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Quaternion symmetry in relativistic molecular calculations:
The Dirac–Hartree–Fock method

T. Sauea) and H. J. Aa Jensen
Department of Chemistry, University of Southern Denmark—Main campus: Odense University,
DK-5230 Odense M, Denmark

~Received 5 April 1999; accepted 9 July 1999!

A symmetry scheme based on the irreducible corepresentations of the full symmetry group of a
molecular system is presented for use in relativistic calculations. Consideration of time-reversal
symmetry leads to a reformulation of the Dirac–Hartree–Fock equations in terms of quaternion
algebra. Further symmetry reductions due to molecular point group symmetry are then manifested
by a descent to complex or real algebra. Spatial symmetry will be restricted toD2h and subgroups,
and it will be demonstrated that the Frobenius–Schur test can be used to characterize these groups
as a whole. The resulting symmetry scheme automatically provides maximum point group and
time-reversal symmetry reduction of the computational effort, also when the Fock matrix is
constructed in a scalar basis, that is, from the same type of electron repulsion integrals over
symmetry-adapted scalar basis functions as in nonrelativistic theory. An illustrative numerical
example is given showing symmetry reductions comparable to the nonrelativistic case. ©1999
American Institute of Physics.@S0021-9606~99!31637-8#
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I. INTRODUCTION

Symmetry plays an important role both in the theoreti
formulation and the computational implementation of m
lecular quantum mechanics. On the one hand, it elucid
theory, possibly leading to its reformulation in a more co
pact form. On the other hand, it may greatly reduce the co
putational effort in the implementation of theory.

The full symmetry group of a molecular system with
the Born–Oppenheimer approximation consists of all unit
or antiunitary operators that commute with its electro
Hamiltonian.1 Physically, the antiunitary operators involv
time reversal, whereas rotations, reflections, and inversio
space and spin coordinates are unitary operators. As
product of two antiunitary operators is a unitary operator,
need to consider only one antiunitary operator, namely
time-reversal operator itself; all others can then be expres
as products of the time-reversal operator and a unitary
erator.

In the nonrelativistic realm, the Hamiltonian is spin-fre
allowing a separation of spin and spatial symmetry. In
relativistic realm, however, spin symmetry is lost and t
single point groups are replaced by double groups.2 These
are constructed from the single groups by the introduction
an extra elementĒ, corresponding to a rotation of 2p about
an arbitrary axis. This leads to a doubling of the number
elements, but in general not to a doubling of the numbe
irreducible representations~irreps!. For instance, the single
point group D2 has four irreps, but in the correspondin
double group only one extra irrep appears. The extra irr
are spanned by fermion functions and are therefore den
fermion irreps. Correspondingly, the irreps of the sing

a!Current address: IRSAMC—LPQ, Universite´ Paul Sabatier, 118, route d
Narbonne, 31062 Toulouse Cedex, France.
6210021-9606/99/111(14)/6211/12/$15.00
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groups are termed boson irreps. When time reversal is
cluded in the symmetry group as well, it is no longer po
sible to form representations such that the product of t
operators is represented by the product of the correspon
representation matrices. However, it is still possible to fo
a system of matrices, a corepresentation, that may be bro
down to irreducible forms.1,3,4

In this paper we consider the exploitation of symme
in relativistic molecular calculations in the finite basis a
proximation when the Hamiltonian is totally symmetric wi
respect to time-reversal symmetry~this excludes externa
magnetic fields and nuclear spins!. We shall specifically in-
vestigate the closed-shell Dirac–Hartree–Fock~DHF!
method, and we shall concentrate on the dominating com
tational task, namely the construction of Fock matrices.

A straightforward implementation of symmetry in rela
tivistic molecular calculations would be to construct a ba
adapted to double group symmetry~see Refs. 5–8 and refer
ences therein!, or, alternatively, to use projective~ray!
representations.9,10 We shall, however, pursue a somewh
different approach in which we work with the irreducib
corepresentations of the full symmetry group. A characte
tic feature of the symmetry scheme that we present is
transfer of symmetry information into the algebra of t
problem at hand. Considering only time-reversal symme
the Dirac–Hartree–Fock problem can be efficiently trea
using quaternion algebra.11 In the nonrelativistic limit this
corresponds to using orbitals instead of spin-orbitals. Ho
ever, as we shall see, for some point groups the problem
be reduced to complex or real algebra, which leads to furt
considerable savings in computation time and memory
quirements of approximately a factor two and four, resp
tively, compared to not invoking point group symmetry. Th
symmetry scheme allows us to work with scalar basis fu
1 © 1999 American Institute of Physics

IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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6212 J. Chem. Phys., Vol. 111, No. 14, 8 October 1999 T. Saue and H. J. Aa Jensen
tions ~so-called atomic orbitals! adapted to boson irrep
rather than fermion irreps, just as in nonrelativistic calcu
tions. This has the advantage that it allows us to work w
conventional integral packages for nonrelativisticab initio
calculations~although small modifications to skip the inte
gral classes not used is, of course, computationally hig
beneficial! and, as we have seen above, there is more s
metry to exploit. Spatial symmetry will be restricted toD2h

and subgroups thereof. This is the set of all single po
groups with no elements of order higher than two. We sh
therefore denote them binary groups. The symmetry sch
presented in this article has been implemented inDIRAC,11,12

a code for four-component relativistic molecular calculatio
which incorporates the nonrelativistic two-electron integ
generatorHERMIT.13

The article is organized as follows: In Sec. II we foc
on time-reversal symmetry and reduce the Dirac equatio
quaternion form. In Sec. III the structure of Dirac spinors
analyzed in terms of the boson irreps of the molecular po
group. In Sec. IV we present the new symmetry sche
based on quaternion algebra that automatically provi
maximum time reversal and point group symmetry reduct
in computational implementations based on the finite ba
approximation, with basis functions adapted to boson irre
as in nonrelativistic implementations. The symmetry sche
is applied to the Dirac–Hartree–Fock problem and the co
putational gains are illustrated by a test case.

II. TIME-REVERSAL SYMMETRY

Our point of departure is the time-independent Dir
equation

ĥDc5Ec; ĥD5b8mc21c~a•p̂!1V̂, ~1!

whereĥD is the Dirac operator in the fieldV̂ of fixed nuclei
with the zero point aligned with the nonrelativistic ener
scale. The Dirac matricesa andb8 are given by

a5F 0 s

s 0 G ; b85F0 0

0 22I 2
G ;

I n2n3n identity matrix. ~2!

