N

N

On non-autonomous maximal L p -regularity under
Besov regularity in time in weighted spaces
Mahdi Achache

» To cite this version:

Mahdi Achache. On non-autonomous maximal L p -regularity under Besov regularity in time in
weighted spaces. 2021. hal-03350118

HAL Id: hal-03350118
https://hal.science/hal-03350118

Preprint submitted on 21 Sep 2021

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-03350118
https://hal.archives-ouvertes.fr

On non-autonomous maximal LP-regularity under
Besov regularity in time in weighted spaces

Mahdi Achache *

September 21, 2021

Abstract

We consider the problem of maximal regularity for non-autonomous
Cauchy problems

u'(t) + A(t)u(t) = f(t), t-a.e., u(0)=up.

The time dependent operators A(t) are associated with (time depen-
dent) sesquilinear forms on a Hilbert space H. We prove the maxi-
mal regularity result in temporally weighted LP-spaces for p > 2 and
other regularity properties for the solution of the previous problem un-
der minimal regularity assumptions on the forms and the initial value
ug. Our main assumption is that (A(t)):c[o,-] are in the Besov space

1
B; 7% with respect to the variable ¢ and ug € (#; D(A(0)))g,p, where
0= %. Our results are motivated by boundary value problems.

keywords: Besov spaces, maximal regularity, non-autonomous evolu-
tion equations, sesquilinear forms. weighted spaces.
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1 Introduction

The present paper deals with maximal LP-regularity for non-autonomous
evolution equations in the setting of Hilbert spaces. Before explaining our
results we introduce some notations and assumptions.

Let (H,(-,-),] - ||) be a Hilbert space over R or C. We consider another
Hilbert space V which is densely and continuously embedded into H. We
denote by V' the (anti-) dual space of V so that

V‘—>d7‘[ —d V/.

We denote by (,) the duality V-V’ and note that (¢, v) = (¢, v) if ¥, v € H.
Given 7 € (0,00) and consider a family of sesquilinear forms

a:[0,7]xVxV—=C
such that
e [H1]: D(a(t)) =V (constant form domain),
e [H2]: |a(t,u,v)| < M||u|ly|lv|y (uniform boundedness),

e [H3]: Re a(t,u,u)+v|ul|* > §||lul|} (Vu € V) for some § > 0 and some
v € R (uniform quasi-coercivity).

Here and throughout this paper, || - ||y denotes the norm of V.

To each form a(t) we can associate two operators A(t) and A(t) on H
and V', respectively. Recall that w € A is in the domain D(A(t)) if there
exists h € H such that for all v € V: a(t,u,v) = (h,v). We then set
A(t)u := h. The operator A(t) is a bounded operator from V into V' such
that A(t)u = a(t,u,-). The operator A(t) is the part of A(t) on H. It is
a classical fact that —A(t) and —.A(t) are both generators of holomorphic
semigroups (e "4®),5¢ and (e77A®)), 55 on H and V', respectively. The
semigroup e A1) ig the restriction of e ™A® to H. In addition, e "A®
induces a holomorphic semigroup on V (see, e.g., Ouhabaz [27, Chapter 1]).

A well known result by J.L. Lions asserts that the Cauchy problem

W (t) + At)u(t) = £(t), u(0) =up € H (1.1)

has maximal Lo-regularity in V', that is, for every f € L?(0,7;V’) there
exists a unique u € WH2(0,7; V)N L2(0, 7; V) which satisfies (1.1) in the L2
sense. The maximal regularity in H is however more interesting since when
dealing with boundary value problems one cannot identify the boundary
conditions if the Cauchy problem is considered in V'. Maximal regularity



in H differs considerably from the same property in V' and more difficult
to prove. In this note we consider the question of maximal regularity for
weighted LP—spaces Lg (0,7;H). The weights we consider are power weights
in time.

Definition 1.1. We say that the problem (1.1) has mazximal L’ﬁ)—regularity
inH, if for all f € LZ(O, T;H) there exists a unique u € Wé’p(O,T;'H) which
satisfies (1.1) in the Lg-sense.

Thus all three functions «’, A(.)u and f are in L7(0,7;%), which is the
reason for the terminology “maximal Lg—regularity” in H. As a consequence,
the solution is in the maximal Lg—regularity space, namely,

MR(p, B) == {u € WyP(0,7;H) N LE(0,7; V) : A(Ju € L5(0,7;H)}.

This is a Banach space for the norm
) = 102 .m0y + HACY 2 0

We define the corresponding trace space by Tr(p, 8) = {u(0) : w € MR(p,8)}
which is a Banach space for the norm

HxHTr(p,B) = lnf{HuHMR(p,ﬂ) tu e MR(p>B)>u(O) = :U}

Note that u € M R(p, 3) if and only if u(0) € Tr(p, 5). Consequently, there
are two tasks: Finding conditions on the form a(.) that imply maximal L’ﬁ’—
regularity in H, and then identifying the trace space Tr(p, 3).

Lions himself proved maximal L?-regularity in # if the form a(t, .,.) is sym-
metric for all ¢+ € [0,7] and t — a(t,u,v) € C*([0,7]) for all u,v € V (see
[23]). The proof is based on a representation theorem of linear functionals
due to himself and usually known in the literature as Lions’s representation
theorem. Using a different approach, maximal LP-regularity was established
in [28], assuming that ¢ — a(t,u,v) € C*([0,7]) for all u,v € V, for some
o> % This result was further improved in [20], where the Holder condition
is replaced by a weaker "Dini” condition for a(., .,.).

