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Université Paris-Saclay, Observatoire de Paris, F-91120 Palaiseau, France

Abstract

Cascade models based on dynamical complex networks are proposed as mod-
els of the turbulent energy cascade. Taking a simple shell model as the initial
regular lattice with only nearest neighbor interactions, small world network
models are constructed by adding or replacing some of the existing local in-
teractions by nonlocal ones. The models are then evolved over time, both by
solving for the shell velocity variable using an arbitrary network generaliza-
tion of the shell model evolution and by rewiring the network each time from
the original lattice in regular time intervals. This results in a more inter-
mittent time evolution with larger variations of the wavenumber spectrum.
It also results in an increase in intermittency, computed from the exponents
of structure functions obtained from these models. It is observed that the
intermittency increases as the ratio of random nonlocal connections to lo-
cal nearest-neighbor connections increases. The possibility of extraction of
such models from direct numerical simulations are discussed and a detailed
example for two dimensional turbulence is given.

1. Introduction

Turbulence is a duality of chaotic disorder and hierarchical organization
across a large range of scales in the evolution of a fluid. This aspect of
turbulence is shared with many other self-organizing complex systems, that
are commonly described using networks, such as the internet [1], the brain
[2], the public transport infrastructure [3], and the economy [4] to give a few
examples.

The three dimensional incompressible fluid, described by the Navier-
Stokes equation, mixed at large scales by an external forcing and dissipated
at small scales due to molecular viscosity, provide the canonical example of
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the turbulent cascade. The idealized process of self-similar energy transfer
from large scales, where the energy is injected, to small scales, where it is
dissipated, can be described using various simplified models including shell
models [5], differential approximations [6] or closures [7]. While the study
of turbulence has a long history [8], and networks are ubiquitous in modern
nonlinear science [9], the connection between the two is an emerging field
with many open questions [10, 11].

Network theory is as much about spreading or flow of various constituents
such as information, ideas, or pathogens within a given (or evolving) network
structure, as it is about the topology of the network itself. Flow of packages
through the internet [12], people through the public transport system [13], the
spreading of financial crises through the global economy [14], or a deadly virus
across a network of human contacts [15] are all examples of such phenomena
that fall under the umbrella term of percolation in complex networks [16,
17]. The turbulent cascade of energy in a complex network, representing the
wavenumber domain, fits right in with the rest of these examples. However
there is a key difference in the turbulent problem: the interactions in Fourier
space are between three nodes -representing three interacting wavenumbers-
instead of two, since they are produced by triadic interactions. In this sense
the turbulent cascade takes place on a network with “three body” interactions
[18, 19].

It is probably easier to imagine turbulence as an evolving network of vor-
tices or semi-coherent structures (that play the role of nodes of the network)
that interact with each other mainly by shearing or stretching [10, 20]. How-
ever since some aspects of networks, such as scale independence are more
apparent for turbulence in Fourier space, it makes sense to develop a formu-
lation of turbulence as a network, there as well.

Dynamically, when a turbulent system is driven at some scale, depending
on its dimensionality and conserved quantities its energy cascades forward or
backward and gets dissipated at small scales or through boundaries. Such a
system can provide an open, out of equilibrium, steady state with a constant
flux of energy across its scales. In the ideal, self similar picture, each scale
gets its energy from the previous one and transfers it to the next. This view
of the turbulence cascade bears some resemblance to what happens in a food
web where the energy provided by the sun is transferred upscale through the
food chain via predation relations (i.e. big fish eat the little fish) [21, 22].
This results in a power law biomass/size distribution somewhat reminiscent
of the power law scaling of the turbulent energy as a function of scale [23].
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In fact a more precise analogy exists between the onset of turbulence
in some (usually quasi two dimensional) turbulent systems and the simple
predator-prey dynamics [24, 25, 26]. At the onset when only few degrees of
freedom are excited, turbulence and mean flow act like a coupled predator-
prey system, where the turbulence plays the role of the prey and mean flow
that of the predator [27, 28]. The analogy could be extended to fully devel-
oped turbulence as a complete food web with complex predation relations,
or rather as a network of large number of elements whose interactions can
transfer and transform various conserved quantities.

