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Abstract

Imposing orthogonality on the layers of neural networks is known to facilitate the learning by limiting the
exploding/vanishing of the gradient; decorrelate the features; improve the robustness. This paper studies theoretical
properties of orthogonal convolutional layers.

We establish necessary and sufficient conditions on the layer architecture guaranteeing the existence of an
orthogonal convolutional transform. The conditions prove that orthogonal convolutional transforms exist for almost all
architectures used in practice for ’circular’ padding. We also exhibit limitations with ’valid’ boundary condition and
’same’ boundary condition with zero padding.

Recently, a regularization term imposing the orthogonality of convolutional layers has been proposed, and
impressive empirical results have been obtained in different applications [44]. The second motivation of the present
paper is to specify the theory behind this. We make the link between this regularization term and orthogonality
measures. In doing so, we show that this regularization strategy is stable with respect to numerical and optimization
errors and that, in the presence of small errors and when the size of the signal/image is large, the convolutional layers
remain close to isometric. The theoretical results are confirmed with experiments, the landscape of the regularization
term is studied and the regularization strategy is validated on real datasets.

Altogether, the study guarantees that the regularization with L,.;, [44] is an efficient, flexible and stable numerical
strategy to learn orthogonal convolutional layers.

Keywords— Convolutional layers, orthogonality, deep learning theory, vanishing/exploding gradient, robustness

1 Introduction

We first start by introducing the problem, related work and the context of this paper.

1.1 On Orthogonal Convolutional Neural Networks

Orthogonality constraint has first been considered for fully connected neural networks [2]]. For Convolutional Neural
Networks (CNN) [22} 21} 52], the introduction of the orthogonality constraint is a way to improve the neural network
in several regards. First, despite well established solutions [[11}[17], the training of very deep convolutional networks
remains difficult. This is in particular due to vanishing/exploding gradients problems [13}4]. As a result, the expressive
capacity of convolutional layers is not fully exploited [17]. This can lead to lower performances on machine learning
tasks. Also, the absence of constraint on the convolutional layer often leads to irregular predictions that are prone
to adversarial attacks [41} 29]. For these reasons, some authors have introduced Lipschitz [41, 311 I8}, 43} 35] and
orthogonality constraints to convolutional layers [47, 15 [16} 511, 25} [10} 30} 44, 42| [19] 24} 15, [19] [3]]. Beside the



above motivations for considering Lipschitz and orthogonality constraints, these constraints are commonly used : - in
Generative Adversarial Networks (GAN) [28] and Wasserstein-GAN [1} [9]; - in Recurrent Neural Networks [2} [15].

Orthogonal convolutional networks are made of several orthogonal convolutional layers. This article focuses on
theoretical properties of orthogonal convolutional layers. We will consider the architecture of a convolutional layer as
characterized by (M, C, k, S), where M is the number of output channels, C' of input channels, convolution kernels
are of size k x k and the stride parameter is S. Unless we specify otherwise, we consider convolutions with circular
boundary conditions. Thus, applied on input channels of size SN x SN, the M output channels are of size N x .
We denote by K € RM*Cxkxk the kernel tensor and by K € RMN**CS* N the matrix that applies the convolutional
layer of architecture (M, C, k, .S) to C' vectorized channels of size SN x SN.

We will first answer the important questions:

« Existence: What is a necessary and sufficient condition on (M, C, k, S) and N such that there exists an orthogonal
convolutional layer (i.e. KC orthogonal) for this architecture? How do the ’valid’ and ’same’ boundary conditions
restrict the orthogonality existence?

Besides, we will rely on recently published papers [44, 30] which characterize orthogonal convolutional layers as the
zero level set of a particular function that is called L, in [44ﬂ (see Sect. for details). Formally, K is orthogonal
if and only if Ly+p(K) = 0. They use Lo+ as a regularization term and obtain impressive performances on several
machine learning tasks (see [44]).

In the present paper, we investigate the following theoretical questions:

« Stability with regard to minimization errors: Does K still have good ‘approximate orthogonality properties’
when L,,,(K) is small but non zero? Without this guarantee, it could happen that L,,.;,(K) = 1079 and
|KKKT — Id|| = 10°. This would make the regularization with L,,.¢, useless, unless the algorithm reaches
Lorin (K) =0.

* Scalability and stability with regard to N: Remarking that, for a given kernel tensor K, L., (K) is independent
of N but the layer transform matrix K depends on N: When L, is small, does K remain approximately
orthogonal and isometric when N grows? If so, the regularization with L., remains efficient even for very
large N.

* Optimization: Does the landscape of L, lend itself to global optimization?

We give a positive answer to these interrogations, thus showing theoretical bounds proving that the regularization
with L., is stable, and can be used in most cases to ensure quasi-orthogonality of the convolutional layers.

We describe the related works in Section[I.2]and give the main elements of context in Section[I.3] The theorems
constituting the main contributions of the article are in Section[2} Experiments illustrating the theorems, on the landscape
of Loy, as well as experiments showing the benefits of approximate orthogonality are in Section[3} The code will be
made available in DEEL.LIPE] library.

For clarity, we only consider convolutional layers applied to images (2D) in the introduction and the experiments.
But we emphasize that the theorems in Section [2]and their proofs are provided for both signals (1D) and images (2D).

1.2 Related work and contributions

Orthogonal matrices form the Stiefel Manifold and were studied in [6]. In particular, the Stiefel Manifold is compact,
smooth and of known dimension. It is made of several connected components. This can be a numerical issue, since
most algorithms have difficulty changing connected component during optimization. The Stiefel Manifold has many
other nice properties that make it suitable to (local) Riemannian optimization [23}24]. Orthogonal convolutional layers
are a subpart of this Stiefel Manifold. To the best of our knowledge, the understanding of orthogonal convolutional
layers is weak. There is no paper focusing on the theoretical properties of orthogonal convolutional layers.

I'The situation is more complex in [44} [30]). One of the contributions of the present paper is to clarify the situation. We describe here the clarified
statement.
Zhttps://github.com/deel-ai/deel-lip



Many articles [48. 1540, (19,134} 18, [7] focus on Lipschitz and orthogonality constraints of the neural networks layers
from a statistical point of view, in particular in the context of adversarial attacks.

Many recent papers have investigated the numerical problem of optimizing a kernel tensor K under the constraint
that /C is orthogonal or approximately orthogonal. They also provide modeling arguments and experiments in favor of
this constraint. We can distinguish two main strategies: kernel orthogonality [47, 5 16,5110, [19} 24111519, 13} 136]
and convolutional layer orthogonality [25] 30, 44| 42]]. The latter has been introduced more recently.

We denote the input of the layer by X € RE*SN XN and its output by Y = conv(K, X) € RM*XNxN,

¢ Kernel Orthogonality: This class of methods views the convolution as a multiplication between a matrix
K € RMX Ck* formed by reshaping the kernel tensor K (see, for instance, [15,144]] for more details), and the im2col
matrix U (X) where the columns of U(X) € ROK**N? contain the vectorized patches of X required to compute
the M output channels at a given spatial position (see [12,49]). We therefore have, Vect (Y) = Vect (KU (X)).
The kernel orthogonality strategy enforces the orthogonality of the matrix K.

* Convolutional Layer Orthogonality: This class of methods connects the input and the output of the layer
directly by writing Vect (Y) = K Vect (X)) and enforces the orthogonality of XC. The difficulty of this method is
that the size of the matrix € RMN**CS*N* gepends on N and can be very large.

Kernel orthogonality provides a numerical strategy whose complexity is independent of N. However, kernel
orthogonality does not imply that /C is orthogonal. In a nutshell, the problem is that the composition of an orthogonal
embedding’j and an orthogonal dimensionality reduction has no reason to be orthogonal. This phenomenon has been
observed empirically in [25] and [19]]. The authors of [44] and [30Q] also argue that, when K has more columns
than rows (row orthogonality), the orthogonality of K is necessary but not sufficient to guarantee K orthogonal.
Kernel orthogonality and convolutional layer orthogonality are different, the latter better avoids gradient vanishing and
exploding, and feature correlation.

We can distinguish between two numerical ways of enforcing orthogonality during training:

* Hard Orthogonality: This method consists in keeping the matrix of interest orthogonal during the whole training
process. This can be done either by optimizing on the Stiefel Manifold, or by considering a parameterization of a
subset of orthogonal matrices (e.g., [24} 2542, 39, 16} 51]). Note that some convolutional layer orthogonality
methods in this case consider iterations of /C, therefore resulting in a convolution where the kernel is of size
larger than k£ X k.

¢ Soft Orthogonality: Another method to impose orthogonality of matrices during the optimization is to add a
regularization of the type |[WW?T — I||? to the loss of the specific task. This regularization penalizes the matrices
far from orthogonal (e.g., [13} 15,130,144, 147, 10} (19} [15]]).

Note that unlike Kernel Orthogonality, Convolutional Layer Orthogonality deals directly with /C, and thus has
a complexity which generally depends on N. However, in the context of Soft Convolutional Layer Orthogonality,
the authors of [30} 44] introduce the regularizer L,,;;, which is independent of IV (see Sect. @]for details), as a
surrogate to [|KKKT — Idy 2 ||% and | KTK — Idogz vz ||%. In [44], orthogonal convolutional layers involving a stride
are considered for the first time. The authors also provide very impressive classification experiments using L,,.;;, on
CIFAR100 and ImageNet, including in a semi-supervised setting, on image inpainting, image generation and robustness.

The present paper specifies the theory supporting the regularization with L,,,;, and the construction of orthogonal
convolutional layers. We give necessary and sufficient conditions on the architecture for the orthogonal convolutional
layers to exist; we unify the L,,; formulation for both Row-Orthogonality and Column-Orthogonality cases; and prove
that the regularization with Lo,.5: 1/ s stable (Lyp¢p (K) small = KKT — Id small in various senses ); 2/ leads to an
orthogonality error that scales favorably when input signal size N grows. We empirically show that, in most cases, the
landscape of L, is benign and we identify the problematic cases. Finally, we also illustrate how the regularization
parameter can be chosen to control the tradeoff between accuracy and orthogonality.

3Up to a re-scaling, when considering circular boundary conditions, the mapping U is orthogonal.



1.3 Context

In this section, we describe the context of the article by defining orthogonality, the regularization function L.+, and the
Frobenius and spectral norms of the orthogonality residuals. We also derive the notions of approximate orthogonality
and relate it to the approximate isometry property whose benefits are listed in Table T}

1.3.1 Orthogonality

Given a kernel tensor K, the layer transform matrix X can be written as:

M(Ki1) ... M(Kic)

i = c RMN?xCS?N?

i

MKpr1) . MKnc)

to the output channel . (see Appendix [B|for details).
In order to define orthogonal matrices, we need to distinguish two cases:

 Row case (RO case). When the size of the input space of K € RMYN PXCS*N? g larger than the size of its output
space, i.e. M < C'S?, K is orthogonal if and only if its rows are normalized and mutually orthogonal. Denoting
. . . 2 2 .. .
the identity matrix Id ;2 € RMNXMN" thig is written

KK =Idpne - (D
In this case, the mapping K performs a dimensionality reduction.

» Column case (CO case). When M > CS?, K is orthogonal if and only if its columns are normalized and

mutually orthogonal:
KTK =Idegene - 2)

In this case, the mapping K is an embedding.

Both the RO case and CO case are encountered in practice. When M = (CS?, the matrix K is square and if it is
orthogonal then both (T) and @) hold. The matrix K is then orthogonal in the usual sense and both K and K7 are
isometric.

1.3.2 The function L, (K)

In this section, we define a variant of the function Lo, : RM*C*kxk __ R defined in [44, 30]. The purpose of the
proposed variant is to unify the properties of L, in the RO case and CO case.