For maximal L?—regularity, this result was improved to the fractional Sobolev
regularity ¢t — A(t) € H%“‘([O, T, L(V,V")) for a > 3 (see [13]). The proof
is surprisingly elementary and based on the Lax-Milgram lemma. Further-
more, it is proved in [4] that maximal L2-regularity holds if ¢ — A(t) €
H %([O,T};L(V,V’)) (with some integrability conditions). Fackler [18], on
the other hand was able to construct a symmetric non-autonomous form
that is a-Holder continuous for every a < % but does not have maximal L?-
regularity in H. Fackler [19], generalized the result in [13] for any p € (1, 00)
by assuming fractional Sobolev regularity. In fact, he proved that maximal
LP-regularity is satisfied if



(i) A() € Hz(0,7;L(V, V")) for p < 2
(i) A(.) € W2TeP(0,7; L(V, V")) for p > 2.

An example from [12] shows that A(.) € W%’p(O,T;ﬁ(V, V) for p > 2 is
not enough to obtain maximal LP-regularity. We refer to the recent papers
[4] or [6] for more details and references.

Maximal Lg—regularity can be used to establish existence and uniqueness
of solutions for quasilinear parabolic evolution equations. The choice of the
weighted spaces has a big advantages. One of them is to reduce the necessary
regularity for initial conditions of evolution equations. Time-weights can be
used also to exploit parabolic regularization which is typical for quasilinear
parabolic problems. Priiss and Simonett [29], proved maximal Lg—regularity
for 5 € [0,p — 1) in the autonomous case (i.e. A(t) = A(0) for all t € [0, 7])
in a Banach space assuming that (1.1) has maximal LP-regularity. In the
present paper, we extend their results to 5 € [—1,p — 1) and the result
in [19] to the case of the weights spaces and assuming less regularity on
the operators A(t) with respect to t for the case p > 2, which is our main
motivation. We show maximal Lg—regularity on Hilbert spaces assuming
Besov regularity regularity in time. Our main result shows that if ¢t — A(t)

1
is in the Besov space B;_?Z(O, 7; L(V,V")) then maximal Lg—regularity in

1

7 is satisfied. We remark that Wz +e? ¢ B;ig’2 C W2 for all £ > 0. Then
this regularity assumption is minimal and our results are the most general
ones on this problem. The initial data ug is arbitrary in the interpolation
space (H; D(A(0)))g, for —1 < 8 < p — 1. Here, § = E——= 1 =

In section 2, we start with basic properties of the welghted spaces, while in
section 3 we prove several key estimates and develop the necessary tools for
the proofs of the main results. The main results are proved in sections 5, 6
and several examples are given in section 7.

Notation.

- We denote by L(E, F') (or L(FE)) the space of bounded linear operators
from E to F (from E to E). The spaces LP(a,b; E) and W'P(a,b; F)
denote respectively the Lebesgue and Sobolev spaces of function on
(a,b) with values in E. C%(a,b; E) denote the space of Holder con-
tinuous functions of order a. Recall that the norms of H and V are
denoted by || - || and || - ||y. The scalar product of H is (-, ).

- We denote by C, C’ or c... all inessential positive constants. Their
values may change from line to line.

- On some cases we will use the notation a < b to signify that there

~

exists an inessential positive constant C' such that a < Cb.

- Finally, by (E, F)gp, [E, Fp,0 € (0,1),p € (1,00) we denote the real
and complex interpolation spaces respectively between E and F.



2 Properties of weighted spaces

In this section we briefly recall the definitions and we give the basic proper-
ties of vector-valued function spaces with temporal weights.

For p € (1,00) and —1 < 8 < p — 1 we set Lg(O,T;”H) ={u:twm—
8
tru(t) € LP(0,7;H)}, endowed with the norm

[l 0 = [ lutt)7e” .

In the case p = oo, LEO(O, 7;H) is defined as follows
LF(0,75H) :={u € LY0,73H) : s — sPu(s) € L0, 73 1)},

with norm [Jull iz 0,720 = s~ 5%u(s) | (0,770

It is very seen that Lp(O 7;H) < LY0,7;H). Indeed, for u € L5(0,7;H)
we find by Hoélder’s inequality

T T 7& L_l
| @l de < (77 a0l

It clearly holds that LP(0,7;H) < Lg(O, 7;H) for B > 0 and Lg(O,T; H) —
LP(0,7;H) for B < 0.
We define the corresponding weighted Sobolev spaces

Wﬁl’p(O,T; H) = {uec WL 0,7 H) : u,u € L3(0,75H)},

Wgh(0,7;H) = {u € W5P(0,7;H) : u(0) =0},

which are Banach spaces for the norms, respectively,

2100y = 1% 0y + 19180

el i .73 2= 1l 0m90)

Lemma 2.1 (Weighted Hardy inequality ). Letp € (1,00) and § € (—1,p—
1). Then for all f € LE(0,7,H),

LG [P it £ 151 0y

Lemma 2.1 is proved in [31][Lemma 6].

Proposition 2.2. We have the following properties
1- For allu € Lg(O,T,’H), t—o(t) = %fg u(s)ds € Lg(O,T, H).



