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Regulation of a reaction-diffusion equation with bounded observation

Hugo Lhachemi*

Abstract

This paper solves a regulation problem for a reaction-
diffusion equation. More precisely, for a given bounded
observation, we design a boundary controller so that the
setpoint output of the equation converges to a prescribed
reference signal. The control law is finite-dimensional and is
obtained by coupling a pole-placement control law with an
observer. The proofs are based on a Lyapunov function and

relies on the properties of Sturm-Liouville operators.

1 Introduction

Regulation control of finite-dimensional systems are
very classical problems that have been widely investi-
gated [1, 6]. This work considers the problem of regula-
tion of distributed parameter systems [2, 3, 14, 16, 17].
This class of systems succeeds to model many dynamical
systems, such as heat dynamics, chemical reactors, fluid
mechanical systems, among many other potential appli-
cations (see [1] for a general reference). We focus here on
a reaction-diffusion system described by parabolic par-
tial differential equations. For this kind of systems this
is very natural to not only control the internal state, but
also to prescribe the output to a given reference trajec-
tory. This is the so-called regulation problem. Depend-
ing on the control input and the to-be-regulated output,
the regulation problem could be more or less complex
to solve. In particular, when one of these operators is
unbounded, the associated regulation problem becomes
challenging and requires dedicated control techniques.
The control objective of this paper is to solve the
regulation problem in the case of an unbounded control
operator and a bounded to-be-regulated output. Our
approach combines a finite-dimensional observer [7, 8,
, 13] and an adequate integral component [14]. We
show that such a controller can always be designed such
that the resulting closed-loop system is exponentially
stable, in both L? and H' norms, and achieve setpoint
regulation control. These stability properties are proven
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using suitable Lyapunov function candidates.

This approach could likely be generalized to other
control problems, as the ones considered in [5] where an
infinite-dimensional dynamics is decomposed into two
parts: one unstable operator having a finite-dimensional
representation, and one stable operator. See also [9, 11]
for control design methods exploiting this idea.

This paper is organized as follows. Section 2
recalls some results on Sturm-Liouville operators and
states a technical result. Section 3 introduces the
control problem under consideration and the proposed
controller architecture. Section 4 gives the main results
and associated stability analysis in L? and H' norms.
Finally Section 5 collects some concluding remarks and
presents further developments of this work.

2 Preliminaries

2.1 Sturm-Liouville operator Let the Sturm-
Liouville operator defined by Af = —(pf’) + qf on
the domain D(A) = {f € H?(0,1) : f'(0) = f(1) =0}
with p € €*([0,1]), p > 0, and ¢ € €°([0,1]), ¢ > 0. The
eigenvalues A\, n > 1, of A are simple and can be sorted
such that Ay < Ay < ... < A\, < .... Moreover, the as-
sociated unit eigenvectors ¢, € L*(0,1) form a Hilbert
basis. It can be easily checked that, for all f € D(A),

(21) 3" A (f.60)7 = (AF f) = / p(f)? + f? da.

n>1

Let p.,p*,¢" € R be such that 0 < p, < p(x) < p*
and 0 < ¢(z) < ¢* for all z € [0,1], then it holds [15]:

(2.2)

0<72(n—1)*p, < Ay < 7T20°p* + ¢
1.

for all n >

2.2 Useful Lemma We state a lemma which was
proven in a particular case in [7]. This proof also applies
to the general setting described in the below lemma.

LEMMA 2.1. Let n,m,N > 1, My € R"™ ™ My, €
Rmxm} ]\412 c Rnxm, MIIX c Ran’ Mﬁ c Rme}
MY e RVN*" and MY, MY € RN*N. We define

My My, 0 MY
pyv_ | 0 Mmoo 0
Mgy 0 Mz O
o o 0 MY



We assume that there exist constants Cy, kg > 0 such
that [[eM1| < Coe~™t, [[eMeet] < Coe=rt, (M| <
Coe %!, and ||eMist|| < Coe ™! for all t > 0 and
all N > 1. Moreover, we assume that there exists a
constant Cy > 0 such that |MP| < C1, |MY| <
C1, and |MY|| < Cy for all N > 1. Then there
exists a constant Co > 0 such that, for any N > 1,
there exists PN e R*™+2N with PN » 0 such that
PNFN 4+ (FNYTPN = — T and |PV|| < Cs

