empty relatively compact open sets. Let q,, = € ', be a family of Laurent
polynomials as in (4.21), with N, + = Ny > 0 independent of z in Qn and satisfying (4.22), and
with coefficients q, , € C for =N_ <n < Ny. Suppose that:

e There exists a constant 0 < C' < oo such that for all z € Q;
Qz,‘ﬂ+ 7& 07 ’q,z,ffﬁ_‘ 2 1/07 ’q,z,n’ < C7 fOT - m— < n < m-{- (81>

o All roots ¢, of q.(C) are simple, for all z € Q.
e There exists a constant 0 < C < oo such that for all z € Q' and for any two distinct roots
(. # w, we have

‘Cz - wz‘ > 1/07 (8'2>
and for any root (,
0<|é|<C. (8.3)
e 0 ¢ q.(SY) and there exists a constant Co > 0 such that for N > 0 large enough
log N
dist (|¢.], 1) = Cy OA;gV , forall z € Qp, and all roots (. (8.4)

o There exists an mgo = 0 (unrelated to the constants mg in (4.27) and (4.28)) and constants
C1 > 1,03 > 0 such that for all N € N large enough and all z € Qn we have that the
roots of q.(C) inside D(0,1), of total number m, + > my, satisfy

log N
N g ‘Cr—i—zz’+—m0+l| < e < ’C;:’»Lz’_‘_" (85>

e Let mo € {0,mo} and suppose that for all N € N and all z € Qn we have indy, (g1y(0) =
mo.

G < <G s —mol < 1/CL < 1= Ch

Then there exists a constant 0 < C' < +oo such that for N > 0 large enough and all z € Q,
N1+C20(o)
log N
Remark 8.2. [t will be clear from the proof that (8.6) holds when ind,, (1y(0) = 0 even without
the structural assumption (8.5). Furthermore, notice that in Theorem 8.1 we only consider the
case of non-negative winding numbers. This is all that we need in the sequel, however one could

prove the same result in the case of negative winding numbers provided that one assume a similar
assumption as (8.5) for the roots in C\D(0, 1).

1P (g:)"") < C (8.6)

Proof of Theorem 8.1. Throughout the proof, we will assume that N > 0 is sufficiently large so
that the assumptions of the theorem hold. Moreover, all O(1) terms and constants are understood
to be uniform in N > 0 and z € Qu, without us mentioning it explicitly at each occurrence. In
fact the error terms will only depend on the constants in the hypothesis of the theorem and global
constants.
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1. Let z € Qy. Since g, satisfies the assumptions of Case 1 of Lemma 4.1, we may order the
roots of ¢,(¢) as in (4.26), and using also (8.3) and (8.4),

0< ¢ < <G, I <1< < <G, | <C.

(8.7)
Since ind,_(1)(0) = My for all z € Qp;, it follows from a similar computation as in (4.34) that

m, .+ = Ny + Mg are independent of N and z. Keeping in mind that m, 4 are independent of z,

but that the coefficients ¢, , do depend on z, we suppress from now on the z subscript of ¢., ¢.»
and m, 4. Hence, we are interested in the symbol

m4—mo
aQ)= D @ (88)
—(m—+mo)
where by (8.1)
Gm —myo 7& 0,

|- (m_+mg)| 2 1/C (8.9)
2. We turn to estimating || Py (g)~!|. We begin by inverting Op(q) : *(Z) — (*(Z), see (4.17),
which is a convolution operator. We first search for a fundamental solution E : Z — C to

Op(¢)E =69 on Z, (8.10)
where 6o(v) = do,,, see Section 1.6 for the Dirac notation. Putting

B =7 (N = [ Lo (5.11)
n) = n)=— — e ) :

q 2m Jo  q(e®)
it follows from (4.5) that E solves (8.10). Thus,

Op(q)Exv=wv, vE€ Efomp(Z)

9 (8.12)
ExOp(Qu=1u, wu€ len,(Z),
where % denotes the convolution on Z and ¢2

comp denotes compactly supported functions in 2.
Notice that we may factor (8.8) as
my—mg my m_
0 =d-mmy [[ O=¢/0 I €=¢HIIEC-¢) (8.13)
J=1 j=my—mo+1 k=1

Performing the change of variables e = ¢ € S in (8.11), we get by shrinking S* to 0, the residue
theorem and (8.13) that for n > 1

1 gnfl m+ (C+)n71+m+77/ﬁ0

E(n = — = r + + m_ + — (814)
2mi Jg1 q(C) —1 49— (m_+imo) Hj;ér(cr - Cj )Hk:1(@" - Ck )
Similarly, we get that
m+ +\—1+m4—mp S i
E(O) (Cr )+ - — - — + T +> 0+ — —
—1 9d—(m_+my) Hj;ér((r - Cj )szl(gr =G, ) qd—(m_+myp) Hj:1(*<j )szl(*gk )
(8.15)
By deforming S* to || = R, R — oo, we obtain similarly that for n < —1,
m-— —\n—14+m4—mo

My - - 8.16
r=1 9—(m_+mo) Hj:l(gr - C;L) I (G = ¢) (8:16)
Combining (8.14)-(8.16), (8.2), (8.7), (8.1) and (8.9), we have that

(e
O(1)¢q 1 n =0,

: (8.17)
|<;|n_1a Tl< _]-
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Here, we replace (C;)_l resp. (m, with 0 when m_ = 0 resp. m4 = 0. Thus, summing the
geometric series and using (8.4) we get that

£l = 00y (3.18)

HHWZWUJQRJ (8.19)

Since F is in ¢!, see (8.18), the operator of convolution with E, denoted Ex, is a bounded operator
¢? — (2. Therefore, (8.12) can be extended to u,v € ¢?(Z), and Ex is the inverse of Op(q) on
(7).

3. Next, for v € £2(Z) with support in [0, N — 1], we solve

and similarly that

Op(¢)y =0 onZ (8.20)
with “boundary” conditions
Y 11— (ms—i0),— 1JUIN,N+m—+mo—1]= (B * V) [[Z(my —o),—1JU[N,N+m_-+imo—1] - (8.21)
We suppose here, and in the sequel, that mi F mg > 0. The cases when my = mg or m_ =
mo = 0 can be treated similarly, and we shall comment on these cases as we go along. In
(8.21) it is understood that when mi = myg, then we only have the boundary condition on
[N,N +m_ + mg — 1], and similarly when m_ = mgy = 0.

Since ¢(() satisfies the assumptions of Case 1 of Lemma 4.1, it follows from Propositions 4.4
and 4.5, and the fact that all roots of ¢(¢) are simple, that the general solution to (8.20) is of the

form
m+ m_

()= af () + D a7 (), af eC. (8.22)

j=1 3=1
By (8.21), the coefficients are determined by

VAT BT
a=:Ma=c:=(E*)[m—m, —1JUN.N+m_+ig—1] - (8.23)
( V_A_il\_f B_A]_V [Mo—m4,—1]U[ m_—+g—1]
Here, the right hand side is seen as a vector in C"™++"~ o = (ay,a_)T, ax = (af[7 e ,a,j,ii) €
Cmi7 A+ = dlag((ii—v s 7C$+7m0)7 A= diag(c;;_,'_fmoer ) CTJ;JFv Cl_v s 7C’I’7L7)7
1 .. 1
G . ¢t
Vi = , e : (8.24)
(Cf‘)mi:ﬁ/ﬁo—l o (C;+,m0)mi¢ﬁ°_l
and
1 ... 1 1 o 1
g —i+1 o Gty G e G
By = : . .
(Gt F0TL L (Gh)TEIRSL ()RSl (g ymeFon
(8.25)

Here, we use the convention that when my = 0 and m4 > 0, then the first column of By is the
one containing powers of (; .

Remark 8.3. When m, = mq then (8.23) is given by B_ANa = Ma = (E xv) [N, N4m_—1], and
when m_ = g = 0 then only the first sum in (8.22) remains and (8.23) is given by Vi A" ay =
Ma = (Exv)|

[7m+771] :
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By the Cauchy-Schwarz inequality and (8.19), we have that for any k € Z

N
<N Ele@lvlez) < 0(1)\/ @H’UH@(Z)- (8.26)

1— |2V /2 (8.27)
1—[af? > ’

N-1
|E *v(k)| = Z E(k —m)v(m)
0

We put L := Ly & L_ with
Ly = diag(G(), - GG )

L = Qag(6(G], i) GG GG )66, Gl = (

where we work with the same notational convention for L_ as in (8.25).
Suppose that there exists a constant 0 < C < oo such that for N > 0 sufficiently large M is
bijective and such that for all z € Qy

N .
LM~ < C mN@@wo), (8.28)
0]

with C3 as in (8.5). We will prove this fact in Step 4 below. It then follows from the bijectivity of
M that (8.20) with boundary conditions (8.21) has a unique solutions v of the form (8.22) with
coefficients determined by (8.23). Hence, putting

u=(Exv—1) f[o,N—u,

we have that Py(q)u = v, so Py(q) is surjective, and thus, being a square matrix, bijective. We
get that for N > 0 sufficiently large,

(8.22) 14, N N 2l B
[Glleqon-1 < > lafIGE)+D la; |1G(S)
p=t =1

Hélder

< Vmy +mo||Lallez1my 4m))
(8.23) ~
< VM4 +m—”LM 1CHW([1,m++m,])

(8.28) N o0 (7 (8.26) N1+C20(io)
< 0(1)\/;]\7 26(7o) lelleqimytm-] < O(Uw“””ﬁ-

Using Young’s convolution inequality and (8.18), we find that for N > 0 sufficiently large

(8.29)

el e2(jo,n—1)) < 1B *vlle2(o,n—17) + ¥ lle2 (o, v—1))
(8.18),(8.29) N1+C20(imo)

SlElelvle +1leqy-n < O =—om—lvle,

uniformly for z € Qu. This proves (8.6), provided that (8.28) holds.

4. It remains to prove (8.28). By (8.7), we have that
Vel [[ Bl = O(1). (8.30)
Since V., B_ are Vandermonde matrices, we have that det V, =[], j<m+7m0(gi+ — Cf) and

similar expression for det B_ given by a finite product of differences of the roots C:urrﬁo IRTEREY -+ .

and ¢y ,...,(, (resp. just(y,...,(, whenmg = 0). Therefore, (8.2) implies that both matrices
are bijective and that their determinants are uniformly bounded from below in modulus.
Together with (8.7), we deduce that

(V) HLIB-) ] = 0(1). (8.31)
To construct the inverse of M, we proceed via the Schur complement formula and set

I =B AN — v Aoy -ig, Ao,
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Using (8.31), (8.30), (8.4), (8.7) and (8.5), we have that

[V Ay Fmemmoy g, gmome =N g1

_ 0(1) { |<m+‘N+m+|<;|—(N+m+)’ T/r\l[) = 07
KT—;JF—mo‘N+m+7m0’<:1+—m0+1’m07(N+m+)7 mo = mo, (832>
N72007 7/7\7’0 = Oa ~

=0(1) { e NOgCINCs o e en (o).

Hence, for N > 0 large enough (depending only on the constants in the assumptions of the
theorem) we have that |en(mp)| < 1, and we assume from now on that this is the case. By a
Neumann series argument we see that

I = AYB7 11+ O(1)en(mo)). (8.33)

Here the O(1) term means an m_ X m_ matrix with operator norm bounded by a constant
uniformly in N and z € Q.
A straightforward computation yields that

T e s e | ") s

_ Ni+mg—m —1 _
0 1 Pty AN e oy oL pel
Using (8.27) and (8.34), we obtain that
LM~ = (8.35)
LA OV (L B AT LYoyl ATy S g AT |
—L Ty Aoy oL L.t

To prove (8.28) note that it is sufficient to estimate the norm of each block of the matrix (8.35)
separately. Since [¢,, | <1 <[¢; | and (8.5) holds, it follows that

[AZ" ], A% ] < O(1), (8.36)
for any fixed n € IN. Using that |}, | < 1 we find also that
AN < o). (8:37)

However, in view of (8.5) and since 1 < |(; | we have that
|<;|_N7 N T?LO = 07
‘C'r—;+—m0+1‘7 , Mo =My
Continuing, we deduce from (8.31), (8.33) and (8.38) that
IT7H < O AN B2 < O(1) N2 tmo) (8.39)
Recall (8.27). Then, by (8.4),

AN < O(1) { < O(1)N©=0(m0) (8.38)

N
log N’

ILil < max  G(¢) = O(1)

1<j<my —mo

Combining this with (8.31) and (8.36), we see that

S N
Ly ATV = 0(1) : (8.40)
log N

Hence, using (8.40), (8.31), (8.36), (8.30), (8.39) and (8.37), we get that

_ m N _
L ATV VAT T B AN T Y Y = 0(1) mzvf/‘z@(mo) (8.41)
og

and
N

Lo AT VLV AZ™ T = O(1) MN@@(’%). (8.42)
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Using (8.4) and (8.5), we find that

SNy — =N (= N _ N a6
I2-AZN = maxfmax|¢7 |VG(G), - max IGHTNG(GY = O [N,

my —mo+1<j<my

(8.43)
Hence, similarly to (8.41), but using as well (8.43) and (8.33), we get that
T _ N -
|L-T7 BATT V| = O)L-ATN| = O(1) |- N0, (8.44)
g
and
1 N \rCa6(mo)
|IL_-T7]| =0(1) @N . (8.45)

Hence, (8.35), (8.40)-(8.42), (8.44), and (8.45) yield (8.28) for N > 0 large enough.

Remark 8.4. Recall Remark 8.3. When m.. = g we have that M~ = AN B~ and we obtain
(8.28) by a similar estimate as in (8.44). When m_ = g = 0 then M~ = ATV and we
obtain (8.28) by (8.40).

This completes the proof of Theorem 8.1. U

9. QUASIMODES FOR BANDED TOEPLITZ MATRICES

In this section we will construct exponentially decaying quasimodes for the operator Py — z,
for z close to - however not on - the curve p(S!) while avoiding a small neighborhood of the set
of bad points, see Definition 1.3. We will see that the sign of the winding number d(z) will decide
whether these quasimodes decay to the left (d < 0) or to the right (d > 0). The construction will
be based on exponential states 37, see Proposition 9.3, determined by the roots of the Laurent
polynomial p(¢) — z, with a particular focus on the decay rates of these exponential states. We
will separate between those states 3 which decay at a fixed rate r > 0 and those which decay at
an N-dependent rate r =< log N/N, where the former are determined by the roots of p({) — z “far”
away from p(S1) and the latter are determined by the roots “close” to p(S?!).

