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ON SOME SUMS INVOLVING THE INTEGRAL PART FUNCTION
KUI LIU, JIE WU & ZHISHAN YANG

ABSTRACT. Denote by 7i(n), w(n) and pe(n) the number of representations of n as
product of k£ natural numbers, the number of distinct prime factors of n and the char-
acteristic function of the square-free integers, respectively. Let [¢] be the integral part of
real number ¢. For f = w, 2%, us, 7, we prove that

> r([5]) = x; d(fl(i)l) + 0c(a"7)

n<x

5 5k— . . .
for x — oo, where 6, = %, O = %, 0, = %, 0, = ldokk_ll and € > 0 is an arbitrarily

small positive number. These improve the corresponding results of Bordelles.

1. INTRODUCTION

Denote by [t] the integral part of the real number ¢. Recently Bordelles, Dai, Heyman,
Pan and Shparlinski [3] established an asymptotic formula of

0= ()

n<e

under some simple assumptions of f. Subsequently, Wu [9] and Zhai [10] improved their
results independently. In particular, if f(n) <. n® for any € > 0 and all n > 1, then |9,
Theorem 1.2(i)] or [10, Theorem 1] yields the following asymptotic formula

(1.1) Se(x) :xZ%‘{—OE(’%l/?-‘ra)

d>1

as x — oo. Ma and Wu [7] observed that if f is factorizable in certain sense, then it
is possible to break the i-barrier for the error term of (1.1). In particular, for the von
Mangoldt function A(n), they proved, with the help of the Vaughan identity and the
technique of one-dimensional exponential sum, that

(1.2) SA<I) = xz % + Og(x35/71+5) (J: N OO)
d>1

Using similar idea to the classical divisor function 7(n), Ma and Sun [6] showed that

(1.3) Si(w) =2y % FO(B) (2 00),

d>1

Subsequently, with the help of a result of Baker on 2-dimensional exponential sums [1,
Theorem 6], Bordelles [2] sharpened the exponents in (1.2)-(1.3) and also studied some new
examples. Denote by 74(n), w(n) and us(n) the number of representations of n as product
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2 KUI LIU, JIE WU & ZHISHAN YANG

of k natural numbers, the number of distinct prime factors of n and the characteristic
function of the square-free integers, respectively. His results can be stated as follows:

(1.4) Zf([ D :x;%_koa(xﬁfﬂ),

n<x

with

f A w 2% [ho T T3 T (k>4)

O, | 9T | 455 | 97 | 1919 | 19 | 283 | 4kP—k-—2
f 203 914 202 4268 40 574 8k3 —2k—2

97 tO—

Very recently, Liu, Wu and Yang [5] succeeded to improve Bordelles’ exponent 55z

for A. Their principal tool is a new estimate on 3-dimensional exponential sums.
The aim of this paper is to propose better exponents than all others cases of the above
table.

Theorem 1. Under the previous notation, the asymptotic formula (1.4) holds with

/ w 2 | py | TR (k>2)
9 53 9 2 5k—1
f 110 19 5 10k—1

The key point of proving Theorem 1 is to establish good bounds for

Si(e,D)i= Y, <d+5)

D<d<2D

where #(t) := {t} — 3 and {¢} means the fractional part of real number ¢. Let P be the
set of all primes and define

1 ifneP, () ifn=d?
0 otherwise, '

(1.5) 1p(n) == {

0 otherwise.
Then we have the following relations:
w=1p *x 1, Te = Trp—1 % 1, 2Y = pg * T, o = jix 1.

Thus when f = w,7,2%, us, we can use these relations to decompose 6(]; (x, D) into
bilinear forms

(16) Si(@.D)i= Y Le(@ (5 ).

(1.7) &7, D)= > Tk,l(d)w(dgié),
D<dl<2D

(18) S (@ D)= Y 0 ( ).

(1.9) Sh@ D)= Y uld( )
D<d?¢<2D

In the third section, we shall use the Fourier analyse and the technique of multiple expo-
nential sums to establish our bounds for these bilinear forms.
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2. PRELIMINARY LEMMAS

In this section, we shall cite three lemmas, which will be needed in the next section.
The first one is [5, Proposition 3.1].