3 Control problem and deviation dynamics

3.1 Studied reaction-diffusion system We con-
sider the reaction-diffusion system described by

(3.3a) zt(t, ) = (pz2)2(t, ) + (¢ — q(x))2(t, )
(3.3b)  2z.(t,0)=0, =z(t,1) = u(¢)
(3.3¢) 2(0,2) = zo(x)

1
(33d)  y(t) = / ()2 (t, ) dx

0

where ¢ > 0 and z € (0,1) stand respectively for the
time and space variables, g. € R is a constant, u(t) € R
is the command input, y(¢) € R with ¢ € L?(0,1) is the
measurement, z(t,-) € L?(0,1) is the state, and zy €
L?(0,1) is the initial condition. Our control objective
is to design a state feedback and a finite dimensional
observer to stabilize the plant and achieve the setpoint

regulation of y(t) to some prescribed reference signal
r(t) € R.

3.2 Spectral reduction We introduce the change of
variable

(3.4) w(t, ) = z(t,x) — x2u(t).
Then we have

wi(t, 2) = (pwz)a(t

with a,b € L?(0,1) defined by a(z) = 2p(z) + 2zp’ (x) +
(gc — q(z))2? and b(z) = —332, respectively, g(t) =
y(t) — you(t) with v = fo 2?c(z)dx, and wo(z) =
20(x) — 2%u(0). Introducing the auxiliary command

input v(t) = u(t), we infer that
(3.6a) w(t) = v(t)
(3.6b) %ﬁ%u ) ={-A+q.w(t,-) + au(t) + bv(¢)

Introducing the coefficients of projection w,(t) =

<w(t7 ')7 ¢n>7 an = <a7 ¢TL>7 bn = <b7 ¢n>a and CTL =
(¢, ¢n), we obtain that
(3.7a) U=
(3.7b) Wy, = (=Ap + go)wp + apu + byv
i>1
for n > 1.

3.3 Control design Let Ny > 1 and 6 > 0 be given
such that —\,+q. < —d < Oforalln > Ng+1. Let N >
Ny + 1 be arbitrary. We design an observer to estimate
the N first modes of the plant while the state-feedback
is performed on the Ny first modes. More precisely,
introducing Ag = diag(—A1+4qc, - .., —An, +qc), WMo =

T T
[wl, . wNO] , Boa = [al, . aNO] , and
Boy = [b1, ..., bNO]T, we have
(3.8) Who = AgWNe + By yu + Bopv.

Let us introduce an integral component to achieve the
setpoint regulation control of the system output. To
do so, consider first the case of the following classical
integral component:

Zi=y—r=y+tyu—r
chwn +Yyu—r

n>1
where r : Ry — R is a reference signal. Introducing
&p =2 — Zn2N0+1 7—;1(1 Wy, we obtain that
& = E:%wn+%u—r
n>1
S
n
n>No+1 —An e
No
= chwn+a0u+ﬂov—r
n=1
with
AnCn
3.9a = — _
( ) Yo Z o+ 4
n>Np+1
bncn
3.9b =— _
( ) Ao Z —An +qe
n>Nop+1

Replacing w,,, which are not measured, by their esti-
mated version w,,, which will be described below, we ob-
tain the following integral component that will be used



for control design:

No
£E= chwn+a0u+ﬁov—r.

n=1

(3.10)

We now define for 1 < n < N the observation
dynamics:

(3.11)

Wn = (_)\n + QL)wn +anu + bn'U

1 N
—In (/0 () ;wﬂbz(x) dz — aqu — y)

with
AnCp

3.12 _
( ) _)\n +qc

m= Y

n>N+1

and where [,, € R are the observer gains. We set
l, = 0 for Ng+1 < n < N and the initial condition
of the observer as w,(0) = 0 for all 1 < n < N. We
define for 1 < n < N the observation error as e, =
Wy, — Wy,. Noting that fol c(x) Zf\il Wigi(x)de — § =
— Zfil cie; — ¢ with ¢ = ZH>N+1 CnWy,, we infer that

(3.13) Wy, = (—An + Ge)Wn + anpu + byv
N
+ 1, Z cie; + lpaqu + 1,C.
i=1
Introducing
’LZ)l €1
WhNo=| |, ENo=|: |,
wNO €Ny
€No+1 l
EN-No — , L=1|:1,
EN lNo
CO = [Clv EE) CNU] ) Cl = I:CN0+13 ) CN] )
we have

Who = A()WNO + Bo,qu + Boyv

(3.14) + LCyENe + LCYEN N0 ¢ o Lu + LC.
With
U 0
W= ||, D=L
£ 0
and defining
(3.15)
0 0 0 1 0
A1 = |Boa Ao 0|,Bi= |Boyp|,Br=|0],
ag Cp O 5o 1

we deduce that
Who = A;WNo + Byv — Byr + LC,EN
+ LCYEN=No 4 aq Lu + L.

