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Optimal L?-approximation of occupation and local
times for symmetric stable processes

Randolf Altmeyer* Ronan Le Guével

Abstract

The L?-approximation of occupation and local times of a symmetric a-stable
Lévy process from high frequency discrete time observations is studied. The stan-
dard Riemann sum estimators are shown to be asymptotically efficient when
0 < a <1, but only rate optimal for 1 < o < 2. For this, the exact convergence
of the L?-approximation error is proven with explicit constants.

Keywords: occupation time; local time; stable process; Lévy process; lower bound

1 Introduction

Let X = (X})i>0 be a scalar stochastic process. Two path dependent functionals of X
which are of interest in many applications are its occupation and local times respectively
defined by

Orld) = [ LaCtdt and Laly) =1 0). (1)

which measure the time the process spends inside a Borel set A C R or at a point
y € R, whenever the occupation measure A — Or(A) is absolutely continuous with
respect to the Lebesgue measure. We aim at studying optimal L2-approximations of
these functionals given the observations X;, at ¢, = kA, for £ = 1,...,n with time
distance A,, = T'/n, where the time horizon T' > 0 is fixed and in the high frequency
limit as n — oo. The minimal L?-error is achieved for the conditional expectations
E[Or(A)|G,] and E[Lr(y)|G,], where G, is the sigma field generated by the X3, , but
these two conditional expectations may be unfeasible to compute when the law of X
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is unknown. Instead, the standard estimators in the literature are based on integral
approximations using the Riemann sums

. n . An n
OT,”(A) = An Z 1A<th71) and LT,TL(y) = ﬁ Z ]-[y—hn,y—f—hn] (th71) (2)
k=1 " k=1

for some bandwidth parameter h,, > 0. These approximations may be far from optimal-
ity since they crucially depend on the smoothness of the law of the underlying process.
The main result of this article is to settle this question in the context of symmetric a-
stable processes by proving exact convergence results for the L?-approximation errors.

The approximation of occupation and local times is important in many applica-
tions and has been extensively studied in the literature. For stationary continuous
time stochastic processes for instance, the irregularity of the sample paths implies
non-standard rates of convergence in the non-parametric estimation of the probabil-
ity density with kernel type estimators, as has been noticed in [0, [7]. The question of
optimality with respect to the sampling of discrete time observation schemes has been
studied in [5], while the rate optimality is considered in [I0] through the study of a pro-
jection estimator. We focus in this article on non-parametric methods, but for processes
which are no longer stationary. For scalar diffusion processes X and intervals A, the
standard estimators have been studied by several authors [6, 20] [14], 19], satisfying the
rates of convergence A/ for Or(A) and AY* for L7(y). These rates can be explained
in the context of L?-approximations of integral functionals fOT g(X;)dt for non-smooth
integrands ¢ [3]. In this way, [I, 2] obtain similar results for more general Markovian
and non-Markovian processes such as semimartingales or fractional Brownian motion.
Rate optimality of the Riemann sum estimators in the case of Brownian motion (with
drift) can be obtained from [20} 13| 2], but it is unclear if their methods extend to jump
processes, or if Riemann estimators are asymptotically efficient in the sense of reaching
the minimal asymptotic error. More recently, there is also some interest in numerical
analysis for the LP-approximation error in the context of analysing Euler schemes with
non-degenerate coefficients ([18], [17]), see also [8].

Similar to [13, 2], we assess the question of optimality by studying the conditional
expectations E[Or(A)|G,|, E[Lr(y)|G,]. For explicit computations, we restrict to sym-
metric a-stable processes for 0 < a < 2, but we expect that our results hold also
for more general Lévy processes. We prove the exact constants for the asymptotic

L?-approximation errors of the conditional expectations an(d for (the/ P){)i/emann sum esti-
1+min(1,1/a))/2

mators. In both cases we obtain the rates of convergence A, for occupation
times (up to log-factors) and ALY/ for 1ocal times. In particular, we show that the

Riemann sum estimators are rate optimal, but asymptotically efficient only for o < 1,
surprisingly. Let us point out that while the conditional expectations are explicit esti-
mators up to the possibly unknown parameter o, they depend on the marginal densities
of X and are therefore not known analytically for @ < 2, requiring numerical approxi-
mations. Our results imply, however, that it is sufficient to use the standard estimators.
The general proof strategy is to compute L? terms explicitly, leading to Riemann inte-



grals and then argue by dominated convergence or improper integral divergence, using
precise asymptotics with respect to the law of a-stable distributions.

The paper is organised as follows. In Section we recall properties of stable pro-
cesses. Section presents the L2-approximation results for standard estimators of
occupation and local times. Consistency and rates of convergence in a general setting
are discussed, along with exact asymptotics for some important cases. Section com-
pares these results to the exact asymptotics for the conditional expectations. All proofs
are deferred to Section [3l

2 Main results

2.1 «-stable processes

Suppose that X = (X;);>0 is a scalar symmetric a-stable Lévy process for 0 < a < 2,
that is Xo = 0 and X is a self-similar Lévy process such that

(th)tzo il bl/a(Xt)tzo, b > 0.

In particular, each X, has for ¢+ > 0 the characteristic function u > E[e™X] = e~ luI"t
and thus the Lebesgue density

T

far(x) = tl%fa (m) with  fo(z) = 1 /000 e " cos(at)dt, =z € R, (3)

™

cf. [24]. For a = 2, X is a Brownian motion (up to scaling factor), and a Cauchy-process
for a = 1.

Since X has right-continuous paths, the occupation time Or(A) in (1) is well-defined
for each Borel set A C R and any 0 < o < 2. We write

Or(y) = Or(ly, o)), yeR.

