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Abstract

The reproduction of the vibration and acoustic responses of structures under

random excitation such as the di�use acoustic �eld or the turbulent bound-

ary layer is of particular interest to researchers and the transportation industry

(automobile, aeronautics, etc.). In practice, the characterization of structures

under random excitations requires making in-situ measurements or using test

facilities such as the wind tunnel, which are complex and costly methods. Based

on the previous considerations, the necessity of �nding a simple, cost-e�cient

and reproducible alternative methods becomes obvious. The source scanning

technique based on a single acoustic source and the synthetic array principle

is one of these alternative techniques. The present paper proposes to assess

its validity by comparing its results with numerical and experimental ones. An

academic case study consisting of a ba�ed and simply supported aluminum

panel under di�use acoustic �eld and turbulent boundary layer excitations is

considered. The experimental vibration response of the panel as well as the

transmission loss using the proposed process are compared to results from ran-

dom vibration theory on one hand. On the other hand, the same experimental
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results obtained using the source scanning technique are compared with results

obtained with measurements using a reverberant room (di�use acoustic �eld)

and an anechoic wind tunnel (turbulent boundary layer). These comparisons

show good agreement that validate the source scanning technique for the con-

sidered panel.

Keywords: Turbulent Boundary Layer, Di�use Acoustic Field, Vibration

Response, Radiated Power, Sound Field Synthesis, Source Scanning Technique

1. Introduction

The experimental characterization of structures under random excitations

such as the di�use acoustic �eld (DAF) and the turbulent boundary layer (TBL)

is of great interest to the transportation industry and the building sector. How-

ever, the test facilities generally used (i.e. reverberant chamber for the DAF5

and wind tunnel or in-situ tests for the TBL) can be hard to control and costly.

Moreover, the results obtained for a given structure can be very di�erent from

one facility to another even though the same setup is implemented.

The reproduction of the vibroacoustic response of structures under stochastic

excitations using an array of acoustic sources was theoretically shown some10

decades ago [1]. But due to technical limitations, this method could not be

experimentally validated. Since 2000, several researchers have addressed this

problem using various approaches. Maury, Bravo, Elliott and Gardonio [2�5]

have widely discussed the reproduction of random excitations using an array of

loudspeakers. This method works well when it comes to the reproduction of a15

DAF excitation but due to the limited number of sources in the array, it fails

to simulate the wall-pressure �uctuations of a subsonic TBL excitation because

of the high wavenumbers involved meaning that a denser source array would be

required. A criteria of approximately four sources per smallest wavelength was

derived in the literature in order to reproduce the small correlation lengths of20

the surface pressure �eld induced by the TBL [5, 6]. As frequency increases,

the number of required sources becomes very large and as one is limited by
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the size of the sources, the frequency range that can be studied with a given

source is also limited. In order to circumvent this issue, Maury and Bravo [7]

proposed a focused synthesis of the TBL excitation over a subdomain of the25

simulation surface. While this method allows to reach higher frequencies and

ensures correct reproduction of the TBL excitation, it also limits the observation

area to a fraction of the actual panel. Other methods using arrays of acoustic

sources have been proposed over the years [8�10]: the wave �eld synthesis (WFS)

and the planar near�eld acoustic holography (P-NAH) which are both open-loop30

processes. They provide good reproduction results in the case of the DAF but

they are still not able to accurately synthesize the wall-pressure �eld induced

by a TBL excitation outside the acoustic wavenumber domain.

On another hand, Marchetto et al. [11, 12] developed an alternative ap-

proach aiming at experimentally predicting the vibration response of panels35

under DAF and TBL excitations by separating the contributions of the wall-

pressure excitation from the vibration behavior of the panel through a mathe-

matical formulation in the wavenumber domain. In this formulation the excita-

tion is characterized by its cross-spectral density function whereas the vibratory

behavior of the panel is given by its sensitivity functions which are experimen-40

tally measured indirectly using variations of the reciprocity principle: here, the

sensitivity functions were determined by exciting the structure at the point of

interest and measuring the response with a laser vibrometer on a grid of points

on the structure [13]. The results obtained with this approach were compared

to results from test facilities and there was a fairly good agreement between45

both kinds of results and for both types of excitations. However, the approach

remains experimentally time consuming as the vibratory �eld of the panel for

each position of the excitation has to be measured in order to determine the

transmission loss of the considered structure.

Aucejo et al. [6] had a di�erent approach from the previous ones. Instead50

of using a compact source array with a prede�ned number of sources, only one

monopole source was used along with the synthetic array principle [14]. This

process that requires two identi�cation steps uses the concept of synthetic array

3



to simulate TBL-induced vibrations from a set of transfer functions. It was

named the source scanning technique (SST) and was applied to reproduce the55

vibration response of a steel panel to a TBL excitation in the low frequency

domain (up to 300 Hz). This approach di�ers from the one presented in [12]

by the fact that the sensitivity functions are measured directly, that is to say

without using reciprocity principles of [12]. The reproduction of wall-pressure

plane waves and a qualitative comparison of the response at a given point on the60

panel subject to a TBL excitation with measurements taken from the literature

were done. The experimental conditions, particularly the boundary conditions

were not very well mastered, hence only qualitative comparisons could be carried

out in [6]. While these �rst results were promising, SST requires yet evidence

of validation in order to be adopted as an alternative mean to the standard65

ones. The present paper proposes to �ll this gap. An extensive study of SST

is achieved on a wider frequency range. In order to validate this experimental

approach, the results obtained with SST are compared to numerical results

and experimental ones (obtained from measurements in reverberant room and

anechoic wind tunnel). In a �rst step, a parametric study based on numerical70

simulation allows us to de�ne the optimal number of sources as well as the

optimal position of the array from the panel. In a second step, the results of

the proposed experimental process are compared to numerical simulations of

the vibration response of the panel as well as its radiated power. In a last step,

the vibration results are compared with measurements in a reverberant room75

for the DAF case and in a wind tunnel for the TBL case.