(3.16)

Setting the auxiliary command input as
(3.17) v=KWN,
and defining

(3.18) Ag(ar) = A1+ B K +aL[1 0 0],
we obtain that

WNo = Ag(a)WNo — B+ LCyENo

(3.19) + LC,EN=No L I¢
and

ENo = (49 — LCy)ENe — LCLEN—No
(3.20) —aL[1 0 0wl —L¢.

LEMMA 3.1. The pair (A1, B1) is controllable if and
only if the unique solution z € H?(0,1) of

(3.21a)
(3.21b)

(p2') + (gc — q)z =0,
2(00=1, 2Z'(0)=0

is such that fol c(x)z(z)dx # 0. The pair (Ao, Co) is
observable if and only if ¢, # 0 for all 1 < n < Ny.

The proof of the lemma is reported in appendix.
Hence we can compute gains K and L such that A; +
B1K and Ay — LCy are Hurwitz with eigenvalues that
have a real part strictly less than —¢ < 0. Defining now

Ay = diag(=Ang41 + qey -y —AN + qc)
WNy+1 ANy+1 bNy+1
WN7N0 = 5 B2,a = ) BQ,b =
’LzJN anN bN

we obtain from (3.11) with [, =0 for Ng+1<n< N
that

WN-No — AQWNiNO + By qu + Bayv

(3.22) =AWV N 4 (ByyK + [Ba 0 0]) WD
and

(3.23) EN—No — g, pN—No,

Putting together (3.19-3.20) and
(3.22-3.23), we obtain with X =

(V20T (B¥)T ()T (Y )T]T that

(3.24) X =FX+L,—Lr



where

Ad(al) .Z/CO 0 Z/Cl
= —OqL 1 0 0] Ao—LOO 0 —LCl
" | BepK + (B2 0 0] 0 Ay 0
0 0 0 Asy

L B,
—L 0
L= 0|’ Ly = 0
0 0

3.4 Equilibrium condition and dynamics of de-
viations We aim at characterizing the equilibrium
condition of the closed-loop system composed of the
reaction-diffusion system (3.3), the auxiliary command
input dynamics (3.6a), the integral action (3.10), the
observer dynamics (3.11), and the state-feedback (3.17).
To do so let r(t) = 7. € R be arbitrary. We must solve
the system of equations:

(3.25a)
0= (=An+ q)Wn,e + ante + bpve =0, n>1,
(3.25D)
0= Ve = Wévga
(3.25¢)
No
0= Z cnuA}n,e + QolUe + ﬂO/Ue — Te,
n=1
0= (_)\n + QC)uA)n,e + aple + bn'Ue
(3.25d)
N
—ly {Zciwi,e_alue_?je}, 1 < n < Ny,
=1
(3.25¢)
= (_)\n+QC)wn,e+anue+bnve7 No+1<n< Na
(3.25f)
Yo = Z CnWne-
n>1

We first note from (3.2
(3.25a) we have wy, =

5b) that ve = 0. Then, from
7}\ e foralln>N0+1
In particular from (3.25¢), we have W, = Wpe =

7/\ +q u, for all Ng+1 <n < N. Deﬁnmg ene =
Wpe — Wne and (e = ZH>N+1 CpWn,e, We oObtain that
ene = 0 for all No+1 < n < N. Hence, from
(3.25d), we infer that 0 = (=\, + gc)Wn,e + anue +
Ly N0 cieie + lnonue + 1pCe for all 1 < n < No.
Combining this latter identity with (3.25a), we obtain

that (49 — LCo)ENe — Loaju, — L¢. = 0. Invoking
(3.12), we note that aju, = —En>N+1 CnWne = —Ce,
implying that (Ag — LCo)ENe = 0. Since Ag —

