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Fredholm transformation on Laplacian and rapid stabilization for
the heat equation

Ludovick Gagnon’ Amaury Hayat! Shengquan Xiang? Christophe Zhang®

Abstract

We study the rapid stabilization of the heat equation on the 1-dimensional torus using
the backstepping method with a Fredholm transformation. We prove that, under some
assumption on the control operator, two scalar controls are necessary and sufficient to get
controllability and rapid stabilization. This classical framework allows us to present the
backstepping method with Fredholm transformations on Laplace operators in a sharp func-
tional setting, which is the main objective of this work. Finally, we prove that the same
Fredholm transformation also leads to the local rapid stability of the viscous Burgers equa-
tion.
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1 Introduction

We consider the following heat equation with two internal controls,

{ du— Au = vi(t)1 +v2(t)g2, (t,z) € (0,+00) x T, (1.1)

U= = uo(z), xz €T,

with T = R/27Z the one-dimensional torus, (v1,ve) € L%((0, +00); R) real-valued scalar controls
to be defined and (¢1, ¢2) € H?(T;R) with o € R real-valued potentials. Our goal is to design a
suitable feedback law to stabilize the system ((1.1)) exponentially with an arbitrarily large decay
rate.

It would be more natural to first consider the simpler system with only one scalar control

{ atu —Au = v(t)¢7 (tax) S (07 +OO) X T’ (1.2)

u|t=0 = ’LL()(JT), zeT,

with v € L?((0, +o0); R) a real-valued control to be defined and ¢ € H°(T;R). As it turns out,
as simple as it is, this system is not controllable, due to the degeneracy of the eigenvalues of
the Laplacian operator defined on H*(T;R) (see Section. In this paper we show that at least
two internal controls are required and that, in fact, two controls are enough provided that ¢;
and ¢ satisfy some good conditions. In order to obtain the rapid stabilization result we then
propose a double backstepping method, detailed in Section



1.1 Main result

Let H*(T), s € R denotes the classical Sobolev spaceﬂ on T and define H*~(T) (resp. (H*T(T))’)
as H5 ¢(T) (resp. (H*t¢(T))’) for any € > 0 small (see (2.8)—(2.9) for detailed definitions). Our

main result is the following:

THEOREM 1.1. Let m € Ry and ¢1,¢2 € H™ Y2~ such that
b1 = Z al sin(nz), ¢ = Z a2 cos(nx) (1.3)
neN* neN

with,
a3 #0 and ecn™™ < |af| < Cn™™, for k € {1,2} and n € N*,

For any A > 0, there exist K1 and Ko bounded feedback functionals on H™ Y2+ such that for
any yo € H™" with r € (—=1/2,1/2), the equation

{aty — Ay = Ki(y)é1 + Ka(y)éa, (t,2) € (0,400) T, (1.4

y(0,-) = yo, xeT,
has a unique solution satisfying
y € CO([0, +00); H™(T)) N L ((0, +00); H™H(T)) N Hjyo (0, +00); H™H(T)).  (1.5)
Moreover, we have the following exponential stability estimate,
ly(t, M zmsr < Ce™ ol gmer, Yt € [0, +00), (1.6)

where C' = C,.(\,m) is a constant independent of yo.

REMARK 1.2. Note that the feedback laws K1 and Ko, as well as the backstepping transfor-
mations that we construct to obtain them, do not depend on r € (—1/2,1/2). Nonetheless, they
stabilize the system in the H™T" spaces with r € (—1/2,1/2) (for an H™" initial condition).

REMARK 1.3. The assumption a3 # 0 is necessary, as it is related to the eigenfunction 1 of 0
eigenvalue. Otherwise, one can easily check that the “mass”, fT y(t,z)dx, is conserved. In this
case, instead of converging to 0, the solution of the closed-loop system converges exponentially
to the final equilibrium state §(x) == [} yo(x)dz.

The same feedback also stabilizes several related nonlinear systems such as the viscous
Burgers equation and the nonlinear heat equations. More precisely, simply as an example, we
have the following theorem which corresponds to the case m = r = 0.

THEOREM 1.4. Let ¢1, 2 € H Y2~ such that
01 = Z al sin(nz), ¢y = Z a2 cos(nzx), (1.7)
neN* neN

with
a3 #0 and ¢ <|af| < C, for ke {1,2} and n € N*.

'The notation H*(T) is shorten to H* here and there to simplify the notations when the context is clear.



For any A > 0, there exists K1 and Ko bounded feedback functionals on HY?** such that, for
any yo € L2, the equation

{aty = Ay + 0u(y/2) = Ka(u)on + Ka(y)os: 18)
y(0) = yo, '
has a unique solution

y € C%([0,+00); L*(T)) N Li,.((0, +00); H'(T)) N Hyge((0, +00); H'(T)). (1.9)

Moreover, there exists 6 > 0 such that for any ||yollz2 < 0, we have the following exponential
stability estimate
ly(t, Iz < CeMlyoll2, ¥t € [0,+00), (1.10)

where C'= C(\) is a constant independent of yo.

1.2 Related results: the heat equation and the backstepping method

There exists various way to design feedback laws for infinite dimensional systems: Riccati
equations (see for instance [36, [45] and the references therein), Gramian methods [31) [46],
Lyapunov functionals (see for instance [0, 23], 28] 29, 48]) or pole-shifting techniques [40} 41],
and among others. The backstepping method is also among these methods, and its use for
infinite dimensional systems can be traced back to Russell [42] and to Balogh and Krstic [3]
(we refer to [15, 32, [43] for an introduction to the finite dimensional backstepping method).
Obtained as the continuum limit of a stabilization method applied to space discretizations of
PDEs, the backstepping method relied at first on a Volterra transformation of the second kind
mapping the system to another stable target system. The Volterra transformation having the
advantage of always being invertible, only the existence remains to prove, which is equivalent
to solving a PDE of the kernel on a triangular domain. These PDEs usually do not enter
in the classical Cauchy problem framework, but different techniques are now known to solve
the kernel equation: successive approximations [33], explicit representations [33] or method
of characteristics [I9]. There exists now a vast literature on the backstepping method with
Volterra transformations: let us cite for the heat/parabolic equation [3, 9 22], for hyperbolic
systems [0] and for the viscous Burgers equation [24]. We refer to [33] to a general overview of
the backstepping method with Volterra transformations.

As of late, the Fredholm transformation was introduced for the backstepping method as an
alternative for certain limitations of the Volterra transformation. In particular, it seems better
suited for internal stabilization problems [16} 51]. The idea of using transformations remains
the same, but proving the existence and invertibility of the transformation is generally more
involved. There are mainly two ways to prove the existence of the transformation, either by
direct methods [I8] [19] or, more commonly, by proving the existence of a Riesz basis. For
the latter, we again distinguish two cases: either the Riesz basis is deduced directly by an
isomorphism applied on an eigenbasis [17, 50, 5I] or the existence of a Riesz basis follows
by controllability assumptions and sufficient growth of the eigenvalues of the spatial operator
allowing in particular to prove that the family is quadratically close to the eigenfunctions
[16], 20}, 2], 27] (see Section [2.2| and Section {4 for a definition).

Finally, a large number of papers in the literature have addressed the exponential stability
of the heat equations via feedback laws by different means (see for instance [2] [3] [4, [10] B0
34, 35, [38] and references therein). We highlight two recent papers on the subject, one on the



exponential stability through impulsive feedback for the heat equation [39], and the second [48]
linked with the quantitative estimate on the stabilization cost C,(\, m) (we refer to Section

and Section [7.1] on this subject).

1.3 Contributions

One of the major contributions of this paper is the thorough study of the optimal functional
setting for backstepping transformations for the Laplace operator. To illustrate this into per-
spective, we first present the backstepping problem in a finite-dimensional setting.

1.3.1 Backstepping in finite dimension

In a very general setting, finding backstepping transformations for exponential stabilization
consists in solving a specific set of equations. Consider the control system,

& = Az + Bu, (1.11)

the aim is to find suitable a invertible operator 1" and a feedback law K such that, if xq is a
solution of
T :A."L‘l—{—BK:El, (1.12)

then x9 := Tz is a solution of .
i?g == AZEQ, (113)

where A is an exponentially stable operator. In many cases, one makes the classical choice
A=A- )\
Formally, we have

ATxy = Axy = @9 = Ti) = T(A + BK)z;. (1.14)

Thus, (T, K) should solve the following operator equation

T(A + BK) = AT. (1.15)

This equation is nonlinear in (7', K), which makes it difficult to solve. However, adding the
natural condition T'B = B to this equation,

1.16
TB = B, (1.16)

¥m+BK:Aﬂ
makes it linear in (7', K') and ensures the existence and uniqueness of a solution, as two con-
trollable systems are always F-equivalent (feedback equivalent), which in our case corresponds
exactly to equation (|1.16)).

THEOREM 1.5 ([I1]). Let A,A € R"™*", B € R™*!. If both (A, B) and (A, B) are control-
lable, then there exists a unique pair (T, K) € GL,(R) x RX™ satisfying equations (1.16]).

The proof of this result relies on the fact that in finite dimension, controllable systems can
always be written in control canonical form. Hence, writing using the canonical form for
the pairs (A, B) and (A, B) (assuming both are controllable) yields naturally the first equation
of and TB = B (see [17] for more details).



We call the system (1.16) the backstepping equations, and its first equality the operator
equality. Exponential stabilization is a direct consequence of this equality. Indeed, zo decays
exponentially with rate A and, since T is an invertible operator, so does x1:

lzr ()] = 1T~ 22(8)]
< Tl
< e T lll2(0)]
< e M HINT |1 (0)]]-

(1.17)

Rapid stabilization via backstepping therefore reduces to the existence of solutions (7', K)
to the backstepping equations ((1.16]).

In infinite dimension, the situation is more complex, but the same philosophy applies. The
role of controllability in finding such backstepping transformations has been established for
several important PDE models such as the transport equation [51], the KdV equation [20],
Kuramoto-Sivashinsky equation [2I], the linearized Schrodinger equation [16], the linearized
Saint-Venant equation [I7]. We highlight that the uniqueness equation 7B = B was decisive
in [16l 17, 51] to transform non-local terms emanating from distributed control functions into
local terms for the operator equality, but was fundamentally used in an implicit way in [20, 21]
for boundary controls.

The general case remains wide open, and is considerably more involved. Indeed, it is not
reasonable for instance to expect that two PDEs with wildly differing physical properties should
be related to one another by a backstepping transformation.

Open Problem 1. Let A,fl and B be (unbounded) operators. Is there a necessary and suffi-
cient condition on A, A, B to guarantee the ezistence and the uniqueness of the solution (T, K)

to the operator equality ((1.16)) ?

An important common feature of the infinite-dimensional results mentioned above is that
the eigenvalues of the operator A are simple and isolated. This plays a role in the controllabil-
ity property (through the moments method), which is crucial to implement the backstepping
method in the references above. In our case, as we have pointed out above, all non-zero eigen-
values have multiplicity greater than 1 (this will be specified rigorously in the next section), a
feature which occurs in several PDE models, such as the water waves system. As a consequence,
the system is not controllable with a single internal control. This phenomenon appears quite
often when working on compact Riemannian manifolds, for example Schrédinger equations on
torus. To tackle this difficulty, we consider backstepping with two internal scalar controls.

Backstepping with two scalar controls has already been implemented in [13] for a coupled
KdV-KdV system with two boundary controls, for which, because of the coupling nature, it is
natural to introduce two control terms. More recently, it has been improved in [12], where the
authors showed that only one control is sufficient to stabilize the system.

1.3.2 Sharp functional setting for the Laplacian

Another important contribution of our paper is to present a sharp functional setting, with
respect to the state space and control space, for the application of the backstepping method
with a Fredholm transform in the case of the Laplacian with periodic boundary conditions. In
particular, we deduce the sharp spaces H*(T) for which the Riesz basis exists, which is crucial
for the application of the backstepping method with a Fredholm transformation. We hope this
precise framework could extend the knowledge on backstepping method using Fredholm type



transformation, for example on the use of nonlinear systems, and on other important models.
For instance, Proposition [3.4] Corollary 3.5 and Lemma [£.TH4.3| can be similarly proved for
Schrodinger equations on T, which somehow extends the analysis of [16]. It is interesting to
further investigate whether these new observation could be applied to the bi-linear Schrodinger
equations. This analysis could also be applied to evolution equations with fractional Laplacian
(—A)%, at least for « strictly larger than 3/4, where similar results (at least partially, depending
on the value of ) to Lemma can be proved.
Indeed, it seems that the critical growth of the eigenvalues for the existence of a quadratically
close Riesz basis is |A\n| ~ n%/27¢ (i.e. a > 3/4 is the case of the fractional Laplacian), meaning
that for a growth of order |\,| ~ n®, 1 < s < 3/2 does not seem enough to prove that the
family is quadratically close to the eigenbasis. An interesting open problem is therefore to
apply the backstepping method with a Fredholm type transformation for spatial operator with
eigenvalues with growth |\,| ~ n® 1 < s < 3/2, the first-order equation being excluded due to
the positive answer [17, [51] and its link to other transformation such as the Hilbert transform.
However the case 1 < s < 3/2 remains and this analysis may give some inspiration on the study
of fractional Laplacian with the value of o lower than this threshold.