In this spirit, we propose a concrete working example in the form of a
simple model of the turbulent cascade using dynamical complex networks by
generalizing the Gledzer-Ohkitani-Yamada (GOY) model [29] to a percola-
tion model on a complex, small world network, which is a type of network
where most nodes can be reached from other nodes by a relatively small num-
ber of jumps due to existence of a small number of longe range connections
[30]. This allows the exploration of different strategies of random rewiring of
a regular lattice in order to form nontrivial small-world networks on which
the turbulence is allowed to develop. Two different rewiring strategies based
on Watts-Strogatz and Newman-Watts are discussed and dynamical network
models are considered where the network is regularly rewired. The energy
cascade is described on top of this evolving small world network using a sim-
ple shell model-like evolution of the observables un (t) ≡

√
2
∫ kn+1

kn
E (k) dk.

While this would probably appear quite unnatural to a specialist in turbu-
lence, since the turbulence can be described nicely on a constant regular grid
with deterministic equations, its power comes from the additional degree of
freedom that the network topology provides, which allows us to represent
part of what has been lost in the reduction leading up to the shell model at
a very modest cost: the solution of the network model is not slower than the
GOY model.

Shell models are closely linked to the concept of spectral reduction [31],
which basically amounts to reducing the regular spectral domain to a smaller
set of regions in k-space. When the full spectral domain is thus reduced,
detailed phase relations between regions are lost. The shell model does have
a complex phase that evolves, but this has almost nothing to do with the
actual phase of the full system. The direction of energy transfer at a given
instant, or its efficiency depends on these phase relations. If the phases
are aligned between two regions, the energy can be transferred efficiently,
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while if they are out of phase, there may be no energy transfer. While the
evolution of phases is deterministic in the full system, it is fairly chaotic and
usually irregular. Therefore its effect on a shell model like reduction could
be represented plausibly by connections being turned on and off randomly
or following a simple algorithm. Note that on top of the connection being
turned on, the phase relations of the shell model itself still has to be satisfied
for the energy transfer to take place. For a real physical problem, phase
relations may be random or regular, for instance as in the case of weak wave
turbulence [32]. In such a case, the network topology may be constructed
respecting the dispersion relation of the underlying waves, and the network
may be used to represent those “enhanced” connections between disparate
scales due to resonant interactions [33].

Note that, the novelty of this work is not the models themselves, but the
idea that we can interpret the structure of shell models as primitive initial
networks that can be modified, rewired etc. to generate more complex set
of network models. The turbulent cascade can be seen as a percolation in
such a network that may also be evolving in time. We argue that this new
way of looking at the turbulent cascade, opens the door to development of a
completely new class of models that can pave the way to better conceptual
understanding and eventually to the development of well optimized reduced
models, especially with the input from numerical simulations.

We have also made some effort to make a connection to direct numeri-
cal simulations (DNS) by addressing the issue of network extraction. In the
general case of such a problem, assuming that we know the underlying equa-
tions, there are two nontrivial steps: the identification of the nodes, and the
identification of the connections. Since our model is a simple one, the nodes
are already fixed as the logarithmically spaced shells in Fourier space. This
allows us to avoid the issue of node identification.

The connections, on the other hand can be computed from shell to shell
triadic energy transfer Tn`m, filtered in such a way to give the transfer to
shell n from the pair ` and m. We can argue that if this transfer, normalized
properly is relatively large, then those three nodes are “three body connected”.

Note that by using Fourier space shells, which are very large regions of
the k-space (especially for large k), we are using a broad brush approach.
This leads to loss of details at small scales, and has other unfortunate effects
such as modifying the equipartition state. Such loss of information is not well
justified unless we are interested in aspects of the turbulent cascade that are
somehow not lost in this reduction. Since the goal of this paper is not to
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present an accurate model of turbulence, but to establish the largely unex-
plored connection between the Fourier space evolution in a turbulent system
and complex networks, such a reduced model achieves this goal brilliantly,
as its simplicity helps curtail the conceptual difficulty of the subject.

The rest of the paper is organized as follows. In section 2 we introduce
the basic small world network paradigm for turbulence using a generalization
of the GOY model. In sections 2.1 and 2.2 we lay out the strategies for con-
structing Watts-Strogatz and Newman-Watts models respectively, while in
2.3 we discuss the bipartite network perspective using two sets of nodes cor-
responding to wavenumbers and triads. In section 3 we provide the numerical
results of all these different models compared to the basic GOY model. Sec-
tion 4 describes the method for extracting the network structure from DNS
data, which is then detailed and applied to two dimensional turbulence in
section 4.1. We conclude this work and discuss possible future directions in
Section 5.