2- We define the operator ® : L’é(O7 T H) — LP(0,7;H), such that (P f)(t)
8
te f(t) for f € Lg(O,T;’H) and t € [0,7]. Then ® is an isometric iso-
morphism. We note also that ® € L(LP(0,7;H), L” 5(0,7;H)).
3- L’i/ s (0,7;H) is the dual space of Lg(O,T;,H) by the duality defined
=1
in L?(0,7;H).

4- If u € Wﬂl’p(O,T;H), we obtain that u has a continuous extension on
H and
1»
Wj P(0,7;H) — C([0,T]; H).

5- C2((0,7);H) and C>([0,7]; H) are dense in L7(0,7;H).

Remark 2.3. The restriction on 8 comes from several facts. The first
one is the embedding Lg(O,T; H) — LY(0,7;H). The second one is due to
Hardy’ inequality and the third reason comes from the fact that functions in
Wg’p(O,T;/H) have a well-defined trace in case that —1 < 3 < p — 1.

Proof. Prove ca svp et ajouter le lemme en bas a la proposition. O

Lemma 2.4. Let f € (—=1,p—1) and p € (2,00). Suppose that 2(1+ ) < p,
then L5(0,7;H) < L2(0,7;H).

Proof. Let f € Lg(O,T;H). Holder’s inequality gives
T T ;Qﬁ %
L N as = [5G Es ds
=
< ([ 57249 1l 000

—28+p—2 %
=7 P ”fHLZ(O,T;H)'

This finishes the proof. O

3 Preparatory lemmas

In this section we prove several estimates which will play an important role
in the proof of the main results. We emphasize that one of the important
points here is to prove estimates with constants which are independent of ¢.
From now we assume without loss of generality that the forms are coercive,
that is [H3] holds with » = 0. The reason is that by replacing A(t) by
A(t) + v, the solution v of (1.1) is v(t) = e “u(t) and it is clear that
u € Wé’p(O,T;H) N L5(0,7;V) if and only if v € W/Bl’p(O,T;H) NL50,7;V).



For f € LP(0,7;H),p € (1,00) and for almost every ¢t € [0, 7] we define
the operator L by

LU0 = Al) [ e 0 (s)ds

Note that in the autonomous case (i.e. A(t) = A(0) for any ¢ € [0,7]) L is
called the maximal regularity operator.

Our aim is to prove that L € L(Lj(0,7;H)) for all p € (1,00). It is proved in
[20] that L is bounded on LP(0,7;H) for all p € (1, 00) provided t — a(t, ., .)
is C¢ for some ¢ > 0 (or similarly, t — A(t) is C* on [0, 7] with values in
L(V,V")). The proof for the case p = 2 is based on vector-valued pseudo-
differential operators.

Lemma 3.1. Assume that t — a(t,.,.) is C° for some € > 0. Then L is
bounded on Lj;(0,7;H) for all B € (=1,p—1) and p € (1,00).

Proof. Let B € (=1,p—1),p € (1,00) and f € L(0,7;H). It is easy to see

]
that ¢ — t» f(t) € LP(0,7; H).
We split the integral into two parts to get

t ¢
(LN = AW |70 f(s)ds+ A1) [ 10 (5) ds
2
=1 (t) + Ix(t).
We begin by estimating the first one

3 3 1
6] = [4@) [Te =220 (s)as) < [ =11

2 [3
ST [ s

| ds

Hardy’s inequality gives
1
[ 1A [ et sy asppe

<[ /éHf )| dsyPt? dt

S 11 0 70y

Now we estimate the second integral I5(t). Indeed,

t
A f(s) ds|) S A [ IO 5 () ds]
: ,

= [(Lg) (D).

Bl =1 1a0) [

2



E

Here, g(s) = (% s2 f(s). Since L is bounded on LP(0,7;H) we infer that
t— tglg( t) € LP(0,7;H). Therefore, L € L(L}(0,7;H)) for all p € (1,oo)E.]

Proposition 3.2. Forp—1 < 3 the operator L is not bounded on Lg (0,7;H)
in general.

Proof. Let u € H and g € Lp s (0, 7;H),p = I%. Noting that

/A Yre~ (DA () ds, t € (0,7)

is the adjoint operator and L € L'(L’/;(O, 7;H)) if and only if L* € L(L” E (0,7;H)).

Suppose that A(s)* = A(0)* forall s € [0, 7], then (L*g)(t) = [ A(0)*e s_t)A(O) g(s) ds.
Assume now that ¢ < 1 < 7 and take g(s) = 1 )(s)u, so
(L*g) (t) _ ef(lft)A(O)*u _ ef(Tft)A(O)*u

)

A(0)* —TA(0)*

which converges to e~ uast— 0.
We claim that

e A"y _ oAy £,

then

/
1zgl”,

p/
’ Ll

(0,7H) — | (0,1;H)

B

p—1

:/1 = 0-D40)"  _ =)y 4L _
; 5

Now, suppose that e 40"y — ¢=740)"y, = 0. Thus

— A(0)* —(2r=1)A(0)

e u==e

Using induction, for all n € N we obtain

e— A0, _ e~ ((r=D)+DA0)",, _ (.

By letting n — oo, it follows that 4"y = 0. Hence, e #4)"y = 0 for
all ¢ > 1, and we deduce that u = 0 by an application of the isolated point
theorem and the analyticity of the semigroup. O

Lemma 3.3. Let f € LI/;;(O,T;’H) and p > 2,5 € (—1,p — 1). We have

B 1,1
tr 27p(Lif)(t) € V, where

(L1 f)(t) == /0 (=940 f(s)ds, t € [0,7].