Moreover, we also highlight that the framework investigated here is closely related to the
one found for the linear Schrédinger equation in [I6]. A major distinction between [16] and the
present article is that the well-posedness for the closed-loop system here relies on the dissipa-

tion properties of the heat equation. Hence, there is no need to satisfy the operator equality
T(A+ BK) = (A— X)T for functions in D(A 4+ BK) (see Remark [3.6).

1.3.3 Cost of stabilization

Finally, as we can see from Theorem [1.1| (more precisely, from Section @, it is totally a new
observation that the same feedback law stabilizes the system in H™" with some cost C).(\, m)
depending on r € (—1/2,1/2) and A ¢ N. It is an important but challenging problem to get
any quantitative description of this constant C,(\,m) in view of possible applications. Such a
description would also be interesting for finite time stabilization problems, namely Ot type
estimates. So far such estimates have been achieved via different methods, relying on direct
energy estimates [22], Bessel functions [25], iterative methods [47], and spectral inequalities
[48, 49]. However, so far such important property has not yet been discovered for Fredholm
type backstepping methods. Armed with the precise description introduced in this paper, we
believe that we are closer to an answer.

1.4 Structure of the paper

This paper is organized as follows: in Section [2] we define the functional setting, in Section
we show that the system with a single control is neither controllable nor stabilizable, in
Section [3.3] we present the double backstepping approach. In Sections [] and [f] we prove the
main propositions and lemma on which the backstepping method relies. Finally in Section [6]

we prove Theorem



2 Functional setting

2.1 Function spaces

We start by recalling some results on the eigenvectors and eigenvalues of the Laplacian on
the torus. Observe that the classical Fourier series {¢"%},cz in T are eigenfunctions of the
Laplacian operator A associated to the eigenvalues ), := —n?, and form an orthonormal basis
of L?(T). Note that thanks to the fact that we are working on T without boundary, the Sobolev
space H*® coincides with the span of {n®e™*}. Note also that

A = A_p = —n2,

and therefore the nonzero eigenvalues have multiplicity 2. We therefore easily deduce the
existence of an orthonormal basis of real-valued eigenfunctions for the Laplacian:

1 . 1 .
b= —sinna, f,% := — cos nz, associated to A, := —n?, Vn € N*,

G VT (2.1)

1
fg := ——,associated to)g := 0.

V2r

Except in Section [3| where using the Fourier series {€®},cz is convenient, we will use this
basis, and work with real-valued functions, i.e. L?(0,2m;R). We further define

L? := spang {sin nz}en+, describing the odd functions, (2.2)
L3 := spang{cos nz},en, describing the even functions, (2.3)
L? is a subspace of L? that is endowed with the same norm, (2.4)
LX(T) = L} @ L3. (2.5)

Similarly, concerning Sobolev space s in T, recall that one has,
H™(T)= {f = Z alfl+ Za%fﬁ al € R and Z n* ((a})? + (a2)?) < +oo} , (2.6)
neN* neN neN*
with the (inhomogeneous) Sobolev norm
11 = (@g)® + Y 0™ ((an)® + (a)?). (2.7)
neN*

In this paper we say that the function y belongs to H™~, and that the functional L :
H™* — R is bounded, when

ye H™™ ¢ forall e >0, (2.8)
L : H™ — R is bounded for all £ > 0.

We also define the sub-spaces H™, i € {1,2} as follows, for m € R

H":={ac H™(T) [a= ) anf}}, (2.10)
neN*

Hy" :={a € H™(T) [a=> anfr}, (2.11)
neN



H™(T) = H" & HJ". (2.12)

Notice that
A HP — HM 2 (2.13)
We remark here that for f € H f”l, geH {"*1, the inner product (-, ) gy is well-defined and is
given by
(f, g>H{” = Z (n™ fn)(n"gn) = Z (nm+1fn)(nm_19n)a
neN* neN*

which, inspired by the last term of the preceding formula, can be also denoted as (-, -) P e
In order to describe the precise definition domain of the operator T', we recall that for the
Schwartz type space S(T) satisfying fast decay at high frequency, one has

S(T) = {f = apfi+ > alfr | ¥meN,Ve >0, M such that (2.14)
neN* neN
n* ((ap)? + (a2)?) <e, Vn > M} (2.15)

We also define the decomposition of in odd and even functions as follows
S :={aes } (a, f2) =0, ¥n € N}, (2.16)
Sy :={a€S|(a,f)) =0, VneN}. (2.17)
While, by denoting the space S’ as the dual of S, we also define
S :={aeS|(a, f2) =0, Vn € N}, (2.18)
Sy:={ae 8 |(a, fp) =0, Vne N}, (2.19)

which strictly speaking is not the dual of Sk, but the quotient space S’/Sk11. We easy observe
that,

SCH*CS&, VseR, (2.20)
Sy C Hj C S, Vs eR, Vk € {1,2}. (2.21)

2.2 Riesz bases

Finally we recall here the definition of a Riesz basis, see for instance the book [I4], or a
monograph on the moment theory [I] (as well as the references cited in [16]).

DEFINITION 2.1 (Vector family). Let X be a Hilbert space. A family of vectors {&,}nez,
where T = 7, N, or N* is said to be

(1) Minimal in X, if for every k € I, & ¢ span{&;;i € T — {k}}.
(2) Dense in X, if span{§;;i € I} = X.
(8) w-independent in X, if

chfk =0 in X with {c,}ner € 2(T) = ¢, =0,Vn € T. (2.22)
kel



(4) Quadratically close to a family of vector {ey}nez, if

>k — el < +oo. (2:23)
kel

(5) Riesz basis of X, if it is the image of an isomorphism (on X ) of some orthonormal
basis.

(5)’ Riesz basis of X (an equivalent definition of (5)), if it is dense in X and if there exist
C1,Co > 0 such that for any {an}ner € £2(T) we have

Y arl < 1D arslk < G2 >l (2.24)

kel kel kel

These definitions allow us to give the following criteria for a Riesz basis which will be used
later on in Section 4.2

LEMMA 2.2. Let {{n}nez be quadratically close to an orthonormal basis {en}nez. Suppose
that {&n tnez is either dense in X or w-independent in X, then {&, tner i a Riesz basis of X.

It is noteworthy that under the assumption that {&,},ez is quadratically close to some
orthonormal basis {e, }nez, if for some coefficients {c,}nezr € R? (or CT) the following series
converges in the Cauchy sense

Z ck€) converges in X, (2.25)
kel

which in particular contains the case that it converges to 0, then automatically we know that
the coefficients {c, }nez belong to [?(Z). Indeed, we know from the fact that the series converges
in X that, for every N,

Z ¢k converges in X, (2.26)
k>|N|,keZ

which means that the X norm of the preceding series is finite:

> || < +oo. (2.27)

k>|N|,keT ¥

Since {&, }nez is quadratically close to {ey }nez, for some N sufficiently large we have
9 1
Z [k — ex)llx < rE (2.28)

k>|N|,keZ

which, to be combined with the fact that {e, },ez is an orthonormal basis of X, yield

Soakl = DY) aat Y al&—er)|
k>|N| keT x  |[k>INLkez k>|N| keI X
>0 aer]| — || DL k(& —er)
k>|N|,keZ X k>|N|,keZ x

10



1/2 1/2

1
> > () -z > (@)
k>|N|,keZ k>|N|,keZ
1/2
1 2
=31 > @
k>|N|,keZ

Therefore, {c, ner € £2(Z).
We also have the following Lemma that will be useful in the Section

LEMMA 2.3. Let X, Y be Hilbert spaces. Let T : X — Y be an isomorphism. Suppose that
{&}nez is a Riesz basis of X, then with ¢, := T&,, the family {(, }nez is a Riesz basis of Y.

Proof. If X =Y we can directly use Definition (5) to show that it is a Riesz basis as the
image of an orthonormal basis by an isomorphism on X. Otherwise, a quite straightforward
proof is given according to Definition (5).

We first show the inequality . Thanks to the fact that T is an isomorphism and that
{&n}z is a Riesz basis of X, there exist constants C', C1 and C3 such that

2 2 2
doarG| =||T> ar&| <CD ar&l| <CC2 laxl
kel )% keZ Y kel X kel

and

2 2 2
SoarG| =T ar| ZCTHD a|| =C7'C) el
kel Yy keT Y keT X keT

Next, we show that {(,}7 is dense in Y. For any ¢ € Y, since T7!¢ =: £ € X, for any € > 0
there exist a finite combination such that

Y wb—¢|| <e (2.29)
[k|<N X
Thus
C= Y || =|TE=T D> ard
[k|<N Y [k|<N y
<Cl¢= ) ank
|k|<N X
< Ck,
which concludes the proof of the lemma. O

LEMMA 2.4 (Proposition 19 of [§]). Let X be a Hilbert space. Suppose that {&,}ner is a
Riesz basis of X, then its bi-orthogonal sequence {&) }ner is also a Riesz basis of X, where
bi-orthogonal means,

(&nr &) x = Opm, Yn,m € T. (2.30)
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For any f € X, there exists a unique sequence {ay}rer € *(Z) such that

= & in X, (2.31)

kel

where the series converges in X under Cauchy sequence sense. Moreover,

ar = (f,6)x, (2:32)
C1Y_larl < [IfIE < C2 ) laxl” (2.33)

kel ke

3 From one to two controls

As we have mentioned in the introduction, due to the multiplicity of its nonzero eigenvalues,
our system is not controllable with a single internal scalar control. We prove this assertion,
and prove that controllability can however be achieved with two internal scalar controls. We
then lay out how we adapt the backstepping method to obtain a stabilization result with two
controls.

3.1 Non-controllability with one scalar control

In this section we show that, for any 7" > 0, the system is not controllable. Recall that
{ei"*}, <z is a basis of eigenfunctions of A associated to the eigenvalue )\, = —n?. For ease of
the presentation and for symmetry considerations, in this section we choose to work with the
orthonormal basis {€*},,cz instead of {sinnx,cosnz}. Therefore, either

(¢,e™®) £ 0, ¥V n € Z, (3.1)

or the system is non-controllable as there exists ng such that (¢, e0%) = 0 and therefore the
control has no effect on the associated one dimensional vector space: e~MatHNOT ig 4 golution
of with initial condition €%, whatever the control is. Assume now that holds.
Motivated by the moment method (see for instance [26]) and the fact that A\, = A_,, we have
for a solution u to ([1.2)) with u(0) =0,

<U(T, ')’ 6inac> B <’LL(T, ')’ 6—inw>

. = : , 3.2
<¢)7 eznx> <¢7 e—zn:c> ( )
thus let us denote (. )
¢’ eznx
dp = ————, 3.3
(6.c7%) 33
one has ' '
(u(T,-), ™) = dp(u(T,-), e ""). (3.4)
Hence the states u(7),-) that are reachable at time T satisfy the following
uw(T,x) =dp + Z K (dpe™ + e (3.5)

n>1

which means that the projection of the reachable space on the two dimensional space Span{e"* e~}
is always of one dimension, hence the system is not controllable.

12



This non-controllability prevents any stabilization result. For instance, we can simply
consider the space Span{sinnz,cosnz}, as we are only allowed to change the direction of
(anemx + e*m“’”), the projection of the solution on its co-direction (emx — ane*"m) does not
change, thus the solution is not asymptotically stable whatever the feedback control.

The setting is different from the one found in [37] for controllability and [48] for finite time
stabilization (the special case for T, as these papers deal with general compact Riemannian
manifolds), where the controllability and the stabilizability is obtained under the assumption
that the controlled domain is w C T, for which the control has infinite degrees of freedom. and
not a one dimensional scalar control.

3.2 Controllability with two scalar controls

According to the preceding section, two controls are required for the controllability of the heat
equation on T: ¢1v1(t) + ¢ova(t), which corresponds to the system In fact, two controls
are eventually sufficient. In the following we prove the controllability in L?(T) space, while the
other spaces can be treated similarly.