2. Small World Network Shell Models

Consider a shell model of turbulence [5] with arbitrary range interactions
for three-dimensional turbulence. Using a set of wave-vectors kn = k0g

n,
where g is the logarithmic scaling factor (usually g = 2), the model can be
written as follows:

∂tun = iαm

[
amn u

∗
n+mu

∗
n+m+1 + bmn u

∗
n+1u

∗
n−m

+ cmn u
∗
n−1u

∗
n−1−m

]
, (1)

where the interaction coefficients can be written as amn = Mn,n+m,n+m+1,
bmn = Mn,n−m,n+1 and cmn = Mn,n−1−m,n−1 with:

Mn,`,`′ =

{
k` + k`′ if n < `

−
(

(−1)n−` k` + k`′
)

if ` < n
(2)

Here m is the range of interaction (e.g. m = 1 gives us the usual GOY
model), and αm is the average contribution from the geometric factor, which
we take as αm = g−m (see for example [34]). Note that ` < `′ is assumed in
(2).

5



GOY

Figure 1: The regular lattice of the GOY model. Apart from the end nodes, all the nodes
are connected to three triads and each triad is connected to the three closest nodes. The
lattice is shown in a circular representation in order to save space and connect to earlier
works on small world networks and synchronization.

This allows conservation of energy

E =
∑
n

|un|2

and helicity
H =

∑
n

(−1)n k−1n |un|2 ,

since
Mn,n+m,n+m+1 +Mn+m,n,n+m+1 +Mn+m+1,n,n+m = 0

and

knMn,n+m,n+m+1 + (−1)m kn+mMn+m,n,n+m+1

+ (−1)m+1 kn+m+1Mn+m+1,n,n+m = 0 .

The three terms in (1) come from the three triadic interactions that have
the same form but shifted with respect to one another. On the other hand a
single triadic connection, for example (n, n+m,n+m+ 1) = (1, 4, 5) intro-
duces terms in the equations for three different wavenumbers: One term in
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Figure 2: The wave number spectrum for the WS network, generated with p = 0.4,
pf = 0.5, compared with the GOY model, shown with the thick orange (if in color) line.
Nodes 5, 9, 10, 12 and 13 are missing connections, which results in formation of crests or
troughs. The fact that energy can go to the dissipative range through non-local connections
makes the spectrum fall off rapidly at around 104. Here N = 24, k0 = 2−4, ν = 10−8 and
fn = (δn1ξ1 + δn2ξ2) 10

−2, where ξi are random variables with a correlation time of 10−2.
The spectra are integrated up to t = 5× 103 and averaged over t = [3− 5]× 103.

the equation for u1 with the coefficient a31 = M145, one term in the equation
for u4 with the coefficient b34 = M415 and finally one term in the equation for
u5 with the coefficient c35 = M514.

The standard GOY model corresponds to m = 1, which represents “near-
est neighbor” interactions shown in figure 1. If we choose g = 2, and absorb
a prefactor 6 into the arbitrary constant α, (2) gives an = kn, bn = −kn−1/2
and cn = −kn−2/2 of Ref. 29.

2.1. Watts-Strogatz model
There are a total of N − 2 triads in the regular lattice of the GOY

model with N nodes. In order to create a partially randomized network
with non-local interactions, we go over this list of triads and replace the
local triad (n, n+ 1, n+ 2) with a nonlocal one, with either a forward, [i.e.
(n, n+m,n+m+ 1)] or a backward [i.e. (n, n−m,n− 1)] coupling with a
probability p, where m itself is a random number between 2 and N−n−2 for
the forward or between 3 and n−2 for the backward coupling. We can choose
the interaction to be forward with a probability pf . This basic algorithm is
very similar to the one described by Watts and Strogatz in order to build
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WS

Figure 3: The small world network of the WS model, generated with p = 0.4,pf = 0.5 also
shown in Figure 2 with less than three connections at nodes 5, 9, 10, 12 and 13.

small world networks [35] (so we call it the Watts-Strogatz model or WS for
short), except that the topology of the initial lattice is not really a ring, and
the connections are not lines, but triadic interactions.

Having the list of triads thus revised, we can recompute the list of in-
teractions in = {`, `′} and the interaction coefficients (i.e. weights) Mn,`,`′

for each node using the triads that connect to it. The idea is to go over the
list of triads, and for example when treating the triad (n, n+m,n+m+ 1),
add the three interactions in = {n+m,n+m+ 1}, in+m = {n, n+m+ 1}
and in+m+1 = {n, n+m} to the list of interactions, with the correspond-
ing interaction coefficients Mn,n+m,n+m+1, Mn+m,n,n+m+1 and Mn+m+1,n,n+m

respectively. In the end, one may have nodes with more or less than three
connections (the original number of connections of each node in the GOY
model), and these connections may be local or nonlocal, but since the con-
tributions from each triad to all of its three nodes are always considered,
the conservation laws are automatically respected. The model goes from the
regular shell model with local interactions for p = 0 to a cascade model with
random scale interactions for p = 1. In contrast, pf does not play an impor-
tant role on network topology, so one could pick all the connections to be
forward without loss of generality.