The Pauli matrices s are given in their standard
representation,14

sx5F0 1

1 0G , sy5F0 2 i

i 0 G , sz5F1 0

0 21G . ~3!

Note that this corresponds to a specific choice of spin qu
tization, namely along thez-axis. This is never a problem in
nonrelativistic calculations because the spin symmetry
completely decoupled from the spatial symmetry, and
spin may thus be quantized along an arbitrary axis, wh
conventionally is chosen to be thez-axis. Even though spin is
not a good quantum number for relativistic systems, we s
see in this section how the Pauli spin matrices form a l
between the Dirac equation, time-reversal symmetry,
quaternion algebra. We first briefly recapitulate salient f
tures of quaternion algebra. Next we demonstrate h
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quaternion algebra naturally allows exploitation of tim
reversal symmetry. Finally we apply these results to
Dirac equation given above.

A. Quaternion algebra and time-reversal symmetry

A quaternion number is given by

q5 (
L50

3

vLeL5v01v1 ı̌1v2 ̌1v3ǩ; vLPR̀. ~4!

In his landmark paper on ‘‘magnetic electrons,’’14 Pauli in a
footnote refers to a remark by P. Jordan, stating that
algebra of the spin matrices times imaginaryi is identical to
that of the quaternion unitsı̌ , ̌, and ǩ. In other words, we
can make the isomorphous connection

e15 ı̌↔ isz ; e25 ̌↔ isy ; e35 ǩ↔ isx . ~5!

This allows the expression of quaternion numbers as

q[@s,v#↔s1 i ~s̃•v!, ~6!

wheres can be considered the scalar part,v the vector part,
ands̃5(sz ,sy ,sx). Observe that there is a certain arbitra
ness in the above connection in the sense that we can
sign the Pauli matrices to any cyclic permutation of t
quaternion units. Accordingly, the quaternion units a
equivalent, and in a complex numbera1 ib the imaginaryi
may correspond to eitherı̌ , ̌, or ǩ without changing its al-
gebraic properties@we shall later see that the specific choi
in Eq. ~6! corresponds to quantization of spin along t
z-axis#. In view of this we shall terms5v0 the real part and
v1 , v2 , andv3 the i-, j-, andk-imaginary parts, respectively
of a quaternion number.

The multiplication rule of the quaternion units is cons
quently in one-to-one correspondence to the multiplicat
rule of the spin matrices,15

s is j5d i j 1 i e i jksk ;⇒eiej52d i j 2e i jkek , ~7!

where e i jk is the Levi–Cevita symbol. Accordingly, th
product of two quaternion numbers is

q1q25@s1 ,v1#@s2 ,v2#

5@~s1s22v1•v2!,~s2v11s1v22$v13v2%!#. ~8!

The presence of the vector product in the vector part
counts for an important and troublesome facet of quatern
algebra, namely the noncommutivity under multiplicatio
We may add as an historical note that in the early days
quantum mechanics Dirac introduced the concept
c-numbers andq-numbers, where ‘‘c stands for classical o
maybe commuting’’ and ‘‘q stands for quantum or mayb
queer.’’16 Maybe they should stand for complex and quat
nion?

The connection between quaternion algebra and tim
reversal symmetry can be established in the following m
ner: In the four-component formalism the time-reversal o
eratorK̂ has the explicit form17

K̂52 i @ I 2^ sy#K̂0 , ~9!
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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6213J. Chem. Phys., Vol. 111, No. 14, 8 October 1999 Quaternion symmetry
whereK̂0 is the complex conjugation operator. Since we a
concerned with fermion functions, we can alternatively d
fine the time-reversal operator by its action on a ferm
function f,18 that is

K̂af5a* K̂f; K̂2f52f. ~10!

Using the notationK̂f5f̄, thenf andf̄ are said to form a
Kramers pair. A Kramers restricted basis is formed by
union of a set of functions$f i% and their Kramers partner

$f̄ i%. Consider a Hermitian one-electron operatorÔ which is
symmetric under time reversal, that isK̂ÔK̂215Ô. In a
Kramers paired basis, the matrix representation ofÔ then
has the following structure:18

O5F A B

2B* A* G ; A†5A; Apq5Opq

BT52B; Bpq5Opq̄.
~11!

The matrix can be expanded in Pauli spin-matrices,

F AR1 iAI BR1 iBI

2BR1 iBI AR2 iAI
G5I 2^ AR1@ isz# ^ AI

1@ isy# ^ BR1@ isx# ^ BI , ~12!

thus displaying a quaternion structure.
SinceÔ is a Hermitian operator, its matrix may be d

agonalized by a unitary transformation, giving real eigenv
ues«,

Oc5F A B

2B* A* GFca

cbG5«Fca

cbG . ~13!

Simple rearrangement19 of this matrix equation gives

Oc̄5F A B

2B* A* GF2cb*

ca*
G5«F2cb*

ca*
G . ~14!

From the above manipulations we conclude that the ma
of a time-symmetric Hermitian operatorÔ in a Kramers
paired basis is doubly degenerate with eigenvectors rel
by time-reversal symmetry. The double-degeneracy o
time-symmetric matrix strongly suggests that it may
block-diagonalized into two parts. This is indeed possib
but only at the expense of going from complex to quatern
algebra,18,20

U†OU5FA1B̌ 0

0 2 ǩ~A1B̌ !ǩ
G ; U5

1

&
F I ̌I

̌I I
G . ~15!

An analog~or rather its inverse! is known from numerical
methods, in which then3n complex Hermitian eigenvalue
problem may be shown to be equivalent to a doubly deg
erate 2n32n real problem~see, for instance, Ref. 21!. The
eigenvalue problem Eq.~13! reduces to a quaternion eige
value equation of half the dimension,

@A1B̌#@ca2cb* ̌#5e@ca2cb* ̌#. ~16!

Comparing this equation with Eq.~12! leads to the specific
assignment of quaternion units we introduced in Eq.~5!.
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B. The quaternion Dirac equation

The Dirac operator in the molecular field~nuclear spins
ignored! is symmetric under time reversal and can theref
be reduced to quaternion form. It turns out that the struct
of the Dirac equation with respect to time-reversal symme
is best displayed by a reordering of the Dirac 4-spinors s
that components are grouped on spin labels~a, b! rather than
large and small components~L,S!,

FcL

cSG5F cLa

cLb

cSa

cSb
G→F cLa

cSa

cLb

cSb
G5Fca

cbG . ~17!