The local time process Lp(y) in (), however, exists only for v > 1, cf. [I5, Theorem
2.1]. Recall also the occupation time formula

[ s = [ s 0

which holds for all nonnegative measurable functions f, cf. [22].

2.2 Results for the Riemann estimators

We begin by a simple, but general consistency result for @TW(A), which can be shown

exactly as in [20, Proposition 2.1]. Convergence of Ly, (y) to Ly (y) in probability (and
in L?) will follow from Theorem [4] below.



Proposition 1. Let X be a stochastic process with right-continuous (or left-continuous)
paths such that for all t > 0 the law of Xy is absolutely continuous with respect to the
Lebesgue measure A. If A C R is a Borel set such that N(A\A) = 0, where A and A
denote the closure and the interior of A, then P-almost surely

Tim. Orn(A) = Op(A).

Let us consider L?-rates of convergence of this estimator. For o > 1 we follow the
proof strategy outlined in [2, Corollaries 6 and 7] for fractional Brownian motion by
upper bounding the characteristic function of the bivariate distributions (X, X;/) for
0 <t <t <T. This leads to a general control of the error approximation on every
interval [a, b].

Theorem 2. Let 1 < a < 2 and let —o0 < a < b < oo. Then for sufficiently small
e>0 R
AV Orn(la,b]) = Op([a, b)) |72 < CAVT)T Y,

with C' < oo is independent of a,b, T and n.

The proof of Theorem [2| breaks down for 0 < o < 1 due to the singularity of f,;
near t = 0, yielding only suboptimal rates of convergence. This can be resolved by
assuming an initial distribution Xy having a bounded Lebesgue density and the same
upper bound from Theorem [2] still applies up to a small polynomial loss in the rate of
convergence, as has been shown in [2, Theorem 15|, noting that indicator functions of
bounded intervals have fractional Sobolev regularity s < 1/2.

In the important case when A = [0,00) is a half-line, we will now obtain exact
convergence results with explicit constants for all 0 < o < 2. This is new even in the
Brownian case (upper and lower bounds in the this case can be found in [20, Proposition

2.3]).

Theorem 3. Define (z) := (z — |z]) — (x — |z])?, = > 0, where |x] is the integer
part of z. If 1 < o < 2, then

i 87121 Or(0) — Or )3y = 7L ) [T S

T2 x2—1/a

If0 < a <1, then

. ['(a) sin( %)
. —92 -1 . 2 _ 2 -«
Tim A;2(10g 1) Or,0(0) — Or(0) ey = — 0 -2 B[ Xa |
If a =1, then
. 1
. -2 —2 2 _
Tim A %(0gn) | Or,0(0) ~ Or(O)3a = 155

We will see in the next section that the additional logn factors for 0 < a < 1 are
necessary. Using Theorem [2] we also state a general upper bound for the estimation of
the local time.



Theorem 4. Let 1 < a < 2 and let y € R. Then for any sufficiently small € > 0
1Lrn(y) = Lr()|72@ < COV T )TV (he ™"+ AFYR?),
where C' < oo s independent of a, b, T and n. If h,, = A;/O‘, then

A M Lrn(y) = Le()l[Fa@ < OV T—)Te,
®)

In the Brownian case we recover the rate of convergence A,/ * from [14], and therefore
improve on [2, Corollary 7] and [19, Theorem 2.6].
2.3 Optimal estimation results

In this section we will derive the exact asymptotics for the L?-error of the conditional
expectations E[Or(y)|G,] and E[Lr(y)|G,] as n — oo with explicit constants. Note that
local times are square integrable and therefore E[L7(y)|G,] is well-defined (see [16]).

Theorem 5. If 1 <a <2 and y € R, then
lim A, YE[Or(y)]G] = Or(y)ll2) = QE[LT(y)]/ E [Var (O(z)| X1)] dz.
n—o00 0

If0 < a <1, then

o - [(a)sin(3) o
Jim A,%(og ) [EO7(0)]Gu] — Or(0)][3a(s) = — o2 B[ X,
If a =1, then
1

Jim A, (logn) " [E[O7(0)Gn] — Or(0)]|72p) = 9.2

In view of Theorems [2| and [3 we conclude that the Riemann estimator Oy, (y)
is rate optimal for all 1 < o < 2 and all y € R, while for 0 < o < 1, @TW(O) is
even asymptotically efficient and achieves the minimal possible error. In particular,
the Riemann estimator automatically recovers the different regimes for a. Efficiency
does not hold true for 1 < a < 2, in particular not for Brownian motion, as the next
proposition shows.

Proposition 6. For all 1 < a < 2 we have

lim,, o0 AEI_I/QH@T,n(O) - OT<O)||%2(IP’) L
limy oo An Y E[O£(0)[Gn] — Or(0)[|72 @)

c, > 1.
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Figure 1: Numerical illustration of the function a — Cl,.

We therefore conclude that the Riemann estimator @Tm(()) always has a strictly
larger estimation error than E[O7(0)|G,] for all 1 < a < 2. To get some idea of how
large C, is, let us use from the proof of Proposition @ to lower bound C, by

2Q2a+ ) (a—1) [ Y(z) s

s o a2l

C’a>C~'a =

Now C, can be easily evaluated numerically, and Figure 1| shows that a — C,, increases
with . In particular, Cy &~ 2.08.

We conclude by an exact convergence result for local times at any y € R, which
proves together with Theorem 4| the rate optimality of the Riemann estimator LTn( ).
We conjecture that there is an analogous statement to Proposition [ for local times,
but a proof seems difficult.

Theorem 7. Let 1 <a <2,y € R and set C(a) = —(a — 1)['(a) cos(%*). Then

E[Lr(y)]

T AL ()| 66] — Lr(0) e, = o / E[Var( Ly ()] X,)]dz

Remark 8. For a = 2 Theorems |5 and [7| can be obtained from [13, Theorem 3].
Remark 9. Let us discuss some further properties of Or,(A) and E[O7(A)|G,].