Throughout this section we fix zg € p(S*') such that

dp # 0 on p~(2). (9.1
Let ©Q € C be an open relatively compact simply connected neighbourhood of 2y such that
|dp| = 1/C on p~'(2) for all z € Q. (9.2)

Note that by the implicit function theorem all roots ¢ = ((2) of p(¢) — z are simple and depend
smoothly on z € Q. Hence, after possibly shrinking €2, there exists 0 < C' < oo such that for any
two distinct roots ((z) # w(z) we have that

I —w| > é (9.3)

uniformly for z € 2. Recall the notation of the roots from Lemma 4.1.

Until further notice we will denote the winding number of the curve p(S*) around a point z € C,

see also (4.34), by
def def .

d = d(z) = ind,g1)(2). (9.4)

Assumption 9.1. Let zg € p(S') be as in (9.1), and let 2 be as in (9.2), so that (9.3) holds. Let

Qn € Q\p(S1) be an open relatively compact simply connected non-empty N-dependent set such

that the winding number d(z) # 0 is constant for all z € Qn, and such that there exist constants

Ca,Cp,Cy >0 and mY. > 0, independent of N, such that for N > 0 large enough (depending only
on these constants) and for all z € QN the following holds:

e we have that
p ()N (S* + D(0,C,N"tlog N)) = 0); (9.5)
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e when d > 0, then0<m3<d<m+ and
1 log N

+ + + + :
0< I < I, | < 5 < 1= Cah <IGh Lyl <o <IGHI <1 09
e when d <0, then 0 < m° < —d < m_ and
_ _ log N _
1<|C1‘<"'<|Cm(l|<1+ca N <OB<|<;g+1|<“'<|<m,’<+oo- (9.7)

In (9.6) we work with the notation convention that when my = mg_ then the inequalities before
1/Cp are void, and when mg_ = 0, then the inequalities on the right hand side of 1 — Cylog N/N
are void. A similar convention is to be understood for (9.7).

Remark 9.2. 1. Unless otherwise stated, all future estimates will only depend on € and the con-
stants in Assumption 9.1, and therefore will be uniform in Qn. This will be understood implicitly
when we state that an estimate is uniform in Q.

2. We recall that we will work with z € Q(e15,C15,N), see (1.7) and the assumptions of
Theorem 1.6. In particular, dist(z,p(S')) < Ci5log N/N. Let 2y be the point on p(S') closest
to z. Then, since dp(zo) # 0 (as we work in G,.), as well as the existence of Cy as in (9.6)
or (9.7), e.g. that for d > 0, C;;Jr > 1—CyqlogN/N. To see the multiplicity count, i.e. that
e.g. m(j_ < d when d > 0, note that away from the set Ba, if g(p) = 1 then there is precisely one
0o with p(e®) = 2o, and since dplg, # 0, there is exactly one root G, near 1. When g(p) > 1,
there are g(p) such roots, while |d| > g(p) if d # 0, so again the same conclusion holds. On the
other hand, by Remark 6.17 we have that for any eigenvalue z in the good set, with probability
approaching one, the assumption (9.5) holds with C., as defined in Remark 6.17.

Our aim is to construct quasimodes for Py — z, z € Q, these are approximate ¢?>-normalized
eigenvectors 1) € CV in the sense that

I(Px = 2)¢[| =0

when N — oco. Our focus will be on obtaining quantitative estimates for this decay. The eigen-
vectors of P o[ corresponding to the eigenvalue z, when d > 0, and shifted versions of the
eigenvectors of P|_, o corresponding to the eigenvalue z, when d < 0, are excellent candidates
for quasimodes (after truncation).

We will construct these quasimodes as follows: Recall from Proposition 4.6 that these eigenvec-
tors are exponential states which are created from powers of the roots of p(¢)—z. Using assumption
(9.6) and (9.7) we will take care (whenever possible) to distinguish between eigenvectors which
are built up only by roots strictly away from the unit circle, and those eigenvectors which contain
also a contribution from roots close to the unit circle. After truncation we orthonormalize the
states within the two respective groups. As we shall see below, we will need to slightly modify the
behaviour at the boundary of the second group to obtain a sufficiently fast decay. This way we
will obtain an almost orthogonal |d|-dimensional system of quasimodes, see Proposition 9.6 below.

Recall Proposition 4.6. To construct quasimodes out of (4.46) respectively (4.47), we begin
with constructing a suitable system of solutions to (4.44) when N > 0 and its analog when
N_ > 0 with m4, N4, CJTF replaced by m_, N_, Cj_ and the corresponding vectors Qlj_ indexed over
1<v <N_.

We begin with considering the case Ny > 0. Notice that this implies that 0 ¢ p~1(Q). As
discussed after (9.2), the roots (, of p(¢) — z depend smoothly on z € €, so, after potentially
slightly shrinking €2, there exists a constant 0 < C' < oo such that any root ¢, satisfies

1/C < |4, for all z € Q. (9.8)

Let z € Qu, suppose that d > 0 and recall from (4.34) that d = m4 — N4. In view of (9.6), we
find that m4 — m(}r > N; > 0. For the sake of the presentation we first suppose that d > m(}r > 1.
Recall the matrix 2( from (4.44) and write

%Jr = (Q[f, .. ,Q[EJr) c (DN+><N+’ Qt+ — (qu’ . ’Q[;+ 0) c CN+><(m+_m3_)

—mY
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By (9.8) we have that for all j =1,...,m4

2t < N /N (9.9)
Notice that B is a Vandermonde type matrix, so |det B | = {CV; |C]j|—N+ H1<i<j<N+ |CZ+_CJ+|
Thus, by (9.8), (9.3), we see that B is invertible and, using (9.9), we find

where the constant depends only on Q. Hence, by (9.6), we see that € has rank N, and has a
kernel of dimension dim N (€4) = my — m9r — Ny =d-— m9r > 0. Let 21, ... » Lo € Cm+—ms
be an orthonormal system spanning N (€, ). Clearly,

C"™ 3af = ®0,0 €N () for j=1,...,d—mJ. (9.11)
Forj:d—mg)r—kl,...,d,weput

af == (—=B'AT

: TN, 05 e, (9.12)

where 0y € C™+~N+ is so that §i(n) = Sk for n € [my — N4|. By construction we have that
the a;r are linearly independent and that they span N(2(). Writing X = (z1,... »Ld—ml ) €

C(m+—mi)x(d=ml) and Ay = (5d7m9r+1, ...,0q) € Cdxmi, we put
—1 o+ +
At — <X+> b <—%+ (mmmgﬂ,...,mm))
1 0 ’ 2 A ’
+

where on the left hand side 0 € C™+*(@=m%)  Then,

AT =(af,....a}) = (AT, A]). (9.13)
When m{ = 0, then we have no solutions (9.12) and A" = AT = X . When d = m{, then we

have no solutions (9.11) and all vectors aj are of the form (9.12), so

—1
At = A;— — <_%+ (Qﬁ]\—l‘_iﬁ—l’ T 7Q[7jz+)> )
d

Keeping in mind these special cases, we shall keep writing (9.13) for all cases of d > m(jr > 0, with
the convention that A] is void when d = mgr and that A}L is void when mg =0.

When d < 0 (keeping in mind (4.34)) and N_ > 0, we work under the assumption (9.7) and
we consider the analogue of 2 from (4.44) with m+,N+,C;r replaced by m,,N,,Cj_ and the

corresponding vectors SZKJ_ indexed over 1 < v < N_. Notice that since N_ > 0, it follows that

o ¢ p~1(Q), so, after potentially slightly shrinking Q, we have that any root (, of p({) — 2
satisfies [(;| < C for all z € €. Thus, the analogue of (9.9) holds for 2. Putting B_ =

(R, N 415+ ), we find by a Van der Monde argument that the analogue of (9.10) holds
for % _. Then, by the exact same steps as above, with the obvious modifications, we can construct

|d| linearly independent solutions a;, to fa™ = 0, such that
S (BN, X o
A :(al,...,ad):< N m- 0 = (A7, A7), (9.14)
where 8§ € C™-~N- is so that d;(n) = Spmforne[m_—N_|, A = (61,...,0,,0) € C|d|xm(i, and
X_ e ¢Udl=m2)x(dl=m2) 5 5 matrix with orthonormal columns spanning N (2, TR L2 ).

In what follows we identify ¢2([0, N — 1]) =~ C", so for the sake of consistency we index vectors
and the columns of matrices starting from 0.
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Proposition 9.3. Let N > Ny > 1 be integers, zy € p(S*') be as in (9.1), Q € C be a sufficiently
small open simply connected relatively compact neighbourhood of 2y, satisfying (9.2), and QN €
Q\p(SY) be as in Assumption 9.1. Let N > 0 be sufficiently large, depending only on Q and the
constants in Assumption 9.1 and the roots of p(¢) — z be denoted as in Lemma 4.1. Write

F=(L¢ OV ey, j=1,...,my, (9.15)
and
5 =N, teey, =1, me, (9.16)
with the convention that 1/00 = 0. Moreover, let 3% = (3T, CE ).
e Suppose that d > 0. When Ny > 0, let A* = (af,....a}) be as in (9.13), and when
Ny <0 put AT = I, € C™*™+ . Define I = [d m+] and It 5 := [d]\[d — mY].
Define
@f,....u5) =3t Ar @ e etal ) (9.17)

with £ = diag(l5%,, 0 - Isf, ), Gz = (3 AF£) (3% AF£71), and Gy =

(3T A)*(3TAT), using the convention that (uf,... ,ﬁj) = 3+A+G;11/2 when I 9 = 0,

and that (uf,...,uy) =3 ATEL 1G_l/2 when I+ 1 = 0. Then, uniformly for z € Qn,
~—~ 0 (nm)EI 1 X Iy UlLoX Ty

o~y n,m» ) +, + +, +
(i ftim) = { S + O((log N/NYV2), (n,m) € Loy x I ULsg x I, (9.18)
and

e—NO lOgCg ] c I
~1 ) +,1,
Moty < O(l){ ei%lochva jelis. (9.19)

o Suppose that d < 0. When N_ > 0, let A~ = (af,...,alzll) be as in (9.14), and when

_<0put A= =1, €C™*" . Define I_5:=[m"] and I_ ;1 := [-d]\[m"]. Define
(i, Tig) =37 A7 (e2' G P o 6T (9.20)
with £ = diag(lls},, 0 4l I35, 1) Gox = (37ATET)* (37477 and G- =
37 A (3 AS), using a similar notation convention as above. Then, uniformly for z €
2 2
QN;
<~,|a,> _ (5n,m7 (n,m) S I+71 X I_,_’l U I+72 X I+,2 (9 21)
nm 5n,m + O((IOgN/N)l/Q)a (n7m) € If,l X 17,2 U 17,2 X I,J, -
and
0 Jog N¢ .
o e N y ] € I—727
110,v—no—1; | < O(1) { R P A (9.22)

Remark 9.4. When d > 0, the normalized versions of the vectors defined in (9.15) will be termed

as the pure states associated with z. Similarly for d < 0 the normalized version vectors (9.16) will
be the pure states corresponding to z.

0

Thus, for z satisfying (9.6) we note that the pure states {3] /Hg,j”}] 1 " are completely local-

ized and its entries decay exponentially in N, while the remaining pure states decay and localize

at a scale N/log N. Similar conclusion holds for z’s satisfying (9.7).

Remark 9.5. For later use let us record that for the Jordan block if z is inside the the unit disc
then it has one pure state 31, and uf =37 /|37 ||

We postpone the proof of Proposition 9.3 to after that of Proposition 9.6. Continuing, we notice
that the ﬂ;t defined in (9.17) resp. (9.20), are the truncated kernel elements of Py 4. — 2 resp.
P ,n—1) — %, separated into two groups according to their decay behaviour and orthonormalized
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within their respective groups. We could use them already as quasimodes for Py — z. In fact, it
follows from (9.19) with Nog = N — (N4 V 0+ N_ Vv 0), that when d > 0

~t ~t e NloaCs - jely,,
1Py = 2T < OWI o 1 O] Yoy~ FE D (9.23)
and similarly from (9.22) when d < 0. Ultimately we want to use these quasimodes to obtain
spectral gaps between the (|d| — mgign(d))—th and the (|d| — mgign(d) + 1)-th, and between the |d|-th
and (|d| + 1)-th singular value of Py — z. We will see, that these quasimodes will be sufficiently
good for our purposes when v > 2. However, to obtain sufficiently fast decay when v > 1 we need

to modify them.

Proposition 9.6. Under the assumptions of Proposition 9.3, we put No = (1 —1/log N)(N —1),
and we have the following:
1. If d >0, let ﬁj, j=1,...,d, be as in (9.17) and define wj e CN, by

n fdj(l/), jeI-‘r,la
] — " cos(Z =) ~ ; 9.24
v ) Lio.n) (V)T (v) + 1[No+1,N—1](V)ﬁU;F(V)7 Je . (9:24)
2 -1
2. Ifd <0, letu;, j=1,...,—d, be as in (9.20) and define Y; € CcV, by
lon-n ](V)wﬂ’_(’/) + NNt Ny (W)U (v), GETI 2
Vi (v) = TR cos(3 ) Y oth AN 2 (9.25)
ﬁj_(l/), Je I_71.
Then, fori,j =1,...,|d|, uniformly in z € Qu,
0, when i,j € I n(d),1
sign(d) | ,sign(d) —C .. & ’
(1 ]wj )=108i;+< O(ogN)N~—%, when i, j € Lggna),2  (9.26)
O(log NYN~=% + O((log N/N)Y/?), else,
and
. —NlogCpg h ="
. glgn(d) _ 1 € s wnen v sign(d),1 2
Iy =N =00 { 6, et € 1 (9.27)

We refer to the vectors %i as quasimodes.

Proof. We will consider only the case when d > 0, the case when d < 0 is similar. Let NV > 0 be
large enough so that the conclusions of Proposition 9.3 hold.
1. First notice that

o <2N - 1) - 2log N 210gN(1 +O((log N)™). (9.28)

Letj:d—m(}r—kl,...,d, then

N-1 T v 2
~ COS(fN,l) _ ~
laf —wf 2= Y |1 —2E2E | i () < O((log NY)|[1 s, v -yt 11
v=No+1 cos(5 51)

Applying (9.19), we get that
[af — || < O(log NN~ (9.29)

Remark 9.7. For later use we note here that the analogue of (9.29) in the case when d < 0 holds,
i.€.
[a; — 5|l <O(log N)N~, jel s

This, together with the ﬂ;r, j=1,...,d, being normalized, see (9.18), yields that

0 when j € I
+1 9 +,1
9l =1+ { O(log N)N=%,  when j € I 5.
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Using furthermore the fact that the E;r are almost orthogonal, see (9.18), we find that
Wirle)) = W =@l + @'l —af) + @ [af)

0, when i,7 € I 1,
=6;;+<{ O(log N)N~, when 4,5 € I; o
O(log N)N=% + O((log N/N)Y/2), else.