With the reordered spinors, the time-reversal operatorK̂ in
Eq. ~9! now has the explicit form

K̂52 i @sy^ I 2#K̂05F 0 2I 2

I 2 0 GK̂0 . ~18!

Application of this operator demonstrates explicitly that t
eigenvectorsc and c̄ in Eqs. ~13! and ~14! are related by
time-reversal symmetry.

In the reordered form, the Dirac operator exhibits t
time-symmetric form of Eq.~11!,

ĥD5F V̂ 2 icd̂z 0 2 icd̂2

2 icd̂z 22mc21V̂ 2 icd̂2 0

0 2 icd̂1 V̂ icd̂z

2 icd̂1 0 icd̂z 22mc21V̂

G ;

d̂z5
]

]z
d̂65

]

]x
6 i

]

]y
, ~19!

and the corresponding Dirac equation can therefore be w
ten in two-component form using quaternion algebra~indi-
cated by upper prescriptQ!,

QĥD
Qc5E Qc, ~20!

where

QĥD5H F V̂ 0

0 22mc21V̂
G2c ı̌F 0 d̂z

d̂z 0
G2čF 0 d̂y

d̂y 0
G

2cǩF 0 d̂x

d̂x 0
G J ~21!

and

Qc5ca2cb* ̌. ~22!

The quaternion Dirac operatorQĥD has an intriguing struc-
ture. The scalar potential enters the real part, whereas
kinetic energy part is spanned by the quaternion unitsı̌ , ̌,
andǩ. The equivalence of quaternion units thus parallels
equivalence of the coordinate axes~x,y,z!. The equivalence
of the quaternion units also implies that the quaternion Di
equation is unbiased with respect to choice of spin quant
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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6214 J. Chem. Phys., Vol. 111, No. 14, 8 October 1999 T. Saue and H. J. Aa Jensen
tion axis, contrary to the Dirac equation in standard for
where the form of the Pauli spin matrices refers to quant
tion along thez-axis.

III. SPINOR STRUCTURE

In the previous section we have seen that the tim
reversal symmetry of the Dirac operator in the molecu
field @Eq. ~1!# allows solution of the corresponding eige
value problem by quaternion algebra. In this section we w
consider spatial symmetry and discuss the structure of
Dirac spinors not in terms of fermion irreps, but rather bos
irreps. In the next section we shall see that this opens up
possibility of further symmetry reductions in certain poi
groups whereby the two-component Dirac equation of
~20! may be solved by real or complex algebra.

In terms of real scalar functions~‘‘orbitals’’ in nonrela-
tivistic theory!, any Dirac spinor has eight degrees of fre
dom, corresponding to the real and imaginary parts of
two large and the two small components. A given molecu
4-spinor belongs to a fermion irrep of the molecular dou
point group. However, as we shall show, each of the ei
real scalar functions of the spinor belongs to a specific bo
irrep.

We shall restrict the detailed discussion to the bin
groups, that isD2h and its subgroups. The binary groups a
particularly simple to discuss since the single groups are
Abelian. Also, many computer codes limit point group sy
metry to the binary groups using bit operations. The bo
irreps of the binary groups are spanned by any scalar,
coordinates~x,y,z!, the corresponding rotations (Rx ,Ry ,Rz),
and the product of coordinatesxyz. We shall denote the cor
responding boson irrepsG0 , Gq , GRq

, andGxyz(q5x,y,z),
respectively.

The Dirac equation in Eq.~1! can be transformed to two
coupled equations by the method of elimination of the sm
component,
ti
;
is

le
i

th
in

-
ps

among the large components:
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1

2m
~s•p̂!B̂~E!~s•p̂!GcL5EcL

2mccS5B̂~E!~s•p̂!cL
J

where B̂~E!5F11
E2V̂

2mc2G21

. ~23!

From the first line we can analyze the symmetry content
the two-componentcL in detail,

GL5F ~GLa
R ,GLa

I !

~GLb
R ,GLb

I !
G , ~24!

where, for instance,GLa
R refers to the symmetry of the rea

part of theLa-component. Obviously the symmetry prope
ties of the four real scalar functions incL are the same for
relativistic four-component implementations and for relat
istic two-component implementations, so this analysis
valid for both types of implementations. After the intern
symmetry properties ofcL have been established, the inte
nal symmetry properties ofcS follow from the second line in
Eq. ~23!.

The potentialV̂ in the first line in Eq.~23! is diagonal
and totally symmetric~as it defines the molecular poin
group! and does not give any information about the symm
try properties of the four real scalar functions incL. The
second operator contains the energy-dependent ope

B̂(E) which is totally symmetric and two operators of th
form (s•p̂) that relate the symmetry of the four real sca
functions incL through the action of the Pauli spin matrice
We are not interested in the action of the momentum ope
tor p̂ per se, only its symmetry content. Since the moment
operator transforms as the coordinates, we may express
structure of the second operator in terms of symmetry as
@s•~Gx
2,Gy

2,Gz
2!# ^ G0^ @s•~Gx

1,Gy
1,Gz

1!#

5F ~Gx
2Gx

11Gy
2Gy

11Gz
2Gz

1!1 i ~Gx
2Gy

12Gy
2Gx! ~Gz

2Gx
12Gx

2Gz
1!1 i ~Gy

2Gz
12Gz

2Gy
1!

2~Gz
2Gx

12Gx
2Gz

1!1 i ~Gy
2Gz

12Gz
2Gy

1! ~Gx
2Gx

11Gy
2Gy

11Gz
2Gz

1!2 i ~Gx
2Gy

12Gy
2Gx

1!
G5F G01 iGRz

GRy
1 iGRx

2GRy
1 iGRx

G02 iGRz

G .

~25!
in-

e of
Note the quaternion structure@cf. Eq. ~12!#. In the above
equation we have introduced superscripts 1 and 2 to dis
guish the two operators (s•p̂) involved in the direct product
otherwise, the antisymmetric part would vanish. Th
232-matrix operator is totally symmetric in the doub
group and therefore it must leave the spinor structure
terms of boson irreps unchanged. In order to elucidate
spinor structure we consider a large component 2-sp
which is zero, except for the real part of theLa-component
which transforms as some irrepGf . From the above consid
erations we find the following distributions of boson irre
n-

n
is
or

GL5F G01 iGRz
GRy

1 iGRx

2GRy
1 iGRx

G02 iGRz

G ^ F ~Gf,0!

~0,0!
G

5F ~G0 ,GRz
!

~GRy
,GRx

!
G ^ Gf . ~26!