(i) Section 3 of [I] shows that the Riemann estimator is asymptotically efficient as
n — oo for approximating integral functionals with smooth integrands when X
is a Brownian motion, implying that the integral approximations in ({1} can not
be improved asymptotically by considering higher order quadrature rules such as
the trapezoidal rule.

(ii) From in the proof of Lemma |16, we can see that

[ ( |gn Zga th 17th th 1) ACR, (5)
k=1



(iii)

3

for a function g, depending explicitly on « and the density f,. This suggests
that an asymptotically efficient estimator for 1 < a < 2 needs to use also the
independent increments X;, — X;, , besides the time points X;, ,, but this seems
not to be necessary for 0 < a < 1.

The identity suggests to use the conditional expectation as estimator. While
it is possible to pre-estimate « from the observations, cf. [4], f, is generally not
known in closed form and needs to be numerically approximated. In view of the
good performance of the Riemann estimators across different models, cf. [2], one
should refrain from using as estimator if X is not precisely a symmetric a-
stable process.

Proofs

All along the proofs, Z, Z are generic standard a-stable random variables, independent
of each other. For two non-negative functions f and g, we write f < g if Sup§ < +00.

3.1

Proofs of results for the Riemann estimators

3.1.1 Proof of Theorem

Let us decompose Vr,, := ||O7(0) — @T,n(O)H%Q(P) as

1Or(0) 1328y + 101, (0)]72(8) — 2E[O7(0)Or.,(0)]. (6)

We first compute these three expression explicitly. For this, observe the following prop-
erties of marginal and joint densities of the standard a-stable distribution.

Lemma 10. Define

o(r,y) =P(Z >0,Z > 0,22 <y"*Z), ,y >0,

Then we have for 0 <r <t that P(X, > 0,X; > 0) = 1 + o(t — r,7).

Proof. Observe for 0 < r < t by symmetry and independence of increments that P(X, >
0,X;,— X, >0) = i. Therefore

1
P(X, 2 0,X,20)= 7 +P(X, 20,0 > X, - X, > —X,).

By the 1/a-self-similarity we can write X; — X, 2 (t—r)/Z, X, Lylag, Symmetry
yields Z 2 _ 7 such that

1 - ~ 1
P(X, 20,X,>0)= 7 +B(Z20,0< (t=n)/"Z2 <r'/°Z) = L +olt —r,r).



Lemma 11. The function ¢ from Lemma[I(] enjoys the following properties for z,y,b >

0,0<a<T:
(i) (=) + oy, x) = 1,
(ii) plax, ay) = ¢(z,y),
(iti) [ pla—z,x)de =2
(i) [T o(x —a,a)ds = YE[min(T,aD™")] — & with D = (1 +|Z/Z]*)~
Proof. () follows from ( Z) < (Z,7), (ii) is clear. For (iii), substitution shows
Jy o(z,a—x)de = [ pla —z,x)dx and the claim follows from (i) and
a 1 a a
/ o(x,a —x)dr = 5(/ o(x,a —z)dr + / vla —z,z)dx)
0 0 0
For (iv), on the other hand, we have
T T
/ p(x —a,a)dr = E[1{220}1{2>0}/ 1{(93 a)|Z|aga\Z\a}dl’]
‘Z‘Tzﬁg‘a}dx]

T
E[1{220}1{2>0}/a 1{x§
E[min(T, a(1 + |Z/Z|"‘))]

_ 372
372,

Lemma 12. We have ||Or(0)]|7.

Proof. Use Lemma [I0] to obtain
T T
0 O) ey =2 | [ PO 2 0., 2 0)dtar

T 1 T [ T—r
:2/ / Zdtdr+2/ / o(x, r)dzdr.
o Jr o Jo
i 1

Consequently, by changing the variables x, r and using Lemma [11{i)
T
i

T T—r T—zx
/ / o(x, r)dzdr + / / x,r)drdx
o Jo

0Ol =+ |
—T //_T(go(a:,r)—l—(p(r,x))dxdr

T
T2 T T—’rl 3
=— ~dxdr = =T?
—I—//O 4£BT 3

3 1
STA, + A7

_ 3m2
P)_éT +

Lemma 13. We have \|@Tn( )|
8



Proof. Since X, = 0, expanding the square shows that ||Or.,(0)]? 72(p) €quals

n—1 n—1
E[(An + An 1[0,00) (th))z] = A?L + 3A721 Z]P)(th Z 0)
k=1 k=1
n—2 n—1
+2A2 P(X;, >0, X;a, > 0).
k=1 j=k+1

As the distribution of X; is symmetric for ¢ > 0, the first two terms are just A2 +
%Ai(n —1). Together with Lemma , the last display is thus equal to

n—2 n—1 n—2 n—1
A2+ A2n—1 —|—2A2ZZ +2A ZZ@ (7 — k)AL, tr).
k=1 j= k+1 k=1 j=k+1

By Lemma [11fii) and an index change in the last sum we have

n—2 n—1 n—2n—k—1 n—2n—k—1

Lemma [L1f(i) thus implies

n—2 n—1 n—2n—k—1
A Sn 1
k 1 j= k:+1 j=1
3
= -T? —TAn Iaz,
8 * 8 + 4" -

Lemma 14. We have 2E[O7(0)Or,(0)] = 3T? + 3TA, — IA2E[2D
(1+1]2/2])~

Proof. Let A = 2E[O7(0)O7,(0)]. Since X, = 0, Lemma [10] and splitting the integral
into two parts show

T n—1 .1
A mn/ P(X, > 0)dr + QARZ/ P(X,, > 0, X, > 0)dr
0

n—1 T n—1 t
1 k
=TA, +2A, Z/ Zdr + 2/, ;/0 o(ty — r,r)dr
+ 2A,, Z/ T—tk,tk dr.