2. It remains to prove (9.27). Recall from (9.17) and Proposition 4.6 that the u = (37 A" (G _1/2@

S;IG:Q/ 2))_7j are the truncated and normalized (in fact almost orthonormalized) kernel elements
of Pl 40| — 2. Here, and in the sequel we denote by A_ ; € C" the j-th column of some n x m
matrix A as a vector in C". Let uy, € £2([0, +o0[), k = 1,...,d, be given by

+ A+ B
uk(y):{ (37A" )k, 0KV N-1,

0. V> N, (9.30)

Then,
((Po,400] — 2)ug)(v) =0, 0Sv<N—-1-N_VO0.

By (4.34) we see that N_ > 0 since we work here with d > 0. To ease the notation we write
Ni = N4 V0, and a = ap — 20,0 when a, exists, otherwise a = —z6j 0, so that

Ny Ny
E apth — 2 = E a,T”.
k=—N_ k=—N_

Thus, forOéugN—l—N,,
Ny
(Pn — zﬁj(”) = Z al~c1[0,N—1](V - k)ﬂj(y — k)
k=—N_

.,
S alpn-n(v - kGBTANG & 22 6
(9.31)
=3 Y @lpn-yv—BGTA) ol (G @ 2716 D
n=ljp=—N_
(9.30)

d
=SNG @ 2716 )i (Po oo — 2)un)(v) = 0.

n=1
Thus, forOgygN—l—N_ and j € Iy 1
(Py = 2)¢ (v) = (Pn — 2)u;(v) = 0.

Recall that z € Q € C is relatively compact. Hence, applying (9.19) with No = N —1— N_-— th
we see that, uniformly in z € Qp,

Iy = 2091l = Oy sy vy || = OWe™ 5%, e Ly, (9-32)
Until further notice let j € I, 5. Equation (9.31) implies that for 0 < v < Ny — N_
(Py — z)wj"'(u) = (Py — z)ﬂj(y) =0.

Next, by (9.28), we have for Ny — (N4 + N_) < v < Ng + (N4 + N_) that

( < O(N7tlog N)|Nyg —v| = O(N~tlog N). (9.33)
COS

COS
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Hence, for Ny — N_ < v < Ny 4+ Ny, we get by (9.31), (9.33) that

Ny
(Px = 2)¢f (v) = > appf(v—k)
=—N_
N+ 1\~7+ T v—k
o _ cos(5x=1) \ ~
S Y (e IO
k=—N_ k=N _ COb(fN—l)

= O(N~""log N) 105 ||,
(9.34)

where I(v) := [v — Ny, v+ N_]. For N+ Ny <v < N —1— N_ we get by (9.31) and a similar
estimate as in (9.33), (9.34), that

Ny

cos(5 45 Ny cos(Z*-) — cos(Z ¥=F
(Py — )¢t (v) = — 2812 Z aku (v—Fk)— Qs (Ex5) (QN_I)'zZJF(V—k)
J cos(% cos(% No ) J
2N ke 2N-1

ZO(’”%NWh@%W
(9.35)

Nowlet N—1—N_ <v<N—1. For —N_ < k < Ny we have that cos(F%=£) < N1, so by
(9.28) we get that

7r v—k
cos(% )
PN*ZQ/)+ ap————— 2N ot (v — k)1 _nlv—=k
( Z COS gNN,%) Uu; ( ) [No+1,N 1}( ) (9.36)
:O( _1IOgN)|’11(u)1[N0+1,N—1]H}FH-
Combining (9.31), (9.34), (9.35) and (9.36) we obtain that
N-1
1Py = 20 I <OV 05 ND) S s Ly sy a2
=Ny (9.37)
<OUN Tog NP, i, o501y I
Applying now (9.19) with No = (1 —1/log N)N — (N4 + N_), we get that
I(Px = 2)¢f | = O(N~"log N)N~ (9.38)
which concludes the proof of the proposition. O

Proof of Proposition 9.3. We will only consider the case when d > 0. The case d < 0 can be proven
similarly with the obvious modifications. In what follows, we will assume that N > 0 is sufficiently
large, depending only on €2 and the constants in Assumption 9.1, without us mentioning this at
every occurrence. Similarly, we note that all constants C' > 0 and error estimates will be uniform
in z € Qp, and in fact they depend only on the above mentioned parameters, so we shall only
mention this at a few important points.

1. Since the roots of p(¢) — z depend smoothly on z € 2, see the discussion above (9.3), we
have that either 0 € p~!(zg) or we may take (2 sufficiently small so that 0 ¢ p~1(Q2). In both cases
0 ¢ p~1(Qy). Hence, we have that the symbol p(¢) — z satisfies for all z € Qy the assumptions
of Case 1 of Lemma 4.1, see also (4.40). We then know that my > 0 since d > 0, see (4.34).

2. Recall from (8.24) the my x m4 matrices V =V, and A = A4 (with mg = 0). Then, for
r=1,2 and ¥ € C™% € O,
L(N=2)/m|—1 '
13T AT > D VAT AT (9-39)
j=0
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Let 51(V) > -+ = sm, (V) = 0 denote the singular values of V. Since |det V| =[[{"" s;(V), and
s1(V) = ||V < my, it follows that

|det V| H1<i<j<m+ ‘CZ—'_ —CJ+| S 1 (9.40)
mit mlyt e '
Here, in the equality we used the formula for the determinant of the Van der Monde matrix V.
Moreover, the constant in the last inequality is uniform N and in z € Qn by (9.3). Since A is a
diagonal matrix, we get from (9.39) that

smy (V) 2

my [(N=2)/m4]—1 '
137 AT P = 50, (V) D IATE BP0 (G (9-41)
k=1 =0
Putting
[((N=2)/m4 |—1 +2|(N=2)/my |m
def me L= G| A
2= Z G2 = f_ T , (9.42)
]'20 ‘Ck ’
and D = diag(dy,...,dy, ), we get from (9.41) that
13* AF ]l > s, (V) [ DA, . (9.43)

Observe that the smallest singular value of D is mingd; > 1. Recall (9.13). Provided that
d > mgL, we notice that Ai" is an isometry since the columns of X are orthonormal. Thus, it
follows from (9.43), (9.40) that

1
I3 Al > (9.4

so the smallest singular value of G ; is at least 1/C, which, G ; being self-adjoint, implies that
it is bijective with inverse bounded in norm by C. In particular, we have that

1AteL = (9.45)

3. Working with mg_ > 1, we turn to G4 2 and we will show first that for n > d — mg_ +1 the u?
are, up to a small error, given by 3,,/||3.||. First, we compute

N-1 1/2
P 0 1501 = [ 0| - (L= G G = G ”
’ o o (=[G = 1Gml?) + |G — Gml?
(9.46)
By (9.6), (9.5) and (9.3) we find that
=1, Whenlén,m<m+—m9r,
Fom=1¢ <1, when n # m, (9.47)
x%, when my —m% +1<n=m< my.
Second, notice that by (9.9), (9.10), we have that T := —%;1(%:”7”10 H,...,QI:L) has norm
+

IIT] = O(1), depending only on 2. Recalling the definition of Ay from the discussion before
(9.13), we see that

3FAFeT =3TTeTt 438 (9.48)
where 3t = (37,... ;3 ) and 3t = (3;+7m1+1, -+ 33, ). Using (9.47), we get that
Grp =07 (373 e + 07 (B3 T+ (371)3 + 3r1)'37T) o
og (9.49)
=1+ 0(1)=2—,

where the O(1) term denotes an mY x mS. matrix with norm bounded by O(1), depending only

on 2 and the constants in Assumption 9.1. Hence, for N > 0 sufficiently large (depending only
on 2 and the constants in Assumption 9.1), we have that G 5 is invertible and
log N

G =1+001) . (9.50)
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Hence, using again (9.47) and denoting by M_ ,, the n-th column of a matrix, we get that for
neli

(3+A+£ ‘arly 2)

o

S e 3 log N
3trestaly?) + (3terlery?) = toq) :
( >n ( + T2 )_,n 3o |l N

where the O(1) term denotes a vector in CV whose 2 norm is bounded by O(1). In particular,
(9.44) and (9.50) imply that (9.17) is well-defined.

(9.51)

)

Remark 9.8. For a later use we note that the analogue of (9.51) in the case when d < 0 holds,
1.€.

_ n log N

U, = —— +O(1) s TLEI,Q.

" el N
4. Since (3TALGLP) (3 ATGLY?) = 1, and (3YAF L GLY7) (3T AT L GLY) = 1, we

confirm the first line of (9.18). To prove the second line, let (n,m) € I} 1 X I 9. Equations (9.51)
and (9.17) then yield that

Jr
(i) = (3 ATGT | 22 )+ oy 5™

amll
T log N (9:45),(9.47) log N 952
_ —1/2 . s\ I
= 3 Gilsmlanl AT G Pk + O 2o < Oy
k=1

The other case of the second line of (9.18) follows from symmetry.

5. At last, we turn to proving (9.19). Let j € I; ;. Using Holder’s inequality, we compute

2
g

2< YYD BMenATG ),

v=DNop v=Ng p=1

Lo vy} 1% = Z (3 A G ),

(9.53)
N_l m+fm8L m+7m3> L
<SS Gl Y Aate )l
v=No p=1 p=1

Since the right most term in the last line is controlled by the Hillbert-Schmidt norm of the
corresponding matrices, we get by using (9.45) and summing the geometric series that

N-1 [my—m

oy 12 < 1A P1Es ST 1 Y 1631wl

v=DNp p=1

N N (9.54)
(9.45) N—-1 [m4—my e m+—my N 1— K:—|2(N—N0)
Fom 3 (X ] —on S et
v=Ny p=1 u=1 H

Since ]Cm+_m9r| < 1/Cs < 1, we have that for p=1,...,m4 —mY,

1= |G Cp—1
Similarly we see that

K:|2No < 672N0 logCB' (956)
Combining this with (9.54) and (9.55) yields that

[E a2 BN O(1)e Noloe®s,

uniformly in z € Qp, and we conclude the first line in (9.19).
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It remains to prove the second line of (9.19). Recall the definition of A3 (9.13), and notice that

—1 + —1
r— —B (Ql ) +1,.. ,Qlf{ur),fi+
24+ = -
A+£
e L (9.57)
g (—% (W o W) S, ) G
+
where £, = In, @ diag(||5ﬁ++1||, -+ I3, 1) Furthermore, it follows from (9.9), (9.10) and
(9.47) that
o (2, o), )87 = 0(1)y 5N (9.58)
my—mQ 10 omy Sl = N :
which implies that N
1Af) = o), (9.59)
Using the commutation relation (9.57), we compute for j € Iy o that
N-1 s N—-1 |m+ " 5 1/2 2
ILvonv—g@f 17 = 37 1B ATl < 30 |23 (A G Dy
V= v= =1
Mo Nor (9.60)
N-1 my m4 )
5 i -1
< D[ IBTEN P | Do IATET,ul
v=Ngp \p=1 pn=1
Thus, by (9.59), (9.50)
N—-1 m4
i —1/2 ~_
v v T 1P < IAYGE s D [ Do1G Ll
v=Ny \pu=1
(9.61)
N-1 N4 m+ ’<+|2V
v=Np \p=1 p=Ni+1 “
Using (9.47), we get by a computation similar to (9.55) and (9.56) that
N-1 N4 m+—m3_ ‘C+|2V
Z Z |C/ﬂ2y + Z I M—FHQ =0( )e_NO log Gp, (9.62)
v=Ny \p=1 p=Ni+1 1K

On the other hand, using (9.46) and the fact that |(pn, | < 1, we find p=mq —mY +1,...,my
that
— G oy L = |G [PV —No) 2N,
5 = IGHR L e <GP (9.69

2 st
By (9.5), we see that

log N log N v
G < exp <2N0 log <1 - Cwog» < exp (—2]\7007 o8 ) e NN (g 64)

N N
which, together with (9.63), (9.62) and (9.61) yields that for N > 0 sufficiently large
1L v, N1y 12 < O(1)e n* o8N, (9.65)
uniformly in z € Qu, and we conclude the first second line in (9.19). g

10. SINGULAR VALUES AND VECTORS

We provide in this section various estimates on singular values and vectors of Py — z. The
section is divided to subsections, dealing respectively with small singular values, singular vectors,
large singular values, and the smallest singular value and Hilbert-Schmidt norm of the matrices
appearing in the resolvent expansion of the matrices discussed in Section 3.
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10.1. Small singular values. We will work under the same assumptions as discussed in the
beginning of Section 9. We will use the quasimodes constructed in Proposition 9.6 to obtain an
upper bound on the |d|-th smallest singular values of Py — z corresponding to the decay speed
of the quasimodes. We will also show with the help of Theorem 8.1 that the (|d| 4+ 1)-th singular
value of Py — z is significantly larger than the |d|-th one, which leads to a spectral gap. This is
known as splitting phenomenon, see for instance |15, Section 9.2]. This phenomenon has typically
been investigated for z being at a fixed distance from p(S*) or for fixed symbols. In that case
it is known that the smallest |d| singular values are of order O(e~™/¢) whereas the (|d| + 1)-th
singular value is bounded from below by some small N independent constant. What is new here
is that we allow the spectral parameter z to be at an N-dependent distance from p(S'), which
leads to a significantly smaller spectral gap.

Moreover, we will show that due to the assumptions (9.6), (9.7), there exists a second spectral

gap between the first (|d| — mgi an( d)) singular values, which are exponentially small in N, and the

(|d| — mgi an(d) T 1)-th singular value, which is at most polynomially small in N.

Both spectral gaps will be crucial in describing the localization of the eigenvectors of P]‘i,.