This distribution of boson symmetries in the 2-spinor is
variant to repeated application of the operator in Eq.~25!,
and we have thus exposed the internal symmetry structur
the cL 2-spinors.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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6215J. Chem. Phys., Vol. 111, No. 14, 8 October 1999 Quaternion symmetry
More insight in the symmetry effect of the direct produ
in Eq. ~25! can be obtained by inserting a specific choice
representatives of the given symmetry species,

~s• r̂ !~s•p̂!5 r̂•p̂1 i s• l̂ . ~27!

The first term transforms asr 2 and therefore spans the total
symmetric irrepG0 , whereas the second term is essentia
the spin-orbit operator, in which the components of the
gular momentum operatorl̂ transform as the rotationsRx ,
Ry , and Rz respectively. Note that with the choice (s•p̂)
3(s•p̂), i.e., the nonrelativistic limit, we would lose th
second term, which is the antisymmetric part of the dir
product function.

The internal symmetry structure of thecS 2-spinor is
obtained from the symmetry content of the second line in
~23!,

GS5F ~GSa
R ,GSa

I !

~GSb
R ,GSb

I !
G

5@s•~Gx ,Gy ,Gz!# ^ F ~GLa
R ,GLa

I !

~GLb
R ,GLb

I !
G

5@s•~Gx ,Gy ,Gz!# ^ F ~G0 ,GRz
!

~GRy
,GRx

!
G ^ Gf

5F ~Gxyz,Gz!

~Gy ,Gx!
G ^ Gf5Gxyz^ GL . ~28!

From this symmetry analysis we see that the quatern
formalism introduced in the previous section allows us
express the distribution of boson irreps amongst the real
imaginary parts of a 4-spinor in a compact form,

GQc
5FGQcL

GQcS
G5F @G0 , GRr

#

@Gxyz, Gr#
G ^ Gf . ~29!

We observe that the three imaginary parts of the quatern
Dirac spinor are spanned by the symmetries of the coo
nates or of the rotations. From the equivalence of the qua
nion units it follows that the Dirac spinor in quaternion for
has no preferred choice of quantization axis. On the basi
the above distribution we can immediately deduce a theo
cally significant and computationally useful result forD2h

and subgroups. For a moment, let the choiceGf5G0 repre-
sent our reference spinor. The choice ofGf other thanG0

will generally introduce a redistribution of boson irreps.
some cases the original spinor can be recovered by the in
duction of a quaternion phase factor; in other cases
choice ofGf leads to a spinor qualitatively different from th
reference spinor. The two cases are easily distinguished
observing that the two sets of boson irreps$G0 ,G r% and
$Gxyz,GRr

%5$G0 ,G r% ^ Gxyz are identical in the absence o
the operation of inversion. On the other hand, in the inv
sion groupCi irreps G0 and Gxyz correspond to the gerad
and ungerade irreps, respectively, so that in the presenc
inversion the two sets respectively span the gerade and
gerade irreps. We observe that the Kramers partner ofQc
corresponds to the choiceGf5GRy

, which does not change
Downloaded 30 Oct 2002 to 130.79.34.222. Redistribution subject to A
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the parity of the reference spinor. The symmetry conten
the large and small components, on the other hand, is rel
by Gxyz, showing that they have different parity. In concl
sion, we see that when we combine time-reversal symm
with spatial symmetry limited to binary groups, there are
most two qualitatively different spinors in terms of symm
try content, corresponding—as we shall see in Sec. IV B—
two irreducible corepresentations solely distinguished
parity.

IV. THE FULL SYMMETRY GROUP

In the previous two sections we have investigated pr
erties of the Dirac equation due to time reversal and spa
symmetry. In this section we shall combine the two symm
tries, that is, we will work with corepresentations of the fu
symmetry group. We shall present a symmetry scheme
provides maximum point group and time-reversal symme
reduction of the computational effort. This scheme will
applied to the Dirac–Hartree–Fock problem in a finite sca
basis. The basic features of the symmetry scheme are
lined in Sec. IV A. We proceed at first in a rather intuitiv
manner, but in Sec. IV B more rigour will be introduced b
forming connections to the theory of irreducible corepres
tations. Then, in Secs. IV C and IV D, the symmetry sche
is applied to the construction of the one- and two-elect
Fock matrices, respectively. Finally, the possible symme
reductions will be illustrated in Sec. IV E by a small te
case, namely the F2 molecule.

A. Application of symmetry to the DHF problem

In the quaternion formalism introduced in Sec. II, th
Dirac–Hartree–Fock~DHF! equation has the form of the
eigenvalue equation@Eq. ~20!# with the quaternion Dirac op-
erator replaced by a quaternion Fock operator. For furt
details the reader may consult Ref. 11. Solutions of t
equation in the finite basis approximation may be obtain
by separate expansion of the large and small componen
a real basis

Qck5FxL 0

0 xSGF Qck
L

Qck
S
G ;

~30!
QcX5c0

X1 ı̌ c1
X2 ̌c2

X1 ǩc3
X ~X5L,S!.

We then obtain the quaternion DHF equations

QF Qc5eSQc; Si j
XY5^x i

Xux j
Y&dXY ; QF5 (

L50

3

eLFL ,

~31!

where S is the ~real! overlap matrix. The Fock matrixQF
naturally splits into the one- and two-electron Fock matric
of one- and two-electron integral contributions, respective

The quaternion formulation of the DHF problem stem
from the exploitation of time-reversal symmetry. In terms
the real algebra of a computational implementation, the c
struction of two real matrices, corresponding to the real a
imaginary parts of the complex Hermitian Fock matrix, h
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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been replaced by the construction of four real matrices
half the dimension, thus reducing the operation count
memory requirement by a factor two. Furthermore, a qua
nion diagonalization scheme may be employed. The us
quaternion diagonalizations~in terms of complex variables!
for relativistic molecular DHF calculations was first adv
cated by N. Ro¨sch.20 A routine for quaternion diagonaliza
tion based on real variables19 has been implemented inDIRAC

and was found to speed up diagonalization by a factor s
-
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Further symmetry reductions may be obtained by invo
ing spatial symmetry. We assume that we work in a basis
real functions adapted to the boson irreps of the molec
point group. From the spinor structure in terms of bos
irreps discussed in Sec. III, it is then clear that a giv
symmetry-adapted basis function can only contribute to c
tain positions in the Dirac spinor. If we chooseGf5G0 , the
basis set expansion of a quaternion Dirac spinor may be w
ten as
Qc5F (
i

x i
L~G i !$c0i

L ~G0!1c1i
L ~GRz

! ı̌2c2i
L ~GRy

! ̌1c3i
L ~GRx

!ǩ%

(
j

x j
S~G j !$c0 j

S ~Gxyz!1c1 j
S ~Gz! ı̌2c2 j

S ~Gy! ̌1c3 j
S ~Gx!ǩ%

G , ~32!
ts
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where, e.g.,c0i
L (G0)50 if G0ÞG i . Each part of the quater

nion coefficients corresponds to a certain position in
Dirac spinor and therefore to a particular boson irrep,
indicated in parentheses. Consider now a large compo
basis function of symmetryG0 . Clearly the number of non
zero contributions of the corresponding coefficient depe
on the number of totally symmetric rotations. As the infin
tesimal rotationsRx , Ry , andRz are invariant under inver
sion, rotations about their own axes, and under reflectio
the corresponding horizontal plane, only three possibilit
exist,

