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FLUCTUATIONS OF THE STIELTJES TRANSFORM OF THE EMPIRICAL
SPECTRAL DISTRIBUTION OF SELFADJOINT POLYNOMIALS IN WIGNER
AND DETERMINISTIC DIAGONAL MATRICES

SERBAN BELINSCHI, MIREILLE CAPITAINE, SANDRINE DALLAPORTA, AND MAXIME FEVRIER

ABSTRACT. We investigate the fluctuations around the mean of the Stieltjes transform of the empirical
spectral distribution of any selfadjoint noncommutative polynomial in a Wigner matrix and a determin-
istic diagonal matrix. We obtain the convergence in distribution to a centred complex Gaussian process
whose covariance is expressed in terms of operator-valued subordination functions.

1. INTRODUCTION

From the pioneering work of Wigner to the latest developments, properties of eigenvalues of Wigner ma-
trices have been a major subject in Random Matrix Theory. The celebrated Wigner Theorem states that
the empirical spectral distribution of a Wigner matrix — which means a complex Hermitian or real sym-
metric matrix whose entries are centered, with variance o2, and independent up to the symmetry condition
— weakly converges in probability to the semicircle law ji,2 with density (2mo?)~1v/402 — 22195 201 (1).

It is then straightforward to deduce the convergence of linear statistics N ! Zil f(A\i) of eigenvalues
A1, ..., An of N x N Wigner matrices associated to bounded continuous test functions f : R — R towards
fR Jdpge.

Among the questions that have been addressed, fluctuations of linear statistics have attracted some
attention. Initiated in the mid-nineties by investigations on traces of resolvents of real Wigner matrices,
central limit theorems for linear spectral statistics of Wigner matrices progressively emerged. Sinai and
Soshnikov [SS9§], by the method of moments, and Bai and Yao [BY05] (see also Bao and Xie [BX16]),
by applying a central limit theorem for martingale differences to the trace of the resolvent, obtained the
fluctuations of linear spectral statistics associated to analytic test functions. These central limit theorems
have been progressively extended to functions with less regularity: by Pastur and Lytova [LP09Dbl [LP(09a]
using Fourier analysis, for functions with sufficiently fast decaying Fourier transform, by Bai, Wang and
Zhou [BWZ09] for C* functions, making use of Bernstein polynomials, by Shcherbina [Shcl], Sosoe
and Wong [SW13] for H*® functions by a density argument, and Kopel [Kop15| by precise computations
on complex Gaussian Wigner matrices. Recently, Bao and He [BH21|] provided a near optimal rate of
convergence for these central limit theorems in Kolmogorov-Smirnov distance.

Gaussian fluctuations with different scale, mean and variance also hold for linear spectral statistics
when the entries of the Wigner matrix have an infinite fourth moment ([BGM16]; see also [BGGM14] for
the case of non square integrable entries, in which case Wigner’s Theorem fails to hold [BAGO0S]). When
entries of the Wigner matrix are not identically distributed in such a way that their variances differ (these
matrices are called band matrices or sometimes Wigner matrices with variance profile), fluctuations of
linear spectral statistics have also been described (see [AJS19] and references therein). Fluctuations of
linear spectral statistics were also investigated at the mesoscopic scale. In this type of study, the object
of interest is Zil f(N*(E = X;)), where e € (0,1) and E € (—20,20), see [BK99, [LS15, HK17] for
Wigner matrices and [LX21] for Wigner matrices with variance profile.

When a Wigner matrix is deformed by an additive (random or deterministic) perturbation, it is a
natural question to characterize the effect of the perturbation on fluctuations of linear spectral statistics.
This question was raised very early by Khorunzhy [Kho94], who proved in the case of deformed real
Gaussian Wigner matrices that the fluctuations were still Gaussian, but without providing an explicit
covariance kernel. After contributions by Dembo, Guionnet and Zeitouni [DGZ03| still in the Gaussian
case by a dynamical approach, and by Su [Sul3] in the case of a random diagonal perturbation on another
scale, the topic has been recently revived. Motivated by the analysis of spherical Sherrington-Kirkpatrick
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model or by the problem of statistical detection of noisy signals, the case of a deterministic rank one
perturbation has been considered by Baik and Lee [BL17], Baik, Lee and Wu [BLW18], Chung and Lee
[CL19], Jung, Chung and Lee [CJL20, [CJL.21]. Diagonal perturbations with general rank were further
investigated by Ji and Lee [JL19], Dallaporta and Fevrier [DF19]. Recently, Li, Schnelli and Xu provided
the fluctuations of the linear spectral statistics for deformed Wigner matrices at mesoscopic scale [LSX20].

These papers make naturally use of free probability theory. Indeed, in an influential paper, Voiculescu
gave evidence that the noncommutative probability theory he had previously introduced, called free
probability theory, was a convenient framework for dealing with the convergence of the process of traces
of noncommutative polynomials in several complex Gaussian Wigner matrices [Voi91]. Dykema proved
then that polynomials in more general Wigner and deterministic matrices also fit in this framework
[Dyk93]. See also the book [MSI0] and the paper [BC17]. An analog of the free probability framework for
dealing with fluctuations of the process of traces of noncommutative polynomials in Gaussian Wigner and
deterministic matrices was designed in a series of papers [MS06, MSS07, [CMSS07], building on the work
of Mingo and Nica [MNO04] (see also the dynamical approach to a close question by Cabanal-Duvillard
and Guionnet [CDO1) [Gui02] [CGO1), [DGZ03]). However, this so-called second order free probability
theory does not seem to be the relevant framework to describe fluctuations of the process of traces of
noncommutative polynomials in more general Wigner and deterministic matrices, as witnessed by the
recent combinatorial analysis by Male, Mingo, Péché and Speicher [MMPS20].

In this paper, we tackle the slightly different question of fluctuations of the Stieltjes transform of the
empirical spectral distribution of general polynomials in a Wigner matrix and a diagonal deterministic
matrix. Less is known on this question beyond the case of linear polynomials, which is equivalent to
that of deformed Wigner matrices. Using a well-known linearization trick to convert our initial general
noncommutative polynomial with complex coefficients into a linear polynomial with matrix coefficients
and then adapting the strategy used by Bai and Yao [BY05] for a single Wigner matrix and upgraded
independently by Ji and Lee [JL19] and Dallaporta and Fevrier [DF19] to deal with deformed Wigner
matrices, we establish a central limit theorem for the analytic process of traces of the resolvent. Since
complex coefficients are replaced by matrix coefficients, one has to rely on the operator-valued version of
free probability to express and analyze the limiting covariance kernel. The latter involves the logarithm
of an operator and a highly non-trivial first task is to prove that this logarithm is well defined, making
use of the contractivity of analytic self-maps on hyperbolic domains. Moreover, to adapt the strategy
previously used for deformed Wigner matrices to general polynomials, many commutativity issues arise
and require very technical preliminary results and new approaches. A typical example of these difficulties
is the study of the second and third terms in the so-called hook process (see Sections and : it
requires a new trick consisting in writing these terms as the trace of the sum of images of matrix tensors
by fit operators and in proving that each of these matrix tensors satisfies an approximated fixed point
equation; then, a non-trivial study of spectral radius of operators is still necessary.

Besides the Introduction, the paper is organized as follows. Section [2] introduces the random matri-
ces considered in this work whereas Section [3] presents our main results. Section [ is devoted to basic
background on linearization trick and operator-valued free probability theory that are central in our
approach. In Section [5] we prove that the limiting covariance kernel involved in our central limit theo-
rem is well defined and Section |§| gathers numerous preliminary results (bounds, concentration bounds,
convergence results...) used in its proof. The proof of the convergence of finite-dimensional distributions
of the process of Stieltjes transforms is detailed in Section [7} In Section [§ we establish the tightness of
this sequence of random analytic functions. Three appendices conclude the paper: the first one gathers
tools from elementary linear algebra, random quadratic forms, martingale theory and complex analysis
used in the proofs; the second one establishes results on moments and norm of Wigner matrices that are
used throughout the paper; the last one details the truncation argument allowing to assume that entries
of Wigner matrices considered in this paper are almost surely bounded by a sequence slowly converging
to 0.

2. PRESENTATION OF THE MODEL

The complex algebra C(tq,...,t,) of polynomials with complex coefficients in n noncommuting inde-
terminates t1,...,t, becomes a x-algebra by anti-linear extension of

(ti1ti2"'t7§z)* :tiz "'tigtila Z'17...,Z'l = 1,...,n,l€N.
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We consider, on a probability space, a sequence of random matrices
XN ::P(WNaDN)7 NENa
where :

(1) P e C(t1,t2) is a selfadjoint polynomial in two noncommuting indeterminates;

(2) entries {Wi;}i<i<j<n of the N x N Hermitian matrix Wy are independent random variables;

(3) off-diagonal entries {W;;}1<i<j<n of Wy are identically distributed complex random variables
such that, for some ¢ > 0, E[|V/ NW;;|919)] < C5. We assume that E[W;;] = 0 and that

ox =E[W;;’] >0, Oy:=EW2eC, rn:=E[|W;|']-20y—[0n"€R.
satisfy

lim No% =0?>>0, lim NOy=60€cR, lim N?ky=r€cR.
N —+oco N—+oco N—+o0
The assumption § € R means that correlations between the real and imaginary parts of off-
diagonal entries of Wy are negligible.

(4) diagonal entries {W;; }1<i<n of Wi are identically distributed real random variables such that,
for some £ > 0, E[|[v/ NW;|*(1T9)] < Cy. We assume that E[W;;] = 0 and that 53 := E[W2] > 0
satisfies limpy_, 4 o0 N&]?V =52>0;

(5) Dy is a N x N deterministic real diagonal matrix. We assume that sup ey || Dn|| < oo and, for
some Borel probability measure v on R,

VN::% Z oy = 1.

A€sp(Dn)

Here and below, we use the notation sp(A) for the (multi)set of eigenvalues (counted with their algebraic
multiplicity) of a square matrix A. We will also assume that all entries of Wy are almost surely bounded
by dn, where (0n)nen is a sequence of positive numbers slowly converging to 0 (at rate less than N ¢
for any € > 0); this may be assumed without loss of generality, as proved in Appendix We will use
the notation my := E[|W;;[*] = sy + 203 + |0n]%. In Assumptions and (), we ask the entries
to be identically distributed. This assumption does not seem to be necessary for our main result to
hold, but leads to a simplification of truncation-centering-homogeneization arguments. Therefore, for the
readibility of the paper, we will not pursue the task to relax this assumption.

We are interested in the empirical spectral measure py of Xy, defined by:

UN ::% Z 5)\.

A€sp(XN)

More precisely, we study the fluctuations of the Stieltjes transform C\ R 5 z — [;(z — 2) ' pun(dz) of
pn around its mean.

3. MAIN RESULT

Before stating our main result, we introduce the necessary material.
3.1. Definitions.

3.1.1. Free probability. Let A be a complex algebra with a unit 14 and ¢ : A — C be a linear functional
satisfying ¢(14) = 1. One usually calls (A, ¢) a noncommutative probability space and its elements
noncommutative random variables.

We say that a noncommutative random variable a € (A, ) is distributed according to a Borel prob-
ability measure p on R when ¢(a™) = [;t"u(dt) holds for all n € N. In particular, a semicircular
element with mean 0 and variance o is a noncommutative random variable distributed according to the
absolutely continuous probability measure with density (27r0?)~'v/402 — t21_5,,9,](t) in some noncom-
mutative probability space.

Two noncommutative random variables s,d in a noncommutative probability space (A, ) are said
to be freely independent if the following holds : for each n € N and any polynomials with complex
coefficients Py, ..., Py, Q1,...,Qn € Ct],

P((Pr(s) = o(P1(s)14)(Q1(d) = ¢(Qu(d))1a) - - (Pu(s) — (Pu(s))14)(@n(d) — p(@n(d))1a)) = 0.
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3.1.2. Linearization. A powerful tool to deal with noncommutative polynomials in random matrices
or in operators is the so-called “linearization trick” that goes back to Haagerup and Thorbjgrnsen
[HT05], [HSTO06] in the context of operator algebras and random matrices (see [MS10]). We use the
procedure introduced in [And13| Proposition 3].

Given a polynomial P € C(ty,...,t,), we call linearization of P any

LP = (2 g) € Mm((C) ®C<t1,.~~7tn>;

where
(1)
(2) Q € Myy,—1(C) ® C(ty,...,1t,) is invertible,
(3) w is a row vector and v is a column vector, both of size m — 1 with entries in C(t1,...,%,),
(4) the polynomial entries in @, u and v all have degree < 1,
(5) P=—uQ 1v.
Given a selfadjoint polynomial P € C(t1,...,t,), it is described in Section 4 of [BC17], from Anderson
[And13] (see also [Mail7]), how to build a particular selfadjoint linearization Lp € M,,(C)@C(t1,...,tn)
of P. We call this particular linearization the canonical linearization of P.

m e N,

3.2. Statement of results. Let P € C(t1,t2) be the selfadjoint polynomial in two noncommuting
indeterminates involved in the definition of X (see (1) in Section . Let Lp =9 ®14+7 Qt1 +72 Qs
be the canonical linearization of P ; g, 71, 72 are selfadjoint matrices in M,,(C).

Let s be a semicircular element with mean 0 and variance o2 which is freely independent from a
noncommutative variable d distributed according to the probability measure v (see (5) in Section [2]) in
some noncommutative probability space (A, ). We denote id,, : M, (C) — M,,(C) the identity map
and define a map w by

w(b) = b—(;?%(idm ® @) [(b@ la—71 ®8— ®d)_1} -

for any b € M,,(C) such that b® 14 — 71 ® s — 72 ® d is invertible in M,,(C) ® A. As explained in
Lemma [4] below, w is well-defined on {zej; — 70,2z € C\ R}. Section will describe the occurence of
this so-called subordination map.

We denote, for 1, B2 € {8 € M, (C),w(B)® L, —y2 ®d is invertible}, by Ty, s, the operator defined
on M,,(C) ® M,,(C) by

T, 52y (@) = /R((W(ﬂl) = 192) 711 @ L) (I @ 11 (w(B2) = t92) " dr(t), @ € My(C) ® My (C).

The limiting distribution of our central limit theorem involves the logarithms of some operators of the
form

idy, ® idy, = T : My, (C) ® M,,,(C) —» M, (C) ® M,,,(C),

with T some scalar multiples of T, ¢,, —~y,25e1, 0} Lhus, our first result consists in proving that these
logarithms are well-defined. Since log (id,,, ® id,,, — T') is well defined by the convergent series expansion

[eS) 1
(1) o8l i 7)== 321

as soon as the spectral radius of T is less than 1 (see (6.5.11) in [HJ91]), one proves the following
proposition.

Proposition 1. For any z1,2ze € C\ R, the spectrum of the operator

T{21€11*70’Z2811*’70} : My (C) @ M (C) — Mm((c) ® Mm((c)

is included in the open disk of radius o 2.

Denote by H(C\R) the space of complex analytic functions on C\R, endowed with the uniform topology
on compact sets. The space H(C \ R) is equipped with the (topological) Borel o-field B(H(C \ R)).
We are now in position to state our central limit theorem.
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Theorem 2. Let Xy be the random matriz introduced in Section @ For any z € C\ R, set
Env(2) =Tr ((zIn — Xn) ") —E[Tr ((zIy — Xn)7H)].
The sequence of H(C\R)-valued random variables (En) nen converges in distribution to a centred complex
Gaussian process {G(z),z € C\ R} determined by G(z) = G(2) and
92
021029

E(G(21)G(22)) =T'(21,22) :=

7(217Z2)7 Z17Z2€C\R7

Y(21,22) = — Tr @ Tr {log [idm ® idp — 0°T 2,1y —vo,20e11—70}] I @ Im) }
— Tr® Tr {log [idm ® idm — 0T (2,61, —v0.20e11 01| (I @ Im) }
+ (62 =0 = 0) Tr @ Tr{T(2, 01, -0, 20611 -0} I @ In) }
+K/2Tr® Tr{T{QZIeH_WO,ZNH_W}(Im ®In)}

4. REVIEW OF BACKGROUND

In this section, we gather properties which will be used several times in the sequel.

4.1. Generalized resolvent. Let M be a unital C*-algebra and B be a unital C*-subalgebra of M.
For A € M, we denote by RA = (A+ A*)/2 and TA = (A — A*)/2i the real and imaginary parts of A,
so A=TRA+ iTA. For a selfadjoint operator A € M, we write A > 0 if the spectrum of A is contained
in [0, +00) and A > 0 if the spectrum of A is contained in (0,400). The operator upper half-plane of B
is the set H*(B) = {b € B: Zb > 0}.

The generalized resolvent of an element A € M in this context is the analytic map R defined on the
open subset {b € B,b — A is invertible in M} of B by R(b) := (b — A)~!. Note that the generalized
resolvent of a selfadjoint element is in particular defined on the operator upper half-plane H*(B) and
satisfies

2) IR < 1Zb)~* ], beHH(B).

In particular, when M = M, (C) and B = CI,, ~ C, the resolvent R : z — (zI, — A)"t of an x n
Hermitian matrix with complex entries A € M,,(C) is defined on C \ R and satisfies

(3) IR(z)| < |Z2|"!, z€C\R.
The following Lemma is elementary but useful.

Lemma 3 (Resolvent identity). Let A; and Az be elements of M and denote by Ry and Ra their
respective resolvents. Then, for all by, by in the respective domains of Ry and Ra,

Rl(bl) — Rg(bg) = Rl(bl)(bg — b1 + A1 — A2)R2(b2)

4.2. Linearization. In this Section, we collect a few properties of linearizations of polynomials in non-
commuting indeterminates introduced above.

Lemma 4. Let P = P* € C(t1,...,t,) and let Lp € M,,(C) ® C(t1,...,t,) be a linearization of P
with the properties outlined above. Let y = (y1,...,Yn) be a n-tuple of selfadjoint operators in a unital
C*-algebra A. Then, for any z € C, ze11 ® 14 — Lp(y) is invertible if and only if z1.4 — P(y) is invertible
and we have

) (ze11® 14 — Lp(y)) ™" = ((zlA —P(y)” *) .

* *
Beyond the equivalence described above, we will use the following bound.

Lemma 5. [BBCI19] Let z € C be such that z14 — P(y) is invertible. There exist two polynomials Q1
and Qo in n commuting indeterminates, depending only on Lp, such that

[(ze11 ©@ 1a = Lp() 7 < Qulwall, - Iyl |(z2a = Py) 7 + Q2 (lwalls - - 1yall) -
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4.3. Operator-valued free probability theory. There exists an extension of free probability the-
ory, operator-valued free probability theory, which still shares the basic properties of free probability
but is much more powerful because of its wider domain of applicability. The concept of freeness with
amalgamation and some of the relevant analytic transforms were introduced by Voiculescu in [Voi95].

Definition 6. Let M be a unital complex algebra and B C M be a unital subalgebra. A linear map
E : M — B is a conditional expectation if E(b) = b for all b € B and E(bjAbs) = by E(A)bs for all
A € M and by,by € B. Then (M, E) is called a B-valued probability space. If in addition M is a
C*-algebra (von Neumann algebra), B is a C*-subalgebra (von Neumann subalgebra) of M, then we have
a B-valued C*-probability space (B-valued W*-probability space).

In our applications, the algebra B is (isomorphic to) M,,(C) for some m € N. More precisely, let
A be a von Neumann algebra endowed with a normal faithful tracial state 7, and let m € N. Then
M,,,(C) can be identified with the subalgebra M,,(C) ® 14 of M,,(A) = M,,(C) ® A. Moreover, the von
Neumann algebra M,,(A) is endowed with the normal faithful tracial state m~! Tr @7, and id,,, ® T is the
trace-preserving conditional expectation from M,,(A) to M,,(C). In other words, (M,,(A),id,, ® 7) is
a M,,(C)-valued W*-probability space. As mentioned in Section 3 of [BBC19], the distributional limits
of random matrices as considered in our models are realized in II;-factors, with respect to their unique
normal faithful tracial states, so that there is no loss of generality in assuming (A, 7) to be a von Neumann
algebra endowed with a normal faithful tracial state (also called W*-probability space).

Definition 7. Let (M, E) be a B-valued probability space. The B-valued distribution of a noncommutative
random variable A € M is given by all B-valued moments E(Aby Aby -+ -b,_1A), n € N,by,...,b,—1 € B.

If s is a (scalar-valued) semicircular element with mean 0 and variance o2 in some W*-probability

space (A, 7), then, for any Hermitian matrix v € M,,(C), y®s € M,,(A) is a M,,(C)-valued semicircular
element in the M, (C)-valued probability space (M, (A),id,, ® 7), in the sense of [Spe9§|. The B-valued
distribution of a general centred B-valued semicircular element S € M is uniquely determined by its
operator-valued variance n: b — E(SbS) ; a characterization in terms of moments and cumulants via 7 is
provided by Speicher in [Spe9§]. The operator-valued variance of the M, (C)-valued semicircular element
Y®sisn: b o2yby.

As in scalar-valued free probability, one defines [Voi95| freeness with amalgamation over B via an
algebraic relation similar to freeness, but involving F and noncommutative polynomials with coefficients
in B.

Definition 8. Let (M, E) be a B-valued probability space. Let (A;)ier be a family of subalgebras with
B C A; for alli € I. The subalgebras (A;);cr are free with respect to E or free with amalgamation over
B if E(A1---Ap) =0 whenever Aj € Ay, i; € 1,1y #ip # -+ # in and E(A;) =0, for all j.
Noncommutative random variables in M or subsets of M are free with amalgamation over B if the
algebras generated by B and the variables or the algebras generated by B and the subsets, respectively, are
s0.

The following result from [NSS02] explains why the particular case B = M,,(C), M = M,,(A),
E = id,, ® 7, where (A,7) is a W*-probability space, is relevant in our work using linearizations of
polynomials.

Proposition 9. Let (A,p) be a noncommutative probability space, let a1,...,a, € (A,p) be freely
independent noncommutative random variables and let m € N. Then the map id,, @ : Mp,(A) = M, (C)
is a conditional expectation, and a; ® aq,...,an ® ay, are free with amalgamation over M,,(C) for any
a1, ..., 0n € Mp(C).

The analytic subordination phenomenon for free convolutions was first noted by Voiculescu and Biane
in the scalar case and later approached from an abstract coalgebra point of view by Voiculescu in [Voi00]
and this approach extends the results to the operator-valued case. In [BMSI7], Belinschi, Mai and
Speicher develop an analytic theory.