This paper is organized as follows: �rst the theoretical background on the

vibroacoustic response of a panel under random excitation is given. Secondly,

the source scanning technique is brie�y described along with some parametric

studies aiming at facilitating the choice of the ideal setup for the reproduc-80

tion of the vibroacoustic response of a panel under a given excitation. Finally,

after presenting the experimental setup, the vibroacoustic response as well as

the radiated power determined using the proposed approach are compared to

numerical results as well as experimental results obtained from test facilities
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(reverberant chamber and wind tunnel).85

2. Wavenumber formulation and de�nition of the quantities of inter-

est

This analysis considers the response of two dimensional rectangular struc-

tures to a random pressure �eld excitation. This pressure �eld is assumed to

be stationary in time and homogeneous in space. We will be interested in two90

types of random excitations: the di�use acoustic �eld and the turbulent bound-

ary layer excitation. The quantities of interest will be the auto-spectral density

(ASD) function of the velocity at one point on the panel and the radiated sound

power.

The geometric con�guration of the studied structure of surface Σp is shown95

in Fig. 1. In the following, we will assume that the wall-pressure �uctuations are

not a�ected by the vibrations of the structure which means that the excitation

is not modi�ed by the structural response. Thus the random excitations con-

sidered in this paper are modeled by the wall pressure �uctuations that would

be observed on a smooth rigid wall, also known as the blocked pressure pb [15].100

L1

L2

h x1

x2
x3

pb

Figure 1: Simply supported panel subject to an excitation pb.

2.1. Response of panels to random pressure �elds

Considering the hypotheses stated above and the random vibration theory,

the space-frequency spectrum of the panel response, Sαα′ (x, ω) can be written
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[16, 17]

Sαα′ (x, ω) =
1

4π2

∫∫ +∞

−∞
Hα (x,k, ω)Spbpb (k, ω)H∗α′ (x,k, ω) dk (1)

where α and α′ denote either, v, the panel velocity, p, the radiated pressure or105

v0, the acoustic velocity in the x3 direction and

Hα (x,k, ω) =

∫∫
Σp

Γα (x,y, ω) e−jkydy (2)

is called sensitivity function and characterizes the vibroacoustic behavior of the

panel. From Eq. (2), one can deduce that it corresponds to the response α

of the considered system at point x when it is excited by a unit wall plane

wave of wavevector k at the angular frequency ω. The integral in Eq. (1) can110

approximated by the rectangular rule. The space-frequency spectrum of the

panel response can then be estimated by

Sαα′ (x, ω) ≈ 1

4π2

∑
k∈Ωk

Hα (x,k, ω)Spbpb (k, ω)H∗α′ (x,k, ω) δk (3)

where Ωk is a set of properly chosen wave-vectors.

This expression will allow us to estimate the panel response under the

stochastic excitation from the knowledge of the sensitivity functions Hα (x,k, ω)115

and the wavenumber-frequency spectrum of the wall-pressure �eld Spbpb (k, ω).

It can be emphasized that other numerical methods as the trapezoidal and

Simpson's rules can be used to approximate the integral of Eq. (1). However,

for the cases considered in the present study, and for the wavenumber resolution,

δk de�ned in Sec. 3.2.1, they give very similar results to the ones obtained using120

the rectangular rule. In the next two subsections, one describes Spbpb (k, ω) for

the DAF and the TBL whereas one will describe in Sec. 3 how to determine

the sensitivity functions with the source scanning technique.

2.1.1. Di�use acoustic �eld

This excitation is commonly used to determine the sound reduction index of125

panels as described in several standards using coupled reverberant-reverberant

room [18, 19] or reverberant-anechoic room [20, 21] laboratory facilities. The
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DAF excitation is also encountered in transportation vehicles such as aircraft,

satellite, high speed trains, and cars. Theoretically, it is de�ned as an in�nite set

of uncorrelated acoustic plane waves with equipropable incident angles. There130

is a closed-form solution that exactly describes it. The frequency-wavenumber

spectrum of the DAF blocked-pressure [22, 23] is written

Spbpb (k, ω) =


2π

k0

Φpbpb (ω)√
k2

0 − |k|
2

if |k| < k0

0 if |k| ≥ k0

(4)

where Φpbpb (ω) is the ASD function of the wall-pressure �uctuations, k0 =

ω/c0 is the acoustic wavenumber and c0 the speed of sound in the medium;

|k| =
√
k2

1 + k2
2, k1 and k2 are the wavenumbers in the x1 and x2 directions,135

respectively. For the numerical applications as well as for the presentation of

the experimental results, one will consider a unit wall pressure ASD function

(i.e. Φpbpb (ω) = 1 Pa2 Hz−1) in the following.