~i! In groups with no mirror planes or rotations (C1 ,Ci),
all rotations are totally symmetric;

~ii ! In groups with one rotation axis or one mirror plan
(Cn ,Cnh ,Sn), only one rotation is totally symmetric

~iii ! For all other groups no rotations are totally symm
ric.

For a basis function of irrepG0 , the classification above
corresponds to a quaternion, complex, or real coefficient,
spectively, in terms of nonzero contributions. This is an i
portant result, because it means that the molecular p
group symmetry effectively determines the algebra of
coefficient. For binary groups this result is straightforward
extended to basis functions of any irrepx i . For these groups
the relationGRx

^ GRy
^ GRz

5G0 holds, which implies

~i! when there is only one totally symmetric rotation, t
other two rotations belong to the same irrep (ÞG0);
and

~ii ! when there are no totally symmetric rotations, t
three rotations belong to three different boson irre

Accordingly, when there are no totally symmetric rotation
the coefficients of basis functions of any boson irrep ha
only one nonzero contribution out of the four real variab
in Qc. The coefficients are generally not real since they co
with a quaternion unit. However, we will correct for this b
shifting the quaternion unit over to the basis function (xG

→eGxG), as will be demonstrated in Sec. IV C. For grou
e
s
nt

s

in
s

-

e-
-
nt
e

.

,
e
s
e

with only one totally symmetric rotation, equivalent shif
give strictly complex coefficients. This is the key step in t
symmetry scheme presented in this paper: Each boson
will be associated with a quaternion unit. This correspond
a transfer of symmetry information to algebra, and will allo
symmetry reductions by reducing the algebra of the prob
under study.

We have seen above that the binary groups can be c
sified according to the minimum algebra of expansion co
ficients in the finite basis approximation. In the next sect
we shall see that this corresponds to a general classifica
of irreducible corepresentations in terms of the algebra
their representation matrices.

B. Irreducible corepresentations

In this section the results of the previous section will
put on a solid theoretical footing by making reference to
theory of irreducible representations.1,3,4 When antiunitary
operators are present in the symmetry group, it is no lon
possible to form matrix representations so that the produc
two group elements is represented by the product of the
responding representation matrices. However, as shown
Wigner,1 we may still form a set of matrices, a coreprese
tation, that may be broken down to irreducible forms.

Consider a set of functions$fp
g% that span a fermion

irrep g of some~unitary! double group. We construct the s
of Kramers partners$f p̄

ḡ% by application of the time-reversa
operator. It is straightforwardly shown that the fermion irre
g and ḡ are related by complex conjugation, and they a
further characterized by the Frobenius–Schur test,3

FST5
1

g (
Ĝ

xg~Ĝ2!5H 11; real irrep

0; complex irrep

21; pseudoreal irrep

, ~33!

as will be discussed shortly~g is the order of the group!.
With regards to the sets$fp

g% and $f p̄
ḡ%, they necessarily

either span the same space or their intersection is void. C
sider now the structure of the corresponding irreduci
corepresentation of the full symmetry group, which is nec
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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sarily spanned by the combined set$fp
g ,f p̄

ḡ%. To avoid lin-

ear dependencies in the case$fp
g%5$f p̄

ḡ%, we assume tha
the set has been orthogonalized, but in such a manner
the Kramers pair structure has been preserved. For sim
ity, superscriptsg and ḡ will be dropped in the following
analysis. Acting with a general symmetry operationĜ ~uni-
tary or antiunitary!, we obtain

Ĝfq5(
p

fpRpq~Ĝ!1(
p̄

f p̄Rp̄q~Ĝ!,

~34!
Ĝf q̄5(

p
fpRpq̄~Ĝ!1(

p̄
f p̄Rpq̄ ~Ĝ!.

Next we operate with the time-reversal operator on b
sides in Eq.~34! to obtain

Ĝf q̄5(
p̄

f p̄Rpq* ~Ĝ!2(
p

fpRp̄q
* ~Ĝ!,

~35!
2Ĝfq5(

p̄
f p̄Rpq̄

* ~Ĝ!2(
p

fpRpq̄
* ~Ĝ!.

This enables us to form the connections
Rpq̄ 5Rpq* ; Rp̄q52Rpq̄

* . ~36!

We have thus seen that the general structure of matrix co
resentations is

Ĝ@fqf q̄#5@fpf p̄#R~G!5@fpf p̄#F Rpq Rpq̄

2Rpq̄
* Rpq* G . ~37!

This structure corresponds to the structure of the matrix o
time-symmetric operatorÔ Eq. ~11!, and the matrix can
therefore be block-diagonalized by a quaternion transfor
tion Eq.~15!. We shall shortly see that there are cases wh
the off-diagonal elementsRpq̄ and Rp̄q are identically zero
for unitary operators, such that matrix blocking is obtain
without resorting to quaternion algebra. However, such
tomatic blocking is never obtained for antiunitary operato
as is immediately seen from the representation matrix of
time-reversal operatorR(K̂)5@ I

0
0
2I #. In the quaternion

representation, the time-reversal operator is represente
the quaternion uniť, whereas the representation matrices
the unitary subgroup are quaternion, complex, or real,
pending on the distribution of Kramers partners among
irreps of the double point group,

~1! $fp
g%ù$f p̄

ḡ%50; FST511:
The Kramers partners are two equivalent bases for
same irrep (g5ḡ). For unitary operators, matrix ele
mentsRpq̄ andRp̄q have to be zero, but in addition w
may obtainRpq5Rpq̄ 5Rpq* with proper alignment of
the basis, that is by a suitable similarity transformatio
Hence the representation matrices of irrepg are real. On

TABLE I. Classification of binary double groups. FST refers to t
Frobenius–Schur test andT is the number of totally symmetric rotations.