Lemma 2.1. Let a >0, 8 >0, v > 0 and § € R be some constants. For X >0, H > 1,
M >1and N > 1, define

MPBN™ h*
) S SN =Y S Y (XY

h~H m~M n~N

where e(t) := &>  the ay,, and b, are complex numbers such that |ap | < 1 and |b,| < 1
and m ~ M means that M <m < 2M. For any € > 0 we have

S(S < ((XfiH2+HM2+I€N1+H+)\)1/(2+2N) +HMN1/2 + (HM)1/2N+X—1/2HMN)XE

uniformly for M > 1, N > 1, H < MP7IN"Y and 0 < § < 1/e, where (k, \) is an ezponent
pair and the implied constant depends on («, B,7,€) only.

The second one is the Vaughan identity [8, formula (3)].

Lemma 2.2. There are six real arithmetic functions ay(n) verifying oy (n) < 7(n)log(2n)
for (n 21,1 <k <6) such that for D > 1 and any arithmetical function g, we have

(2.2) > Ad)g(d) = Si+ Sa+ S5+ S,

D<d<2D

where T(n) is the classic divisor function and

Sy = Z aj(m) Z g(mn),

m<D1/3 D<tmn<2D
Sy = E as(m) E g(mn)logn,
m<D1/3 D<tmn<2D

Sy = ZZ az(m)ay(n)g(mn),

D3 <mn<D?/3
D<fmn<2D

Sy = ZZ as(m)ag(n)g(mn).

D3 <mn<D?/3
D<fmn<2D

The same result also holds for the Mobius function p.

The third one is due to Vaaler (see [4, Theorem A.6]).

Lemma 2.3. Let ¢(t) := {t} — 1, where {t} means the fractional part of real number t.

Forx>1and H > 1, we have

B h \e(hx)
vie) == 3 (7)o + Rule)
1<|h|<H
where ®(t) := wt(1 — |t|) cot(nt) + |t| and the second term Ry (x) satisfies
1 |
<
(2.3) Ra(@)| < 355 > (1 T 1>e(hx).

0<|h|<H
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3. BILINEAR FORMS

The aim of this section is to establish some non-trivial bounds for the bilinear forms
given by (1.6), (1.9), (1.7) and (1.8). For the convenience, we consider

(3.1) Sy, D) = Y A=),

D<dé<2D dl+9

instead of &% (x, D). The following proposition gives the required estimate for &4 (x, D).
Proposition 3.1. For any € > 0, we have
(3.2) &M (2, D) <. (<x19D87)1/133 4 ($171D624)1/1026)x5

uniformly for x > 3, D < 2719 and 0 < § < e, where the implied constant depends
on € only.

Proof. Applying the Vaughan identity (2.2) with g(d) = 1/}( i +6) it follows that
(3.3) &5 (z, D) = 637 + 655" + 6531 + &5

where

GA*l_Z Z a1 (m) Z ¢<m>>

<D mg(D/e)1/3 D<fmn<2D
x
GA*l = ao(m (—) logn,
> > aem) Y (g—)loe
<D mg(D/f)1/3 D<tmn<2D

Sl = Z Z Z a3(m)a4(n)¢(m)’

(<D (D/0)Y/3<mn<(D/)*/3
D<tmn<2D

GA*l = Z Z Z %(m)adn)zﬁ(ﬁ).

<D (D/0)'3<m,n<(D/0)?/3
D<tmn<2D

Using Lemma 2.3 and splitting the intervals of summation into the dyadic intervals, we

can write
&t = 2W1ZZL:%:%: (&375(H', L, M,N) + &1 (H', L, M, N))
(3.4) ’
D22 > SR MN),
L M N

where 1 < H' < H<D, a := %@(H+1) < 1 and

h
6515 = S5 (H' L M, N) = — Z > 2. 2 anoa(m) (Zmnx—i— 5)

h~H' b~L m~M n~N
D<tmn<2D

A
&L = eML(L, M, N) a (—)
D<fmn<2D

and Gg\ﬁ(H’, L,M,N), &33%(L, M, N) can be defined similarly for j = 2,3,4. We have
(3.5) LMN =D, M<(D/L)Y? for j=1,2
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and
(3.6) LMN =D, (D/L)"* <M< (D/L)Y*> <N < (D/L)*? for j=3,4.
In the last case, we have considered the symmetry of m and n.

A. Bounds of GA*l forj=12.

Since we can remove the factor log n by a simple partial integration, we only treat GA*l.

If L < D'Y?, applying the exponent pair ( to the sum over n, we have

6’6>

Sixl 1/6N4/6 cH' -1
Ssiy < ZZZ (LMN2) +(LMN2)

h~H' b~L m~M
<Lz ((xHL5M5N2)1/6 +a2 Y (LMN)?).