LCy is Hurwitz, we infer that e,. = 0 for all 1 <
n < Np. In particular, w,. = wp, for all 1 <
n < N. From (3.25b-3.25d) we deduce that 0 =
’Acl(al)ng — Byre + LC.. Recalling that (. = —aque
and Ac(aq) is defined by (3.18), we obtain that (A; +

K)Wé\fg = B,r.. Since A1+ B1 K is Hurwitz, we infer

that WNo = [u, i, N &) = (A1 +
B1K)7'B,r.. We note that (wn.e)n>1, (AnWn.e)n>1 €
I2(N) ensuring that w, = Y ns1 WnePn € D(A) and
Aw, = Zn>1 AWy e¢n. Using (3.25a), we obtain that
—Aw, + q.we + aue + bve = 0. Introducing the change
of variable z. = we + x%ue, 2. is a static solution of
(3.3a-3.3b) associated with the constant control input
u(t) = ue. z)de =
fo z)dx + Youe, we infer from (3.20@) while
1nvok1ng (3 0) that

Denoting by e fo

Ny
Te = E cnuA)n,e + QolUe = YoUe + E CpnWn,e
n=1 n>1
= YoUe + Ye = Ye-

Hence, for an arbitrarily given constant reference signal
r(t) = r. € R, the equilibirum condition of the closed-
loop system is unique, fully characterized by r, and is
such that y. = 7.

We can now introduce the dynamics of deviation of
the different quantities w.r.t the equilibrium condition
characterized by r. € R. In particular:

Aw(t,z) = Az(t, ) — 2°Au(t),
AX = FAX + LAC — L, Ar,
A¢ = Z CnAwy,
n>N+1
Ay, = (=M + gc) Awy, + anAu+b,Av, n > N+ 1,
Av = KAVAVJVO,
Ay = Ay — yAu = Z CnAwy,.
n>1
We also have Au(t) = EAX(t) and Av(t) = KAX(t)
with E = [1 0 0] and K = [K 0 0 0].

Finally, we define G = |[a||2,ETE + ||b]|2. KTK.

4 Main results on stability analysis

4.1 Stability analysis in L?(0,1) norm

THEOREM 4.1. Let p € C([0,1]) with p > 0, ¢ €
Co([0,1]) with q = 0, q. € R, and c € L*(0,1). Consider
the reaction-diffusion system described by (5.3). Let
Ny =1 and § > 0 be given such that —Ap,+q. < —6 <0
for allm > Ng + 1. Assume that the unique solution of



(3.21) is such that fo (z)dx # 0 and ¢, # 0 for
all1 < n < Ny. Let K € RYXWNo+2) gnd [ € RNo
be such that Ai + B1K and Ay — LCy are Hurwitz
with eigenvalues that have a real part strictly less than
-0 < 0. Assume that there exist N > Ng+ 1, P > 0,
and o, B,y > 0 such that

FTP+4+ PF +25P+oyG PL
(4.26) © = TP 5| =0,
c
n="Antq+o+— +5H Ii: <0,
2y
for allmn = N + 1. Then, for any n € [0,1), there
ezists M > 0 such that for all zo € L*(0,1), u(0) € R,

and r € CO(Ry;R), the mild solution of the closed-loop
system composed of the plant (3.3), the integral actions
(3.6a) and (3.10), the observer dynamics (3.11) with
null initial condition, and the output feedback (3.17)
satisfies

(4.27)  Au(t)? + AL(t) +ZAwn + |Az(8)]3-
n=1
< Mem 2! (Au(0)? + AE(0) + [|Az||72)
+ M sup 6_2"6(t_T)A7"(7)2
T€[0,t]
for all t > 0. Moreover, the constraints © < 0 and

'y, <0 are always feasible for N large enough.