As a consequence for 2(8+ 1) < p, (L1f)(t) € V for allt € [0, 7].



Proof. Write

£7 (Lof)(t) = ¢ / ? o (=)AD £ (5) ds 5 / " 90 () ds. (3.1)
0 t

2

A straightforward computation gives

B 3 —(t—s 8 s
Htp/o e )A(t)f(s)dSHv,Stp/O ||€ (= )At)HL(H,V)”f(S)HdS

[VIES

B_1 _p'8 1
ST 497 1z

1 1

St 2||f||LP (0,7;H)

bS]

Nz\»—t

_1
= P|

’f”Lp (0,75H)"

Here, p’ = p%l is the conjugate of p. For the second term in RHS of (3.1),

st b s 8
165 [, DO (5) dslly 5 [, e 4O lags? )] ds
3 2

,s/;( ! )185||f(8)\|d8

1_
St el om0

This shows the result. O

O-AO v 4,

D
t2

Proposition 3.4. Letp > 2 and —1 < 8 < p—1. Assume that [ A
0o. Then for all ug € (H; D(A(0)))s,p, we have
— £ A(t)e AW (0. 7
t — (Fug)(t) =trA(t)e ug € LP(0,7;H).
Proof. Write
8
(Fug)(t) = tr A(t)e A0y,
= t%(A(t)e*tA(t)UO — A(0)e 74O y0)
+ t%A(O)eftA(O)uo.

Choose a contour I' in the positive half-plane and write by the holomorphic
functional calculus for the sectorial operators A(t), A(0)

A(t)e A0 _ 4(0)etA0) — / A= A(1)) ™ (A(H)—A©0)) (A ~A(0)) ™ dA.

T o



Consequently,
|A(t)e 4B uy — A(0)e 4Oy,

< C/O MemtTeos AT — A(0) ™ 230, D4 0))0,0)
X [[(AL = A®) "l oy dIAA(E) — A0) || 2oy

X [[uoll (3, D(A(0)))5., -

Therefore
- for 2(8 + 1) < p, we have by Lemma 5.3 that (H, D(A(0)))s,p — V.
Hence,
_ _ MA®) = Ay
[(A(£)e 40 = A(0)e ™A Jug|| < Sovr o lwolan o,
- for p < 2(8 +1), Lemma 5.3 shows that (%, D(A(0)))sp = (H,V)20,p-
Then
A(t) — A0
(A4 - A 4O < A tf M 51,
p

- for p = 2(8 + 1), we obtain (H, D(A(0)))sp = (H, D(A(O)))%J,. Using
Lemma 5.3 we get for all € > 0

IA(Z) — A(0)

_ _ (PR
[(A(t)e 4O —A(0)e 4Oy, || < C R ) luoll (2, p(A(0)))
P

1o

On the other hand, since A(0) is invertible, it is well-known that ¢t —
A(0)e 4Oy, € L%(0,7;H) if and only if ug € (H, D(A(0)))g, (see e.g.
[25] [Proposition 5.1.1]) and

[T 14@ 1 OuglPtEdt < ol sy, (3:2)
Then for 2 < p #2(8+1) (or p=2(B + 1) we get by taking & < 3 — 5),
™ [lA( ) Az, ;
I Fuollg o < C[( o de) 41 ol gy pawye, < oo

O

The next lemma shows the quadratic estimate for A(t) with constant
independent of . This lemma was proved in [5] or in [2]. Quadratic estimates
are an important tool in harmonic analysis and we will use them at several
places in the proofs of maximal regularity.

Lemma 3.5. Let x € H and t € [0,7]. We have
[ a4 0|2 ds < cfe?, (53)
0

where ¢ is a positive constant independent of t.

10



4 Maximal regularity for autonomous problems
In this section we are interested in the regularity of the following problem

u'(t) + A0)u(t) = f(t), t-ae.
(4.1)
u(0) = wp.

Theorem 4.1. Let f € Lg(O,T,’H),p € (1,00) and ug € (H; D(A(0)))gp for
—1< B <p—1. Here, 0 = Z%fﬁ. Then (?7?) has mazximal Lz-regulam'ty n
H. Moreover, Tr(p, ) = (H; D(A(0)))g,p, u € C([0,7]; (H; D(A(0)))g,) and

el o0 oirnia@e,) TIAOU 0730 < C[luliiama, HIF lzo.r20)

where C' is a positive constant independent of ug and f.
For p—1 < 8, mazimal Lg—regulam'ty may fails.

As mentioned in the introduction, this theorem was proved by Priiss and
Simonett [29] but they only consider the case 0 < 8 < p — 1.

Proof. Since A(0) is a generator of an analytic semigroup in H, it is well
known that by the variation of constants formula the solution of problem
(4.1) is given by

t
u(t) = e 40y, —|—/ e~ (t=9)40) () ds.
0
Thus,

A(0)u(t) = A0)e 4O yg + A(0) /O = (=9)40) f(s)ds

= (Fruo)(t) + (Lf)(?).

Hence, to prove that u € Wé’p((O,T;/H) N L}(0,7; D(A(0))) it is enough to
show that Lf and Fjug are bounded in LZ(O, 7,7H). Lemma 3.1 shows that
L € L(L(0,7,H)) and Frug € L(0,7,H) by (3.2).