Reminding that k& x k is the size of the convolution kernel, for any h,g € R¥** and any P € N, we define
conv(h, g, padding zero = P, stride = 1) € REGP+HDX(2P+1) g5 the convolutio between h and the zero padding of g
(see Figure . Formally, for all ¢, 7 € [[0,2P],

k—1
[conv(h, g, padding zero = P, stride = 1)]; ; = Z hir 1 Gisir 47
it ,5'=0

where § € R(FH2P)x(k+2P) ig defined, for all (i, j) € [0, k + 2P — 1]2, by

— 9i—pP,j—P if(i,j)G[[P,Pﬁ‘k*lﬂz,
93 =Y 0 otherwise.

4As is common in machine learning, we do not flip A.
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Figure 1: Ilustration of conv(h, g, padding zero = P, stride = 1), in the 2D case.

We define conv(h, g, padding zero = P,stride = S) € R(ZF/SIHDx(12P/SI41) for all integer S > 1 and all
i,j € [0,[2P/S]]. by

[conv(h, g, padding zero = P, stride = S)]; ; = [conv(h, g, padding zero = P, stride = 1)]g; s

We denote (in bold) conv(K, K, padding zero = P, stride = ) € RM*Mx(12P/S]+1)x([2P/S]+1) the fourth-
order tensor such that, for all m,{ € [1, M],

conv(K, K, padding zero = P, stride = 5),,

sbyese

c
= Zconv(Km’c7 K ., padding zero = P, stride = 5),
c=1

where, for all m € [1, M] and ¢ € [1,C], K. = Ky c.... € RF¥E,
It has been noted in [44] that, in the RO case, when P = |21 | S,

K orthogonal — conv(K, K, padding zero = P, stride = S) = I, 3)

where I,o € RM*Mx(2P/5+1)x(2P/S+1) ig the tensor whose entries are all zero except its central M x M entry which
is equal to an identity matrix: [I,0].. p/s p/s = Idp.

Therefore, denoting by ||.|| 7 the Euclidean norm in high-order tensor spaces, it is natural to define the following
regularization penalty (we justify the CO case right after the definition).

Definition 1 (Loytn). We denote by P = {%J S. We define Lopsp : RM*XCxExk 3 R s follows

o Inthe RO case, M < CS2:

Lorin(K) = || conv(K, K, padding zero = P, stride = S) — IT0||% . 4)



e In the CO case, M > CS?:

Lorin(K) = || conv (K, K, padding zero = P, stride = S) — Io|% — (M — CS?).

When M = C'S?, the two definitions trivially coincide. In the definition, the padding parameter P is the largest
multiple of S strictly smaller than k. The difference with the definitions of L,.¢; in [44][30] is in the CO case. In this
case with S = 1, [30]44] use (@) with K7 instead of K . For S > 2 in the CO case, we can not derive a simple equality
as in (3). In [44], remarking that [|KTK — Idggz 2 [|% — |KKKT — Idpsne2 ||% is a constant which only depends on the
size of K, the authors also argue that, whatever .S, one can also use in the CO case. We alter this in the CO case as
in Definition [I] to obtain both in the RO case and the CO case:

Lortn(K) =0 — K orthogonal.

Once adapted to our notations, the authors in [44, [30] propose to regularize convolutional layers parameterized by
(K;); by optimizing
Ltask + A Z Lorth(Kl) (5)
l

where Ly, is the original objective function of a machine learning task. The function L+, (K) does not depend on
N and can be implemented in a few lines of code with Neural Network frameworks. Its gradient is then computed using
automatic differentiation.

Of course, when doing so, even if the optimization is efficient, we expect L,.+; (K;) to be different from 0 but less
than ¢, for a small . We investigate, in the sequel, whether, in this case the transformation matrix /C, still satisfies
useful orthogonality properties. To quantify how much K deviates from being orthogonal, we define the approximate
orthogonality criteria and approximate isometry property in the next section. These notions allow to state the stability
and scalability theorems and guarantee that the singular values remain close to 1 when L,,.+;, is small, even when N is
large. This proves that the benefits related to the orthogonality of the layers, which are presented in Table|l} still hold.

1.3.3 Approximate orthogonality and Approximate Isometry Property

Perfect orthogonality is an idealization that never happens, due to floating point arithmetic, numerical and optimization
errors. In order to measure how K deviates from being orthogonal, we define the orthogonality residual by ICXT —
Id s w2, in the RO case, and KTKC — Idgg2 v2, in the CO case. Considering both the Frobenius norm |||z of the
orthogonality residual and its spectral norm ||.||2, we have two criteria:

F [ IKKT —Idpnz||F inthe RO case,
erry (K) { |KTKC —Ideszn2 ||, in the CO case,

and
IKKT —Idpsne |2 , in the RO case,

erry (K) = { |IKTKC —Idegzn2 ||z, in the CO case.

When M = CS2, the definitions in the RO case and the CO case coincide. The two criteria are of course related since
for any matrix A € R**?, the Froebenius and spectral norms are such that

[Allr < v/min(a,b)[|Allz - and  [[All2 < [[AllF - (6)

However, the link is weak, when min(a, b) is large.

In the applications, one key property of orthogonal operators is their connection to isometries. It is the property that
prevents the gradient from exploding and vanishing 5} 146} 24, |15]]. This property also enables to keep the examples
well separated [30]], like the batch normalization does, and to have a Lipschitz forward pass and therefore improve
robustness [44), |5, 25} 142, [19]].

We denote the Euclidean norm of a vector by ||.||. To clarify the connection between orthogonality and isometry, we
define the ‘c-Approximate Isometry Property’ (e-AIP).



Table 1: Properties of a e-AIP layer (when € < 1), depending on whether K defines a convolutional or deconvolutional
layer. The red crosses indicate when the forward or backward pass performs a dimensionality reduction.

Forward pass Backward pass
Lipschitz Keep examples Prevent Prevent
Forward pass separated grad. expl. grad. vanish.
Convolutional M < (CS? X
layer M > CS? X
Deconvolution M < CS? X
layer M > CS? X
Conv. & Deconv. M = CS?
Definition 2. A layer transform matrix K € RMN *xCS*N? satisfies the e-Approximate Isometry Property if and only if

* RO case, M < CS?:

Vo € RSN |Kz|2 < (1+¢)|z?
2
vy € RMN (L—=o)lyll* < IKTy|? < (1 +¢)|yl?

e CO case, M > CS2:

2 n72
Vo € RETNT (1 — )|l < [|[Ka||* < (1 + &)
vy e RMNT[KTy)2 < 1+ o)yl

The following proposition makes the link between err; (K) and AIP. It shows that minimizing err$; (K) enhances
the AIP property.

Proposition 1. Let N be such that SN > k. We have, both in the RO case and CO case,
K is erry (K)-AIP.

This statement actually holds for any matrix (not only layer transform matrix) and is already stated in [3}10]. For
completeness, we provide a proof, in Appendix [G|

In Proposition[T]and in Theorem|[I] (see the next section), the condition SN > k only states that the input width and
height are larger than the size of the kernels. This is always the case in practice.

We summarize in Table ] the properties of the layer satisfying the AIP, in the different possible scenarios. We
remind that a kernel tensor K can define a convolutional layer or a deconvolution layer. Deconvolution layers are, for
instance, used to define layers of the decoder of an auto-encoder or variational auto-encoder [20]]. In the convolutional
case, K is applied during the forward pass and KT is applied during the backward pass. In a deconvolution layer,
KT is applied during the forward pass and K during the backward pass. Depending on whether we have M < C'S?,
M > CS? or M = C'S?, when K is e-AIP with ¢ << 1, either KT, K or both preserve distances (see Table .

To complement Table |1} notice that in the RO case, if errﬁ(K) < g, then for any 4, j with i # j, we have

|Ki,:Kj?:\ < e, where K; . is the ith line of /C. In other words, when ¢ is small, the features computed by X are mostly
uncorrelated [44]].

2 Theoretical analysis of orthogonal convolutional layers

In all the theorems in this section, the considered convolutional layers are either applied to a signal, when d = 1, or an
image, when d = 2.



We remind that the architecture of the layer is characterized by (M, C, k, S) where: M is the number of output
channels; C' is the number of input channels; £ > 1 is an odd positive integer and the convolution kernels are of size k,
when d = 1, and k& x k, when d = 2; the stride parameter is S.

All input channels are of size SV, when d = 1, SN x SN, when d = 2. The output channels are of size /N and
N x N, respectively when d = 1 and 2. When d = 1, the definitions of L .4, err; and errs; are in Appendix

In Section [2.1] we state a theorem that provides the necessary and sufficient conditions on the architecture for an
orthogonal convolutional layer to exist.

We want to highlight that the theorems of Sections and are for convolution operators defined with
circular boundary conditions. We highlight in Section [2.2|restrictions for the ‘valid’ and ‘same’ zero padding boundary
conditions.

In Section [2.3] we state a theorem that provides a relation between the Frobenius norm of the orthogonality residual
and the regularization penalty L,,p,.

Finally, in Section [2.4] we state a theorem that provides an upper bound of the spectral norm of the orthogonality
residual using the regularization penalty L,,¢p,.

2.1 Existence of orthogonal convolutional layers

The next theorem gives a necessary and sufficient condition on the architecture of a convolutional layer (M, C, k, S)
and NNV for an orthogonal convolutional layers to exist. To simplify notations, we denote, for d = 1 or 2, the space of all
the kernel tensors by
RMxCxk whend =1,
Ka= { RM*Cxkxk  when d = 2.

We also denote, ford = 1 or 2,
K = {K € K4| K is orthogonal }.

Theorem 1. Let N be such that SN > k and d = 1 or 2.
* RO case, i.e. M < CS%: K #0 ifandonlyif M < Ck®.
* CO case, i.e. M > CS%: KL #0 ifandonlyif S<k.

Theoremis proved in Appendix Again, the conditions coincide when M = CS%.

When S < k, which is by far the most common situation, there exist orthogonal convolutional layers in both the
CO case and the RO case. Indeed, in the RO case, when S < k, we have M < C'S¢ < Ck“.

However, skip-connection (also called shortcut connection) with stride in Resnet [[L1] for instance, usually have an
architecture (M, C, k, S) = (2C, C, 1, 2), where C is the number of input channels. The kernels are of size 1 x 1. In
that case, M < CS%and M > Ck. Theorem says that there is no orthogonal convolutional layer for this type of
layers.

To conclude, the main consequence of Theorem E]is that, with circular boundary conditions and for most of the
architecture used in practice (with an exception for the skip-connections with stride), there exist orthogonal convolutional
layers.

2.2 Restrictions due to boundary conditions

In Sections [2.1] 2.3]and [2.4] we consider convolutions defined with circular boundary conditions. This choice is not
for technical reasons neither to enable the use of Fourier basis. We illustrate in the next two propositions that, for
convolutions defined with the ’valid’ condition, or the same’ condition with zero padding, the orthogonality is too
restrictive.

We consider in this section an unstrided convolution and we state results about other paddings and some of their
limitations.

Proposition 2. Let N > 2k — 1. With the ’'valid’ condition, there exist no orthogonal convolutional layer in the CO
case.



This proposition holds in the 1D and 2D case. We give its proof only in the 1D case in Appendix [D.1]
Letk = 2r+ 1, and let (e; ;) be the canonical basis of R¥*%_ For the zero padding same’, we
have the following proposition.

i=0..k—1,j=0..k—1

Proposition 3. Let N > k. For K € RMXCXEXE \ith the zero padding ’same’ and S = 1, both in the RO case and
CO case, if K is orthogonal then there exist (Qtm ¢)m=1..M,c=1..C € RMXC such that for all (m,c) € [1,M] x [1,C],
Kin.c = am c€rr. As a consequence

aLldez Oél’CIdN2
K= ; : ; € RMN?xON*

OzM,ldez CY]\/LCIdNZ

This proposition holds in the 1D and 2D case. We give its proof only in the 1D case in Appendix [D.2}

To recapitulate, the results state that with padding ’valid’, no orthogonal convolution can be built in the CO case,
and that for zero padding ’same’, the orthogonal convolutions layers are trivial transformations.