Proof. For P = 0 and v > 0 we define

V()= AX() PAX(t)+7 > Aw,(t

n>=N+1
Considering first classical solutions, we have
V(t) + 20V (t)
=AX(t)' (FTP+ PF+25P) AX(t)
+ 2AX ()T PLAC(t) — 2AX (t) T PL,.Ar(t)

+29 Y (<A + e+ 0)Awy (1)?
n>N+1

+ 2y Z (anAu(t) + b Av(t)) Awy, ().

n>N+1

We note that, for any o > 0,

2 Z anAw,Au < —
n>N+1

Z Aw? + alla|?: Au?

n>N+1

and

2 Z bnAw,Av < —
n>N+1

Z Aw? + a|b||?. Av?.

n>N+1

Since Au(t) = EAX(t) and Auv(t) = KAX(t), we have

V(t) 4 26V (t)
<AX(t)" (FTP+ PF+25P) AX(t)
+2AX (t)TPLAC(t) — 2AX (1) T PL, Ar(t)
+2y Y (—)\n +q+0+ Cly) Aw, (t)?
n>N+1
+ay (Jlall3= | EAX (02 + [bll3=| KAX (1)]2)
AX(t)] " [FTP+PF+25P+ayG PL] [AX(t)
{Ac“(t)] [ LTPT } {AC(t)]
—2AX ()T PL.Ar(t)

1 2
+2y Y <—>\n +q.+0+ a) Aw, ()%
n>N+1

where G' = ||a||2.ETE + ||b]2.K " K. Recalling that

AC(t) = 32,5 n41 cnAwy(t), we obtain that AC(t)?
||CH%2 Zn>N+1 Aw,(t)?. Hence, for any 3 > 0,
BllellF 2 > s i1 Awn(t)? = BAC(1)* > 0. Combining

the two latter inequalities, we obtain that

V(t) + 20V (t) < [AX( >]Te [Ax(ﬂ

A((t) A(t)
—2AX(t)"PLAF() +2y Y TnlAw,(t).
n>N+1

Assume that we can select N > Ny + 1, P > 0,
and «, 3,7 > 0 such that © < 0 and T',, < 0 for all
n > N + 1. Then there exists € > 0 such that © < —el.
We deduce that

V(t) +20V(t) < —€|AX (1)||> — 2AX (t) T PL,.Ar(t)

—elAX@®)I* + 2| AX @) PL|I| Ar(2)]

P 2
< ” 'CTH A’I”(t)Q.

€

<
<

After integration, we obtain for any n € [0,1) the
existence of a constant M; > 0 such that

(4.28) V(t) < e 2V (0) + My sup e 21T Ap(7)?

T€[0,t]

forallt > 0.

On one hand we have V(0) < A\ (P)|[|AX(0)]]? +
Y wsni1 Awa(0)2. As the initial conditions of
the observer are zero, we obtain that [[AX(0)||*> =
Au(0)2 + A£(0)2 + SN Aw,(0)%, hence V(0)
max (v, A (P))(Au(0)? + AE(0)? + ||Awpl|32). Since,
from (3.4), Awg(z) = Azo(z) — 22Au(0), we obtain
the existence of a constant My > 0 such that V(0) <
My (Au(0)? + A&(0)* + [ Azoll72)-

N



On the other hand we have V(¢) >

An(PIAXO? 4+ 7 X sng1 Awa(t)? >

An(P{Au(t)? 4+ Agt? + VL (Adn(t)? 4
Aen(t)®)} + 72 sny1 Awn(t)? Noting that
Ay, (1) + Ae, (1) = (Aw, (t) — Aen(t))? + Aen(t)? =
1Aw,(t)?, because' (z — a)? + a*> > %2 for all
r,a € R, we infer that V(t) > M\, (P){Au(t)?
Af(t)2 + %25:1 Awn(t)2} + WZn>N+1 Awn(t)2 >
Ms(Au(t)? + AL(t)? + ||Aw(t)][2.) for some con-
stant Ms > 0. Moreover, we deduce from (3.4) that
V() = May(Au(t)® + AL(t)? + ||Az(t)||3.) for some
constant My > 0.

Overall, we have shown for any n € [0,1) the
existence of a constant M > 0, independent of the initial
condition, such that (4.27) holds for classical solutions.
By a classical density argument, this result also holds
for mild solutions.