Note that for ug = 0 and > p— 1 we have A(0)u = Lf. Using the example
in Proposition 3.2, we get that A(0)u ¢ Lz (0,7, H). Therefore maximal Lg-
regularity may fails in the case 8 > p — 1.

Next, we prove that u(s) € (H;D(A(0)))g, for all s € [0,7], where u €

11



Wﬁl’p((), 7,H) N LE(0,7, D(A(0))). First we consider the case s = 0. We have
4O o, = [ 17 A Ou)]7 e + o)1
< [ 16 A0 4O @) u®) P dt -+ u(O)1P
+ [ 1 4@ A Outeyp

1 1 rt
< [ PG [ ) dsya
+ [ P1AOuIP dt + uo)
~ HUHLP (0,73H) + HA( )U’HLP 0,7;H) + HU(O)HQ (4‘2)

Now, we prove the result for all s €]0, 7]. Indeed, let ¢ €]0, 7] and set

o(t) ::{ u 1(L(t—|—8), te[0,7— s

H(r—t), te|r—s,T]
Since v € WP (0,7, 1) N LY (0,7, D(A(0))),

v(0) = u(s) € (H; D(A(0)))g,p-
For the case s = 7, we take v(t) = wu(r — t). This shows that u(s) €
(H; D(A(0)))g,p, for all s € [0, 7].
For0<s<I<t<T, wesetv(l)= e_(t_l)A(O)u(l). This yields

u(t) —u(s) =v(s) —u(s) + /st V' (1) dl
= (e~ #=9)40) _ Nu(s) + / " (=040 f()di. (4.3)

Observe that e~(*=)40) is strongly continuous on (H; D(A(0)))g,,. In par-
ticular, this ensures that

[(e= =224 — Du(s)l| 34:0(a00)))9, — 05 St — 5.
The estimate (4.2) for the case up = 0 gives that

||/ ~(=DAO) (1) dll| (4 pao)ye S S I llzgsi90)-

It follows that u is right continuous on (H; D(A(0)))gp-
Now, set v(l) = e~ (=940 (1), for 0 < s <1 < t.
Then

= (e~ t=2)40) _ D)u(t) — / t e~ =AO) (£(1) = 2A(0)u(l)) dL.

12



The same argument shows that u is left continuous on (H; D(A(0)))g,p-
Thus, u € C([0,7]; (H; D(A(0)))s,). This completes the proof. O

5 Maximal regularity for non-autonomous prob-
lems.

In this section we focus with non-autonomous maximal Lg-regularity for
p> 2.
We start by recalling the definition of vector-valued Besov space.

Definition 5.1. Let X be a Banach space, p,q € [1,00] and o € (0,1). A
Bochngr measurable function f : [0,7] — X, is in the homogeneous Besov
space BgP(0,7; X) if

HOEFIOISRY:
||f||BO¢P OTX / / ‘ |pa+p )pdt<oo

A function f € LP(0,7; X) is in the Besov space BgP(0,71; X) if
HquB;"p(Oﬂ—;X) = Hf”%p(o;rx + HfHBa P(0,75X) < o0.
We refer the reader to section 6 for more details about this spaces type.

Maximal L’é—regularity may fail even for ordinary non-autonomous equa-
tion, letting H = R.

B+1
Example 5.2. C’onsider o(t) = e and p € (1,0),8 € (—1,p —1).
Then ¢ € Lq( ) for all ¢ € (1,p[. Set a(t) := |p(t — i)| Consequently,
a € L§(0,3) for all g € (1,p[ but a ¢ Li(0, 3).
C’onsider now the ordinary non-autonomous equation

u' () + a(t)u(t) =1, u(0) = 0.

Then by variation of constants formula, u(t) = [y e~ [ at)dr gs Since a(r) >
0,

la(t)u(t)] = a(t) / I G

/ fa’/‘)drd

=e fo a(r)dr "ta(t).

Therefore, HG('WHL’/;(O,%) >C||t — ta(t)||Lg(0’%) = 00.
On the other hand, if we replace the constant function 1 by f € L%(O, %) we

13



infer
aftu(®)] = a(o)] [ e 40 5(5)as
<aft) [ 1765)lds

-24+1
<a®t T fllpg .1

< a®)lfllzg0,1)-

This shows that maximal Lqﬂ—regulam'ty holds for all q €]1 + j3,p[. Notice
however, this example is not a counterexample to the questions we raise,
since our standing hypothesis [H2] is not satisfied here.

It is known that —A(t) is sectorial operator and generates a bounded
holomorphic semigroup on H. The same is true for —A(t) on V. From
[27] [Theorem 1.52 and Theorem 1.55], we have the following lemma which
points out that the constants involved in the estimates are uniform with
respect to t.