Due to the smoothing effect of the heat equation we only consider the so-called null con-
trollability, i.e. for any ug € L?(T) there exist vy, vo € L?(0,T) (this space is the natural space
according to Lions’ Hilbert Uniqueness Method, though this is not the optimal candidate) such
that the final state becomes 0. In order to simplify the presentation, we always assume the pro-
jections of ¢1, ¢2, ug on the direction corresponding to the eigenfunction €% to be 0. Assuming
that

uy = Z ble™® £ pie= " ¢ LX(T),
neN*

Direct calculation yields,
T T
u(T) —/ AT (11 (t) + dova(t))ds +/ eAT=9)y0ds
0 0

- (/ ") (51,677 (5) + (0, 7 un(s) is) e

0

> </T T ((pr, e Yvi (5) + (d2, €~ )va(s)) dS) e~ ne,

0

b7ll inx b72’b —inT
+ Z en?T € + en?T € ’

neN*

The preceding formula indicates that the null controllability requires that

T T i —i 1 2
A (T—s) An(T—3s) <¢17 emz> <¢17 € m:v) _ bn bn
</0 e vl(s)ds,/o e vz(s)ds> <<¢2’6m$> (g, e=iny | = on?T " on?T ) °

Consequencely, for any n € N* provided that the following matrix is invertible, we can control
the two dimensional space Span{e"™*, e~""*} = Span{cos nz,sinnz},

<¢1, €imc> <¢17 e—inw> .
(<¢2vem> <¢>2,e—m>>’ el

13



It is a quite general assumption to achieve, a simple example can be

o) = Y ehe™, dala) = 3 B,

neN* neN

with clc2 # 0 for any n € N*. Note that, as mentioned earlier, we excluded the direction
1 = €% corresponding to the case n = 0 to simplify the presentation but it could be included
as well. Heuristically, this case already provides the exact controllability in projections on
finite dimensional subspaces, for example, span{e™® : —N < n < N}. Moreover, if further

ck 2 satisfy some suitable growth assumption, the system is even exact null controllable in

L2(T).
PROPOSITION 3.1. If there exist —oo < a < < 1/2 and ¢,C > 0 such that

en® < |et] || < CnP ¥n e N* (3.6)
then the system is L2(T) exact null controllable.

REMARK 3.2. The assumption on 3 < 1/2 is here to guarantee that the functions ¢; € H .
Thus for any given v(t) € L*(0,T) the inhomogeneous term v(t)p;(z) belongs to L*((0,T); H™1),
which indicates that the open-loop system is well-posed in C°([0,T); L?) N L%((0,T); H'). On
the other hand, the assumption —oo < « is used for the null controllability property that will be
proved in the following. The lower bound on c!, proposed here is not the sharp condition. As
we can see from the following proof, to get the null controllability in L*(T) space, it suffices to
find some 0 < Ty < T and C > 0 such that

Ce T < L] |2, Vn € N*, (3.7)
which is of course weaker than the condition proposed in Proposition|[3.1].

Proof of Proposition[3.1 In order to solve the controllability problem, it suffices to treat the
following moment problem: show that for any {b} }n+, {b2 }n+ € £2(N*), there exist vy (t), v2(t) €
L?(0,T) such that

T 27— bl

/ e U (s)ds = ﬁ, Vn € N¥, (3.8)
0 n
T 5 b2

/ e (T=9)py(s)ds = —7r 5 VnEN (3.9)
0 (& ()

Solving this problem is, in fact, a direct consequence of the following moment theory.

LEMMA 3.3 ([26], Section 3, Equation (3.25)). For anyT > 0. The sequence {6_n2(T_s)|se(o,T) bnen
is minimal in L?(0,T), thus admits a bi-orthogonal sequence {¥,}nen+ satisfying

T
/ e =W, (5)ds = 6, m, Y, m € N, (3.10)
0

Moreover, there exists C' > 0 such that

1%l 20y < Ce“™. (3.11)

14



By adapting Lemma and assuming (3.6)), we know that the moment problem (3.8)) can
be solved by setting
by

’Ul(S) = Z W\Dn, (312)
neN* n
satisfying, from (3.6)),
lvillz201y < Z C’b}ln““ecn_T”2 < Oy Z b,lle_T"Q/2 < 400, (3.13)
neN* neN*

where Cy > 0 is a constant independent of n. Then a similar procedure leads to vo(t) as the
solution of the moment problem (3.9). O

3.3 Double backstepping: strategy and outline

Inspired by the fact that (sin(nz),cos(nz)) form an orthonormal basis of the two-dimensional
eigenspaces corresponding to the eigenvalue )\,,, we directly consider the special form of ¢y:

¢1 = Z al sinnz € L2, (3.14)
neN*

¢o = Z a2 cosnx € L3. (3.15)
neN

We can similarly separate the function y(¢) in
y(t) =: y1(t) + y2(t) with y € L3 (3.16)
Therefore,

{8ty1 — Ooyr = wa ()1, (3.17)

Oy — 02y2 = ua(t) o

The logic behind is to deal with the odd functions using the first control and with the even
functions using the other one. What we are going to show is that each of the systems (3.17))
can be rapidly stabilized for k € {1, 2}.

To do so, we would like to show that for any k& € {1,2} and for any A > 0, under some
conditions on ¢y, there exists an isomorphism T;(\) : L2 — L2 as well as a feedback uy(t) :=
Ky (N)yg(t, z) such that the solution of

Oy — 02y, = oKy,
yi(0) € L}

is such that zj := Ty (\)yy satisfies the following equation
8tzk — 8§zk — )\Zk = O, 2k € L%. (318)

With this property, the stabilization result would follow simply by a decomposition of y in odd
and even parts provided that the system is well-posed.

This existence of an isomorphism 7} and a feedback law Kj is given by the following key
proposition.
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PROPOSITION 3.4. Let the countable set
N :={i*—j%:i,j eN}, (3.19)
let m € R and k € {1,2}. Assume that the sequence {ak}, satisfies
en™™ < |ak| < CnT™, for k€ {1,2}, forn e N*, (3.20)
ag # 0. (3.21)
Then for any A ¢ N, there exists a sequence {KF},, satisfying
K§ #0,
en™ < |KF| < Cn™, for ke {1,2}, fornc N
{A+d*KF)n"y, € 2, vr e [0,1/2),
m+1/2+

Ky is a bounded functional on H) ,

such that the linear operator Ty, defined as follows

Ti:S — S), (3.22)
apfk

—KF S L 3.23

Z PP+ A - (3.23)

2 reo, (3.24)

can be linearly extended to H™3/2%, and
Ty is an isomorphism on H**® for any s € (—3/2,3/2), (3.25)
Tyor = dp in H' /7, (3.26)
and moreover, for any r € (—1/2,1/2), for any ¢ € H,Z”J”’H we have that
(ThA + Tupu K1) = (AT), — XTy)p in H" P71 (3.27)
This proposition gives exactly what we want. Indeed, if we denote by
B = (¢1,¢2), K = (K1, K2)"
and the linear operator 1" by
Tiof =T1f+Trf,VfeS, (3.28)
then immediately we get the following.

COROLLARY 3.5. Under the assumption of Proposition[3.4], the transformation T2 can be
linearly extended on H™ 3/t Moreover,

Tyo is an isomorphism on H™* for any s € (—3/2,3/2),
and, for any r € (=1/2,1/2), for any p € H™T" 1
(T19A + T19BK)p = (ATyy — XT12)p in H™T7 71, (3.29)
TiuB =B in H™ /2 (3.30)
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Proposition [3.4] will be proved in Section

REMARK 3.6. The functional setting of s optimal without assuming additional com-
patibility conditions. Indeed, as shown in [10], the operator equality is satisfied forr =1
if ¢ € H™ 1 satisfies additional compatibility conditions, for ¢ satisfying some regqularity
requirement, namely D(A + BK). In [16], this can be seen from the fact that r > 1/2 is the
precise space for which the trace of ¢ makes sense and for which the compatibility conditions
can be ensured.

4 Building the backstepping transformation

In this section we only work on the odd functions which correspond to the H{" spaces. We
assume k = 1 in the following. Similar results hold for even functions which correspond to the
H3" spaces. To simplify the notations, in this section we ignore the index £ and we also denote
T :=1Ty, K := K and ¢ := ¢p. This Section will be divided in several parts:

1. In Section[4.1|we reformulate the problem by projecting the equation on the eigenfunctions
of A and we build a candidate T to satifies the operator equality (3.27)).

2. In Section [4.2] we prove some Riesz basis properties which will be used to study the
invertibility of T

3. In[4:3] we prove the existence of a feedback K such that the corresponding candidate T'
satisfies the condition T'¢ = ¢ weakly.

4. In Section we show that this candidate T is an isomorphism that satisfies the operator

equality (3.27)).

4.1 Setting up for the backstepping transformation

We want to map the solution of

Yi — Yoo = 9Ky, y e Li, (4.1)
via transformation 7', to the solution of

2t — Zop — A2 =0, zE€ L%. (4.2)

To achieve this aim we would like T" to satisfies formally the backstepping conditions

TA+ oK = AT — \T (4.3)
Té=¢ (4.4)
for a suitable feedback law K:
K: fo— (fn,K)= K, €eR. (4.5)
Projected on the eigenvectors f,, := sinna with eigenvalues \,, = —n?, the formal relation ({4.3)
becomes
T(Afn) + <fn7K>¢ = A(Tfn) - /\(Tfn)a (4'6)
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Defining
hy =T fn, (4.8)

the first condition becomes

Projecting the preceding equation now on f,, defining

ap = <¢7 fp>

and using the fact that A is self-adjoint we get

Anlhons fp) + (s K)ap = (Ap = M) (b, fp), (4.10)
Hence, for any n,p € N*,
(P, f) )\n__fj;ai X (4.11)
Therefore h arly )
Qn = K, %\,:* My N Vn € N*. (4.12)

Inspired by the preceding formula, the number A should be selected in such a way that
An—Ap+A#0, Vp,neN, (4.13)

which is rather easy to achieve, for example to choose from N* +1/2. More precisely, it suffices
to choose

AN¢N = {i®—j?:4,j €N} (4.14)

4.2 Riesz basis properties

Recall that for any n € N*,

1
fn= NG sinnz, A\, = —n? (4.15)
A=A ¢= anfn, (4.16)
neN*
hp :=Tfn, —Kngn:= hn, (4.17)
apfp
n = , (418)
ot An —Ap + A
Jp 3/2—
n = ——cH . 4.19
9= DL 5 Ayt A (4.19)
peEN*

This last claim on the regularity of the g, comes from the growth of the eigenvalues A, i.e.,
for any n € N* we have

2s

2 p
gnllzrs = ——— < 400,Vs € (—00,3/2), 4.20
gl ;eN; Ty (—o0,3/2) (4.20)
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2s

2 p
g s = E —————— = 400, for s =3/2. 4.21
|| 'rL”H = (pg _ nQ + )\)2 / ( )

Notice that {a,}nen+ is uniquely determined by the value of the function ¢, while the se-
quences {gn nen+ and {gn tnen+ are independent of the choice of { K, }nen+. Hence any sequence
{K} }nen+ determines the value of {h;, }nen+, thus the operator T', and such operator T' (at least
formally) satisfies the equation (4.3]).

4.2.1 Existence

The following lemma is devoted to the properties of {g, }nen+, to the properties of {g,}nen
provided some suitable assumption on {a, }nen+, and to the properties of the transformation T’
provided some assumption on both {ay tnen+ and {Kp, }nen=.

LEMMA 4.1. Let m > 0. Let ap, # 0 such that ecn™™ < |a,| < Cn™™. Let X ¢ N'. The
following properties hold:

(1) {gn}nen+ is a Riesz basis of L3.
(2) Let s € (—3/2,3/2). Then {n"*gn}tnen- is a Riesz basis of Hj.
(3) Let s € (—3/2,3/2). Then {n~%q,}nen+ is a Riesz basis of H"**.

(4) Let m > 0. Let s € (=3/2,3/2). If K,, := (fn,K) is chosen in such a way that
|K,| < Cn™, then the transformation T : H{"™° — H"*® is bounded.
Moreover, if cn™ < |K,| < Cn™, then the transformation T : H{"™® — H"*® is an
isomorphism.

Let us remark here that all the choices of s and r in the above are sharp.
We give here the key ideas of the proof. The rigorous proof itself is detailed below.

e In order to show that {g, }nen+ is a Riesz basis of LT we show first that it is quadratically
close to {f,/A}nen+ —which is obviously an orthonormal basis of L2— and then we show
that {gn}nen- is either w-independent or dense in L? and we conclude using Lemma
Showing that {g, }nen+ is quadratically close to {fn/A}nen+ amounts to show that

fp . . (fn) . 2
_ is quadratically close to | =— in L7. 4.22

peN neN*

For this, it suffices to show that

> 2 (M)Q < F00, (4.23)

neN* p#£n

which can be done by cases (see (4.36)—(4.45) below) by using that for A € N* and any
n > X and p < n there exists j € {1,...,n — 1} such that p = (n — j) and

n?—(n—j)>=A> 0> = (n—j)?)/2 (4.24)
One can look at (4.39)(4.41]) for more details, and Remark [4.2| for general value of A.
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e Showing that {g, }nen is either w-independent or dense in L? can be done by noticing
first that
Algn =A7 g = (n? = N)lgn — (P = N) AT, (4.25)

and assuming that {gy}nen+ is not w-independent (otherwise the proof is done). Then,
we deduce the existence of

Z Cngn = 0, in L3 (4.26)
neN*

The preceding formula is well-defined, in fact, thanks to (4.22)),
fn fn
Z Cngn = Z Cny + Z Cn | n — 7 (427)
neN* neN* neN*

converges in L?. Next, by applying A~! to this equality we conclude
> nkngn = Y enkn A h, in LT, (4.28)
neN* neN*

where we have used the fact ) cpky, converges. We then iterate and show (see (4.48)—
(4.54) for more details) that

> enk'gn =Y Crmp1i AR, (4.29)
neN* i=1
with
C = Z enkl, < +oo. (4.30)
neN*

From this point, there are only two possibilities: either there exists m > 1 such that

Cp # 0 and we can show that {gn}nen- is dense (see (4.55)—(4.59) below concerning
what is referred as “First case” and “Second case”), or Cy, = 0 for any m € N* and we

get contradiction using that the complex function

G(z) = Z Cnknern? (4.31)

neN*
is holomorphic (and hence identically equal to 0 from (4.30)).

e Showing that {n™*gy, }nen+ is a Riesz basis of H} is done in a similar fashion as the s =0

case. Then, showing that {n~*q, },en+ is a Riesz basis of H {”“ is done by using that

T f = nCanfn (4.32)

is an isomorphism from H* to H*™™ mapping ¢, to g,.

e Finally, assuming that cn™ < K,, < Cn™, we know that {";,f" }nen+ is an orthonormal

basis of H{”Jrs and because {n"*qy tnen+ is a Riesz basis of H{”J“s, we deduce from the

assumptions on K, and the previous point that {*n{i“ (n™%qn) }nen+ is also a Riesz basis

of H""*. From Lemma [2.3|this means that 7" is an isomorphism from H}"** to itself.
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Proof of Lemma[4.1. For ease of notations, in the proof of this lemma we fix
A=N=4M + 2,

which guarantees the fact that p? + A — n? # 0. However, all the results hold with similar cal-
culation for any A outside the special subset N, which in particular is guaranteed by Remark
stated below.