2.3 Frobenius norm stability

We recall that the motivation behind this is the following : The authors of [44][30] argue that L,+;,(K) = 0 is equivalent
to K being orthogonal. However, they do not provide stability guarantees. Without this guarantee, it could happen
that L, (K) = 1072 and ||KKKT — Id||r = 10°. This would make the regularization with L,,.;, useless, unless the
algorithm reaches L., (K) = 0.

The following theorem proves that it can not occur. Therefore, if Loyt (K) is small, err; (K) is small at least for
moderate signal sizes. Also a corollary is that adding L.+, as a penalty regularization is equivalent to adding the
Frobenius norm of the orthogonality residual.

Theorem 2. Let N be such that SN > 2k — 1 and d = 1 or 2. We have, both in the RO case and CO case,
(err§(K))? = N9Lgpin (K) .

Theorem is proved, in Appendix @ We remind that L+, (K) is independent of N. The theorem formalizes for
circular boundary conditions and for both the CO case and the RO case, the reasoning leading to the regularization with
Lortn, in [44].

Using Theorem 2] we find that (5) becomes

A
Ltask + Z W(ererVl (Kl))2
1 l

Once the parameter ) is made dependent of the input size of layer [, the regularization term AL, is equal to the
Frobenius norm of the orthogonality residual. This justifies the use of L., as a regularizer.

‘We can also see from Theoremthat, for both the RO case and the CO case, when L,,+; (K) = 0, K is orthogonal,
independently of V. This recovers the result stated in [30] for S = 1, and the result stated in [44] in the RO case for
any S .

Considering another signal size N’ and applying Theoremwith the sizes N and N’, we find

nd
(erefy (K))? = O ey (1))
To the best of our knowledge, this equality is new. This could be of importance in situations when N varies. For
instance when the neural network is learned on a dataset containing signals/images of a given size, but the inference is
done for signals/images of varying size [32} 26} [18]].
Finally, using (6) and Proposition[I] K is e-AIP with e scaling like the square root of the signal/image size. This
might not be satisfactory. We prove in the next section that it is actually not the case.



2.4 Spectral norm stability and scalability

We prove in Theoremthat err’; (K)? is bounded by a quantity which is proportional to L+, (K) and the multiplicative
factor does not depend on N. Hence, when Lo+, (K) is small, err$, (K)? is also small for all N. As a consequence,
regularizing with L., (K) is efficient for all N, even if the algorithm does not reach L., (K) = 0.

Moreover, combined with Proposition (1| this ensures that, if L., (K) is small, K is e-AIP with € small. Using
Table[T] we see that this property leads to more robustness and avoids gradient vanishing/exploding. This is in line with
the empirical results observed in [44} 30].

Theorem 3. Let N be such that SN > 2k — 1 and d = 1 or 2. We have,
(errf\,(K))2 < a Lyrin(K)

with:

o= { (2 L%J + l)dM in the RO case (M < CS9),
(2k —1)¢C in the CO case (M > CS?).

Theorem is proved, in Appendix [Ff, When M = CS<, the two inequalities hold and it is possible to take the
minimum of the two « values.

As we can see from Theorem 3] unlike with the Frobenius norm, the spectral norm of the orthogonality residual is
bounded by a quantity which does not depend on N. Moreover, 1/« is usually moderately large. For instance, with
(M,C,k,S) = (128,128, 3, 2), for images, v/ < 34. For usual architectures, v/« is smaller than 200. This ensures
that, independently of N, we have a tight control of the AIP, when L,,;,(K) < 1, both in the RO case and CO case.
We recall that this is what explains the benefits of the approach, as stated in Table [ Experiments which confirm
this statement are in Section[3] This explains some of the impressive results obtained empirically on real datasets by
(441 130].

3 Experiments

Before illustrating the benefits of approximate orthogonality in section[3.4] we conduct several synthetic experiments
to test and illustrate the theorems of Section [2] In order to avoid interaction with other objectives, we train a single
2D convolutional layer with circular padding. We explore all the architectures such that Ky # 0, for C' € [1, 64]
, M e [1,64], S € {1,2,4}, and k € {1,3,5,7}, leading to 44924 (among 49152) architectures for which an
orthogonal convolutional layer exists. The model is trained using a Glorot uniform initializer and a Adam optimizer
with learning rate 0.01 on a null loss (Lyqs, = 0) and the Lo, regularization (see Definition[T)) during 3000 steps.

After training, we evaluate the singular values (o) of K for different input sizes SNV x SN. When S = 1, we
can compute all the singular values of /C with the algorithm in [35]]. For convolutions with stride, S > 1, there is no
practical algorithm to compute the singular values and we simply apply the well known power iteration algorithm,
to retrieve the smallest and largest singular values (Gyin, Omaz) Of K (see Appendix . We remind that, when K is
orthogonal, we have 0, = Omaz = 1.

3.1 Optimization landscape

We plot (0min, Omaz) for K such that SN x SN = 64 x 64, on Figure Each experiment is represented by two points:
Omaz» i blue, and o,,;,,, in orange. For each point (x, y), the first coordinate x corresponds to %, and the second
coordinate y denotes the singular value of the corresponding /C. The points with < 1 correspond to the artchitecture
in the RO case (K is a fat matrix), and the others correspond to the architectures in the CO case (K is a tall matrix).
The right plot of Fig. 2| shows that all configurations where M # C/S? are trained very accurately to near perfect
orthogonal convolutions. These configurations represent the vast majority of cases found in practice. However, the
left plot of Fig. points out that some architectures, with M = C'S?, might not fully benefit of the regularization with
Loyt These architectures, corresponding to a square K, can mostly be found when M = C and S = 1, for instance in
VGG [38]] and Resnet [11]. We have conducted experiments that we do not report here in details, and it seems that this
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Figure 3: Singular values of /C, when C' = M and S = 1 and optimization is (Left) successful, L,,;; small (Right)
Unsuccessful, L., large.

is specific to the convolutional layer case. Fully-connected layers do not suffer from this phenomenon when optimized
to be orthogonal.

3.2 Analysis of the M/ = C'S? cases

Since we know that Kj‘ # (), the explanation for the failure cases (when 0,4, OF Opmin significantly differ from 1)
is that the optimization was not successful. We tried many learning rate schemes, number of iterations and obtained
similar results. This suggests that, in the failure cases, the landscape of L+, does not lend itself to global optimization.
The explanation of this phenomenon and the evaluation of its impact on applications are open questions that we keep
for future research. The contributions of the article is to empirically identify these problematic cases. We also ran
100 training experiments, with independent initialization, for each configuration when M = C'S? (M € [1,64] and
k € {1,3,5,7}). In average, at convergence, we found i, ~ 1 ~ Gynaz in 14% of runs, proving that the minimizer
can be reached.

We display on Figure 3] the singular values of K defined for S = 1 and N x N = 64 x 64 for two experiments
where M = C. In the experiment on the left, the optimization is successful and the singular values are very accurately
concentrated around 1. On the right, we see that only a few of the singular values significantly differ from 1.

Figure E| shows that even if 0,5, and 0,,,, are not close to 1, as shown in Figure |ZL most of the singular values are
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close to 1. This probably explains why the landscape problem does not alter the performance on real datasets in [44]
and [30]. Notice that [44] contains a curve similar to Figure 3] when used for a real dataset.

3.3 Stability of (0., Orna:) When N varies
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Figure 4: Evolution of 0,;, and 0,,,x according to input image size (x-axis: N in log-scale) (Left) successful
training, L, 5 small, (Right) unsuccessful training, L, large

In this experiment, we evaluate how the singular values (0,in, Omaz ) Of KC vary when the parameter N defining the
size SN x SN of the input channels varies, for K fixed. This is important for applications [37, [18} [32] using fully
convolutional networks, or for transfer learning using pre-learnt convolutional feature extractor.

To do so, we randomly select 50 experiments for which the optimization was successful and 50 for which it was
unsuccessful. They are respectively used to construct the figures on the left and the right of Figure [d] We display
the (0ymin, Omaz) values of K as orange and blue dots, for N € {5,12,15,32,64,128,256,512,1024}. The dots
corresponding to the same K are linked by a line.

We see, on the left of Figured] that for successful experiments (L, small), the singular values are very stable
when N varies. This corresponds to the behavior described in Theorem [3]and Proposition [I] We also point out, on the
right of FigureEL that for unsuccessful optimization (Ly¢p, 1arge), opmin (t€Sp. 0maz) values decrease (resp. increase)
rapidly when N increases.

3.4 Datasets experiments

In this section we compare performance, robustness, and processing time, on several datasets, for the L,,.¢}, regularization
and a method that we call Cayley [42], a hard convolutional layer orthogonality methocﬂ As a reminder, [42]] method
is based on the Cayley transform. It builds convolutions parameterized by k£ x k parameters but, because a mapping is
applied to obtain the orthogonality, the convolution kernels are of size N x N. In comparison, L, regularization
provides convolutions kernels of size k x k, as is standard. The methods are therefore not expected to provide the same
results which makes the comparison a bit complicated.

On Cifarl0, we use the same configuration as in [42]: a standard data augmentation (i.e., random cropping and
flipping), a KW Large architecture [25} 45]], a piecewise triangular learning rate, a multiclass hinge loss with a v/2¢
margin, where ¢ = 36/255, and an Adam optimizer. In all experiments, for fair comparison, we use CayleyLinear
dense layers, and invertible downsampling emulation as in [42]].

For Lo, regularization and for A € {10,1,107%,1072,1073,10%,10~°}, we investigate the properties of the
solution of @) Since small A can lead to poor regularization, after training 0,4, and o,,,;, values are computed for
each convolutional layer.

Scomparison with kernel orthogonality was done in [44]
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In the following tables, the non-lipschitz-constraint convolution (Conv2D) performance is given as a referenceﬂ
We report the following metrics for each experiments:

e Acc. clean: Classical accuracy on test set
* Ynaz = Max;(0mas (K;)): the largest singular value over all the convolutional layers

* L., : An upper bound of the Lipschitz constant computed as the product Ly, = [[; 0maz(Ki) of convolution
layers largest singular values.

o Yonin = ming(omin (K;)): the smallest singular value over all the convolutional layers
* Liow: the product Loy, = []; omin(K;) of convolution layers lowest singular values.
» E};p : Empirical local Lipschitz constants computed using the PGD-like method proposed by [30].

* FE.,op : The empirical robustness accuracy, i.e. the proportion of test samples on which a vanilla Projected Gradient
Descent (PGD) attack [27] failed (for a coefficient o« = €/4.0). The (Drop in Acc.) represents the difference
between the test clean accuracy and this value.

* Tepoch: the average epoch processing time

Table 2: Cifar10: Influence of A for L,,+, regularization and comparison with Cayley method.

Lorth Lorth Lorth Lorth Lorth Lorth Lorth

Method Conv2D || Cayley 10! 1.00 107! 102 1073 1074 10—°
Acc. clean 0.83 0.75 0.72 0.73 0.74 0.75 0.78 0.81 0.82
Ymax 8.85 1.00 1.00 1.03 1.17 1.56 2.18 2.80 3.77
Loy 260.30 1.00 1.01 1.05 1.34 2.56 6.32 18.74 52.41
Ymin 0.41 1.00 1.00 0.99 0.96 0.84 0.56 0.47 0.30
Liow 0.13 1.00 1.00 0.99 0.94 0.75 0.42 0.26 0.24
Eip 16.41 0.76 0.72 0.73 0.79 1.08 2.01 3.48 7.39
Erop 0.51 0.68 0.65 0.66 0.68 0.67 0.67 0.67 0.62
(Dropinacc.) || ( 0.32) || ( 0.07) (0.07) (0.07) (0.06) (0.08 (0.11) (0.14) ( 0.19)
Tepoch 4.00 5.80 1.20 1.20 1.20 1.20 1.20 1.20 1.20

Table [2] shows that the regularization parameter A, in (3)), provides a way to tune a tradeoff between robustness
(Drop in acc.) and clean accuracy, by controlling the Lipschitz constant of the layers. The L;,,, line shows that A
allows to control the importance of the vanishing gradient. The configurations A = 10~! and 102 achieve similar
empirical performances as the Cayley method. Furthermore their empirical Lipschitz constants are very close to one.
The processing time for the regularizing with L,,.j, is 1.4 times faster than the one of the Cayley method. It is not
reported here in details but the convergence speed in number of epochs are similar. Moreover, L.+, provides classical
convolution at inference. On the contrary, the Cayley method provides orthogonal convolutions of size N x N obtained
using a mapping which involves Fourier transforms. This leads to a higher computational complexity even at inference.
The change of support also explains the difference of the accuracies between the Cayley method and the regularization
with A = 10.