Lemma 5.3. Let v = I — arctan(%) and t € [0,7]. For all 6 > % and

p € (1,00) we infer that (H,D(A(t)))eyp — V. In the case 6 < 3, we have
(H,D(A(t)))op = (H,V)20.p. Moreover,

(1) 174D 23,0000 V) S pu—

(2) 10+ AW) e pawe, v S s whered € Spa anda <.
Proof. Applying [10][Theorem 4.6.1], we get for all 6 € [0, %[
(H, D(A()))o:2 = (H, V)2p:2 = [H, V]ap. (5.1)

The reiteration theorem for the real method [32][1.10.3, Theorem 2] or the
property of power of positive operator [25][Theorem 4.3.11] shows that,

(M, D(A®)))o.p = (H, [H, D(A®))] vz2) v25,- (5:2)
Combining (5.1) and (5.2), we obtain

(H, D(A(1))o.p = (H, [H, V] /25) v,
= (H,V)20p-

Let 6 > 1 and p € (1,00). [5] [Lemma 3.15] shows that for all v € (0, 3)

(H, D(A(0))) 1 40 = V-

14



3):
(7, D(A(0))e;p = (M, D(A0))) 14 g1y, = (H, D(A(0))) 19— 1) 0 = V-

Hence, for any € < (6 —

Due to [4] [Lemma 3.1], we obtain ||e_tA(t)||£(H7V) 1 for all t > 0 and
t2
3l

|e~tA®) |zv) S 1. So an interpolation argument gives for all 6 € [0, 3

1
20

le™ 4O 231, D(A@ o) S

We prove the estimate (2) similarly. O
In the following result, p > 2 and A € C*([0, 7]; LV, V")).

Proposition 5.4. Let f € Lj(0,7;H) and uo € (H; D(A(0)))gp where
0= %. There exists a unique u such that uw € L*(0,7;V) if 2(14+8) <p

and u € L (0,7;V) otherwise, where o = % — % + % and u satisfies

u'(t) + A(t)u(t) = f(t), t-a.e.
(P)
u(0) = up.

Proof. Let f € L;(0,7;H) and ug € (H; D(A(0))),p- Set v(s) = e~ (=) Ay ().,
Since u(t) = e 4 Oug 4 [1 0/ (s) ds,

u(t) = e 4y + / ~E=)AO(A®L) — A(s))u(s) ds + /0 (=90 f(s)ds
= (Mug)(t) + (Miu)(t) + (L1f)(1). (5.3)

We consider two cases. The first one is when p < 2(5 4 1) and the second
is 2(8+1) < p. For 2(8+1) < p we have by Lemma 2.4 that L3(0,7; 1) —
L%*(0,7;H) and due to Lemma 5.3, (H; D(A(0)))s, < V. Hence, a direct
application of [4][Proposition 4.5] gives u € L*°(0,7;V). Now, we consider
the first case. Using Lemmas 3.3, 5.3, we get that t*(Mug)(t) and t*(Ly f) (%)
are bounded in V for all ¢ € [0, 7]. Now, we show that Mju € L°(0,7;V),
for all u € L(0,7; V).

We write

(My)(t) = [* e IO A - A(s))u(s) ds

+/ —(t=s)A() A(t) — A(s))u(s) ds

= (My1u)(t) + (Migu)(t).

15



Taking x € V', we obtain by Cauchy-schwarz inequality and the analyticity
of the semigroup s +— e_SA(t)*’

[(Mi2u)(#), ©)yrxyl

= | [ A0 — Als)u(s), Ay he T Ay ) do

t o (t—s) L
< ([ 167 T O I A) — A (o)l ds)?

t s .
< ([, A se A0 Aty ol 2 ds)
2

_ 1
572 ds) 7 ||ull e 0.r:v)-

_ 2
<[ JA) ;t_(s,;nw,v,)

Hence,

tH | (Maau) () [ly < A o= 0,520, 16l Lee (0,750 -

Now, we estimate the norm of (My1v)(¢) in V as follows

4 (Maav) () [lv

1
st [P
0

3 s
< to‘/ —— 7> ds sup
0o (t=3) sel0, 1]

(t—s) —« a
2 A0 ) [A#) = A() | 2wans™ dslls = s%u(s) ]| oo 0,21

| A®) — A(s)[l v
(t —s)e

Is = 5u(s) | e 0,210

Note that

~
N

3 s @ =«
t* ———ds =1° / ——dl.
/0 (t—s)l—c o o (I—1)—=

)| (Maro)(®)[lv
S N Allee oo llull Lo 0,200 -

Therefore

Choosing 7 small enough, My € L(LZ(0,7;V)), with norm || M| (1o (0,73v)) <
1. Therefore, (I — M;) is invertible in L5°(0, 7; V). Hence,

uw= (I — M) "(Mug+ L1 f) € LZ(0,7; V).

For arbitrary T we proceed analogously as [4][Proposition 4.5]. We split [0, 7]
into a finite number of subintervals with small sizes and proceed exactly as
in the previous proof. Finally, we stick the solutions of each interval to get
the desired result. This finishes the proof. O
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For simplicity of notation, we set

1—-12 ,
E:=B, " (0,7;LV,V)).

The following is our main result in this section.

Theorem 5.5. Assume that A(.) € E. Then for all f € LZ(O,T;H) and
uy € (H; D(A(0)))g,p with p > 2, there exists a unique u € Wﬁl’p(O,T;H)
such that A(Ju € L(0,7;H) be the solution to (P).

As mentioned in the introduction, since by Propositions 7.1, 7.2, Wiater ¢
1

B, *" C WP , then the regularity assumption in time for A(.) (or the forms

a(.)) is minimal and our results are the most general ones on this problem.
1

72 . . .
Notice however, B, * C W2 by Proposition 7.2. Hence, an important

case left open is that of A(.) € W%’Q(O,T; L(V,V’)), which we are not able
to answer at the moment.

Proof. For 0 < s <t < 7, we set v(s) = e~ (¢=9)40)y(s). We remark that
v(t) = u(t), v(0) = e~y (0) and

V'(s) = e IO (A(L) — A(s))uls) + e £ (s).