(1) {gn}nen+ is a Riesz basis of L?. We proceed in two steps. We start by showing that
{gn}nen+ is quadratically close to a Riesz basis in L. Then we show that it is w-independent
or dense in L?, which, together with the quadratically close behavior, ensures that it is a Riesz
basis of L2.

Z W WY )\ Y is quadratically close to ()neN* in L2, (4.33)

peN® neN*

It suffices to show that

ZZ(p +)\_n2) < +o0. (4.34)

neN* p#n

Thus it further suffices to prove
1 2
n>N p>n  p<n

as well as

YD) () < (4.36)

n<N p>n p<n

We can express I in the following fashion,

1
I= Z —5» counting multiplicity of j, (4.37)

j=p2+A—n2, n<N J

for any possible j the multiplicity count at most as N, thus

For the first part of (4.35) as p > n, we have

I< szz < +o0. (4.38)
2
>3 (i)

( : )2
P) ;
n>N p>n n=N k=1 k* + 2kn

2
— < .
<kn> oo
n=1 k=1

For the second part as p < n, there exists j € {1,...,n — 1} such that p = (n — j) and we
know that for any such j

IN

IN

W (n—j)? = x> (0 — (n—j)*)/2. (4.39)
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Indeed, using that A = N.

2 . . _ —(n—1 _
n _(n—g)Q—A—(nQ—(n—J)Q)/2—72/2 .2( iV/2 =N, (4.40)
>jn—j°/2—N,

and the right-hand side is a second order polynomial whose minimum is achieved either for
j=lorforj=n—1. Asn>N+1,

n’ —(n—j5)? = A= (n" —(n—j)*)/221/2

4.41
> 0. (4.41)

REMARK 4.2. For the general case where \ ¢ N, there exists C(\) > 0 such that
Ip? + X —n?| > C(\)|p* — n?|, ¥p,n € N*, (4.42)

Indeed, as for p > n we always have |p*> + X\ — n?| > |p? — n?|, it suffices to consider the case

that p < mn — 1. Thus, it is equivalent to show that for p <n —1,

p* + A = n?|

R > C(N). (4.43)

Forn>A+1and p <n—1, we know that

PP+A—n? nP-p*-X_nP-p*—n _1
. A (4.44)
ne—op ne —p ne —p 2

Forn < X and p < n—1 containing finitely many pairs, thanks to the definition of A\, it is clear
that such C'(\) exists.

Thus

1 2 B n—1 1 2
> (o) - =k

n>N p<n n>N k=1
n—1 2
1
n>N k=1
n—1 1 2
<4
<135 (wmm) -
n>N k=1
n—1 1 2
<4 <) < 400
n>N j=1 "
Let us denote
e T A pene VP
Then 1
T . _
(—A4+X—n?)g, = Z fp= 5001:5 =:h, in H{ .. (4.46)



The following proof to show that g, is either w-independent or dense in L? is inspired by
[20], though even the transformation type that is adapted here is slightly different from the one
given in [20].

Recalling that A := —A = —A and defining k,, := (n? — \)~!, from we notice that

A7 g, = kngn — kn A7 R, (4.47)

If {gn}nen+ is w-independent then we conclude the proof. Suppose that {g,}nen+ is not
w-independent, thus by the definition there exists a nontrivial sequence {c, },en+ belongs to
I2(N*) such that

> engn =0, in L}. (4.48)
neN*

The preceding formula is well-defined, in fact, thanks to (4.33|) that we just proved,

> =3 et ¥ e %) (4.49)

neN* neN* neN*

converges in L?.
Next, by applying A~! to this equality we conclude

Z cnkngn = Z enkn A" h, in L%, (4.50)
neN* neN*
where we have used the fact Zn cnky converges.

Then, by applying again A~! to this equality we get that in L? space,

> enklgn =Y cakp AT B+ cokn A7?h, (4.51)

neN* neN*

and applying it again we have still in L? space,

D eakign = cakd AT b+ ok A?h + cpkn AP, (4.52)
neN* neN*

By induction we easily arrive at, for any m € N*,

D enkign = Zm: (Z cnk;"“-u-ih) = iCmH_iA_ih, (4.53)

neN* i=1 \neN* =1

where
Cri= Y cnkl < +o0. (4.54)
neN*
Let us now proceed by cases:
- First case: (7 # 0. Then we conclude from the proceding equation that for all m € N*
we have that A=™h € span{g, }nen+. Suppose that span{g, }nen+ is not dense in L?, then we
can find d = Y  dp fn € L? (thus {d,}nen+ € (*(N*)) such that d # 0 and

<g’ d>Lf =0, v!] € Span{gn}nEN*a (4.55)

which in particular yields,
<A*mh,d>L§ =0,Vm € N*. (4.56)
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Recalling that h =Y f, € H; ', we get that

1 *
ZdnnTm = 0,Vm € N*. (4.57)
By defining the complex function
G(z) =Y dn 2" # ¥z eC. (4.58)
neN*

By checking that the series expansion of the right-hand side is absolutely convergent, we deduce
that this function is holomorphic. For example, for any z € C, the following series is absolutely
convergent,

Z dnn—2en’2z _ Z dnn_Q Z nj'2jzj — Z]ll Z (dnn_Q)(n_Qij)-

nEN* nEN* j>0 7 j>0 7" neN*

Similar calculation yields the absolute convergence of G(™)(z), for any m € N.
From (£.57) we know that G (0) = 0,m € N. Thus G = 0, and further d,, = 0, which
leads to a contradiction. Therefore

span{gn }nen+ is dense in L7 (4.59)

- Second case: there exists m > 1 such that (), # 0, without loss of generality we
can assume that m is the first integer such that C), # 0. We can also conclude that A=™""h €
span{ gy }nen+. The same reasoning as above proves again (4.59)).

- Third case: for all [ € N* we have C; = 0. Then we set complex function

G(z) := Z Cnkn€ ., (4.60)
neN*
This function is holomorphic and satisfies that G'(m)(O) = 0 for any m € N, thus as previously
G = 0 and therefore ¢, = 0 for all n € N*, which is in contradiction with the choice of {¢, }nen+-
Consequently,
{gn} is either w independent in L? or dense in L3. (4.61)

Properties (4.33) and (4.61)), together with Lemma (which is also [16, Theorem 3.2 and
Theorem 3.3]), lead to the proof of Lemma (1).

(2) {n " ®9gn}nen- is a Riesz basis of H;.
As in (1), we first show that {n™*g, }nen+ is quadratically close to {n_;f" tnen+ in HY, and

then prove that {n™°¢, }nen+ is w-independent in H{ or dense in Hj to conclude the proof.

* Quadratically close.
We notice that s = 0 is exactly the case of (1).
i) If s = —1 then

2

2
f
D3] ) DI
H-1

H n||p#n

nfn
A

2.

n

ngn —
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_ZZ 2+/\_n2)

n p#n

2 (EB) r

n p<n p>n

<C+ZZ p+)\ 22

n p<n

<C+ZZ —p _)\)2’

n>N p<n

<C+4ZZ

n>N p<n

<C+czzpn2n o

n>N p<n

coror v (bt p)Q,

n>N p<n

<t e Y (Gt )

—_ )2
n>Np<n n p)

where C' is a constant that can change between lines and where used (4.34)), (4.39)), the fact

that A = N, and
S S £ VR S 5 R I (U S (462)
(n—p?p? \nn-p p) ~n2\(n-p? p*)’ '

ii) From the preceding proof we easily conclude the case s € (—1,0) by using that (n/p)~° <
(n/p) for 0 < p < n.
iii) If s € (—3/2, —1), it suffices to show that

ZZ (n—p 2n2 —3%s < +oo.

n>N p<n

since the case p > n follows directly from (4.34)) and (n/p)~2* < 1. For p < n/2, we have

P P D DD DL

n>Np<n/2 n>N p<n/2

1 1
SCZWZW

n>N p<n/2

1 1
S ¢ Z ni+2s Z —2s

n>N peEN* p

2s




< +00.

For n/2 < p < n, we have

—2s

DD DERSELESLEE) 3

n
n>N n/2<p<n n>N n/2<p<n

ol =
£
|| =
=
[N}
A
_l’_
8

iif) If s = 3 — ¢ with £ € (0, 3), then

2
2

—s _n—sfn _ n_sfp
Zn:n In A\ HS_Zn: ;pz_'_)\_n? Hsv
—25 2s
_ZZ (p —i-/\—n2

n p#n

1
=2 |2t 2 X e

n p<n n<p<2n p>2n
2s

CiYY )2:;25,

n p>2n

<C+ZZ p_n2 n?s

n p>2n

<C+CZZ n2s

n p>2n

<C+Czn2s Z 4 2s”

p>2n

Because s € (0,3/2), we know that

1 1
Z 4—2s S Cn3,25

p=>2n p

1 1 :
and therefore (F sz% W)NEN* is absolutely convergent.

This concludes the proof of the quadratically close behavior.

* Let s € (—3/2,3/2). {n"®gn}tnen- is w-independent in H; or dense in H;.

(4.63)

Similar to the case that s = 0. Suppose that there exists {c, }nens € £2(N*) such that

c
Z —ngn =0, in H7,
nEN*

which is well defined as

5 et = 3 a2 X e (0 2)

neN* neN* neN*
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converges in H? space thanks to the fact that s € (—3/2,3/2), and the quadratically close result
in Hy that we just proved. By the same reasoning as the case s = 1, we get

C C
L hen G = Lk, A, in H? 4.66
> Dhg = 3 kA b, in I, (1.00)

neN* neN*

where we have used the fact ) 2k, converges for s > —3/2.

Then, we can further consider

c
Cri= > nik;? < Ho00. (4.67)
neN*
Exactly the same as in the case s = 0, it suffices to consider two cases, C1 # 0, or C,,, = 0 for
all m € N*.

In the first case, we find that A=™h € span{n~%g, }nen- in H;. Suppose that span{n=*g, } nen«
is not dense in H{, then we can find d =), Z—’;fn € H; (thus {d,}nen+ € £2(N*)) such that

(A™h,d)g; = 0, ¥m € N*, (4.68)

which is well-defined as h € H; Y2~ and A7lh € Hf’ 2= ¢ H7. Recalling the exact definition
of h=> fn€ Hfl/%, we get that

n® .
ZdnnTm =0,Vm e N*, (4.69)

which further implies that d,, = 0 using the holomorphic function technique.
In the second case where C,,, = 0 for all m € N*, we can also prove that ¢, = 0, similarly
as in the case s = 0, which is in contradiction with the choice of {¢, }nen=.

(3) {n"*¢n}nen+ is a Riesz basis of H]"**.
Let s € (—3/2,3/2). We introduce 7 : H{ — H{"*® defined by,

T f = n Cay fn, (4.70)
which is an isomorphism thanks to the fact that cn™ < |a,| < Cn™™. We immediately notice
that f f

a
T:n gy, =n"" Z —r s n Z —PP = g, (4.71)
L = Ay A e = A A

Consequently, thanks to the fact that {n™*gy, }nen+ is a Riesz basis of H7, from Lemma we
know that {n~*qn }nen+ is a Riesz basis of H" .