Table 3| presents the same experiments on Imagenette dataset [14]. The latter is a 10 classes subset of Imagenet
dataset [33] with 160 x 160 images. We train a KW Large-like architecture with five convolutional blocks and pooling,
and use the same parameters as for Cifar10 experiments (data augmentation, optimizer, loss, epsilon). Interestingly,
although the drop in accuracy is increased for A = 104 and 1075, the clean performance increases sufficiently to

Tt gives a reference performance for neural networks with orthogonal dense layers
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Table 3: Imagenette: Influence of A for L.+ regularization and comparison with Cayley method.

Lorin L(n“th L(n“th Lorth Lm“th Lorth
Method Conv2D || Cayley  1.00 10~1 1072 1073 1074 105
Acc. clean 0.79 0.75 0.68 0.70 0.70 0.75 0.79 0.79
Ymaz 9.82 1.00 1.00 1.00 1.05 1.31 1.71 2.29
Ly 25909 1.00 1.00 1.01 1.21 3.06 14.70 217.77
Ymin 0.14 1.00 1.00 1.00 0.99 0.73 0.53 0.15
Liow <3107 1.00 1.00 1.00 0.94 0.44 0.15 <810 °
Eiip 23.86 0.48 0.42 0.42 0.41 0.49 0.91 2.14
Erop 0.57 0.73 0.66 0.69 0.68 0.72 0.75 0.75
(Drop in acc.) ( 0.22) (002 (002 (0.01) (0.02) (0.02) (0.04) (0.05
Tepoch 16.90 87.30 18.80 18.80 18.80 18.80 18.80 18.80

obtain better robustness measures than with the Cayley method. Besides, because L+, does not depend on the size
N of the input feature map, the processing time for the L, regularization is only 1.1 times slower than for the
non-constrained convolution (Conv2D). In comparizon, the Cayley method is 5.2 slower than Conv2D.

4 Conclusion

This paper provides a necessary and sufficient condition on the architecture for the existence of an orthogonal
convolutional layer with circular padding. The conditions prove that orthogonal convolutional layers exist for most
relevant architectures. We show that the situation is less favorable with ‘valid’ and ‘same’ zero paddings. We also prove
that the minimization of the surrogate L,,.; enables to construct orthogonal convolutional layers in a stable manner,
that also scales well with the input size IN. The experiments confirm that this is practically the case for most of the
configurations, except when M = (C'S? for which interrogations remain.

Altogether, the study guarantees that the regularization with L,,.¢;, is an efficient, stable numerical strategy to learn
orthogonal convolutional layers. It can safely be used even when the signal/image size is very large. The regularization
parameter A is chosen depending on the tradeoff we want between accuracy and orthogonality.
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A Notation

First, we set notation.

A.1 Standard math definition

The floor of a real number will be denoted by |.]. For two integers a and b, [a, b]] denotes the set of integers n such that
a < n < b. We also denote by a%b the rest of the euclidean division of a by b, and [a, b]%n = {z%n|z € [a, b]}. We
denote by d;—;, the Kronecker symbol, which is equal to 1 if ¢ = j, and 0 if ¢ # j.

For a vector z = (xg,...,7,-1)7 € R", we recall the classic norm definitions, ||z|; = Z?:_Ol |2

lz|lz = \/Z;:Ol z2. For z,y € R, (z,y) = 2Ty denotes the scalar product between z and y. We denote by
0, the null vector of R?.

For a matrix A € R™*", ||.||, denotes the spectral norm defined by || Al|, = 0y42(A), Where 0,42 (A) denotes the
largest singular value of A. We also have ||A[|; = maxo<j<n—1 Z;’;Bl |4; ;] and || Aloc = maxo<i<m—1 Z;L;Ol |4, ;1.
We denote by Id,, € R™*" the identity matrix of size n.

Recall that ||.|| » denotes the norm which, to any tensor of order larger than or equal to 2, associates the square root
of the sum of the squares of all its elements (e.g., for a matrix it corresponds to the Frobenius norm).

Recall that S is the stride parameter, k = 2r + 1 is the size of the 1D kernels. SN is the size of the input channels and
N is the size of the output channels.
For a vector space £, we denote by B(&) its canonical basis. We set

, and

(ei)i:O‘.kfl = B(Rk)

(fi)i:O.ASN—l = B(RSN)

(Eavb)a:O..Nfl,b:O..SNfl = B(RNXSN) 7
(Eaab)a:O..SN—l,b:O..N—l = B(RSNXN)

(Fap a=0..SN—1,b=0..SN—1 — B(RSNXSN)

(G“sb)a:O..N—l,b:O..N—l = B(RNXN) :

Note that the indices start at 0, thus we have for example ey = {O 1 ] €p_1 = [Okll} ,and forall i € [1,k — 2],
k—1

0;
€, = 1
Ok—i—1
To simplify the calculations, the definitions are extended for a, b outside the usual intervals, it is done by periodization.
Hence, for all a, b € Z, denoting by @ = a%SN, @ = a%N, and similarly b=b%SN,b=b%N, we set

€a = €a%k> ch: a - (8)
Eop = E; 4 Eap=E,; 5, Fop="F,5, Gap =Gy
Therefore, for all a, b, c,d € Z, we have
Ea,ch,d = 6{;:éEa,d7 Ea,bEc7d = 61}:éGa7d (9)
EopEea=06;_sFa.d FopEea=0;_sEqa.
Note also that
ET, =By, . (10)

A.2 Corresponding 1D definitions

In this section, we give the definitions for signals (1D case), of the objects defined in the introduction for images (2D
case).
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A.2.1 Orthogonality

As in Section we denote by K € RM*CXk the kernel tensor and K € RMNXCSN the matrix that applies the
convolutional layer of architecture (M, C, k, S) to C vectorized channels of size SN. Note that, in the 1D case, we
need to compare M with C'S instead of C'S?.

RO case: When M < CS, K is orthogonal if and only if KXXT = Idyy .

CO case: When M > CS, K is orthogonal if and only if XTI = Idcgy -

A.2.2 The function L,

We define L, similarly to the 2D case (see Section and Figure [1). Formally, for P € N, and h, g € R*, we
define

conv(h, g, padding zero = P, stride = 1) € R*F+1 (11)
such that for all ¢ € [0,2P],
k—1
[conv(h, g, padding zero = P, stride = 1)]; = Z hiGivi (12)
i'=0

where g is defined for i € [0, 2P + k — 1] as follows

[ gip ifie[P,P+k—1],
9= 0 otherwise.

Note that, for P’ < P, we have, for all i € [0,2P'],

13)

[conv(h, g, padding zero = P’ stride = 1)];
= [conv(h, g, padding zero = P, stride = 1)];4p_pr. (14)

The strided version will be denoted by conv(h, g, padding zero = P, stride = S) € RL2P/S]+1 and is defined as
follows: For all ¢ € [0, |2P/S]]

[conv(h, g, padding zero = P, stride = S)|, = [conv(h, g, padding zero = P, stride = 1), . (15)

Finally, reminding that for all m € [1, M] and ¢ € [1,C], K, € R¥, we denote by

conv(K, K, padding zero = P, stride = S) € RM>*M*([2P/5]+1)

the third-order tensor such that, for all m,l € [1, M],
conv(K, K, padding zero = P, stride = 5),, ;.

c
= Z conv (K, ¢, K; ¢, padding zero = P, stride = S). (16)

c=1

From now on, we take P = [ £1 | Sand I, € RM*M*(2P/S+1) the tensor whose entries are all zero except its central

M x M entry which is equal to an identity matrix: [I,o].. p/s = Idys. Put differently, we have for all m, [ € [1, M],

Op/s
[Iro]m7l7: = 5m=l 1 . (17)
Op/s
And L, for 1D convolutions is defined as follows:
¢ In the RO case:
Lorin(K) = || conv(K, K, padding zero = P, stride = S) — IT0||§, .
¢ In the CO case:

Lorin(K) = || conv(K, K, padding zero = P, stride = S) — I,o||% — (M — CS) .
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A.2.3 Measures of deviation from orthogonality

The orthogonality errors are defined by

erh (K) = IKKT —Idyn ||F s %n the RO case,
N |KTK —Idcsn |7, in the CO case,

and
5 (K) = IKKT —Idan [l2 »in the RO case,
N "1 IKTK —Idgsy ||z, in the CO case.
B The convolutional layer as a matrix-vector product

In this section, we write the convolutional layer as a matrix-vector product. In other words, we explicit K and the
ingredients composing it. The notation and preliminary results are useful in the proofs. Note that the results are already
known and can be found for example in [33].

B.1 1D case

We denote by Sy € RV*SN the sampling matrix (i.e., for 2 = (20,...,2s5nv-1)T € RSN we have for all m €
[0, N — 1], (SNT)m = Tsm)-
Put differently, we have

N—-1
Sy=)_ Eisi. (18)
=0

Also, note that, using () and (10), we have Sy Sk = Idy and

N-1
SySn = Z Fs;si (19)
i=0
For a vector z = (zg,...,Z,_1)" € R™, we denote by C(x) € R™*™ the circulant matrix defined by
X0 Tp—1 s T2 Z1
x1 To Tp—1 T2
C(z) = 1 ro . (20)
s e
Tp—1 Tp-2 coe Ty Lo
In other words, for x € R™ and X € R™"*", we have
X =C(z) <= Vm,l € [0,n—1], Xpni = Tm—1)%n - 21

The notation for the circulant matrix C/(.) should not be confused with the number of the input channels C. We also
denote by Z € R™ the vector such that for all ¢ € [0,n — 1] , Z; = X(—§)%n- Again, the notation z, for x € R", should
not be confused with a, for a € Z. We have

C(x)T =C(a). (22)
Also, for z,y € R™, we have

C(z)C(y) = C(z xy), (23)



where z * y € R™, is such that for all j € [0,n — 1],

n—1
[LL' * y]j = Z xiy(j,i)%n. (24)
=0

x * y is extended by n-periodicity. Note that here x * y denotes the classical convolution as defined in math (i.e. by
flipping the second argument). Note also that = * y = y * = and therefore

C(z)C(y) = C(y)C(x) . (25)
Throughout the article, the size of a filter is smaller than the size of the signal (k = 2r +1 < SN). Forn > k, we
introduce an embedding P,, which associates to each h = (hy, . .., h27.)T € RF the corresponding vector

Po(h) = (hypy. .., h1,ho,0,...,0,hop, ... hpey1)T €R™.
Setting [Py, (h)]; = [Pn(h)]i%n for all i € Z, we have the following formula for P,: fori € [—r, —r +n — 1],

_f he—y ifie[-rr]
[P ()]; = { 0 otherwise. (26)
Single-channel case: Letx = (zg,...,75y_1)7 € RN bea 1D signal. We denote by Circular_Conv(h, z, stride =

1) the result of the circular convolution| of 2 with the kernel h = (ho, .. ., ha,)T € R*. We have

k—1
Circular_Conv(h, z, stride = 1) = (Z hi/x(i/ﬂ_,.)%sl\/) .
i'=0 i=0..SN—1

Written as a matrix-vector product, this becomes

LSN—r
ho h27~ 0 0 TSN—-1
Zo
0 e RN
’ 0 TSN-1
0 0 ho ha, o0
Tr—1
Bp  hpgr -+ hae O oo 0 hg - hp_y
by . . . . . .
. h
ho 0
0
= T
0
hoy . . . .
: . . . . . . ) Byt
Bosr o+ hay O oo O hg -+ he_1 hy
= C(Psy(h))x .