In view of L < D% and (3.5), we derive that
(37) GA(/S\TJB < ((x5D17H5)1/30 + $71D2)$6

for H < H < D and (L, M, N) verifying (3.5).
Next we suppose that D5 < L < D%, Firstly we remove the extra multiplicative

condition D < fmn < 2D at the cost of a factor (logz)? and then apply Lemma 2.1 with
a=F=y=1,(X,HMN)=(zH'/LMN,H',LM,N) and (x,\) = (3, 1) to get

&37 < ((@L*M*'N*)YS + LMN'? + (LM)'’N + &7 "*(LM N )*?)a*
(38) (($3D10L2)1/18 + (DQL)1/3 + DL—1/2 + (x—1D3)1/2)x8
< (<x171D624)1/1026 + DY/10 + (x*1D3)1/2):c5

for H' < H < D®/°7 (< (D/L)?3 < N) and (L, M, N) verifying (3.5) and D'/° < L <
DoN9.

When D' < L < D, we apply the exponent pair (£, %) to the sum over ¢ to get

G+l 1/6L4/6 cH' \~1
S5y <2 Z > 2 (L2MN> +<L2MN)

h~H’' m~M n~N
< 2 ((xHL*MPN®)Y® 4+ 27" H'"Y (LM N)?).
From this we deduce that
(3.9) 6?’{% < ((x19D68H19>1/114 4 l,—lDQ)xe

for H' < H < D and (L, M, N) verifying (3.5) and D% < L < D.
Combining (3.7), (3.8) and (3.9), we obtain

GEXTJB < (( 171D624)1/1026—|—D9/10+(I_1D3)1/2
( 19D68H19)1/ll4+<x5D17H5>1/30)x5

for H' < H < D*/57 and (L, M, N) verifying (3.5), where we have used the fact that
271D? < (z7'D3)Y2. The same bound holds for 6([5\7’;. Therefore for j = 1,2, we have

S (TIPSO | PO g (-1 By
+ (21 DB HO)VI 4 (5 DI %)) 42
for H < D*/7 and (L, M, N) verifying (3.5).

(3.10)

(3.11)
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B. Bounds of G?jl for 3 =3,4.
In this case, we should estimate

&1 = ST LML) = 15 3 ST ST S wnastmaatme( ).

h~H' b~L m~M n~N
D<fmn<2D

S = S (L M N) = 30 3 S aslmjan(n) Rur ().

b~L m~M n~N
D</mn<2D

for (L, M, N) verifying (3.6).
Firstly we bound Gg\gﬁ(H '"L,M,N). We remove the extra multiplicative condition

D/l < mn < 2D/¢ at the cost of a factor logz. By Lemma 2.1 with o = § =~ = 1,
(X,H,M,N) = (zH'/LMN,H',M,LN) and (k,\) = (3, 3), we can derive

&35, <o ((@LPM*N*)YS 4+ M(LN)'? + M'?LN + (z~'DH')"/?)a*
<<€ ((CU2_D7L_1)1/12 + <D5L)1/6 + (I'_IDHI)I/2)IE
for H' < H < D? (< (LD)"? < LN) and (L, M, N) verifying (3.6), where we have re-

moved the term (D3L~1)1/4 (< (D°L)'/5). On the other hand, we can apply the exponent
pair (¢,3) to the sum over ¢ (similar to (3.7)) to get

(3.13) &3 < (eD°HL*)Y% + 271 D?) 2

for H < H < D and (L, M, N) verifying (3.6).
From (3.12) and (3.13), we deduce that

(3.14) G <. ((2*D'L ™YY + (D™ H)Y* + (7' DH)"? + 27 ' D?)a*
for H < D'? and (L, M, N) verifying (3.6), where we have used the following estimate
min{(D5L)1/6, (ID5HL_3)1/6} < ((D5L)1/6) ((ZL’D5HL )1/6)24 _ ( D20H)1/24.