(4) Boundedness of the transformation 7" and isomorphism
If K, # 0 is chosen in such a way that cn™ < |K,,| < n™, then from the definition of T we
know that
T: n_n — —Kn

nm nm

(n"qp). (4.72)

. —_ . . —-s .
Since {n"° f, }nen+ is an orthonormal basis of H*, we know that {nn,,f n 1 aen+ is an orthonor-
mal basis of H{""®. Moreover, because {n~*gy, }nen+ is a Riesz basis of H{""* from Lemma

we know that { =52 (n"%g,)}nen- is also a Riesz basis of H}"™.
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Therefore, the transformation T is an isomorphism from H{"™® to H{""*. When m = 2, we
remark, however, that T is not a isomorphism from L? to itself (indeed 2 + s > 0 for any
s €(—3/2,3/2)).

Moreover, if we only assume that |K,| < Cn™, then T is a bounded operator from H{""*

to H {”+8. However, in this case T" might not be an isomorphism.
O

4.2.2 Smoothing properties

In this section, we prove some smoothing properties which are not deduced trivially from the
Riesz basis properties shown in Lemma [4.1

LEMMA 4.3. (1) Letr €[0,1/2). Then, g, has the following smoothing property,

Z HQn - anfn/>\||iqn+r < +00. (4.73)
neN*

(2) Letr €[0,1/2). Similar smoothing effect also holds in the space H 1™,

> lnlgn — an fn/x)”gl,wmﬂ < +o0. (4.74)
neN*

(3) Let m =0 and r € [0,1/2). Then,

3 (qn - a’;f”) € HI. (4.75)

neN*

Again, all the choices of s and r in the above are sharp.

Proof. (1) Smoothing effect in H{"*", for r € [0,1/2)

2

n pF#EN H1m+r

2r
SCZZM—_W’

n p#n

) 1
=02 P> i

p n#p

1
SCHCL ") rra e

p=N  n#p

where C is a constant that can change between lines. Moreover,

. 1 . 1
> 7 Z(p2+)\_n2)2 <> QZ(p_n)z < too,

p>N n<p p>N n<p
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and, using (4.39),
4
2 2
SN w5 B

p>N p<n p<n
p>N p<n

From the above proof we find that the condition < 1/2 is sharp.

(2) Smoothing effect in H; """ for r € [0,1/2)

2

) B nap fp
D I = anfu M mse = 3013 s ’

n ||p#n H—I-Hn-H"
2r22
<C
S
n. p#n
_C 2r—2
I
nF#p
2r—2 n2
<C+C —_—
S Y
p=N n#p

Moreover,

Zp2r22p+)\ 2_2p2r22p n +00,

p>N n<p p>N n<p

and, still using (4.39 ,
Zp2r 22p+)\ ZPQT QZ +00.

p>N p<n p>N p<n

(3) The quantity > (¢, — a”f") belongs to H{ for r € [0, 1/2)

At first we point out that since {ng, }nen is a Riesz basis of H{ ', and {nf, }nen+ is an
orthonormal basis of H; ', the candidate > nen= (G — “")\f ») belongs to H; '. We need to show
that it actually belongs to more regular spaces Hi for r € [0,1/2). Moreover, both » - qn
and ), o a"/\f” belong to H~Y/?~ but not to H~1/2.

In the following, we mainly focus on the case r = 0. Since m = 0 we notice that the lemma

is equivalent to
2

D) D et R (4.76)
n p?’énp L2

Note that this cannot be directly deduced from the quadratically close inequality that we
proved in Lemma (3) (case m = s =0),

2

ap.fp

n pFEN L2
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Indeed, we need more delicate estimates. We know from the fact that > _n.(gn — a")\f")
belongs to Hl_1 that

P I I s = L L
p

neN* n p#n

the last equality can be obtained from the “distribution sense”: we observe that the inner
product of both quantities with f; are equivalent, which implies that those two quantities are
equivalent. Or, alternatively, since

apfp
Zn:;;z p? A =n?l g
<szp\p 2 —n?|
n. p#n

OB DD VEDD

n p<n  n<p<2n p>2n

1M DIFTLEELE Ny % Ly

3
n —nNn
n p<n p p n<p<2n p p>2n p

p\p

1+ logn

then thanks to Fubini we have that

Y e m e e
P

n. p#n
Hence, it suffices to show the last quantity in equation (4.78) belongs to L?  which is
equivalent to
2 2
1 1
2wh) T Tlw| Xl amoe] <t (4.79)
PP+ A—n P+ A—n
p n#p L% p n#p
which, to be combined with the growth condition a, ~ 1, is equivalent to
2
N D — (4.80)
P2+ X —n?
P \n#p

It further suffices to prove that
2

1

S ||| <+ (4.81)
2 — 2 )

>\ pPP+A—n

which further reduces to showing that
2
1 . 1 2 312
S+ > +> oy w1l B S T(SE+ S+ 83 < o0 (4.82)

p>N n<p p+l<n<2p n>2p p>N
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Next we estimate the S; one by one.
i) Estimation of Sp:

1
SS=> 5w
P 2 _ 2’
ngp_lp +A—n

1
=y St
n<p—1
1 1
<y L
anp,lp_n
1+logp
p )

IN

C

where C is a constant independent of p.
ii) Estimation of Sf,: by the choice of p > N and the fact that A = N, we know that

p<n<2p —p
< 2

p<n<2p

1 1
S - Z T

p p<n<2p n—>r
<c 1+ logp.

p

iii) Estimation of 5’3: the last part can be estimated by

Consequently,
1, 02, q3)2 1+logp)
DS +S+85P< Y C(——F) <+ (4.83)
p>N p>N p

Finally, for the case r € [0,1/2), by slightly modifying (4.79) it suffices to show that

1+1 2
S (s st s <0 X (R <o, (454
pEN p=N b
where r < 1/2 is sharp. This ends the proof of Lemma O
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4.3 On the choice of the backstepping candidate

In the following, in order to simplify the calculation, we only consider the special
case m = 0, thus
¢ <lan| <C,

the other cases can be treated exactly similarly.
According to Section we know that every sequence { K}, },en+ determines a unique trans-
formation T, and at least formally, it satisfies

TA+ ¢K = AT — \T. (4.85)
Thanks to Section [4.2] we know that when { K, }n- satisfies
|K,| < C, ¥n e N¥, (4.86)

this unique transformation 7" is bounded on H® with s € (—3/2,3/2).
Moreover, if { K, }nen+ further satisfies

c<|K,| <C, Vn e N¥, (4.87)

then 7' is an isomorphism on H® with s € (—=3/2,3/2).
However, until now we have not yet treated the second condition:

Té = . (4.88)

This condition is called in the literature the “I'B = B condition” (here the function ¢ repre-
sent what is usually formally denoted B), which is now becoming a standard requirement for
Fredholm type backstepping transformations, [16] 17, 20, 21), 27, 51]. The aim of this section is
to determine a precise candidate of { K, },en+ such that

(i) The “T'B = B condition” (4.88]) holds, in a suitable space to be found.
(ii) The boundedness condition (4.86) holds.
(iii) The operator equality (4.85)) holds, in a suitable space to be found.

The proofs of (i) and (ii) are provided by Sections and Section is devoted to
the proof of (iii).
We also remark here that, in this section, we only prove the condition (4.86| instead of the

stronger (4.87)), as it is sufficient to obtain conditions (4.88) and (4.85)). The proof of (4.87)),

which implies that 7" is an isomorphism and not only a bounded operator, is left to Sections

EAHALE

4.3.1 The TB = B condition in weaker spaces

For any given ¢ satisfying

¢ =Y anfn, with ¢ <lan| <C, (4.89)
neN*
we want to find K such that
K= Knfn, with ¢ <|K,| <C, (4.90)
neN*
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T¢ = ¢, in a suitable sense. (4.91)

Since the solutions of the closed-loop system are expected to live in CY([0,7]; L?), it is
natural to start by considering that T¢ = ¢ holds in L?.
For any given {an}nen+ satisfying (4.89), Lemma (2) holds. Meanwhile the strong

T'¢ = ¢ condition for (4.91)) reads
Z apfp =¢p=T¢p= Z anhy, = Z —an Kngn, (492)
p n n

which is equivalent to

o= Z anKnqn. (4.93)

1
However, we can not use Lemma (3) with m =s = 0 directly, because ¢ € H, * instead of
L2. Otherwise, formally the preceding equation admits a solution.

We now prove that the condition (4.88) can hold in H; /2= We notice that, formally,

n

T¢ = Z anKnQn = Z anKn (nQn) (494)

n

As {ngn }nen+ is a Riesz basis of Hl_l, and as ¢ € Hl_l7 (4.93)) can be solved in Hl_l. Indeed,
since the span of {ngy }nen+ is dense in Hy ! and since ¢ also belongs to H 1 ! it has the unique
decomposition:

o= Z dn(”‘]n)7 (an) S EQ(N*) (4'95)
neN*
We then define ~
K, = —nZ—n, n € N*. (4.96)

Note that (K,) is thus uniquely determined, solves (4.93)), and

(‘”f”)n € 2(NY). (4.97)

Now, as ¢ € Hl_l/Q_, by Lemma (3), and uniqueness of a,, we have

=Y am(n g, se(-3/2,-1/2), (4.98)
neN*

with
(ann® ™ pens € (NY), se(—3/2,-1/2).

Together with (4.96]), this implies
(anKnn®)nen+ € (2(N*), s€(—3/2,-1/2), (4.99)

which generalizes (4.97)). We can now write, analogously to (4.94):

T¢=> anKngn =Y anKan’(n °qn), s€(-3/2,-1/2). (4.100)
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Together with (4.98)), this solves (4.93)), i.e. ([4.88), in Hf for s € (—3/2,—1/2)

Note however that, although condition (4.99)) holds for any bounded sequence {K,}nen-,
conversely is not enough to conclude that { K, },en+ is bounded. Indeed, let b, := logn,
we can easily observe that

br,
n neN*

REMARK 4.4. More generally, even if a sequence {by}nen+ satisfies

bn
{} € (2(N*), Ve > 0, (4.102)
neN*

n

we are not able to conclude that the sequence {by}nen+ is bounded. For example, by defining

M(n) =[€"] +1,Vn € N, (4.103)
b :=mn, if m = M(n), (4.104)
b =0, if m¢ {M(n):neN} (4.105)

we know that for any € > 0,

b\ b\ n \2
3 (me) S (ma) <y (ﬁ) < +0. (4.106)
meN* me{M (n):neN*}
Clearly, such {by}nen+ is not bounded.

In the next section, we will prove that the sequence {K,},cn+ that we have found in this
section is indeed bounded from above.

4.3.2 Regularity of K and T

In order to prove the condition (4.86]), namely the boundedness of the candidate { K, }pen=, we
come back to the T'¢ = ¢ equation

Z —anKngy, = Z an frn. (4.107)

n n

Thanks to the preceding Section, we have found a unique { K, },cn+ satisfying (4.99)) such that
equation (4.107)) holds in Hl_l/Q_ (in particular, in Hl_l).
Motivated by Lemma 4.3 part (3), we define ¢, as

cn =: —anK, — A\ (4.108)

As {ngn}nen- is a Riesz basis of H; ', we know that
1 _
Z)\qn = )\Z E(nqn) c H{ (4.109)
n n

Then, the T'¢ = ¢ condition in H 1is equivalent to

SN ten)an =Y anfn in H, (4.110)

n
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and

chqn = Z(ann — Aqp) in Hl_l. (4.111)

n n

Thanks to Lemma [4.3| part (3) with » = 0, we actually have

chqn = Z(anfn —Aqn) € L%. (4.112)

n

Considering the fact that {g,} is a Riesz basis of L? (Lemma (3) with m = s = 0), by
uniqueness we get

{Cn}neN* € 82(N*) (4'113)
Now, we have by definition of ¢,,:
K, = _2ten (4.114)
G

By (4.89) and (4.113)), (K,) is clearly bounded.
Now, from Lemma (4) in the case m = 0, we deduce that T is bounded on H? for

s€(=3/2,3/2).
REMARK 4.5. We notice that the equation (4.107)) is equivalent to

1 *
neN*

Hence the value of {—anKy}nens = {\ + cnlnen+ is independent of the choice of {an}nen+
satisfying

c<lay| <C.
4.3.3 On the operator equality

In the previous subsection we proved the following lemma

LEMMA 4.6. By the choice of {an}nen+ and {Ky,}nen- from Section we have
To=¢in Hi, sec(—3/2,1/2), (4.116)

in particular it holds in H{ . However, it does not hold in L3.

Now, we show the operator equality and the spaces in which this equality holds.

LEMMA 4.7. Let r € (—=1/2,1/2). By the choice of {an}nen+ and {Kp}nen+ from Section

for any ¢ € H{H we have
(TA+T¢K)p = (AT — XT)y in H] L. (4.117)

In particular we can consider v = 0 then the equality holds in Hfl. Moreover, the range
r e (=1/2,1/2) is sharp.

Proof. Recalling that, thanks to Section £.3.2) T': Hf — H{ is a bounded operator for s €
(—=3/2,3/2). Though so far we do not know whether 7" is an isomorphism —this will be proved

in the next section— this is now sufficient to study the operator equality.
Let us first check that each term of the operator equality (4.117)) is well defined.
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i) TAp: we know that Ap € H!'. Notice that r — 1 € (—3/2,—1/2), which, combined
with Lemma (4) in the case m = 0 and s := r — 1, implies that TAp € H| '
Moreover, as A : H{"' — H{™'and T : H{~" — H]~! are bounded, the linear operator
TA: H™ — H™!is bounded.