Once the network is constructed, time evolution of the node variables un
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can be written as: (
∂t + νk2n

)
un =

∑
`,`′=in

Mn,`,`′u
∗
`u
∗
`′ + fn, (3)

where in is the list of interaction pairs for the nth node, and Mn,`,`′ are
the interaction coefficients, ν is kinematic viscosity and fn is (localized and
random) forcing.

A static network that is integrated for a certain number of time steps is
not a particularly interesting exercise since the result relies on initialization
and how the network is wired. The resulting spectrum is a considerably
rugged version of the shell model one, as seen in fig. 2, with barriers around
nodes that are missing connections. Furthermore each time the network is
rewired, the details of how it deviates from the regular shell model would
change. Figure 3 shows the particular wiring in more detail that leads to the
spectrum shown in figure 2. Notice that some nodes are missing connections,
and the energy has difficulty going through those.

A more realistic approach is to rewire the network in regular time intervals
(i.e. ∆t) as the system evolves. If we run such a model for a long enough
time t � ∆t we can obtain good statistics. Various interesting problems
related to shell models, such as intermittency etc. can be studied in such a
formulation. Note that in order not to completely randomize the network in
a few time steps, we apply the WS strategy on the original network and not
the modified one at t in order to obtain the network structure at t+ ∆t. The
results for this dynamical network formulation using the WS strategy can be
seen in section 3, along with results for the other strategies.

2.2. Newman-Watts model
Newman and Watts proposed an alternative algorithm for constructing

a similar partially randomized network from a regular initial lattice [36]. It
translates to shell models as adding a non-local triad instead of replacing
the local one as in WS, with, m, p and pf having the same roles as before.
We call this, the Newman-Watts strategy or NW for short. The steady-state
wavenumber spectrum on a network obtained by this algorithm is shown in
figure 4, where the network itself is shown in figure 5. Note that since the
algorithm simply adds connections and the interaction coefficients for those
nonlocal connections go down as g−m, the result is very similar to GOY.

The primary advantage of the NW is that it keeps the basic structure of
the underlying regular local lattice. This allows the basic local transfers to
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Figure 4: Wave number spectrum for the NW network, generated with p = 0.4, pf = 1.0
compared with the GOY model. All the nodes have at least 3 connections therefore no
barriers appear. Also the additional connections dissipative range make the spectrum fall
off a bit faster. Parameters and run times are the same as in figure 2.

always be present, giving a smoother steady state spectrum. Nonetheless,
evolution of the turbulent cascade on a single network instance is not par-
ticularly applicable to real turbulence. The more relevant formulation is the
dynamically rewired model as in the previous case, which rewires itself from
the original regular lattice in regular time intervals as the turbulent cascade
proceeds. The results of this dynamically rewired model are shown below in
section 3.

2.3. Bipartite Networks of Wavenumbers and Triads for Describing Turbu-
lence

We have introduced the dynamical complex network models using the
concept of interactions between nodes and pairs, saying that each node in-
teracts with a list of pairs of other nodes. Those interactions come from
triadic interactions, are represented by triads and are thus “non-pairwise”.

The graphs of networks in figures 1, 3, and 5 show these triads explicitly,
where each node is shown to be connected to a number of triads. This
graphical representation is not a coincidence and hints at the underlying
nature of the kind of networks that appear in the spectral description of
turbulence: Such networks with three body interactions can alternatively be
represented as bipartite networks [37], which are networks that exclusively
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NW

Figure 5: The small world network of the NW model, generated with p = 0.4, pf = 1.0,
which is the same network as the one in Figure 4.

connect two separate kinds of nodes. In this case, the two separate kinds
of nodes are “wavenumber nodes” representing some part of the wavenumber
domain and “triad nodes” representing triadic interactions among those, with
the additional constraint that each triad has exactly three connections.

This perspective allows us to transform the three body interaction net-
works implicit in the turbulent cascade into the simpler and well known
class of networks, which are bipartite networks and ask common questions in
network topology such as average distance, clustering coefficients, or degree
distributions using a more standard formulation, since in this formulation the
connection between a wavenumber node and a triad node becomes a simple
pairwise connections. In particular, using the bipartite network but focusing
on the wavenumber nodes, we can construct a projected simple (or multi or
weighted) graph network as discussed in Ref. 37, where the nodes in the
projected network are connected only if they are both connected to the same
triad.