We finally assess that we can always select N >
No+1, P> 0and «, 8,7 > 0such that © < 0 and I';, <
0 for all n > N + 1. By the Schur complement, © < 0 is
equivalent to FTP—|—PF+2(5P+0¢7G—|—%P££TPT < 0.
Introducing F' = F; 4+ F» where

(4.29a) ~ ~
A+ B1K LCYy 0 LC,
. 0 Ay—LCy 0 —LCy
BQ’bK + [BQ’UI 0 0] 0 As 0
0 0 0 Ao
a;L[1 0 0 0 0 0
~|—aaL[t 0 0] 0 0 0
(4.29]3) Fy = 0 00 0
0 0 0 O

with ||F|| — 0, because a; — 0, when N — +o00. We
apply the Lemma of Subsection 2.2 to F} 4+ 01, yielding
the existence of P = 0 such that F}' P+PF;+26P = —I
and ||P|| = O(1) as N — 4o0. Therefore, we have
FTP+PF+25P+ayG+ gPLLTPT = I+ F) P+
PF, + avG + %PEETPT. Hence, setting o = N1/4,
B =N, and v = N~/2 and recalling that (2.2) holds,
we infer the existence of N > Ny + 1 such that © < 0
and I'), <Oforalln > N + 1. 0

4.2 Stability analysis in H'(0,1) norm

THEOREM 4.2. Under the assumptions of Theorem 4.1
but with the definition of I, replaced by

5||CHL2
29\,

T, =\, +qc+5+—+

TFor any x,a € R, one has (z — a)? +

G+ ()2 25Vt (VI = & +

then, for any n € [0,1), there exists M' > 0 such
that for all zo € H?(0,1) and u(0) € R such that
20(0) = 0 and 29(1) = u(0), and all r € C*(R4;R), the
classical solution of the closed-loop system composed of
the plant (3.3), the integral actions (3.6a) and (3.10),
the observer dynamics (5.11) with null initial condition,
and the output feedback (3.17) satisfies

(4.30)  Au(t)? + AL(t) +ZAwn +1A2() |7
< M'e= 2t (Au(0)? +A£( )? + | Azol|71)
+ M’ sup e 2T Ap(7)2
T€[0,t]
for all t > 0. Moreover, the constraints ©® < 0 and

I, <0 are always feasible for N large enough.

Proof. For P > 0 and v > 0 we define
V(t)=AXH)TPAX(H) +v D AnAwa(t)’.
n>N+1
Then we have
V(t) + 20V (t)
=AX(t)' (FTP+ PF+25P) AX(t)
+2AX (1) TPLAC(t) — 2AX (1) T PL, Ar(t)

+ 2’7 Z )\n(_)\n + qc + §)Awn(t)2
n>N+1

+ 2y Z An(an Au(t) + by Av(t)) Awy (t).
n>N+1

We note that, for any a > 0,

1
2 Z Aan Aw, Au < —

n>N+1

S 28wl +aljolf Au?

n>N+1

and

2 Z b Aw, Av < —

n>N+1

ST N AW+ afb|F. A,

n>N+1

Since Au(t)
E=[1 0

= BEAX(t) and Av(t) = KAX
0] and K =

(t) with
[K 0 0 0], we have
V(t) + 20V (t)
<AX(t)" (FTP+ PF+25P) AX(t)

+2AX (1) TPLAC(t) — 2AX ()T PL, Ar(t)

A
+2y Y /\n< An +qc+6+> Aw, (t)?
n>N+1

+ay (llal3 I BAX ()] + b3 | KAX (1))



{AX(t)] i [FTP + PF+26P + oG Pc} {AX(t)
S AL £TpT 0| | AC(t)
—2AX ()" PL.Ar(t)

+ 2 Z An

(—/\n +q.+6+ )::) Aw, (t)2.
n>N+1
where G' = ||a||2.ETE + ||b]|2.K"K. Recalling that
AC(t) = 32,5 N1 CnAwy(t), we obtain that AC(t)? <
el Y s nir Awn(t)?.  Hence, for any 8 > 0,
BllellF2 X s ni1 Awn(t)? = BAC(1)* > 0. Combining
the two latter inequalities, we obtain that

: AX)]" L [AX()

V(1) + 20V (1) < [M(t)} @[Aw]

—2AX(t) " PLAT(#) +2y > AlnAw,(t)”.
n>N+1

Assume that we can select N > Nog+ 1, P = 0
and «, 3,7 > 0 such that ®© < 0 and I',, < 0 for all
n > N + 1. Then there exists ¢ > 0 such that © < —el.
We deduce that

V() + 20V (t) < —e| AX(1)]]2 — 2AX ()T PL, Ar(t)
<

—elAX @) + 2| AX @[] PL||| Ar(2)]

2
”P'CT” A?“(t)2.
€

N

After integration, we obtain for any n € [0,1) the
existence of a constant Mg > 0 such that

(4.31) V(t) < e 2V (0) + M5 sup e 2107 Ap(7)?
T€[0,t]

for all t > 0. Using (2.1), (3.4), and Poincaré inequality,
we infer the existence of a constant M’ > 0, independent
of the initial condition, such that (4.30) holds.