Proposition 10. [Voi00],[BMS17] (see Theorem 5 p 259 [MS10]) Let (M, E) be a B-valued C*-probability
space. Let Ay, Ay € M be selfadjoint noncommutative random variables which are free with amalgamation
over B.

There exists a unique pair of Fréchet analytic maps w1, ws: HT(B) — HT(B) such that, for allb € H(B),

(1) Zw;(b) > Tb, w;(b*) = w;(b)*, j=1,2;
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(2) E[(b— (A1 + A2)) Y] = E[(w1(b) — A1) 7] = E[(wa(b) — A2)~'];
(3) El(b— (A1 + A2)) 7" + b= wi(b) + wa(b).
Moreover, if b € H(B), then wi(b) is the unique fized pomt of the map fy : HY (B) — H*(B) defined by

fo(w) = ha,(ha, (W) +b) +b, where ha,(b) = E[(b— A;)) 717 — b and w1 (b) = limy—s 400 ¥ (w), for any
w € Ht(B).

Moreover, if M is a W*-probability space and B C D C M are von Neumann subalgebras (hence
unital by definition) such that As € D and D is free with amalgamation over B from A; (with respect
to the trace-preserving conditional expectation from M onto B), then the following strengthened result
holds:

Epl(b— (A1 + A2)) '] = (wa(b) — A2) ™", be HY(B),

where Ep is the trace-preserving conditional expectation from M onto D.

If, in Proposition Aj is a centred B-valued semicircular element with operator-valued variance 7,
the subordination function wy has a more explicit form (see [MS10, Chapter 9] and the end of the proof
of Theorem 8.3 in [ABFN13]):

(5) wa(b) = b—n(E[(b— (A1 + A2)) 7)), beH(B).

It follows that ws may be analytically extended to the open subset {b € B,b—(A;+ Az) is invertible in A}.
Moreover, for b in the connected component of {b € B,b— (A1 + As) is invertible in A} containing H™ (B),

(6) Epl(b— (A1 + 42)) '] = (w2(b) — A2) ™

holds. Note also that w(b) satisfies the fixed point equation

(7) wa(b) = b —n(E[(wa(b) — A2) ™ )).

5. DEFINITION OF THE LIMITING OBJECT: PROOF OF PROPOSITION m

Our strategy of proof for Proposition [I] is the following : in Section [5.1} one proves that the operator
T e1y =0, 22e11 -0} Min(C) @ My (C) = My (C) ® My, (C) has the same eigenvalues as the operator
Uzyerr—n0,2211 —0+ Where ug, 8,1 My (C) — M, (C) is defined by

b 0 (idy @ 7) [(W(B1) ©1a =72 @ d) " ((11b1) @ La)(w(B2) ® 1a — 12 @d) ']
The key point of this section is then to prove the following Proposition [I1]

Proposition 11. Let s,d € (A,T) be freely independent selfadjoint noncommautative random variables
in a W*-probability space (A, 7). Assume that s is a semicircular element with mean 0 and variance
o2, Let also yo,71,72 be non-zero selfadjoint matrices in M,,(C) such that the lower right (m — 1) x
(m —1) corner of Yo @ 14 + 71 ® s + 2 @ d is invertible in M,,_1(A). For any (21, 22) € C? such that
(zje11 —70) @14 — 71 ® s — 72 @ d is invertible in My, (A),j = 1,2, the spectrum of the linear operator

Uzie11—v0,22€11—0 M, (C) — M, (C) defined by

b 0 (idy @ 7) [(w(z1€11 —70) @ 1A — 72 @ )~ ((71by1) ® 1a) (W (22611 — Y0) @ 1 — 72 @ d) ']

is included in the open unit disk. Recall that
w(B) =B = o*n(idm ®7) [(6 Rla—N®s—72® d)_l] M

Note that the conclusion of Propositionholds for any (21, 22) € (C\R)? as explained at the beginning
of the proof.

The first step in the proof of Proposition detailed in Section consists in proving that the
spectrum of ug, g, is included in the open unit disk when f1, 82 € M,,(C) have positive-definite or
negative-definite imaginary parts. Then, in a second step in Section [5.3] by using the maximum principle
for plurisubharmonic functions, we deduce from the first step the result for 51 = z1e11 —79, B2 = 22€11—"0,
as required.
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5.1. An equality of spectra. The aim of this section is to prove that the operators O'QT{z]en o,
and Uz, ey, —~g,20e11 -7, Dave the same eigenvalues (not counting multiplicities).

Proposition 12. The operators 02Ty, e, g zners—vo}  Mm(C) @ M (C) = Mp(C) @ My (C) and
Uz er1—r0,22e11—70 ° Mm(C) = M, (C) have the same eigenvalues.

Proof. We will use the following identifications between algebras M,, (C) @ M,,(C) and L(M,,(C)) : define
an isomorphism of algebras M, (C) ® M, (C) — L(M,(C)) by requiring that the image of A ® B is the
operator X — AXBT for any A, B € M,(C). Using these identifications, one may observe that the
following equalities hold in M,,(C)®* :

22611—70}

2
g T{Zlfiu*’Yo,ZQeu*’YO}

= 02/(w(z1e11 —70) = t72) ' ® Iy ® Iy @ (w(zzerr — o) — ty2) tyidu(t)
R

=FRF(I,® 02/(w(zleu —70) — t72) ' @ (w(zee1n —Y0) — ty2) " tmdr(t) @ I,)
R

=FQ F(Im @ Uzier1 —v0,22e11—70 @ Im)’

where F : M,,,(C) ® M,,(C) = M,,(C) ® M,,(C) is the automorphism of the algebra M,,(C) ® M,,(C)
determined by F(A® B) = B® A. It follows that 02T, ¢,, —vo,20e11—70} : Mm(C) @ My, (C) = M, (C) ®
M,,(C) on the one hand and u,e,;—~g,20e11 -0 * Mm(C) — M, (C) on the second hand have the same
minimal polynomial, hence the same eigenvalues (but not with the same multiplicities though). ([l

5.2. First step in the proof of Proposition Consider an arbitrary C*-algebra B, a completely
positive map n: B — B, and a centred B-valued semicircular element S with operator-valued variance 7.
Recall that a completely positive map 7 is automatically completely bounded: ||n]|ch 1= sup,,ey |lidm ®
n|| < oco. Assume that D = D* is free from S with amalgamation over B with respect to the conditional
expectation F. As in , we may write

wb)=b—n(E[(b—S-D)"'])=b—n(E[wb)-D)"']).

Proposition 13. For any B1, 82 in B such that either {31, 82 € HT(B)}, or {—p1,—B2 € HT(B)}, or
{B1,—B2 e HY(B)}, or {—p1, B2 € HT(B)}, the spectrum of the linear operator ug, g, on B defined by

v B (w(B1) = D) 'n(v)(w(B) — D)7
1s included in the open unit disk.

The context that will be of interest in our paper corresponds to B = M,,(C), S=71 ®s,D =7 ®d
for an arbitrary selfadjoint noncommutative random variable d, freely independent from the semicircular
element s with mean 0 and variance o2 in some W *-probability space (A, 7). In that case n : b — o2y1by;
and F = id,, ® 7. The proof of Proposition [13]| given above would benefit little in terms of simplification
from the assumption that B is finite dimensional, so there is no reason not to give it in full generality.
The idea of the proof is to make use of the contractivity of analytic self-maps on hyperbolic domains.

Proof. The cases {1,82 € HY(B)} and {—B1,—B2 € H(B)} are covered in [Bell9, Proposition 4.1].
Thus, we will focus exclusively on the case {—f31,82 € HT(B)}, the case {f1,—8B2 € H'(B)} being
identical. However, the reader will find that the methods we employ in our proof below cover the other
two cases with virtually no modification.

We assume without loss of generality that Zf; < 0,Z82 > 0. Consider the convex set

o~{[7 ) [ 2] wonen)

w2

Note that for any a = a*, b and ¢ = ¢* in B,

-6 DAY

holds. Thus, (I;l* i) > 0 if and only if ¢ > 0 and @ — bc~'b* > 0, that is if and only if ¢ > 0, @ > 0, and

a 12be a2 < 1.
T KA
It is interesting to note that T [wl v] = { w 2i

0w (%)* Iwg] is invertible in M3(B). Indeed, the two
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diagonal entries are assumed to be invertible, and the Schur complement formula tells us that as long

as we can guarantee that Zw; — %(Iwg)_l (%)* is invertible, we are done. But Zw; < 0, so that

0> Zw; > Tw;y — 2v(Zws) ~'v* makes Zw;y — 2 (Zwy)~* (i)* = Tw — $v(Zws) " v* invertible regardless

of the size of v! Trivially, so is any element to € H. The maps

15 w1557 sis])
(5 )10 )

are well-defined (this is a trivial observation) and moreover are the unique extensions through the set

{b € Ma(B): 07" < qgyypy )t of the usual operator-valued Cauchy transforms defined on H* (Mo (B)).
Of course, H is not open in Ms(B). However, as the set of invertible bounded operators on a Hilbert

(idy ® B) :F?Wm—S—D)W —E[wq—S—D)%m@—S—D)q]

0 E [(wy—S—D)1]

and

(ids ® E) FKMfD)ﬂ —Eﬂm—D)%mm—D)ﬂ}

- 0 E [(wa—D)™ Y]

space is open, it is clear that for each Uél qu € H one finds a norm-neighborhood V' of this point in
2
. . . S+D 0 D 0 . .
M>(B) (and depending on this point) such that both o — [ 0 S+D and o — o p|ae invertible

for all o € V. Thus, the above defined extensions are indeed unique by the identity principle for analytic
functions.

While not open in Ms(B), the space H is nevertheless an analytic space, open in the complex algebra
of upper triangular matrices in M»(B), so that we may define analytic functions on it and apply analytic
function theory results to them. To begin with, observe that both

w; v D o]\ !
(ERPAR )

O o) 5 o) | e

send H to —H. Indeed, for any selfadjoint noncommutative random variable Y

(id; ® E)

(idy ® E) ([“61 uﬁ - P(; 3D1 = (idy ® E)[(wl _0Y>_1 —(wr —(2__11;/(750_21— Y)‘l}
_ FZle—-Y)_W —lﬂ(wl—-Y)—Hmu@-—Yﬁ—lq_
0 El(wz = Y)™]

Now Zwy < 0 = ZE[(w; —Y)71] >0, and Zwy > 0 = ZE[(wz — Y)"!] < 0. On the other hand,

(F R

I(idy ® E)

:I&b®Eﬁ_w”aYrﬂ WH—ZZ?gﬁ:YVW

Bl — Y)Y El(wy — Y)  o(w — Y)Y
=1 { 0 El(ws — Y)Y ]
< 0.

w6

In addition, 7 is completely positive, so (ide ® n)(H) C H. Thus, the map

(-0 2] ]

is a well-defined map, and for each 8 € H, fg is an analytic self-map of H.

This shows that (id; ® E) € —H.

FHXxHoH, faw)=B—(id®n) o (idy ® E)
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Considering the level one relation from for our given (31, B2, we automatically have

(idy © E) ({/301 /?J B {SED SEDD1 _ {E [(B1 —g— D)~ 2[5, _g_ D)lﬂ
L R
~w om0 L[5 5]) |

This guarantees that, for 8 = [%1 502} we have
B[ S )= [ Bt -0  ]
_ [Bi= (o E)[(w(B1) - D)'] 0
{ 0 B2 — (o E) [(w(B2) D)l]]
=[5 )

so that [w(éﬁ) " (% )] is a fixed point of fg. Let us limit ourselves now to the subset
2

- o |wr v L |w v 1181 0
'Hgl,g%R{m {0 wJ E'H.I{ 0 wz} >2I{ 0 ﬁ2],||1'0|<R}.
It is clear that for R > 0 sufficiently large, Hg, 3,,r is a nonempty open connected subset of H (in fact
convex). According to what precedes, we have

AR T Ry R

0 B (noE)[(w2—D)~"] 0 p
L[-B 0
> QI{ 01 52}
and
(81 0] (noE)[(wy—D)~ ] —(noE)[(wy—D) tv(wy— D)=t

. /301 52 S e
- :501 602: + [[7llen {wlaD w;iD]l

- :ﬁol 502: + [19lleb <[w10_D wQQLD} [_01 (1) Dl
_ 501 602 + Il {‘WO*D v D]l

_ % g + [l ([‘3‘” J;]—[BD BD

-1
<)+ 13al + s | (2|5 0 ])

|:I/81

-1
S ] |10+ 1Bl + 2l 1)1 12

(We have used (2)) and the hypothesis on elements in Hg, g, r.) Observe that the majorization of || fg(1)||
is independent of R and to. Thus, if we choose R = 2||81 ||+||B2||+2[|nleb [[|(Z81) 7 |+ 1(ZB82) *[|], then we

<1Bull + 11821l + 2[Imllew
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are guaranteed that fg(?g, g, r) is at positive norm-distance from #H \ g, g, r. Theorem [74] guarantees

that fg has a unique attracting fixed point in #H, which, unsurprisingly, belongs to Hg, s, r, and that fg is

a strict contraction in the hyperbolic metric on H. Since fg maps Hg, g,,r strictly inside itself, of course

fp is a strict contraction in the hyperbolic metric of Hg, g, r itself, hence any hyperbolic ball around the

[W(ﬁl)
0

fixed point )} is mapped strictly inside itself. In particular, given an arbitrary finite-radius

w(B1) 0
0 w(B2)

uniformly on B. Since on any subset at positive distance from the complement of Hg, g, r the norm

w(B2

hyperbolic ball B C Hg, s, r around the fixed point, fg"(r0) — } asn — oo for all w € B,

topology and the hyperbolic topology are equivalent, there exists » > 0 such that [w(g 1) w (% )} e B
2

for all v € B, ||v| < r.
Now assume towards contradiction that the spectral radius of the linear completely bounded map
U:B3v (noE)[(w(B1) — D) tv(w(Bz) — D)~'] € B is greater than or equal to one. According to

the spectral radius formula, this forces lim ||U "||% = 1r;f1 (124 "||% > 1. However, by direct computation,
n—oo n>

with g = [501 50} we obtain
2

([0 i) = (5 ([0 i]))

_ Bi—(moE) [(w(B) = D)7 (noE) [(w(B1) — D) 'v(w(Ba) — D)7
=Js ({ 0 B2 — (no E) [(w(B2) — D)™ D

= fs ({“(Oﬁl) w[(]ﬁq)z)D - {w(gl) w(f;’)] . so that

fé”({w(gl) w(%z)D B {w(gl) wU<;§>]’ el

Since, as mentioned above, the norm and hyperbolic topologies coincide locally and fg is a strict

wB) v ) e U] .
) =[5 )

hyperbolic contraction, there exists an ng € N such that f;”([

0 wBa)]) | 0 w(B)
{[W(gl) w(% )} Sl < 7"/2} for all v, ||v]| < r,n > ng. Thus, ||[U™v|| < § for all v, |[v|| < r, so that
2
—_ —_m_ 1
|[Um|| < . Of course, this means that lim |U™]|* = lim ||Um”°||m1"0 < lim ||[U™]™m0 = —= < 1,
n— 00 m—00 m—00 ne/i

contradicting our hypothesis. Thus, the spectral radius of U is strictly less than one.

Since U is the composition of n with E [(w(B81) — D)™ - (w(B2) — D)~'] and ug, g, is the composition
of E [(w(B1) = D)~ + (w(B2) — D)~'] with 7, the spectral radius of U coincides with the spectral radius
of ug, g,. This concludes the proof of our proposition. O

Remark 14. (1) The proof given above works with almost no modification for the case {f1, 2 € HT(B)},
case already covered by [Bell9l Proposition 4.1].

(2) Although not directly useful in our paper, we mention that another side benefit of Proposition is
that it allows the subordination function w(B) to be extended to a neighborhood of H as a fixed point of

fs(").

5.3. Second step in the proof of Proposition The following theorem will be useful in order to
deduce Proposition |11} from Proposition

Theorem 15. Assume that Q C C? is an open connected set, A is a Banach algebra, and f: Q — A
is analytic. Denote by p(x) the spectral radius of the element x € A. The function Q > z — p(f(z)) €
[0, 4+00) is plurisubharmonic.

The result is well-known (see for instance [Cha20} Section 4.1]), but we provide a brief sketch of a proof.
First, recall that the function A 5 z — p(z) € [0, +00) is upper semicontinuous [Mii03| I.1,Theorem 31].
Obviously, 2 5 z — || f(z)]| € [0, 4+00) is continuous. We claim it is also plurisubharmonic. Indeed, in any
Banach space, the norm of an element is equal to the value at it of a certain norm-one linear functional
defined on the Banach space. In particular, for any « € A, there exists a norm-one continuous linear
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functional 2*: A — C such that ||z|| = z*(x). Thus, for any given zy € , one may find a norm-one
linear functional ¢,,: A — C such that ¢,,(f(z0)) = ||f(zo)||. The function Q 3 z — ¢,,(f(z)) € C is
analytic because of the continuity of the linear functional ¢,, and the assumption of analyticity imposed
on f. According to [GZ1T, Proposition 1.29], the map Q 3> z — |¢,,(f(2))|* € [0,+00) becomes then
a continuous plurisubharmonic function satisfying |¢z,(f(z0))|* = |1 f(20)||%, |z, (f(2)|* < ||f(2)||%,
z€Qa>0 Ifwelet QO = {¢,:2 € Q} C {¢: A — C: ¢ linear, continuous, ||¢| = 1}, then for any
a >0,

[F(2)[|* = max{|ow (f(2))|": ¢w € V", W € Q}, 2z,

so that, according to [GZ17, Proposition 1.40], it is indeed plurisubharmonic.
Finally, as already mentioned, the spectral radius formula is given as

pf(2) = lim [|f(2)" [ = inf [1f(2)"] ",

that is, the upper semicontinuous function Q2 > z — p(f(z)) € [0,+00) is the infimum of a family of
plurisubharmonic functions, hence itself plurisubharmonic (see [GZ17, Proposition 1.28.(2)]).

The property useful for our purposes of plurisubharmonic functions is that they satisfy a maximum
principle [GZ17], Corollary 1.37]: if z is a local maximum for p(f(z)), then z — p(f(z)) is constant on a
neighborhood of zg in (2.

Remark 16. Consider an open connected set Q@ C C? for some integer d > 1, a Banach algebra A, an
analytic function f: Q — A, and a number M > 0. Assume that p(f(z)) < M for allz € Q. Then either
p(f(z)) = M for allz € Q, or p(f(z)) < M for all z € Q. In the second case, there exists a sequence
z,, € Q such that z,, = 00 as n — 00, p(f(z,)) < p(f(Znt1)),n € N, and M > sup{p(f(z)): z € Q} =
lim, o p(f(2zn)). By z, — oo we mean that for any compact K C € there exists ng € N such that
z, € K for alln > ng.

Observe that our boundedness hypothesis automatically excludes the possibility that f is not constant
and simultaneously Q = C%.

Proof. The statements are trivial: the first one is a consequence of the maximum principle for plurisub-
harmonic functions [GZ17, Corollary 1.37] and Theorem and the second of the very definition of
supremum. O

Proof of Proposition[Id} First observe that (ze11 —70) ® 14 — 71 ® s — 72 ® d is invertible for all z €
CTUC UR\o((70)1,1-1a+(11)118+ (12)11d+u*Q ' u)). Indeed, splitting this element in four blocks

*

((ze11 =70)®@1Ia—M®s—7®@di1 u
u Q

as in Section where Q € M,,_1(A) is assumed to be invertible. By our choice, u and @ do not
depend on z, but only on s,d, and the v’s. The Schur complement formula guarantees that the above is
invertible in M,,(A) whenever ((ze11 —70) ® 14 —71 @ s — 12 ®d)1,1 — u*Q'u is invertible in A. Since
(u*Q’lu)* = u*Qilu and (’}/0®1A+’}/1 ® 5+ y2 ®d)171 = ("}/0)171 1a+ (’}/1)1715+(’Y2)171d is also selfadjoint
in A, it follows that for any z € CtUC~ U(R\ o ((70)1.1-1a+(71)1.15+ (72)1.1d+u*Q~1u)) — a connected
set which is also a neighborhood of infinity — the random variable (ze11 — ) @ 14 — 711 ® s — 2 ® d is
invertible, as claimed.

Direct computation shows that points (ze;; — Y), 2z € C, belong to the topological closure of
H*(M,,(C)) UH™ (M,,(C)). Since the set of invertible elements in a Banach algebra is open in the
norm topology, it follows immediately that if z is such that (ze11 —70) ® 14 — 71 ® s — 72 @ d is invertible
in M,,(A), then there is a small enough neighborhood V' in M,,(C) such that w @ 14 — 71 @ s — 2 ®d
is invertible in M,,(A) for all w € V and, of course, V N (H*(M,,(C)) UH~(M,,(C))) # @.

This guarantees in particular that w(w) = w—o02v; (id,, ®T) [(w RQIp—11®s—712® d)fl} ~1 extends
analytically to a neighborhood of {ze11 — v0: 2 € CTUC™ U R\ o((70)1,1 - 1a+ (1)1,18 + (92)1,1d +
w*@Q~tu))} in M,,(C). We use that the spectral radius of operators on M,,(C) is continuous to conclude
thanks to Propositionthat for any 21,22 € CTUCTU(R\ o ((70)1.1-1a+(71)1.18+ (12)11d+u* Q™ u)),
we may write

(2611 —70) Qla—M s —712®@d=

1> lim P (Uzrers—vo+B1,22e11 —70+82) = P (Uzier1—0,22e11—70 )
ﬁj%O,ﬁjGH'j(Mm((C)) 1€11 =70 1,22€11 =70 TP2 1€11—70,22€11 =70/
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where o; is the sign of the imaginary part of z;, j = 1,2, and if one or both of z; are real, then we
agree to make the choice o; = +. Since the correspondence (21,22) = Uz eq,—ro,20e11—70 1S @l analytic
map from the open subset {CT UC~ U (R\ o((70)1.1 - 1a + (71)1.18 + (72)1.1d + w*Q~1u))}? of C?
into the Banach algebra of (bounded) linear self-maps of M,,(C), it follows that the correspondence
(21,22) — P (Uzyers—~o,20e11—70) € |0, +00) is plurisubharmonic on the same set, according to Theorem
Since plurisubharmonic functions satisfy the maximum principle, it follows (see Remark that
either p(Usieys —~g,zae11—70) = 1 for all pairs (z1,22) in the above-described domain of this function, or
that p (Uzeys —vo,z0e11—v0) < 1 for all pairs (z1,22) in this domain. Thus, in order to show that the
second case holds, it is enough to find a single such pair in which this spectral radius is strictly less than
one. The pair we focus on will be of the form (z1,22) = (y,y) for y € R sufficiently large. Note that,
for such a pair, U, e,; —~p,20e11—70 : Mm(C) = M, (C) is completely positive. We apply to it Theorem

Assume towards contradiction that the completely positive map Uye,, —~o,ye11—v, Ras spectral radius
equal to one. This map is the composition of two completely positive maps, namely v — o2yiv71
and v — (idy, @ 7) [(W(yerr —70) ® 14 — 12 ® d) (v @ 14)(w(yerr —Y0) ® 1a — 2 @ d)~']. Since the
spectral radius of AB coincides with the spectral radius of BA for any linear maps A, B on a Banach
space, it follows that p(tye,, —vo,yer1—vo) = 1 if and only if
(®)

p (0271 (idm @ 7) [(w(yerr —70) ®la —12 @ d) (- ®1a)(w(yern — %) ®1la—r ®d) " n) =1

Thus, according to Theorem there exists a matrix vy # 0 such that
oY1 (idm @ 7) [(wlyerr —70) ® 1a — 712 ® d) " (vo ® 1a)(w(yerr —Y0) ® 1a — 72 ® d) ] 31 = vo.