Proposition 10.1. Let zg € p(S') be as in (9.1) and let Q € C be a sufficiently small open simply
connected relatively compact neighborhood of a point zy satisfying (9.2). Let Qn € Q\p(S') be as
in Assumption 9.1. For z € Qn let t1 < --- <ty denote the eigenvalues of \/(PN —2)*(Pn — 2).
Then there exists a constant 0 < C' < 0o such that, for all N large enough (depending only on €
and the constants in Assumption 9.1) and for all z € QN

logN ___
0Kty < St S C——N~7, (10.1)
and 1 log N
0g
t =z =—. 10.2
a1 2 5 (10.2)
Additionally, if |d| — mgign(d) > 0, then
- C
0<t <o St < CTVED, (103)
and if mgign(d) >0
TlogN o logN . _~
6 N N < t‘d‘*mgign(d)Jrl <o K t|d| < CTN v, (10.4)
Remark 10.2. If in Assumption 9.1 we have that ’<:1+*m9++1| = |Gh| (in case d > 0) or

[qnr +1| = || (in case d < 0) then clearly one can take Co = C + € for any € > 0, improving

upon (10.4). By (5.85), this will always be the case for us.

Proof. Recall that for a square N x N matrix A, t;(A) denote the eigenvalues of v A*A (ordered
non-decreasingly) and s;(A) denote the singular values (ordered non-increasingly), see (1.13).
By the singular value decomposition of the square matrix A, we have that t;(A4) = ¢;(A*) and

5;(A) = s;(A*). Recall the Ky Fan inequalities, see for instance [32]: for two square matrices
A, B we have

Sntm—1(A + B) < sp(A4) + sp(B),
Snam—1(AB) < sp(A)sm(B).
Further, if A is an invertible N x N matrix, then
1
3N—n+1(A)’

From (4.6) we know that the symbol of the adjoint Op(p)* is given by p(w) = p(1/w). So in
view of Lemma 4.1, the roots of p(1/w) — Z, or equivalently the roots of p(1/@) — z are given by

(10.5)

sp(A7H) = n=1,...,N.

w;F =1 /Zji, where Cji are the roots of p({) — z. Hence, the discussion and results of Section 4
valid for p(¢) — z remain valid for p(1/w) — z with the roles of my, Ni, and m_, N_ exchanged.
Furthermore, the roles of the assumption (9.6) and (9.7) are then interchanged. This argument



LOCALIZATION OF EIGENVECTORS OF NON-HERMITIAN BANDED NOISY TOEPLITZ MATRICES 75

will allow us to reduce the number cases of symbols p — z we need to consider, since we may
always pass to studying the singular values of the adjoint (Py — z)*. In particular, in the rest of
the proof we may and will assume that d > 0 for z € Q.

In what follows, we will work with N > 0 sufficiently large, depending only on ) and the con-
stants in Assumption 9.1, without us mentioning this dependence at every occurrence. Similar,
we note that all error estimates will be uniform in z € Qu, and in fact they depend only on the
above mentioned parameters, so we shall only mention this at a few important points.

1. Let z € Qn. We begin with the upper bound on t4. Let w;r, j=1,...,d be as in (9.24),
and note that for N > 0 sufficiently large, they are linearly independent. Indeed if they were not,
then there would exist an 0 # a = (a1, . .., aq) € C% such that arpf + -+ ad¢2_ = 0. Let jg be
such that |aj | > |a;| for j # jo, with |aj,| > 0. Since the wj are almost-orthonormal by (9.26),
we find that

_ a; B
1+ O(log )N~ @ = - )~ iwmp = O(log N)N~% 4+ O((log N/N)Y/?),  (10.6)
]E[d],j;é_]o

a contradiction.

Let K4 C CV denote the linear subspace of CV spanned by the Q,Z)j+ and notice that it has

dimension d, for N > 0 sufficiently large. For any ¢ € K4, we write ) = Z?Zl a]w;-r. If || =1,
then we get by (9.26) and the Cauchy-Schwarz inequality that for N > 0 sufficiently large,

1= Z Jai Pl 112+ ) aqag (i [0f) = llal*(1+ én),
i#j
where éy = O(1)(N~% log N + (log N/N)'/?) and the constant is uniform in z € Qu and inde-

pendent of 1. Thus, for N > 0 large enough, ||a||? = (1 + éy), uniformly in the choice of z € Qn
and 1. The min-max principle and (9.27) yield that

ti =, min_ max [|(Py —2)9|* < max ||(Py = 2)¢|”
ly]|=1 lloll=1
? 021 log N 2
< max (Z\aj\ PN—z)¢jyy> < 0(1)< A 0> ,
it

and we conclude the upper bound in (10.1) and (10.4).
Suppose that d > mY and recall (9.6) and (9.7). Letting K,_ m. denote the linear subspace of

CY spanned by 7 ,..., ¥ 7" dmt and recalling from (9.26) that these vectors are orthonormal, we

deduce similarly as above from the min-max principle and (9.27), that

dmJr
27)
t2 < a Py — 2 <~ P _ + 2 < 9] —2NlogCpg
o, < e (P = 2l 30 NP = 2 IS OGN,
=1

and we conclude (10.3).

2. We may write {2 as the disjoint union
Q= UpESHnNu’
so that Qn C €. In particular ind,(g1)(2) = d for all z € O".

The rest of the proof will be concerned with the lower bounds on ¢4, and td—mOJr 41 for z € Qp,

and we will have to consider the two cases of N+ > 0 or N3 < 0. Note that by (4.15), these are
the only cases we need to consider, since d > 0 while by Remark 4.2 and (4.34), we have that
d < 0if N_ < 0. We note here that in both cases co ¢ p~1(Q2), see (4.15) and Lemma 4.1.
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Recall from the discussion after (9.2) that all roots ¢, of p(¢) — z depend smoothly on z € Q. So,
when either N+ > 0, or Ny < 0 and 0 ¢ p~!(z9), we see that {0,00} ¢ p~1(Q) for Q sufficiently
small. On the other hand, when N, < 0 and 0 € p~!(z), then by the smooth dependence of
the roots on z that 0 ¢ p~'(Q), after possibly shrinking 2. Hence, for Q sufficiently small, there
exists a constant C' > 0 such that any root (, satisfies

0<¢] <C, forall z €. (10.7)

Since the symbol p(¢) — z for z € Q' satisfies the assumptions of Case 1 of Lemma 4.1, we may
order its roots as in (4.26). So, in combination with (10.7) we get that

0<[< - <IGh, [ <1<[T < <G | <O, forall ze (Y. (10.8)
By (4.34) we know that my > d > 0, so we work in (10.8) with the convention that when m_ =0
then only the estimates on the existing roots in (10.8) apply.

Recall Assumption 9.1, and as in Theorem 8.1, let © denote the Heaviside function, and let
. {0,m%}, m% >0
mo € 10.9
{ {0}, mY = 0. (10.9)

To shorten the notation we will write © := ©(mg) whenever convenient. The case mg = 0 will
be used to prove the lower bound in (10.2), and the case g = mY for the lower bound in (10.4).

Write ]\7+ =N, V0. For ¢ € S' and z € /, we can write the symbol as

o (N v N 4.34)
pQ) — 2=V [N an ¢ 2 | = o Ny (¢) U2V i) (10.10)
0
where
m4—m9.© my—m{ O my m_
«O= > a¢7=an JI a-¢/0 I «-¢HIIC-¢) (o1
—m_—m0+9 1 m+—m0+®+1 1
Here Gny—moe = G-N_ (= C+)H1 (=¢; ), and Qom_—moe = G-N_- So, by (10.8) and

(4.15), we conclude that there exists some constant C' > 0 such that for all z € '
qm+—mi@ 7é 07 ’q—m,—mi®’ > 1/07 ‘Qj‘ < C.

Equation (10.11) shows that there are no roots of ¢ on S* and, by performing a computation as
n (4.34), that indgg1y(0) = My for all z € Qn. This, together with (10.7), (9.3), (9.5) and (9.6)
shows that ¢, Qy and €’ satisfy the assumptions of Theorem 8.1 with mg as in (10.9), Cy = C,,

C1 = Cp, C3 = C,, and therefore there exists a constant C' > 0 such that for NV > 0 Sufﬁ(nently

large and all z € Qy,

1logN Ca®(0)
s (Pula) > 5o N (10.12)

When d = m%. > 0 then sy_j41 = tj, and we immediately conclude the lower bound in (10.4)
using that mg = mg_. Hence, from now on we may and will assume that d > mg_@(ﬁlo), see also
Assumption 9.1.

Recall the definition of x,, from (4.10). As noted after (4.12) we have that H(x,) = 0 when
n < 0 and that H(xy,) has rank n, when n > 0. So by (4.14) and (10.10) we get that

Pn(p = 2)Pn(Xmo 0-a) = Pn(q) = TINH (p = 2) H(Xg—m9 01N, (10.13)

where the second term on the right hand side has rank d — mg_@. Since Sl(PN(Xmg_@fd)) =
||PN(Xm9r®—d)H = 1, we get by (10.13) and the second Ky Fan inequality in (10.5) that for any
n=1,...,N,

sn(Pn(p = 2)) = sn(Pn(p = 2)) 51(PN (X9 0-a)) Z $n(PN(q) — TN H (p = 2) H (Xg-m9 0)1IN)-
(10.14)
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By interleaving inequalities for singular values, see e.g. [12, Problem III.6.4|, for any matrices
A, K € CV*N with K of rank m € {0,...,N — 1},

SN_m(A) > SN(A+K). (10.15)
Applying this estimate with
A= Pn(q) —TINH(p = 2)H(Xg-mo o) v, K =TNH(p = 2)H(Xg-m9 )N,

and m = d — mY O, yields together with (10.14) and (10.12) that for N > 0 large enough (so that
(10.12) holds)

1 log N

sn-armgeo(PN(P = 2)) 2 sn(PN(@) 2 5N~ Ca®(i0)

for all z € Q. Since sy_j41 = t;, we get (10.2) by taking mg = 0, and we obtain the lower bound
in (10.4), when d > mf. > 0, by taking mg = m{.. This ends the proof of Proposition 10.1. O

10.2. Singular vectors. Throughout this section we will continue to work with z € Qpy sat-
isfying Assumption 9.1 and we will denote the orthonormal eigenvectors of (Py — z)*(Pn — 2)
corresponding to the eigenvalues 0 < #2 < -+ < t?\, by ei1,...,en. Using the spectral gap
from Proposition 10.1 we will show that the quasimodes from Proposition 9.6 span, up to a
small error, the same space as the eigenvectors ey, ..., e)q. More precisely we will show that the
eigenvectors ey, . . -5 €ld|—m are well approximated by a linear combination of the quasimodes

slgn(d)
Y1, .. ,1/J|d| @’ whereas the eigenvectors €|d|—m
linear comblnatlon of Yy,

S Pya-

Proposition 10.3. Consider the setup as in Proposition 10.1. Let 11, = 1y .2 ((Pn—2)*(Pn—2)),
k=0, z € Qn, be the spectral projector onto the eigenspace of (Pn —z)*(Py — z) corresponding to
the eigenvalues 0 < 12 < ... < t? < k2. Let @ZJJi and It 1,1+ 2 be as in Proposition 9.6, let N > 0
be sufficiently large (depending only on the Q and the constants in Assumption 9.1), and put

@t ,€|q) are well approximated by a
blgn

M) 17

gign(d)
~ |d‘ slgn(d) J
€= ion(d),’ Imgn(d),l?
MM, 0 7=
sign(d)
and
mgn(d)
J ”Ht ¢Slgn(d)”’ J sign(d),2*
ld| 7'j
Then, uniformly in z € Qy,
. NQA+Ca) e—NlogC .
& — o= @) = o) Teaw © T T € L@
J N~%7log N, € Lign(d),2
and
(1+Ca) _ L
o NlogN NlogCﬁ when i, j € Isign(d),la
(€ilej) = 0ij+ 4 O(log N)N~—“ when i, j € Iggn(d),2; (10.16)

O(log N)N~ CW—I—O((logN/N)l/z), else.

Proof. To ease the notation we drop the & superscripts and let v; be either 1/1;7 or ¢, depending

on sign(d). Furthermore, we write B, := (Py — 2)*(Py — z) and we let N > 1. In what follows

all constants will be uniform in N > 1 and z € )y even when we do not state this fact explicitly.
By (9.27), we have that

—2NlogC
S cevs, I&gn( d),1

N N2 (10.17)
(l]gVNN CW) ) ]EIsign(d),2-

(Bawjls) = |(Py — 2)¢5]* = O(1) {
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Let £ = tg_p, " for j € Iggn(a),1, and £ = t)g for j € Igen(g),2- Let II = Il and o+ =
slgn

1}52,00[( ), and notice that both are selfadjoint projectors onto disjoint eigenspaces and that
II +II* = 1. By the spectral theorem and the fact that B, > 0,
, JE Isign(d),la
<zauarwj>=:<B;Huyu1¢v>%—<BgHLagu1l¢u>;zwniuyHQ{ it
t|d|+17 J € sign(d),2-
(10.18)
Combining (10.17), (10.18) and (10.2), (10.4) we get that

O 1 NlOgCBt—l (10<4) O 1)N(1+Co¢) ,Nlogcﬁ . I
D dmt1) S O e » 5 € g1
J S
(10.2)
0(1) (t_l 1OJg\ZNZ\ficw> < O(l)Nic% J € Isign(d),Z'

\d|+1
Hence, by (9.26),

(1+Ca) _ .
‘1 — ”ijw < { Hw] - ij” = HHL%H - ( )NlogN NlogCB J € Isign(d),l

, =:g,.
4 — gyl + O(1) N~ log N = O(1)N~“ 10gN, J € Lsign(a) 2 ’

Thus, for N > 0 sufficiently large, so that ¢; <1,

. 1y,

bl = _ il < .

15 - 030 = | 3oy — ] < 0t

which, together with (9.26) and
(€ilej) = (Wilhy) + (€ — ilys) + (Wile; — by) + (€ — ile; — y),

lets us conclude the proofs of the proposition. O

Notice that (10.16) implies by a similar argument as before (10.6), that for N > 0 large enough,
the vectors €1, ..., €q are linearly independent. Hence, we conclude the following.
Corollary 10.4. Under the assumptions of Proposition 10.3, we have that the e, .. e|d|
) and that ey, ..., €q span R(IL, ).

slgn(d)

blgn(d)

span the range R(I1y

bl

Remark 10.5. By Remark 9.5, (9.29), and Proposition 10.3 it follows that for the Jordan block
with z inside the unit disc such that (9.5) holds we have that

= O(N~%logN).