We thus get from Lemma [11]iii), (iv) that

._.
~

TAn N An n—1 . k n—1
A=TA, + = (n—1)+A, I + T(kzng[mln(T, A - ;tk).

3

=
Il



Since min(T, £A,) = T'min(1, -%), this means that

nD
n—1 L n—1 k [nD]| L
min(T, =A,) =T min(l, —) =T —+T(n—1—|nD
> min(T, 180 = T3 minl1, ) =T 37 5 T =1~ (D)

L;DJ ([nD] +1)

=T oD —TnD|+T(n—-1)
= §(1 — —wgg)) —nD)+T(n—1).

Noting that D < 1 — D, we have E[D] = 1/2. The last line therefore has expectation
T A D T T A D T
____nE[w(n )}_1_3 n_____nE[w(n)]+3n

2 2 D 4 2 47 |D(1-D) 4’
where we used for the last equality the relation ¥ (nx) = ¥(n(1 — z)), which follows
from |z] 4+ [n — 2] = n — 1. From this obtain the result. O

Proof of Theorem[3 The decomposition @ and Lemmas , , show
Az A2 (nD)
—Tn gy S| VAP
Vo ="+ [D(l — D)}
Denote the Lebesgue density of D = (1 + |Z/Z|*)"" by fp. By the symmetry D L
1 — D, we have fp(z) = fp(1 — x). A change of variables combined with the equality
Y(nx) = 1Y(n(l —x)) thus allows for rewriting the last display as
Az AQ n/ 1/}< )
o= 5[ (0
=Y —x/n)fD
The result follows from studying the dz-integral integral as n — oo for different . For
1 < o <2, we find from Lemma[19i) and 0 < 2 < n/2 that

—1+1/« 7\p(x) f ({) < ¢($)
v(1—x/n)’P \n) ~ g2t/

which is integrable for x > 0. Part (i) of the theorem follows then immediately from

the dominated convergence theorem and the convergence in Lemma [19|i). For part (ii)

and 0 < a < 1, note that fp is bounded and the limit fp(0+) := lim, ¢ fp(x) exists
according to Lemma [19(ii). By Lemma [20|(i), we conclude that

n/2 x x D "2 x
1/0 (¢())fD(E)dx=f(0+)/o (w<> s

n

logn z(l—2x/n logn z(l—x/n)
L ) _ fp(0+)
1Ogn/0 m(fp ( ) — [p(0+4))dz = 6 +o(1).
Finally, for part (iii) and o = 1, we find from Lemmas [19iii) and R0|ii) that
1 MR (x) 14 P y(r)log((x/n) Tt — 1) .
(logn)? / z(l —x/n) Jp ( ) "~ (logn)? 72 /0 x(1—x/n)(1— 2x/n)d

converges to thereby implying the claimed convergence. This finishes the proof. [J

327

10



3.1.2 Proof of Proposition |§|

According to Theorems [5] and [3] for 1 < o < 2 it suffices to show

71— 1/al'(l/a) l/a HZH . 1/adl'

> 1.
2E[Lr(0 fo [Var ( (’)1( )| Z)] dx
From (3) and the occupation time formula we infer E[Lp fo fat(0
:((;/ Oi))T 1=1/e The result follows from

| B 0@ ) < 5Bl
),

o 2 E o 1)2at 1)

Recall in Lemma |18 with p, s being the density of X, A X such that
/ E [Var (O (x)| Z)] dx < / E
0

1 2
(/ ]_szwd?“) ] dl‘
0 0
o0 1 1 1 1 ]
:/ / / P(X, A Xs > x)dsdrdx :/ / / upy.s(u)dudsdr
0 Jr 0

- 2(a+1) 2a+1/ ufa(u

/// / Ufor(u+ ) fos—r(v)dvdudsdr

= Z X 1 1 dsd
4(a+1)(2a+1) EllZll + / / x,20Lx, <oldsdr.

By the symmetry X 2 _X we deduce for s > r

0 =E[X,(1x,>01x,<0 + 1x,<0lx,>0)]
= E[X,(21x,>01x,<0 + 1 — 1x,50 — 1x,<0)]

and therefore

2E[X1x,>01lx,<0] = E[X 1x,>0] — E[X 1x, <]
= E[X,1x,>0] — E[(X,; — X;)1x,<0] — E[X,1x, <0
Sl/a _ rl/a

= TEHZH‘

11



From this obtain (7). To conclude let us compute [ ° L@ gy = J: Gy

0 z2-1/a 0 g2-1/«a

Yoy fo Hk 2z 1/a —2=2%__dx. Integration by parts entails

oogb(x)d o a? N a? 2

0 x2l/e x—oz+1 a—1

((1 + k)1+1/a o k1+1/a> . kl/a . (1 + k)l/a

o? o?

oz—|—1+oz—1

2a
a—+1

1+1/0 1] _ kl/a _ kl/a(l + l

k1+1/a[(1 + l k)

)

Ie I[~]

We then use the inequalities

, / l_1 / /_1 2_ Vi
(1+x)a—12a’x+a(a2 )x2_04(04 6)( a)x3

for o/ € (1,2) and z € (0,1), as well as

y "1 — o "1 = o (2 ="
(1+x>a §1+a"x—a(2&)x2+Q< a6)( a)xB

for o/’ € (0,1) and = € (0,1) to obtain

> h(x) a? ? =20 e+l at+l (at+1)(a—1)
dx > /e —~
x21/al‘—a/_|_1+ 12;[ [ + ]
1

0 a+1 ak 2a2k? 6a3k3
-1 (a=1)2a-1)
_ 1l/a  pl/a 1 il o
k A ak  2a2k? * 6a3k3 )

o 20-1) XN
o\ k_/a3
(16" ;

2 00 e8]
> o + 1 / .Qfl/a_Qd.CE . (20& — 1) / .’El/a_?’dx
a+l 6/, 6c 0

6a3—6a2+a+1> a?
6(ac—1)(a+1) 20— 1) (2a+1)

which holds for a > 1. This yields and finishes the proof.