2.1.2. Turbulent boundary layer

There are numerous TBL models available in the literature. Nevertheless,140

none of these models can perfectly match the pressure �uctuations due to an

experimentally simulated TBL excitation without undergoing some parametric

changes. In order to reduce the uncertainties as much as possible, one will use

a model of Mellen [24] that was �tted, in a previous study, to measurements in

the anechoic wind tunnel of the University of Sherbrooke [12]. The frequency-145

wavenumber spectrum of the wall-pressure �uctuations is then given by

Spbpb (k, ω) =
2π (α1α2)

2
k3
cΦpbpb (ω)[

(α1α2kc)
2

+ (α1k2)
2

+ α2
2 (kc − k1)

2
]3/2 (5)

The parameters of this model, namely the spatial coherence decay rates α1

and α2, the convective wavenumber kc = ω/Uc where Uc is the convection

velocity, and the wall-pressure ASD Φpbpb (ω) were �tted to measurements in

wind tunnel aiming at characterizing the wall-pressure �uctuations induced by150

a subsonic turbulent �ow excitation with a free stream velocity U∞ = 20 m s−1.

7



See Ref. [12] for more details about these measurements and for the values of α1,

α2 and Uc. These �tted Mellen parameters will be considered in the following

applications.

2.2. Radiated power155

The radiated power is de�ned by the following equation

Πr (ω) =

∫∫
Σp

Iact (x, ω) dx (6)

where dx is the surface element and Iact (x, ω) is the normal component of the

active sound intensity at point x. The active sound intensity is directly related

to the cross-spectrum density (CSD) function Spv0 (x, ω) between the sound

pressure and the particle velocity at point x [25]160

Iact (x, ω) = Re [Spv0 (x, ω)] (7)

where < designates the real part and from Eq. (3), one has

Spv0 (x, ω) ≈ 1

4π2

∑
k∈Ωk

Hp (x,k, ω)Spp (k, ω)H∗v0 (x,k, ω) δk (8)

In practice, the radiated power will be estimated by an approximation of the

integral of Eq. (6) with the rectangular rule

Πr (ω) ≈
∑
x∈Σr

Iact (x, ω) δx (9)

where Σr is an elemental surface at a distance x3 on the radiating side of the

panel.165

3. Source Scanning Technique

3.1. Principle

In this section, one describes the process of the source scanning technique

that will allow us to measure the panel sensitivity functions that intervene in

Eq. (3).170
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The synthetic array principle consists in using a single monopole source

which is spatially displaced to di�erent positions thereby creating virtually the

array of monopole sources. It is closely related to the concept of Synthetic

Aperture Radar (SAR), which consists in post-processing the signals received by

a moving radar to produce �ne resolution images from an intrinsically resolution-175

limited radar system in the along-track direction [14, 26].

The proposed approach is based on the mathematical formulation of the

problem in the wavenumber domain. This formulation is appropriate because

it allows, through Eq. (3), an explicit separation of the contributions of the

excitation via the wall-pressure CSD function from those of the vibroacoustic180

behavior of the structure via the sensitivity functions discussed above.

Let us consider a unit wall plane wave characterized by the wave-vector, k

and the angular frequency ω. The pressure at the surface of the panel that will

be referred to as the reproduction surface, is simply given by: p (x,k, ω) = e−ikx.

The SST process is based on four steps that will allow us to reproduce this target185

pressure �eld from S position s of the monopole source.

(1) De�nition of the target pressure at the observation points: one

supposes that the reproduction surface is regularly discretized in P obser-

vation points and one de�nes the target pressure vector as the vector with

the components corresponding to the pressure of the unit wall plane wave190

at the P points. The spacing between the points should be su�ciently small

to describe the spatial variation of the wall plane wave. Numerical inves-

tigations have shown that at least 2 points per wavelength is a minimum

requirement.

(2) Characterization of the acoustic source: one measures the transfer195

functions (Gps) between source positions s ∈ [1, S] and observation points

p ∈ [1, P ] on the panel (microphones), see Fig. 2. In this paper, the

transfer function, Gps is de�ned as the ratio of the pressure at point p when

the source is located at position s over the input voltage of the source. One

de�nes the transfer function matrix G as the matrix having the transfer200
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functions Gps as components.

x1

x2

x3

Gpsp
s

microphone
array

source
array

active
source

Figure 2: Measurement of Gps (ω)

(3) Computation of the vector of source amplitudes q by inverting the

following matrix equation

Gq = p (10)

that can be rewritten explicitly

S∑
s=1

Gps (ω) qs (k, ω) = pp (k, ω) , ∀p ∈ [1, P ] (11)

where qs (k, ω) is the amplitude of the source s and pp (k, ω) = e−ik1x
p
1−ik2x

p
2205

represents the target pressure at the observation point p which coordinates

are xp1 and xp2 on the panel.

When the number of observation points P is less than the number of source

positions S, the system in Eq. (10) is underdetermined and has an in�nite

number of solutions. However, when P > S, the system is overdetermined210

and do not have one single exact solution. Nevertheless, a solution mini-

mizing the reproduction error introduced in Sec. 3.2.2 can be determined.