H 5
[Fxl
In what follows we suppose that N > 0 is sufficiently large, so that the conclusion of Proposition
10.3 holds. Furthermore, all error terms will be uniform in z € Qu even if we don’t state this
explicitly.
In view of Proposition 10.3 and Corollary 10.4, we know that there exist ay, .. <5 O)d)—m

0?(Igign(ay,1) and bidj—m Lo -, big € £3([|d|]) such that

Slgn(d)

ilgn(d
|

€ = Z aj(y)gV’ J € Isign(d),h and €j = ij(y)gm JE Isign(d),2'
1

Ve[sign(d),l

Let n,m € Iggn(q),1- Using (10.16) and the fact that the e; are orthonormal, we get that

Snm = (enlem) = Zan G (1) (E012) = (anlam) + O(lal 2N O+C)e=N1ECs /10g N )

where the constant in the error estimate is independent of a. We deduce that |a,| = 1 +
O(N1+Ca)e=N/C /10g N'), and

(anlam) = dpm + O (N(Hc‘l)e*Nlogcﬁ/log N) . (10.19)
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Similarly, we deduce from (10.16) that for n,m € Iggn(a),2
(bu|bm) = G + O(N~ 1log N) + O((log N/N)'/?), (10.20)
where the constants in the error estimate are independent of . Decompose
b — b @b GEQ(IJF 1)@£2(I+ 2) 81gn(d) >0,
77 bj@b € 2(I_) & 2(I_,), sign(d) < 0.

Exploiting the orthogonality of the e; and using (10.19), (10.20), we deduce similarly as above
that for n € Lien),1 and m € Lggn(q) 2,

(an|bm) = O(N~% log N) + O((log N/N)'/?). (10.21)

By a similar argument as before (10.6), we deduce from (10.19) that for N > 0 sufficiently large
(depending only on the © and the constants in Assumption 9. 1) the a; are linearly independent

and span ¢%(Iy ;). Thus, for each b there exists a d; € C"Sen@) such that b =5 ,d;(v)a,
Hence, by (10.21), (10. 19)

[ Zd Ao (1) ]y} = ]2 (1 + o( (14+Ca) g =N 108 Cs /]og N)) . (10.22)

Combining this Wlth (10.21), (10.22), (10.19), we deduce that
|di|| = O(N~ log N) + O((log N/N)*/?) + O(N(HC“)e*NlOgCﬁ/log N) ,

where the error terms are independent of a, b, and d. Notice that the error term which is
exponentially small in N may be absorbed into the other two terms. Hence,
bl = O(N~% log N) + O((log N/N)/?).
Thus, for j € Lgn(a),2;
=Y. biw)E D+ O(N~%log N) + O((log N/N)'/?).
Ve[sign(d),Q
In view of (9.29), (9.51) and Remarks 9.8 and 9.7, we may replace ¢Sign(d) in the above expression

by 5zszign(d)/\|3zs/ign(d)H, see also Proposition 9.3.

Summing up what we have proven so far, we obtain in view of Propositions 10.3 and 9.6
the following. Recall that for z € Qp, e1,...,eny are an orthonormal set of eigenvectors of
(Pn — 2)*(Py — z) corresponding to the eigenvalues 0 < 3 < --- < 4.

Proposition 10.6. Under the assumptions of Proposition 10.3, we have that for j € Igen(a)1;
= Y a4+ 0(1)NIHC)em N8 Ca flog N,
VEIsign(d),l

where aj € (*(I, sign(d),1) satisfy (10.19), uniformly in z € Qn. Further, for j € Lggn(a),2

sign(d)
= Y. b2 + O(N" % log N) + O((log N/N)'/2). (10.23)
l/e.lsign(d>,2 H H
where b; € 62(Isign(d)72) satisfy
(bn|bm) = 6nm + O(log NN~) + O((log N/N)'/?), (10.24)

uniformly in z € Q.
Remark 10.7. We recall, see points (i), (ii) of Lemma 6.16 and (5.85), that for v # V' € Iggn(a)2

we have that ngn(d Clsli,gn(d) — 1| is bounded away from 0 by a constant ¢ > 0 independent of N,
while for v =v" € Iggn(q)2 it is of order log N/N by (9.5)-(9.7).

Next, we turn to proving localization estimates of the singular vectors.
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Theorem 10.8. Consider the setup and notation as in Proposition 10.1. Then, there exist con-
stants 0 < C,C" < 0o such that for N > 0 sufficiently large (depending only on 0 and the constants
in Assumption 9.1) we have that for any z € Qn, for any discrete interval I = [0y, ¢1] C [0, N —1],
with |I| > 2(14+mY), and for j € Lsign(d),2

. IOgN 1 _ log N logN
2 2C 2C
lejllzz(ry < Cmin {II\ ~ ,C,} e 2N 4 ON 2% (log N)? + C N (10.25)
and
I logN 1 — log N _ log N
112 il el 20,0 _ 2C 2
Hey”@([) > o mm {\I\ N C’}e N CN 7 (logN)* - C N (10.26)
and for j € Isign(d),l;
lejllZery < Cem 21080 4 ON20+Ca)=2N 108 Cs (109 )2, (10.27)
Here,
2= I when d > 0,
1 N—4; whend<O0.

We remark that we do not use (10.26) in the rest of the paper (instead, we use (10.23)). Its
inclusion here is to contrast with (10.25).

Proof. We shall only consider the case when the winding number d > 0, since the case when d < 0
is similar. Throughout we will assume that N > 0 is sufficiently large (depending only on 2 and
the constants in Assumption 9.1) so that the conclusions of Propositions 10.6, 10.3, 9.6, and 9.3
hold, and we have that all error terms are uniform in z € Qy without us mentioning this explicitly.

1. We begin by considering the case where d — mg_ > 0 and j € I 1. By Propositions 10.6 and
9.6, we find that

2
N2(1+Ca)

lejlfzry <2\ D ai(w)wy + O(I)We‘wl‘)gcﬂ. (10.28)
VEI+71 22(1)

Recall from Proposition 9.3 that 1 is given by the v-th column of 3+ATG_T_’11/ 2, Using the
Cauchy-Schwarz inequality we get that

2 my— m7L 2
1/2
2w =D D D BTG, o (v)
VEI+,1 £2(1) },LEI Ve[+ 1 :
m4— m+ 2 m+—m3_
1/2 —-1/2
=2 Z 3 Af G Pa) )| <IATGI a3 sl
pel n=1
(10.29)
where 3; is defined as in Proposition 9.3. For n =1,...,m4, we have that
2 +2 +12¢ 1- K;Pm
I3y ”62 Z Gy 177 =167 ] OW- (10.30)
IJZZO n
By (9.6) we have that |(f| < 1/Cp forn=1,...,my — mY.. Thus,
2
G 1P < a1 < A5 ICJFIM0 (10.31)
C’

Combining (9.45), (10.19), with (10.28) and (10.29), we conclude (10.27).
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2. Next, we let j € I 2, so we may assume that mg_ > 0. By Propositions 10.6 and 9.6, we

find that
2

5
lejllzcn < 2| D bi(v 2 S (10.32)
vely o v 22(1)

where, to ease the notation, we put ey = O((log N)?)N~2¢ + O(log N/N). For the sake of the
presentation we will keep this notation for the error term and we allow for the constant in the
estimate to change while remaining uniform in z € Q.

From Proposition 10.6, we see that the coefficients b; are uniformly bounded in ¢2 by O(1). Thus
by a similar computation as in (10.29), (10.31), we get together with (9.50), (9.59) that

I3 115 1y
lejliz2ry < O(1) Y W +en. (10.33)

vely 2

Recall (9.6) and (9.5). Let v € I, o, and suppose first that |I| < N/log N, we find by Taylor
expansion that

log N log N log N log N
2N1|Ca Og +o(1| 08 ) <1— ¢RI < 2, Of’v +0(|1| o8 > . (10.34)
Thus,
Ca log N L¢P o, ( < 1ogN)>
—I| {1+ O[|I < —2 < AT Of |1 . 10.35
e (1+0(1a ) ) < S < 2 (1401 (1035

Plugging the estimates (10.34), (10.35) into (10.30), and using (9.47) as well, we get that there
exists a constant C' > 0 such that, for N > 0 large enough,

IOgN —QC A 1081\’

12
IOgNe—QCQEO(H—O(%))% o IEB ||g2([) _ log N

1
—|I < = 2o Lol

(10.36)
When N/(ClogN) < |I| < N for some C' > 1, then we see by Taylor expansion that

1|2 N
1[G P ~logN’

Hence, by (9.47) and (10.30), we get that there exists a constant C' > 0 such that, for N > 0 large
enough,

+112
1 —20apro(eN))een M = |¢, ¥ < Ce 200" E (10.37)
c S T '

By (10.33), (10.36) and (10.37) we conclude (10.25).

3. Next we prove the lower bound (10.26), so we work still with j € I} 5 and m[_)|r > (0. Similar
o0 (10.32), we find by Propositions 10.6 and 9.6 that

2

1 3F
leslogy =5 || D0 @) —en
52 1
+,2 gz([)
Let

1 - 1

+ ... +

v m+fm3_+1 m+
: . : F
( nt+—m3+1)m+ L (C:1+)m+ e 1’
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A = diag(¢T om0 41 ,C$+) and let £, be as in Proposition 9.3. By a similar argument as for

(9.40), we see that C—() (V) > 1/C for some C > 0, depending only on 2. Let |I| > 2(1+mY).
Then,

i+ 2 L(111-1)/m ] -1 | r=nmg -

v mO a— m0 a—
Dbl = X IVARTTRETE B AR e
Vel o () k=0 k=0

L(11=1)/mf |1

a2 P Y

2
vely o k=0 HZ H

K—lj— ’2 Zo+km3_)

(10.38)
Let v € I 2. A direct computation yields that

L(H|-1)/m | -1
Z ’ |C+‘2(Zo+kmg) _ ’<+|2£0 ‘C |2€0 1- |Cl/ ‘ |I| - m+)
v - v 0 v
oy 1— |G — |G
(10.39)
Recall (9.5) and (9.6). Suppose first that 2(1+m9) < |I| < N/log N, then |I|/2 < [I|—-1-mY <
|I], and by Taylor expansion we find that

1 N log N
- jer ) 5 e, 8 o e’

1— K;r|2m‘i(t(|1|—1)/miJ—1)

and similarly

2
9m0 log N log N

1 — | RHI=1-m) C, log N
o™ > ot |1|< <|1| )) (10.40)

L= G
Combining (10.40), (10.39) and (10.38) with (9.47), yields that there exists a constant C' > 0 such
that for N > 0 large enough and all z € Qp,

L(7]=1)/mG | -1

D

P 3
When N/(ClogN) < |I| < N for some C' > 1, then we see by Taylor expansion that

Thus,

K-j ’2 f0+kmg)

logN
el

l|]|@e—20aéo(l+0(%))l°§v]v. (10.41)

24g >

o1 R R
1— |GHPms “ ClogN’

We then deduce similarly to (10.41) that there exists a constant C' > 0 such that for N > 0 large
enough and all z € Qy,

L(11=1)/mf |1

+2(€o+jmY)
Z ¢ | j ;m N le_zcazo(HO(%))%' (10.42)
2 I ~¢C
From (10.24) we know that for N > 0 sufficiently large ||b;|| > 1/2. Hence, (10.41), (10.42)
together with (10.38) imply (10.26), which concludes the proof of the theorem. O

10.3. Large singular values. The next result gives estimates on the Hilbert-Schmidt and trace
norm of E from (2.9).

Proposition 10.9. Let 29 € p(S') be as in (9.1) and let Q© € C be a sufficiently small open
relatively compact convex neighbourhood of zy satisfying (9.2). Let N > 1 be sufficiently large, and
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let Qn € Q\p(SY) satisfy (9.5). Let d be as in (9.4) and let t; be as in Proposition 10.1, then,
uniformly in N and z € Qp,

N
N2
-2
| doott= O<logN> : (10.43)
j=l|d|+1
and

N

> ;' =0(NlogN). (10.44)
j=ldl+1

Proof. 1. Let zp and € as in the assumptions of the proposition and let z € Qy. Let N =
N4 V0+ N_VO0 and notice that N > |d|, see Lemma 4.1 and (4.34). By (4.20), (10.15) and (1.13),
we see that

tj(Pv—2) 2 t,_g(Pgnz —2), j=1+N,... N (10.45)
From (4.20) we deduce that the set of eigenvalues of (Pz/nz — 2)*(Pz/nz — #) is given by
{t3(Pz/nz — 2);j=1,...,N} = {Ip(C) — 2% ¢ € Sn}, (10.46)

where Sy % {e>mii/N.j = 0,... N —1}. Note that t1(Pz Nz — z) = dist (z,p(S1)) > 0, since
z € Qu. Hence, combining (10.45) and (10.2), we get for v = 1,2,

N N v N v
1 1 ~ ( CN 1 ~ ( CN
- < -~ 4N < — < +N .
I Z~t]”-(PN—z) + <1ogN> Zt”.(PZ/NZ—z) + <logN>

j=ldl+1 "7 j=1+N j=1"J
(10.47)

It remains to deal with the traces tr ((Pz/nz — 2)"(Pz/nz — 2))7V/2 for v =1, 2.

2. We know by (4.16) that there are finitely many, say Ny < oo, points in p~1(z). We will
enumerate them in the following way: for j = 1,..., N}, with Nj > 1, let (; € p~!(20) be so that
¢j € St and for j = Nj+1,...,No, let {; € p~1(20) be so that ¢; ¢ S*. If Nj = Ny then the
latter set of points is empty.

By (9.2) and the Implicit function theorem, it follows that, after potentially shrinking © (while
keeping it convex), there exist complex open neighbourhoods Z; of (j, such that p: Z; — Qis a
diffeomorphism and such that Z; N St =0 for j = Nj+1,..., Ny. Furthermore, after potentially
further shrinking 2 and the sets Z;, we can arrange so that p(S' N Z;) = QN p(St) =T for all
j=1,...,N}. Let Q' C Q be a smaller open convex neighbourhood of 2y such that €' C 2, and
put Z := (p 'z,»0) " H(Q') C Z;. A convenient choice is

' ={z e C;dist (2,1") < 1/Cqr,m(2) € '},

where 0 < Cq < oo is some sufficiently large constant, IV C I' is a connected non-empty sub-
segment, containing zg, so that the endpoints of the segments I' and I' are separated by some
fixed positive distance, i.e. for some large constant C’ > 0 we have that dist (0T',01") > 1/C".
Furthermore, 7(z) denotes the point in p(S') with |II(z) — 2| = dist (2, p(S*)). Notice that this
point is unique if Cqy is large enough.