3. Numerical Results

Here we focus on the results from the dynamical network models discussed
above, which are rewired according to either WS or NW in regular intervals
of ∆t. Unlike the static cases, there is no big difference between the two in
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Figure 6: The resulting steady state spectra from the dynamical complex network models
WS and NW compared with that of the GOY model, showing that all three models
basically capture the k−5/3 spectrum that we expect, while NW is very slightly lower in
amplitude as opposed to the other two, probably as a result of its extra connections, and
therefore higher transfer efficiency. The parameters for these runs are discussed in the
text.

terms of their steady state spectra as shown in figure 6, since an evolving
network moves its barriers around, and as a result, allows energy transfer,
more easily. The results shown in this section uses the parameters N = 24,
k0 = 2−4, ν = 10−8 and fn = (δn1ξ1 + δn2ξ2) 10−2, where ξi are random
variables with a correlation time of 10−2. The spectra are integrated up to
t = 5×103 using an adaptive fourth order Runge Kutta solver [38], and when
steady state results are shown they are usually averaged over t = [3− 5]×103.

The initial phase of the time evolution for different models can be seen
in Figure 7. Here, the nodes with less than three connections act as barriers
in the static WS case. This results in a slower buildup and a very noisy
final spectrum as shown in figure 2. In contrast, in the static NW case,
non-local connections weaken the initial broadening of the energy spectrum
around the production region by coupling directly to small scales that are
strongly dissipative. This results in a slower buildup as well. However since
there are no barriers in NW, the final state is roughly the same as that of
GOY. In contrast, since the network evolution time scale ∆t = 10−2 is much
faster compared to the time it requires to reach steady state, the evolving
network acts as a halo connecting all the nodes to one another, speeding up
the redistribution of energy. Changing ∆t has a nontrivial impact on the

12



a) GOY

b) WS_static

c) NW_static

d) WS_dynamic

e) NW_dynamic

Figure 7: Time evolution of the wave number spectrum, up to t = 1500 for a) GOY model,
b) static WS network (figure 2), c) static NW network (figure 4), d) dynamic WS network,
e) dynamic NW network. Here the x axis is the time, and the y axis is log2 (kn) = n− 2,
where n is the shell index. Barriers that we see in b) are due to nodes with missing
connections. It is interesting that while both (b) and (c) are slower to settle to the steady
state than (a), both (d) and (e) are faster or same. It also seems that (c), (d), and (e)
all have slightly different dynamics from (a) in that they seem to spend more time with
energy localized mainly at large scales, which appear as blue gaps around log2 (kn) ≈ 10.
We see these gaps for instance between t = 1000 and t = 1200 in (e) and t = 900 and
t = 1050 in (d). The equivalent gap we see in (a) around t = 650 is much narrower in
comparison.
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dynamics of WS, but not so for NW. Since WS has barriers, how long those
stay in one place affects the dynamics. We do not explicitly show plots for
different values of ∆t here, but this can be seen from the difference between
the static (i.e. ∆t→∞) vs. the dynamic network versions of the WS shown
in figure 7.

Another interesting tool in understanding the dynamics of the turbulent
cascade is the structure function, which gives information about the scale
by scale distribution of statistical features of the flow field. The shell model
equivalent of the `th order structure function can be written as Sn` =

〈
|un|`

〉
where the average is to be computed over time. Assuming that it has a
power law form: Sn` ∝ k−ξ`n , one can obtain ξ` by considering y` = log10 (Sn` ),
and x = log10 (kn) and making a linear regression to obtain y` = a` + b`x,
so that ξ` ≈ −b`. When we plot this as a function of ` as in figure 8, its
deviation from the theoretical estimate, ξ` = `

3
gives us an indication of the

intermittency. Somewhat expectedly, the intermittency increases when the
ratio of nonlocal to local connections increase.

The GOY model appears to be rather successful in capturing the key fea-
tures of intermittency [39, 40], at least for a particular choice of its parameters
[41], which is thought to be due to instanton dynamics [42]. Therefore includ-
ing non-local interactions that rewire randomly, increasing intermittency, is
not really very useful. However other models [43, 44, 45], more complex than
GOY that can address various aspects of turbulence, including anisotropy,
may sometimes lack intermittency corrections. It would be interesting to
devise similar modifications for these models.