The matrix G is then rectangular, therefore Eq. (10) is solved in the least

squares sense as

q = G†p (12)
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The dagger symbol in Eq. (12) indicates the Moore-Penrose pseudo-inverse.215

The reproduction of a target pressure �eld using an array of acoustic sources

is thus an inverse problem which leads to some issues that will be discussed

later on.

(4) Synthesis of the target pressure �eld and of the sensitivity func-

tion: in order to assess the quality of the reconstructed pressure �eld, one220

considers Q points on the reproduction surface. These Q points can be

di�erent from the P reference points in order to estimate the ability of the

technique to reproduce correctly the pressure �eld between the reference

points. After the transfer function matrix Ĝ between the S source posi-

tions and the Q reconstruction points is determined from measurements or225

numerical simulations, the vector of the reconstructed pressure p̂ can be

computed with the following expression: p̂ = Ĝq. One will use this expres-

sion in the following to estimate the e�ciency of the SST and to de�ne the

optimal parameters of the virtual array. However, in practice, it will not be

used, as only the sensitivity functions are of interest to estimate the panel230

response to the stochastic excitation. The sensitivity functions are given by

the following equation

Hα (x,k, ω) =

S∑
s=1

qs (k, ω) Γsα (x, ω) (13)

where α = (v, p, v0) and Γsα (x, ω) represents the frequency response func-

tions (FRFs) between point x and the source at position s and is de�ned

as the response α at point x when the source is located at point s over the235

input voltage of the source.

Step 2 is generally achieved only one time whereas the other steps can be

repeated to cover the set of wave-vectors of interest in Eq. (3). Once the sensi-

tivity functions have been estimated by Eq. (13) for the di�erent wave-vectors

of interest, the panel response to the stochastic excitation can be estimated with240

Eq. (3) and the model of the wall-pressure �eld (as described in the Sec. 2.1.1

and 2.1.2 for the DAF and the TBL, respectively).
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x1

x2

x3

baffle

panel

x

Γs
v

Figure 3: Measurement of the velocity FRF Γs
v (x, ω)

3.2. Parametric studies

In the following, some parametric investigations on the SST are proposed.

These studies aim at determining the optimal parameters of the array of sources245

for an accurate reproduction of the vibroacoustic response of the structure. The

numerical simulations presented in this section concern a panel with the same

geometrical and mechanical properties (see Table 1) as the one we will consider

experimentally in Sec. 4. The panel is supposed simply supported on its four

edges. The normal modes are then calculated analytically and the sensitivity250

functions can be estimated using the modal expansion method as described in

Appendix A.

3.2.1. Cuto� wavenumber and wavenumber resolution

The minimum separation between the source positions is derived from the

maximum wavenumber or the minimum wavelength to be synthesized. For fre-255

quencies well above the hydrodynamic coincidence frequency and accordingly to

Marchetto et al. [12], the wavenumber domain Ωk over which Eq. (3) is calcu-

lated must at least include the �exural wavenumber of the panel at the highest

frequency of the considered frequency range. The natural �exural wavenumber
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Table 1: Panel parameters

Parameter Symbol Value

Young modulus E 68.9 GPa

Poisson ratio ν 0.3

Mass density ρ 2740 kg m−3

Length L1 0.48 m

Width L2 0.42 m

Thickness h 3.17 mm

of a thin panel is given by the following equation260

kf (ω) =
4

√
ω2
ρh

D
(14)

where D =
Eh3

12 (1− ν2)
is the �exural rigidity of the panel.

Thus the smallest cuto� wavenumber from which the spacing δs between

the source positions is de�ned is set to

kmax = βkf (ωmax) (15)

where β is a safety coe�cient such that β > 1 and ωmax corresponds to the

maximum frequency of the considered frequency range.265

The spacing between two adjacent sources is then de�ned using the criteria

of four monopoles per smallest wavelength (as shown in previous studies [5, 6])

δs =
λmin

4
(16)

where λmin = 2π/kmax.

Let us now talk about the wavenumber resolution. Numerical simulations do

not show that the wavenumber resolution is a critical parameter as Hα (x,k, ω)270

and Spbpb (k, ω) do not vary quickly with respect to the wavenumber. Moreover,

SST can deal with �ne resolution as the wavenumber resolution only a�ects the

post-processing steps. In the following, the wavenumber resolution is set to

δk1,2 = 1 rad m−1.
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3.2.2. Interplanar distance275

The interplanar distance represents the distance between the source array

plane and the panel plane (or reproduction plane). The study presented in this

section aims at de�ning the optimal interplanar distance ensuring an accurate

pressure synthesis.

In order to assess the quality of the reproduction process, two di�erent pa-280

rameters are examined:

� The condition number of the transfer matrix G denoted κ (G) which is a

measure of the sensitivity of the sought parameters (i.e. the amplitudes of

the sources) with respect to perturbations in the input data and round-o�

errors made while solving Eq. (10) for q. When the condition number285

is large, the computed solution of the system may be in error. Values of

the condition number near one indicate a well-conditioned matrix whereas

large values indicate an ill-conditioned matrix [27].