We note that there exists a constant C' > 0 (depending only on © and ') such that for all
ze @ and all ¢ € S"\ UM (Z;n S
Ip(¢) — 2| > dist (09, 0) > 1/C. (10.48)

Furthermore, observe that since two consecutive points in Sy differ by an angle of 27 /N, we have
that

#{Sn N Z;} :N/ Loi(d0) +O(1), j=1,.... N, (10.49)
(plz;—0)~1(Q)

where Lg1 denotes the normalized Lebesgue measure on S*.
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Let j € {1,...,N}}, z € Qy = Qy N, and {8 € Z; be the unique point in Z} such that
(CO) = II(z). For N > 1 sufficiently large (depending only on © and ) there exists a point

Cj € Z;N Sy which is the closest point in Z; NSy to ¢}. There may be two such points, in which
case we pick one of them. Then,

- dl< 1 =N <o), (10.50)
By Taylor expansion around Cg, we find that

Ip(E) = 21 < Ip(GE) = 2| + O(N T,
where the constant is independent of z. In view of (10.46), we have that
t1(Pz/nz — 2) = min [p(() — 2|.
CeSN

Setting ¢ := |p(§é) —z|, as p(Cg) = II(z) and hence |p(Cg) — z| = dist(z,p(S')), we see that
E<tiPynz—2) < min |p({) =2/ < max |p({) -2 <EFONT, (1051)
j

=1,...,Ng Jj=1,..,N;
where the constant is independent of z. By Taylor expansion and (9.2) we get that for ZJ € Z;
(&) — 21 = Ip(G) + @) (S — &) +O( — ) — 2|
1 ‘ , (10.52)

> I - @l -l - -7

Here the constant 0 < C' < oo only depends on €2, see (9.2), and the constant 0 < Cy < oo depends
only on C' and the second derivative of p in the Z;’s, which is uniformly bounded. Suppose that

~ , 1 ~ , ~
10 =@l < 57 1¢0 =Gl = 8CH, (10.53)
2C4
where C, Cy are as in (10.52). Hence, we find by (10.52), (10.53) that
~ 1~ .
p(¢") =21 = ;5167 = G- (10.54)

3. We turn to proving the two estimates claimed in the proposition. We let {2 and Q' be as in
Step 2. Recall (10.51) and note that if ¢ > 1/C for some arbitrarily large but fixed constant C,

then
N
D m——
7=1
and we conclude (10.43) and (10.44) in view of (10.47).

N

) —o1) )

j PZ/NZ —2) H 65PNz —2)

Continuing, we may assume from now on that ¢ < 1 /Co, for some arbitrarily large but fixed
constant Cp. Since the roots of p({) — z depend smoothly on z € 2, see the discussion after (9.2),
it follows from (9.5) that there exists a constant C' > 0 such that for all N > 0,

1log N
dist (Qn, p(S*
st (O, p(81) > 5
Hence, we may from now on assume that
llogN ~ 1
BN i< —. (10.55)

C N T TG
for some large C' > 0, independent of N > 0 and z € Qy. Let v € {1,2}. Then, in view of
(10.46), (10.48) we get

N 1 al 1
j=1 t5(Pzmz — 2) i=1¢ez,ns Ip(¢) — =]

where the constant in the error term depends only on Q and €. Using (10.49), we see that by
potentially shrinking 2, and the sets Z; and €' accordingly, we may suppose that the first estimate
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in (10.53) holds for all Ce Z;NSN,j=1,...,Nj. Next, pick a j € {1,..., N/}, while keeping in
mind that N < oo, and split the corresponding inner sum on the right hand side of (10.56) into
two parts: one where the second inequality in (10.53) holds and one where it does not, so

3 Al_Z’V: 3 N 3 - (10.57)

ZGijSN ’p(C) (:ermSN, ’p(C) B z\ CeZ NSy, ]p(C) - Z’
I—¢l1=8Ct IC—¢jI<8Ct

We begin with treating the second sum on the right hand side. Since the points in Sy differ by
an angle of 27 /N, we see that for N > 1

#{C € Z; N Sn;|C — G| < 8CT} = O(NT),

where the constant depends only on the symbol p, Q and the constant C' from (10.52). Hence, by
(10.46) and (10.51),

1 ~
> ———— =0WNt'), (10.58)

- Ip(¢) — z[”

CGZjﬂSN,

|C—¢l|<8CT

Next, we deal with the first sum on the right hand side of (10.57). Since for this term (10.53)
holds, we get by (10.54) that

1 4CHv
e D DI (1059
(eZ;NSn, Ip(¢) == {ez;nSy, <= Gl
IcC—¢jl=8Ct IC—¢l|=8CT

By (10.50) and (10.55) we find that there exist constants 0 < Cs,C%) < oo such that for N > 0
large enough (dependlng only on the constants in the referenced inequalities) we have that for all

C € Z; N Sy with |C C0| 8Ct and for all z € Qy, such that (10.55) holds,
I 7|< dl> —t (10.60)

By rotational invariance, we may assume that Zﬁ = 1. Then, we have that Ek = 2mk/N | =

., My are the points in Zj to the left of 1 and Ek = e2mk/N | = _1 ... —M, are the points
in Zj to the right of 1. By (10.49) it is clear that after potentially further shrinking {2 and taking
N > 0 large enough, we have that M, My < N/Cj3, for C3 > 1. Hence, we find that there exists
a constant 0 < C4 < oo such that

—~ . , 1
Cx — 1| = [eF2™ RN 1] > & oo lEl —Ma <k < My, k#0. (10.61)

On the other hand, we see by (10.55) that if |[k| < B~!'log N, B > 1, then
Gk — ¢ = [e*2™ /N — 1] <« 7, (10.62)

for N > 1. Combining (10.61), (10.62) with (10.59) and (10.60), we conclude that

Sl 3 UCGGN)! ONlgN), - v=
| (Z) — |1/ = |k’y = O(NQ(IOgN)_1)7 —y

¢eZ;NSn, p z k=—M>

IC—¢l|=8CT |k|>B~1log N

Together with (10.47), (10.55), (10.56), (10.57) and (10.58), we conclude (10.43) and (10.44). O

10.4. Smallest singular value and Hilbert-Schmidt norms. In this short section we pro-
vide bounds on minimal singular values and Hilbert-Schmidt norms of matrices appearing in the
Grushin problem. Recall the definition of E(-) from (2.9).
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Lemma 10.10. Consider the setup and notation as in Proposition 10.1. Fiz M € IN and v > 1.
Assume that the entries of Q) are i.i.d. with zero mean, unit variance, and finite fourth moment.

If v > 3/2 then
P ( irsllf Smin(IN + NT7QE(z)) < 1/2> < ]\7—(’Y—3/2)/27
zelln
for all large N. Otherwise, if v € (1,3/2] then given any ag > 0 there exists = B, y) < 00,
such that
P (smin(Iv + NTQE(2) < N7) < N0,

uniformly for all z € Qn and all large N.

Proof. 1. We first consider the easier case v > 3/2. By Proposition 10.1, applied with M = |d|,
we have that ||E(z)|| = O(N) uniformly for z € Qn. As the entries of ) have zero mean and
finite fourth moments, applying [42, Theorem 2| and Markov’s inequality we obtain that

P (N—” sup [|QE(2)]| > 1/2) <P (|Q] = N7 < T IN-O-D L R|Q) < N-O-3/2/2,

z€QnN

for all large IV, and some ¢ > 0. Thus, by the triangle inequality we derive that

z€QN 2€QN

P ( inf smin(In + NYQE(2)) < 1/2) <P (NV sup ||QE(2)| = 1/2) < N~0=3/2)/2,

This yields the result for v > 3/2.

2. We turn to the case of v € (1,3/2]. The proof uses a change of basis, a lower bound on
the smallest singular value of matrices with i.i.d. entries shifted by a deterministic matrix, and an
upper bound on the maximal singular value of a matrix with i.i.d. entries.

To carry out these steps we introduce additional notation. Let E(z) and F(z) be the two unitary
matrices whose columns are {e1(2),e2(z),...,en(2)} and {fi(2), f2(2),..., fn(2)}, respectively
(Recall the definitions of e;’s and f;’s from Section 2.1 applied to P = Py). Further define E;(z)
and Ez(z) to be the N x M and N x (N — M) matrices consisting of the first M columns and the
remaining (N — M) columns of E(z), respectively. Similarly define Fi(z) and Fa(z). Finally, let
T(z) be the diagonal matrices with entries {tar4+1(2) 7L, tar2(2) 71, ... tn(2) 71}, where tj(2) = t5,
j € [N] are as in Proposition 10.1.

Equipped with this notation, upon recalling the definition of E(z), we see that

IN+ NT7QE(2) = In + NT7QE3(2)T(2)Fa(2)*.
Fix z € SV~1. As the columns of F(z) form a basis of C", there exist ¢; € CM and ¢y € CV~M
such that
x = F1(2)e1 + Fa(2)eo and len||? + [|ea| = 1.
Therefore, using the orthonormality property of the columns of F(z) we derive that
I(In + NTTQE(2))z|* = [[Fi(2)er + Fa(2)ea + N77QEx(2)T(2)e2?
= [|F1(2)(c1 + N77F1(2)*QE2(2) T(2)c2) + Fa(z) (In—nr + N_,YFQ(Z)*QEQ(Z)T(Z))CQH2
= |ler + NTF1(2)* QEa(2) T(2)ea|| + ||(In—ar + N 7F2(2)*QEa(2)T(2))e2|”

_||2u N=VF,(2)*QEx(2)T(2) (|
0 In-m+N7TF2(2)"QE2(2)T(2)] \c2

where in the second step we have used that F;(2)F;(2)* + Fa(z)F2(2)* = Iy and in the third step
we have again used the fact that the columns of F(z) = [F1(z) Fa(z)] form an orthonormal basis

. (10.63)

of CV. So (10.63) shows that it is enough to find a lower bound on the smallest singular value of
the 2 x 2 block matrix appearing in its RHS.

To this end, we note that any block matrix A of the form A = [I is invertible iff As is,

Ay
0 A,
and in that case L
1 I —AAS
AT = {0 AL
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Hence, using the triangle inequality we obtain that
IATH < T4 (A + 1) - 1431
Recalling the fact that ||c1||? + ||c2||?> = 1, using the above and (10.63) we therefore deduce that
(smin(Iv + NTYQE(2)) ™" = Iy + NT7QE(2)) ™! (10.64)
<L+ (VAR +1) - Unv-ar + N7 A(2)) 71,
where for brevity we write
Ai(z) :=F1(2)"QE2(2)T(2) and As(z) := Fa(2)*"QE2(2)T(2).
Using [42], Proposition 10.1, and Markov’s inequality again we further have that

P (N A=) +1 > 2N20H12) <y (2)7F N-OF20512 Bl = O(N2%), - (10.65)

where we have also used the facts that tj;41(2)"! = O(N) and v > 1. Hence, by (10.64), we
observe that in order to find a lower bound on the smallest singular value of Iy + N"7QE(z) it
remains to find the same for Iny_p; + N~7Az(z). Upon using Weyl’s inequality for singular values
it is straightforward to notice that

Smin(IN—p + N77A2(2)) = smin(In + N77A(2)), (10.66)

where
AG) = F(2)*QE(=)T(z)  and  T(z):= [134 T?Z)].

On the other hand
Smin(IN + N77A(2)) > smin(—/l\'(z)) . smin(:l\'(z)fl + N77F(2)*QE(2))
=tn(2)" N7 smin(NTF(2)T(2) 'E(2)* + Q) (10.67)

Since Py has a bounded norm and €y is a bounded set we have that |]:|:(z)_1|| =tn(z) = O(1).
As E(z) and F(z) are unitary matrices, an application of [69, Theorem 2.1] together with (10.67)
now yield that

P (suin(Iy + N 7A(z)) < N0} < N720, (10.68)

for all large N, where By < oo is some constant depending only on g and . Finally, using (10.64)
and (10.66), the probability bounds (10.65) and (10.68), and a union bound we deduce that

P (suin(Iy + NIQE() < -Gt si/2 ) o2,

for all large N. This completes the proof of the lemma. O

Next we derive bounds on the Hilbert-Schmidt norms of some matrices. This will allow us
to control the error terms in the resolvent expansion of various terms appearing in the Grushin
problem.

Proposition 10.11. Consider the setup and notation as in Proposition 10.1. Additionally assume
that Q is convezr. Fix v > 1, k € N and d € [-m,m|NZ\ {0}. Let Assumption 1.1 holds. Then
for any og > 0, we have, uniformly in z € Qn and all N large that

P (NT(B()Q) Es (=) lus = N~77 ) < N, (10.69)
P (N|(B()Q)"E(2) |us > N'~ b ) < N- (10.70)
P (N E-()(QE(2) s > N~23) < N, (10.71)

and
—7(k+1) K y— e
P (N [E-(2)(QE(2))"QEL(2)|lus = N~
To prove Proposition 10.11 we will rely on bounds on moments of Hilbert-Schmidt norm of
matrices appearing in (10.69)-(10.72), as well as bounds on ||E4(-)|lgs and on the sum of the
inverse of the non-zero singular values of E(-).

) < N, (10.72)
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Proposition 10.12. Fiz k € N. Let {EO}5_| and {FO}5_| be two collections of N x N deter-
ministic matrices, possibly with complex-valued entries, such that

et |E s, e [FO s < 1. (10.73)
Define the product
E(n) = EMQFW . EQQF®) ... EWQF ), (10.74)

If the entries of Q satisfies Assumption 1.1 then for any hg € IN
E|[E(x) |3 < Cr012 - Cuno
where Cig.12 < 00 is some constant depending only on k and hy.

The proof of Proposition 10.12 is straightforward. It relies on bounds on moments of quadratic
forms of independent random variables, derived in [75].

Proof of Proposition 10.12. We begin with an auxiliary computation. Let A, B be deterministic
matrices. Then

) _
W= [lAQBlfis = >  AisAiwQrQuoBeiBrj= Y QuQreCrowe,
ok kb kb7 O

where
Crp o = Z A Aig By j By .
i,J
This, in particular, shows that W is a quadratic form in the entries of Q). Hence, using |75,
Theorem 2| and Assumption 1.1, for any s > 2, we find that
s/2
EW—EW[P<C6) | Y [Crawel’ | - <COIAlfIBIF; - €,
k,k' 0.0/

for some absolute constant C(s) < oo, depending only on s, where in the last step we used that

Cree el < llawll - llaw | - 1bell - [[oer ],

and ag and by are the k-th column and row of A and B, respectively.
On the other hand we note that

EW| <& ) llar|®[lbel* = [|AIs 1 Blfis - €1
k.l
Thus
E[W[° <227 {(EW — EW[ + [EW[") < 2°C(5)€ - | A||Fs Blfifs, (10.75)
where we also used that by Jensen’s inequality it follows €5 < €. Next by Holder’s inequality we
obtain that
1/k

K
BIE) I < HHE QF |ty | < | T BIEDQFD 3 o B [EDQFU) 2.
j=1

]

Now the desired bound follows from (10.75), upon setting s = khg, A = EU), and B = FU), for
j € [k]. This concludes the proof. O

Equipped with Proposition 10.12, we now prove Proposition 10.11.