Concerning the sharpness of r € (—1/2,1/2), as we can see above, if r is chosen such that

r < —1/2 then the operator T is no longer bounded on H{_l, thus the linear operator
TA: H{H — H{fl is not bounded.

ii) ToK: given that ¢ € H]™' with » > —1/2, and that K : H;™' — R is a bounded
operator, we know that |K¢| < 400 is well-defined. Then, thanks to Lemmafd.6] ToK ¢ €

Hfl/zf C Hj~'. Moreover, as and T'¢ : R — H|! and K are bounded, the linear
operator ToK : H{H — lefl is bounded.

iii) Tp: thanks to Lemma [4.1] (4) in the case m = 0 and s =r + 1 € (1/2,3/2), and the fact
that ¢ € H{H, we know that Ty € H{H C HI_I. Clearly, T : H{‘H — H{‘l is bounded
(in fact T is even bounded from H| ™! in itself).

iv) AT¢: because T € H{™' we have that ATp € H/™'. As T : H{*' — H{™' and
A: H™' — H{™! are bounded, the linear operator AT : H{** — H{ ™! is bounded.
Concerning the sharpness of r € (—1/2,1/2), as we can see above, if r is chosen such

that » > 1/2 then the operator T is no longer bounded on H{H, thus the linear operator
AT : H{H — H{_l is not bounded.

From the above we have:
TA, ToK, AT, \T : H{ ™' — H ™!

are bounded linear operators. Now, using the definition of ¢, given in Section 4.1 we have in
the H™™! space:
(TA+TK — AT + AT fr = (—A — 0% + NT fr + 0Ky,
= Kn (0= (A =1+ Nan) ,
=0,
ie. TAf, +ToKf,=ATf, — AT fn.
Since the finite linear combinations of {f,}nen+ are dense in HIH, by boundedness of

TA AT, T¢K and T, this yields (4.117)). O
4.4 Invertibility of the transformation 7' on the space H;'.

So far we know, thanks to Lemma that 7" is a bounded operator on H{. But we do not
know yet that it is an isomorphism. To prove this, we will first prove in this section that 7T is
invertible on H| . Then, we will show in Section that this implies that it is invertible also
on H{ for s € (=3/2,3/2).

The key lemma is the following:

LEMMA 4.8. Letr € [0,1/2). The operator

T:=T-1d:L?— H],
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(resp. T:=T —Id: H{' — H{),

is a continuous operator. Hence T : L3 — L% (resp. T : Hy' — H{'), and T is a Fredholm
operator on L? (resp. on Hy').

To prove this Lemma, we need the following result:

LEMMA 4.9. Let r € [0,1/2). There ezists a constant C > 0 such that

2

anfn)

< ch ) € £3(N). (4.118)

HJ

Proof of Lemma[{.9 In fact, we have from the definition of {g, }nen+, the Riesz basis property
of {fp}pen+ and the growth condition (4.89)) for {ap}pen=:

9 2
_anf
nn) - Z prz 2+/\_n2 ’
HY ) nzp ¥ o
2
b
2 n
coy (vt )
p n#p
1
SCL |\ L0 | Ly )
n#p n#p (P*+ n’)
1
<o(2#) S (S iz )
<C_ b,
n
where in the last step we have used Lemma (1) (with m =0 and a, = 1). O

Proof of Lemmal[f.8. i) We first consider the L? case. We notice that

Qn n

A+ A Cn,
Tfn—_ nGn — fn = Gn — fn = (CLQn_fn) +CTQn-

Therefore, for any f =" b, fn € L satisfying {b,}nen+ € £2(N*), we have that

Tanfn

On the one hand, according to Lemma (5) the case that m = 0, we know that

<cC (Z bi) (Z IAgn — an%q) <CY 0 =ClIf |7

2

bn bn
Z ;(AQn - anfn) + —cnn

n

r n T
Hl

2

Z %(AQH - anfn)

n

Hy
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On the other hand, according to Lemma (3) with m = 0 and s = r, we know that {n""¢,}

is a Riesz basis of H. Thus

> g

n n

2

Hi

2

Z(bnaglcnnr)(n*rqn)

n

Hi

< C’z:(bna,;lcnn’ﬂ)2
<CD (bn)?*(can”)?
<C> b

= Ol I35,

where we have used the fact that {c,n"}nen+ € €2(N*) C 1°°(N*) which is proved in Section

4.3.2) equation (4.113)). Hence, the operator T : L% — H7 is continuous.

the injection H] — L3, T': L? — L3 is compact.
ii) Next we prove the H| ! case. For any

f = anfn = Z(bn/n)(nfn) € Hfla

we know that {b,/n}nen+ € £2(N*), thus

T bufn

2

bn bn
Z ;(AQn - anfn) + —cCnqn

n

2
}{;1+r n

By compactness of

—1+r
1{1

On the one hand, according to Lemma (2) the case that m = 0, we know that

2

H zn: TLILZL(”(/\QH - anfn)

—14r
1¥1

<c (Z (Z)j (Z In(0a - anfnwzlm)

<y (%)

< CIfIE

On the other hand, according to Lemma (3) the case that m = 0 and s = —1 4 r, we know

that {n'~"q,} is a Riesz basis of H; ™. Thus

Z bnaglchn
n

2

Z(bnaglcnnrfl)(nlfrqn)

n

bn 2
< C’Z (anlcnnr) ,
n

2
—14
H T
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b 2
<2 (%)

where, again, we have used the fact that {c,n" }en+ € £2(N¥) C 1%°(N*).
Therefore, for r € (0,1/2), T : H;' — H;{ ' is continuous. Since the inclusion H; '™ —
H 1'is compact, this concludes the proof of Lemma
O

We now prove the following invertibility result on H; L

LEMMA 4.10. T : Hl_1 — H1_1 18 an isomorphism.

Proof of Lemmal[{.10. Since T : H1_1 — H1_1 is a Fredholm operator of index 0 (i.e. can be
written as the sum of the identity and a compact operator), thanks to Lemma it suffices to
show that ker 7% = {0} to conclude. By definition of Fredholm operators, we know that both
ker T and coKer T have finite dimension. Moreover, since the adjoint of a Fredholm operator
is still a Fredholm operator (by Schauder’s theorem, the adjoint of a compact operator is still
compact), ker T is of finite dimension. More precisely, we have

dim ker T'= dim coKer T'= dim ker T* = dim coKer T < 4o0.

In the following we mimic the method of [16] to show that for the operator T : H; * — H; !
we have that ker T* = {0}. The proof is divided in three steps

1) There exists p € C such that

A+ ¢ K + Xd+ pld : Hf — H{' is invertible,
A+ pld: H — Hl_1 is invertible.

2) For such a complex number p, kerT* is stable under (A + pId)~'. As it is finite-
dimensional, (A + pId)~! has an eigenvector in ker T*, i.e. there exists h € ker T* and
u # 0 such that (A 4 pId)~'h = ph. Hence h = f;, for some k € N*,

3) By adapting the T'¢1 = ¢; condition, we show that h = fi is not in ker T*.

1) As the spectrum of A + pId is explicit and discrete, in the following we mainly focus on
the study of the spectrum of A+ ¢K + A\ld+ pld. By denoting z := A+ p, we try to investigate
the invertibility of Id + A~'¢K + zA~! in the H{ space, with some z € C, which further gives
some p = z — A such that the investigated two operators are invertible. Let us remark here that
as working with H f spaces, A is automatically invertible in this space, while when dealing with
HY spaces, A has a trivial kernel 1, in this case we will replace A by A=A+ 06 with § #0
sufficiently close to 0. For such a purpose we consider two cases.

i) If K(A='¢) # —1, then we know that the bounded operator Id + A~'¢K is invertible.
In fact, for any f € H{, we can check that

A™'o(K f)

1
-7 _|_K7(A*1¢)) € Hy, (4.119)

=f
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solves

(Id + A 9K)p = f. (4.120)

Since Id+ A~'¢K is invertible, and since A~! is also a bounded operator (indeed even compact)
on H{, according to the openness of invertible operator, there exists a small ball B.(0) around
0, such that

(Id + A7'¢K) + A7 is invertible in H{, Vz € B.(0). (4.121)

ii) If K(A™1¢) = —1, then we can easily check that 0 is en eigenvalue of Id + A~1¢K with
multiplicity 1 and the eigenspace is generated by A~1¢.

According to the perturbation theory, see for example [44], there exist small open neighbor-
hoods 2 and Q of 0 € C satisfying

(Id+ A7'K + 2A7y(2) = M=2)y(2),
y(2): z € Qs y(z) € H| is holomorphic,
Az) 1z € Qs A\(2) € Q C C is holomorphic,
A0) =0, yo:=y(0)=A"¢,
in such a way that for any z € Q, A(z) is the unique eigenvalue inside Q. Recall that A0)=0
and that the zero points of any non-trivial (not identically zero) holomorphic fucntion are
isolated.

If further there exists a small neighborhood w of 0 € C such that A(z) = 0 for any z € w,
then we are able to decompose y(z) € H{ is power series as

“+o00

y(2) =vo+ > 2 yk, uk € Hi. (4.122)
k=1

By matching the coefficients of the power series, we get
(Id + yoK)yx + A 'yp_1 = 0, Vk > 1. (4.123)
By adapting A~! and K to the preceding equation we conclude that
K(A Yy) =0, Vk > 0. (4.124)
Then by successively adapting A~ and K to the same equation we arrive at
K(A"y,) =0, Vk > 0,Vn > 1, (4.125)

which in particular yields
K(A "y) =0,Vn > 1. (4.126)

The preceding equality implies

an K,
> =0V =2 (4.127)
n
Again using the holomorphic function technique, we conclude that a,K,, = 0, which is a

contradiction.
Therefore, there exists a sequence of {2} converging to 0 such that A(zx) # 0. Indeed,
thanks to the fact that A is holomorphic with 0 being a zero point, in this case we even have that
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A(z) # 01in wy \ {0} with w; being a small neighborhood of 0. Then, since A(z;) # 0 and A(z) is
the unique eigenvalue inside (NZ, for zj, sufficiently close to 0 we know that Id+ A~1¢K + 2, A"
is invertible. Thus Id + A~'¢K + AA™! + (2 — \)A™! is invertible.  As the spectrum of
A+ pld is discrete, we can find a p (more precisely, some z; — A), such that both A + pId and
A+ oK + Md+ pld are invertible.

2) Because
T(A+ ¢K + Xd + pld) = AT + pT : H} — H{', (4.128)

we have
(A+pId)™'T = T(A+ ¢K + \d+ pId)~' : H' — H]. (4.129)

Suppose that h € ker T*, then we deduce from the above operator equality that
0= {((A+pld) T — T(A+ ¢K + \Id + pId) ™y, h) g1,
= (p, T*(A+ pId)*1h>H;1 — ((A+ ¢K + XId + pId) o, T*h) g1,
= (o, T*(A+pld)'h) g1, Ve HY,

where we have used the fact that A is self-adjoint.
The above implies (A + pId)~'h € ker T*, thus

(A4 pId)™" : ker T* — ker T*. (4.130)

Suppose that ker T* is not reduced to {0}. Therefore, because the space ker T* is of finite
dimension and not reduced to {0} we can find an eigenfunction (h,u), h # 0 and p # 0, such
that

(A4 pId)~*h = ph and h € ker T*. (4.131)

We immediately deduce that h is an eigenfunction of A = A in H{ L. Moreover, we know
from the definition of A that

1 —
h=u(A+pld)h, ie Ah=-—"Lh,
W

and h is a eigenfunction of A. We notice that the subspaces of Hi that are also eigenspaces of
A have dimension 1 (the eigenvalues are not degenerate in Hi). In particular the dimension of
the eigenspace of (1 — p)/u is one, and therefore h = C fi, for some k € N*.

3) From the above, we get
(To, fr)gr =0, Voo € H{t (4.132)
Thanks to the fact that T'¢ = ¢ in Hl_l, we can take ¢ := ¢ to achieve
ag

0= (T, fk>H1—1 = (¢, fk)Hl—l =2 (4.133)

which is in contradiction with the fact that a, # 0. O
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4.5 Invertibility of the transformation 7" on Hj for any s € (—3/2,3/2)

In the previous part we have proved the invertibility of the transformation 7" on H~'. We will
now show that this implies
K, #0, Vn € N,

which will in turn imply the isomorphism property in H{ for any s € (—3/2,3/2) thanks to
Lemma 471
Recall that
T :nfy,— —Ky(ng,), (4.134)

is a bounded operator form H, Lo itself. By contradiction, suppose that for some ng we have
Kn, =0. AsT: H;' — H;' is an isomorphism there exists h € H; ' such that

Th = nogp,-

By property of Riesz bases, there exists a unique {d, }nen+ € £2(N*) such that
h=>Y dn(nf,) € Hy ", (4.135)
n

Then
Th=> —dyKn(ngn) (4.136)

which converges absolutely as {ngy,}nen+ is a Riesz basis of Hy ! By definition of h, and by
uniqueness of the decomposition,

dpoKny =1,
which contradicts the assumption on K,,. Consequently, for every n € N* we know that

K, # 0, thus —a, K, # 0.