� The relative mean square error (MSE) on the synthesized pressure �eld

denoted ep is de�ned by the following equation290

ep (k1, k2, ω) =
E [‖p (x, k1, k2, ω)− p̂ (x, k1, k2, ω)‖]2

‖p (x, k1, k2, ω)‖2
(17)

where p (x, k1, k2, ω) and p̂ (x, k1, k2, ω) are the target and reconstructed

pressure vectors, respectively and ‖•‖ represents the Euclidean norm. Note

that this relative MSE is a spatial average over the panel. An arbitrary

threshold of −10 dB (corresponding to a relative MSE of 10%) is chosen

in order to gauge the accuracy of the reproduction process. As long as the295

relative MSE (which will be called the reproduction error in the following)

is less than that threshold, the pressure �eld synthesis will be considered

accurate.

Fig. 4 shows the two quantities presented above plotted as functions of fre-

quency and the normalized interplanar distance (with respect to λmin). In Fig.300

4a, one can notice that the condition number of the transfer matrix is almost

14



(a) (b)

Figure 4: Optimal interplanar distance: (a) logarithm of the condition number (log10 (κ))

of the transfer matrix, (b) reproduction error ep ( dB, ref. 1) on the reconstructed pressure

�eld according to Eq. (17) for k1 = kmax and k2 = 0. Both quantities are plotted as

functions of frequency and the interplanar distance normalized by the smallest wavelength to

be synthesized.

frequency independent but increases when the interplanar distance increases.

This means that the closer the array of acoustic sources is to the panel plane,

the less sensitive the system is to noise. In order to avoid large condition num-

bers, an upper limit of the interplanar distance d is set to
λmin

2
. Concerning305

the mean square error in Fig. 4b, one observes that it is roughly constant as a

function of the frequency for a given interplanar distance. On the contrary, its

evolution as a function of the interplanar distance for a given frequency is similar

to a U-shaped valley: the error is relatively high when the interplanar distance

is small, typically smaller than
λmin

10
or larger than 3λmin. Between these two310

limits (i.e. for d ∈
]
λmin

10
, 3λmin

]
), the reproduction error for the maximum

wavenumber considered is less than the threshold de�ned earlier. In the end,

the interval in which the interplanar distance d is de�ned by the intersection of

the previous intervals de�ned from Fig. 4a and Fig. 4b: Iopt =

]
λmin

10
,
λmin

2

]
.

On Fig. 5 the reproduction error ep is plotted as a function of frequency315

and wavenumbers in the both directions (i.e. k1 for Fig. 5a, 5c and k2 for Fig.

5b, 5d). and for two interplanar distances: one outside the interval Iopt and the

15



(a) (b)

(c) (d)

Figure 5: Reproduction error ep ( dB, ref. 1) in the wavenumber-frequency domain for two

di�erent interplanar distances. (a) along k1, k2 = 0 and (b) along k2, k1 = 0 for d =
λmin

10
.

(c) along k1, k2 = 0 and (d) along k2, k1 = 0 for d =
λmin

4
.

other within. There is an almost identical evolution of the reproduction error

along k1 and k2 directions. One can notice that although the reproduction error

in Fig. 5a and 5b complies with the criterion (less than −10 dB) for wavenum-320

bers in the interval [−30, 30] rad m−1, it is not the case for wavenumbers outside

this interval. This result was to be expected as the corresponding interplanar

distance is not within Iopt. On the contrary, in Fig. 5c and 5d one can observe

that the reproduction is accurate for all the wavenumbers of interest and that

it is in agreement with the proposed criterion as the corresponding interplanar325

distance is in Iopt.

Fig. 6 shows the reproduction error for the same interplanar distance as in
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Figure 6: Reproduction error ep ( dB, ref. 1) in the wavenumber domain at (a) f = 200 Hz,

(b) f = 500 Hz, (c) f = 1000 Hz and (d) f = 2000 Hz for d =
λmin

4
.

Fig. 5c and 5d but this time in the wavenumber domain at four di�erent fre-

quencies. One observes that the reproduction error is always below the threshold

(see Eq. (17) and discussion). This con�rms the consistency of the proposed330

criterion: for an accurate synthesis, it is preferable to choose the interplanar

distance such that d ∈ Iopt.

Fig. 7 shows three pressure �elds in the spatial domain for a plane wave

de�ned by the wave-vector (k1 = 50, k2 = 50) rad m−1 at f = 2000 Hz which is

the most constraining plane wave to reconstruct using the proposed approach as335

the wavenumbers k1 and k2 correspond to the value of the maximum wavenum-

ber used to de�ne the number of source positions. Fig. 7a corresponds to the

target pressure �eld whereas Fig. 7b and 7c correspond to the reconstructed
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Figure 7: Magnitude of the pressure �eld ( Pa) in the spatial domain at f = 2000 Hz for the

plane wave de�ned by (k1 = 50, k2 = 50) rad m−1: (a) target, (b) reconstructed for d =
λmin

10

and (c) reconstructed for d =
λmin

4
.

pressure �eld for an interplanar distance outside and inside Iopt, respectively.