IWhittle in [75] works with real linear and quadratic forms of real valued random variables. Upon splitting the
sums into real and imaginary parts, analogous bounds can be derived in the complex case. Hence, without loss of
generality we continue to use [75] for complex quadratic forms of complex valued random variables.
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Proof of Proposition 10.11. Recall that by Proposition 10.9, there exists a constant C1g.9 so that

N N

N’ -
Z ti(z)72 < Cioops g N and Z tj(2)~" < Cip9Nlog N. (10.76)
j=ldl+1 s
For j € [k] we let
. 1 al 1
o Z ei(z) o€;(2)

' :
VCio9N log N il ti(2)

and

N
: 1 1
O — ei(z) o fF(2).
vCi09N log N _Zd|:+1 t'(Z)

Further let
V= |d|72E_(2) and FtD = |72 B, (2).
By Proposition 10.9 and (2.9)-(2.10) it follows that (10.73) holds with these choices of {E(j)};”ill

and {F(j)};”ill. On the other hand note that E(z) = C19.9N log N-FWEUHD for j € [s]. Therefore,
applying Proposition 10.12 we now derive that

[HEH%O} < d* - (Cro.9N log N)?M% - Cig 15 - Cpy.

where E := E_(2)(QE(2))"QE+(z). Hence applying Markov’s inequality with hg = [ (2"‘01)}
obtain that

P (N1 B (2) (QB(2)" QB ()l > N7
for all large N. This concludes the proof of (10.72). To obtain (10.71) we let
E, := EDQFM . EQIQF®@ ... Ei-Dp(s—1). E(”)QFQN),

where {E@}£_| and {F( 3ol are as above, and F(*) := C'foléQ N~'(log N)'/2. E(z). Notice that,
by (10.76), we have HF HHS 1. Therefore, applying applying Proposition 10.12 again we obtain
that

L) <N™ (v+1) thE |:||E”2ho:| < N—oco’

E [[EI8 | < d™ - (Cio9Nlog N)™" - C1o.12 - Cuy:

Now (10.71) follows by choosing hg as above and applying Markov’s inequality. The proofs
of (10.69)-(10.70) are similar. For (10.69) we take E) = E(2)/(Ci99Nlog N) and F-+1) =
2)/+/\d|, while for (10.70) we take F(**1) = E(2)/(C199N log N). Further details are omitted.

O

The next corollary will come handy in the proof of Theorem 1.6.

Corollary 10.13. In the setup of Proposition 10.11, we have that for any oo > 0, for all N large,

P(NE(z)I+NQE(2) 'QE,(2)|us = N~ 0~ D/4) < N~ (10.77)
P(N"*E_(2)(I + N'QE(2)) 'QE(2)QE (2)|us = N7~ D/4) < N, (10.78)
P(||E-(2)(I + NT'QE(2)) s > 2VM) < N™%, (10.79)

and
P(|E(z)(I + N'QE(2)) |lus > 2C109N//log N) < N~%. (10.80)

Proof. The proof uses the resolvent expansion and Proposition 10.11. First let us prove (10.77).
Using the resolvent expansion, we write, with Q = N77Q and k positive integer and omitting
throughout the argument z,
k—1
(I+QE)"'=) (-@Q (—QE) (I +QE)™t. (10.81)

=0
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Considering the first term in the right hand side of (10.81), we have by (10.69) that, for i > 0,
IE(—QE)' QE4||us < N~ 0~ /2, (10.82)

with probability 1 — N=2% for all N large. On the other hand, by (10.70) and the fact that for
any two matrices A, B one has ||BA|lus < || 4] - || B|us, we obtain that

1B(~QE) (I + QE) ' QE4|us < N2 - |(T+ QE) |- Q] - 1B, (10.83)

on a set of event with probability at least 1 — N 2% Now by the second part of Lemma 10.10, [42]
(which gives E[|Q|| = O(N'/?)), and (2.10), we further obtain that ||(I+QE)~!|-||Q||-| B+ | < N?
for some finite 3, with probability at least 1 — N~2%_ By choosing k large enough, we conclude
that on these events, the right hand side of (10.83) can be made arbitrarily small. Combining this
with (10.81) and (10.82), we obtain (10.77). The proof of (10.78), being similar, is omitted.

To see (10.79), we use the resolvent expansion (10.81) and write

k-1
E_(I+NQE)'=E_+> E_(QE) + E_(QE)*(I+ QE)™".
i=1
Recall that ||E_|lus = VM. As above, the other terms are controlled by (10.71) and Lemma
10.10. This completes the proof of (10.79). To prove (10.80) we observe that by (10.76) one has
that ||E|lus < Cio9N/+/log N (without loss of generality assume Cigg > 1). Therefore, arguing
similarly as above one derives (10.80). Further details are omitted. U

Remark 10.14. The reader may inspect the proofs of Proposition 10.11 and Corollary 10.13 to
observe that (10.77) continues to hold even if we can replace the term N~O=1/% py N—(1=€)-(y=1)
for any € > 0. This improvement will be necessary later in Section 11 to argue that the eigenvectors
of a randomly perturbed Jordan block is completely delocalized in sup-norm.

Remark 10.15. In Sections 9 and 10.1-10.4 we worked with Assumption 9.1. Since p(S') is
compact, it follows that Assumption 9.1 holds uniformly in z € Q¢ , ¢, 5N (recall (1.7)). This
observation will be used in Section 11, in the proofs of Theorem 1.6 and Corollary 1.7.

11. PROOFS OF THEOREM 1.6 AND COROLLARY 1.7
We start with the proof of Theorem 1.6.

11.1. Proof of Theorem 1.6. We begin by creating a net N, in Q(e1.5, C1.5, N), of spacing N—Y
and cardinality at most O(N2Y~!log N), with 6 > ~ Vv 4. Note that for any 2 € Q(e15,C15, N),
there exists a z* = 2*(2) € N, with |z* — 2| < N7°.

1. We begin with the proof of the first point in Theorem 1.6, and proceed as in the sketch

of Section 3. Let 2 € Q(e15,C1.5,N) be an eigenvalue of P]g,y, with associated right eigenvector

v = v(2). Recall that § = N~7. For any z € N,, define P? := Pgﬁ — z, and note that since
P2 — P = (2 — z)Iy, we have that

Pov = (2 —2)v. (11.1)
Set M = [ind,,(g1)(2)| = |d(2)] (this yields tpr+1 Z log N/N and a bounded below by a constant
multiple of log N/N, see Proposition 10.1).

Consider the Grushin problem associated with P?,
obtain, similarly to (3.2) and using (11.1), that

N *
SV (@) al) = (=B R
= (T - BL2)R(2))o — BT+ 0QB(2)"6QE, (2) Ry (=)0
= E°(2)(2—2)v+ E(2)I+6QE(2))Y0QE,(2)Ry (z)v. (11.2)

We next control the right hand side of (11.2), for z = z*. As discussed in Section 3, the control is
simpler when v > 3/2. Indeed, in that case, by (2.10) and Proposition 10.1 we have that |E(z)| =
O(N/log N) uniformly in N, (see also Remark 10.15). Now by the first part of Lemma 10.10,

see Section 2, and recall (3.1). We then
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we have, with probability approaching 1 as N — oo, that for all z € N, ||(I +dQE(2))7Y < 2
Therefore, by (2.17), ||[E°(2)|| = O(N/log N) uniformly in A, with the same probability. Hence,
for z = z*,
| E°(2*)(2 — 2*)v|| < O(N/log N) - N=% = o(1). (11.3)
It remains to control the second term in (11.2).
By construction, ||Ey|[,||Re| < 1, and ||Q| = O(N'/?*¢€), for any e > 0, with probability
approaching 1 as N — oo. Applying Lemma 10.10 again we obtain that with z = 2*,

IE(z")(I + 6QE(2")) ' 6QEL (2" )Ry (z")v| < NTTO(N'? - N/log N) = o(1). (11.4)
Together with (11.3), we conclude from (11.2) that if v > 3/2 then for z* with |2* — 2| = O(N~Y),
N
Z (ei(2")" ) - e;(z")|| = o(1). (11.5)
i=M+1

We turn next to the case v € (1,3/2]. In that case, we apply Corollary 10.13 and obtain that
for all z € N, with probability larger than 1 — N~%, we have that

IB ()| = ON/\log ) and  [[E(2)(I +6QE(2)) 6QE, (=) R, (:)o]] = o(1). (11.6)
Together with (11.3), this yields (11.5) also for v € (1, 3/2].

For z € C we define

w, = Ei(2)Ry(2)v. (11.7)
We will show below that |[v—w.«|| = o(1) and ||w,« —w;|| = o(1). This will yield (1.9) with w = w;.
The localization estimate (1.10) then will follow from (10.25) and (10.27) in Theorem 10.8. The
assertion that w is a random linear combination of {e;(2)};cns follows from its definition in
(11.7).

Turning to proving that [[v — (1), we note that, by (11.2), v — w,» equals the left hand
side of (11.2), whose norm is o(1) by (11.5).

It remains to show that ||w,« —w;|| = o(1). This follows from a standard perturbative argument.
Indeed, let B, = (Py —2I)*(Pn —zI). Using Proposition 10.1, the M-th singular value of both B;
and B, are O(N~% log N/N) while the (M + 1)-th is at least C'log N/N, for appropriate C, C.,
independent of N. Let II, = II. »; be the spectral projector of B, on the first M eigenvalues.
Then, choosing I' = 9D(0,C'log N/2N ), we can write

1
21 T

.= (B, — \)7tdA,

and an easy computation (using the Ky-Fan inequalities and the spectral gap) gives that ||II; —
|| = O(N"'N?/log N) = o(N~2) since # > 4. By (11.7) we notice that w, = IL,v. We
therefore obtain that |w; — (N—2) = o(1), as claimed. This completes the proof of the
first point of Theorem 1.6, for all v > 1.

2. We next turn to the proof of the second part of Theorem 1.6. Fix zg € Q(e1.5,C1.5, N) and
let Z be an eigenvalue of P]C’\? , as in the second part of the theorem. Recall that z* € N, is such
that is such that |2 — z*| < N7°.

The starting point of the proof is the observation that by (3.1), (11.1), the definition of E° , (2),
and the resolvent expansion, we have that for any z € C,

E°(2)(2 — 2)v = —E°, (2)Ry(2)v (11.8)
= B (R4 ()0 + OB (2)QEL ()R, (=)0 — 8E_()(I + 6QE(2)) ' QE()QE+ (2) Ry (2)o.
(Compare with (3.3).) Using the definition of E_, (2) and of R4 (%), we rewrite the first two terms
in the right hand side of (11.8) as

—E_,(2)Ry(2)v + 5E_(Z)QE+(Z)R (2)v (11.9)

BRI 5+6Z Z ) (£i(2)"Qe;(2)) | 6.
=1

i=1 j=1
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Next, recall that E® = E_(I + §QE)~!. Thus, using (10.79), we obtain that
|E% (2)(2 — 2)v|| < 2VM |2 — 2], (11.10)
with probability 1 — N=2% for any o > 0, when N is large enough. By (10.78), we also have
with the same probability that
16° B (2)(I + 0QE(2) ' QE(2)QE (2) Ry (2)v]| < N7~V (11.11)

Upon choosing o sufficiently large, by a union bound, (11.10) and (11.11) hold simultaneously
for all z € N,. Thus, we have that with probability 1 — N~3%/2,

Zt i +5Z Z ) (fi(2)*Qej(2)) | 6| < 2VM |2 — 2| + N~ 1/4,

i=1 | j=1
(11.12)

3. Recall next Proposition 10.1, and that |d(z)| = M if z € Ny, N D(z9, Colog N/N). In what
follows, we assume that |2* — 2| < N~% so that the above conditions hold for z = z* and 2. Let

My = |d(z)| — mgign(d(z))' Assume, for the time being, that My > 0. Recall from (10.3) that if

My > 0 then for j € [My], [t;(2)] < Ce N for some ¢ > 0.

Let A = A(z) denote the My x M matrix with entries (in the d; basis) A;; = A;j(z) =
fi(2)*Qej(z) and, for j € [M], set a; := e;(2*)*v. Write A for the My x My submatrix of A
consisting of its first My columns. We obtain from (11.12) and (10.3) that

0
D 6> Aij(2)agl| < NV(emN 4 2v/M |z — 2+ N0 = o(1), (11.13)

i=1  j=1
since 6 > . We have the following lemma, whose proof is postponed.

Lemma 11.1. For every n > 0, there exist 0 < ¢,, C;; < oo depending on 1 and Cy only, so that,

with probability at least 1 —n, for all z € N, N D(z, Colog N/N), we have that smin(A(2)) > ¢,
and that smax(A(2)) < Cy.

Continuing with the proof of Theorem 1.6, we obtain from (11.13) that with a = Zj-\/lzol laj]2,

My M
Z(Sj Z Aijaj ZCLCn—O(l). (1114)

i=1  j=Mo+1

Recall now that the norm of the projection of v on span(ej,j € [M]) is 1 — o(1) by the first
part of the theorem. The orthogonality of the e;’s then gives that ||| = 1+ o(1), where o =

(a1, 9, ..., apr), and together with Lemma 11.1, (11.14), also that, with b = \/ZjﬂiMOH laj]2,

Cpb > cha —o(1) = ¢y V1 — 0% — o(1).