Secondly we bound &33%. Using (2.3) of Lemma 2.3, we have

ol <o 3 3 3 [ ()|

I~L m~M n~N

<<ﬁ2 > > (1_ H|}-Li1>e<€m2x+5>

~L m~M n~N 0<|h|<H

(3.12)

<a*(DH™'+ max |S334(H', L M, N)|).

where

Sp3h(H', L, M, N) HZ > 2 Z ( H@l)e(em%)-

b~L m~M n~N h~H

Clearly we can bound égfg,lf([{’, L, M, N) in the same way as Gg‘glb(H’ L,M,N) and get

(3.15) ngng <. (DH_l + (932D7L_1)1/12 + (xDQOH)l/M + (x—lDH)1/2 + x—lDQ)xa
for H < DY? and (L, M, N) verifying (3.6). Thus (3.14) and (3.15) imply that
(3.16) GA*l <. ((x2D7)1/12 +2 D2+ DH £ (xDon)l/M + (quH)l/z)xs
for j = 3,4, H < DY? and (L, M, N) verifying (3.6).
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C. End of proof of (3.2).
Inserting (3.11) and (3.16) into (3.3) , we find that

63\*1($,D) < ((1’171D624)1/1026 + ($2D7)1/12 + D9/10 + ($_1D3)1/2
+ DH—I + (I19D68H19)1/114 4 (I5D17H5)1/30 + ($D2OH)1/24)$6

for H < D*/57 where we have removed the term (z7'DH)"? < (z7'D3)Y/2. Optimising
H over [1, D®/7] it follows that

Gg*l(x,D) < (( 171D624)1/1026 +< 2D7)1/12 —|—D9/10 + (x_1D3)1/2
+ ($19D87)1/133 ( )1/35 + (:ED21)1/25 +D9/19
+ ($19D68)1/114 ( 5D17)1/30 ($D20)1/24>IE

which implies the required inequality, since the 5th term dominates the 7th one provided
D < x'™/398 and the first term dominates the others ones provided D < z°7/103, O

The second proposition gives the required estimate for G3*(x, D) defined as in (1.7).
Proposition 3.2. Let k > 2 be an integer. For any ¢ > 0, we have
(3.17) GFF(x, D) Kpo (xFDW=1)H/0kge

uniformly for x > 3, 1 < D < g™n4k/Gk1Dk/ =2} 4nd 0 < § < €71, where the implied
constant depends on k and € only.

Proof. Noticing that 7, = 7,11, using Lemma 2.3 and splitting the interval of summation
into the dyadic intervals, we can write

&3 (w, D) = =5~ ZZZ &3 (H', M,N) + &7, (H', M, N))
+3 ) SH(M,N),
M N

where H < D, MN < D (ie. D < MN < D), N > D*, a), := & (721) < 1 and

STUMN) = 35 3 3 - ratme( ),

h~H' mn~M n~N

(3.18)

D<mn<2D
xr
Tk
SHMN) == 3 3 ma(m)Rur ().
m~M n~N
D<mn<2D

Firstly we bound 67" '(H', M, N). Applying the exponent pair (%, %) to the sum over n,
it follows that

BN < 53 () () )

< ((mH’MN‘ )2 4+ 27 D?)af

On the other hand, we remove the extra multiplicative condition D < mn < 2D at the
cost of a factor logz, and then apply Lemma 2.1 with o« = g =~ =1, (X,H,M,N) =
(xH'/MN,H',M,N) and (x,\) = (3,3) to get

ngb(Hl,M, N) < (<$M4N3)1/6 + MN1/2 +Hlfl/2M1/2N+ (:ClelflM3N3)l/2)X€

(3.19)
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provided H' < H < DY* (< N). Using MN =< D and N > D'* we can derive that
65be(H’,M, N) < ((ka4k—1>1/6k 4 DI-VER 22y (x_1D3)1/2)x5
< ((I,kD4k;—1)1/6k n H’_1/2M1/2N)x6

for H' < H < DY*. In the last inequality, we can remove D'~'/*) and (z='D?3)!/2
because they can be absorbed by (z#D*=1)1/6k for D  gmin{4k/Gk+1)k/2k=2)}  From
(3.19) and (3.20), we deduce that

(3.21) SF(H', M, N) < (&F D110z

(3.20)

for H < H < DY¥ and MN = D < g™in{4/Gh+1k/Ck=2)} * where we have used the
following estimates

min{(zH'MN~Yz, H'":M2N} < ((¢H'MN~Y)2)s (H "2 M2 N)i
_ (le—lMSNS)%
< (ID3)1/6

and max{(zD?)"/%, 2~ D?} < (z" D™ 1)VOF for D < 2TH R,
On the other hand, (2.3) of Lemma 2.3 allows us to derive that

SR LI Crem)]

m~M n~N
1 1]
<z 2 (731) Z el
2H—|—20<|h|<H H+1 vy d?>mn + 9
When h # 0, we can bound the triple sums as before. Thus
(3.22) S} (M,N) < (DH™" + (2* D™ 1)1/oF) g

for H < DY* and MN =< D < gmin{4k/(Gk+1).k/(2k=2)}
Inserting (3.21) and (3.22) into (3.18) and taking H = D'/*, we can obtain the required
inequality. -

The third proposition gives the required estimate for &% (z, D) defined as in (1.8).
Proposition 3.3. For any € > 0, we have
G (2, D) <. (x2D")/*2g*

uniformly for x > 3 and 1 < D < 28" and 0 < 6 < 7', where the implied constant
depends on € only.