One can notice that although the reproduction error corresponding to the re-340

constructed pressure �eld on Fig. 7b does not comply with the set criterion

on the entire wavenumber domain (see Fig. 5a and 5b), the proposed method

succeeds relatively well to reconstruct the target plane wave. Some errors can

be noticed on the amplitude but the shape of the wave is correctly described.

On Fig. 7c where the interplanar distance is taken from the interval Iopt, the345

synthesized pressure �eld is almost identical to the target pressure �eld. These

observations thus validate the chosen interval Iopt from which one can choose a

value for the interplanar distance.
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For the experimental study presented in the following section, the parameters

of the array are set to the following values

kmax = 50 rad m−1, δs = 3 cm and d = 3 cm

4. Experimental setup

The process of the source scanning technique described in the Sec. 3.1 has350

been applied on a simply supported aluminum panel. The characteristics of the

panel are the same as the one considered in the numerical simulation in Sec. 3.2.

To simulate the appropriate boundary conditions (i.e. simply supported), the

panel was mounted using the protocol presented by Robin et al. [28] and was

placed in a ba�e consisting of a 2 cm thick square plywood with a 1 m side and355

in which there is an aperture the size of the panel, see Fig. 9. The measurements

were done in a room where the walls are covered with absorbing wedges and

10 cm thick absorbing foam panels were placed on the �oor and around the

structure inside the ba�e in order to prevent the potential re�ections and noises

coming from the robot and acquisition system from polluting the measurements.360

A mid-high frequency monopole source manufactured by Micro�own was

used to experimentally simulate the monopole source. This source was placed

on the arm of a 3 axis Cartesian robot controlled by a MATLAB script in order

to automatize the displacement of the source. It is important to note that this

source was only e�cient from 300 Hz to 7000 Hz. The considered positions of365

the source correspond to a regular mesh grid having the size of the panel and

located in a plane at d = 3 cm of the panel (which is in the interval Iopt de�ned

previously). The spacing between two adjacent points is δs = 3 cm in the x1

and x2 directions. One then has 15 di�erent positions along the x1 direction

and 13 di�erent positions along the x2 direction, which makes an overall of 195370

source positions.

The SST process requires measuring two types of transfer functions:

� In step 2, the transfer functions Gps between source positions s and ob-

servation points p: they are measured considering a 2 cm thick square
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plywood at the location of the panel as shown in Fig. 8. A linear ar-375

ray of 1/4� ROGA RG-50 microphones �ush-mounted at x1 = 2 cm is

considered for the measurement of the wall pressure. The microphone

spacing is δp = 2 cm , ensuring a number of observation points P greater

than the number of source positions S. Considering a property of invari-

ance in translation of the idealized considered system (i.e. source exciting380

the ba�ed panel in a semi-anechoic room), one deduces the pressure dis-

tribution on the reconstruction surface for a given source position from

measurements with the linear microphone array at di�erent source posi-

tions along the x1 axis with a spacing of δp = 2 cm. This technical aspect

is described in more detail in Appendix B. At the end, we obtained the385

transfer functions Gps between the S = 15 × 13 = 195 source positions

and the P = 18× 20 = 360 observation points with a frequency resolution

of 0.625 Hz. This step is time consuming (i.e. approximately 13 hours

for the presented measurement) but it should be achieved only one time

to characterize the acoustical environment (i.e. source radiating in the390

semi-anechoic chamber with the ba�e plane). This means that for the

characterization of a second structure presenting dimensions smaller or

equal to the present one, the same transfer matrix G could be used.

Figure 8: Measurement of the transfer functions Gps: experimental setup.
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Figure 9: Ba�ed simply supported panel.

� In step 4, Γsα (x, ω), the FRFs between point x and the source at position s

are determined: they were measured when the test panel was mounted in395

the ba�e as shown in Fig. 9. Two cases depending of the �nal quantities

of interest were considered:

� to evaluate the panel velocity sensitivity function Hv (x,k, ω) at a

point x on the panel, the acceleration response at point x was mea-

sured using one Bruel&Kjaer type 4508 accelerometer. The FRFs400

Γsγ (x, ω) corresponding to the acceleration of the panel at point x

for a monopole source at position s were measured for the S = 195

positions. It took approximately 45 minutes to measure all the FRFs

Γsγ (x, ω). These latter were used with Eq. (13) to estimate the

acceleration sensitivity functions of the panel at point x, Hγ (x,k, ω)405

for k in Ωk. Finally , the velocity sensitivity functions were deter-

mined using the relation Hv (x,k, ω) =
1

iω
Hγ (x,k, ω) and these

quantities were introduced in Eq. (3) with the appropriate model

of the wall-pressure �uctuations in order to deduce the power spec-

tral density of the velocity at point x when the panel is excited by410

the considered stochastic excitation. It is important to note that the

velocity sensitivity functions Hv (x,k, ω) are determined here using

the direct interpretation of Eq. (2) in contrast with the results in
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[12] where the reciprocity principle was used by exciting the panel

with a shaker at the point of interest x and measuring the response415

of the panel on a grid of points using a laser vibrometer. In our case,

the grid of monopole source positions constituted the excitation and

the response was measured at only one point, the point of interest x,

using one accelerometer.

