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ABSTRACT

This paper addresses the problem of 3D ultrasound (US) single
image super-resolution (SR), i.e., recover a high-resolution volume
from its blurred, decimated, and noisy version. A new 3D US SR
technique based on a linear forward model is studied by taking
into account the axial variability of the point spread function (PSF)
within a block-wise recovery process. The PSF is estimated using a
recent algorithm along the axial direction with the assumption that
it is isotropic in the other two spatial directions. By exploiting the
linear image formation model, a cost function is constructed from
a data fidelity term penalized by an l1-norm regularization function
imposing the sparsity of the solution. Numerical results show the
efficiency of the proposed method when compared to the observed
image.

Index Terms— 3D ultrasound image super-resolution, homo-
morphic filtering, ADMM.

1. INTRODUCTION

3D single image super-resolution (SR) has attained increasing inter-
est from the medical imaging community in the last few years. It
can indeed be encountered in a wide range of applications e.g., brain
magnetic resonance imaging analysis [1], cardiac applications [2]
or dental cone beam computed tomography [3]. The main goal of
3D-SR methods is to recover a 3D high-resolution (HR) image from
its acquired low-resolution (LR) counterpart, enabling a better im-
age visualization and content analysis [4]. Many related works have
been proposed in the literature, among which learning-based ap-
proaches and those based on linear image formation models are the
most common. The former typically rely on convolutional neural
networks whose parameters are obtained by a training process that
makes a connection between LR images and corresponding HR im-
ages [1, 2, 3]. Unfortunately, these learning-based approaches have a
very high computational complexity while the training process gen-
erally requires a large dataset which is not always available in many
practical situations. Instead, the latter formulate the SR image as an
inverse image restoration problem. It consists in minimizing a cost
function including regularizations such as total variation (TV) [5],
low-rank [6] or wavelet domain-based sparsity [7]. In spite of their
interest, these methods have many significant drawbacks such as an
unsuitability to spatial variability of the point spread function (PSF),
a high computational burden, and the fact that 3D volumes are un-
folded into either 2D matrices or 1D vectors resulting in information
loss on adjacent voxels.

To mitigate these limitations, inspired by our recent model-
based work for 3D SR problem developed in [8], we introduce, in
this paper, a novel fast 3D ultrasound (US) SR method based on
a non-unfolding technique and a block-wise approach, leading to
an HR block-wise (BW) super-resolved image. More precisely, the
non-unfolding technique consists in handling simultaneously the

associated decimation and blurring operators. It is based on study-
ing their intrinsic properties in the frequency domain that enables a
computational cost reduction, while the BW approach takes into ac-
count the variation of the PSF in the axial dimension. This proposed
method is denoted by 3D BW-SR in the sequel.

The remaining part of this paper is structured as follows. In Sec-
tion 2, we introduce a US image formation model and its associated
3D SR technique. Then, Section 3 outlines the 3D BW-SR method.
Section 4 presents the numerical results on experimental data. Fi-
nally, conclusions and future works are given in Section 5.

2. BACKGROUND

2.1. Ultrasound image degradation model

This paper investigates an SR problem applied to 3D US imaging.
Assuming linear US wave propagation, under the first Born approxi-
mation, post-beamformed radiofrequency (RF) images are expressed
as a convolution between a spatially variant PSF and the tissue re-
flectivity function (TRF) to be recovered [9, 10, 11]. In order to deal
with the low-resolution nature of the acquired images, we introduce
a decimation operator D. In the following, we simplify this model
by assuming an invariant PSF within an image block, which locally
leads to the US image formation model [8]:

y = DHx + n, (1)

where y ∈ RNl (Nl = ml×nl× sl) is an observed block extracted
from the 3D RF volume, x ∈ RNh (Nh = mh × nh × sh) is the
TRF to be estimated and n is an additive white Gaussian noise with
variance σ2, all arranged in lexicographical order with Nh and Nl
being the number of image samples in x and y respectively. H is
assumed to be block circulant with circulant blocks which accounts
for the 3D convolution with the PSF and together with its conjugate
transpose HH can be decomposed as [12]:

H = FHΛF and HH = FHΛHF. (2)

In (1), Hx is decimated by the operator D with an integer rate of
d = dr × dc × ds, i.e., Nh = Nl × d. The pixel resolution loss in
each spatial direction between the observed RF volume and the TRF
are dr, dc and ds which satisfies mh = ml × dr , nh = nl × dc and
sh = sl × ds.