3.1.3 Proof of Theorem
Let g = 1pay, 0 < ¢,¢' < T and define

Ei v =E[(9(X:) — Q(XAnLt/AnJ))(g(Xt’) - Q(XAnLt’/AnJ))]'

The main idea of the proof is to get a tight control on E; using Fourier calculus, see
Lemma (15 below. Note that A, |[t/A,| = tr_1, if tx—1 <t < tx. On the time interval

12



[0, A,], the estimation error ||Oa, ([a,b]) — Oa, ([a, b)) || 2 is bounded by A, which
allows us to write

107 ([0, B]) — Orn(la, ) 72y < 247 + 4(A1 + Ay),

with A, = ZZ/

k=2 k'=k+1 "7 tk—1

Lemma [15(1,ii) gives

n ti ti
> / / B, pdt'dt.
tp—1 Jt

/ Eypdt'dt, Ay =
tkl k, 2

n
A S (v TAL Y (A 1 1A, log)
k=2
S (1 Vi Ts/a)(Tlfl/afs/aA};rl/a A2 e/a lOg n) (1 vV Ta/a)Tl 1/a— s/aALH/oz
Aol S ALY AV + 65 4 AL A )
k=2
< (1 Vi TQE/Q)Tlfl/af%/aArlLJrl/a,

using that n/e*te/e=1logn < 1 for @ > 1 and ¢ small enough. The result follows from
modifying e.

Lemma 15. The following holds:

(i) If tp_1 <t <tp and tp_1 <t < tp, k#Kk, then for sufficiently small € > 0

Erp| S (VT S AYe 44 1A Tog n).

(ii) If t—1 <t <t <ty, then for sufficiently small e > 0

[Evwl € A 607+ 0577+ AT L Ay

Proof. Assume first that —oo < @ < b < oo. The Plancherel theorem (on R?) shows for
0<t<t <T that

Elg(X)g(Xv)] = 2m) | Fglu)Fgw)p(—u,t; —v,t')d(u,v), 9)

RQ

where ¢(u, t;v,t') = E[e™XT7"Xt] is the characteristic function of (X, X;/) and Fg(u) =
Je 9(x)e™da = (iu)~*(e™® — ™) is the Fourier transform of g. By independence of
increments, we have ¢(u, t;v,t') = e”WHIM=PITE=Y for ¢/ > ¢ From (9)

Bl S [ (ATl )0 A1 E (o), (10)
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where £} = o(u,t;v,t") — @(u, t; v, t 1) — p(u, te1;0, ') + @(u, tr1;0, t—1). By an
approximation argument, this upper bound is also true for any —oo < a < b < 0.
Consider now first t5_1 <t <ty and tp_y <t <tp, k #k'. Then

u;}:/ / 2 o(u, v, 7" )dr'dr
tk’
o A A e T P
tp—1 Sty

Using |v| < |u|+ |u+v], as well as distinguishing the cases |u+v| < |u| and |u+v| > |u],
we have on the one hand for 0 <e <1

ATl A AT < (LA Jul Dol (2fu] + 2fu + v [u] )

< (
< 22+ (Jul = A Jul ) fu + 0], (11)

and on the other hand

ATl ) A Aol D+ o™ < (LA ) (a4 0|27+ (Jul ™= A fu] 779w+ 0]*7)
< ol (w4 ol (Jul 7 Al T ) et 0T (12)

Note that |u 4 v|fe~lvtoI*/2 < p=ble for g >0, [ |v[7e PI*0" " dy < (r' — r)=(rFD/e
for v > —1, as well as [, e “+1*rqu < p=Vo [ (Ju[=5 A u| 7' 7%)du < 1. Multiplying

by |v[** and by |v]®, yields then in (L0]), as long as 1 + ¢ < « and using the
upper bound r/® < Te/,

tr 7%
|Etp| S / / (" — )~ 2H VeV = (ba/ey o ()= (= =18/ dr dy,
t 1

tr tyr
5 (1 v Ta/oc)/ / ((7,/ . T)_2+1/a7“_(1+8)/a + (T/ o T)_lr_l_a/a)drldr
te—1
< (1 v Ty, ) /“Al/a +t, A, logn).

This proves (i). Let now t,_1 < t < ' < #;. To compute E[g(X;, ,)?], we use (9 to
obtain E[g(X:, ,—<)g(X:, ,+-)] and let € — 0. Then, still holds, but this time with

t
Eutqu = / (aTQD(U,T;U,t/) - 8TQD(U,’I";U,tk_1))dT

te—1

t
= [0l = o) + [l v, )
le—1
Similar as above, after multiplying by |v]|*, we have
AR Al s, ) (=) s,
RQ
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Moreover, by symmetry in u,v and because p(u,r,v,tx—1) = @(v,tx_1,u,7), the same
upper bound follows with respect to |u|*p(u,r;v,t,_1) when ¢ — r,r are replaced by
r—tp_1, tk—1. At last, using |ul* < |u+v[ + |[v|° and arguing as after (12)), we find that

[ QAT A ] et ol (i, o)
R
S /R2 [u +v[*ol*(Ju + 0]+ [ol7) (Jul 7= A Jul = 79) (ol A ol =) (u, r v, t)d(u, v)
e (S R Sy e (R
Combining the last two displays, we find as in (i) from for sufficiently small e
[Buol € A6+ 657 + AT g T A 0
3.1.4 Proof of Theorem