Proof. Firstly we write

SRS SRS SRRt ey

d<v2D D/d2<¢<2D/d?
= D Wd)&p(x/d’, D)),
d<v2D

Secondly it is easy to see that D < 2® implies D/d? < (x/d?)®'. Thus we can apply
Proposition 3.2 with £ = 2 to get the required result. 0
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The last proposition gives the required estimate for &4*(z, D) defined as in (1.9).
Proposition 3.4. For any € > 0, we have
&4 (z, D) <. ((xD*Y" + (xD?)"/6)a*

uniformly for x >3, 1< D < 2" and 0 < § < e, where the implied constant depends
on £ only.

Proof. Using Lemma 2.3 and splitting the interval of summation [1,2D] into the dyadic
intervals (L,2L], we can write

1

(3.23) &5 = —5= > (S(L) + (D)) + D Si(L)
L L

where H < D and

hx
Ssi(L) = Z H+ )2 2 ”(d)e<d2£+5>’

e~L (D/6)1/2<d<(2D/0)1/2

&)=Y 3 pd) R (75 )-

{~L (D/0)Y/2<d<(2D/0)1/2

Inverting the order of summations and applying the exponent pair (%, %) to the sum over
¢, it follows that

1 h \1/6 h \—1
SHOED SRS ((d‘fp) L+ (255) )
1/2

(3.24) h~H '~ (D/2L)'/2<d<(2D/L)

< ((xDQH)l/6 + 27 'D%)a’

On the other hand, (2.3) of Lemma 2.3 allows us to derive that

srmls Y X |ra(ps)

(D/2L)Y/2<d<(2D/L)/2 £~L

<2H1+2 2 (1 H|}jr|1> 2 Ze(%)'

0<|h|l<H (D/2L)Y/2<d<(2D/L)/2 é~L

When h # 0, as before we apply the exponent pair ( %) to the sum over ¢ and obtain

1
6’
3.25 S53(L) < (DH™" + (xD*H)Y + 27" D?)a®
o,
Inserting (3.24) and (3.25) into (3.23), it follows that
Sy < (DH™' + (zD*H)'¢ + x 7' D?)a’
for H < D. Optimising H on [1, D], we find that
6,312 < ((I‘D?’)l/? + (LEDQ)l/G —i—:L“_lDQ)l‘a

This implies the required result, since z7'D? < (zD3)V7 for D < /11, U
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4. PROOF OF THEOREM 1

Let f =w or 74 or 2% or g and let Ny € [1,2'/2) be a parameter which can be chosen
later. First we write

(4.1) Si@) =" F([]) = SHa) + S (@)

n<e
with

ser= 3 A([Z]) s X (2]

n<Ny Ny<n<z

In our case, we have f(n) <. n® for any ¢ > 0 and all n > 1. Thus

(4.2) Sh(z) <. Nya©.

In order to bound Sfc(a:), we put d = [x/n]. Noticing that
z/n—1<d<z/n & z/(d+1)<n<x/d,

we can derive that

Si)= D fld) > 1

d<z/N; 2/(d+1)<n<z/d
(4.3) :d@;\[ff(d)(g_w@)_dil+w<dil))

=2y d(é(i)l) + R (2, Ny) — RY (x, N§) + O(Ny),

where we have used the following bounds

3 d(fl(fl) <Nt YT (557) —0(5)) < Nt

d>.1’/Nf dng

and

R N) = > f@(55):

Nf<d<:v/Nf

Combining (4.1), (4.2) and (4.3), it follows that

Syta) =2 3 T + ORI Ga Ny)| + R N + ).