FST T

Quaternion groups 11 3 C1 ,Ci

Complex groups 0 1 C2 ,Cs ,C2h

Real groups 21 0 C2v ,D2 ,D2h
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the other hand, the off-diagonal elementsOpq̄ in the ma-
trix of Ô are in general not zero, and the matrix c
therefore only be block-diagonalized by a quaterni
transformation.

~2! $fp
g%ù$f p̄

ḡ%50; FST510:
The Kramers partners span inequivalent irreps. Th
again matrix elementsRpq̄ andRpq̄ have to be zero for
unitary operators, and the irreducible corepresenta
matrices are complex. The identical conclusion appl
to the matrix ofÔ.

~3! $fp
g%5$f p̄

ḡ%; FST521:
The Kramers partners are members of the same i
(g5ḡ) and are rotated among each other under the u
tary operations. The irreducible representation matri
are quaternion. On the other hand, the operator matri
generally real. All matrix elementsOpq̄ are zero by sym-
metry, whereas matrix elementsOpq are generally real.

We find that representation matrices and operator matr
are dualistic in the sense that real, complex, and pseudo
~quaternion! irreps give quaternion, complex, and real ope
tor matrices, respectively.

For binary groups, the above classification scheme
plies to the group as a whole, as can be deduced from
Frobenius–Schur test: In the binary double groupsĜ25Ē

for rotations and reflections andĜ25E for inversions and
the elementĒ. This corresponds to a choice of Pauli gauge10

The Frobenius–Schur test thereby attains the simple form

FST5
1

g (
Ĝ

xg~Ĝ2!

5
2

g
@x~E!~11nI !1x~Ē!~nC1ns!#, ~38!

where nI , nC , and ns are the number of inversions, rota
tions, and reflections, respectively, in the correspond
single point group. For fermion irreps we havex(Ē)
52x(E)52ng , leading to

FST5
1

g (
Ĝ

xg~Ĝ2!5
2ng

g
@~11nI !2~nC1ns!#. ~39!

It follows that all fermion irreps of a given binary doubl
group are of the same kind, so that the Frobenius–Schur
may be used to classify the group as a whole. The clas
cation of the binary double groups into real, complex, a
quaternion groups may be done by a simple count of sy
metry operations. In fact, the Frobenius–Schur test can
replaced by a simple countT of totally symmetric rotations
Rz , Ry , andRx ,

T5 H 3; quaternion groups

1; complex groups

0; real groups

. ~40!

The classification of binary double groups is summarized
Table I. The classification corresponds exactly to the re
of the previous section and demonstrates the link betw
symmetry and algebra. This link forms the basis for the sy
metry scheme presented in this paper. Its application to
DHF problem will be demonstrated in the following.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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C. Construction of the one-electron Fock matrix

In this section we will consider the one-electron Fock matrix which in the quaternion formalism is given by

QF@1#5F VLL 2c ı̌Dz
LS2čDy

LS2cǩDx
LS

2c ı̌Dz
SL2čDy

SL2cǩDx
SL WSS G , ~41!

with the notation

Vmn
XY5^xm

XuV̂uxn
Y&, Wmn

XY5^xm
XuV̂22c2uxn

Y&, Dq,mn
XY 5^xm

Xu
]

]q
uxn

Y&. ~42!

When the operation of inversion is present in the molecular point group, the Fock matrix will split into two blocks c
sponding to different parities (Gf5G0 andGf5Gxyz). When all rotations are totally symmetric, as in the groupsC1 andCi ,
no further symmetry reductions are possible and the problem is solved by resorting to quaternion algebra. When there
one or no totally symmetric rotations, further symmetry reductions are possible, as will be discussed presently.
following, attention will be restricted to the block of the Fock matrix corresponding toGf5G0 ; the symmetry structure of the
other block in groups with inversion symmetry is obtained by switching gerade and ungerade.

1. Real groups

We consider first the binary groups where no rotations are totally symmetric. This corresponds to the groupsD2 , C2v , and
D2h . In terms of contributions not zero by symmetry, the left-hand side of the DHF equations@Eq. ~31!# can be written

~43!

where basis functions have been ordered by boson irreps. In the present form, both the Fock matrix and coeffici
quaternion. However, we can make both matrix and coefficients real by a quaternion phase transfer, that is by s
quaternion phase from coefficients to basis functions. Formally, this is done by multiplying basis functions by a quatern
and corresponding coefficients by its complex conjugate. With the choice

xG
X→eGxG

X

cG
X→eG* cG

X
: H X5L G0 GRz

GRy
GRx

X5S Gxyz Gz Gy Gx

eG 1 ı̂ Ĵ k

, ~44!

Eq. ~43! is transformed into

~45!
Downloaded 30 Oct 2002 to 130.79.34.222. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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By this operation four real matrices have been collapsed into one. This reduces the memory of the problem by a factor
allows the solution of the eigenvalue equation entirely in terms of real algebra. For groups with inversion symme
quaternion phases for basis functions in the block corresponding toGf5Gxyz are found by replacing the irreps in Eq.~44! by
their direct products withGxyz.

2. Complex groups

The groupsCs , C2 , and C2h have one totally symmetric rotation. Three cases must be distinguished depending
which rotation is totally symmetric. We consider first the case whereGRz

is totally symmetric. This impliesGRx
5GRy

, Gx

5Gy , andGz5Gxyz. With the notationq5$x,y%, nonzero contributions to the left-hand side of the DHF equation are g
by

~46!

in terms of basis functions ordered by boson irreps. The coefficients of the totally symmetric irrepG0 are seen to be complex
To obtain complex coefficients for all irreps and a complex matrix we again introduce a quaternion phase transfer
coefficients and basis functions,

xG
X→eGxG

X

cG
X→eG* cG

X : H X5L G0 GRq

X5S Gxyz Gq

eG 1 k̂

, ~47!

and we obtain

~48!
w
b

ift
la
le
nd

e
a

on
di-

ns-

n

,
n-
rib-
Four real matrices have thereby been packed into t
Memory is reduced by a factor two and the problem can
handled by complex algebra. The cases withGRx

or GRy
be-

ing totally symmetric may be treated by defining other sh
of quaternion units, but a simpler solution is simply to re
bel the quaternion units. Note, however, that the equiva
operation in the Dirac equation in standard form correspo
to a change of spin quantization axis.