Recalling that w(w) = w — oy (idy, ® T) [(w(w) ®14 — 72 ®d)""| 7, it follows that

W (W)(e) = ¢+ 02 (idn ©7) [(@() © La =12 © ) ' (w)(€) (w(w) @ 1a =12 @ d) ] .

for all w € H*(M,,(C)). Extending this to our point ye;; — 7o, we have two options: either w’(ye11 — 7o)
is bijective, and then there exists a ¢, € M,,(C) such that w’(ye;1 — 70)(¢y) = vo, or there is no such
¢, and then w'(ye11 — o) is not bijective, which in finite dimensional spaces means it has a nontrivial
kernel. In the first situation, we obtain

vo = W' (yein — Y0)(cy)
= cy+0°y1(idn ®7) [(w(yen—70)®1A—’Yz®d)7lw/(y€11—’)’0)(Cy) (W(yell—W’O)@lA—W@d)il 71

= ¢y+0271(id, ®7) [(w(yeu —70)®14—72®d) vy (w(yenfvo)®1,4*vz®d)fl} T
= Cy+o,

which implies ¢, = 0, so that 0 = w’(ye11—0)(¢cy) = vo # 0, which implies that the first situation cannot
occur. If 0 # ¢ € ker(w'(ye11 — o)), then 0 = w'(ye11 —70)(c) = ¢+ 0 = ¢ # 0, again a contradiction.
Thus, it is impossible that takes place. This concludes the proof of Proposition (Il

Unlike for the case of Proposition here there were several points where the finite dimensionality
of M,,(C) was used. However, we cannot think at this moment of a situation in which Proposition
would have an appropriate formulation involving an infinite-dimensional algebra of scalars.

The reader might be concerned by one element in our proof, namely the fact that we have not hesitated
to extend analytically w around (yej;; —7p). This problem has been essentially addressed in [BBCI9].
However, the reader can find a simple argument for this extension by recalling Voiculescu’s result [Voi00],
namely

(Ww) @14 — 12 @d) " = B ey |(W@1la— 11 @5 —72@d) "' .

As y € R is taken so that (ye;1 — 7) @ 14 — 11 ® s — 72 @ d is invertible, we are guaranteed that
it will remain invertible on a neighborhood of ye1; — o in M,,,(C). On the one hand this guarantees
(via ) the existence and analyticity of w on this neighborhood, and on the other, the boundedness
of the conditional expectation of (W ® 14 — 71 ®s— 72 & d)_1 on this neighborhood guarantees that
w(w) ® 14 — v2 ® d stays invertible on the same neighborhood. This shows that taking the derivative of
w at w = ye1; — o € M, (C) is permissible.
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6. PRELIMINARY RESULTS

6.1. Notations. We start by fixing some notations. We consider the canonical linearization
Lp(ti,t2) =% @ 1+71 @t + 7 @t € Mn(C) @ Clty, t2)
of the selfadjoint polynomial P with the properties outlined in Section By 7 Tr(zIy — Xn) 7t is
related to the generalized resolvent
RN(B) = (B®IN—m®@Wy —72®Dy) ",
by
Tr(zIy — Xy) ' = (Tr@Tr)((e11 @ In)Ry(ze11 — 0)), 2z € C\R.
Denoting by (E;;)1<i,j<n the canonical basis of My (C), we define the matrices R;;(5), 1 <i,j < N, by

N
Rn(B) = Z Rij(B) ® Ejj.

i,j=1
Schur inversion formula (Proposition [60] applied to A =& Iy —v1 @ Wy — Y2 ® Dy and I¢ = {k, k +
N,...,k+ (N —1)m}) relates Ry () to its Schur complements

B—Wumn — Dirs —m @ L RO By @ ¢, k=1, N,
where
RM(B) = (B@In_1 —m@WY —y @ DY)~

Here W](\,k), Dg\’f) denote the (N — 1) x (N — 1) matrices obtained respectively from Wy, Dy by deleting
the k-th row/column and C,E,k) is the (N — 1)-dimensional vector obtained from the k-th column of Wy
by deleting its k-th component.

An immediate consequence of Lemma [3] is the following relation between Ry and the generalized
resolvent

R(@) = (B Iy —m @ WS — 12 @ Dy) ™,
where W](\? Y is obtained from Wy by replacing its (a,b) and (b, a) entries by 0:

(9) RUD(8) — Ry (8) = —R“D(8)(1 — %&lb)(m ® WarEab + 711 ® WapEpa) R (B).
One deduces from @D the following bound:
IR (8) = Ry (B)]| < 20n 1 || RV (B)][| R (B)]]-

Analogously, we denote by R(*?%) the generalized resolvent
RED(B) = (B Iy —m @ W™ =y @ DY),
(kab)

where Wy is obtained from Wj(f ) by replacing its (a,b) and (b,a) entries by 0; and by R*eb¢®) the
generalized resolvent

Rt (3) = (B Iy =1 @ W™ — 3@ D)7,
(kabed)

where Wy is obtained from W](Vk) by replacing its (a, b), (b, a), (¢,d) and (d, ¢) entries by 0.
Martingales appearing in this paper will be with respect to the filtration

(Fro =0(Wi5,1 <i<j<k)e>1;

E<}, denotes the conditional expectation on the sigma-field F;, and Ej the expectation with respect to
the k-th column {Wix,1 <i < N} of Wy

We will consider, for each N € N, a W*-probability space (An,Tn), a semicircular element sy € Ay
of mean 0 and variance N 012\, and a von Neumann subalgebra Dy C Ay isomorphic to the algebra
of N x N diagonal matrices with complex entries and freely independent from sy. As we have seen,
71 ® sy € My, (Ay) is a centered M,,(C)-valued semicircular element of variance ny : b — No%y1by1
which is free with amalgamation over M,,(C) from M,,(Dy) in the M,,(C)-valued W*-probability space
(M (An),idy, ® ). For Dy € Dy ~ Dy (C), the generalized resolvent

rn(B) =(BR@1lay — 11 @SN —72® DN)f1

and the subordination map

wn(B):=p8— nN((idm ® TN)[TN(ﬂ)])
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are related according to @ by

(10) R(B) := Er,.pa)[rn(B)] = (Wn(B) ® 1ay =72 @ Dn) ™"
By analogy, one defines
(11) n(8) := B — v (El(idm ® N~ Tr) (R (8)))).-

In the sequel, we will use the notation O(vy) when a quantity depending on N € N, z € C\ R, and
sometimes on k € {1,..., N}, satisfies the following : for any compact subset K of C\ R, there exists
Nk € N and Ck > 0 such that for any N > Nk, for any z € K, (for any k € {1,..., N},) this quantity
is bounded by Cxuvy.

Throughout the paper, C, ¢ denote some positive constants and () denotes some deterministic polyno-
mial in one or several commuting indeterminates ; they can depend on m, vp,71,72 and they may vary
from line to line.

6.2. Free probability bounds and convergences. For 3 € H"(M,,(C))and k = 1,..., N, as observed
in Section [L.1]

(12) e (B)I < I1(ZB) |
and
[(wn(B) @ Tay =72 @ Dn) M < [[(Zwn (8) M < 1ZB) 7M.

It is a consequence of Lemma {4 that ry is also defined on {ze;; — 70,2z € C\ R} and it follows from
Lemma [5| with y = (sn, D), Assumptions and that, for z € C\ R,

(13) [lrx(ze1 = 0)ll < QN 20w, | DuI)lI(2Ly — P(sw, Dv)) "Ml + Q22N 2o, | D) = O(1).

Lemma 17.
‘ 0

@(wN(Zen —7) ®1ay =72 @ Dy) ™"
Proof. For z € C\R, it follows from (6] that

[(wn (ze11 —70) ® Lay — 72 ® Dn) 7t = O(1);

= 0(1).

Enm,.(py) [((2611 —7)@1lay — M OSSN — 72 ® DN)_l} = (wn(ze11 —70) ® 1ay — 72 ® D)™
holds and therefore
[(wn(ze11 —70) ® Lay =72 @ D)~ < |(ze11 @ Lay — Lp(sn, Dn)) 7.
Since moreover
He“ . ((idm 27N {(2611 ©1ay — Lp(sn, Dn)) " (e @ 1ay) (ze11 ® 1ay — Lp(SN,DN))‘lD H
<14 NoZ |2 (zen ® 1ay — Lp(sn, Dn)) " |I2,
it follows that
0 _
||§(WN(Z€11 —70) ® lay =72 @ Dn) 7|
< [[(ze11 ® Lay — Lp(sn, Dn)) 2L+ NoR Pl (ze11 @ Lay — Lp(sn, D))~ 7).
Using Lemmawith y = (sn,Dn),

I(ze11 ® Lay = Le(sn, Dn) | < QuNY2on, [DNIDIZZ ! + Q2N 2o, [ Dyl)

and we are done. 0
For 8 € M,,(C) such that 8 = ze1; — vy with z € C\ R, define
(14) Ri(B) = (B — Noky(idm @ 7)(rn (8)11 — Diny2) ™! = (wn(B) — Dirye) ™
It readily follows from Lemma [T7] that
(15) | Bk (ze11 = 70) | = O(1),
(16) Ip (ze11 —y0)|| = O(1)
92 k(Z€11 — 70)|| = )
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and that

(17) sup (v (zenr —70) —th2) 7t = O(1).

tesupp(vn)
Lemma 18. The map CT xR 3 (z,t) = (w(ze11 — o) — ty2) ! is well-defined and analytic. Thus, it is
bounded on any compact subset of C* x R.

Proof. Fix M > ||d|| and a compact K C Ct. We use the equality w(zei1; — 7o) = ze11 — 0 — 11 G(ze11 —
70)71, where G denotes the generalized Cauchy transform of 71 @ s +72 ®d (i.e. G(b) = (idy,, ® 7)(r(D))),
together with the structure of the linearization and normal families. The boundedness statement is
obvious if t € o(d), by Equation @ and the boundedness of evaluation maps. We show that, given
M > 0 (which we assume for convenience sufficiently large so that o(d) C [—M, M]), there exists an
t > 0 (depending on it) so that wy(ze11 —v0) — ty2 = ze11 — v — 71G(ze11 — Vo) 71 — ty2 is invertible for
all |z| > t. We recall the shape of G(ze11 —70) € M, (C):

G(zell — "}/0)

B 7((z —wQ tu)™h) —(idix(m-1) @ 7) ((z = w*Q tu) turQ ™)
= —(id(m_l)xl ® 7_) (Qflu(z _ U*Qilu)il) (idm—l ® 7’) (Qfl 4 Qflu(z _ U*Qilu)ilu*Qil) )

where u, @, u* are the (obvous size) constituents of the linearization of P, evaluated in (s,d). It is useful
to note that the above matrix can be re-written as

G(Z€11 — ’}/0)

N {8 (idm—1 ®OT) (Ql)] + (idy ® 7) H—Ql—lu] (2 — u*Qu)

It is shown in [BBCI9 Lemma 4.2] that there exist permutation matrices T1,T5 € M,,—1(C) and a
strictly lower triangular matrix N € M,,_1(C(s,d)) such that Q= = —Ty(I,,_1 + N)T. We multiply

. 1 0 . . 1 0
G(ze11 — 7o) left with {O Tl_l} and right with [0 T{l} to get

-1

el

[8 L1 — <id?n71 ®T><N>]+

O [P (= wQ W) 1 wTy(Ips + ) ]

0 0 1

= {o et — (i ®7) (N)} +0 <z> :
(I +1N)TQU] 1 Tl N)]} "
0 (Z%) .) We recall that @ = P_1(v0—71 —Y2) Pm—1, where we have denoted by P,,_1 the operator that
embeds C™~! — (0,C™~1) ¢ C™. It is known that To P} 70 Pmn_1T1 = —In_1, while TyP’_; (71 +
o) P,,—1T7 is strictly lower triangular (nilpotent). Moreover, the Schur product of 77 and -9 is known to
have all but possibly the (1,1) entry equal to zero, and Ty P _1v1Pm—1T1, T1 P}, _17v2Pm—1T1 are both
strictly lower triangular. In particular, neither the structure of N nor the presence of I,,_; is affected if
one replaces 72 with ¢y, for an arbitrary ¢t € R. Thus,

1 0 (ze11 — 0 — 71 — t72) 1 0] |z const jau) 3
0 T, 11 —% —MN Y2 0 T, Tors I, 1+ N,

where Ny is a strictly lower triangular matrix, some of whose entries might depend linearly of t € R, and
the same holds for the column vector p;. The constant const; might be affine in ¢. It is trivial that the
above matrix is invertible for all z € R, and equally obvious that —1,,,_1 + Ny is invertible. Writing the
Schur complement wrt the (1,1) entry, we obtain that z 4 const; — xf Ty (Ny — I,,_1)~ ' Tag; is invertible.
We study how adding v; —v1G(ze11 —70)71 to ze11 — Y0 — 1 — ty2 influences this invertibility. We write

[(1) 192} ez o) [(1) YQJ

O L O O O e S £ I I Ol D L
o o om0 Mo on o TV T o 1t o ) Mo T

(The O (%) part can be easily made precise: it is %(idm ®T) H
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0 1 0
T o T
namely the constant entries; the same holds for the vectors above and to the left of this corner, and the
(1,1) entry is the constant part of the affine map ¢ —const;, all those with a minus in front. It was seen

10 1 0] [o 0 .
above that [O T11} G(ze11 — 7o) [O T21} = [O Lyt — (idyy 1 © 1) (N)} + O (1). It follows that

O O S N O N I E O B SO
0 TQ st 0 Tl 0 Tl—l (Zell ')’0) 0 T2—1 0 TQ Y1 0 T1

:[: ﬂ ({8 —m-1—<id?n_1®r><zv>}

(i, 0 7) H(ImliN)TQU] (z—wQ ) " [ wTi(Ln1+N)] D {: j

As seen above, the lower right (m — 1) x (m — 1) corner of [(1) is a sub-matrix of N,

As already mentioned, n in the above is a constant sub-matrix of N, hence strictly lower triangular,
and the stars stand for constant/constant vectors, whose precise identity is irrelevant for our purposes.
The second summand in the above is still O(%), and the lower right corner of the first summand is
—n(l,,_1 + N)n = —n? — nNn, a sum of products of strictly lower triangular matrices, is strictly lower
triangular (in fact guaranteed to have also all entries (7,7—1) equal to zero as well). It follows immediately
that

1 0 1 0 |z +const; +x T +* 1

{0 TJ (Wzer =20) = t72) [0 TJ - [ Tyt +%  —Ima + N, —n?—uva| TO\Z)
Since the lower right corner is invertible for all z, ¢, and the other ¢-dependent terms only depend affinely
of it, it follows by the Schur complement that for |z| sufficiently large the first term in the right-hand side is
invertible. Since the second is O (%), the same Schur complement guarantees that, by slightly increasing
|z| if necessary, the invertibility statement remains valid. As the invertibility of w(ze11 — y9) — ty2 is
equivalent to the invertibility of Ll) 79 } (w(ze11 —0) —t72) [(1] 19 ] , we have established the invertibilty

2 1
of w(zeir — v9) — ty2 for |z| sufficiently large.

Since Zw(ze1; — y0) > 0 for all z € C* and o = ~3, it follows that Z(w(ze;r — Y) — t72) "t < 0
whenever w(zej1 — v9) — t7y2 is invertible. The argument employed in [BBCI9, Lemma 5.5] guarantees
that z — (w(ze1; — o) — ty2) "' extends analytically to C* U C~, in addition to the neighborhood
of infinity on which we have already shown it is well-defined. Since M > ||d|| is arbitrary, the map
C* xR 3 (2,t) = (w(ze11 — 70) — ty2) ! is well-defined and analytic. Thus, it is bounded on any
compact subset of C* x R, and in particular on K x [—M, M]. O

Lemma 19. For any compact subset K of C\ R,

lim sup sup |[(wn(ze11 — o) — t’)/g)_l — (w(ze11 — ) — t'yg)_1|| =0.
N—=+400 2K tesupp(vn)

Proof. Let K C CT be a compact set. Let M > 0 be such that for all large N, support(vy) C [-M, M].

(18) sup  sup [[(wn(zenn —70) = ty2) ! — (w(zenr — o) — ty2) 7|
z€K tesupp(vn)
< sup l(wn(zern —v0) = ty2) - sup  [[(w(zern —y0) — ty2) |
z€K, tesupp(vn) z€K,|t|<M
x sup |lwn(ze11 — 7o) — w(zerr — y0)|| = 0.
zeK
Thus, Lemmareadily follows from Lemma and the uniform convergence of wy to w on compact
subsets of C*e;; — 7o (see Remark O

6.3. Concentration bounds on quadratic forms. Applying Proposition [60[to 8 ® Iy —v1 @ Wx —
Y2 ® Dy leads to expressions involving random quadratic maps y; ® C,gk)*R(k) B ® C,(Ck). It is easy to
compute the expectation of such quadratic maps. (Recall that Ej denotes the expectation with respect
to {Wir,1 <i<N}.)

E[n @ RO @) @ 0| = E[Exn @ " RO (B)m @ ]| = nx (Bl(idm @ N TRV (8)))).

Their variance may be deduced from the following Lemma:
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Lemma 20. For m(N —1) x m(N —1) random matrices A" =3, ., a;; @ By, A" =37, . oy @ By,
m x m random matrices 5, 8", ,~", all independent of {Wy,1 <i < N}, and h € {1,...,N},
Ey [Egh[Tr (v ® C,Ek)*A’W’ ® Clgk) —v'(idq ® 0% Tr)(A")Y)B)]
X E<p[Tr (7' @ CF* A"y @ CF) — " (idg 0%, Tr)(A“)fy")g“)}]

=on Y, Ean[Tr(Yaly/ B)E<i[Tr(v" 7" B")]
i,j£k<h

+10n1* D E<nl[Tr(v'ol;y' B)E<n[Tr(y oy 8")]
i,j#k<h

+rn S EcalTr(v el 8 E<alTr(v"aliy" 8] + e
i#k<h

where

= > (EVRIEIWE] - 1082 E<h[Tr(y' a7 B)IE<n[Tr (v 0y 8")]
1#jF#k<h

Moreover, if A’ and A" are bounded in L? and ', 8",~',7" are bounded deterministic, then

N
Z Ek i) 0
N —4-o00
k=1
Proof of Lemma[20, Tt is sufficient to prove the result for A’ = o/ ® M', A” = o” @ M". Since

E<h [Tr ((A// ® C(k)*a/ ® M/’VI ® C(k) _ 7’(idd ® U]2V Tr)(a' ® M/),y/)ﬂ/)}

= E<i[Tr (G M'CY = 0% Tr(M'))y o'y )]

= > WaWiyBn[Tr(yY Moy B+ Y (Wil — 03)B<n[Tr(y M}, 0/y' 8)]
1§ £k<h i'£k<h

= Y WaWiypBan[Tr(Y a8+ Y (IWhirl® — 03)E<n[Tr(y iy 8)]
1§ #k<h i1 £k<h

and
]E<h|: ((7// ® C(k) o' ® M“’y// ® C(k) //(id ® 012\/ Tr)(o/’ ® M”)’y")ﬁ”)}

= > W WipBalTr(y" a8+ 3 (Weinl® — 0% B<alTr(y" ol 8")],
i+ £k<h i #k<h

it follows that
Ei[E<nlTr (7 @ 7" Ay @ O — o/ (14 @ o, To)(4')7) )]
X E<a[Tr (7" © OF7 A" & O =" (da © o Tr)(A")7")8")]]

= Y E[[Wi’|E[[Wi; PJE<n[Tr(v o}y B)B<n[Tr(y" oy B”)]

i#j#k<h

+ Y EWEWE BTy ol B E<n Tr(y" o 8]
i#£j#k<h

+ 37 E[(Wiil? — 03)?|E<nlTe(y/ oy’ B)E<n[Tr(v" " 8")].
i#k<h

Note that, for i # j, E[Wg; } [ij] |0n|? if i and j are both smaller than k or greater than k. If it is
not the case, this term equals 63 or 9N7 according to whether ¢ < j or ¢ > j. By Assumption I and the
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fact that lim N0y € R, Z0y = o(N~1) and 03 = |0n]|? + o(N~2) (and so does 6%;). Therefore
Ex[E<n[Tr (v @ CP* Ay © Y — o/ (id @ oF, Tr)(A')7)8')]
x Bn[Tr (7 @ O A" © CF —+"(id @ of, Tr)(A")7")5")]
=0y Y E<n[Tr(ya}y/'8)E<h[Tr(v" o)y 8")]
i,j#k<h
+10n1> D EcalTr(y'al;y' B)E<n[Tr(v oy 8")]
i,j#k<h
+rn Y BanlTr(valy' 8) B[ T (v"aliy )] + ex,
i£k<h
where €, has the expected expression.
In order to show that Efcvzl e, — 0 in probability, we consider the L! norm |[lex 1. We denote by &

the quantity E(W, JE[WZ,] — |0x2.

leklls < IV IPIVIPUSIIB" I sup  leel > Eflleg;lllafjl]
i#iFks<h i#jAk<h

d2
< 5||7’||2||7”H2||5'||||ﬁ”||‘ sup egel > Eflleg; | + llad; 1]
i#iFks<h i#jAk<h

d3
< SIVIPIIPIB MBI sup eyl (N = DE[JA* + [ A”]7]
i£j#k<h

using Lemmal64] Recall that |7/, [|v"[l, 18]l 118", E[|A’||?] and E[|| A”||?] are bounded. Together with
SUD; 2 j2h<p |€ijk| = o(N72), it leads to [|ex|li = o(N~'), uniformly in k. Therefore, as claimed,

N

P
E e, — 0.
N —+o00
k=1
O

6.4. Bounds on Ry and R®). For 8 € H*(M,,(C)) and k =1,..., N, by a direct application of @,
(19) IRN(B) < 1@B) I, IRW (B < 1ZB)~ -
It is a consequence of Lemma [ that Ry and R(*®) are also defined on {ze;; — 70,2 € C \ R}.
Lemma 21. Forp > 1, E[||Rn(ze11 — 70)||?] = O(1).
Proof. Using Lemma [5| with y = (W, Dy), one gets

RN (ze11 =0l < QuUIWN |, IDN DIz Iy = Xn)7H I + Q2(IIWw I, 1D ).
Then, using Assumption |5| and the bound 7 there is a polynomial @) such that

IRN (ze11 = 70) | < (1 +[Z2H) QW)

It follows from Proposition [78| that Q(||W||)is bounded in all LP, p > 1. O
Remark 22. The same argument with y = (W](\;C),DE\’;)) (and the observation that ||W](\;€)|| < ||Wn| and
ID® || < |IDw ) proves that E[|R*®) (ze11 —0)||P] = O(1). Withy = (W™ D)) (and the observation

that [WE| < Wiyl +26y and [DP]] < |Dxl), we get that B[|RE (ze1, —0)[[7] = O(L), uniformly
ina,b#k.