� to evaluate the radiated power by the plate. In accordance with Eq.420

(6) to (9), the sensitivity functions in term of the radiated pressure

and of the particle velocity along x3-axis should be estimated for the

R = 9× 20 = 180 points discretizing Σr. A linear array of micro-

phones close to the panel (at a distance of approximately 7 cm from

the panel plane on the radiating side, corresponding to x3 = −7 cm425

as de�ned in Sec. 2.2) was used as shown in Fig. 11 to measure the

pressure at each point r of Σr. To evaluate the particle velocity, an

estimation of the pressure gradient was considered.

x1
x2

x3

source

panel

δx3

S1S2

Figure 10: Measurement of the particle velocity with the two microphone method , S1 and S2

are discretized surfaces consisting of two identical grids of R points.

With the time dependence eiωt, the particle velocity at direction x3 can be
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written430

vx3
0 = − i

ρ0ω

∂p

∂x3
(18)

Thus, the particle velocity can be obtained by evaluating the pressure gradient

∂p/ ∂x3 [29, 30] by using the two point �nite di�erence method

vx3
0 ≈ −

i

ρ0ω

p2 − p1

δx3
(19)

where p1 and p2 are pressure measurements at two adjacent positions on sur-

face S1 and on surface S2, respectively, as shown in Fig. 10. δx3 is the spacing

between the two surfaces S1 and S2 and is also the distance between two mi-435

crophone positions on the grid. δx3 must be large enough to induce a su�cient

pressure di�erence in order to determine the particle velocity but it also must

be small enough for the approximation in Eq. (19) to be valid. Some trial and

error tests with the monopole were made in order to de�ne an adequate spacing

between the two planes where the pressure would be measured and it was found440

out that a separation of δx3 ≈ 2 cm was ideal for these measurements. Nor-

mally, the �nite di�erence method su�ers from robustness issue against sensor

noise and mismatch but the latter is avoided here as the particle velocity at one

position of the grid in Fig. 10 is obtained using two pressure measurements of

the same microphone at the designated position (see Fig. 10 for an illustration445

of the proposed methodology). In the experimental setup, only one linear array

of 20 microphones is used to accomplish these pressure measurements on the two

surfaces S1 and S2. In fact the linear array of microphone is mounted on a 2D

Cartesian robot allowing us to sweep through a given surface on the radiating

side of the panel. Measuring the transfer functions Γsp (x, ω) (radiated pressure)450

and Γsv0 (x, ω) (particle velocity) at point x, now located on the discretized sur-

face Σr, allows us to determine the pressure sensitivity functions Hp (x,k, ω)

and the particle velocity sensitivity functions Hv0 (x,k, ω) used in Eq. (8). The

measurement of all the transfer functions needed in the determination of the

radiated power by the panel took approximately 46 hours.455
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Figure 11: Particle velocity measurements: experimental setup.

5. Results and discussion

5.1. Numerical validation

In order to assess the accuracy of the SST process on the test panel, one

proposes in this section to compare its results with numerical ones. As evoked

in Sec. 3.2, these latter were achieved using the analytical normal modes and460

the modal expansion method as described in Appendix B. First, let us compare

the velocity sensitivity functions experimentally estimated with the SST process

with the ones estimated numerically at point x = (0.06, 0.3, 0) m. The results

are plotted in Fig. 12 as a function of the frequency and the wavenumber, k1

for k2 = 0. A good agreement between both results can be observed, even for465

wavenumbers above the acoustic wavenumbers (which are symbolized by the

continuous white line in Fig. 12). This highlights that the SST approach is well

adapted for reproducing subsonic plane waves, which is a limitation of past-

developed reproduction techniques [4, 8, 10]. Below 300 Hz, one can however

observe that the SST results are noisy. For these frequencies, the monopole470

source was not e�cient and the measurements of the transfer functions were
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(a)

(b)

Figure 12: Velocity sensitivity functions |Hv (x, k1, k2 = 0, ω)|2 ( dB, ref. 1 m3 s−1 Pa−1): (a)

numerical and (b) SST. Continuous white line: acoustic wavenumber k0. Dashed white line:

panel �exural wavenumber kf .

polluted by the background noise. On the other hand, in the higher part of

the frequency range, some discrepancies between the two approaches appear.

They can be attributed to the di�erence between the model that supposed a

panel, perfectly simply supported on its four edges and the experimental one475

that approaches these conditions with thin blades.

Fig. 13 and 14 show the ASD function of the structural velocity response at

the receiving point x = (0.06, 0.3, 0) m (in dB units) when excited by a DAF

and a TBL pressure �eld, respectively, as described in Sec. 2.1.1 and 2.1.2.
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Figure 13: Velocity ASD function Svv (x, ω) ( dB, ref. 1 m2 s−2 Hz−1) of the panel subjected

to a DAF excitation: numerical (thin black line), SST (thick gray line).

Figure 14: Velocity ASD function Svv (x, ω) ( dB, ref. 1 m2 s−2 Hz−1) of the panel subjected

to a TBL excitation: numerical (thin black line), SST (thick gray line).