Since v(t) = v(0) + [3 v'(s) ds,

t t

u(t) = e AW y(0) + / e~ =AD (A1) — A(s))u(s) ds + / e~ (=940 £ (4) s,
0 0

Therefore

At)u(t) = A(t)e Oy (0) + A(t) /0 (=94 (A(t) — A(s))u(s)ds

+ A(t) /Ot e~ =AW £ (5)ds
= (Ruo)(t) + (Su)(t) + (Lf)().

We shall prove that A(.)u € L3(0,7;H). Noting that L € L(Lj(0,7;H))
by Lemma 3.1 and Rug € Lg(O,T; H) thanks to Lemmas 3.4, 7.3. Then it
remains only to prove that Su € L(0, 7; H).

Consider the case 2(8 + 1) < p. Applying Proposition 5.4 we get that u €
L>®(0,7;V) is the unique solution to (P). Take g € L¥(0,7;H), where

17



p = ]%1 is the conjugate of p. We have

(
< [T1(Sw. g0 dt
| (A = Als)uls), A7 e A (1)) s

[ HCA®) — A u(s), AW g0y ] at

Tt _(t=8) Ay
</ ||A<t>—A<s>HqW>||e Ry P

(t= l _(t—s) *
0 AW 5= FHAO (1) | ds dtfjul e o o)

X ||A(t)*2e T
Therefore

(- pSU 9)1:2 0,77H) |

Alt /
// I t_ ) ey HA()
||"4 - H ’ 1
S(b)/o (/0 (t_S)QL(V’V)ds)i

t Ly _(t—s * 1
< ([ 1AW e A g0 ds) dtlul 070

Pt IA®) — A By
o f U T )

X |lg()1 dt||ul L= oTV)

H‘A HL ) 2% P 1
d) / / 2 ) dS)2 dt)P HUHLOO(OJ';V)HgHLP/(()ﬂ—;’H)

= [AOellell Lo 0.rv) HgHLp (0,rH)’

A g(0)|| ds dtull Lo (0,20

where we used in (a) the analyticity of the semigroup s — =AM Lemma

3.5 in (¢) and Hélder’s inequality in (b) and (d). Therefore, Su € L}(0,7;H)
and hence A(.)u € L(0,7;H).
Now, consider the case p < 2(1+ /). Due to Proposition 5.4, u € L3°(0,7; V).

18



For g € L (0,7; ) we infer that

B
’(.PSU,Q)L%O,T;'H)’

= | /OT t /0t<(A(t) — A(s))u(s), A(t) e~ DA g (1)) ds dt|
<| /OTt5 /0§<(A(t) — A(s))u(s), A(t) e~ EDAD" g4y ds dt|

T t
F [0 [ AW — AGs)us), A eI g0y ds |
0 3
=1 + I,
For I we find similarly to (?7)

Ir S A ellull e 0,00 191l Lo (0,7:20)-
Concerning Iy,
t
T B 5 —Q
ns e [P g dsar
0 0 (t—s)27°

x [ Allceorscomlls = s%u(s)ll L 0,r0)
t
T B 340 2 _, N
SJ/O tr 2+/0 s~ dsllg(t)[| dtl|Allc=(jo,r:c00 v I8 = 5% u(s) || Lo 0,751

T o_1
:/o =2 ()| dtllAll o= (0.0 v 11l Lo (0.7:0)
S Nallzer 0.7,30 1A= (0,700 v 1l Lo (0,70) -

Combining theses estimates we get that Su € L%(O,T;H) and so A()u €
L3(0,7;H). Since v’ = f — A(.)u then u € W/Bl’p(O,T;H) and this completes
the proof. O

Proposition 5.6. Assume that A(.) € E. Then for allg € LP(0,7;H),p > 2
and —1 < B < p — 1 there exists a unique v € WP(0,7;H) such that
A()v € LP(0,7;H) be the solution of the singular equation

V() + A(t)o(t) + 228 = g(1), t-a.e.
(5.4)

v(0) = 0.

8
Proof. We set f(t) = trg(t) with t € [0,7], so f € Ly(0,7;H). Let u €
Wﬁljg (0, 7; H) be the unique solution to the problem

u'(t) + Alt)u(t) = f(t), t-a.e.
(5.5)
u(0) = 0.
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8
Now, set v =t »u. Then v € W1P(0,7;H) and v is the unique solution to
problem (5.4). O

6 Applications

This section is devoted to some applications of the results given in the
previous sections. We give examples illustrating the theory without seek-
ing for generality. Here we study maximal Lg—regularity for p > 2 and
—1l<fB<p-—1.

— Elliptic operators on R".

Let H := L*(R") and V := H'(R") and define the sesquilinear forms

a(t,u,v) := Z / cu(t, 2)OpuOv dz, u,v € V.
ki=1"R"
We define the operator P(t) € L(V,H) by P(t)u := 377 bj(t)dju, where
ueVandtel0T].
We assume that the matrix C(t,z) = (cxi(t, z))i1<k,i<n satisfies the usual

1-19
ellipticity condition. Next we assume that C € B, *"(0,7; L®(C"’)) and
bj € LP(0,7; L°(R™)) where j € {1,...,n}. We note that

JAW) — A) e < MO = O et

1-1
for some constant M’. This implies that A € B, " (0,7; L(V,V")).