8as defined in machine learning (we do not flip h).
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The strided convolution is
Circular_Conv(h, z, stride = S) = SyC(Psy(h))x € RY . 27

Notice that Sy C(Psn (h)) € RVXSN,
Multi-channel convolution: Let X € R“*S" be a multi-channel 1D signal. We denote by Circular_Conv(K, X, stride =
S) the result of the strided circular convolutional layer of kernel K € RM*¢** applied to X. Using for all the

input-output channel correspondances, we have Y = Circular_Conv(K, X, stride = S) € RM*¥ if and only if
SnC(Psn(K11)) ... SnvC(Psn(Kic))
Vect(Y) = : : : Vect(X) ,
SNC(Psn(Ka1)) - SnC(Psy(Kuc))
where K; ; = K; ;.. € RF. Therefore,
SNC(Psn(Ki1)) ... SnC(Psn(Ki,co))
SNC(PSN(KJMJ)) SNC(PSN(KM,C))

is the layer transform matrix associated to kernel K.

B.2 2D case

Notice that, since they are very similar, the proofs and notation are detailed in the 1D case, but we only provide a sketch
of the proof and the main equations in 2D. In order to distinguish between the 1D and 2D versions of C(.), P, and
Sy, we use calligraphic symbols in the 2D case. We denote by Sy € RN *S*N? the sampling matrix in the 2D case
(i.e., for a matrix z € RSNXSN if we denote by z € RNV such that for all 4, j € [0,N —1], 2z ; = xs;.s;, then
Vect(z) = Sy Vect(x)).

For a matrix = € R™*", we denote by C(z) € R™**"” the doubly-block circulant matrix defined by

0(1‘07;) C(l‘n_l,;) e 0(1‘27;) C’(xl,;)
C(z1.)  C(xo.) Clwp-1,) C(xa,:)
C(x) = C(z1,:) C(xo,:) :
C(mn72,:) C(xnfl,:)
C(IIJR_L;) C(xn_g};) s C($17;) C(l‘o);)

For n > k = 2r 4+ 1, we introduce the operator P,, which associates to a matrix h € R*** the corresponding matrix

hr,r e hr,O o --- 0 hr,2r T hr,r+1
hor -+ hoo 0 -~ 0 hoor -+ horg1
0 ... 0 0 ... 0 0 .. 0
CAOES I S A R S S R
0 .. 0 0 ... 0 0 ... 0
h2r,7‘ e h2r,0 0 --- 0 h2r,2r o h2r,r+1
hr+1,r et hr+1,0 0 --- 0 hr+1,2r et h'r+1,r+1
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Setting [Py, (h)]i; = [Pn(h)]i%n,joun for all i, j € Z, we have the following formula for P,: for (i, j) € [—r,—r +
n—1]?,

_ hr—i,r—j if (l’j) € Hir’ THZ
[Pn(h)]i,j - { 0 otherwise.

Single-channel case: Let € R¥V*SN be a 2D image. We denote by Circular_Conv(h, x, stride = 1) the result
of the circular convolution of z with the kernel h € R¥**. As in the 1D case, we have

y = Circular_Conv(h, z, stride = 1) <= Vect(y) = C(Psn(h)) Vect(z)
and the strided circular convolution
y = Circular_Conv(h, z, stride = S) <= Vect(y) = SNC(Psn(h)) Vect(z) .

Notice that SyC(Psn (h)) € RN *S*N?,

Multi-channel convolution : Let X € RE*SN*SN pe 3 multi-channel 2D image. We denote by Circular_Conv(K, X, stride =
S) the result of the strided circular convolutional layer of kernel K € RMXCxkxk applied to X. We have
Y = Circular_Conv(K, X, stride = S) € RM*N*N if and only if

SnC(Psn(Ki1)) ... SnC(Psn(Kic))

Vect(Y) = Vect(X) ,

SNC('PSN(KMJ)) . SNC(PSN(KM,C))
where K; ; = K, ;.. € R**¥_ Therefore,

SnC(Psn(Ki1)) ... SNC(Psn(Kic))
K = . . . c RMN2 xCS2ZN?
SnC(Psn(Kar1)) ... SnC(Psn(Karc))

is the layer transform matrix associated to kernel K.

C Proof of Theorem

As the proofs are very similar in the 1D and 2D cases, we give the full proof in the 1D case and we only give a sketch of
the proof in the 2D case.

C.1 Proof of Theorem [} for 1D convolutional layers

We start by stating and proving three intermediate lemmas. Recall that k& = 27 + 1 and from (7)), that (e;),_, ,_, =
B(R¥) and (Eab)amo.N—1,0=0..SN—1 = B(RN*5N),

Lemma 1. Let j € [0,k — 1]. We have
N-1
SNC (Psy (e5)) = Z E;siyjr -
i=0

Proof. Let j € [0,k — 1]. Using 26), (7), (8) and (20), we have

SN—-1 SN—-1
C(Psn(e) =C(frj)= Y. Fiicgep= > Fiitjor-
=0 i=0
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Using (T8) and (@), we have
SN—1

N-—1
SwC (Paw (¢3) (z B, ) ( 3 F) Y B
/=0 =0

O
Lemma 2. Let kg = min(k, S) and j,1 € [0, ks — 1]. We have
SNC(PSN(ej))C(PSN(el))TS?\} = 6j:l]dN .
Proof. Let j,1 € [0, ks — 1]. Since kg < k, using Lemma [T]and (T0),
N-1 N-1 T
SnC (Psn (€;)) C (Ps (er)" SK = <Z Ei,SiJrjr) (Z Ei’,Si’+lr>
i=0 i'=0
N-1 N-1
= <Z Ei,Si+j_r> (Z Esul_r,y) : (29)
i=0 i'=0
We know from () that E; gi+j—r Esirti—ri = 5sﬁ?r:sﬁﬁrGi7i" But fori,i’ € [0, N—1] and 5,1 € [0, ks —1],

since kg < S, we have
—r<Si+j-r<S(IN-1)+4+ks—1—-r<SN-1-r

Similarly, Si' +1 —r € [—r, SN — 1 — r]. Therefore, Si + j — r and Si’ + [ — r lie in the same interval of size SN,
hence

Sitj—r=S8i+l—r < Si+j—r=_S8'+l—r < Si+j=5i'+1.

If Si+ 7 = Si’ + 1, then
|S(i—i)| =i—1 <ks<8S.

Since |i — i'| € N, the latter inequality implies ¢ = i’ and, as a consequence, j = . Finally,
Sitj—r=8i+l—r < i=iandj=1.
Hence, using (9), the equality (Z9) becomes

N-1
SNC(PSN(ej))C(PSN(el))TSJE = 5j=l Z Gm‘ = jledN .
i=0

Lemma 3. Let S < k. We have
Z C(PSN(ez))TS?\}SNC(PSN(6Z)) = IdSN .

Proof. Let z € [0,S — 1]. Since S < k, we have z € [0, k — 1]. Hence using Lemma[l] then (I0) and (9), we have

T /N1
C(Psn ()" SESNC (Psn (e2)) = (Z Eisiqa r) (Z Ei/,Si/+z—r>

N-1

( E Si+z— 'rz) (Z Ez ,Si A+ z— 7)
=0

N—

1

FSi+z7T7Si+z77‘ .
=0
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Hence

s-1 S—1N-1
> C(Psn(ex)" SNSNC(Psn(ez)) =D Y Foitemrsitar -
2=0 2=0 i=0

But, for z € [0,S — 1] and i € [0, N — 1], Si + z — r traverses [—r, SN — 1 — r]. Therefore, using (§)

S-1 SN—1-r SN—1
> C(Psn(e)" SESNC(Psn(ez)) = Fii= Y Fy;=Idsy.
2=0 =0

i=—T

Proof of Theorem[I} Let N be a positive integer such that SN > k.

We start by proving the theorem in the RO case.

Suppose C'S > M and M < Ck:

Let us exhibit K € RM*CxE gych that KT = Idyy.

Let ks = min(k, S). Since M < CS and M < Ck, we have 1 < M < Ckg. Therefore, there exist a unique couple
(imazs jmaz) € [0, ks — 1] x [1,C] such that M = i,,42C + jimaz. We define the kernel tensor K € RM*Cxk a5
follows: For all (¢, j) € [0,ks — 1] x [1,C] such that iC + j < M, we set K;c4; ; = €;, and K,, , = 0 for all the
other indices. Put differently, if we write K as a 3rd order tensor (where the rows represent the first dimension, the
columns the second one, and the K; ; € R* are in the third dimension) we have :

[ K Kic [ eo i
: . : 0 .0
KC,I ce KC,C €0
Koy - Keqio el
K= : : =| 0 . 0| eRMxOxk
Ksc e Ksc.c el
Kipwrc+11 - Ki.cr10 Cimas
L i | O 0]

where e;_ appears jmq, times. Therefore, using (28), we have

i SNC(PSN(G())) T
0 0
SNC(PSN(G()))
SnC(Psn(e1))
o 0 0 c RMNXCSN

SNC(Psn(e1))

SNC(Psn(€ip,,))

L 0 0 i
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where SyC(Psn(e;,,,.)) appears jmaqy times. We have K = D1y n ., where we set

i SNC(PSN(B())) T
0 0
SNC(PSN(G()))
SNC(PSN(el))
0 0 CONX
D= Sy C(Pex(er) c RFsCNXCSN

SNC(Psn(eks—1))
0 0
SNC(Psn(ers—1))]

But, for j,1 € [0, ks — 1], the (j,1)-th block of size (CN,CN) of DD is :

SnC(Psn(e;) C(Psn(e)" 5§

0 0 0 0 )
SnC(Psy(e;)) C(Psn(er)"SK

which is equal to

SnC(Psn(e;))C(Psn(er)" S

0 0
SnC(Psn(e;))C(Psn(er)” Sk

Using Lemma this is equal to §,—;/dcn. Hence, DDT = Idy,cn, and therefore,
KK' = Diyn.(Drvn.)" = (DD aun = Tdyrn -
This proves the first implication in the RO case, i.e., if M < Ck, then Kf £ .

Suppose C'S > M and M > Ck:
We need to prove that for all K € RM*E*k we have KXK' # Idyy-.
Since for all (4,5) € [1, M] x [1,C], each of the N rows of SxyC(Psn(K; ;)) has at most k non-zero elements,
the number of non-zero columns of SyC(Psn(K; ;)) is less than or equal to kN. Also, for all 4,7 € [1,M],
the columns of SyC(Psn(K; ;)) which can be non-zero are the same as those of SyC(Psn (K ;)). Hence,
SNC(Psn(Ki,j))

we have for all j, the number of non-zero columns of is less than or equal to £K/N. There-

SnC(Psn(Kar,j))
fore, the number of non-zero columns of K is less than or equal to CkN. Hence, since Ck < M, we have
tk(KKT) < 1k(K) < CkN < MN = rtk(Idy;y ). Therefore, for all K € RM* >k we have KKT # Idyy -

This proves that if C'S > M and M > Ck, then Ki- = (). This concludes the proof in the RO case.