By Proposition for 2 € C\ R, ze;1 —v0 — Wixy1 — Dirye — 11 ® C,ik)*R(k)(Zen B C}gk) is
invertible,

(ze11 =70 — Wirm1 — Dz — 11 @ C;ik)*R(k)(Zen — %) ® C,(f))*l = Rpr(ze11 — )
and therefore

(20)  ||(ze11 — Y0 — Wikm1 — Diryz — 11 © C*R®) (zey; — vo)y @ CF) | < || R (zen — 7o)
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Note that the same argument implies the bound
18 = Wians = Duare = © G RW (B @ 6F) M < Ry (B)] < 1(Z8) 7
for g € Ht(M,,(C)).
Lemma 23. Forp € [2,4(1 + ¢)],
[y ® O R (ze11 — o)1 @ CFF — 03 (idm @ Tr R®) (ze1y —70))ml|P] = O(NP/2).
Proof. The result easily follows from Lemmas [69} [77] and Remark O
Lemma 24. Forp>1,

E [||idm ® Tr R (ze11 — 7o) — idym ® Tt Ry (ze1, — 70)||P} = 0(1),

)
(21) E {Haz(idm ® Tr R (ze1; — o) — idy, ® Tr Ry (zeq; — yo))||p} =0(1).

Proof. For z € C\ R, by Proposition since id,, ® Tr R = id,, ® Tr(R; + Rye) with I¢ = {k,k +
N,....,k+ (N —1)m},
id,, ® Tr Ry (ze11 — 7o) — idy, @ Tr R (ze1; — o)

= 8,;1 +id,, ® Tr(R(k)(zeu —Y0)1 ® C,ik)s,zl'yl ® C,ik)*R(k)(zen - 7)),
where s, = ze11 — Y0 — Wikt — Diepyz — 71 ® C’,gk)*R(k)(zen —Y)mn ® C',gk). Observe that
lidn @ T (R (2611 —70)11 @0 5 1 @CH* RO (ze1, —10)) || < m* [l [PIIRP (zean—0) I 12 )15
so that
llid,, ® Tr R(k)(zen —70) — idy, @ Tr Ry (ze11 — Y0)||
< g+ m Il R® (e —v0) [21CE711?)
< | B (zerr — ) Il + m* 2 [PIIRP (zexs — 30) 12 Wi 1?)

is bounded in all L?, p > 1, by Lemma Remark 22] and Proposition Similarly one can prove
2. 0

Lemma 25. For any even integer p € N,

E[|lid,, ® Tr Ry (ze11 — 7o) — E[id,, ® Tr Ry (ze11 — 0)]|IP] = O(NP™1),

E[ [id,, ® Tr Ry (ze11 — o) — E(id,,, @ Tr Ry (ze11 — 70))] [|P] = O(NP™1).

12
0z
Proof. Observe that My, := E<[id,, ® Tr Ry(ze11 — Y0)], k > 0, satisfies
My —Mp—1 = (E<g —E<g_1)[idy, @ Tr Ry (ze11 — Y0)]
= (E<kp — E<k_1)[idm ® Tr Ry (ze11 — y0) — idp, ® TYR(k)(zeu - )]
so that, using Jensen’s inequality,

E[|| My, — Mj_1]|P] < 2PE|[|lid,, ® Tr Ry (ze11 — Y0) — idm @ Tr R®) (zey; —70)|P] = O(1)

by Lemma Apply then Lemma to the martingale (M}, = E<glid,, ® Tr Ry(ze11 — 70)])k>o0
to obtain the first statement. Similarly, one can obtain the second statement by considering M :=
Egk[%ldm ®T‘I‘RN(2611 —’}/0)]. |:|

Remark 26. Using Lemma one may deduce from the Lemma that, for any even integer p € N,
E[|lidyn, ® Tr R®)(ze11 — 70) — Efidy, @ Tr R*) (211 — 70)]||F] = O(NP™1).
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6.5. Qualitative asymptotic freeness. We first prove the asymptotic freeness of W and Dy.

Lemma 27. For any polynomial in two noncommuting indeterminates H € C(t1,t2),
(22) E[N"'Tr (H (Wx, Dn))] —N—oo T(H(s,d)).
Proof. One may assume, without loss of generality, that 0 = 02N ~!. Define a N x N random matrix
Ay by Ajj = Wi; when i # j and Ay = UN&R,IWii. It is straightforward that
||WN — AN” < |1 — JN&;[1|5N —7N-—+4o0o 0.
Since supy || Dn|| < +o0 and, by Proposition [78 (|Wx|)n and (||An||)n are bounded in all L?, p > 1,
it follows that
[N~ Tx (H (W, D)) — EIN ™" T (H (Ay, D))
<E[|[H(Wn,Dn) — H(An, Dn)]] — N4 0.

Since E[A;] = 0, E[|A;;|*] = 0>N~! and, for any m > 2, sup; ;< n E[|4;;|™] = o(N~!), one can apply
Theorem 1 of [Rya98|, and obtain that E[N~! Tr H(Ax, Dy)] converges towards 7(H (s, d)). O

The following result is a consequence of the above asymptotic freeness.

Lemma 28. For z € C\ R,

E[(idm ® N1 ’H) (RN<Z€11 — ’YQ))] — (idm X TN) (rN(zeu - ’}/())) —FNo+o00 0.
% (E[(idm ® N~ Tr) (Ry(ze11 — 70))] — (idim @ 7n) (rv(2€11 = 70))) =N 400 0-

u

Q
vector u, the column vector v and the matrix Q! are all polynomials and that P = —uQ 'v. It
readily follows from Proposition [60| applied to z — Lp , that for each p,q € {1,...,m}, there exist two

polynomials pr’Q) and Hz(p’q) such that, for any z € C\ R, for any N, the entry (p,q) of the m x m
matrix (id,, ® 7n) [rn(ze11 — 70)] (respectively of the m x m matrix (id,, ® N7' Tr) [Ry(ze11 — 70)]) is

equal to T ((zlAN — P(sy,Dn))™ 1H1(p q)(sN, Dn) + H(p Q)(SN, DN)> (respectively of the m x m matrix
N-1Tr ((zIN — P(Wy,Dy))""HPD (W, Dy) + HP? (W, DN))).

We have for any selfadjoint operators y1 and yo, for any z € C\ R, for any nonzero integer r,

Proof. Let Lp = (2 ) be the canonical linearization of P. Remember that the entries of the row

(23) (z = P(y1,92)) Zz P(y1,y2))* + (2 = P(y1,92)) "' (27" Py, 12))"-

For any K > 0, define

O ={z€ C\R,Z(2) > K}.
Let 0 < ¢ < 1. For any x > 0, there exists K = K(k, P,c) > 0 such that if 2 € Ok, for any y; and ys
such that ||y1]| < x and ||y2|| < & then

(24) 1" Py, y2))ll < e
so that
1, _ ,c”
(25) sup [|(z = Ply1,92) ™ (7P p)) B (0, 90)|| € ¢ T —rosi O,
2€0k K

Fix K > 0 such that holds for (y1,y2) = (sn, Dn) and (y1,y2) = (Wn,Dy) on Exy = {||Wx| < C}
where C' is defined in Proposition Using Proposition it readily follows from that for any
polynomial H in two noncommuting indeterminates,

(26) E[lg, N~ Tr (H (W, D)) — N5 400 T(H(5,d)).

By the convergence in noncommutative distribution of (sy, Dx) to (s, d), we have that, for any polynomial
H in two noncommuting indeterminates,

(27) TN (H(SN,dN)) —7N—+co T(H(S,d)).
Using , , , , letting N and then r go to infinity, we obtain that for any z € Ok,
Ellg, (idm @ N~ Tr) (Rn(ze11 — Y0))] — (idm ® 7v) (rv(2e11 — 7%0)) —N—400 0,
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and then, using Lemma [21{and P (ES;) = N—+o00 0, we readily deduce that, for any z € Ok,

E[(idp, ® Nt Tr) (Ry(ze11 —70))] — (idm ® 7n) (ra(z€11 — 70)) —>N—s00 0.
Functions ®x(z) = E[(idm Q@ Nt Tr) (Rn(ze11 —v0))] — (idm ® 7v) (rn(ze11 — 70)), N € N, are holo-
morphic on C*. Moreover, using Lemma |5| and Proposition there exists a polynomial @ such that,
(28) 1en(2)] € Q((Z2)71), =zeCT .

It readily follows that (®n)nyen is a bounded sequence in the set of analytic functions on C* endowed
with the uniform convergence on compact subsets. We can apply Vitali’s theorem to conclude that the
convergences of (®y)nyen and (9.Px)nen to 0 hold on CT. Of course, this convergence similarly holds
on C~. The proof of Lemma |28 is complete. O

Remark 29. Note that, following the strategy of the proof of Lemma |28, we obtain the uniform conver-
gence of wn to w on compact subsets of Crei; — 7o.

As a consequence of Lemma 25| and Lemma we obtain the following
Lemma 30. For z€ C\R andp > 1,

(29) E[llidy, @ N7 Te(Rn(ze11 —70)) — idm ® 75 (ry(ze11 — 70)) 7] Nt
(30) E[H2 [idm®N_1TI‘(RN(Z€11 —’)/0)) —idm®TN(7"N(Z€11 —’}/()))] ||p] — 0.
0z N—+oo

Lemma 31.
1(Qn (ze11 —70) @ In =72 @ Dy) 7| = O(1)

Proof. Tt follows from Lemma that wy(ze11 —v0) ® In — 2 ® Dy is invertible for every z € C\ R and
[(wn (ze11 —70) ® In — 72 ® Dy) 7' = O(1).

One deduces from Lemma 2§ that

[(n(ze11 —70) ® IN — 72 ® DN) — (wn(2e11 — %) @ IN — 72 @ D) N 0.

—+o0

Note that this convergence is uniform on compact subsets of C \ R. Hence, it follows from Lemma
that, for any compact subset K of C\ R, Qn(ze11 — 7)) ® IN — 72 ® D, 2z € K, are all invertible for
large enough N and

[(Qn(ze11 —70) @ In — 72 @ Dn) 7| = O(1).
O

Remark 32. By a similar argument based on Lemma[69, one may deduce from Lemma[31] and Lemma
that

—1
H ((2611 — 0 — v (B[(idpm @ N~ Tr)(R®) (ze11 —)))) @ Iy =72 ® DN) H =O).
Lemma 33. For z € C\R andp > 1,

E[||R —70) — R =) —> 0
L max [l Rxx(ze11 —Y0) — Ri(ze1r — 7o)l ]N_>+OO ’

where Ry, is defined by .
Proof. With the notation 8 = zej; — 79, and
(31) Ry (B) = (wn(B) — Drry2) ™"

by Proposition since for any k € {1,..., N}, Rgr(0) is the submatrix of Ry () corresponding to rows
and columns indexed by {k,k+m,...,k+m(N — 1)},

Rin(8) = (B = Wiaens — Dy = & C" RO (B3 @ ) 7!
= Ri(B) + Ri(B)Wixms +m ® CLP"R® (B)y1 © CFY — v ((idm © 7v) (ra (8)))) Rk (8)-
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Observe that, for n > 2,
3T HE[|[ Wi +m © CF*R® (8)11 @ CF — iy ((idm @ 7o) (e (8))]17]
< I I"ElWinel"] + Ellln © C*R® (8)71 @ CF — i (i © N~ Tr)(R® (8)))]|]
+ Ellin ((idm @ N™UTo)(R®(8))) — v ((idim @ 7v) (v (8))]17].

The first term is bounded by ||71||"6’]Q71&N by assumption; the second term asymptotically vanishes by
Lemma [69} the third term asymptotically vanishes by Lemma [30]and Lemma Then, choosing ¢, > 1
such that ¢ + 7 = 1 and pg > 2,

E[|| Rir(8) — Ri(8)]17)
< | R@B)IPE[IWian +5 @ C" RO (B)y1 @ O — (i @ 70) (v B))P] B[ B (B)1177] "
vanishes uniformly in & by using Lemma [21] and Lemma O

Remark 34. Similarly, E[HRl(lk) (B) — Ri(B)||P] vanishes uniformly in 1 < k # 1 < N. Indeed, using in

this Remark only the notation R*D(8) = (B® In_o — 71 ® W](\,kl) — 712 ® Dg\]fl))_l, where WJ(\ZCI),D%CI)
denote the (N — 2) x (N — 2) matrices obtained respectively from Wy, D by deleting the k-th and I-th
rows/columns,

R (8) = (B — Wum — Dune — 11 @ CF*RED (8)y, @ ¢~
= Ri(B) + Ri(B) (W +m @ C RED (B @ O — iy (idm @ ) () () REY ().
Observe that, forn > 2,
3R Wi + 71 © CFVRID (B @ M — iy ((idm @ 7v) (v (8))) "]
< [nl"E[Wal™] +E[lln © X RE (8)71 © ¢ — ny((idm © N1 TE) (RUD(8)))]17]
+E[lnn ((idm © N7VTE)(RED(8))) — x ((idim @ 7v) (i (D)) 1]

The first term is bounded by ||71H”5;”,_1&N by assumption; the second term asymptotically vanishes by
Lemma[69; the third term asymptotically vanishes by Lemma[30 and Lemma[2] Then, choosing q,7 > 1
such that % + % =1 and pq > 2,

E[IR; (8) - Ri(8)|]

< IRB)IPE[IWurn + 7 © CE*RED (81 © D — ny((idm © 7)) (rw (B))[P] VTE I R® (8) 1] V"
vanishes uniformly in | # k by using Remark[23 and Lemma [T
Remark 35. One may also prove that E[HRl(lW)(ﬂ) — Ri(B)||P] vanishes uniformly in1 <i#k#1<N,
using E[[| R’ (8) — Ry (8)[7] = o(1).
6.6. Concentration bounds on Ry and R®.
Lemma 36. For any c > 0,

E[[id,, ® Tr Ry (ze11 — 7o) — Elid,, ® Tr Ry (ze11 — 70)][|*] = O(N?T€).
Proof. Observe as in the proof of Lemma [25| that M}, := E<[id,, ® Tr Ry (ze11 — Y0)], k > 0, satisfies
My, — My_1 = (E<, — E<g—1)[idy, @ Tr Ry (z€11 — 0)]
= (E<kp — E<k—1)[idy, ® Tr Ry (ze1n — o) — idy, @ Trr R®) (ze11 — 0]
and write as in the proof of Lemma for z € C\ R,
idy, ® Tr Ry (ze11 — vo) — idy, ® T R(’“)(zeu —Y0)
= 3;1 +id,, ® Tr(R(k)(zeu — Y)Y ® C,ik)s,zlfyl ® C’,ik)*R(k)(zen —))s

where s = ze11 — Y0 — Wirvt — Dikys — 71 ® C,gk)*R(k)(zeu —v)n ® C,gk). It follows from Remark
that for any compact subset K of C\ R, E[s;], z € K, are all invertible for N large enough and
|E[sx] || = O(1). Observe that, for such N,

(Bt — B<p_1)[E[sk] " + Ex[idym ® Tr(R® (ze11 — 7)1 @ CFE[si] "'y © CF* R®) (2611 — 70))]] = 0
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so that
—(Egk — ]Egk—l)[idm X Tr R(k) (2611 — ’}/0) — idm X Tr RN(Zeu — ’}/0)]
= (B<k —E<k1)[s; ' —Elsk] ']
+ (E< — E<p—1)[idp ® Tr(R™ (ze11 — y0)m1 © C;ik)(é’;l —Elsi) " m C;gk)*R(k)(%u —70))]
+ (E<k — E<1)[idm @ Te(R®) (ze11 —70)1 ® C;ik)]E[Sk] 7 ®C) () R™ (ze11 — o))
(32)  — Eglidm ® Te(R® (ze11 — 70)71 © CyVElsi] 171 @ CF RW (ze11 — 70))])-
From
5;1 — E[skrl
= 57 (Wi + 711 @ C*R® (zey; — v0)y @ CF — B[y @ C*R®) (zeqy — 7o) @ CNE[si] 7,

Holder’s inequality, together with , Lemmas Remarks |22| and deduce that, for large
N, for any k, for small enough ¢ > 0,

Elllsi " —Else] ~H**]
< E[|lsg "1 Wiwys +m @ CP*R®) (zers —0)n ® CF
~En @ "R (ze11 = 0)m ® O HO] [Efsy] |0+
< O(1)E [||s*1H4 1+t)(2+1/t)]t/(1+2t){(H%HUN)S(H%)
xE Midm ® Tr R(k)(zen — ) — Elid,,, ® Tr R(k)(zen —70)] ||

4(1+2t)}

+ O(N72(1+2t)))}(Ht)/(H%)

< O(V)E[|1 Ry (ze11 = 0) [+ OF20f (o g )301+20
X E[ (2N R (ze11 = 70) )" fidm @ Tr R (ze11 = 70) — E(idyn @ Tr RO (ze31 —10))]|]
+ O(N—2(1+2t))}

< 0(1){N9f—4<1+2t>1a(||idm ® Tr R (ze11 — 70) — E(idy @ Tr R®) (zeny —70)) )~

(14+8)/(1+42)

+ O(N—2(1+2t))}(HW(H%)

= {O(N‘“t/“) + O(N—2(1+2t))}(1+t)/(1+2t)

(33)
— O(N( 1A+ (420)

where we use Remark 26]in the last line.
It follows that

Elllsy ' — E[si] 7' [[*] < E[lls;* — E[sg] ~H*0+0]/ 0+
(34) O( t/4 1)/(1+2t))
and
E[|lidy @ Tr(R®) (ze1; — C (st —Elsi] ! c P gk — o)l
m 11 —7%)n ® (s [sk] ) ® Cy (ze11 — 7))
< m' | |PE[IR® (ze11 — o) [BICE 1Blls5t — Else] ~H|*]
< m| PRI R® (ze11 — 7o) [P D O B0 OFOE]| 1 — Efsy] 7[00
(35) _O(N(t/4 1)/(14+2t) )7
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by using (33), Remark [22| and Proposition
Finally, if R®) = ¥ R © Ejj and RW*T = 3> R @ Ej;, then
1,57k i,j#k

id,,, ® Tr(R(k)(zeu — Y)Y ® C,gk)E[sk}_lﬁ ® C,Ek)*R(k) (ze11 —70))

- Z RSZ)%E[SH71713£§)kach
a,b,c#k

=I,®C" xI,, 2 Cc®,

where the fourth moment of the norm of

= Z R,(IIZ)%E[S/C]A’hRgﬁ) ® Epe = R™ (zer1 — 70)P" (1E[sk] 'y @ In—1) R (ze1r — 70)P”
a,b,c#k

is O(1) by using Proposition Remarks [22{ and It follows from Lemma |69 that
E[l|idm ® Tr(R® (ze11 — 70)m ® CLVE[si] "ty @ " R® (zers — 0))

— Efidn ® Tr(R® (ze11 — y0)11 ® CVE[si] 11 @ CLY"R® (ze1y — 70))]II*)
(36) < K aB[|Z[)((Nmy)? + O(NT?)N) = O(N7?),
where we use Lemma [77]in the last line. , , and yield

E[|(E<t — E<i—1)[idm ® Tr R®) (ze11 — 70) = idm ® Tr Riv(zenn — 70)][['] = O(N 1),
by choosing t > 0 small enough. We conclude by Lemma (]
Remark 37. Using Lemma one may deduce from Lemma[36 that, for ¢ >0,
E[[lidm ® Tr R®) (ze11 — 70) — Efidy @ Tr R®) (ze11 — 70)]||*] = O(N?T).
Lemma 38. Forp € [1,4) and ¢ >0
E[[|Rix (ze11 = 70) — (v (ze11 —70) @ In — 72 @ D)t ][[F] = O(N72P/4),
Proof. Recall that Qy was defined in by
Qn(B) = B — nn (E[(idm ® N7' Tr)(Ry (8))]).-

According to Lemmaand its proof, for any compact subset K of C\ R, for large enough N, Qn(ze1; —
Y) ® In — 72 ® Dy, z € K, are all invertible with uniformly bounded inverses. For such N and any
k=1,...,N,

Rix(ze11—0) — (Qn(ze11 —Y0) — Dixy2) ™"
= Rir(ze11 —Y0) (Wkkw + 71 ® C,ik)*R(k)(zen —Y0)M ® C’,(ck)

— NN (E[(ldm & N_l TI‘)(RN(Z@II - '70))] )) (QN(ZCH — ’}/0) — Dkk’yz)_l.