3. Implementation

The computational implementation of the above symm
try scheme for the construction of the one-electron Fock m
Downloaded 30 Oct 2002 to 130.79.34.222. Redistribution subject to A
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trix is straightforward. The quaternion phases introduced
the basis functions corresponds to a transformation of in
vidual elements of the Fock matrix,

QFmn;LeL→SFmn;GeG5QFmn;Lem* eLen ; eG5emLn . ~49!

The quaternion triple product appearing in the above tra
formation can be reformulated as

em* eLen5vL~m,n!emLn , emeLen* 5v̄L~m,n!emLn , ~50!

whereemLn is the product quaternion unit andvL(m,n) its
phase~61!. Note that the noncommutivity of quaternio
multiplication is associated with the phasevL(m,n) and not
the product quaternion unitemLn , so that, for instance
emLm5eL . The symmetry reduced Fock matrix is now ge
erated by taking a set of real one-electron integrals cont
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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6220 J. Chem. Phys., Vol. 111, No. 14, 8 October 1999 T. Saue and H. J. Aa Jensen
uting to the matrix, inserting phasesvL(m,n), and then as-
signing the integrals to the matrix indicated byemLn . The
insertion of phases requires virtually no extra computatio
effort.

D. Construction of two-electron Fock matrix

The quaternion two-electron Fock matrix has the follo
ing form11:

FL
@2#5FJ0

L2K0
LL 2K0

LS

2K0
SL J0

S2K0
SSG2 ı̌FK1

LL K1
LS

K1
SL K1

SSG
2 ̌FK2

LL K2
LS

K2
SL K2

SSG2 ǩFK3
LL K3

LS

K3
SL K3

SSG , ~51!

in terms of Coulomb and exchange contributions defined

Jmn;L5(
kl

~mnukl!2Dlk;L ;

~52!

Kmn;L5(
kl

~mlukn!Dlk;L .

Due to the spinor structure in terms of boson irreps discus
in Sec. III, blocks of the density matrix~four real matrices!
may be zero by symmetry. As the two-electron integrals
totally symmetric, the same structure is transferred to
two-electron Fock matrix. In the previous section we ha
seen how the introduction of quaternion phase shifts on b
functions leads to significant symmetry reductions for r
and complex groups. The reader may straightforwar
verify that the equivalent transformation@Eq. ~49!# of indi-
vidual elements of the two-electron Fock matrix leads
identical symmetry reductions. However, the Coulomb a
exchange contributions are expressed in terms of the orig
quaternion density matrix and not the density matrix of
phase transformed coefficients, and this must be corre
for.

We recall that the introduction of quaternion units on t
basis functionsxm→emxm leads to a corresponding pha
shift of the coefficientsQcm i→Scm i5em*

Qcm i . The original
quaternion density matrix is then replaced by

QDlk5(
i

occ

Qcl i
Qck i* →SDlk

5(
i

occ

Scl i
Sck i* 5el*

QDlkek . ~53!

Note that this transformation is contravariant with respec
the transformation of the Fock matrix Eq.~49!. By using the
transformation of the Fock matrix in Eq.~49!, the Coulomb
and exchange contributions can now be written in terms
the transformed density matrix as
Downloaded 30 Oct 2002 to 130.79.34.222. Redistribution subject to A
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@SJmn;mLn#emLn5em* @QJmn;LeL#en

5(
kl

@~mnukl!2 SDlk;lLk#em* elemLnek* en ,

~54!
@SKmn;mLn#emLn5em* @QKmn;LeL#en

5(
kl

@~mlukn!SDlk;lLk#em* elemLnek* en .

The same quaternion pentuplet product appears in both
tributions and can be simplified in the following manner:
two-electron integral~mnukl! is zero unless the integrand
totally symmetric, i.e.,Gm ^ Gn ^ Gk ^ Gl5G0 . As each bo-
son irrep is associated with a quaternion unit, the selec
rule is reexpressed in algebraic terms asem* enek* el

5V0(m,n,k,l), whereV0 is a phase~61!. The above re-
sult allows us to rewrite the quaternion pentuplet product

em* eleGek* en5VG~m,l,k,n!eG ;

where eG5emLn5elLk . ~55!

It is computationally intractable to work with phases defin
in terms of four indices. However, a factorization is straig
forwardly obtained,

em* eleGek* en5el* emeGen* ek

5v̄G~m,n!el* emGnek

5v̄G~m,n!vlGk~l,k!eG , ~56!

and the Coulomb and exchange contributions can be wri
as

SJmn;GeG5v̄G~m,n!(
kl

@~mnukl!2 SDlk;G#vlGk~l,k!,

~57!
SKmn;GeG5v̄G~m,n!(

kl
@~mlukn!SDlk;G#vlGk~l,k!.

The factorization of phasesVG(m,l,k,n) allows a two-step
construction of Fock matrices. We first form an auxilia
density matrix,

SDlk;G8 5vlGk~l,k!SDlk;G , ~58!

from which we construct an auxiliary Fock matrixSF@2#8.
The true Fock matrix is then recovered by

SFmn;G
@2# 5v̄G~m,n!SFmn;G

@2# . ~59!

Note that the component real matrices of the auxiliary d
sity matrix are neither symmetric nor antisymmetric. Ho
ever, each element of a component matrix has a spe
symmetry about the diagonal, which means that in the c
struction of the auxiliary Fock matrix only half of the con
tributions need to be explicitly inserted, since the other h
is recovered after symmetrization of the true Fock matr
Again, the insertion of phases takes virtually no compu
tional effort, whereas the reduction in the number of re
matrices to be constructed gives considerable computati
savings.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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E. Sample calculation

To illustrate the savings that are possible with the sy
metry scheme outlined above, we have performed DHF
culations on the diatomic molecule F2 using an uncontracted
cc-pVDZ basis22 ~with one tightp-function added! and the
DIRAC code.11 For each fluorine atom the large compone
were expanded in a 9s5p1d basis, whereas the small com
ponents were expanded in a 5s10p5d1 f basis generated b
kinetic balance. The total basis set thereby comprised
functions. All calculations were carried out at bond distan
of 135 pm.