We now show that we can always select N > Ny+1,
P > 0 and «,B,7 > 0 such that © < 0 and I';, < 0
for all n > N + 1. By the Schur complement, © < 0 is
equivalent to FTP+PF+25P+a’yG+%P££TPT =< 0.
Introducing FF = F; + F» where Fj,F, are defined
by (4.29) with ||Fs|| — 0, because ay — 0, when
N — +o0o. We apply the Lemma of Subsection 2.2
to Fy + dI, yielding the existence of P > 0 such
that F)' P + PFy + 20P = —I and ||P| = O(1) as
N — +o00. Therefore, we have F'T P+ PF+26 P4+-ayG+
GPLLTPT = —I+ F) P+ PFy + oG + gPLLTPT.
Hence, setting o = N4, 3= N, and v = N~/2, we
infer the existence of N > Ny + 1 such that © < 0 and
I'<Oforalln> N +1. O

4.3 Setpoint regulation

|

THEOREM 4.3. Under both assumptions and conclu-
sions of Theorem 4.1, for any n € [0,1), there exists
M, > 0 such that

|[Ay(t)] < Mye™ (| Au(0)] + [AE(0)] + [|Azol|2)
+ M, sup e "¢ |Ar(7)|

T€[0,t]

for allt > 0.

Proof. Noting that Ay(t) AG(t) + vAu(t) =
ot nBun () + 0du(t), we have [Ay(t) <
llel 2 [|Aw (@) || L2 + |70]|Au(t)]. The claimed conclusion
follows from Theorem 4.1. |

Note that a similar result holds when invoking
Theorem 4.2 but when evaluating the PDE trajectory
in H! norm.

5 Discussion and concluding remarks

In this paper, the regulation problem has been solved
for a reaction-diffusion problem with a bounded obser-
vation and a boundary control action. The proposed
output feedback controller is designed so that the out-
put achieves the setpoint tracking of a reference signal.
The designed controller is computed by combining a
proportional-integral finite-dimensional controller with
a finite-dimensional observer.

This approach is constructive since the design
method is based on explicit sufficient conditions that
are numerically tractable and always feasible for a large
enough dimension of the finite-dimensional observer.
Let us emphasize that this approach can be extended
to different regulation problem as reaction-diffusion sys-
tem with unbounded measurement operators (instead of
a bounded observation as in this paper) such as Dirich-
let and Neumann traces. We refer the reader to [12] for
full details of these results.

A Proof of Lemma 3.1
Applying [14, Lemma 2], the pair (A;, B;) satis-
fies the Kalman condition if and only if the pair

([B(;a /(1)0] ) L;)J) satisfies the Kalman condition

and the matrix

0 0 1
T=|Boa Ao DBop
ag Co  Bo

is invertible. The former condition has been checked
in [10]. Hence we only need to evaluate the invertiblity
of T. Let [ue W,e WNy, e ve]T € ker(T). We
obtain that v, = 0 and

ApUe + (_>\n + CIc)wn,e

:Oa 1<7’L<N0,



No
Qe + E CnWp,e = 0.

n=1

Defining for n > Ny+1 the quantity w, . = — g e
we have (—A, +¢c)wn,e +anue = 0 for all n > 1. Hence
(Wn,e)n>1, AnWne)ns1 € (2(N) ensuring that w, =
Zn>1 Wnetpn € D(A) and Aw, = Zn>1 AnWn, e P
This shows that —Aw. + q.we + aue = 0. Moreover,
using (3.9), we also have

No 1
0 = apue + Z CnWne = YolUe + / c(x)we(x) de.
0

n=1

From the two last identities, we infer that

(pwe) + (ge — Qwe + aue = 0,
wl(0) =0, w.(1)=0,

1
Youe + / c(x)we(x)dz = 0.
0

With 2.(z) = we(x) + 2%u,, we infer that

)Ze = 07

(pz)" + (¢ — q
) Ze(]-) = Ue,

2.(0) =
/ e(x)ze(z) dx = 0.
0

Assume by contradiction that z. # 0. Then z.(0) # 0
and z £ 2,/2.(0) satisfies (3.21) with fol c(x)z(x)dr =
0. This contradicts our assumption. Thus we obtain
that z. = 0, showing that u. = z.(1) = 0. This implies
that w, = 2z, — z2u, = 0, hence Wy, =0 for all n > 1.
We have shown that ker(T) = {0}. This allows to
conclude that if z = 0 is the only solution of (3.21) then
(A, By) is controllable. The converse holds similarly.
Since Ag is diagonal with simple eigenvalues, the
application of the Hautus test shows that (Ag,Cp) is
observable is and only if ¢, # 0 for all 1 <n < Ng.