Thus in order to prove Theorem 1, it suffices to show that
(4.4) RI(x, Ny) < Nya® (x>1)

for

/ w Tk 2¢ H2

N; £53/110 2 (5k—1)/(10k—1) £9/19 72/5
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4.1. Proof of (4.4) with f = w.
We have N, = 2°/"°_ In order to apply (3.2) of Proposition 3.1, we must switch from

Ry (e, No) = ‘”(pgi(s): 2. 1Ao(gp;¢<pzi5)

Nw<p€<x/Nw Nw<p£<33/Nw

to

SIS SR S !

d<t Ny /d<t<(x/Nw)/d

For this, we need to estimate the contribution of prime powers:

T = 2 fl(gp;2¢<p”€x+ 6> B 2 ¢< V€+5>

Nw<pVESI/Nw Nw<pV€<w/Nw
ES(:E/NW)53/114,1/>2 Eé(m/Nw)53/1l4,u>2
A(p”) x
=Y G- X )
Ny, <p¥l<x /Ny 10gp p ¢ + 0 Ny, <p¥l<z /Ny ¢ + 0
£>(2/N,,)%3/114 L>2 £>(x/N,,)53/114 y>2

Firstly we have trivially
R, < Z (l,/ng)l/Z < (l‘/Nw)lm/ZZS < 167/440
Eg(a:/Nw)53/114
On the other hand, applying [10, Lemma 2.4] with (x,\) = (3,1), we can derive that

= ), % 2. w(p”fx—i-(s)

pl’é(x/Nw)Gl/lM (x/Nw)53/114<€<:c/pr”
v=2

< E 5 imax N, E —@/J( V€—|—5>
(x/Ny,)?3/ 114 < N1 <z /Ny, p¥
p”é(:C/J\QJQ)‘”/“4 N1 <N2<2N, N1<ISN2
vz

< > max ) <% + (x/p”)1/3)

(2/Nu)?3/ M < N1 <z /Nyp

pug(m/l/]\;“é)(sl/114 N1<N2<2N1
x 14
< Z (W + (x/p )1/3>
pyg(x/Nw)Eil/llél wP
v=>2

< QJ/NEJ + $1/3<$/Nw)(61/114)/6

< p167/440

Thus we can write

RE (2, N,) = Z A(d)¢( z )+O(x167/440)

No<dico/N, logd "™ \dl + ¢
/Ny 1
(4.5) _ / diR“’ 167/440
9 1og t (%, Novt) + O( )

< max ‘R(s x, Ny, t) ‘+x167/440
2<t<z/No
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Writing D, := z/(2/N,,), we have N, < D; < #/N,, < 25710 for 0 < j < %. Thus
we can apply (3.2) of Proposition 3.1 to get

|R%J(x7Nwat>’ < Z ‘69*1(1.7DJ)’
0<j<log(z/N3)/ log 2
< Z ((l,lgDJS7)1/133 + ($171D]624)1/1026)x6

0<j<log(z/N2)/ log2
< (<x106N787)1/133 4 (I795N7624)1/1026)x5

for all 2 <t < z/N,. Inserting this into (4.5), we get the required result.

4.2. Proof of (4.4) with f = 7.
We have N, = gCk=D/Q0k=1 " Tet D, := x/(27N,,), then we easily see that N, <

D; < &N, < am /R 2h-2) for 0 < § < log(z/N7, )

gz Thus Proposition 3.2 gives us

|ng(x7NTk)| < Z |66Tk(x>Dj)|
0<j<log(z/N3 )/ log 2
< Z (ka?k—l)l/kaa
0<j<log(z/N?, )/ log 2
< (m5k71N7(4k71)>1/6kl,5
Tk )
which implies the required result.
4.3. Proof of (4.4) with f = 2“.
We have Ny = 2%/%. Let D; := x/(2Ny), then Now < D; < /Ny < 211 for
2
0<7< log(w/Ny) Noticing that 2 = i % 7, we can apply Proposition 3.3 to get

log 2
RS (2, Naw)| < > 65 (z, D))
0<j<log(z/N3.,)/ log 2
< Z (x2D]7)1/12x6

0<j<log(z/N3.,)/ log2
< (ZEQNQ_J)I/HJ}E,
which implies the required result.

4.4. Proof of (4.4) with f = u,.
We have N,, = 2?®. Let D; := x/(2/N,,), then N,, < D; < z/N,, < 2/ for

T 2 o . ~ o .
0<5< %. Noticing that pus = i x 1, we can apply Proposition 3.4 to get
|R52(ZL‘,NM2)‘ < Z IGSQ(anJ)’
0<j<log(z/NZ,)/ log2
< Z ((Z'D?)lﬁ + (JL'D]Z)l/G):E‘E

0<j<log(z/NZ,)/ log2
< (($4NM_23)1/7 + ({B3Nl:22)1/6).’135,

which implies the required result.
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