Note finally that in contrast to the case of stochastically perturbed shell
models [46] the intermittency increase that we have here due to stochastic
evolution of the network structure (i.e. via randomly introduced long-range
interactions) without any explicit perturbation of the nonlinear (or other)
terms in the model itself, is rather significant.

4. Network Extraction

Since the complex network approach allows us to evolve the connections of
a shell model, it would be interesting to develop a method for extracting this
evolving network structure from direct numerical simulations. As discussed
briefly in the introduction this can be achieved by dividing the k-space of the
problem into logarithmically discretized shells, and computing filtered energy
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Figure 8: Intermittency in dynamical complex network models. It seems that intermit-
tency increase as the ratio of random non-local connections to local nearest neighbor
connections increase. NW increase this ratio by adding non-local interactions, whereas
WS increase it further since it also removes local connections as it adds non-local ones.

transfers to see which sets of “triads” interact strongly (i.e. connected) in the
DNS.

In order to develop such a method, let’s go back to the Navier Stokes
equation in Fourier space, which can be written as:(

∂t + νk2
)
uk + NLk = Fk , (4)

where
NLk = [P (u · ∇u)]k = FP

[
F−1 (uk) · F−1 (ikuk)

]
is the nonlinear term (with ∇ · u = 0), P ≡ (I −∇∇−2∇) is the projection
operator and F is the Fourier transform, which would be implemented using
fast Fourier transforms(FFTs) in a pseudo-spectral formulation. One would
normally pad the inverse FFTs with the 2/3 padding rule and truncate the
result after the forward FFT.

We can define a shell filter (i.e. a window) as:

W n
k [uk] = unk ,

where
W n
k ≡ [Θ (|k| > kn)−Θ (|k| < kn+1)]

in terms of the Heaviside step functions Θ (x), which basically sets all the
Fourier coefficients outside the nth shell to zero. Using the filter, multiplying
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(4) by u∗k, taking the real part, and summing over the wavenumber k one
can write the shell by shell energy budget as:

d

dt
En +

∑
`,m

TEn`m = Fn −Dn , (5)

where
En ≡

1

2

∑
k

|unk |
2 =

1

2

∑
kn<k<kn+1

|uk|2

is the energy in the shell n and

TEn`m = Re
∑
k

u∗nk NLn`mk

is the energy transfer between the three (potentially) interacting shells n, `
and m. We would compute Tn`m in practice, by:

TE
n`m = Re

∑
k

u∗nk FP
[
F−1

(
u`k
)
· F−1 (ikumk )

]
(6)

using band pass filtered velocity fields unk , u`k and umk each one filtered in a
different shell.

Note that for a DNS of a resolution of 10243, we would have N = 10
shells (since g = 2, and g10 → 1024), and N3 = 1000 transfer terms TE

n`m to
compute. Since each combination of n`m requires a full pseudo-spectral con-
volution computation in (6), (and a sum over k) and since the more expensive
part of the computation in a pseudo-spectral code is the computation of this
nonlinear term, computing Tn`m in this way would cost up to N2 = 100 times
more than taking a single time step (since we have to compute the FFT for
each ` and m, but the filtering in n can be done afterwards).

Note also that, since energy is conserved, we must have∑
n,`,m

TEn`m = 0 ,

which can be used to verify the numerical accuracy or possible double count-
ing errors. Note that in order to achieve this, the first shell should include
the origin, and the last shell should extend up to end of the domain so that
the partition covers the numerical domain completely. One should of course
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treat the origin carefully in order not to cause a division by zero, for example
when solving the Poisson equation in 2D, or applying the projection operator
in 3D.

Once we obtain the Tn`m from the DNS, we can compare it to the energy
budget of the shell model:

d

dt
En +

∑
`,m

Mn`mE
1/2
n E1/2

m E
1/2
` = Fn −Dn , (7)

which can be obtained by multiplying (3) by u∗n and using E1/2
{n,`,m} → u{n,`,m}

dropping all the phases, which can be justified based on the fact that here
we want to determine if Mn`m is nonzero (or above a certain threshold) and
not compute its exact value. For this, the complex phase of un is probably
irrelevant. Recall also that the complex phases in a shell model are somewhat
arbitrary and there is no obvious way to obtain them from the DNS.