Then, using Lemmas [77} 23] 24] and 36} for p < 4,
E[|| Rir(ze11 — o) — (Qn(ze11 —v0) — Diryz2) |17
< E[||Rin(zen —30) /477 OV 2) + o(ve2) P o)
= O(N(e=2p/4y,

6.7. Quantitative asymptotic freeness.

Lemma 39. The family of operators defined on M,,(C) by

N
un(21,22) b= 0% Y Ri(zienn — o) by Ri(zae11 —70), 21,22 € C\R, N €N,
i=1

satisfies the following: for any compact subset K of C\ R, limsupy_, . sup,, ,,ex p(un(21,22)) < 1
and limsupy_, . sup,, ., e |(idm — un (21, 22)) 7| < +00.
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Proof. By Proposition [T} we know that the supremum over z1, 22 € K of the spectral radii of operators
Uz er1—0,22¢11 -0 - Mm(C) = M, (C) defined by

b 0”idy, @ 7 (W(z1e11 —70) — 72 @ d) ' (71b11) @ La(w(z2e11 —90) =12 ®d) '), 21,22 € C\R,

is strictly smaller than 1. Since (Dy)nen converges in #-moments towards d, limy_, 100 No% = 02, we
can easily deduce (using Lemmas and Lemma that the family of operators defined for all N € N
and for all 21,z in C\ R, by

un(z1,22) :
b oxidm @ Tv (Wi (21611 —70) — 72 ® D)~ (71by1) ® 1a(wn (22€11 — %) =72 ® Dn) ™),

satisfies sup,, .. e e [un(21,22) = Uzie11—0,z2e11 70 || = N 400 0. The first assertion of the lemma readily
follows by continuity of the spectral radius in finite dimension and the second one follows from the
continuity of X — X! and of the norm on GL,,2(C). O

Corollary 40. For any z1, 22 in C\ R, the sequence of operators defined on M,,(C) ® M,,(C) by

N
Tn(21,22) : b1 @by > N7 Y~ Ri(zien — yo)mbi @ bama Ri(z2e11 — %), N €N,

i=1
satisfies limsupy_, 4 oo p(Tn(21,22)) < 072,
Lemma 41. For g € [2,4(1 + ¢)),
E[[lidm ® N~ Tr(Rn (ze11 — %)) — idm ® T(rn(ze11 — 70))[|9] = O(N~ minZ=a/2)),
Proof. Define G = Zfil E; ® ]A%i(zell — ), and G = Zf\; E;; ® Ri;i(ze11 — ). Recall from that

A

Ri(Zeu — ’yo) = (wN(zen — ’70) — D“"}/g)il. We have by
N
2 -1 -1
wn(ze11 —v0) — Diive = ze11 —v0 — Noym N Z (wn(ze1r —v) — Drery2)” 71 — Diive

k=1
N
= zen1 — 0 — NoamN ™'Y Ri(zen — v0)11 — Diia-
k=1
Thus,
(37) G l=Iy® [zeu — 99— No%y N~ ﬂ@idm(é)ﬂ — Dy @
On the other hand, by Schur formula,
(Rii(zenn —70)) " = ze11 — Y0 — Wit — Diiye — 1 ® Ci(i)*R(i)(Zell %) ® C'i(i)
= zen — 0 — Diya — Nogm N~ Tr @id,, (G)n + A,
where
A; = ~Wim — 711 ® CV"RO (ze11 — y0)m @ L + Nodi N7 Tr ®id,y, (G) 1
= —Wim — 711 © C{7* RO (ze1y — v0)m ® C) + Nodm (idm @ N1 Tr) (R (ze11 — 7o)
N
Define A = > E; ® A;. Thus,
i=1
(38) G~ =IN® [ze11 — 0 — Noxyni N7 Tr ®ids, (G) 1] — Dy ® 72 + A.
Set
Ey = N ' Tr@id,, (é - G) = idm ® v (rn(2e11 —0)) = idm ® N7HTr(Ry (2€11 — 70))-
Note that, by Lemma [5 all moments of ||Zy]| are O(1). By substracting from (38),
G -G=dd (IN ®NO']2V’)/13N’}/1) é-ﬁ- GAG

= G (In ® NokmEwm) G + (G = G) (Iv © NokmEnm) G + GAG.
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Hence

Ri(ze11 — v0)NodmEnm Ri(ze11 — 7o)

] =

Ey=N""
k=1

+ N ' Treid,, [(G - G) (In ® NotmZym) G + GAC:}
= un(z,2)Ex + N~ Tr ®idy, [(G - G) (In ® No%mExm)C + GAC:}

According to Lemma [39] for large enough N, the operators id,, — un(z, 2) on M,,(C) are invertible with
uniformly bounded inverses. Therefore

Ex = (idy — un(z,2)) "t {N—l Tr ®id,, [(G . é) (In ® NokmZnm) G + GAG'} }
and
39) =N < lllidm — un(z 2) Y| HN” Tr ®id,, [(G - G) (In ® NoZmZnm) G + GAC:} H .
We have
N Tr@idy | (G- G) (Iv @ NodmEwm) 6]

N
=N Z(R“('zell — %) — Ri(ze11 — 0))NoxymEn1Ri(ze1r — o)
i=1
Thus yields

1281 < l(idgn = (2 2) 7 [0 2

N
A {Z [ Rii(ze11 = 70) — Ri(zen — 70)H}||EN||
i=1

+ [V T i, (GAG)]

(id,, — un(z,2))7 )7L, then

Therefore, if 0'12\[{ Zf\il HR“‘(ZBH — ’}/0) - ﬁi(zell — ’)/Q)H} S (2“’)/1 2
by using Lemma []

IEN] < 2ll(idm — un(z,2) N7 Tr @idm (GAG)||

N
< 2||(idpm — un(2,2) N T Ris(zenn —v0)AiRi(zens — 7o)
i=1
R N
< 2||(idy — un(2,2)) "Ml R (ze11 = 70)[[I|R(ze1s —0)[{N 2D A1}

i=1
Set E = {O’N > ||Rii(ze1r —v0) — Ri(zen - )| > (2||71||2||G||||(idm uN(z,z))1||)1}. For ¢ €
(0,4(1 +¢)), usmg Lemmas 21 and 39} we have
E(EN?) =E(IEx["1) +E (|E~]"1s-)

<OM)P(E)'? + 001 ({ -1 Z 1A, }4<1+6>)q/4(1+e)

where p > 1 will be choosen later on.
Note that, for ¢ € [2,4(1 + 6))

({ 12 A H} 1+a)>q/4(1+e) < max E(HA ||4(1+5 )q/4(1+5)

_ O(N72(1+5)>q/ (14¢) O(N q/2)

where we use the convexity of z — z*(1*¢) and Lemmas and Now, according to Lemma
and Lemma

HR(ZGH — ) — (QOn(ze11 —7) @IN — 72 ® DN)71H N—> 0.

—+o0
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For those N for which

NoX||R(zen —70) — (2 (ze11 = 70) @ In =72 @ D) ™| < (@l |G [ idm — un(z,2) 71D,
the probability of the event E satisfies, for ¢’ < e:

N
P(E) < P(O’?V Z HRii(zell — ’)/0) — (QN(ZEH — ’Yo) RIN —7® DN);1||
=1

> (@ 2| Gl = un (2, 2) 7))
[l — (2 2)) " [NoR)

< inf (4|v]|?G
_1611[11’4)( v 2|

X max EMRii(zeu —70) — (On(ze11 —Y0) R In — 72 @ DN)#HI}

i=1,....,N
= O(N~2)
by Lemma [38]
Finally choosing p = 22:‘55 , we obtain

E(|Ex]?) = ON~C79)) 4 O(N~9/2) = O(N~min(=eia/2)),

7. PROOF OF CONVERGENCE IN FINITE-DIMENSIONAL DISTRIBUTIONS IN THEOREM

In this section, we will give a proof of the convergence in finite-dimensional distributions of the complex
process (En(2) = Tr(zIy — Xny) ™' — E [Tr(zIy — Xn) '], 2 € C\ R) to the centred complex Gaussian
process G, based on Theorem [72}

7.1. Reduction of the problem. One has to prove that any linear combination of {x(z), z € C\ R,
converges in distribution to a complex Gaussian variable Z ~ N¢(0,V,W). In the following, we prove
the convergence of ({x(2))nen. The case of a general linear combination does not need any additional
argument and is left to the reader. Notice that

N

(40) En(z) = Z(]Egk —E<p—1)[Tr(zIn — Xn) 7.
k=1

For each N € N, the random variable Tr(z2Iy — Xx)~! being bounded, (E<[Tr(zIy — Xn) " )k>1 is
a square integrable complex martingale, hence (E<j[Tr(zIy — Xn) 7! — E<po1[Tr(zIn — Xn) " H)k>1
is a martingale difference. Our strategy is to apply the central limit theorem for sums of martingale
differences. More precisely, we will decompose (E<j, — E<x_1)[Tr(2Iny — Xn) '] in two parts and apply
Theorem [72] to the first part.

Proposition 42. For z€ C\R and k € {1,...,N},
(E<k, — E<p_1) [ Tr(zIn — Xn) 7] = A 40V,
where
A;N) =E< { - % Tr (Wikmt + ®r(zerr — 7)) Ri(ze11 — 70))} ;
with

Pr(ze11 =) =N ® C;gk)*R(k)(Zen %) ® C,E'“) — 7 (idy, ® 0% Tr) (R™ (ze11 — 70)) 7,

and g‘ ™M 0 in probabilit
k=1 k N—+o00 p Y-
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Proof. By and then Proposition with the notation 8 = ze1; — 7o,
Tr(zIy — Xn) ' = (Tr @ Tr) ((e11 ® In)RN(B))
= (TreTr)((enn ® In_1)R® (8))
+ Tr (611(5 ~ Wikm — Dz — (11 ® CP)R® (8)(m @ C;(ck)))_l)
+(Tr® Tr) ((611 ® In1)R® (B)(m @ C)
x (8= Wiy — Dipyz — 1 @ Cl(gk)*R(k)(»B)% ® Cék))71(71 ® C’;ik)*)R(k)(ﬁ))'
By traciality, the third term of the right-hand side rewrites
Tr(11 ® CY"R®D (B)y1 © C (B — Wi — Do — m © CV*R® (B)y @ €M) 71,
where R®D(8) := R®(B)(e11 ® In—1)R¥(B) = — 2L R®)(B) and combines with the second term to get
Tr(zIy — Xy) 7t
= (Tr@Tr)((en1 ® In—1)R™(B))
+Tr((e11+ 1 ® C,gk)*R(k’l)(ﬁ)V1 ® C’,ik))(ﬂ — Wikt — Diy2 — 11 ® C,(Ck)*R(k)(ﬂ)% ® C;(gk))fl)-

In the second term of the right-hand side, decompose

* . 9
en+m @G RED () @ CF = (en +mlidn © o} T)(RED(B)m) — 5-@x(5)

and
(B = Wikr1 — Dikya—m @ C;gk)*R(k)(ﬂ)% ® C,gk))_l
= Ri(B) + Ri(B) Wiy + Ui (B)) R (B)
+ Ri(B) (Wirms + Wi(B)) Ri(B) Wiy + Wi ()
< (8= Waam = Dz = 8 G RO @y ¢)

where Uy, (8) = ®(8) + 71 ((id,, @ 0% Tr)(R*)(B)) — NoZ (idym @ 7)(rn(B)))71 so that Tr(zly — Xn) !
is the sum of seven terms. Observe that the first two terms satisfy

(E<i ~ E<ioa) [(Tr@ Tr) ((en ® Iy-1) RY(3))
+ Tr ((e11 + 71 (idm ® o Tr)(RED (zeqy — 70))71)1%(5))] =0

and that the following two terms combine to get

0

Tr ((en1 + 1 (idm®a, Te)(RED (8)71) Bi(B) (Wi + Ur(8) Ri(8) — 5-@x(B)Rr(8))

a A
= L D(Waaon + B (B)) + <Y + Y,

where

e =~ T o (1 © 0% T(RO(B)) — N (i © )y (3) 1 Ru(8) Wik + 4(8) Re(3))
and
e =T (e + 1 (i @ 0% Tr)(RED(8)) )
X Bi(8) (1 ((idm © 0% T (RD (8)) = No (idm © 7) (v (8))72) B (8) )
Note that

E<k—1 [ - % Tr (Werm + @k(ﬂ))Rk(ﬁ))} =0.
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It remains to prove that the last three terms
S0y = T ((ens + mlidm © 0% T)(RED(8))72) Re(B) (Wi + Wi(8)

x Ri(B) Wikt + ¥x(8))(B — Wiky1 — Do — 1 @ C’(k) ®) (B @ O(k)) ),

0

iy 1= Tr(— - @k(B) Ri(B) (Wiamn + Wi(B) Ru(8),

) = T (= L0 (3) (B W + We(8) B9 (Waam + We(8)

0z
X (B = Wiyt — Dpiya — 1 @ C;gk)*R(k)(ﬁ)% ® C,Ek’)‘l),

are such that
6;(CN) = (E<kp —E<k—1) 556 1) + 656 2) + 556 3) + 6(N) + 5( )}

satisfies Zi\;l s,gN) N—> 0 in probability. This is the object of Lemma below (assuming that the
—+o0
entries of Wy are bounded by dx).

Lemma 43. For allp > 2,

P) _ O(N7 min(p/2,2+3€)) .

B(|| L)
Proof. For = ze11 —v0, 2 € C\ R, by Lemma for p > 2,
(Haz‘l’k IDE C{(EUWW]NE(HR"”(B)H“))W + NE(|| RO (8)|| B[ WAz |]].
As E[[Wi2|'] = O(N~?),
(=W IVE( B @) 1)) = ovrr2),
Now, if p > 3(1 +¢),
E[|W12|2p] _ 0(512\?—6(1+5)N—3(1+a)) - O(N—3(1+5)).
Therefore,
NE(HR(IC)(ﬂ)||2p)]E[|W12|2p] — O(N~(2+39)),
As a consequence, for p > 3(1 + ¢),

E(H o8 H) (N—min(p/2,2+38)).

If 2 <p<3(1+¢), B]|[Wis|?!] = O(N~?) and

([ e0]) =),

Note that in this case, min(p/2,2 + 3¢) = p/2, which concludes the proof. O
Lemma 44. Vg € [2,4(1 + ¢)),

E([[wi(8)]") = (N~ mineear),
Proof. For ¢ > 1,

1 (B)zs < 1@k(B)llzs + 7112l (idm © 0% Tr)(RW(B)) = idm ® oF Tr) (R (B))l| o
+ I lP(l(idm @ of Tr)(Rn(8)) = No (idm @ 7)(rn (8)) ] Lo

Thus, for g € [2,4(1 4 €)), Lemmas and {41| readily yield that

[04(B)| e = O(N~min(t/22=e)/a))
which concludes the proof. O

|5

k>1

Lemma 45.

L2 N—>+<x>
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Proof. Using Holder’s inequality with ¢ € [1,1+¢), p,7 > 1 such that p~* +¢ 1 +771 =1,

EflefY ] < m2| 2 () I°E [lexs + . (idm @ o TREDB)n 2 Werrs + e (B)* | Bn (8)]1?]
< m? | Re(B)|'E llexs + 71 (idm @ o ) (RED(B)) 7] 7

x B[ Wi + i (8)|] " E IRy (B)7]"
< m? | Re(®) I B RN (D)1 (1 + Cla PE[ Ry (8)#]/7)?

4
X (IllWrll oo + (195 (8) [ paa) "

Therefore, by Lemmas and ]E[|s |

Using Holder’s inequality with ¢ € [1,1 + 5)

] = o(N~1), uniformly in k.
1,1
pta =1

N 0 1/
B 2] < m2 IR [l @] (bl Wenllzo + 19(8) l120)?

Therefore, by Lemmas l E H and E [| | | = o(N~1), uniformly in k.
Using Holder’s inequality with ¢ € [1,1 + €), % 1 +1=1,by Lemmas ! . . and .

Bl P < m2| 2@ B 2@ (11] " (ol Well oo + 1(8) 1) BN RN (B

_ (O(N* mintn14)) 7 (o (=) )

so that, noticing that 2=< .- > Lforany e <1/2, EH(—: | ] = o(N~1), uniformly in k.
Finally, by Hélder’s inequality,

Elle}y 1]
< m2||71||4|\Rk(5)||4E[||%((idm ® o Tr)(RM(8)) — NoX (idm @ 7)(rn ()12 Wier1 + 21 (5)||°)

1 R (8) {E(Ila‘i((idm @ o Tr) (R®(8) — (idm © of Tr)(Bx (8))]1")

1/2
HE( 5 (@ 0% T (R () - Nk (i @ ) ()]

x (I IPE Wik 172 + E[1@x(8)42)
—o(N7),

where we use Lemmas [77 and [30] in the last line.
Noticing that (E<j — Egk_l)[s,(cj\g)] = 0, by Lemma [70| and Jensen’s inequality,

N
EHZ Ecip —E<pe 1)[6,(C 1)+5(N)+5(N)+5(N)+€(N)” ]
k=1

Bl - Bec oY + 9 + 3 + oY)

19+ 1t7-

83" (B[|(Bap 1 [<£9] 1] + B[ Bei V] )

1 j=1

IA
W

SlGZE[Isﬁ)I2+|€ﬁVz)|2+| bo |-+ [0 1°] = o(0).
k=1
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As announced at the beginning of the section, the strategy is now to apply Theorem [72] to
(V) 9 A
AP = By = = Tr(Wanm + @i (ze11 = 70)) Rz = 0))]

= (E<t —E<p_1) [ — % Tr(Wiryt + ®r(zenr — o)) Ry (ze11 — ’)’0))]

7.2. Verification of Lyapounov condition. To check condition , one first uses Markov inequality
to get, for p € (2,4(1+¢)) :

N
_ N
Le.N) <73 IATY 1.
k=1
It is therefore sufficient to prove that

(41) 1AM L = O(N~3).

By Jensen’s and triangular inequalities, for 1 < k < N,

0
|A N)”LP = HE<k — Tr(Wiryt + ®x(zenn — 7)) Ri(zern — 70))]‘ i

0z
< H ”_[‘r(&d)k(zeu - '70))Rk(2611 - 7))

Lp

Ri(ze11 — 7))

0
+ H TI‘((Wkk’)’l + q)k(zell - 70))&

Lp

< mHRk ze1r — Yo HH ‘I)k(zen =) 1

+m|| Rk (ze11 — 0 ||(||Wkk||LP||’Yl|| + ||‘I’k Z€11 =70 HLP)

One deduces by using (15| , , Lemmas [23] ﬁ ﬁ 77| and 43 @

7.3. Convergence of the hook process. By bilinearity, the verification of conditions and is
equivalent to the convergence in probability of the hook process:

w(e1,22) Zm [Bi 5 Tr((Waan + BB Ru(B)] B2 [ Tr((Wimn + @4(32) e (32))]]

B1 = z1€11 — Y0, P2 = 22€11 — Y0, 21,22 € C\ R.
Proposition 46. For all z1,20 € C\ R

I (21, 22) N_>—+>OO ['(21,22)

in probability, where
82

82’182 ( 1722)’

F(Zl722)
’7(217 22) =-Tr@Tr {IOg [idm ®idm — 0—2T{z1611—'yg,zQ611—'yo}] (Im Y Im)}
- Tr®Tr{10g [idm @ idm — 0T (2 6110, 22e11 -0} ] (Im @ In) }
+ (02 - U - 9) Tr@Tr{T{Zleu —70,%2€11— ’YO}( ® 1 )}
+r/2Tr® Tr{T{21611—70722@11—’YO}(Im ® 1)}

In what follows, we focus on the convergence in probability of

(19) en ) = 3 B Bk [ Tr((Wikns + 4(80) Re (1) E<i [ Tr(Wiks + i(82)) Re(82))] |-
k=1
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This will be enough to establish the convergence of the hook process, as explained in Subsection [7.3.5]
Using the independence of ®j, and Wy, one can easily see that

N

ZEgk—1 []Egk [ Te(Wirmt + @x(81)) Rie(81)) [ E< [ Tr(Wikya + ‘I’k(ﬂz))ﬁk(ﬁz))]}

k=1
(43)

N
= 512\12 r(v1 R (B1)) Tr(v1 Re(B2)) +ZE<k 1[TY(E<k[@k(ﬂl)]Rk(ﬂl))Tr(]E<k[q’k(52)]Rk(52))}
k=

k=1
Thus, by Lemma [20]

(44)  An(z1,22) = 6% Y Tr(y1Ri(B1)) Tr(v1 Ri(B2))

M= 11

4
+O'N

> T (ME<[RS (B0l Rr(8) Tr (nE<u R (52)]y1 Re(52) )
i,j<k

k=1

N
10812 Y0 Y T (BB (B Ru(8)) Tr (nE<i R (82)vFn(52))

k=14,j<k
al N
w30 DT (B [RE (B Bu(81)) T (NE<k[RE (Bl Be(B2)) + e,
k=1 i<k Pt

where

€k
Z N—>+oo

k=1
Therefore, what remains to study is the sum of four terms. They will be studied separately in the
following paragraphs. The first and the fourth terms are studied very easily, whereas the second and
third ones need quite long computations, making repeated use of linear algebra properties which were
collected in Section [l These second and third terms are very similar.

7.3.1. Contribution of the first term of ,

Lemma 47. Define f(w,t) := Tr(y1(w —ty2) 1) forw € M,,,(C),t € R such that w — t~y, is invertible in
M, (C). Then

[ #n (B 00 B). v @) [ f(@). 0 () Do)

Proof.
| [ Hew(0).0) £ (8. Owtt) = [ Fe(81). F @w(52). Ow(a)|
R R

= | [ Flon(80).0) o (B2).1) = F(B). O ((Ba) o ()
+ [ £ 0 @(Ba). D o(dt) = v(a)]

< [ [Fon (0.0 @on(82).0) = Fle82).0)£Be). ) )
+] [ o). 05w5) D) - i)

R
< sup [ (B0, 0F (n (B2).1) — F@(B1).O)F w(B2), D)

tesupp(vn)

+‘/Rf(w(ﬂl),t)f(w(ﬂz),t)[yN(dt)_y(dt”‘_

The first summand tends to zero as N — oo by (, Lemma and) Lemma and the second
summand tends to zero according to the hypothesis that vy weakly converges to v, the function ¢t —
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fw(B1),t)f(w(B2),t) being bounded continuous on a compact set containing the supports of all vy, N € N
(by Lemma [18)). O

Hence, since N~ S0 Tr(y1 Ri(61)) Tr(y1 Ry (B2)) = Jo fwn(B1),t) f(wn(B2), )vn(dt) (see (BI)), it
follows that

N
5% Y Tr(v1 R (B1)) Tr(y1 Bi(B2)) Noae &2Af(w(ﬂl)vt)f(w(ﬂ2)at)y(dt)'
k=1

7.3.2. Contribution of the second term of . Denote by T k¢ (21, 22) the operator defined on M, (C)®
M;(C) by

T ki(21,22) (b1 @ ba) = N™1 Y~ Ri(z1en — v0)mbi ® bomi Ri(z0e11 — 70)
i<k
+ N7 %Ry (z1€11 — 70)71b1 ® bay1 Ry (22€11 — 70).