Suppose M > CS and S < k:

Let us exhibit K € RM*C*k guch that KT = Idogn.
For all (i, j) € [0,5 — 1] x [1,C], we set K;c; ; = €;, and K,, ,, = 0 for all the other indices. Put differently, if we
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write K as a 3rd order tensor, we have

[ Ki: e Kic ] [ eo T
: : 0 0
Kc . Koo co
Kot e Koo e
. . 0 0
Kac,1 E Kac,c el
K= : — . c RMXCXk
Kis-nevin - Kis-neosie es_1
' i - 0 0
KCS,l tot KCS,C €s_1
Kesyin -+ Kesyieo
: : : o
K e Kye | L .
where O = 0(p7—cg)xcxk denotes the null tensor. Therefore, using (28), we have
[ SnyC(Psn(eo)) ]
0 0
SNC(PSN(G()))
SNC(PSN(el))
0 0

K= SNC(PSN(el)) € RMNXCSN

SNC(Psn(es—1))

0 0
SNC(Psn(es—1))

L o |
where O = 0(yyn—csn)xcsn denotes the null matrix. Hence, KTK equals
Y220 C(Psn(e2)TSHSNC(Psn(e.)) 0
0 Y22 C(Psn(e2)TSHSNC(Psn(e-))

Using Lemma [3] we obtain K7K = Idosn -
This proves that in the CO case, if S < k, then K{- # .

Suppose M > CS and S > k:
We need to prove that for all K € RM*¢** we have KTK # Idcsy.
Following the same reasoning as in the case C'S > M and M > Ck, we have that the number of non-zero columns
of K is less than or equal to CkN. So, since k < S, we have rk(KTK) < tk(K) < CkN < CSN = rtk(Idcsn).
Therefore, for all K € RM*C*k we have KK # Idosn -
This proves that in the CO case, if &k < S, then Kf- = (). This concludes the proof. O

C.2  Sketch of the proof of Theorem [I} for 2D convolutional layers

We first set (€5 j)i=0..k—1,j=0..k—1 = B(R¥*F). As in the 1D case, we have the following two lemmas
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Lemma 4. Let ks = min(k,S) and j,5',1,I' € [0, ks — 1]. We have

SNC(PSN(ejyj/))C('PSN(el’l/))TS}\; = 5j:16j/:l’IdN2 .

Lemma 5. Let S < k. We have

S—15-1

> ) C(Psn(ez) SNSNC(Psn(ez ) = Idgzy .

2=0 2'=0
For CS?2 > M and M < Ck?:

We set €itkj = €5 fore, 5 € [[0, k— 1]].
Let imaz, jmaz € [0, k% — 1] x [1, C] such that 4,42 C + Jimaz = M. We set

Ky,

Ki,..ct11

K, ..ct1,c

eimaz

0

where €;,, . appears jmq. times. Then we proceed as in the 1D case.

For CS? > M and M > Ck?:

O c RJ\/IXCX]CX/C

)

Using the same argument as in 1D, we can conclude that the number of non-zero columns of /C is less than or equal to
Ck?N?2. Hence, tk(K) < Ck?N? < M N?2. Therefore, for all K € RM*Cxkxk we have KT # Idyne -

For M > CS?and S < k:

Denoting by O € R(M—CS*)xCxkxk the null 4th order tensor of size (M —CS?) x C x k x k, we set

K1

Kc,1
Kcti1

Ksc1
Koes2—1)41,1

Kes2 i
Keszi11

K

Then we proceed as in the 1D case.

For M > CS%?and S > k:

Kic

Kco
Kcii,c

Koc,c
Ke(sz—1)+1,c

Kese o
Keszi1,0

Ko

€0,0

0

€1,0

0

€5—-1,5-1

€0,0

€1,0

€s-1,5—1

c RMxkaxk )

By the same reasoning as in the 1D case, we have that the number of non-zero columns of K is less than or equal
to Ck2N2. So, since k < S, we have k() < Ck2N? < CS2N2. Therefore, for all K € RM*Cxkxk we have

KTK # Idos ne -
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D Restrictions due to boundary conditions

D.1 Proof of Proposition 2]

Proof. For a single-channel convolution of kernel 2 € R¥ with *valid’ padding, the matrix applying the transformation
on a signal € RY has the following form:

ho - hay 0
An(h) = R c RIN-k+1)XN
0 ho -+ har
Hence, for K € RM*Cxk the layer transform matrix is:

Av(Ki1) ... AnvKic)
K — . . c RM(N—k+1)xCN
Anv(Ka1) .. Anv(Kume)

Let us focus on the columns corresponding to the first input channel. To simplify the notation, for m € [1, M]
we denote by a(™) = K,.1 € R*. By contradiction, suppose that KT = Idc . In particular, for the first block
matrix of size M (N — k + 1) x N of K (i.e., corresponding to the first input channel), its first column, last column and
column of index 27 are of norm 1. Since N > 2k — 1, we have

M 9 M 5 2r M 9
Z (a(()m)) =1, Z (aéﬁ”) =1 and Z Z (az(m)) =1.

m= m=1 =0 m=1

This is impossible. Therefore, for all K € RM*Cxk we have KKTK # Idcoy.

D.2  Proof of Proposition

Proof. For a single-channel convolution of kernel h € R* with zero padding *same’, the matrix applying the transfor-
mation on a signal z € R has the following form:

By - hgp O - 0
0 0 hO h’r‘

Hence, for K € RM*CxF the matrix that applies the convolutional layer is :

Av(Ki1) ... AvKic)
K= : : € RMNXCN
AN(KMJ) AN(KM,C)

Suppose M < C (RO case): If [C is orthogonal, then KKT = Idyn. Letus fix m € [1, M]. Since KKT = Idyn,
the first row, the last row and the row of index r of the m-th block matrix of size NV x C'N of K are of norm equal to 1,
ie.

”’C(m—l)N,:H% =1, HKmN*L: % =1 and ||K(m—1)N+r,:||§ =1.

29



To simplify the notation, for ¢ € [1, C], we denote by a(®) := K,... € R¥. Since N > k, the previous equations are
equivalent to

S S T 1w Y3 ()

i=r c=1 =0 c=1 =0 c=1

Substracting the first equality from the third one, and the second equality from the third one, we obtain

S () 20 YY) 20 wma 33 ()=

c=1 i=r+1c=1 1=0 c=1

1

r

I
=]

%

This implies that for all ¢ € [1,C1], forall ¢ € [0,2r] \ {r}, agc) =0.
As a conclusion, for any m € [1, M]), any ¢ € [1,C], and any i € [0,2r] \ {r},

K, i =0.

This proves the result in the RO case.
The proof of the CO case is similar, and we have the same conclusion. O

E Proof of Theorem 2

As in the previous section, we give the full proof in the 1D case and a sketch of proof in the 2D case.

E.1 Proof of Theorem [2} in the 1D case

Before proving Theorem 2] we first present three intermediate lemmas.

Lemma 6. Ler x € RSN, We have
SnC(@)ST = C(Sna) .

Proof. Letz € RN, X = C(x) and Y = Sy X ST € RV*N. The matrix Y is formed by sampling X, i.e., for all
m,n € [0,N —1],
Ym n — XSm,Sn-

Hence, using 21), Yy, = % (5m— Sn)%SN = T((m—n)%N)- Setting y = Sy, we have y; = xg; foralll € [0, N —1].
Therefore, Yy n = Y(m—n)%n» and using (21), we obtain Y = C'(y). Hence, from the definitions of Y, X and y we
conclude that

SnC(z)Sh = C(Syx) .
This completes the proof of the lemma. O

For N such that SN > 2k — 1, and P = | 551 | S, we introduce the operator Qs which associates to a vector
x = (To,...,090)" € R25+1 the vector

Qs.n(T) = (:cg,...,ng,o,...,O,a:o,zl,...,x%_l)T e RV, (30)

)|

Lemma 7. Let S, k = 2r + 1 and N be positive integers such that SN > 2k — 1. Let h,g € R* and P = L%J S,
we have

SNC(Psn(h))C(Psn(g))" Sk = C(Qs.n(conv(h, g, padding zero = P, stride = S))) . 31
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Proof. Let N be such that SN > 2k — 1, and P = | 51| S. Let us first detail and analyse the left-hand side of (3T).
Recall that by definition Psy (h) is SN-periodic: [Psy(h)]; = [Psn(h)]i%sn for all « € Z. Using 22), (23), and

(24), we have

C(Psn(h)C(Psn(9)" = C(Psn(h)C(Ps(g))

SN-1 e~
=C ( Z [Psn(h)]; [PSN(Q)LZ)
j=0..SN—1

=0

SN—1
=C (Z [PSN(h)]i[PSN(g)]i—j>
j=0..SN—1

1=0

Setting bS™[h,g] = (272 [PSNm)Ji[Pszv(g)L-,j)jzo oy, Wehave

C(Psn(h)C(Psn(9))" = C(05N[h, g]) . (32)
To simplify the forthcoming notation, we temporarily denote by
b:=b5Nh, g]. (33)

Notice that by definition, b is S N-periodic. Therefore, we can restrict its study to an interval of size SN. We consider
j € [-2r,SN — 2r — 1]. From the definition of Pgy in (26), we have, fori € [—r,—r + SN — 1],

hp—y if i€ [-rr]

[Psn (h)]i = { 0 if ier+1,—r+SN—-1]. oY

Hence, since Psy (h) and Psy(g) are periodic, we have

SN-1
> [Psw(W)[Psn(9)l;-,
Svois

> [Pon()[Psn(9)];_;

i1=—T

bj

T

> [Psn (M), [Psn(9));_;- (35)

i=—T

The set of indices i € [—r,r] such that [Psn(h)];[Psn(9)];,_; # 0 is included in [—r,7] N {i|(i — ))%SN €
[—r, r]%SN}.

Since j € [—2r, SN —2r —1]: Wehave —r < i <rand —2r < j < SN—2r—1,then —SN+r+1<i—j <3r,
but by hypothesis, SN > 2k — 1 = 4r + 1, hence 3r < SN —randso —SN +r < i—j < SN — r. Therefore, for
i€ [-rr]andj € [-2r,SN —2r — 1]

(i —))%SN € ([-r,r]%SN) <= i—je[-rr] < i€[-r+jr+7j]
As a conclusion, for j € [-2r, SN — 2r — 1],
{iclrrl | [PsxllPon(oll,; #0} < l=rrAnT-r+jr+ ] 36)

Let us now analyse the right-side of (3T). We start by considering padding zero = k — 1 and stride = 1, and we will
arrive to the formula with padding zero = P and stride = S later. Using (TT)), we denote by

a = conv(h, g, padding zero = k — 1, stride = 1) € R?*~1, (37)
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We have from (12), for j € [0, 2k — 2],

k-1
aj = Z higivj -
i=0
Using (T3) and keeping the indices i € [0, k — 1] for which g;1; # 0, i.e. such that i + j € [k — 1,2k — 2], we obtain

(38)

a; = Zf kl 1—j hzgi+j—(k—1) if je [[07k - 2]] )
a; = Y2k 2 hiGivi—h—1y if je[k—1,2k—2].