2.2. Super-resolution problem formation

The main purpose of this work is to estimate the TRF from RF image
as established in the model (1). From a Bayesian viewpoint, one
can estimate the TRF by using the standard maximum a posteriori
(MAP) estimator by maximizing the posterior distribution

p(x|y) ∝ p(y|x)p(x), (3)

where p(x) is the prior probability density function of x and the like-



Fig. 1. Example of PSF estimation and image super-resolution using three estimated PSFs.

lihood function p(y|x) is given by:

p(y|x) ∼ N (DHx, σ2INl), (4)

where N stands for the Gaussian distribution and INl is the identity
matrix of size Nl ×Nl. The negative log-posterior of x is given by:

− log p(x|y) ∝ 1

2
||y− DHx||22︸ ︷︷ ︸
data fidelity term

+ log(p(x))︸ ︷︷ ︸
regularization term

. (5)

Considering a sparse assumption on the TRF, which is in consis-
tency with a Laplace prior resulting into an l1 regularization term, x
can be estimated by solving the following optimization problem:

x̂ = argmin
x

1

2
||y− DHx||22 + λ||x||1, (6)

where λ > 0 is a hyper-parameter that weights the compromise be-
tween data fidelity term and the sparse regularization term. In what
follows, we present an efficient algorithm to solve (6), whose nu-
merical implementation is referred to as a 3D-fast SR (3D-FSR) al-
gorithm and denoted by 3D-FSR-l2-l1.

3. PROPOSED 3D BLOCK-WISE SUPER-RESOLUTION

In this section, we formally present the technique used in handling
the SR problem presented in Section 2.2. The method used in this
study accounts for a stationary PSF in each image block. Firstly, the
beamformed 3D RF image is split into n overlapping axial blocks,
having n 3D PSFs to be estimated at n different depths from the RF
image (see Fig. 1). Secondly, we obtain the solution of (6) (3D-FSR-
l2-l1) for each block. Finally, we present the proposed 3D BW-SR
algorithm after which the super-resolved images from each block are
merged to obtain the desired TRF as highlighted in Fig. 2.

3.1. 3D PSF estimation

H operator is formed based on a 3D PSF estimated as follows. First,
a 2D PSF is estimated from the central 2D slice extracted from the
current block, using the method in [13, 14]. Second, this resulting

2D PSF is extended to a 3D PSF based on the assumption that it is
isotropic in the azimuthal and lateral directions, which is a reason-
able hypothesis for images acquired with a 2D matrix probe.

3.2. 3D Fast SR with l1-norm regularization

To efficiently solve (6), we propose to use an algorithm based on an
alternating direction method of multipliers (ADMM) scheme [15]:

(x̂, û) = argmin
x,u

1

2
||y− DHx||22 + λ||u||1

subject to x = u. (7)

The associated augmented Lagrangian function is

L(x, u, d) = 1

2
‖y− DHx‖22 + λ‖u‖1 +

µ

2
‖x− (u− d)‖22. (8)

For the linear constraints, µ is the penalty parameter and d is the
Lagrangian multiplier. ADMM minimizes (8) by iteratively solving
subproblems over the variable x using our recent approach for fast
3D SR based on handling concurrently the decimation and blurring
operators in the Fourier domain [8], then u using vector soft thresh-
olding and updating the scaled dual variable d:

For i = 0, . . .
xi+1 = argmin

x

1
2
||y− DHx||22 + µ

2
||x− (ui − di)||22

ui+1 = argmin
u

λ||u||1 + µ
2
||xi+1 − (u− di)||22

di+1 = di + (xi+1 − ui+1)

(9)

3.3. Proposed 3D BW-SR algorithm

The resulting algorithm able to solve efficiently the SR problem for
each image block in the RF image is given in Algorithm 1.