The key idea is to note that this second term can be rewritten as follows

UNZ > Tr(nE<[R (ﬂ1)h1Rk(ﬂ1)) (71E<k[ ) (B2)]y1 B (52))

k=114,j<k
= NO']2V Tr @ Tr T (21, 22) (Vi),

where, for any k € {1,..., N},
Vi=0% > E<i[RE (801 © nE<k[RY (B2)] € Min(C) ® M,y (C)
ij<k
satisfies the approximate equation
Vi = NoxTnro(z1,22) L @ L + Vi) +o0r1(1).
In order to deduce an estimate of V, we need to study the spectral radius of T 1, 0(21, 22)-

Proposition 48. For any z € C\ R, there exists K(z) € (0,1) such that for all large N, for any
ke {l,...,N}, for any t € [0;1], the spectral radius of No%Tn (2, %) is smaller than K(z).

Proof. According to Corollary we know that one may find K(z) € (0,1) such that, for large N € N,
the spectral radius of No%, T (z, z) is smaller than K (z). Now, note that for any choice of k € {1,..., N}
and ¢ € [0;1], the operator Ty ¢(z, Z) satisfies T x1(2, 2) < TN(Z z). Thus, by Lemma [68] the Spectral
radius of NoX T (2, %) is smaller than K(z) for large N. Corollary |48 . 8| follows. O

Lemma 49. Around any z; € C\ R, there is an open set O,, such that, for z € O,,, for N > N,,,
for any k < N, for any t € [0,1], the spectrum of the operator No%Tn k.t(2,71) : M (C) @ M, (C) —
M, (C) ® My, (C) is included in the open unit disk and {(id,, ® idym, — NoXTn k1(2,21)) ", 2 € Oy, N >
N..,k < N,t€]0,1]} is bounded.

Without loss of generality, one may assume that z € O,, satisfy Zz > c¢Zz; for some ¢ > 0.

Proof. By , {Tnrt(z1,21), N € Nk < N,t € [0,1]} is included in a centered ball with some radius
r,, in M,,1(C). Moreover, by and Lemma (3] the family of functions {z — Ty k(z,21), N € N,k <
N,t € [0,1]} is equicontinuous on any compact set of C\ R. Therefore, the assertions easily follow from
Proposition [§ by using the uniform continuity of the spectral radius and of the norm on compact sets
of M,,4(C) and Lemma O

Proposition 50. Fizz; € C\R and z € O, (defined in Lemma@). Set = ze11—y and B = Z1e11—Yo
in M,,(C). The following convergence holds in probability:

oNZ 3" T(nE<k R (8)lnRi(8) Tr(mE<k[RY (81 R (57))

k=114,j<k
—No+too TY@Tr{log[ld ®idy, — o T{Bﬁ}]( R Iy, )}
-0 Tr®Tr{T{Bﬁ}( ® I )}
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Proof. Define for any k € {1,..., N},

(45) Vi=0% 3 B[R (8)1 @ nE<k R (8])] € Min(C) © M (C).
i,7<k

Note that

N
o Z 3" T(nE<k[RY (8)nRi(8) Tr(mE<k[RY (8)m Rk (7))

=114,j<k
(46) = NoX Tr®@ Tr Tv k.0(2, 21) (V).

Lemma 51. With the notation of Proposition [50,

Vi=0% Y Ri(B)m @Bk 1 (R (B1))

i<k

+ok Y. WilRi(ﬁ)%Egk—l(Rz(fil)(ﬂ))% ®71]E5k71(R§]f)(¢3f))+ 0% (1).
i,7,l<k

Proof. By definition of R(*)(B), for all i, j # k,

(81— Dii’Yz)Rz(»f)(ﬁ) =0ijlm + Z Wil'YlRl(f)(ﬂ)'
12k

We want to remove the dependence between Wy; and R(*) (8), using @:

(B - Diwg)REf)(ﬂ) = il + Z {W”%R(ku)(ﬁ)
I#k

+ (1= 38u) (Wan RIEO BB (8) + WalPn RGBS (8)) }.
Hence, noticing that
N
Y R(B) =idn @ TN((B@ 14— 71 @ sy —72@ Dy) ),
=1

we can deduce that

(WN (ﬁ) - Du’}/Z)R(k) (/6) — (S”I + Z Wll'YlR(kZl) (6)

I#£k
+ 31 = L) WEn RV (B3 R (8)
I#£k
+ 3711 = 25 WP R (B)n — o3 B(8))m ] R (8)
1#£k

— A B (BRI (8),

and
R (B) = 6 () + ; WaRi(B)n R ™ (8)
+ l}; S)W3R(B)m R (BB (8)
(47) + ;Rz—(m[ L)W Pn R () — ok Ru(B)m] R (8)

— o2 R BBy BV (8).
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Therefore, for i, j < k,

Egk—l(RE )(5))71 @11 E<p— 1(3(1?)(5*))

= 6;;Ri(B)71 @ E<k_1 ( R( )+ Z WauRi(5 1Egk71(R§fil)(ﬁ))V1 ® 71E§k71(R§]:)(31*))
1<k
15\ P (Kil) (k) o
+ (1= 36u)Ri(B)1E<k—1 (W R (Bi)m (5))71 ® 71Egk—1(Rji (B1))
1k

Ri(@nBsi ([(1 = 30)Wal® = o3 ] BB RS (8) )1 © 1Bk (RS (87))

l;ék
+ 3 RiBmE<i (1= 30) Wa 2[RI (8) = RuB)] 1R (8)) 1 @ B (R (8]))
12k
— 0% Ri(B)nRr(B)nE<k— 1(3(1?)(5))71 @ 1lE<p— 1(R;§)(5T))
= 0, Ri(B)n ® nE<i—1 (RS ji '(87) + > WaRi( 5)71E§k—1(Rl(fﬂ)(ﬁ))% ® ’hEgk—l(Ry;)(ﬁf))

<k
-+ Ik,i,j —+ IIk%j + IIIk,i,j + IVk,i,j~

We are going to prove that the contribution of the last four terms of the right-hand side is negligible. We
have

ok Y Teiglle <ox Y 1D Trijliee

1,j<k i<k j<k

with

1Y Txigll7e
j<k
A kil k ) pyy (12
= E(H 22(1 — 300) Ri(B)ME<k—1 (W3 R( ’ )(5)’71Rl(j)(ﬂ))71 ® 1E<r—1 (R§i)(51)) | )
j<k ik
Using the fact that for any matrices A, B and X, we have

(48) vec[AXB] = (BT ® A) vecX

where veeX = (X11,. s Xty oo s Ximy -« - s Xmm)T, and that there exist permutation matrices P and @
such that for any matrices A, B,

A® B =P(B®A)Q

(see [HJ91l, Chapter 4]), we have

| 300~ 36) Bu(BmE<ies WERLD (B B (8) 1 @ nE<ucs (B (8)|

<k l#k

= HZZ’YlE<k 1 R( D(B0)) X7

XeM Ik j<k
Tr(XX* )71

x Ecio (BO(B)) (R&D (8) )1 = S0)Wi )T Ru(8)"])
Now, for any X € M,,(C) such that Tr(X X*) = 1, denoting by P the orthogonal projection onto the

subspace generated by the first & — 1 vectors of the canonical basis of CY~! and using Lemma [17, Lemma
and Lemma [5] we have the following inequalities where C(z1) denotes a positive constant depending
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on z; and m which may vary from line to line,

| 2 B (B (51) XAT Ermn (P (B ) RED (BT )1 = ) WE 2T (8|

Ik j<k

- HZ%E% 1(ZE<k LR (81) X! (RW (8)T) 5 (R*D(8)T)au(1 — %5il)Wi2z)71Tﬁi(5)T

HS

I#£k
< Il Y Eci 1(HZE<k (B (50) XAT (RO (B)T) (R (8)Ta| (1 = o) W)
14k
S LICIR P
= Il Y B (|| [E<n (OCRD (5) (X7 @ PYRD ()] (RED(31)7)a| (1~ 48) W)
1#£k
X Ri(ﬂ)THHS

2\ 1/2
J)

(S NAEE P b))

£k
< C() I lPEh 1 { [E<i1 (ORM (87)) (X7 & P)RW(3)T |

< (S IAE @l - sonwart) )

ClenlmlPE<e{ (2 || [E<ir (OR®B1) (XA @ PYRY ()"
£k

1#k

SC’(Zl)Egk—1{Egk_1( (\I |7|| (k)”)) (ﬁ’nwz(vk)”)
< (D QU IS - dariwalt)
I#k

where © denotes the partial transpose map on M,, (C)@ My (C), defined by ©(}", Ax®@By) := >, Ax®@B]
and we use Proposition Hence

I3 Besallts < O SO E (B ([ WD) (@ W)@y I 1)°

j<k 14k
x (1= 36u)%(Wal')

<C) Y (B ([Q <|I T IR+ 200)] )[Q(|I| W™ +203)]°
I#£k

QU W (1= o) i)

= C(e1) Y B(E<e ([ |,||W<k’l>||+2aN)] )[Q(|I WA+ 20)]
1#k

XQ(W WD) (1 = $6u) B(Wal*)

< Ce) Y E (it (@ W] + 40 )[Q(m [Wa| + a0n)]°
I#£k

x Qg Wil +26%)%) (1= $8a) B(Wal")

|I

< C(a1) Y (1= 50a) E(Wal).

1k
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where we use Proposition [7§]in the last line. Thus,

1/2
lok > Tragllee < Cok Y {STB(IWal')} T < Cla)NoR (035% + (N —2)ma) /2 = O(N1/2),

i<k i<k = I£k
Now, similarly, using again (48]),

loX > Hraglliez < 0% Y IE€GK) L2

i,j<k i<k
where
Eik)= s [nEari{[Ece1(ORDB)) (XA @ PIRO(B)7T] AT (Ru(8)"
X €M, (C) "
Tr(X X*)=1

% (Z[(l - %5il)|Wil|2 — 012\,]) }71 R; (mTH

H
£k o

< I IPE<r-1{|[E<ier (0RO (8)) (XoT @ PYRD(8)]

>I0 = daw)Wal® - %]}

£k
|| (Ba(B8)T]][| R (B)

%

T
) s
1 k
< OB {Esin (@7 WD) <|I IR 3210 = gaiwal — o3|}

I#k

Hence, using Holder’s inequality and Proposition we obtain that

4\ 1/4
o3 > Hrglle < Cok SB(] D10 = da)Wal® = o3| ) = o(1),

i<k i<k 1k

where, in the last equality, we use that, uniformly in ¢ and [,

1
E([(1 = 50u) Wi, P = 0]) = 8, O(L/N),
and for p = 2, 3,4,
p
E({I0 = 360 Wir, P = 0% }") = o(1/N),

Similarly, using again ,

1Y Il
i<k
< sup mlPRi(8)"
X €M, (C)
Tr(XX*)=1

X Ecp— 1{H[E<k 1(© (R™) (B))) (X7 @ P)R R®(p }

lrrs

dit |Wzl| AzlkH}

3

l;ék

1 1
< Cen) Bk {Esis (QUz WD)y 1WAV 3201 = Sl Wl HAM
14k

|Z=



FLUCTUATIONS OF THE STIELTJES TRANSFORM OF ESD OF SELFADJOINT POLYNOMIALS
A = pkiD -
where Ay, = Ry, (8) — Ry()). Thus,

111751,

i<k

< C(Zl)E{ESk—l (QQ(II |’||W(k)||))Q2(|I |,||W(k)||)
1
X 3 (0= g8 WalP (1= S W Pl AT | A
LU #k
1 1
Clen 2 {E (B (@7 ||W}V’“>||>)Q2<@,HWJ$>H) [T Pag ]}

1 2 1 24\ 1 /4
x {B((1 = 300 IWa (1= Sou) War7) |,
where q=1+candp ' +¢ ! =1 and readily yield that

[B((— 36wt — oayiwa )} = o(v-2)

39

uniformly in 4, 1,1 so that || >0, I11x ||z, = o(1) uniformly in 4, k by using Remarkand Proposition

Therefore

Ha?v DRIy

ij<k

‘Lz =o(1).
Finally, similarly,

1> Wiis| <ok swp |
i<k XEM,(C)
Tr(X X*)=1

% || [E<i-1 (0RDB) (X3T @ P)E<1 (RV (5)7)]
SC(Zl)UJQV]Egk—l(R(k)(ﬁ*))E <k— 1(R(k)(ﬂ))
scul)amgkq(m'z D) B (@ <|I SIWATD),

so that by using Proposition |78} || .

i<k
loX D Wiislle Sox DI IVeijlle = O(N Y.
1,j<k i<k j<k
Lemma [51] readily follows.

: (ﬁ)HHék(ﬁ)THHS

it

IViijlle2 = O(o%). Thus

Lemma 52. With the notation of Proposition [50,
Vi = NoxTnko(2 21) Im @ Ly + Vi) +op:(1).
Proof. Let us consider the second term of the right hand side of Lemma Using @[), we have

o Z Wi Ri(B)1E <1 (Rl(f )(ﬁ)) Y1 ®V1E<k1 (R§’f)(ﬁi‘))

i,7,0<k
(49) = 012\, Z WilRi(,B)’Y1Egk_1 (Rl(j’?il)(ﬁ» 1 @By ( Iml)(ﬁl))
i,5,0<k
(50) +ok > (1= $a)WAR(BIME<k[REY (B)v @ mE<i RS (B RS (87))
1,5,l<k
(51) +ok > (= $6)WalPRi(BImE<i RV (8)y1 @ mE<[RG™ (B RE (85)).
1,5,l<k

Set
oy = Z%Egkq (Rl(fil)(ﬁ)) Y1 @ V1E<k1 (Rﬁ-?il)(ﬁf)) .

j<k
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Note that oy and W;; are independent. Let us consider the L? norm of the term :

ok > WaRi(B)aalle < 0% Y IR(BIID L Wael 2

i<k I<k i<k I<k

(52) g012\,@(|Iz|’1,||DN||,N1/20N)Z{ S E(WalWar Traila;"l,)}
i<k I<k,l'<k

1/2

by using ([15). First,

S R (Wal* Trauey) =Y B ([Wal*) E(Tr aioj)
1<k <k

<m?ol Y E(laal?) + m*eRE (lawl?) -
I<k,l#i

Replacing R* by R®) yields the following.

= Z%]Egk—l (Rl(f) (8))n ® 71E§k—1(R§]f)(5f))

j<k

+ Z’YlEgk—1 (Rl(fil)(ﬂ) - Rgf) (B)1 © ME<k (Rﬁ’f”)(ﬂi‘))
j<k

+ > nE<k 1 (R (8)n @ nE<k 1 (RGV(8]) - B (5]))
j<k

=TIy + 11+ 111;.

Set A(k) = (1 ® Iy-1)R® (B)m ® In_1, B(k,il) = m ® In-1E<py (R¥D(57) — R®(57)) , and
O =3, Alk)s; ® B(k, i, 1) 1. By Lemma we obtain [|CUY || < |[A(K)|[||B(k,4,1)| so that, choosing
s =1 and t =i, we have

IIITa|l < (I )PE<i-1 (QUWnN I, 1Z21™)) E<kor (JIRFD(87) — R®(BY)]])
< l*onE<k—1 (QUIWNI T2 ™)) E<k—1 (QUWN I, [Z21]71)),

where we use the resolvent identity and Lemma [5| Similarly,
1 Zall < [ l*onE<i—1 (QUIWNIL IZ21™Y) E<pmr (QUIWNI, IZ20]71) -
Thus, using Proposition we obtain
E (|11a]* + [HIIal?) = O(63).

Now, set B(k) = © In_1E<r—1 (R¥)(52)) and Cyp = 3, A(k)s; © B(k);e. By Lemma

(Sed?)” < lawse)

1#£k
that is
N
SOl < Bk (IROB)I2) E<ior (IRS(85)]2)
I+£k

It readily follows by Remarkthat >k Ellea|? = O(N63,) + O(1) = O(N6%,) and then that

ZE (IWal? Tr aiegy) = O(6%),
1<k

uniformly in k.
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It remains to control the sum of the cross terms E[WilmTr(auau/*)], 140, i <k1<kIl' <k Let
us I’ep]ace R(kil/) and R(kil) by R(kil/il):

= Z’YlEgk—1 (Rl(fim/)(ﬂ)) Y1 @ y1E<r_1 (R;l;“il,)(ﬁik))

i<k

+ Z’Y1E<k 1 ( (W)(ﬂ) - Rl(fml )(/3)) Y1 @ N1E<k—1 ( Uﬂl)(m))
i<k

+ Z’YlEgk—l (Rl(fil“ )(5)) N @1E<k—1 (Rg'];il)(ﬂik) - R,g'lfilil )(ﬂik))
i<k

= agu + Bar + va -

Note that, due to independence properties, the sum vanishes when «; is replaced by a;;r or when oy is
replaced by «;r. It remains to control the four error terms:

E[WuWir Tr(Baw Bart™)], EIWa Wi Te(Bawvar™)], EIWu Wiy Tr(vaw Bun™)] and E[Wy Wiy Tr(yarvar ™))
([©) yields (note that we can remove one E<j,_1):
. 1
E[WaWi Tr(Baw Bun ™)) = (1 — 36a)(1 — *51'1/)
[|W | \i% |2T E R(kzlzl) R(kil) E R(kil) *
il il | ATy B<k-1\ 71 (B)m Z 1 (B @ E<k ji (B7)

j<k

(53) x (nRE V@ S RS Bm e 1B (REV60)) ]

i<k

E[WAIWar 2 Tr {nEcrs (Rl‘f““”w)vl S RED(B)m @ mBa RV (57))

j<k
1 « (R p Zﬁ @ e B BV )
7'<
B[ IWalWa” T {1 RS (8 ZkR( D (B ® v E<k-1[RED (87)]
i<
(55) <V1E<k 1( (kll Zl) ZICR( l) B ® nE<k— 1[3( Zl)(ﬁf)])])*}
<
+E{W5W7w2 Tr {’YlEgkfl(Rl(lk’m” ] Z]CR(M )11 @ nE<k-1[R kd)(ﬂﬂ])
1<
(56) (a0 B 3 R G e ez 0601) )]}
7j'<

Using Lemmas [65] and [f] there exist polynomials Q1 and @2 such that

[ 32857 3 © B (R 30) | < b P@u Wl 2B cs (@1l 2.

Thus, using Holder’s inequality and Proposition the sum over [ # I’ of can be bounded as follows:

1 ilil i
> - touy - 251-1/){E[|Wu|2ww|2 Te { Bt (BE (B 3 RED B)m @ m

1AV <k

x B (R B0) ) (0 R B0 3 B By © B (B (81))" ]|

i<k
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(kildl”) Kil'dl
O Y EIWal Wl B (1R (8)12)E<ems (IR B )112

1AL
N2 BB (IR (9)2 ) Bkt (IR (8)]2)]/2 by independence
£l
< 0() (N2 S EfE<ic (IBE(8)12) B (1B 3)2)1)

1AL
by concavity of z — z/2

< 0(1) (N~ Y BfE<ia (IR (B)ull)B<ir (IRP B)i]] + O6w))

LU
by @ Lemmas |5| and Proposition

<OM)(NZE[(Y _E<k—1(|RM (B)1i]*))%] + O(6x))"/?
l

< O(1)(NE[(E<i1(|B® (B)[2))%] + O(3))? by Lemma 57
< O(1)(O(N2) + 0(6x )2 = O(5)/?) using Remark 23]
uniformly in k. The sums over [ and I’ of the three other terms , and can be treated
similarly: they are of order O(dy), uniformly in k.
Using again the resolvent identity and very similar computations, the sums over [ and I’ of the other
three error terms E[W;; W Tr By virr*], E[WuWir Tr v Bari ™| and E[W Wi Tr v var*] are proved to
be of order O(1/dx), uniformly in k. As a consequence, from we can deduce that the first term

Y Wizﬁi(ﬂ)wﬁgk—l(R(k”)(ﬂ)u)% ®NE<r1 (R(k”)(ﬁf)ji> =o0r2(1)
i,5,l<k

uniformly in k.
The L? norm of the second term is bounded by

SR NRB) 1]
) 211/2
x SB[ 30— L) WalPE<kll Y E<klRED(B)hn @ mBE (80 I MR 80l ]
i<k 1<k j<k

and then, using Jensen’s inequality (with respect to E<j_1) and Cauchy-Schwarz inequality (with respect
to the l-sum), by

kzl kil)
X NROmI? Y B Wal'll Y E<il R (Bl @ mBRED (BDIP Y IR (817172
i<k I<k j<k 1<k
From Lemma and Lemma and then Lemma [5| one can deduce the following bounds of the L?

norm of :

R NRB) I l* DED IWal IE<k[RED (B)IFIRED (87121 R® (85) 1%/

i<k <k
> i i * k _
< oN RO l* D ED  IWal* [E<k[R*D ()] | R* DBOIPQUW | Tz~
i<k <k

< oIRGB It

) X ; /
xS LS E(Wal E(IE< B )P IRED (3P IW S + 26w 122217)?) }

i<k I<k

< R RE I 1* 32 { S BWalJE([E<i@a(IWi .o [T~ PQa (W v (221 ™) }

i<k I<k
=012,

where we use Lemma[17] Lemmas[77]and [7§]in the last line. Let us consider the last term (51]). Replacing
successively (1—38u)|Wal?, R (87), Ry (8), Ry,™ (87) by o, Ri(BY), R} (B), Ry (B7), this last term
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can be written as follows:

ok > (1= $5)Wal? Ri(BInE<k RV (B)1v © mE<i[RG™ (B1)m R (87))

i,7,0<k
= oy E;k 'ﬂE<kRékﬁﬂ71®7ﬂ&Q{ B Ri(B7)
4,7,0<
+o% Z 8i)Wal? — o3 Ri(B)mE<i[Ri: ™ (8)lm @ nE<k [RGBy R (7))
7,7,0<
+ok Z ME<k[REV(B)m @ nE<k[R™ (B0 (R (B7) — Ri(B7))]
2,7,l<
+ok Z BmE<i[RF™ (8) — RY (8)Im @ mE<i[RY™ (89 Ri(B5)
1,7,l<k
+ok Z Ri(BmME<k[RY (8)m © nE<[RY™ (87) — R (B Ri(87)
1,5,l<k

= NoXTnro(22) (Vi) + b + 9 + g+,

By triangular inequality, Jensen’s inequality and Cauchy-Schwarz inequality, the L' norm of term h(N)
can be bounded as follows:

N A
1Ry < o2 1 RB Il
<IN = Lo Wal? = 03) > E<[RFD(8)51m @ mRY™ (B IR (B

i<k I<k i<k

< o% BBl
OIS = Fa)Wal? = 0%) Y E<k [RED ()] @ nRG™ (B1)mll21RY (7)1l

i<k 1<k i<k
<X IRB) ]
< RO A2 Y B (1 = $6) Wil = 0%) Y E<k [RED(8)]m @ nRG™ (87)ml[2]1?
i<k <k i<k

(57) =00y,
if one may prove that

(58)  E[ID_((1 = ) Wal* = 03) Y E<k[RED(B)lm @ mRY ™ (B [3rs] = O0w),

i<k <k

uniformly in 4, k, using also Remark 22 and Lemma
Develop the Hilbert-Schmidt norm of the [-sum: the sum of “squares" is bounded by
i kil) ; o
mmy = o%) Y B[l Y B[RO (B)ylm @ nRG (3)ml?]