Comparing (5) to (7), we can define the interaction coefficient as

Mn`m =
TEn`m

E
1/2
n E

1/2
` E

1/2
m

,

as long as {En, E`, Em} > ε (where ε is a small number), and zero otherwise.
We can also define a threshold value δ and add the connection {n, `,m} to the
list of connections if |Mn`m| > δ. Finally it is probably important to check
the connections for consistency. In other words if we add the connection
n ← `,m, we should automatically add the other two connections ` ← m,n
and m← n, `. This can be achieved easily by adding these connections into
a list of triads, and then constructing the list of connected pairs for each n
using this list of triads.

4.1. Two dimensional turbulence
While the mathematical formulation is a priori independent of the num-

ber of dimensions, in order to demonstrate the approach, it is simpler to
use a two dimensional Navier-Stokes system, as it is easier to run in higher
resolutions and simpler to visualize than 3D. However the network model is
slightly different in 2D since we can use the stream-function Φ instead of the
velocity field, which is linked to it via u = ẑ×∇Φ in order to formulate the
problem.
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Figure 9: A snapshot (at t = 1000) of the vorticity field (on the left) and its energy
(on the right) where the k-space shells that are used for bandpass filtering are explicitly
shown.

Figure 10: The steady state spectra from the DNS. Since this is 2D Navier-Stokes driven
at large scales, the resulting k-spectrum is steeper with E(k) ∝ k−3.2. Here we plot the
spectrum using a logarithmically spaced grid (using g = 1.4 to reduce pixellization). Notice
that the range of wavenumbers covered by the DNS (with a resolution of 2048× 2048) is
much smaller than the shell model.
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For two dimensional turbulence, which can be formulated in real space
using the 2D Navier-Stokes equations:

∂t∇2Φ + ẑ×∇Φ · ∇∇2Φ = ν∇4Φ + F

the network model can be written as:(
∂t + νk2n

)
Φn =

∑
`,m=in

Mn,`,mΦ∗`Φ
∗
m + fn, (8)

with

Mn,`,m =

{
k2m−k2`
k2n

` > n or m < n
k2`−k

2
m

k2n
` < n < m

(9)

for m > `. This means that we can write (using En = k2nΦ2
n for the shell

energy in terms of the shell variables Φn):(
∂t + νk2n

)
En =

∑
`,m=in

Mn,`,mΦ∗`Φ
∗
mΦ∗nk

2
n ,

where Mn`m can be computed either using energy

M̃E
n`m =

TE
n`m

E
1/2
n E

1/2
` E

1/2
m

k`km
kn

(10)

or using enstrophy:

M̃W
n`m =

TW
n`m

E
1/2
n E

1/2
` E

1/2
m

k`km
k3n

. (11)

While for a shell model, we have M̃E
n`m = M̃W

n`m = Mn`m , since the coupling
coefficients are given by (9), for the DNS these two may not give exactly
the same results (although we find that they are generally close). The two
dimensional energy and enstrophy transfers can be computed explicitly in a
pseudo-spectral code using:

TE
n`m ≡ Re

∑
k

Φ∗nk F
[
F−1

(
ẑ× ikΦ`

k

)
· F−1

(
ikk2Φm

k

)]
(12)

TW
n`m ≡ Re

∑
k

k2Φ∗nk F
[
F−1

(
ẑ× ikΦ`

k

)
· F−1

(
ikk2Φm

k

)]
, (13)
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Figure 11: The snapshot of the interaction coefficients as computed from (11) using
the DNS data at t = 1500 (top figure) for each n (from 0 to 9) from top left to bottom
right. For each n, the diagonal matrix element m = ` = n is shown with a cross. Local
interactions are those that are close to the crosses, whereas nonlocal ones are the ones that
are far from them. The bottom figure shows the analytical expression that we use in (9)
for comparison, with all the possible interactions active. The green boxes in both figures
show the n = 6, ` = 7 cross-section that we look at in more detail in figure 12.

where Φ∗nk = W n
k [Φk] are the band pass filtered Fourier transforms of the

stream function in the nth shell. Since the expression (13) is not symmetrical
with respect to the exchange of ` and m, when it is used in (11) in order to
compute Mn`m one has to “symmetrize” the result, and since the exchange of
the two wave-vectors k` and km of an interacting triad results in its reflection,
this can be done by consideringMn`m =

(
M̃W

n`m − M̃W
nml

)
/2 which is the form

to be compared with (9).
Here we used a 2D pseudo-spectral Navier-Stokes solver, developed in

python using numpy [47] and scipy’s [48] RK45 solver (a 4th order Runge
Kutta solver with error estimation and adaptive time stepping) and numba
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Figure 12: Snapshots of the interaction coefficients for n = 6, ` = 7 as computed from
(11) using the DNS data at different times compared with the analytical expression. Here
we show M67m/8 for the analytical expression so that it is roughly of the same with the
others. We clearly observe some time evolution of the interaction coefficients, which can
be represented as an evolution of the underlying network.