As a result, n RF restored images are estimated using the SR
algorithm above applied to blocks extracted from the RF volume,
with the n estimated PSFs (see Fig. 1). Ideally, these restored images
should be merged to produce the final restored TRF but this might
incur some sewing effect. In order to avoid this issue, we defined
for each PSF a corresponding weighting function wj which reaches
its maximum at the depth where the jth PSF is estimated [17]. As



Algorithm 1: 3D-FSR-l2-l1
Input: Observed image y, blurring operator H, decimation

operator D and factor R, λ
Initialize: Set i = 0, choose λ > 0, µ > 0, d0, u0

1. Compute Λ:
Λ =

[
(1Tds ⊗ Isl)⊗ (1Tdc ⊗ Inl)⊗ (1Tdr ⊗ Iml)

]
Λ

⊗: Kronecker product and 1∗: matrices of ones.

2. while stopping criterion is not satisfied do

a. Update x as in [8]:
Determine k: k = FHΛHFDHy + µ(ui − di)
Entrywise product: xf = ΛH(µrINl +ΛΛH)−1ΛFk
xi+1 = 1

µ
(k− FHxf )

b. Update u using the soft-thresholding operator
(denoted as soft [16]):
ui+1 = softλ||u||1

µ

(xi+1 + di)

c. Update d:
di+1 = di + (xi+1 − ui+1);

Output: x̂ = xi.

illustrated in Fig. 2, continuous windows along the z-axis are used to
define the amplitudes of the different weights which are normalised.
Finally, the restored TRF T is obtained by merging the n restored
images following linear combinations:

T =

n∑
j

wj x̂j , (10)

where x̂j is the result in the region of the jth PSF [17].

4. NUMERICAL RESULTS

The performance of the proposed method is evaluated on a real
dataset, acquired using 4 synchronized Verasonics Vantage systems
and a 3D 1024 elements probe [18]. 81 titled plane waves were
transmitted on a commercial phantom containing three wires with a
3 MHz sinusoidal excitation. The proposed method was tested on
the post-beamforming resulting RF volume as described hereafter.

In this experiment, the RF image was divided into three blocks
for both PSF estimation and block-wise image recovery process. The
solution of the proposed 3D BW-SR method was compared to the
observed image. As a metric of spatial resolution, the full width at
half maximum (FWHM) computed around the wire locations was
calculated. The results of this experiment are all shown in Fig. 3.
Visually judging these plots, the SR result in Fig. 3 (b) obtained by
3D BW-SR shows a superior improved spatial resolution over the
observed image in Fig. 3 (a). Quantitatively, we computed FWHM
values at different depths of the three wires in both the observed
image and the 3D BW-SR solution, respectively, and their gains
(gainsFWHM = FWHMobserved/FWHM3D BW-SR). The quantitative re-
sults are reported in Fig. 3 (c). They demonstrate the advantage of
the proposed algorithm, which is consistent with the above qualita-
tive observation about the SR performance of the studied techniques.

5. CONCLUSIONS

The main goal of this paper was to study the role of a non-stationary
PSF in the restoration of TRF from the RF image. The problem

was formulated as an SR problem in which a PSF estimation step
was implemented in a preprocessing step. In this work, allowing the
spatial variability of the PSF to be considered, an efficient block-
wise restoration approach was presented. The 3D BW-SR herein
does not present sewing artifacts, and is easy to implement. Further
work can be devoted to jointly estimate the PSF and the TRF as a
generalization of the method and to the case of non-isotropic PSF.
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Fig. 2. The block weight principle and the weight functions wj corresponding to various PSFs as a function of depth.
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Fig. 3. Real data experiment: (a) observed image, (b) SR result using the proposed 3D BW-SR algorithm, (c) the FWHM measures for each
wire at each depth in both observed image and the 3D BW-SR solution, and their gains. Note that these are slices from the central axial
direction of each resolution.
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