I<k,l#i j<k

1 B B . kii
+m(30%5% — o% 5% + oAE[I D B R&D(B)ighn @ RS (81)m ]
j<k

which is O(N 1), uniformly in i, k, using Lemma [65{ and Remark
It remains to control the sum of the cross terms

1
E[((1 = 36:)[Wal* = o) (1 = S0u)[War[* = o3)(Cil, Cil)l,
where Cff = 3. E<i[R™ ()11 ® R (B7)n and (A, B) = Tr AB*. Define

Clillil Z E<k kzlzl ) )]'Y ® ’le (kilil") (61)
i<k
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Note that by Lemma [65]
ICH < I PE<&[IRED B IR (7)1,
ICHY | < ImIPE<i[IIR* (B[] REH(87)])
Observe that, by independence, since at least one of [,1’ # 1,
1
[E[((1 = 30)[Wal* = 0% ) (1 = 50a) [ Wi [* — o a(Cit, Cil)])
1 ilil’ vilil!

= [E[((1 = 50u)|Wal* — o%)((1 — *5iz')IWiz/|2 — oG, i) = (Ci™ G|

< E[|(1 = $60)[Wal® - o%[*]/E[|I(1 - *5zz/)|sz'\2 — o P1VPR(CH, Cily) — (CHY, Gl P,
Now, from @D,
(59) [R*D(8) = R¥()|| < 265 [ ]| [[REO(B) ]| | R* (8))

Thus, using Cauchy-Schwarz inequality and Lemma [64] one can easily obtain that

(oo

SO(5N)(Egk[HR(k”)(ﬁ)||2||R(k”il) ||) ||R(kzl ol

a9/ 1/ . sy -7/
+0(6w) (E<k [IR*H(8)[12]) | RED (81 || R4 (8]
Then Remark 22 readily implies that
E[[(CHl, Cih) — (G, G 1M = O (dw)

uniformly in ¢, k, 1,1 and then that E[((1—36;)|W|*—0% ) (1= 36 )| Wir|*— o )(C}l, Cih) = O(6nN~2)
uniformly in 4, k,1,1’. There are less than N? such cross terms. Therefore, and then (57) are true.
The L' norm of p,(CN) can be bounded as follows (using , Lemma Remarks [34] and

o1 < ok ST 1RO NI IENNY . E<[RED (8)m @ mRE™V (B IIRE (87) — Ri(B1)]

i<k j<k
k * 1 *
= O(Nok D_E[IRE (87) - Ri(B)IIP)7) = o(1)
i<k
uniformly in k.

Using Lemma [65] and (9)),

| S EklRG™ (8)- RO B)hn @ RS (87)
i<k

< ImIPIE<e— [RED(8) = RW (B[RS (81

< 265 [ mIPE<k—1 [I RV (B IIRP (B TIRFD (85)])-

Hence, using Remark the L' norm of q,(CN) is O(0x), uniformly in k. Similarly, the L' norm of T](CN) is
O(dn), uniformly in k. Thus, we have established that is equal to NoX T x.0(2,21) (Vi) +or:(1).
Since moreover we also established that and are or1(1) uniformly in k, Lemma yields that

Vi=0% Y Ri(B)m @nEk (RS-“)(BI)) + NoXTnko(z 21) (Vi) + opr (1).
i<k
Lemma [52] readily follows by using Remark [34]
(]

Thus, for any z; € C\ R and z € O,, (see Lemma , setting 5 = ze11 — o and f7 = Z1e11 — o in
M,,(C), we obtain from Lemma [52] that

Vi = (idm @ idm — NoX Ty k0(2, 1)) (No% T k0(2, 1) (In ® L)) + 082 (1)
= I ® Iy + (i @ idy — NoZ T k0(2, 7)) (I @ L) + 052 (1).
Therefore,
NoXTn(2,21) (Vi) = —NoxTn(z,21) (Im @ L)
+ NoZ Ty (2 21) (idm @ idm — NoXTnko(221)) " (In ® L) + op1 (1).
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Thus from E the term under study in Proposition [50[ can be rewritten as follows

JNZ 37 Tr(nE<k[RY (B)n R () Te(nE<i[RY (87 Ri(85))

k=11i,5<k
N
= 7(712VZTI' (Rk( 71) Tr (’Yle By >+N Ika 0) 4 op(1),
k=1

where for ¢t € [0; 1], with the notations of Section

45

A . . _ w1 A
fk,k,N(t) - NU]QV Tr & Tr {Rk(ﬂ)’)/l & Im (ldm ® ldm - NUJQVTN,k,t(Z> Zl)) (Im & Im) Im ® flek(ﬂl )] .
The first term can be analysed as in Section The second term can be analysed as follows: for any

t € [0;1],
Jrre,N(t) = frr,n(0)
=tNoy Tr®Tr [ék(ﬂ)w ® Ly (idp @ idy, — NoX Ty (2, 51))_11%1«(5)% ® I,

x (idp ® idm — NoX T k0(z, 51))_1(Im ® L) I @ 1 Re(BY), In @ 71 Ri(B7) |-

It readily follows from Lemma [17]and Lemma [49] that there exists some constant C'(z1) > 0 such that for

any t € [0,1],
ik, n () = fre, v (0)] < C(z1)Noy.
Integrating with respect to ¢t € [0, 1] and summing on & we obtain that

‘N kakN IZ/ Jrke, N (1) dt’<021 =o(1).

Now, set for k = 1,...,N,
A X 5 03 Re(B)11 ® I X Iy, @ 11 R (87),
By = NoxTn ko(z, 21),

and for any t € [0, 1],
+
gk(t) = 10g(idm ®id,, — By — tAk Z Bk + tAk

Note that fk K, N( ) N(TI‘(X)TI‘) [Ak(ldm ®id,, — By — tAk)_ ( m & Im)}
Lemma 53.

(Tr & Te) (gh () (I ® I;n)) = (Tr @ Tr) [— A (i @ iy, — Br — tAR) " (I ® In)] -

Proof. First observe that T — Tr® Tr(T(I,, ® I,,)) is a trace on the algebra generated by A, ...

(to which belong By, ..., By). Note that

[e%s) lpfl
== (Br + tAR) A(B + t AP
p:lpzzo
Hence

0o p—1
T‘r@’I‘r[g;C(t)(Im & Im)] = - Z - Z T1“® Tr[(Bk + tAk)iAk(Bk + tAkr)p_l_i(Im & Im)]
p=1 0

oo 1]) 1
:_Z Tr @ Tr[Ag(By + tAL)P (I, @ I,)]
lp 0
p= =
= - Tr®Tr [ZAk(Bk AP (L ® Im)}
p=0
= Tr @ Tr [~ Ag(idy, ® idy, — B — tAr) " (I ® In)] -

aAN
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Lemma [53] readily implies that

/1(Tr®T&r) [—Ay(idy, ® idy, — By — tAr) " (I ® Iy)] dt
0
= (Tr® Tr) [log(idy, ® idp — B — Ag)(In ® Iy)] — (Tr @ Tr) [log(idym ® idm — Bi) (I ® Iy)] -

Therefore, noticing that Byy1 = Ay + By, we obtain that

N 1
N-1 Z/ Fepn (t)dt = (Tr @ Tr) [log (idm @ idy, — No%Tn(2,71)) (I @ Im)] -
_ 0

Lemma 54. For any $1 = z1e11 — 0,21 € C\ R and any B2 = z2e11 — Y0, 22 € C\ R, we have
lim (Tr ® Tr)[log (idy ® idm—Nox T (21, 22)) (Im @ In)]
N —o00
= (Tr®@Tr) [log (idm @ idym — 0° Ty, g,3) (T © Inm)] -
Proof. For any a ® v € M,,(C) ® M,,(C), we have

[No%Tn(21,22)] (o ®v)
(60)
= No} (idm2 @ 73) [(wn (B1) ®1 =72 @ D) (e ® 1)@ [(vn @ 1) (wn(B2) ®1 =92 @ Dy) '],

where by (id,,2 ® 7n) we mean that 7 is applied entrywise to the matrix belonging to M,z (C*(Dy)) ~
M,,(C*(Dpn)) @ M, (C*(Dy)) ~ M;,(C) @ C*(Dn) @ M,,(C) @ C*(Dy). Since (Dy)nen converges
in *-moments towards d, limy_, o No% = o2 and using Lemma we can easily deduce from
(using also Lemmas [17|and [18)) that for any 21, z in C \ R, the sequence of operators (No%Tn(21,22))n
converges in operator norm to O’QT{gl’fb}. We know by Corollary that there exists 0 < ¢y < 1
such limsupy_, oo p(NoXTn(z1,22) < 1 — €o. Thanks to the Cauchy formula, for all 2 € C such that

lz| < 1—eo/2, for any k > 0, 2* = 7 f\wl l—co/2 oo wdw Therefore, using the holomorphic functional
calculus, we have for all large N,

1

— wF (wid,, @ idy, — Noy Ty (21, 22))~ dw,
20T Jw)=1-¢o /2

Vi >0, (NodTy(z1,2))" =

and therefore

Vk >0, ||(N012VTN(21, zg))kH < sup ||(wid,, ® id,, — NJ?VTN(zl,Zg))_lﬂ(l — 60/2)k+1.

Jw|=1—€0/2
Now, using Lemmas [17] and there exists C(m, eg) > 0 such that we have for all large N,

sup  |[(widy, ® id,, — NU]QVTN(zl, 22)>_1|| < C(m,ep),
\w|=1—50/2

and thus
VE >0, [[(Nox T (21, 22))" || < Clm, eo)[[(1 — €0/2)" .

Therefore, using dominated convergence Theorem, it readily follows that

log [idm ®idy, — No% Ty (21, 22)} =— (No% Tn(z1, 22))’“

M8
=

1

»—\ﬁ

—Nordoo — Z (0T, )" =log [idm @ idm — 0*Ts, 53] -

Thus Proposition [50]is proved. O
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Proposition 55. For 81 = z1e11 — vo and By = zae11 — Yo, for any z1 € C\ R, z5 € C\ R, the following
convergence holds in probability:

N
o DD Tr(nE<k[R (1) Ri(81)) Te(nE<k RS (B2)] R (52))

k=114,j<k
(61) —Notoo —Tr @ Tr {log [idy, ® idm — 0°Ts, 1] (Im @ L) }
—o?Tr® Tr {T6, pr I ® Im) } -

Proof. Recall that a sequence (X n)n>1 of random variables converges in probability to a random variable
X if and only if, from any subsequence extracted from (Xn)n>1, one can further extract a subsubsequence
almost surely converging to X. We will use this criterion in the following argument.

Let C be as in Proposition If |Wy|| < C, there exists M > 0 such that for any k € {1,..., N},

HP(WI(\;C),D%))H < M. Let K > 0 be such that ||P(sy,Dn)| < K. Thus, for any z € R such that
|z2| > K, 214, — P(sn, Dy) is invertible and the, according to Lemma [4] ze1; ® 14, — Lp(sy, Dy) is
invertible.

Let us fix 27 € C\ R. We know, using , Lemma Remark and Proposition that by
Proposition [50} for any z € O.,,

N
S0 = iz Y Y TrmE<[RY (ze11 —70)]m Ri(zen —0))
k=1i,j<k

X TT(%ESJC[R;]:)(%GM —70)JmBe(z1€11 — 70))
converges in probability towards

fE)(z) = = Tr @ Tr {log [idm @ idm — 0*T ey, —v0.21enr—0}] (I @ Im) }
— P Tr@Tr [Tiaers—oz1e11 -0} Im @ In)] -

For N > 1, fJ(VZl) is an holomorphic function on C\ [— max(M, K); max(M, K)].

Fix an arbitrary subsequence extracted from (f J(VZ 1)) ~>1. By diagonal extraction from the convergence
in probability above, given a countable subset of uniqueness of O,,, one can extract a subsubsequence,

let us say ( fé,z(lj\),)) N>1, almost surely converging to f (=1) pointwise on this subset.

Using Lemmaand Lemma (fJ(VZ1))N21 is a bounded sequence in H(C\[— max(M, K); max(M, K)]).
We conclude by Vitali’s Theorem that almost surely ( féz(lj\),)) converges towards an holomorphic function
on C\ [- max(M, K); max(M, K)].

Note that f(*1) is holomorphic on C\R. Hence almost surely, for any z € C\R, féz(lj\),) (z) converges towards

f#1)(2). Therefore for any z € C\ R, f](\fl)(z) converges in probability towards f(**)(z). Proposition
readily follows since, by Proposition Remark 22| and Lemma ,

N
Lywalscyon O O Tr(nE<k[RY (ze11 — v0)m Re(zenn — )
k=14j<k

x Te(yE<k[RY (e — v0)n Re(Zren — 7)) = o (1).

7.3.3. Contribution of the third term of .

Proposition 56. Fizr z1,2z9 € C\R and set 1 = z1e11 —70 and B2 = z3e11 —70 in My, (C). The following
convergence holds in probability:

N
08123 S Te(nE<r[RY (871 Rie(B1)) Tr(mE<i[RLE (82)In Ri(B2))

k=1ij<k
SN poo —Tr @ Tr {log [idy, @ idm — 0T (5, g}] (I ® In) }
—0Tr® TT{T{BLBz}(Im ® Im)}
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The proof of Proposition [56]is very similar to the proof of Propositions [0 and 58] Therefore, we only
notice the main differences. Instead of (45), we define for any ke{l,...,N},

=108 > E<k[RY (B1)Jn1 © nE<k[RL (B2)] € Mo (C) @ My (C),
i,7<k
and note that

N
082 D" S Te(nE<[RLY (81)11 Ri(81) Tr(mE<k[RE (82))71 Ric(B2)

k=1i,j<k
= N‘9N| TI‘®TI'TN(21,ZQ)(@]€).
Sticking to the proof of Lemma [51] we can prove the following

Lemma 57.
Vi =10n]D Ri(Bi)n @ mE<k 1 (Rz('f) (52))
i<k
+ [On] Z Wi Ri(B1)71E<k—1 ( kll)(ﬂl)) 7 @1E<k—1 ( (52)) + 0L2)(1)'
1,5,0<k
We can also establish the following lemma which is an analog of Lemma [52]

Lemma 58. . 3
Vi = N|On|TN k0(21,22) (I @ Iy, + Vi) +or1(1).

The proof of the last lemma starts as the proof of Lemma [52] by writing
0] Z WaRi(B)1E<k_1 (Rl(;?“)(ﬂl))% ®@nE<r—1 (R,(»f)(ﬁz))

i,5,l<k

= [On] Z WilRi(ﬁl)%Egk—1(Rl(fﬂ)(ﬂl))’h ®71E§k—1(R§;‘€il)(ﬂQ))
4, l<k

+lonl > (1= 20 WER(BOME<k[R ™ (B1)Im @ nE<k[RE™ (B)n R} (82)]
i,5,l<k

+10n] D (1= 20) W PRi(BOME<k (R (Bl @ mE<k[RY™ (B)m RS (82).
1,7,l<k

But now, it is the second term (and note the third one) of the right-hand side that leads to a significant
term whereas the other ones are negligible:

O8] D (1= L6 WER(B)ME<k Ry (B1)]n © nE<k[RE™ (B2)n Ry} (B2)]

i,5,l<k
= 1081 Y Tnko(21,22) (Vi) + op (1).
i<k
The rest of the proof of Proposition [50] sticks to the proof of Propositions [50] and 55 using that 0 <
|0n| < 0% ensuring the invertibility of the involved operators.
7.3.4. Contribution of the fourth term of . To handle the fourth term, define

FD(w,a,y) = Tr (n(w —a72) ' m(w =) ™")
for w € M,,,(C), z,y € R such that w — zy2 and w — y, are invertible. Note that

N
S kn Y Te(nE<k[RE (8171 Ri(B1)) Te(vi E<i RS (B2))y1 Ric(B2))

k=1 i<k
=in Y, FPwn(B1), Dit, Dik) f (wn (B2), Disy D) + 11 + I,
1<i<k<N

where

Z kN Y Tr(nE<k (RS (B1) = Ri(B1))yi Be(B1) Tr(vE<k[RY (B2)1y1 Ri(8))

i<k
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and

Iy =Y kn Y Tr(mRi(B)nRe(B1)) Tr(y {E<k[RYY (B2) — Ri(B2))11 Ri(B2)).

k=1 i<k
Using (15)), Remark Remark [22] and Proposition we readily obtain that for any p > 1, ||I; +
L e —>Nﬁ+oo 0. Now, noticing that f)(w, z,y) = fM)(w,y, z) and using Lemma one can easily see
that

kv Y. FPwn(B), Diiy D) £ (wn (B2), Diiy Di)
1<i<k<N

7N21€N

2

Noteo 2 /R2 FO @B, 2, ) P (w(Ba), 2, 9) (v @ v)(x, )

/ f(l)(wN(ﬂ1)7xay)f(l)(wN(ﬂ2)7x7y)(VN & VN)(I,y) + O(Nil)

Therefore,
N

> rn Y Tr( (ME<i R (B))y1 R (B1)) Tr(mE<i R (B2)Im Ri(B2))

k=1 i<k

— g/ FD(w(B1), 2, y) f P (w(B2), 2, y) (v @ v)(,y) + op(1).
R2

7.3.5. Conclusion. We obtained that for any z1, 22 € (C\R)Q, YN (21, 22), defined in , converges in
probability towards (21, 22). As already observed in ,

N

(1, 2) = Y {5% Te(n R (81) T Ru(52)

k=1
+ B [Ece [ Tr(@0(80)) Re(81)| B [ Tr(@x(82)) B (82))] | }-

Let C be as in Proposition If |Wn| < C, then there exists M > 0 such that for any k €
{1,...,N}, [PWP DY)l < M. Let K > 0 be such that ||[P(zy,Dy)|| < K. Set 9n(z1,22) =
’YN(z1722)1{\|WN\|§C}- Fix z; € C\ R and set g](\, )( ) = An(z1,2), g¥(2) = 7(z1,2). Fix an arbi-

trary subsequence extracted from (gg\?l)) ~>1. By diagonal extraction from the convergence in probability

above, given a countable subset of C\ R, one can extract a subsubsequence, let us say ( gfl,z (1]2[)) N>1, almost
surely converging to g(*1) pointwise on this subset. Cauchy-Schwarz inequality (with respect to E<j and
then to the sum over k), , Lemmas [5| and readily yield that (g (zl)) is a bounded sequence in
H(C\ [~ max(M, K);max(M, K)]). We conclude by Vitali’s Theorem that almost surely (g\(;(ljz,)) con-
verges, uniformly on any compact set of C\ [— max(M, K); max(M, K)], towards an holomorphic function
on C\ [- max(M, K); max(M, K)].
Note that g(zl) is holomorphic on C\R. Hence almost surely, xS (1]1,) converges, uniformly on any compact
set of C\ [~ max(M, K); max(M, K )], towards ¢g(*). This implies that almost surely, = g,(ll(l) ) converges,
uniformly on any compact set of C\ [~ max (M, K); max(M, K)], towards L g (21) Thus, we obtain that
for any z1,z € (C\R)?, 6%25/1\; (21, 22) converges in probability towards 8@’7(2’1, 22).
Now, fix z5 € C\ R and set h(ZZ)( )= OZ An(2, 22), h%2)(2) = a‘z v(z, z2). The same procedure applied
o hgiz) as the one used for gN ) above yields that for any 21,22 € (C\ ]R) , 8Z16z2 An (21, 22) converges
in probability towards m'y(zl, 22).
Finally, v (21, 22) is bounded in L? so that by Lemma YN (21, 2) 1wy >0 = op(1). Proposition
follows.

8. TIGHTNESS OF {{n(2),2 € C\R}yen IN H(C\ R) AND CONCLUSION

For each N € N, &y 1 2 = Tr((zIy — P(Wn, Dy)™Y) — E[Tr((2Ixy — P(Wn, Dy))~1)] is a random
analytic function on C\R. Let K be a compact set in C\ R. According to Lemma there exists 6 > 0
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such that K5 C C\ R and for any r > 0,

lenle < (m8?)~! /i|fN<z>Vm<dz>.

Ks
Therefore
(62) E () < (r6%)~! /ﬁEugN(z)r)m(dz)
Ks
(63) < (m6%)" sup E (Ign (2)]") m(F5).
zeKs

In order to prove the tightness of {{éx}nen in H(C \ R), using Proposition and (63), it is
sufficient to prove that

(64) E([En(2)]) = O(1).
This will readily follows from the following

Proposition 59.
Var[Tr(Ry(2))] = O(1).

Proof. From the decomposition (0], apply Lemmato the martingale (E<j[Tr(zIy — Xn)"!])k>1 and

deduce that
N

VarlTr(2Iy = Xx) '] = 3 E[|(Bsk — Ep)[Tr(zIx — Xn) ][],
k=1
Recall from the preceding section that, setting 8 := ze1; — 7o,

Tr(zly — XN)71
= (Tr @ Tr)((e11 ® In_1)R¥(B))
+ Tr((en +7 ® G RED(B)m @ CL)(B = Wi = Dinya = 1 @ G RO (B)m @ ¢7) 7).