In the sequel, we will connect b with a by distinguishing several cases depending on the value of j.
We distinguish j € [0,2r], j € [-2r,—1] and j € [2r + 1, —2r + SN — 1]. Recall that k = 2r + 1.
If j € [0,2r]: then [—r,r] N [—7+ 4,7 + j] = [-r + j,]. Using (36) and (34), the equality (33) becomes

T

bj = Z [PSN(h)] [PSN Z I i9r—i+j -

i=—r+j i=—r+j
By changing the variable [ = r — ¢, and using k = 2r + 1, we find

2r—j k—1—j 2k—2—(k—1+j)

bj = Z higit; = Z higit; = Z gt (k—145)—(k—1) -
1=0 1=0

1=0
When j € [0,2r] = [0,k — 1], we have k — 1 + j € [k — 1, 2k — 2], therefore using (38), we obtain
bj = 0k—14j - (39)

If j € [-2r,—1]: then [—r,7] N [—r + j,r + j] = [—r,7 + j]. Using (36) and (34), the equality (33)) becomes

r+j r+j

bj = Y [Psn(h)];[Psn(g =3 he_igr_iyj -

i=—7 i=—7

By changing the variable [ = r — ¢, and using k = 2r + 1, we find

k-1
Z higi; = Z higi; = Z higit (k—144)—(k-1) -
l=—j I=—j I=k—1—(k—14j)

When j € [-2r,—1] = [-(k — 1), —1], we have kK — 1 + j € [0, k — 2], and using (38), we obtain
bj = ar_14; - (40)
If j € [2r +1,SN — 2r — 1]: then [—r,7] N [—r + j,r + j] = 0. The equality (33) becomes
b; = 0. (4D
Therefore, we summarize (39), @0) and @I)): Forall j € [—(k —1),—(k — 1) + SN — 1],

S agayy ifje[—(k—-1),k—1],
bﬂ{ 0 it € [k, SN — k]. (42)

Let us now introduce ’padding zero = P’ and ’stride = S°. We will prove the equality between matrices in (31)
using the equality between vectors in (@2).
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Recall that P = [E22| S <k — 1, and let i € [0,2P]. Therefore i — P € [P, P] C [—(k — 1),k — 1], hence

using (37), (T4) and (@2), we have
[conv(h, g, padding zero = P, stride = 1)], = ax—14i—p = bi_p .
Therefore, using (13) and |2P/S| +1 =2P/S + 1
conv(h, g, padding zero = P, stride = S)

T
S
= (bft%JS“"’b_gs’b_s7b07b57b257"'7bL%JS) € R2P/5+1

Using the definition of Qg x in (30), we obtain
Qs,n (conv(h, g, padding zero = P, stride = .5))

T
N
:(b07b5ab233"'7b|_k%1JS7O7'"7O7b_|_k';1JS7"'ab7257b75) eRY .

S

But, using (#T)), and since L%J S is the largest multiple of .S less than or equal to & — 1 and b is S N-periodic, we have

T
Syb = (b07b5ab257--~7bL%J5707~-~707bSN,|—%JS7--~7bSN—25’7bSN—S>

T
N
:(b07b57b237"'7bL%J5707"'707b_L@J57'"ab72S7b7$) eRY .

S

Finally, we have
Snb = Qg n(conv(h, g, padding zero = P, stride = .5)) .
Using (33), (32) and Lemma 6] we conclude that
SNC(Psn (h)C(Psn(9))" Sk = SnC(05N [, g))SK

= C(SnbN[h, g))
= C(Qs,n(conv(h, g, padding zero = P, stride = 5))) .

O
Lemma8. Let M, C, S, k =2r +1 be positive integers, and let K € RM*CXk Jeot N be such that SN > 2k — 1,
Op/s
and P = Vi—glJ S. We denote by zps = 1 € R2P/S+1 We have
10p/s
CQsn(r11)) ... CQsn(w1,n))
KK — Idyn = : : ;
CQsn(zn1)) .. C(Qs,n(warar))
where for all m,l € [1, M],
c
T, = Z conv (K, ¢, K ¢, padding zero = P, stride = S) — dm=12p/s € R2P/S5+1 (43)
c=1
Proof. We have from (28),
SNC(PSN(Kl,l)) SNC(PSN(KI,C))
K= ; : : € RMNXCSN
SNC(Psn(Kar1)) ... SnC(Psn(Kar,c))
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Hence, we have that the block (m, 1) € [1, M]? of size (N, N) of KK is equal to :

C(Psn(Ki1))"SE
( SNC(Psn(Km,1)) ... SnC(Psny(Kim,c)) ) :
C(Psn(Ki0))"SY
C
=Y SNC(Psn(Km,))C(Psn (Kie) 'S -
c=1

We denote by A,,; € RV*¥ the block (m,1) € [1, M]? of size (N, N) of KKT — Idyn. We want to prove that

Api = C(Qs,N(Tm,1)) where z,, is defined in @3). Using (7), (20), and (30), we have Idy = C <[O 1 }) —
N-1
C(Qs,~(zp/s)), and therefore,

C

Api =Y SNC(Psy (K o)) C(Psn (Kie)" SN = 0m=iC(Qs N (2p/5)) -
c=1

Using Lemmal(7] this becomes

C
Ay = Z C(Qs,n(conv (K, ¢, Ki ¢, padding zero = P, stride = 5))) — 0,=1C(Qs,n(2p/s)) -

c=1

By linearity of C and g, , we obtain

c
Ap=C (QS’N <Z conv (K, ¢, Kj ¢, padding zero = P, stride = S) — 6m_12p/5>>

c=1

=C(Qs,n(@Tm1)) -
O

ProofofTheorem Let M, C, S, k = 2r + 1 be positive integers, and let K € RMx*Cxk 16t N be such that
SN > 2k —1,and P = | 51| S. Forall m,l € [1, M], we denote by A,,,; € RV*N the block (m, ) of size (N, N)
of KKT — Idy;n. Using Lemma we have

c=1

c
Ap=C (QS,N (Z conv(K,, ¢, K; ¢, padding zero = P, stride = §) — 5m:lZP/s>> )

Hence, from @0) and (30), using the fact that for all z € RY, ||C(x)||% = N|z||3, and for all z € R2P/S+1,
|Qs,n(2)[|5 = [|]3, we have

IKKT = Tdan [

I
NE

M= 1M 1M
M=

1Am.o[l%

Il
—

2

NE

c
C (QS’N (Z conv (K, ¢, K ¢, padding zero = P, stride = S) — 6m_lzp/s>>

c=1

1 F

2

c
= N| Qs N (Z conv (K, ¢, K; ¢, padding zero = P, stride = S) — 5m=lzp/5>
m=1 =1 c=1 2
M M| C 2
=N Z Z Z conv (K, ¢, Ki ¢, padding zero = P, stride = S) — 6,n—12p/5
m=1[=1 [[c=1 2
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Therefore, using (T7) and (T6), we obtain for any M, C, S, k = 2r + 1 and K € RM*Cxk,
|KKT — Idyn|% = N| conv(K, K, padding zero = P, stride = S) — I,¢||% . (44)

This concludes the proof in the RO case.
In order to prove the theorem in the CO case we use Lemma 1 in [44]]. This lemma states that

IKTK — Idosn |3 = IKKT = Idun|% + CSN — MA.
Therefore, using that (]Z_Z[) holds for all M, C and S, we have
|IKTK = Idcsn||F = N (|| conv(K, K, padding zero = P, stride = S) — I[|7 — (M — CS)) (45)
Hence, using the definitions of errﬁ and L, in Sections and @) and @) lead to
(et (K))® = NLopn (K).
This concludes the proof of Theorem 2)in the 1D case. O

E.2 Sketch of the proof of Theorem 2} in the 2D case

We start by stating intermediate lemmas. First we introduce a slight abuse of notation, for a vector z € RV *, we denote
by C(z) = C(X), where X € RY*¥ guch that Vect(X) = z. The main steps of the proof in the 2D case follow those
in the 1D case and are given below.

Lemma9. Ler X € RV*SN_ We have
SNC(X)S]:G = C(Sn Vect(X)).

Let Qg v be the operator which associates to a matrix € R(ZF/S+1x(2P/S+1) the matrix

xp/s,p/s - Tpispp/s 0 -+ 0 ®piso -+ Zpssp/s—1

Zapss,p/s ' Tapjsep/s 0 - 0 @apiso  cc Xapss,p/s—1
0 ... 0 0o ... 0 0 - 0
: : : o : : : e RVXNV
0 ... 0 0 ... 0 0 .. 0

To,p/s e T0,2P/S 0 --- 0 0,0 E To,P/S—1
Tp/s—1,p/s "' Tp/s—12p/s O -+ 0 =Tp/s_10 '° Tp/s—1,P/S—1
Lemma 10. Let N be such that SN > 2k — 1, h,g € RF** and P = Lk—g.lj S, we have

SNC(PSN(h))C(PSN(g))TSJT[ = C(Qs,n(conv(h, g, padding zero = P, stride = S))) .
Lemma 11. Let M, C, S, k = 2r + 1 be positive integers, and let K € RM*Cxkxk [ot N be such that SN > 2k — 1,
and P = L%J S. We set zp/s,pys € REP/STUXQP/SHY) gych that for all i,j € [0,2P/S], [zp;s.p/s]

i
5i:p/s5j:p/g. We have

C(Qsn(r11)) ... C(Qsn(z1m))
KKT — Idyn2 = : : ,
C(Qs,n(ra)) .- C(Qsn(zan))
where for all m,l € [1, M],
c
T = Z conv (K, ¢, Ki ¢, padding zero = P, stride = S) — 0yn=12p/s,p/s-
c=1

Then we proceed as in the 1D case.
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F Proof of Theorem

F.1 Proof of Theorem[3] in the 1D case
Let M, C, S, k = 2r + 1 be positive integers, and let K € RM*CXF Let N be such that SN > 2k — 1, and

Op/s
P =525 Wedenoteby zp/s = | 1 | € R2P/5HL
Op/s
RO case (M < CS): From Lemmal8] we have
CQsn(r11) ... ClQsn(w1m))
KKT — Idyn = ; : , (46)
CQsn(zm1)) .. C(Qsn(Tmm))
where for all m, 1 € [1, M],
c
T, = Z conv (K, ¢, Ki ¢, padding zero = P, stride = S) — 0p=12p/5 € R2P/S+1 (47)
c=1
We set
B=KK" — Idyn -
Since B is symmetric and due to the well-known properties of matrix norms, we have || B||; = || B||o and || B||3 <

|| B|1||Bl|s- Hence, using the definition of || B||;, we have

1<I<KMN

MN 2
B3 < [IBl1l|Bllee = I Bl = < max ) |Bm,l|>
m=1

Using (46)), and 20), we obtain

m=1

M 2
I1BI3 < max. (Z ||QS,N(xm,z)||1> .

Given the definition of Qs y in (30), we have for all = € R2P/5+1 ||Qg n(x)||; = ||||1, therefore,

M 2
||BH2 12%%)1(\4 (Z ||Im,l||1>
m=1

2
We set lo € arg max;<i<s (zﬁfil ||xm,l||1) . Using that for all - € R™, ||z[|; < +/||z||, we have

M
IB13 < (Z IIwm,onl) (2P/S+1) (Z [[Zm, 102>
m=1

Using Cauchy-Schwarz inequality, we obtain

M M M
IBIE < (2P/S + 1M D llamiolly < (2P/S+ 1M D |
m=1 m=1[=1
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Using [@7)), then (T7) and (T6), we obtain

IBl3
M M| C 2
< (2P/S+1)M Z Z Zconv K, Ki ¢, padding zero = P, stride = S) — dju=12p/5
m=1[=1 ||c=1 2
M M )
=(2P/S+1)M Z Z H conv (K, K, padding zero = P, stride = S) — I,¢],,, H

BRI

3
Il

1i=1
= (2P/S 4+ 1)M ||conv(K, K, padding zero = P, stride = S) — IT0||§7
= (2P/S 4+ 1)M Lyn(K) .

This proves the inequality in the RO case.
CO case (M > CS): First, forn > 2k — 1, let R,, be the operator that associates to z € R2+—1 the vector
Ro(x) = (Tp_1,...,Zop_2,0,...,0,20,...,25_2)" €R™. (48)

Note that, when S” =1, N’ = SN, we have in (30), P = k — 1 and

Q1,58 = Rsn. (49)
Recall from (7) that (f;);—o..sn—1 is the canonical basis of RSN Let A =C(f;) € RSNXSN pe the permutation
matrix which shifts down (cyclically) any vector by j € [0,SN — 1]: for all z € RSN, fori € [0,SN — 1],
(Ajz); = z(i—j)%sn- Note that, using (20), we have for all z € RSV,

[C(2)].; = Ajz. (50)
Recall that k = 2r + 1, and for all h € R*,

Pon(z) = (hyy- oo h0,0,...,0, kg, ... heyr)T € RSN,

For j € [0, SN — 1], for z € R¥, we denote by

P (z) = AjPsy(2) (51)
and for z € R%*~! we denote by
R (z) = AjRsn (2). (52)

By assumption SN > 2k — 1, hence Rgy(z) is well-defined and we have for all j € [0, SN — 1], for all
= RQk—l’

IRSy @)l =l 3
IR (@)l =

We first start by introducing the following Lemma.