The calculations were carried out using a conventio
self-consistent field~SCF! scheme with two-electron inte
grals in symmetry-adapted basis stored on disk. An ad
tional symmetry speedup is obtained in this case by no
that the Coulomb contributions Eq.~52! appear only in one
of four real matrices in the quaternion two-electron Fo
matrix Eq.~51! and only inLL andSSblocks corresponding
to boson irrepG0 . By presorting two-electron atomic orbita
~AO! integrals ~mnukl! on the irrep of density~mn!, Cou-
lomb contributions are calculated only for the set of integr
corresponding toGmn5G0 . The F2 molecule has been calcu
lated in the quaternion groupC1 , the complex groupC2 ,
and the real groupC2v , the latter two chosen with the rota
tion axis along the molecular axis. The symmetry grou
were chosen to give exactly the same number of two-elec
integrals on disk~15.3 million!, so that differences in CPU
time could be attributed to the symmetry scheme alone.
above groups have only one irreducible corepresentation
second series of calculations was carried out in which
operation of inversion was added to the above groups, giv
the groupsCi , C2h , andD2h , respectively, and 11.4 million
integrals on disk. The calculations were performed on
HP7200 workstation and the results are given in Table II

The results confirm that the construction of the tw
electron Fock matrix is the dominant computational task,
counting for more than 90% of the CPU time spent in ea
SCF iteration. Considering first the series of groups with
inversion, we observe that when going fromC1 to C2 sym-
metry, that is from quaternion to complex algebra, theF@2#

construction is speeded up by a factor 1.8 and diagona
tion by a factor 2.7. When going toC2v , that is real algebra
additional speedup factors 1.5 and 1.9 are observed for F
matrix construction and diagonalization, respectively. Ide
cal trends are observed for the series of groups with inv

TABLE II. Test calculations on the F2 molecule to illustrate symmetry
reduction by the symmetry scheme outlined in the article.~Q—quaternion
group,C—complex group,R—real group.!

Point group

Average CPU seconds

Per iteration F @2#-construction Diagonalization

C1 ~Q! 108.94 102.44 1.30
C2 ~C! 61.30 58.65 0.48
C2v ~R! 40.32 39.47 0.26
Ci ~Q! 75.60 73.29 0.34
C2h ~C! 43.46 42.66 0.13
D2h ~R! 27.39 27.11 0.08
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sion. Comparing now groups on the same level of algebr
the two series, we see that ratios between CPU times
Fock-matrix construction are identical to ratios between
number of two-electron integrals on disk. On the other ha
we observe a considerable speedup of diagonalization
groups with inversion. This is due to the blocking of th
Fock matrix on the irreducible corepresentations of differ
parity. It should be kept in mind that the observed reductio
in CPU times are accompanied by significant reductions
the memory needed for the calculation, as pointed out in S
IV C.

The results of the sample calculation can be compare
the results obtained by L. Visscher in Ref. 7, since the sa
test system and identical basis sets have been used. Th
sults of L. Visscher have been obtained with theMOLFDIR

code, which is based on the conventional four-compon
complex DHF operator rather than the two-compon
quaternion operator used inDIRAC. The Fock matrix is con-
structed in the basis of functions adapted to the molec
double point group, but a new method has been introdu
that allows the use of real algebra for groups containingC2v
or D2 as a subgroup. CPU times can not be compared
rectly since the calculations have been carried out on dif
ent computers and with different numbers of two-electr
integrals on disk, but some important points can be noted
theMOLFDIR calculations the CPU time for Fock-matrix con
struction is directly proportional to the number of two
electron integrals and independent of the algebra of the
nary groups presented. In theDIRAC calculation, significant
symmetry reductions are observed with reduction of the
gebra of the group. Another observation of interest is t
even for the groupC1 the CPU time for Fock-matrix diago
nalization in theDIRAC run is only a small fraction of the
time for Fock-matrix construction~less than 1.5%!. In the
MOLFDIR run the diagonalization at theC1 level takes more
time than the Fock-matrix construction. For higher grou
the diagonalization time drops significantly with increas
blocking of the Fock matrix and the possible use of re
algebra. For larger systems, as pointed out by L. Vissc
the diagonalization becomes insignificant compared to Fo
matrix construction, unless this trend can be counterbalan
by efficient integral screening.11

V. CONCLUSION

This work exploits time reversal and point group sym
metry in molecular relativistic calculations. Previously it h
been shown that the time-dependent Dirac equation may
expressed in terms of complex quaternions.23–25 We restrict
ourselves to the time-independent case and the Dirac op
tor in the molecular field~nuclear spins neglected!. The
Dirac operator is then symmetric under time reversal and
thereby be reduced to two-component form in terms of r
quaternions. A significant feature of the quaternion repres
tation, in contrast to the customary complex four-compon
representation, is the complete equivalence between thx-,
y-, andz-axes, as it should be. This equivalence is manifes
here in the equivalence between the quaternion unitsı̌ , ̌,
and ǩ. When complexi is identified with quaternionı̌ , the
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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quaternion wave function may be split up intoa andb com-
plex spin components, corresponding to the conventio
choice of thez-axis as the principal rotation axis and th
quantization of spin along this axis~quantization withSz).
However, we may equally well assigni to ̌ or ǩ, which
corresponds to quantization withSy andSx , respectively.

Time-reversal symmetry is combined with the molecu
point group to form the full symmetry group. The bina
groups (D2h and subgroups! are found to have at most tw
irreducible corepresentations, distinguished by parity alo
The binary groups can furthermore be classified accordin
the algebra of their representation matrices in the quater
representation. This classification is evidently linked to
Frobenius theorem restricting associative real division a
bras to the real numbers, complex numbers, and quatern
~for an interesting discussion along these lines see Ref.!.
The relationship between symmetry and algebra is explo
in a symmetry scheme where the central feature is the a
ciation of boson irreps with quaternion units, thus providi
a transfer of symmetry information to the algebra of t
problem at hand. Even though the derivation may se
somewhat involved, the computational implementation of
symmetry scheme is straightforward. Applied to the Dira
Hartree–Fock method, it simply requires a pretabulation
phasesvL(m,n) andv̄L(m,n) @Eq. ~50!# and then insertion
of the appropriate phase61 from these tables in the Foc
and density matrices at various points during the execu
of the program. The computational gains are significant b
in terms of memory and CPU time, as illustrated by a sim
test case. In summary, we obtain the same reduction in c
putational effort by usingD2h and subgroups instead ofC1

as in nonrelativistic calculations, namely roughly the num
of boson irreps~so, for example, usingC2v instead ofC1

reduces the computational effort by approximately a fac
of four!.

The symmetry scheme presented in this paper may
extended to perturbations which are not symmetric with
spect to point group or time-reversal symmetry. For r
groups, such perturbations will, in our scheme, be tra
formed to i-imaginary, j-imaginary, ork-imaginary opera-
tors. In a forthcoming paper we shall analyze the implic
tions of this for the calculation of molecular respon
properties with full use of point group symmetry.
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