In the second term of the right-hand side, decompose

. . d
e+ 71 @ C*RED(8)y, @ O = (11 + 1 (idm ® 03 Tr)(RED (8))y1) — 55 0(6)

and
(B = Wirri—Drrye =11 ® Cz(ck)*R(k) Bm @ Cz(ck))_l
= Ri(8) + Bi(B) (Wit + Ui(B)) (B — Wikms — Diya — 11 ® C* RO (B), @ )1,
so that
Tr(zIy — Xn) ' = (Tr @ Tr) ((e11 ® In—1)R¥)(8))

A

72 (e + 7 (ide © 0% TYRED @) Re(8)) — Tr (- u(8)u(8))

+ Tr ((611 +71® Cék)*R(k’l)(ﬂ)’Yl ® C](Ck))Rk(ﬂ)

X (Wikyt + Wi (B))(B — Wik — Dikyz — 11 @ C,gk)*R(k)(ﬁ)% ® C;Sk))_l)
Observe that the first two terms satisfy
(B<k —E<p1)[(Tr@ Tr)((e11 @ In-1)R™(8)) + Te((ex + 7 (idm © o Tr) (RED (8))1) Br(8))] = 0

and denote by T and T5 the last two terms. Using Jensen’s inequality (with respect to E<y) after writing
E<i—1 = E<xEg,

E[|(E< — E<k—1)[Tr(zIn — Xn) 7] = E[|(E<k — E<p—1)[T1 + T3] ]
Ty + To — Ei[Ty + T]|?]

Ex[|T) + T — Ex[Ty + T)|?]
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Bound on E[E.[|Ty|?]]:

) R
71| < mll 2k (B) [ Be ()]

and deduce from Lemma and that
(65) E[|IT1[*] = O(N~1).
Bound on E[E[|T3|?]]: by traciality and using (L),

o] = | T ((8 = Wiam = Diwre = m @ OO RO (B)m @ )
x (en1 +m ® O RED(B)m @ CF) Ry(8) Wi + Wa(8)) ) |
<m||(8 — Wik — Diryz — 1 ® C,(fk)*R(k) B)n @ C,,(Ck))_1
x (en1 + 71 ® O RED (B © GO I1Re (B)|Wikns + Tr(8)]
Then,
o[> < 4m? | Ru(B)P | Ry (B)IPA + I NG IIRS B Wik P + 124(8) %),
and consequently, by Hélder’s inequality with ¢ € [1,2(1+¢))] and p,r > 1 such that p~t +¢~t+r~!1 = 1.
E[IT21) < OWE[| Ry ()] "E[(1 + [ 1[G IR (8)]1)]
X E[([ Wik 2 ll? + [124(8)[2)7]*
<o) (1+ I *E[ICP 1] E[ 1RO B))*7]*")
x (I PE[ W2 + E[wi ()2 )
< O)(ImlPN~H+O(NTY)) = O(NTY),
because of Lemma Remark Lemma [44] and assumptions on entries of Wy . (]

1/r

Conclusion. It follows from the discussion above that {{x}yen is tight in H(C \ R). Then, according
to Theorem 5.1 in [Bil99], it is relatively compact. According to Section |7} the finite dimensional distri-
butions converge towards those of the Gaussian process G defined in Theorem [2| Since the class of finite
dimensional sets {{f € H(C\R), (f(z1),-..,f(zx)) € B,k €N, (21,...,2) € (C\R)¥, B e B(CF)} isa
separating class, we can deduce Theorem [2[ by Theorem 2.6 in [Bil99].

ApPENDIX A. TooOLS
A.1l. Linear algebra.

Proposition 60 (Schur inversion formula). Let A be a unital complex algebra. For non-empty subsets
I,J of {1,...,n} and A € M, (A), we denote by Ay« the submatriz of A corresponding to rows indezxed
by I and columns indexed by J. In the particular case where I = J, we will use the notation Aj.

Let I be a non-empty subset of {1,...,n} and A € M, (A) such that Ay is invertible, then A is invertible
if and only if Aje — AchlAlelxlc is invertible, in which case the following formulas hold:

(AN = (A ' + (An) P Arsre (Are — Apes g A7 Apgre) P A (An) ™1,
(A Y rsre = —(Ar) T Arsre (Are — Apesc A7 Apsere) ™,
(AN ess = —(Age — Apex A7 Apre) P Apesr (A7) 71

(A e = (Are — Apex s A7 Arere) ™

Proposition 61. (Theorem 2.9 in [ASO8]) The transpose map on My (C) induces the well-defined linear
map © on My,(C) ® Mn(C), called the partial transpose map: for X =3, A ® By,

O(X):=> A ® B}
k

For every unitarily invariant norm ||-||,

10(X) || < min(m, N) [ X]|.
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Lemma 62. Assume that an operator A is invertible and |A~Y| < K. Then if |A] < 2K)™!, A+ A
is invertible and ||(A+ A)71|| < 2K.

Lemma 63. Let A be in M, (C) with spectral radius p(A). Then for any z € C\ spect(A), we have
Iz = A)7H < D (d(z, spect(A) 77 [[|All + p(A)P
p=1

Proof. Using Schur decomposition, A = P(D +N)P*, where P is a unitary matrix, D is a diagonal with
the same spectrum as A and N is a strictly upper triangular matrix. Note that for any z € C\ spect(A),
(21, — D)1\ is a nilpotent matrix so that [(2I,, — D)"'N]?* =0

(21, — A)~! = P(nz_:l[(zln - D)—W]P) (21, — D)~'P*
=0
Hence ’
(I = A7 < D (L = D) PNV
p=1
< 3 (d(z.spect(A) [|A] + p(A)
p=1
where we use |N| < ||P*AP| + || D] < ||A|| + p(A) in the last line. O

Lemma 64. (Lemma 8.1 [BCIT]) For any matric M = 37, | Mi; ® Eij € My, (C) ® M,(C) and for
any fized k,

n n
(66) SOIMil* <ml M5 (Mg |)* < m| M2
i=1 j=1
Hence,
(67) > IM |12 < mn|| M|
ij=1
Lemma 65. Letm €N, 1<k <nand A = szzl Aij®F;;,B= Z?,j:l B;;i®E;; € M, (C)@M,(C).

Define C € M;,(C) @ M, (C) @ M,,(C) by C = szzl Cij @ Eij where Cyj = Y, .. Ay ® By, for
1<4,5 <n. Then ||C|| < ||A|ll|B]|. In particular,

IC5l < IANIBI, 1<i,j<mn;
= 1/2 .

O les 13 < 1AlBIL, 1<j<n
=1

Proof. Let A:= 3" | A, @ I,y @ Eity, P =3 4 Im ® Iy ® By and B := Y] .| Iy ® B,; ® Eu,j.
Then

APB = Z Ail, ® Bi,j @ Ey, EyEy,j

i,01,0<k,l2,j

= Z ZAil®Blj®Eij

i5=11<k

= Z Ci; ® Ejj

i,7=1

=C.
Hence ||C|| < ||A||||P]|||B]|. Observe that
1B = |1 ® Bl = | Bl

1Pl = 1T ® In ® > Bul = | >_ Eull =1

<k 1<k
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and
Al = lTm ® > Eu, ® A, | = | Y Ea, @ Aa, || = | Al
ili=1 ili=1
O

Lemma 66. If p: R — C is Lipschitz continuous, then, for n xn Hermitian matrices M1, Ms andp > 1,
| Te(p(M1)) — Te(p(M))P < [lplly,n? M1 — M|,

where ||Allg»r = (ZAGSP(A) |)\|p)1/p is the Schatten p-norm of the normal matriz A.

Proof. Denote by A\ > --- > )\, the eigenvalues of My and p1 > --- > u, the eigenvalues of Ms. Then,

| Tr(p(My)) — Tr(p(Ms)) |<Z|s0 o(ps)| < HwIILlpZM

Using Hélder’s and Hoffman-Wielandt inequalities,

| Tr(p(M1)) — Tr(p(M2)) P < [lellfpn"™ 1ZIA = wal” < llelfipn? ™ My — Mo[%, .

O

Theorem 67. ([EH78]| Theorem 2.5) Let ® be a positive linear map on a finite-dimensional C*-algebra
A. If p is the spectral radius of ®, there is a non-zero positive element z in A such that ®(z) = pz.

Lemma 68. Let ® and ¥ be positive linear maps on My, (C) such that ® < U. Then their spectral radii
satisfy p(®) < p(¥).

Proof. The proof we give here follows the proof of Theorem 2.5 in [EH78]. One may assume without loss
of generality that ® and ¥ are irreducible. Indeed, given x a fixed irreducible positive linear map on
M,,(C), ®,, = ® +n"ty and ¥,, = ¥ + n~ 1y are irreducible positive linear maps on M,,(C) such that
®,, < ¥,, and converging respectively to ® and ¥ in norm. If the result holds for ®, and ¥,,, letting n
tend to 400 in p(®,,) < p(¥,,) gives the conclusion by continuity of the spectral radius in finite dimension.
Assume then that ® and ¥ are irreducible. According to Theorem 2.4 in [EHT78] and sentences below this
Theorem 2.4 in [EHTS]|, the spectral radius of irreducible positive linear maps x on a finite dimensional
C*-algebra satisfy

(68) p(x) = maxinf{a € R, ay > x(y)}-
y>
We have by assumption that for any y > 0, ¥(y) > ®(y). Thus, readily implies that p(¥) > p(®). O

A.2. Concentration bounds for quadratic forms. One can easily deduce the following result from
Lemma 2.7 in [BS9S]:

Lemma 69. Let m,n € N, v € M, (C) and A =37 e;; ® Aij € M, (C) @ M, (C). Let p > 2 and

Y = (Y1,...,Y,) be a n-tuple of independent identically distributed standard complex random variables
with finite 2p-th moment, then
E[|y®Y*Ay @Y — id,, @ Tr(A)v|?]

* 2 *
< Kol 127 (B[] max To(A547))”% + B[[¥i1] max Te((A545)72) ).
A.3. Martingales. The proofs of our variance bounds and of our CLT rely on martingale theory.

Lemma 70. Let (My)ren be a martingale with values in C and satisfying E[|My|*] < +oo, k € N. Then
N N
Bl S (My — M ) = SOE[(Mg — My )], NeN.
k=1
Lemma 71. Let (My)ken be a M, (C)-valued martingale and p € N be an even integer. Then

N4p—2
;j’l > max B[ My — My_1|?), NeN.

E[|[My — Mo|P] < nP”p‘( e
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Proof. We assume that maxg—; _n E[|M} — My_1||?] < +oo. Recall that || - || < || - ||zs < n'/?| - .
Observe that
N
133 = Molfzs = 11 3 (Mie = Myl
= Z <Mi1 _Mi1—17Mi2 _Mi2—1>"'<Mip,1 _Mip71_17Mip _Mip—1>-

i{L,..pt—={1,...,N}
Note that, using Holder’s inequality,
E[[(M;, — M, 1, Mi, — Miy—1) -+ - (M;

ip—1 Mipflfl’Mip - Mip*]-)l]
< E[[|Mi, — M, 1llms - [|Mi, — Mi, 1| ms]
< Joax | Ef|[ My — Mi—y|gs]

<nP/? max E[||My — My_1|"].
k=1,...,N

It follows that

E[|My — Mo ] = > E[(Miy = My, 1, Miy = M, 1) -+ (M;

iy — M, 1, My, — Mip71>].
ii{1,....p}>{1,...,N}

Consider a term indexed by 4 such that i~!(max i) is a singleton. Then

E[(Mi, —M;,—1, My — Miy—1) -+ (M, — M;, 1, M, — M;,_1)]

:E[EKM M1 1;M M > "<Mip_1 _M’L‘p_lfl,Mip _Mip71>|fmaxi71H
= ]E|:<M M i1—1 Mi2 - Mi2—1> T <]E[Mmaxi - Mmaxi—1|fmaxi—1]7 *>

x - (M

ip_1 — M M;, — M;, 1)

p—1—1»

=0.

There are at most p!( choices of indices i such that i~!(maxi) is not a singleton. Indeed, for

N+p72)
p—1

amap ¢ : {1,...,p} = {1,..., N}, there are p! ways to rank ii,...,%, in increasing order. Now, since
i~1(maxi) is not a singleton, we know that at least the two last values of the increasing sequence are
equal; since there are (N;rf; 2) choices of increasing sequence of p — 1 numbers in {1,..., N}, the result

follows. d
The following result may be deduced from its real-valued analogue (Theorem 35.12 in [Bil95]).

Theorem 72. Suppose that, for all N > 1, (MIEN))keN is a square integrable complexr martingale and
define, for k > 1, A,(GN) = MIEN) — M,g% If

N
(69) Ve >0, L(e, N) kZ_IE NN)EE} o 0
N
(70) Vi 1= ;Eg_lmw | oL v 20,
and
N
(71) Wi = ;ESHKAS“)Z] 2L wEC

(convergences in and have to be understood in probability), then

N
Z A](CIV) = N—+o0 N(C(Oy v, w)

k=1
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A.4. Complex analysis.

Theorem 73. [Vitali, see [Sch05| Ezercise 1.4.87] Let D C C! be a domain, A C D a set of uniqueness
(for instance an open set) and (fn)nen a bounded sequence in the set H(D) of holomorphic functions on
D (that is sup, ey SUpgex || fn(2)]] < +00 for any compact subset K C D), which converges pointwise on
A. Then the sequence (frn)nen converges towards a holomorphic function f € H(D).

Theorem 74. [Earle-Hamilton] Let D be a nonempty domain in a complexr Banach space X and let f :
D +— D be a bounded holomorphic function. If f(D) lies strictly inside D, then f is a strict contraction in
the Carathéodory-Riffen-Finsler metric and thus has a unique fized point in D. Furthermore, (f™(xo))nen
converges in norm, for any xo € D, to this fized point.

We recall here a criterion of tightness for random analytic functions from [Shil2]. Let D C C be an
open set of the complex plane. Denote by #H (D) the space of complex analytic functions on D, endowed
with the uniform topology on compact sets. For f € H(D) and K a compact set of D, we denote
| fllx = sup,cx |f(2)]. The space H(D) is equipped with the (topological) Borel o-field B(H (D)) and
the set of probability measures on (H(D); B(H(D))) is denoted by P(H(D)). By a random analytic
function on D we mean an H(D)-valued random variable on a probability space.

Proposition 75. (Proposition 2.5. in [Shil2]) Let (fn)nen be a sequence of random analytic functions
on D. If {||fnlli }nen is tight for any compact set K, then {L(fn)}nen is tight in P(H(D)).

Using that, by Markov’s inequality, for any C' > 0 and any r > 0,

(72 P(lallx > O < orE (Ul

the following lemma turns out to be useful to prove tightness results.

Lemma 76. (lemma 2.6 [Shil2]) For any compact set K in D, there exists 6 > 0 such that

15 < @) |15 mid2), < HD).

Ks

for any r > 0, where K5 C D is the closure of the §-neighborhood of K and m denotes the Lebesgue
measure.
APPENDIX B. NORM OF WIGNER MATRICES

Lemma 77. Let, for each N € N, Wy be a N x N Hermitian matric such that entries {Wi;}1<i<j<n
are random variables bounded by & and such that for i # j, for some e > 0, IEH\/NWM|6(1+E)] < Cg, and
E[[vV/NW;;|*0+9)] < Cy. Then

Vp € [2:4(1 + €)], E[|Wy*] = O(N~P/271) and E[|W;i|"] = O(N#/?).
Proof. By Jensen’s inequality, for p € [2;4(1 + ¢)],
E[[Wy|P] < E[|W;;[*Ate)|p/40+e) < op/40+e) y—p/2 — o(N—P/2),
Similarly, by Jensen’s inequality, for p € [2;3(1 + ¢)],
B[[Wis[*] < Wiy [P0 /8049 < qpPCTIONTT = O(NTP) = O(N TP,

the last equality following from the fact that p > 1+ p/2 when p > 2.
Now, for p € [3(1 +¢);4(1 + €)],

E“Wijlgp] < 62p_6(1+E)E[|Wi]‘|6(1+6)] < 62p—6(1+s)C6N—3(1+5) _ O(N—S(l-',-e)) — O(N_p/2_1>7
the last equality following from the fact that 1+ p/2 < 3(1 +¢) when p < 4(1 +¢). O

Proposition 78. There exists C > 0 such that for every p > 1, P(||Wy|| > C) = o(N~P). In particular,
the sequence of random variables (|Wn||)n>1 ts bounded in every LP, p > 1.

Proof. By assumption, entries of Wiy satisfy

EVNW;;] =0, E[VNW;[] <% E[VNW;[] <bnVN)2, (€2 3).
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For example, ¥ = max(supycy VNoy,supyey VNGy) and b = maX(Cém(HE),Ci/4(1+6)). It then

follows from Remark 5.7 in the book of Bai and Silverstein that P(||[Wy|| > C) = o(NP) for any C > 2%
and any p > 1. Then, for such C,p and N € N,
E[|WN ] = E[IWNI"Lwy<c] + EUIWNPLjwy>c]
< CP+ (Non)PP([[Wh| > C)

is bounded uniformly in N. O

APPENDIX C. TRUNCATION AND CENTERING

Fluctuations of the trace of the resolvent of Xy were studied under the hypothesis that entries of Wy
are bounded by 0y, for a sequence (dx)nen slowly converging to 0.
For any bounded continuous function ¢ : R — C, let

Nu(p) =Tr(e(Xn) = > o).
A€sp(Xn)
In this section, we truncate and center the entries of Wy, in order to show that it is sufficient to study
the fluctuations of N () for matrices W with entries bounded by dn, where (dn)n>1 is a sequence of

positive numbers such that dy N—> 0 at rate less than N ¢ for any ¢ > 0.
—+00

Define Xy = P(Wy, Dy) by
Wij = Wij]‘qu‘,j|§5N/27 1<, <N,

and accordingly

~ N

N () = Tr(p(Xn)).
By union bound,

P(Nn () # N (p) < P(Wy # W)

< > P(Wyl > 6n/2)
1<i<j<N
< Z (5N/2) 1+€)EHW |6 1+€)] Z (5N/2) 1+€)]E[W4(1+5)]
1<i<j<N 1<i<N
C C
—6(1+e) 6 —4(1+e) 4
< Z (On/2) ) N3(+e) + Z (On/2) : N2(1+e)
1<i<j<N 1<i<N

< 06(51\{/2) 6(H_E)]\/v_1 3e + C4(5N/2) 1+8)N_1 28 _ O(N_l).
Using the naive bound [Ny (@) — Ny ()] < 2||¢llsoN yields:

B[ (¢) — N (9] = BN (9) — Ny () L (01400 (o)
< 2/l NP(N N () # N ()
<o(1).

Define then Xy = P(WN, Dy) by Wy =Wy — IE[WN] and accordingly
/\71\7(@) = TI"(W(XN))

Note that the entries of W are independent, centred and bounded by §y. Furthermore, the off-diagonal
entries are independent and identically distributed, as well as entries on the diagonal. Observe that, for
L F J

[E[Wi]| = [E[Wi;1 syl = [E[Wis1

—5—6e A7 —3(1
U W, < J ‘Wij|>57N]|:O(6N N (+e)).

Furthermore,

By [*) = E{Wi; — E(¥y] %) = B[ Wy "] + R
0(6&10—1281\[—6(1—&-6)), Moreover E[|Wij|2] = o% — E[|W;;]*1
(5&4—651\]73(1#)), Therefore,

with |Ry| < 3|E[W;])?
E[|Wi;[*1

5 and
|W71.7’|>TN]’

\Wij|>aTN] -

E[|Wil*] =
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with 63, = 0% + O(63° **N~30+2)). As a consequence, N6% — o2

. N—+o00
We turn now to E[W2].
27 _ 2
E[Wj] = EWj1

wyi<sy] ~ BIWal® =0y + Ry

with Ry = E[W31, sty |—E[W;]? = O(65* 9 N=3(1+2))_ Therefore E[W2] = f, with Glim Ny =
Nhr_r& NOy = 6 € R. Note that, even if 6 is supposed to be real for all IV, ]E[VV%] is not real anymore,
— 400

but its imaginary part is negligible. . .
Similar bounds may be proved for E[|W;;|4], E[|W;;|60+9)], E[W2

22

] and E[|W;;|*(0+9)] from which it
may be shown that the entries of W satisfy the same properties as the ones of WN In particular one

has for all i € {1,...,N}, NE[W2] o 2, and, for 1 < i # j < N, N*(E[|W;;[*] - —62) =
— 400
NZI%N — k€eR
N—+oco

Assume now that ¢ is a Lipschitz function. Note that this will be true in particular for functions
in C!(R). Using first Cauchy-Schwarz inequality then Hoffman-Wielandt inequality (see for example
[AGZI0] Section 2.1.5), we get

W (@) = Nn (o) = | Tr (o(Xn) — o(Xn))|
(Z w(Ai(f(N))IQ)

< VW lolhan (3 NG - AP

< VN|l¢|lLpll Xy — Xnlns
< Nlgllipll Xy — Xn |,

where we have used in the last line the classical inequality ||M ~Nllrs < VN| Myl for N x N matrix My.

Now, in Xy = P(WN,DN) decompose each Wy = Wy + IE[WN] so that Xy — Xx is a sum
of a bounded number of monomials in Wy, E[Wx] and Dy. All these monomials are of positive
degree in E[Wy]. Recall that (|Wx||)ny>1 is bounded in all LP, p > 1 (see Proposition and
(IDN ) n>1 is bounded (from Assumption. Furthermore, (|[E[Wx]|)n>1 is o N~1), by the classical
bound ||E[Wy]||? < D |E[W;;]|2. Consequently, we deduce that E[||[Xx — Xx||] = o(N~!). Therefore
B[N (p) — N (o)l = o(1). A A

From these controls of E[|Nn () — Ny (¢)|] and E[|Nn (@) — Nn(9)|], we conclude that

E[Nn(p) — Nn(9)|] — 0.

N—4oc0
Hence

(NMx(9) — EINN(9)]) — (Wn(9) —ENN(@)]) —= 0.

N —+oc0
Therefore, by Slutsky’s Lemma, assuming that Ay (o) —E[Ny ()] converges to a Gaussian variable yields
that Ny (¢) — E[Nn(p)] converges to the same Gaussian variable.
As a consequence, for our purposes, we may suppose that the entries of Wy are bounded almost surely
by dn, as long as ¢ is a Lipschitz function.
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