Note that Ly, (y) = (2hn) ' Orn([y — P,y + hn]). By Theorem 2| for 1 < a < 2 and
sufficiently small € > 0 we then get

1L (y) = Le) |72y S 120n) " Or([y = hny y + hnl) = Lr ()1 72s)
+ (1 v T{—:)h;QTl—l/a—EArll—i-l/oc. (13)

The occupation time formula (4)) yields O7([y — by, y + hy]) =
that because of f[y_h dx = 2h,,

f[y—hn,y+hn] Ly(z)dz such

nsY+hn]

_ 1 [t
1(2h) " O ([y = Py + ha]) — L ()| 22ep) < 5 / | Lz (y + hn) — L (y)| 2@y d
—1

T1-1/c
2

1
[ N 4 b)) = LT e
-1

where we used the self-similarity of X, which also transfers to its local time, cf. Proposi-
tion 10.4.8 of [22]. A typical moment bound for local times, see for example [16, Lemma
5.2], therefore implies that the last display is upper bounded up to a constant by

Tlfl/a(Tfl/ahn>(a71)/2 — T1/271/(2a) hgafl)/Q.

Using this in yields the claim.

3.2 Proofs of optimal estimation results

We first present some results on conditional expectations.

Lemma 16. Suppose that y € R and Z £ Xy 1s independent of X.

15



() 102) — B0 )G ey = A2 S E [Var (0,087 + 87| 2,%,)].
(ii) If 1 < a <2, then with C(a) = —(a — 1)I(a) cos(™2)
IL+0) — ELLo ()] ol
= ATYC(a HZIE Var (L (k2 Z + A;Y°)| 7, X1)] |

k=0

Proof. (i). Set g(z) = 1(x > y), x € R, such that

Or(y) — E[Or(y)|6.] = Z/ Elg(X,)[G])dr

By independence and stationarity of the increments, the Markov property implies for
lp—1 <1 < 1

E[g(X:)| Gn]

E [g (XT)| th—w th - th—1:|
E [g (X - th 1 + th 1) ‘ th 17th - th—J (14)
E

- [ (Al/aan) Hr—t n”wZ) Z’Xl]’

concluding by X, — X, | < A}/O‘X(An)q(?«_tk_l), Xt 4 < t,lg/f‘lZ due to self-similarity:.
In particular, the random variables ‘/;i:k—l (9(X,) —E[g(X,)|G,])dr being uncorrelated for

different k, we obtain
Var (/ (Xr)dr thfl’th — th1>]
1

n 1
= AiZE {Var (/ g(AYVeX, — tiéoiZ)dr Z, Xl)} :
k=1 0

The result follows from g(Al/aXr — tigZ) =1(X, > (k—1)Y*Z + A;l/ay).
(ii). Applying the It6-Tanaka formulas of [21] for v = 2 and of [I1, Theorem 2.1] for
1 <a <2 we find

107 (y) = E[O7(1)Gn] 112 = ZE

Cla)Lr(y) = [ Xz =yl = |y[* — Mr(y)
for a square integrable martingale (M;(y)); such that for all 0 < s < t, Mt( ) Ms(y) is

independent of o(M,(y),u < s). Indeed, for @ = 2 we have M,(y fo sgn(X, —y)dX,
and for 1 < a < 2

t
- / / Xy —y+ 2 — |Xue -yl q(du, dz),
0 R
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with ¢ being the compensated Poisson random measure associated with X. As in (i),
E[ M, (y) = M-1)a, (y | )| Gn] = E[Mia, (y) — M—1)a ‘ X1, Xo, — Xop )
S E[Ma,(y -t Z)‘ Z, XA,

and the random variables (Mya,, (v) — Mx—1)a, (y) = E[Mga, (y) — Mug—1)a, (y)|Gn] )i are
uncorrelated. Consequently,

C()?|Lr(y) — E[Lr(y)] Gulll72m) = | M2 (y) — E[Mr(2)] Gull|72(s)
_ ZE [var (MAn(y tie gz ‘Z XAn>]

— ZE [var (LA,L( 197 4 ) ‘Z XAH>]

k=0
using the symmetry Z 2 —7 in the last line. The result follows from self-similarity of
X and Proposition 10.4.8 of [22], which implies that Ay Vo LA, t(An/ a) is a version of
the local time Ly(a). O

Proof of Theorem[5 Observe the equality in Lemma ( ). Since the first summand in
that sum is of order O(A?) and thus asymptotically negligible, we only have to study
the sum for k£ > 1, which equals

A2 z::/RE [Var (O, (k:l/o‘x + A;l/o‘y){ X1)] fa(z)dz. (15)

Let first 1 < a < 2. After a change of variables the last line equals

n—1
/ E [Var (O ()] X1)] A2 6 f (At o — 4,y da
R k=1

Since f, is uniformly bounded, dominated convergence implies

n—1 T T
A, Z t;l/afa<Arll/at;;1/al' . tlzl/ay) _ /0 t—l/afO{(tfl/ay)dt _ /0 fa,t(Z/)dt
k=1

This equals E[Lr(y)] by the occupation time formula (), and the claim follows from
using dominated convergence again.

Let now 0 < a < 1 and suppose y = 0. Decompose the expected value in ((15))
as E[Var(Y]X,)] = E[Y? — E[Y|X,]?] with Y = Oy(kVz) = [ 1(X, > kYoz)dr.
Multiplying out the square yields

n—1 1 n 1

X, N X @
Z(’)l(kl/o‘ / / ( ‘ N XN X > O) drds
k=1 0

k=1

_ /0 /0 Q'XQ—QX’QJ A(n — 1)) 1(X, A X, > 0)drds.