We are now allowed to apply Theorem 5.5. We obtain maximal Lg—regularity
and apriori estimate for the parabolic problem

{ u'(t) + At u(t) + P(t)u(t) = f(t)
u(0) = 0.

That is, for every f € Lg (0,7; L>(R™)) there is unique solution
u € WP (0,7 LA(R™)) N L5(0,7; H'(R™)).

— Schrodinger operators with time-dependent potentials.
Let 0 <mg € LIIOC(R”) and m : [0,7] x R® — R be a measurable function
for which there exist positive constants aj, as and M such that for a.e. x
and all ¢ € [0, 7]

armo(x) < m(t,x) < aomo(x).

We define the form

a(t,u,v) = Vqudx—l—/ m(t, x)uv dz,
Rn n
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with domain
Vi={uc H'R" : /]R mo(2)[ul?dz < oo},
It is clear that V is a Hilbert space for the norm ||u|ly given by
|ull} = /Rn |Vul|* da + /Rn mo(x)|ul® dz.

In addition, a is V-bounded and coercive. Its associated operator on L?(R™)
is formally given by

A(t) = —A +ml(t,.)

with domain

D(A®t) :={ueV: —Au+mf(t, . )uc L*(R")}.

1-12
Next we assume that ¢ — m(t,.)mo(.)"' € B, *" (0,7; L®(R")), with p >
2.
We have
IA®) = A(s)ll v
= sup ‘a(t,uﬂ)) - Cl(S,’u,,’U)|

lullv=1,llvllv=1

< s [ pmlte) = mls, o) fullelds

lullv=1,llvllv=1

lully=L,]lv[ly=1/R"

< ll(m(t,.) = m(s, ))mg ()l e ey

1-12
Then we get A€ B, * (0,7;L(V,V)).
Given f € Lg(O,T; L?*(R")), we apply Theorem 5.5 and obtain a unique

solution u € Wﬁl’p((), 7; L2(R™)) N L%(0,7;V) of the evolution equation

{ ' (t) — Au(t) + m(t, )u(t) = f(t) ae.
u(0) = 0.

7 Appendix

Let X be a Banach space and consider p € [1,+00). If Dmax is the differ-
entiation operator on LP(0,7; X)) with maximal domain i.e.

D(Dmax) == WHP(0,7; X)
@maxf = f’»
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then we have (X, D(®max))g,q = BIP(0,7;X)(0 € (0,1),1 < ¢ < 00). In
particular,

(X, D(®max))sp = BYP(0,7; X) = WP(0,7; X) (0 € (0,1)).
Let © be the restriction of ®max on LP(0,7; X) to the domain D(D) :=
{f e WHP(0,7; X) : £(0) = 0}. Then

(X, D(D))gq = B (0.7:X) = {f € BI*(0,7: X) : £(0) = 0},

for 6 > %. For 0 < I%We get (X, D(D))oq = (X, D(Dmax))o,q = Bg’P(O,T;X).
We recall that the operator ® is sectorial of angle 7, while Dmax is not sec-
totrial. In fact o(®max) = C. For the case where ® is the differentiation
operator on C'(0,7; X) with domain

D(®) :={f € C'(0,7;X) : f(0) =0},

we have (X, D(D))p,c0 = C?O)(O,T;X) ={feC%0,m;X): f(0)=0}.
For more details and references see [11] [Section 2], [25] [Example 1.9, Ex-
ercises 5 and 6, p.18] and [32] [Theorem, p.204].

Proposition 7.1. Let p € [1,00) and 1 < ¢; < g2 < co. We have
BYP(0,7;X) < BYP(0,7; X).

Moreover, if 6 > % we find for all ¢ € [1,00),0 <e <0 — %

g—L_
Bg’p(O,T;X) — C"7p (0,73 X).

Proof. The first statement follows immediately by the inclusion properties

of the real interpolation spaces. Let 6 > %,q €[l,00) and 0 < e < 0 — 2,

The inclusion properties of the real interpolation spaces ([25] [Proposition

1.1.4]) gives Bg’p(O,T;X) — Bg_avp(O,T;X) = W9=5P(0,7; X). Now we use

[31][Theorem 29] to get the desired result. O
Set

7

1—
E:=B, " (0,7;X).

Proposition 7.2. Let p > 2. We have
W%Jrg’p(O,T;X) cFEcC W%’Q(O,T;X), for alle > 0.

Proof. To prove this statement, it is enough to use Holder’s inequality. [

Lemma 7.3. Let X be a Banach space and p > 2. Suppose that A € E.

fhen AW - A3
o[BS ds S IAOI

te(0,7] —s)2
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Proof. Let p > 2 and t € [0,7]. We set for [ € [0,t], g*(1) = [A(t) — A(t —1)],
then

3)§
/ Hg i Xdl
_ / ||ng ) =g ()] dr+ o g (r) drllk

l§+p

<[ o ([ g )~ Nl drp
[ ([l @l a

/w/n () dr) d
+ [ / Hg%r)HXdr)pdl

/ / llg" l_r O 48 g

+/0 15+p (/0 lg" (r) || x dr)P di.

For the first inequality we used the inequality of Minkowski.
For the second one and before the last we used Holder’s inequality.
Now we use Hardy’s inequality, namely

[ arm [ M0l arar < o [igar g
o paxbpfo VIX S WG

to get
A(t) — A(s)
s / LA )< M 45 < o0y,
(433"
where C(p) = m )
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