Lemma 12. Let h, g € RF. There exist S vectors g, . . . ,x5_1 € R~ such that for all N satisfying SN > 2k — 1,
we have for all j € [0,SN — 1],

[C(Psn ()" SKSNC(Psn(9))], ;= R (2595) -
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Proof. Recall that from (I8) and (I9), we have Sy = Zi]\gol E;siand Ay == ST Sy = Zi]\;l Fs; si. When
applied to a vector x € RN, Ay keeps unchanged the components of & whose indices are multiples of S, while
the other components of Ay are equal to zero. We know from (30) and (1)) that, for j € [0, SN — 1], the j-th
column of C'(Psy(g)) is equal to Péjje, (g). Therefore, when applying Ay, this becomes A NPéJI\), (9) = Pé]]\), (¢%),
where g/ € R” is formed from g by putting zeroes in the place of the elements that have been replaced by 0 when
applying An. But since Ay preserves the component whose index is a multiple of .S, we have that the j-th column
of AyC(Psn(g)) has the same elements as its j%S-th column, shifted down by (j — j%.S5) indices. More precisely,

j %5 j ; i%S) [ 9 j 0, R
A_NPé]A),(g) = Aj,j%SANPéJN )(g), hence Péj]\)] (¢7) = Aj,j%sPéjN ) (gﬁ e Péjj\), (g7%5). This implies that
¢’ = ¢7%S . Note that, using (26), we can also derive the exact formula of ¢7, in fact for all i € [0, 2],

91i= 0 otherwise.

We again can see that g/ = ¢7%5. Therefore, using (30) and (51)), we have
ANIC(Psx(9))).; = AnPRy(0) = PR (o) = P&y (977) = [€ (Pow (#7°)) |-
Therefore, we have, for all j € [0, SN — 1],
[O(Psn ()T AxC(Pox(a))]-5 = [C(Psw(h) C(Psn(e™))] .

Using the fact that the transpose of a circulant matrix is a circulant matrix and that two circulant matrices commute with
each other (see (22)) and (23))), we conclude that the transpose of any circulant matrix commutes with any circulant
matrix, therefore

(C(Psn ()T ANC(Psn(a))].5 = [C(Psn (@ )C(Psn ()]
Using Lemmawith S’ =1and N’ = SN, and noting that,when S’ = 1, the sampling matrix Sy- is equal to the
identity, we have

C(Psn(977%))C(Psn ()"

= Idn'C(Pn/(¢77%))C (P (b)) 1d%,
k—1

S/

= C(Q1.5n(conv(g’”, h, padding zero = k — 1, stride = 1)))

= C(Qgr n+(conv(g””, h, padding zero = { J S’ stride = S)))
To simplify, we denote by z ;45 = conv(g?%%, h, padding zero = k — 1, stride = 1) € R?*~1, Using (@9), we obtain
C(Psn(g7"%)C(Psn(h)" = C(Qu,sn (xj%s)) = C(Rsn(T%5)) -
Using (50) and (52)), we obtain
[C(Psn (h)T ANC(Psn (9))].; = [C(Ron (25%5))].5 = A Rsn (zj05) = REX (2j5)-
Therefore, we have for all j € [0, SN — 1],

[C(Psn (h)SESNC(Psn(9))],; = R (wj05) -

i}

This concludes the proof of the lemma. O
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Let us go back to the main proof.

Using (28)), we have that the block (¢, ') € [1,C]? of size (SN, SN) of KTK is equal to :

SNC(Psn(Ki,e))

( C(Psn(Kr1e)'SY ... C(Psn(Kae)'SK ) :
SNC(Psn(Karer))
M
=Y C(Psn(Km.e) " SESNC(Psy (K o)) - (54)

Forany (m, ¢, ) € [1, M]x[1,C]?, we denote by (2, c,c,s) o g, the S vectors of R2*~! obtained when applying
Lemmawith h =K, ¢, and g = K,, . Hence, we have, for all j € [0, SN — 1],

[C(Psn (Kum.o)) ST SNC(Psn (Kin.e)j = RN (@t jo0s) (55)
B Ok—1
Letf, ;=] 1 | € R?*71 Foralls € [0,S — 1], we denote by
Ok—1
M J—
Lecls = Z Tm,c,c!,s — 6c=c’fk_1 € R+ (56)

Note that, from (7), @8), and (32), we have for all j € [0,SN — 1], f; = Rg])v(?k_l) Therefore, Idsy =
<fo,...7fSN71>=( RG(Fyr): oo BER D (Fia))- We set

By =KTK — Idesy -

We denote by A%, € RSV*SN the block (¢, ') € [1,C]? of size (SN, SN) of By. Using (54). (53). and (56), we
have, for all j € [[0 SN —1],

M
Z C(Psn (Ko )T SESNC(Psy(Kpmer)) — 6C_C,IdSN]

5
= Z RSN Trmc,c ,j%S) — 6C:C'Rg1)\7(?k—1)

= R(SN(xc,cf,j%s) . (57)

We then proceed in the same way as in the RO case. Since By is clearly symmetric, we have

1<j<CSN ¢4

2
[AY.] . .
1<c’<C 0<]<SN 1 (Z ” cc' ||1>

CSN
2 2
I1Bxllz < IBrlli 1Bl = BNy = < max Z |(Bw) ul)

Using (57) and (53)), this becomes

2 2
IByl < max (ZHRSN e >I1> = max <Z||xm||1> .

0<g<SN 1 0<s<5—1
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2
We set (cg, 50) € argmax << (ZCC:1 ||xc7c,7s||1> . Using that for all z € R, ||z||; < v/n||z||2, we have
0<s<5—1

|BNH2 (Z ”vao soll ) (2k — 1) (Z |z, PO,S()H )

Using Cauchy-Schwarz inequality, we obtain

c C S-1

||BN||2 (2k —1) OZHIPPO 90” (2k —1) CZZ Zquc/,sni .

c=1c¢'=1s=0
Using (53)) in the particular case of N’ = 2k — 1, we obtain

S

C
Z ‘RS(2k—1) (xc,c/,s) H;

c'=1s

|
—

IBxll3 < (2k —1)C

MQ

0 o
==
Il
=)
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Using for N' = 2k — 1, we obtain
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]

Using Theoremfor N =2k — 1, we have || Baj_1]|% = (2k — 1) Loyt (K) and we obtain
1Bul2 < 2k = 1)CLoyin(K) -
Therefore, we conclude that, in the CO case
(erry (K))* < (2k = 1)CLorn (K) -

This concludes the proof in the 1D case.

F.2 Sketch of the proof of Theorem [3, for 2D convolutional layers

In the RO case, we proceed as in the 1D case.
In the CO case, we first prove a lemma similar to Lemma[T2] then we proceed as in the 1D case.

G Proof of Proposition

Below, we prove Proposition |1/ for a general matrix A € R**? with @ > b. In order to obtain the statement for a
convolutional layer kL € RMNXCSN.

In the RO case (M < CS): wetake A= K%, a = CSN,b= MN.

In the CO case (M > CS): wetake A=K, a=MN,b=CSN.
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Let A € R**® such that a > b. We denote by € = || AT A — Idy||2. Let # € R?, we have

[ Az]* — [l2]|*| = [+ AT Az — 2T x| = |27 (ATA — Idp)z| < 2" ||| ATA — Tdp 2]

<ellz|?.
Hence, for all z € R?,
(1—e)llz|? < [[Az|* < (1 + )] .

This also implies 0,4, (A)% < 1+ ¢. But we know that 0,42 (AT) = 04z (A), hence 0. (AT)? < 1 + ¢ and
therefore, for all x € R®,

IATz]* < (1 +e) | -
Finally:
* In the RO case, for e = erry, (K) = ||[KKT — Idcsn||2, K is e-AIP.

* In the CO case, for e = erry (K) = [|[KTK — Idpn |2, K is e-AIP.

H Computing the singular values of C

In this appendix, we describe methods for computing singular values of a 2D layer transform matrix, with or without
stride. The codes are provided in DEEL.LHﬂ library.
H.1 Computing the singular values of K when S = 1

For convolutional layers without stride, S = 1, we use the algorithm described in [35]. We describe the algorithm for
2D convolutional layers in Algorithm[I] The algorithm provides the full list of singular values.

Algorithm 1 Computing the list of singular values of /I, when S = 1, [35]].

Input: kernel tensor: K € RMXCxEXE channel size: N > k
Output: list of the singular values of K: o

transforms = FFT2(K, (N,N), axes=[0, 1])
o = linalg.svd(transforms, compute_uv=False)

H.2 Computing the smallest and the largest singular value of X for any stride S

For convolutions with stride, S > 1, there is no known practical algorithm to compute the list of singular values o.
In this configuration, we use the well known power iteration algorithm and a spectral shift to compute the smallest
and the largest singular value (0y,in, Omaz) of K. We give the principle of the algorithm in Algorithm[2] For clarity,
in Algorithm 2] we assume a function *o = power_iteration())’, that applies the power iteration algorithm to a
square matrix M and returns its largest singular value ¢ > 0. In practice, of course, we cannot construct M and the
implementation must use the usual functions that apply K and C”'. A detailed python implementation is provided in
DEEL.LIF"|library.

“https://github.com/deel-ai/deel-lip
10https://github.com/deel-ai/deel-lip
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Algorithm 2 Computing (0,51, Tmaz ), for any S > 1.

Input: kernel tensor: K € RMXCxEXE channel size: N > k, stride parameter: S > 1
Output: the smallest and the largest singular value of K: (0ynmin, Omaz)

if C'S? > M then
# RO case
Omaz = Sqrt( power_iteration( KT ) )
A =1.1%0maz * Omaz
O min = sqrt( X - power_iteration( AId; y2 —ICKT )

else
# CO case
Omaz = sqrt( power_iteration( KTk ))
A= 1.1%0maz * Omaz
O min = sqrt( X - power_iteration( Aldcg2 n2 —KTK))

end if

42



	Introduction
	On Orthogonal Convolutional Neural Networks
	Related work and contributions
	Context
	Orthogonality
	The function Lorth(K)
	Approximate orthogonality and Approximate Isometry Property


	Theoretical analysis of orthogonal convolutional layers
	Existence of orthogonal convolutional layers
	Restrictions due to boundary conditions
	Frobenius norm stability
	Spectral norm stability and scalability

	Experiments
	Optimization landscape
	Analysis of the MegalCS2 cases
	Stability of sminsmax when N varies
	Datasets experiments

	Conclusion
	Notation
	Standard math definition
	Corresponding 1D definitions
	Orthogonality
	The function Lorth
	Measures of deviation from orthogonality


	The convolutional layer as a matrix-vector product
	1D case
	2D case

	Proof of Theorem 1
	Proof of Theorem 1, for 1D convolutional layers
	Sketch of the proof of Theorem 1, for 2D convolutional layers

	Restrictions due to boundary conditions
	Proof of Proposition 2
	Proof of Proposition 3

	Proof of Theorem 2
	Proof of Theorem 2, in the 1D case
	Sketch of the proof of Theorem 2, in the 2D case

	Proof of Theorem 3
	Proof of Theorem 3, in the 1D case
	Sketch of the proof of Theorem 3, for 2D convolutional layers

	Proof of Proposition 1
	Computing the singular values of Kcal
	Computing the singular values of Kcal when Segal1
	Computing the smallest and the largest singular value of Kcal for any stride S