We also know that
— an Ky = A+ ¢, with {¢, pens € £2(N¥), (4.137)

which implies that at high frequency {|a,Ky|}n>nr is bounded away from 0 and also bounded
from above. Therefore, {|a,K,|}nen+ is bounded away from 0 and also bounded from above.
Hence

c<|K,| <C, ¥neN". (4.138)

By applying Lemma [4.1] (4) with m = 0 and s € (—3/2,3/2), we get that T : Hf — H7 is
an isomorphism for any s € (—3/2,3/2). The special case s = 0 corresponds to the invertibility
on the space L3.

4.6 Conclusion

We are now in a position to prove Proposition [3.4]

Proof. The proof of Proposition is a consequence of the above subsections: we choose K, as

in Sections 3.2, We know from Section that K is a bounded functional on Hl1 /2t
and from Section we know that there exists ¢ > 0 and C > 0 such that

c<|K,| <C, V¥neN".
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Consequently, from Lemma that 7' is an isomorphism on Hf for any s € (—3/2,3/2).
Moreover from Lemma we know that for any r € (—=1/2,1/2), and ¢ € H{ ™ we have

(TA+TBK)p = (AT — XT)y in H !,

and from Lemma [4.6]
T¢y = ¢y in H; /> (4.139)

Finally from (4.113)) and the definition of {¢;, }nen+ given in (4.108)), for any r € [0,1/2) we have
{O\+ anKp)n" Ynens € P(N%).

Hence the operators K and T satisfy the properties announced in Proposition for m = 0.
Thanks to Lemma [4.1| the same can be done identically in the case m # 0. This ends the proof
of Proposition O

5 Well-posedness results

5.1 Well-posedness of the closed-loop systems of heat equations

In this section we show that the closed-loop systems provided in Theorem and Theorem
are actually well-posed.

We mainly focus on the well-posedness of the heat equation. In the next subsection a similar
proof will yield the well-posedness of the viscous Burgers equation.

It suffices to consider the case of m = 0, while the other cases can be proved similarly. Fur-
thermore, for the ease of notations, here we only prove the following special case corresponding
to 7 = 0, while the other cases where r € (—1/2,1/2) can be proved similarly. Inspired by the
decomposition and the fact that H™ = H{"@® HJ" it suffices to consider the well-posedness
in H{" and HJ" separately, which is given by the following lemma:

LEMMA 5.1 (Well-posedness of the odd and even part: m = 0,7 = 0). Let k € {1,2}. Let
Yo € Lz. Let ¢ € H,;l. Let Ky, : H,i’/4 — R be bounded. The equation

Oy — Ay = ¢ K
y(0) = wo,
has a unique solution that is satisfied in L? ((0,+00); H, '), and
y(t) € CO([0,+00); L) N Line((0, +00); Hyy) N Hipe((0,+00); Hy ). (5.2)

COROLLARY 5.2 (Case m =0, r € (—1/2,1/2)). Let k € {1,2}. Let r € (—1/2,1/2). Let
yo € Hj. Let ¢ € Hk_l/Q_. Let Ky, - H,i/“ — R be bounded. The equation (5.1) has a unique

solution such that the equation is satisfied in L, ((0,+00); H; '), and

loc

y(t) € C°([0,400); Hy) N L, ((0, 400); Hy ™) N Hyp, (0, +00); Hy ). (5.3)
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REMARK 5.3 (Cases m # 0,7 € (—1/2,1/2)). Let k € {1,2}. For the other cases where
m # 0, we are dealing with yo € H"™", ¢y € H;nil/Qf,Kk : HZLH/2+ — R. PFEither we can
perform the same proof with respect to the pivot space H;" but, this time, or we can consider
the isomorphism D™ : H" — Li:

D™ n Tk R (5.4)

with convention that Dm(fg) = fg, where we recall that f* is an eigenfunction of A given by
(2.1). Observe that D™ commute with Laplacian, thus the equation (5.1)) is equivalent to

{8tw — Aw = (D" ) Kp D™ (w), (5.5)

w(0) = DMy, € HT,
with y = D™w, which goes back to the case of Corollary[5.3.

By combining Lemma Corollary Remark and the fact that H™ = H™ @ HY",
we immediately get the well-posedness of the equation (|1.4)).

COROLLARY 5.4 (Well-posedness of the heat equation (L.4)). Let m € R. Let r €
(—1/2,1/2). Let yo € H™". Let ¢ € H' V> for every k € {1,2}. Let Ky : H™/2F 5 R
be bounded satisfying Ky, H;)nj,;l/2Jr — 0 for every k € {1,2}. The equation has a unique
solution such that the equation holds in the space L? ((0,+4o00); H™" 1) and

loc
y(t) € C°([0,+00); H™ ) N Li,o((0, +00); H™ 1) N Hig,o (0, +00); H™ 1. (5.6)
5.2 Well-posedness of the viscous Burgers equation

We now turn to the well-posedness of the closed-loop viscous Burgers system ((1.8)).

LEMMA 5.5 (Well-posedness of the viscous Burgers equation (1.8). Let yo € L?. Let ¢1, ¢2 €
H™'. Let K1,K> : H34* 5 R be bounded. The equation

Oy — Ay + 9:(y°/2) = ¢1K1(y) + 2 Ka(y), (5.7)
y(0) = o,
has a unique solution that is satisfied in L2 ((0,+oc); H™') sense, and
y(t) € CO([0,+00); L) N Li (0, +00); H') N Hio, (0, +00); HY). (5.8)
Moreover,
ly(t, )2 < e“lyoll2, ¥Vt € [0,+00). (5.9)

Proof of Lemmal[5.1 By denoting S(t) the free heat flow evolution: y := S(t)yo as the solution
of

Oy—Ay=0inT
{ ty y m Y (510)

y(0) = o,
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we know from integration by parts that

1S ()wollcoo.r;22) < llvoll 2,
1S@yoll L2 o.ry;1) < llvoll z2-

(5.11)
(5.12)

We also know from integration by parts that the solution g of the inhomogeneous heat equation,

09— Ag=finT,
g(0) =0,

satisfies, for any given T > 0,
Hg(t)HCO([o,T];Lf) < HfHLQ(O,T;Hfl)’
Hg(t)HLQ([O,T];Hll) < HfHLZ’(o,T;H;I)'

Let us define
Br == {y € C°([0,T}; L}) N L*([0, T; H)},

with its norm given by
lylls, == llyllcoqom;z2y + 1Yl L2 o,y m1)-
For M > 0, we also define Bp(M) as
Br(M) :={y € Br | lyls, < M}.
Suppose that [|yo[|2 = R. Then, we consider the map
L:zeBr(3R)—y € Br
that is defined as

{aty — Ay = ¢K(2) in T,
y(0) = yo-

(5.13)

(5.18)

(5.19)

(5.20)

We immediately know that y € Bp. However, in order to show that £ is a contraction on
Br(3R) we need more delicate estimates. Indeed, we benefit from the fact that K is a func-

tional on H?M instead of on Hj.

We know that the solution y = Lz satisfies

lyllzy < 2R+ QHQZ)(KZ)”LQ(O,T;Hl_l)’
< 2R+ C[|Kz|r200,1)5

< 2R+ C|z| 5
L2(0,T;H})

< 2R+ CT% Il

8 3
3(03T3H14)

< 2R + OT5||2||,.,

< 2R + 3CRTS,

where we have used the following technical lemma.
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LEMMA 5.6.

1 3
Bl I8 OT;ng) < ||Z||ioo(0,T;L§)”ZHEQ(O,T;H%) < [|z[|By- (5.22)

Proof. As we know from Sobolev interpolation that
1 3
11 gors < I 171 s (5.23)
then further thanks Hélder inequality,
120, 5 ey < Mol
< ||HZHL2HL°°(0 7z IIHlH 301y’

< HZHioo(o,T;L%)HZHEQ(O,T;H%)’

< [|2ll57-
O
Therefore, for T' > 0 sufficiently small we know that
L :Br(3R) — Br(3R). (5.24)

Next, we show that, by choosing T even small if necessary, the map L is actually a contrac-
tion map. For any z1, 22 € Br(3R), suppose that y, := Lz1,y := Lz2, thus

Oy1 — Ay = oK in T
Y1 y1 = ¢K(z) in T, (5.25)
y1(0) = vo,
and
— Ay = 0K in T
Ory2 Y2 = K (z2) in T, (5.26)
Y2(0) = yo.
This implies that w := y; — yo = L(z1 — 22) satisfies
8tw — Aw = ¢K(21 — zg) in T, (527)
w(0) =0,
which further yields
1
1£(21 = 22)llBr = lwllsr < 200K (21 — 22)|l 2011y < CTE |21 — 2251 (5.28)

Therefore, L is actually a contraction on Br(3R) for T sufficiently small. Banach fixed point
theorem gives the existence and uniqueness of the solution in a small time interval.

Finally, it is standard to extend the solution to a large time domain. It actually suffices to
show the existence on [0, 1], thus it does not blow up in this domain. Concerning the solution
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y(t) of the system ({5.1]), integration by parts, which together with Sobolev interpolation and
Young’s inequality, yield,

d
o)1, < ~20u0) + Clyo) g v o).
< ~20y(2) 1, + ClyOllg Iyl o
7 1
< —2y(e)12, + Cludl v 1.
Te 1
20l + ¢ (IOl + ol ).

< —ly(®)%; + Clly(t)|2.

IN

N

The preceding a priori estimate, to be combined with standard arguments, indicate the exis-
tence of solution on [0, 1] and further on [0, +00). O

Proof of Corollary[5.3 Concerning Corollary again, we only prove the case that k = 1
as the other case that k& = 2 is similar. Observe that r — 1 < —1/2, meaning ¢; € H{_l.
Meanwhile, the choice of r also tells us that K is bounded on H {H.
At first we investigate the related open-loop system, i.e. we replace Ki(y) by u(t) €
L? (0,400). The equation

Oy — Ay = t
by — Ay <Z>1:L( ) (5.29)
y(0) = yo € Hi,
has a unique solution in the space (5.3)), satisfying
||y(t)|‘200([o,T};H;) < HZMH%{{ + ||¢1u(t)”L2(0TH’" 1y; (5.30)
520 gares) < Mool + 191t 22 0 gopre - (5.31)
Indeed,
1d 9
Sl Ol = 0, 50,
= —lly@) Il + WO, u()é1)
< =lly® e + Hy(t)IIH;HIIU(t)¢1HH;—1
< t)[? )| L) 2
< =My @ + g\ly( Wiprer + 5 llu@ g
1
< =Sl + 5 \U( )P llonlzrr,

1
< =5 lyOlF0 + Clu®)P,

where we have used the fact that for h, g € S; (thus extends to related Sobolev spaces)

= hpsinnz, g:= gn Sinnz,
> 2

neN* neN*

(hoghmp = D (0"ha)(0gn) = Y (0" ha) (0" gn) < Il gyt 19l

neN* neN*

47



as well as that

(hy ARy = = 3 (0" hy) (072 h) = = 3 (0" ha) (07 ) = = [[R][F0

neN* neN*

Next, for the closed-loop system , by the choice of r there exists some sg, s1 satisfying
r < 1/2 < sg < r+1suchthat H{ ™' C H° C HY, and that K is bounded on H;°. Consequently,
the same proof of Lemma,[5 adapts here For instance, in Lemma [5.1]the Value of s¢ is chosen
as 3/4 (see Lemma [5.6| in Sectlon ). Indeed,

LEMMA 5.7. Forp:= 2.

ooz < NG e N o (5.32)
Proof. Since
12l g0 < IIZIITH?_SOIIZH?{?’E, (5.33)
we know that
1— _
120 Lo om0y < M2l = 2l grillzeo),
<lll= HTH SOHLO‘J(O,T)H”ZHS;IT_JrTl”LP(O,T)a
= [zl o 121 o
Lo (0,T;HT) Lp(so—r)((),T;le"'l)'
O
For any given T' > 0. Let us define
By = {y € C°([0, T]: HY) N L2(0, T); B ™)}, (5.34)
with its norm given by
lyllsy. = H?JHCO([O,T];H{) + |’yHL2([07T];H1T+1)7 (5.35)
and
Br(M) :={y € By | llylls; < M}. (5.36)

Let |lyollzy = R. For any T' > 0, we further consider the map L" : z € Bj.(3R) — y € By
defined as

{@y — Ay =¢K(z)in T, (5.37)

y(0) = yo.
When T is sufficiently small, by adapting
1.1
||¢(KZ)||L2(0,T;H{“—1) < ClKz|| 201 < CHZHB(O,T;HfO) <CT> p”ZHLp(o,T;HISOy

and the fixed point argument, there is a unique solution in the space (5.3) in a small interval
of time [0, T], more precisely as the unique fixed point of £" in B}.(3R).