It follows that, with My > 0, for some ¢y > 0 independent of IV,
M

= > o> (11.15)
j=Mo+1

For My = 0, the lower bound (11.15) also holds, by the first part of Theorem 1.6.
We are now ready to complete the proof of (1.11). To this end, we assume in the sequel that
d > 0, the case d < 0 requiring only notation changes. Set

M M
Z aje; and w’:= Z a;é;, (11.16)

Jj=Mo+1 Jj=Mo+1
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with a; = e;(2*)*v as before and
M 3+
&=y bj(y)ﬁ, (11.17)
v=Mp+1 3”
with b;(v)’s as in (10.23).
Since ||a|| = 1+0(1), using the triangle inequality, the Cauchy-Schwarz inequality, and (10.23),
we observe that

1
o’ Hé? ([e,e1) = 5”“’ Hz2(uf]) — €N, (11.18)
where ey = O(log N/N) + O(N~2% (log N)?).
We next derive a lower bound on leHgg (oo Set G = ¢f :C Recall Proposition 9.3 and
note that
; 1— C€/7£+1 .
G 135 eqee) = Cw/l%g,a v,v' € [M]\ [Mo]. (11.19)
Note that 1
=1+o(1 d > < N/logN.
A—iGple T e el < Nk
Thus, by Remark 10.7, from (11.19) we obtain that
(5 |sg)eqeery _ [ O(log N/N) if v £ 0/, (11.20)
I3 Ml132 1 (L+o(W)(IGHPE = IGHPED) it v =0/ '

On the other hand, since v,/ > My, for ¢ € [N], (|7 = |20 = e~caloe N/N(+e(V)) for some
constant ¢ > 0 independent of v, and therefore, for ¢,/ = O(N/log N),
/ log N
(G = G0y > ¢ 1) - 22N
for some ¢/ > 0. Hence, recalling (11.16)-(11.17), from (10.23), (11.20) and (11.21), we deduce
that for any ¢,¢' € [1, N],

(11.21)

M M

_ (3 |3 >e2 0.0
|’w”H§2([2,m): Z Qg Z bj(v)by (V') - SIS [’ ki
7,3’ =Mo+1 v,v'=Mo+1 v 3
S = TN Ny log N
> Y way Y biby () (= 0)- 3 +O(log N/N)
J»j'=Mo+1 v=Mop+1

log N M
=JdW -0 - > oya(bilbje) + O(log N/N)

N
7] _M0+1
M
(11.15) ondl (¢! —
M - BN o)+ 3D gl |0ty 2 LD B of1og /).
Jj=Mp+1
(11.22)

In the range of £, ¢’ of the statement of Theorem 1.6, the first term in the right hand side of (11.22)
is of order larger that ex + O(log N/N), and therefore, for such ¢, ¢, by (11.18)

| w'lle2(pe,en) = e1(¢" — £) log N/N, (11.23)

for some ¢ > 0. It remains to show that (11.23) continues to hold with w’ replaced by w = w;.
To see this, note that by (10.27), we have that [w.+ — w'[|2(c10g n,n7) = O(N7?), for some
C < 00. Recall from above that ||w; (N—2). Thus, by the triangle inequality we indeed
have that (11.23) holds for w with £ > C'log N and ¢ as in the statement of Theorem 1.6. On the
other hand, if 1 < ¢ < C'log N we observe that ¢/ — ¢ < 2(¢{' — C'log N) for any ¢ > N. Thus,
upon shrinking ¢; in (11.23), that lower bound continues to hold for w and such values of ¢. The
proof of (1.12) is now immediate from (1.9). The assertion about the constant ¢y follows from
Remark 6.17 and the definition of ej. This finally completes the proof. 0
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11.2. Proof of Lemma 11.1. Throughout the proof, we assume for notational simplicity that
d > 0, the general case posing no new difficulties. We begin by rewriting 121(2), see (11.13). Fix
My =my — mg_ and note that M; > My with equality if Ny = 0. Let Ey(z) denote the N x M,
matrix with columns e;(z), and Fy(z) the N x My matrix with columns f;(z). It follows from
Lemma 9.3 and Proposition 10.3 that the columns of Ey(z) are almost orthonormal (with inner
product o(1) between different columns) and with |e;(2)(k)| < e=*, k =1,..., N for some ¢ > 0.
Similarly, the columns of Fyy(2) are almost orthonormal, with |f;(2)(k)| < e W=k k =1,... N.
Recall that A(z) = Fy(2)*QEo(2).

We begin by fixing a particular z as in the statement of the lemma, and write A = fl(z),
Ey = Ey(z), Fy = Fy(z). Note that

Moy
E|A|fs = > BE[A;]* < Z les()II7 - 1£5() 1P | < 2€2Mg,
1,j=1 1,j=1

for all large N. Therefore, one can find a constant C(n) so that

P(smax(A) > C(n)/2) < n/4. (11.24)

We next control syin(A). We use the inequality
| det(4)]

(Smax(A))Mo=1"
To control the determinant in (11.25), we begin by considering the matrix Ey. Because the
columns of Ey decay exponentially and the columns of Ey are almost orthogonal, there exists a
K > 0 so that the K x My sub-matrix EQ K consisting of the first K rows of Ey has columns with
inner product smaller than 1 /MO2 , and therefore singular values all larger than 1/2. It follows
from [49, Lemma 4.3] (see also [34]) that there exists an My x My sub-matrix of Ey -, denoted
FEo.x.n,, with singular values all larger than 1/2\/1 + (K — My)My. In particular, there exists a
(nonrandom) constant ¢y so that det(E(), K,M,) = Co. Similarly, with Fo, i denoting the sub-matrix
of Fy consisting from its last K rows, there exists an My x My sub-matrix of ng K, denoted F’Q K, Mo
with det(FQK,MO) > CQ.

Returning to the control of the determinant in (11.25), we note that the latter is a homogeneous
polynomial in the entries of @, and apply Lemma 6.12, as follows. Let I = {i; < is < -+ <
ir, ) C [K] denote the list of rows of Ey participating in Eo g g, Similarly, let J = {j1 < j2 <

- < jme} C [N]\ [N — K] denote the list of rows of Fy participating in Fy i a,- Let Uy = Qi, 4,
{=1,... My, then by the Cauchy-Binet formula,

det(A) = Y Zr[]Ue (11.26)

ZC[Mo] LeT

Smin(A) > (11.25)

for some random variables Zz (which depend only on Qqp with (a,b) & Ué\iol (ig,7¢)). Crucially,

1Z 0] = | det(Bo, k) - det(Fo,zc sy )| > 65770 = e
By Lemma 6.12, we obtain that for any ¢ € (0, c,e™ 1),
_ _ c (1+m) Mo—1
P (det(A4) <e) < Cpa2 - <c> <log ( )) . (11.27)
Combining (11.27) with (11.25) and (11.24), we obtain that there exists a ¢, > 0 so that
P(smin(4) > 2¢,)) > 1 —n/4. (11.28)

Next, let 2" # z € N, N D(zg, Cylog N/N). Since |dp(z)| is bounded below uniformly in a fixed
small (N -independent) neighborhood of 2, we have that the roots of p — z and p — 2’ satisty, for
all j < N_ + Ny, that |¢f(2) = ¢ (2')] < Cilog N/N. Using Propositions 9.3, 9.6, and 10.3, this
implies in turn that there exists a constant C so that, for j =1,..., Mo,

lej(z) — e;(2)|| < Clz — 2| + Ce N < zcyz 2. (11.29)

Indeed, Proposition 9.3 yields the first inequality for the @ “z ,0=1,..., My, Proposition 9.6 allows
one to transfer this to the quasimodes @Z);r, and finally Proposition 10.3 transfers it to the e;’s
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The right most inequality in (11.29) follows from the fact that N, is a net of mesh size N—Y By
the same argument the same bound continues to hold when e;’s are replaced by f;’s

Denote N, ., := N, N D(zy,Colog N/N). Since A; ;(-), i,7 € [My], are linear in the entries of
@, applying |75, Theorem 2| together with (11.29) we obtain that, for any h € IN,

log N 2h
N b

E|4; A (PR <O
(o max Bldij(2) = Aig ()17 < G

for some constant Cj, < oo, independent of N, where we also used that |z — 2’| = O(log N/N)
for all z,2" € N, .,. Therefore, choosing h sufficiently large so that ]j\/'%ZO|N_h = o(1), applying
Markov’s inequality, taking a union bound over 7, j € [Mp] and 2’ € N, ., and recalling Assumption
1.1, we deduce that, on an event of probability approaching one,

smax(A(z) = A(z)) < JA(z) = A(2)[lns < en, (11.30)

uniformly for all z, 2/ € N, ,. By the Ky Fan inequalities, smin(A(2')) = Smin(A(2)) = Smax(A(2) —
A(%')). So we obtain the claim for spin(A(2')).

Finally, we turn to the control of syax(A(2)), for all z € N, ;. Let E(z) and Ey(z) be N x
(M — Mj) matrix whose columns are 5j+Mo( )/H5j+Mo( z)|| (as in Proposition 9.3) and e;a,(2),
respectively, for j = 1,..., M — My. As in Proposition 9.6, let F( ) be the N x My matrix with
columns v, (), =1,.. Mo Set A(z) := F(2)*QE(z). Recalling the definition of A from the
discussion above (11.13), we find that in the new notation, A(z) = Fy(2)*QFEy(z). Further let

B(z) and C(z) be the matrices whose columns are {bj+r,} and {a;}, as defined in Proposition
10.6. By Proposition 10.6 we have that

IE(2)B(2) — Eo()lluss, | F()C(2) = Fo(2)lus = ON™)  and || Eo(2) s, | Fo(=) s < 2M,

for all z € N, ., and all large N, where ¢ > 0 is some constant. Therefore, applying Proposition
10.12, the triangle inequality, and proceeding as in the proof of (11.30), we deduce that

max [ A(z) — B(z)” A(2)C(=)|| < _max [|A(z) — B(2)"A(2)C(2)||us = o(1),

zZE. Y520 w )

on an event with probability approaching one, as N — +oo. Moreover, by (10.19) and (10.24)
we have that ||B(z)|| and ||C(z)|| are uniformly bounded for all z € N, .,. Therefore, it suffices
to bound sup_c ., . [[A(z)[|, and hence in fact it is enough to prove that for fixed i € [Mo],j €
[M]\ [Mo],

lim limsupP | sup ]le(z)| >z | =0. (11.31)
T N oyoo  \2EN; 4

Toward this goal, we note that for z,2’ € N, ., one has that for some constant Cyp < oo,
independent of NV,

NN
57 (I 135 )

and by Proposition 10.6 the bound (11.29) continues to hold with e;(-) replaced by ¢ (-) for
j € [Mp]. Therefore, upon using Assumption 1.1 and applying [75, Theorem 2|, we find that for
some constant C}, independent of N,

< Colz — 2| - J € [M]\ [Mo],

N
log N’

~ ~ z—2Z|[N\P
E|A;(2) — Aij()|" < Cy (|10g]\|7) : (11.32)

We now apply a Komogorov-type argument. Namely, for & = 0,1,..., let N, . denote a
minimal subset of A ., so that for any z € N, ., there exists 2’ € N .« so that |z — 2| <
27%1log N/N. Note that [N, ,, x| = O(2?%). Now, fix a constant = and introduce the event

Ay =1{32,2 € Nyoon: |2 — 2| <27¥ Mog N/N, |4, (2) — A j(2)] > x/52),
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and set B = ﬂ],zozlAB, where 2k0—1 < CoN/log N < 2ko - On the event B we have that

A (2] < 10z.
Zén-/\/a’)y)’(z()’ l’](Z)‘ = v

On the other hand, by Markov’s inequality and (11.32), for some constant C} independent of N,

ko
P(BY) < Cpah Y 9% hk, (11.33)
k=1
Choosing h = 4, this implies (11.31) and completes the proof of the lemma. ]

11.3. Proof of Corollary 1.7. We begin by applying Theorem 1.5 with u replaced by /8. This
yields the existence of constants €1 5, C 5 such that

P (N, 5,005 M) Ny < (1= 1/8)N) = Nooc 0. (11.34)

We now claim the following. Fix C' < oo, 29 € Q(e15,C15,N), and g > 0. Then there exist
0 < p1, o < oo such that, for all large N,

P (Ji € [N] such that supp ,, (v(A]")) < p2N/log N and A} € D) < p/(4C), (11.35)

where D, := D(z9,C15log N/(2N))NQ(e15,C15,N). To prove (11.35) we borrow some notation
from the proof of Theorem 1.6. Let 2 € D, and z* = 2*(2) € N, ., := NyND,, such that |2—z,| <

N=9. Recall from the proof of Theorem 1.6 that w, = Z;‘il aje;j(z), for z € C, v’ = w'(z*) =

Zj]‘/iMOH ajej(2*), and w = w;. Also recall that [[w — w,~

= 0(1). Applying Lemma 11.1, with
n = p/(4C), and upon choosing y; sufficiently small, we obtain that, simultaneously for all z* in
N5 2, and hence simultaneously for all 2 € D, and any I C [N] such that [|v[[p2) > 1 — g,

M 1.9

> dallleslled = 1wllem = ollem = lwes —w'||—o(1) > 1-
j=Mp+1

with probability at least 1 — u/(4C), where v = v(2) is the right eigenvector corresponding to 2.
On the other hand by (10.25) it follows that for any such I we must have that |I| > uaN/log N,
for some pg > 0. This, indeed proves (11.35).

We continue with the proof of the corollary. Introduce the following notation. For zg € C set

Ty = {#{i € [N]: \Y € D,,} < C74Ct5log N},
C., := {3i € [N] such that supp ,, (v(AM)) < paN/log N and AN € D.,},
and for i € [N]
I; := I(supp ,, (v(/\fv)) < uaN/log N).

Let R be anet of Q(e; 5,1 5, N) of mesh size C 5 log N/(2N). Tt is clear that |R| < CC;2N/log N,
for some C < oco. Note also that by Theorem 7.4, for any zg € R,

P(JS)< N2 (11.36)

We can now complete the proof. Indeed, for all large N,

N (11.34)
SEML] < ) E[L-IAY € Qes,Crs N)] + Np/4
=1 i

SO E| Y L|+Nuw/A<NY PU)+ D E| Y Li-UTy)|+Nu/4

20€R  [i:ANeD,, Z20€R 20€R  |[i:ANeD,,
(11.36) (11.35)
< CraCiglogN Y P(C)+ Nu/2 < Ny,
20ER

where in the penultimate step we used hat |R| = o(N), and in last step we chose C' = CC74C3 .,
and used the bound on |R|. This completes the proof. O
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Remark 11.2 (Sup-norm delocalization). We borrow notation from the proof of Theorem 1.6.
Let Py be the Jordan block. By Remark 5.5, for any fized ' < 7, all eigenvalues of Pﬁv are
inside the disc D(0,1 — (' — 1)log N/N) with probability approaching one. Therefore, for any
eigenvalue % and its approximating net point z* we can take C, =~ —1 (see (9.5)). On the other
hand, by Remark 10.14 we observe that the o(1) term in (11.6) can be replaced by O(N~('~1)
and hence the same can be done for (11.5). Furthermore, in this case we have only one pure state,
recall Remarks 9.4 and 9.5. Thus M = 1. Therefore, by Remark 10.5 we next derive that

i<k -
37 37

Since, v > 3/2, upon choosing v' appropriately, it is now immediate that

= O(N~ 0" V1og N).

< o= aner]) +]1 - \mH+HH o
1

\ o0 X .
N "2 ||1|| HIH VN
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