17



Writing similarly E[O; (k'/z)|X,] = fo fR z > kYx) fo r1x, (2)dzdr with the condi-
tional density f, ¢ x, from Lemma |18, using symmetry and taking expectations allows

to rewrite as

2A2 / / (n - 1)f°;(a ) h(w2)dzde, (16)

Zl+a

with h(u fo fo e (p, (u) — Elprs x, (u)])drds for p,s, prsx, from Lemma . In
order to conclude consider the decomposition

/OO ERTAN (s 1)h($z)dz = /(n—l)l/“ kil h(zz)dz + (n — 1) /OO Mzz) dz.

Zl+a zl—i—a (n—l)l/a Zl—l—a

By Lemma (i,ii), h(u) — @, u — oo and sup,,~¢ |h(u)| < 0o, and so the expression
in the last display converges uniformly in 2 > 0, when divided by logn, to ha(00)/(12a).
The result is obtained from dominated convergence and noting 2 [ i O‘(I dx = E[|Z]7°].

At last, let @ = 1 and suppose again y = 0. As for 0 < a < 1 1t sufﬁces to study

(16)), which we rewrite as

2N /1 P log(x EHAM =D g,

222

h(z)dz,

:2A2/ log(2) 2 h(z )dz+2A2(n—1)/io log(2)

222 7r22

with  h(z //log / rfi(x)(prs(x2) — Elprs x, (x2)])dxdrds. — (17)

Lemma (iii,iv) yield h(u) — 35, u — 00, sup,sg |h(u)| < co. Noting [;" &= log(2) 7, —

127 z
W, the claim follows from dominated convergence. m

Proof of Theorem[7. According to Lemma (ii) and changing variables we have

1L (y) — E[Lr(y)| Gulll72(p)

n—1
1 —1/a -1/«
_ Ail/ac(a)2/E[Var(Ll(xﬂXl)]Ztmfa(Ag/atkl/ z — %) dx.
R k=1 'k

By a typical moment bound for local times, cf. [16, Lemma 5.2], and the same Riemann
sum convergence as after , we conclude by dominated convergence

AV Lr(y) — E[Lr(y)] Galll 72 — Cla)” ZE[LT(Z/)]/EW&Y(M@HXO]M- O

R
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3.3 Auxiliary lemmas for asymptotic results

In this section, we collect a number of technical properties for a-stable distributions.
We begin by recalling a well-known asymptotic property in the case o < 1. For a proof
see [12, Theorem 2.4.2], or [23], page 246] for the value of the limit.

Lemma 17. If 0 < o < 1, then hyo(z) = x'™f,(z), * > 0, is a non-negative non-
decreasing function satisfying

lim hy(z) = —sin(—)['(«) =: ha(00). (18)

The next two lemmas are used in Theorems B and Bl

Lemma 18. For 0 < o < 1 let p,s denote the Lebesque density of X, N X, for 0 <
r,s <1, fasx, @ the conditional Lebesgue density of X, for 0 < s <1, conditional on
X1 and set prsx,(2) = 2farx,(2) f:o Jasix (2)dZ, 2 > 0. Then, as z — 0o:

(1) 27%p, o(2) = (1 A 8)ha(00),
(ii) 2'TE[p,s.x,(2)] = r$he(00).

2z7'
(111) log(;(z//r I3 e fi(@)prs(@z)de — = if a = 1.

. 2 z/r /r- S .
(“}) loé(z//r fO xfl pr,s,X1(xz)]d$_> n ZfOé—l

Proof. By independence of increments it is not difficult to see for 0 < r < s that

pT7S< ) far / far U+U)fas r( ) (19)

Monotone convergence and Lemma |17] yield (i). On the other hand, again by indepen-
dence of increments, the conditional density for 0 < r < 1 is given by

fa,r(z)foz,l—r(x - Z)
foz,l(x) ’

recalling that f,1 = f,. Denote W, (z,x) f Jar|X1=2+2(Z)dZ. As above, monotone
convergence and Lemma [17| imply then as z — oo

fa,r|X1:x(z) -

1

(z4+x)Hfoq

o ha(loo) /0 T ha(00) faro(x — 2)dE = 1 j Forn(3)d2

Urlo ) = e | e a2
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using symmetry of f,1_, in the last line. Since also trivially ¥(z,z) < ¥(—o0,2) =1,
we find from this by dominated convergence

Zl+aE[pr,s,X1(2)] :2zl+a/Rfar( )J]:all; / fasIXl z( )dzfa1< )
_221+0‘fa7r(z)/Rfa,l_r(a:)\lls(z,x)dx (20)

— 2rshg(00) / foan—r(x) /OO fan—s(2)dzZdx = rshqy(00),

again using symmetry of the densities. This shows (ii). For (iii) let again 0 < r < s.
From ((19) we find that

| eh@patenin = 500541 [T a2 a )i

0

where g1(a,b) = [° 2 fi(2) fi(a + bz)dz. Lemma {21 implies for z — oo

zZ/r
log Z//’l“ / fl prs .I’Z d!E—)——f— / fls r

At last, starting from , we have

/Ooo z f1(2)E[prs x, (x2)]dz = 2 /OOO 2 f1(x) for(x2) Afa71_r(f)ws(xz,i)djdx,

For o = 1, the density is fi(z) = OT and so 102/ ;}T zf1(x) for(x2) is clearly integrable

uniformly in z > 0. Since U (xz,2) < 1 by (ii) and U,(2z,Z) — s [°. fa1-s(Z)dZ, the
last display equals, as z — oo,

2s /000 2 f1(x) for(x2) /Rfa,l_r(i') j fan—s(Z)dzdx + o (

“iond ()

We conclude with Lemma 211 O

)

Lemma 19. Let fi, denote the Lebesque density of D = (14 |Z/Z|*)

(i) If 1 < a < 2, then supy_,. |t~ fp(z)] < oo and '~V fp(z) —
2. T(1)E[|Z]] as z — 0.