Next, the a priori estimate further implies the existence of a unique solution in large interval
of time. O
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REMARK 5.8. For the case that k = 2 instead of 1, similar approach leads to the same
well-posedness result. The only place that needs to be (slightly) modified is that the inequalites

(15.30) —(5.31)) should be replaced by,
Hy(t)H%O [O T]'HT) S eZT (HyOH%{T + Hgﬁlu(t)”iﬁ(o T.HT—1)> )

522 0.7z, < 7 (lolldg + 1610 e -

That is because

((t), Ay() gy = =yl + (@, f3)* < =lly@1pe + IOy

which leads to
1d

5 g WOz < =ly@ 5 + Iyl + <y(t)7U(t)¢1>Hg

1
ly ()12 — Sl )HHm +5 IIU(t)sf)lII?{;—l-

IN

Thus
ly (&)1 + IIyIIiQ(OJ;HgH) <X y(0)|[Fy + e [lut)ol?. (0.4

Proof of Lemmal5.5 Finally, we simply comment on the proof of Lemma [5.2] whose proof is
essentially the same as the proof of Lemma [5.1}

Indeed, concerning the existence of the solution in a small interval of time, it suffices to
treat the nonlinear term as a perturbation using Gagliardo-Nirenberg interpolation inequality,
which is standard.

Haﬁ(yQ)H%?(O,T;H*l) < ||yy\|%2(o,T;L2)a

T
< / ly (e, Y Pally(t, 3 edt,
T 2 2
<c /0 (e, Vs (s )0 e,

T
<c /0 Lyt Nyt ) s,

1
<CT> ||y||3é’0([0,T];L2)||y”L2(0,T;H1)'

Next, classical energy estimates, benefiting from the fact that

(,0:(y*)) = 0, (5.38)
lead to the existence of solution in large interval of time,
5 S0 = {9(0), Ay() + D1 (y(1)) + D2Ka y(1)) o -+
~lly®O 17 + ly@ll72 + Clly@)lla (Kiy@)] + K2y (b)),
< —3 Iy + Clly(@) 1B

where, slightly different from the calculation on L} and H{, for H! norm (just as for HJ norm)
we have

IN

(), Ay - = =llyOllFn + (. £60)* < = ly@l7n + ly@)]17:-
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6 Exponential stabilization of the heat and Burgers equations

6.1 Heat equation: well-posedness and stability of the transformed system

In order to show Theorem we need to show the well-posedness of the closed-loop system
and its exponential stability. Also, to simplify the notation we assume that m = 0 even though
the exact same can be done with m # 0. Let yop € L?. Under the assumption of Theorem
we can define

B = (¢1,62), K= (K1,Ko)", T=Ty + T

given by Proposition [3.4) and Corollary [3.5]
Let 7 > 0. Con81der1ng the fact that for k € {1,2} ¢ € H,;l and that K : Hl — R,

for any o(t) € L?((0,7); H') we have that BKp(t) € L*((0,7); H!). Then, concerning the
closed-loop system

— Ay = BK(y), y(0) = yo, (6.1)
from Corollary we get a unique solution of the closed-loop system

y(t) € C°([0,7]; L2(TY)) N L*((0,7); HH(TY)) N HY((0,7); HH(TY)), (6.2)

which indicates that the equation (6.1)) (thus each item of it) is satisfied in L2((0,7); H=*(T%)).
Since the operator T' is bounded in H'(T') space with [ = —1,0,1 (from Proposition
and Corollary , we know that

2(t) = Ty(t) € C°([0,7]; L*(T)) N L*((0,7); H(T)) N H'((0,7); H~(T)). (6.3)
Moreover, by applying T to (6.1) we know that
Ty; — TAy = TBK(y) in L*((0,7); H}(Th)). (6.4)

By applying Proposition and Corollary with s = 0, together with the fact that y(t) €
L2((0,7); H{(T1)), we arrive at

Ty, = ATy — ATy, in L*((0,7); H'(T)). (6.5)
Hence,
— Az + Xz =0in L*((0,7); H1(T)). (6.6)
Consequently,
2dtll 2072y = (), 2O g1 < =A@ 72p) (6.7)

holds in L'(0,T), which further implies the required decay property of the solution
12()]l2 < e (|2(0)]| 2, V¢ € [0,7]. (6.8)

Finally, as T is an isomorphism on L? from Proposition and Corollary we conclude
that
ly@)ll2 < CNe M|y°|| 2, ¥t € [0,7], (6.9)

Given that this is true for any 7 > 0 and that C'(\) does not depend on 7, it implies that
y € C°([0, +00); L2(T)) and

ly®)lze < CN)e 5" 2, Yt € [0, +00). (6.10)

This nearly ends the proof of Theorem the only thing left is to check that we have also a
stabilization in H" for any r € (—1/2,1/2).

50



REMARK 6.1. Let r € (—1/2,1/2). The same feedback law K (y) also stabilizes the system
(6.1) in H"—space.

Indeed, let r € (—1/2,1/2) and let yo € H". As ¢y, € Hg_l and K, : H]:H — R, for any
o(t) € L*((0,7); H*) we have that BKo(t) € L?((0,7); H"~1). Then equation has a
solution

y(t) € C°([0, 7]; H'(T)) N L*((0,7); H™H(T)) N HY((0,7); H'(T)), (6.11)
and holds in L2((0,7); H"~1(T)).

Because T is bounded in H' with [ =7 —1,r,7+1 (Lemma part (4) and Section ,
we know that z(t) := T'y(t) lives in the same space of y(t) in (6.11).

By adapting T to the equation we know that holds in L2((0,7); H"~Y(T)). Then
by adapting Lemma [4.7] to the case that s = r, we get

Ty = ATy — ATy, in L*((0,7); H~Y(T)). (6.12)

Hence,
2 — Az 4+ Az =01in L2((0,7); H~Y(T)), (6.13)
which leads to the required exponential decay of z in H”,
1d
2dt
Consequently, using again that 7" is an isomorphism in H",

ly(®) |z < Cr(Ne [y (0)]l -, (6.15)

with C' and C,()\) depending on r € (—1/2,1/2) and A ¢ N. This ends the proof of Theorem
N

121 = (2(8), 2() i < = Al|2(0) I (6.14)

6.2 Viscous Burgers equation: well-posedness of the target system and sta-
bility of the closed-loop system

The proof of Theorem dealing with the viscous Burgers equation is very similar to the proof
of Theorem dealing with the heat equation with m = 0,7 = 0. Let 7 > 0 and yg € L% such
that ||yol|z2 < J, where 0 is a constant to be chosen. Lemma implies that the closed-loop
system (1.8)) has a unique solution y(t), provided that ¢ is sufficiently small (depending on 7),
and

y(t) € C°([0,7]; L*(T)) N L*((0,7); H'(T)) N H'((0,7); H~'(T)), (6.16)
which holds in L2(0,7; H~!(T)). Next, again, thanks to the fact that the operator T is bounded
in HL(T) space with [ = —1,0,1,

2(t) == Ty(t) € C°([0,7]; L*(T)) N L3((0,7); H(T)) N H'((0,7); H~Y(T)). (6.17)
Next, by applying 7" to we know that in L2((0,7); H=Y(T)),
Ty, — TAy +To.(y*/2) = TBK(y), (6.18)

where we used the fact that 79, (y%/2) € L*((0,7); H™1).
By applying Lemmafor the case s = 0, combined with the fact that y(¢t) € L((0,7); H*(T%)),

we get that
Ty, = ATy — XTy — T8,(y*)/2, in L*((0,7); H~'(T)). (6.19)
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Hence,

2 — Az + X2+ T0,(T'2)?/2 =0 in L*((0,7); H; Y(T)). (6.20)

Therefore, the system is locally stable in L?(T) space, provided that ||z|| 2 is small enough,
indeed

1d

2dt ||Z(t)H%2(T) = (2(1), Z.(t»Hl,Hfl

= (z(t),Az — \z — T&B(T_lz)2/2>H1’H71,

—21F + 1272 = AllzlZ2 + Cllzllm 1T0(T~2)? | 1
=zl = A= D272 + Cllz g (T 2)? | 2

—llzlF = A= DlzlZ2 + Cllzl g 1T 2l 21T 2l 1
—21F = (A = Dllzl172 + Cllzll7n 2] 2-

VAN VAN VAN VAN

Hence, provided that supjy ;1([|z]|z2) is small enough (depending on A € (1,+0c)) one has
l2()llz2 < e 2(0)] 2, Wt € [0, 7], (6.21)
which also implies, using T, that
ly(®)lzz < CNe™ A ly(0)]| 2, Vt € [0, 7], (6.22)

provided that supjg -(|[2([2) small, or equivalently that supy (||y[[z2) small, from the isomor-
phism property of T. Finally, from Lemma and it suffices to have ||yg||;2 small. This
means that there exists 01 (7, A) such that for any § € (0,01(7, X)) the solution y satisfies
and the exponential stability estimate holds.

So far the constant § depends on 7 but, leveraging the exponential stability estimate (6.22)), it
can be made independent of 7 using a very classical argument: let 71 > 0 such that e~(A~D71/2 <
(C(A\)~t, and select § = 61(71, A), then y exists and (6.22)) holds on [0, 7], therefore

ly (11, )l g2 < e” A2 1] o (6.23)

As the system (1.8) is autonomous, studying it on [r1,271] is the same as studying it on [0, 1]
with initial condition y(71,-). And from (6.23)), ||y(71,)|lz2< llyollrz < d1(71,A), hence the
solution exists on [11,271] and

ly(®)ll2 < CN)e XDy () || 2, ¥t € [, 2m1), (6.24)
which together with (6.22)) gives
_ (=1
ly®)liz: < C(N)e™ 2 ly(0)ll 2, vt € [0,27], (6.25)

Hence, iterating this procedure, for any n € N* y exists on [0, n7]

A=1)

ly)lze < CNe™ = y(0)ll 2, vt € [0, 7], (6.26)
hence y exists on [0, 400) and
(=1
ly@)llz2 < C(N)e™ = [ly(0)|2, V¢ € [0, +00). (6.27)

This ends the proof of Theorem
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7 Conclusion

7.1 Quantitative studies on C,.(\,m)

Thanks to the precise analysis introduced in this paper. The next step could also be on the
quantitative study of the stabilization cost, namely on the value of the constant C,(\,m) in
Theorem For example, let m = 0. For any fixed A ¢ N, even if we do not have enough
information on the exact value of C()\), it can be conjectured that the optimal value of C,(\)
(at least obeying our feedback law) tends to +oo as |r| tends to 1/27.

The appearance of the critical set A/ also indicates that, for any r € (—1/2,1/2) fixed, as A
tends to N the value of C).(\) tends to +oo. Therefore, it seems that by adapting this feedback
we are not able to achieve eCV? type estimates, at least not uniformly on A € R™. However, we
believe that with the precise functional settings treated in this paper, we are much more closed

CVA

to such quantitative results. Indeed, it is still possible and reasonable to expect e estimate

on {A=4N +2; N € N*}.

7.2 (General parabolic equations

It is natural to ask whether our framework also adapts general parabolic equations, namely

{3153/ — Ay + a1 (2)0zy + az(z)y = p1K:1(y) + p2Ka(y), (7.1)

y(0) = yo,
with a;(x) satisfying suitable regularity assumption.

By regarding the lower order operators a1 ()0, +az(z) as source, the same feedback law and
transformation yields the operator equality. However, on the next step, when applying 7" to the
evolution equation, the source a1 (2)0,y+as(x)y turned out to be T' (aq(2)0, (T 2) + az(z)(T~12))
which may become even stronger than the —Az damping produced by backstepping.

Therefore, it seems that we need to perform backstepping directly on the elliptic operator
—A+a1(z)0y+az(z). In the case that a;(x) = 0, the analysis is probably simpler as the operator
is remained to be self-adjoint. However, losing those explicit formulation of eigenvalues and
eigenfunctions make it more challenging to conclude Lemma While the other case that
ai(z) # 0 is of course more delicate, maybe the perturbation theory of resolvent estimates
should be applied, a good news is that due to the spectral gaps between different eigenvalues
are increasing, it is possible that no smallness of a1 (x)d, +az(z) should be assumed. Technically
speaking, due to the appearance of eigenvalues admitting double multiplicity the bifurcation
phenomenon when splitting those eigenvalues should appear, the resolvent analysis involved
would be more interesting and more delicate to some related works such as [7, [17].

7.3 Stabilization with one scalar control

It is proved in this work that two scalar controls are necessary and sufficient for the rapid
stabilization of the heat equation provided some decay information, because of those double
eigenvalues. But if we work on more general parabolic equations, for which it is possible
that every eigenvalues are simple and isolated, then probably one scalar control, of course
always admitting suitable decay properties, is sufficient to conclude controllability and rapid
stabilization.

According to the “return philosophy” introduced by Coron [15], it is still possible to stabilize
nonlinear system even if the linearized system is not stabilizable. Therefore, it is also of interest
to consider the rapid stabilization of the viscous Burgers equation with one scalar control.
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