for number crunching [49]. We compute the convolutions using a python
wrapper to the fftw [50] with the 2/3 padding rule. The results that are
presented here correspond to a padded resolution of 2048 × 2048 and box
size of Lx, Ly = 2π/kx0, 2π/ky0, where kx0 = ky0 = 0.1, with a random
forcing between k = 0.2 to k = 0.6 (with an amplitude FA = 104) and a
dissipation function of the form:

D(k2) = νk4 + νLk
−8

with ν = νL = 10−8. This setup is suitable for observing and studying the
forward enstrophy cascade which gives a k-spectrum of the form E(k) ∝ k−3.
The simulation has been run up to t = 1500, with a saturation roughly
around t = 400 (see figure 10). Note that the range of wavenumbers in
such a run corresponds to about 10 shells with g = 2. In order to obtain
24 shells with g = 2 as in figure 7, we would need a padded resolution of
about [225]2 = 33, 554, 4322 for the DNS. This is clearly out of reach of our
computing capabilities, if not impossible all together.

Using the method outlined previously, we can compute the transfer of
enstrophy -since it is the enstrophy that cascades here, it seemed more logical
to use enstrophy, but using energy gives roughly the same result- of the shell
filtered Φk variable. The coefficients of interaction computed using (11) can
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be seen in figure 11. This is actually the snapshot at t = 1500, we also show
the cross-section M67m of the interaction coefficient as a function of m at
different times in figure (12), which shows that the network of three body
interactions represented by the Mn`m evolves in time. Using a threshold δ,
we can also use Mn`m/M

analytical
n`m > δ in order to determine wether or not the

particular interaction is active at a given instant.

5. Conclusion

We have introduced the concept of complex network models of turbulent
cascade as a generalization of the GOY model to arbitrary networks, where
the shells represent nodes and the network consist of three body connections
among them. This structure can be identified alternatively as a bipartite
network between wavenumber nodes and triad nodes, where each triad is
connected to exactly three separate wavenumber nodes. The approach allows
us to decouple the setting up of the evolution of the network topology from
the evolution of the node variables un(t) on the network.

We have discussed two basic strategies of network wiring based on re-
placing existing local interactions by nonlocal ones (WS) or adding nonlocal
interactions (NW) on top of the existing connections. While static results
show an exaggerated effect of the network topology on the cascade, especially
through the appearance of k-space barriers, it is shown that dynamically
evolving network models do not have this issue.

In fact, when the network is dynamically rewired from an original reg-
ular lattice with a time step ∆t, we find that for ∆t ∼ δt, where δt is the
correlation time of the forcing, we get almost exactly the same k-spectrum
but slightly higher intermittency, observable both in terms of temporal dy-
namics (i.e. appearance of larger gaps in the time evolution) and when it is
computed properly using deviation of the scaling of higher-order structure
functions from Kolmogorov theory. We find that in particular for the WS
case, how fast the network evolves plays an important role in both the dy-
namics and in the final steady state result. Since WS can have wavenumber
nodes with a degree less than 3, it can produce barriers for the energy cas-
cade, and how long those barriers remain in one place is detrimental to the
evolution of the spectrum.

We have also developed a method for extracting the network topology
from a fully resolved DNS by using the shell-to-shell energy transfer in or-
der to estimate the triple interaction coefficient Mn`m between three shells

22



in k-space. While the method can be applied, in principle to any k-space
partition and any number of dimensions, in order to demonstrate it, we used
a two dimensional Navier-Stokes pseudo-spectral simulation, computing the
analytical interaction coefficient for this case and using shell-to-shell trans-
fers in order to estimate the interaction coefficients. We argue that using
either Mn`m > δ or Mn`m/M

analytical
n`m > δ, one can decide whether or not a

particular interaction is active at a given instant.
Various obvious extensions, such as the use of preferential attachment

strategies that lead to scale-free networks have been left to future studies.
We believe that focusing on the formulation and considering a few simple
strategies allows us to perform a more detailed study and present a more
coherent picture of the connection between turbulence and networks, which
constitute the primary novelty of this work. Similarly a proper one-to-one
comparison of an extracted network dynamics from a high resolution 3D
Navier-Stokes simulation and a complex network is something that should
be done in the future as it may clarify which rewiring strategy is the opti-
mum one in terms of its ability to reproduce the dynamics of the interaction
topology in real turbulence.
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