TaZ

(i) If 0 < a < 1, then SUDg<z<1/2 fo(x) <4 and fp(x) — %sin(%)F(a)]EHZra] as
r — 0.

(iti) If a =1, then fp(z) = 5(1 —2z) 'log(z™' —1).
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Proof. For all 0 < a < 2 denote by g,(z) =4 fo Yfa(y) folzy)dy, x > 0, the density of
|Z/Z|, such that

Fo(z) = 2z a1 — ) ag (ot S 1)), < g <. (21)

Q

(i). For 1 < a < 2, E[|Z]] is finite and therefore g,(z) < 2sup,-, fo(y)E[|Z]|]. Together
with the property g,(x) = x72g,(x71) for x # 0, we get from for 0 < z < 1/2 that

’xlfl/afD(l,)‘ S fo/a(l o x)71+1/o¢<x71 o 1)72/04 — (1 . l,)flfl/a 5 1.

The claimed convergence follows from g, () — 2f,(0)E[|Z|] as x — 0 and from f,(0) =
(am)7'T(1/a).
(ii). Observe first that

<ol iy
Y

is non-decreasing in > 0 and converges to 2h,(c0)E[|Z|~%] as  — oo by the monotone
convergence theorem and Lemma . This yields with for 0 <x<1/2

fD<I> /S xflfl/a(l o x)*l‘i’l/a(x*l . 1)7171/a _ (1 - $)72 < 47

and the claimed convergence of fp(x) as x — 0.
(iii). For @ = 1, the equality is a straightforward consequence of Lemma [21| and the
equality fp(x) =4z 2¢g;(0,z71 —1). O

Lemma 20. Recall the function ¢(x) = (x — |z]) — (z — |z])?, z > 0, from Theorem
[3. It holds:

(i) lim fn/2 LELC R R

ns+oo logn JO z(l-z/n) 6’
y : 1 n/2 y(z)log((x/n)'=1) 7. 1
(i) nl_lﬁloo Togn)z Jo  z(1- zg/n)(l 22 /n) b = 12

Proof. (i). Using the relationship z71(1 — z/n)™! =1 = n’l( —x/n)"t < 2n7t for

0 <2 <n/2and¢(z) <1, it is enough to study the limit of —— On/ ? 9 g2 Moreover,

since we have for n = 2k 4+ 1 odd the bound f:+1/2 @d § 1/k < 1/n, we only have
to consider n = 2k even. Denoting by [z] = z — |z| the fractional part of z € R, we

have
kw(x)dl’ /]+1 2 Z/ Q?—:C
0o T j ]—l— j—l—a:

—(+a)t< j*2 for 0 < x < 1 is summable in j, we conclude that

1 [Py 1 &1 !
I de = li S — %)z = ~
M log 2k/0 r T log 2k pare J /o (@ =)o

21
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(ii). Note that
1 1 2 1

c(—a/m) (1 —22/n) = n(l=2e/n)  n(l—z/n)(1—2e/n)

For 0 < x < n/2 the last term is bounded by the second one. Since

[ bty 2, [ gl

n(l—2x/n) 1 -2z

dr < o0,

it is thus enough to compute the limit of

L[ () log(757)
1 T
. o

n—+oo (logn)? x

n/2 n/2
= lim L/ w(x)da:— lim L / w(x)logxdx
0

n—+oo logn J x n—+oo (logn)? x

dx

)

where we used log((z/n)"1—1) = logn+log(l —x/n) —log x in the last line. We show
below that the second term equals —1/12. Together with the result from (i) we get (ii).
In order to find the limit for the second term, note that as in (i) it is enough to consider
n = 2k even. As above, we have

/k¢(x)logx Z/ A log]+$)dx.
0 T jt+x

Noting that |log ite) _ 10%\ < j 2 for 0 < z < 1 is summable, the claimed limit is
obtained from
U(x logas 108;]
li d li — ]
koo ( long / R e 10g2k 22

Lemma 21. Let a = 1 and define

°° 1 [ x
b) = br)dr = — dx.
g1(a.0) /0 zhi@)hila+be)de 7r2/0 T+ 22)(1+ (a+br)2) "
Then for every a > 0 and b > 0, we get the following equality

(a.b) = 1 [1—|—a2—b21 (1+a2)
NG5} = m2((1+ a? — b?)2 + 4a?b?) 2 OB
+ mab — a(l + a® — bz)(g — arctan(a))]. (22)
In particular,
log b m2b?
9:(0,0) w2 (b2 — 1)’ b o0 log bgl(a b=
and g1(a,b) < ¢1(0,b) = %.
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Proof. We only compute m2g;(a,b) = [* T @ de, all the other properties

being easily deduced from (22)). Writing K o i+ = (1+a?—b%)?+ 4a%b?, we shall use the
decomposition

K.y 1+ a® -0 —2abr  b*(3a® + % — 1) + 2abPx
(1+22)(1+ (a+bx)?) 1+ a2 1+ (a+ bx)?
to obtain
xKJ; 1+ a® — b? 27 2xb* + 2ab N 2ab  ab(1 + a® + b?)
(1+22)(1+ (a+bz)?) 2 1+22 14+ (a+bx)?2] 1+22 14 (a+bx)?
and
72g1(a,b) . 1+a* =0 9 9 9
B tlgnoo — [log(1+t*) —log(1 + (a + bt)*) + log(1 + a*)]
+ 1tlier 2abarctan(t) — a(1 + a* + b*)(arctan(a + bt) — arctan(a))
— 400

which yields (22]).
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