References

[1] P. J. Antsaklis and A. N. Michel, Linear systems.
Springer Science & Business Media, 2006.

[2] M. Barreau, F. Gouaisbaut, and A. Seuret, “Practical
stability analysis of a drilling pipe under friction with a
PI-controller,” IEEE Transactions on Control Systems
Technology, 2019.

[3] J.-M. Coron and A. Hayat, “PI controllers for 1-D
nonlinear transport equation,” IFEFE Transactions on
Automatic Control, vol. 64, no. 11, pp. 4570-4582,
2019.

[4] R. F. Curtain and H. Zwart, An introduction to
infinite-dimensional linear systems theory.  Springer
Science & Business Media, 2012, vol. 21.

[5] 1. A. Djebour, T. Takahashi, and J. Valein, “Feedback
stabilization of parabolic systems with input delay,”
arXiv preprint arXiw:2004.08135, 2020.

[6] J. P. Hespanha, Linear systems theory.
university press, 2018.

[7] R. Katz and E. Fridman, “Constructive method
for finite-dimensional observer-based control of 1-D
parabolic PDEs,” Automatica, vol. 122, p. 109285,
2020.

[8] ——, “Finite-dimensional control of the heat equation:
Dirichlet actuation and point measurement,” arXiv
preprint arXiw:2011.07256, 2020.

[9] H. Lhachemi, R. Shorten, and C. Prieur, “Exponen-
tial input-to-state stabilization of a class of diagonal
boundary control systems with delay boundary con-
trol,” Systems & Control Letters, vol. 138, p. 104651,
2020.

[10] H. Lhachemi and C. Prieur, “Finite-dimensional
observer-based boundary stabilization of reaction-
diffusion equations with a either Dirichlet or Neumann
boundary measurement,” Automatica, in press.

[11] ——, “Feedback stabilization of a class of diago-
nal infinite-dimensional systems with delay boundary
control,” IEEE Transactions on Automatic Control,
vol. 66, no. 1, pp. 105-120, 2020.

[12] ——, “Finite-dimensional observer-based PI regulation
control of a reaction-diffusion equation,” arXiv preprint
arXiv:2012.05062, 2020.

[13] ——, “Local output feedback stabilization of a
reaction-diffusion equation with saturated actuation,”
arXiw preprint arXiw:2108.16523, 2021.

[14] H. Lhachemi, C. Prieur, and E. Trélat, “PI regulation
of a reaction-diffusion equation with delayed boundary
control,” IEEE Transactions on Automatic Control,
vol. 66, no. 4, pp. 1573-1587, 2021.

[15] Y. Orlov, “On general properties of eigenvalues and
eigenfunctions of a Sturm-Liouville operator: com-
ments on "ISS with respect to boundary disturbances
for 1-D parabolic PDEs”,” IEEE Transactions on Au-
tomatic Control, vol. 62, no. 11, pp. 5970-5973, 2017.

[16] L. Paunonen and D. Phan, “Reduced order controller
design for robust output regulation,” IEEE Transac-
tions on Automatic Control, vol. 65, no. 6, pp. 2480—
2493, 2019.

[17] D. Phan and L. Paunonen, “Finite-dimensional con-
trollers for robust regulation of boundary control sys-
tems,” arXiw preprint arXiv:1906.10345, 2019.

Princeton



	Introduction
	Preliminaries
	Sturm-Liouville operator
	Useful Lemma

	Control problem and deviation dynamics
	Studied reaction-diffusion system
	Spectral reduction
	Control design
	Equilibrium condition and dynamics of deviations

	Main results on stability analysis
	Stability analysis in L2(0,1) norm
	Stability analysis in H1(0,1) norm
	Setpoint regulation

	Discussion and concluding remarks
	Proof of Lemma 3.1