It can be observed that the vibration responses, in both the DAF and TBL480

excitation cases, determined using SST do not match the numerical ones between

approximately 230 Hz and 300 Hz: this is due to the fact that the source is not

e�cient in that frequency range as stated before. The vertical o�sets that can

be observed at some frequencies are due to the fact that for the numerical case,

the modal damping of the panel is taken constant over the entire frequency485

range (i.e. η = 0.005) whereas it is certainly dependent on the panel modes
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in real conditions (see the values measured by Marchetto for the �rst modes in

Table II, Ref. [12]). It can also be noticed that the vibration response in the

DAF case is higher than in the case of the TBL excitation: this is due to the

fact that the modes that contribute to the panel response under a di�use �eld490

excitation are more e�ciently excited than in the case of a TBL excitation [16].

Now, let us focus on the panel radiation. Fig. 15 and 16 show the inverse

of the radiated power (in dB units) by the panel when excited by a DAF and

a TBL pressure �eld, as described in Sec. 2.1.1 and 2.1.2 respectively.

Figure 15: Inverse of the radiated power Πr (ω) ( dB, ref. 1 W−1 Hz) by the panel under

DAF: numerical (thin black line), SST (thick gray line).

The radiated power was determined using the two microphones method for495

the SST approach. For both cases (DAF and TBL), the experimental results do

not match the theoretical results under approximately 700 Hz: this is probably

due to the fact that the monopole source was not very e�cient to induce a

su�cient radiation amplitude for the measurement of the pressure and particle

velocity sensitivity functions. Moreover, the estimation of the particle velocity500

with the two microphone measurements can amplify the uncertainties. From a

practical point of view, one can conclude that an acoustic source more e�cient

in the low frequency range would be required. In general, this type of source

(such as loudspeakers) has a greater size than the considered one, that would

require to de�ne a coarser mesh for the source positions. With the present505
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Figure 16: Inverse of the radiated power Πr (ω) ( dB, ref. 1 W−1 Hz) by the panel under TBL:

numerical (thin black line), SST (thick gray line).

source, one can however observe a good agreement between the SST results and

the numerical ones for both excitations. The two curves match very well above

700 Hz for the TBL excitation. That shows that the subsonic plane waves are

well synthesized by the SST (as it has been already observed in Fig. 12).

In conclusion of this section, there is globally a good agreement between510

the numerical results and those obtained from the proposed method as well

as in terms of the panel vibrations and the radiated sound power. For this

latter quantity, the strength of the acoustic source did not permit however a

satisfactory reproduction below 700 Hz.

5.2. Experimental validation with measurements in standard test facilities515

In this section, the experimental results obtained with the proposed SST

method are compared to results obtained in standard test facilities. The results

obtained in the standard test facilities have already been published [11, 12] and

were done at the University of Sherbrooke by Marchetto et al. They concern

the vibrations of a similar panel. In Ref. [11], the panel is excited by a DAF520

experimentally generated within a reverberant room whereas as in Ref. [12], it

is excited by a turbulent �ow generated in an anechoic wind tunnel at a �ow

speed of 20 m s−1. More details on these measurements can be found in these
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references.

Fig. 17 and 18 show for the DAF and the TBL, respectively, a comparison525

of the panel vibration responses obtained with the SST and the standard test

facilities.

Figure 17: Velocity ASD function Svv (x, ω) ( dB, ref. 1 m2 s−2 Hz−1) of the panel subjected

to a DAF excitation: reverberant chamber measurements at the University of Sherbrooke [11]

(thin black line), SST (thick gray line).

Figure 18: Velocity ASD function Svv (x, ω) ( dB, ref. 1 m2 s−2 Hz−1) of the panel subjected

to a TBL excitation: wind tunnel measurements at the University of Sherbrooke [12] (thin

black line), SST (thick gray line).

There is globally a good agreement between the results obtained using SST
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and those measured in the test facilities. One can notice a shift of the responses

along the frequency axis which is due to the fact that the panel used in the test530

facilities is not exactly the same as the one used in our experiment although both

panels are made out of aluminum and have the same dimensions. This shift can

also be explained by some minor di�erences in the boundary conditions. These

results show well that the proposed SST is able to reproduce the excitation of

a standard test facility.535

6. Conclusion

This paper presented an experimental process for the characterization of

structures under random excitations by using a single acoustic source combined

with the synthetic array principle: the monopole source is displaced to di�er-

ent positions allowing to mimic the e�ect of a full array and to reproduce the540

target wall-pressure �eld, hence the name of source scanning technique. This

process can be seen as alternative or complementary to standard test facilities

such as reverberant rooms or wind tunnels. A previous paper had already es-

tablished the principle of this approach and gave promising preliminary results.

In the present study, our attention was focused on the validation of the process545

with comparisons against numerical and experimental results obtained with test

facilities such as the reverberant room and the anechoic wind tunnel. A para-

metric study based on numerical simulations aiming at de�ning the ideal design

of the array of virtual sources was done. This study allowed to de�ne an optimal

interval Iopt, for the distance between the panel and the source array, in which550

the pressure �eld synthesis is in good agreement with the target pressure �eld,

allowing a good reproduction of the vibroacoustic response of the considered

structure.

The proposed method was applied on a simply supported aluminum panel

which was subject to either DAF or TBL excitation. Both the velocity response555

at a given point and the radiated power by the panel were estimated. A 3D

Cartesian robot was used to move the acoustic source whereas a 2D Carte-
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sian robot was used to move a linear array of microphones. This system was

controlled by a MATLAB script that allows us to automatize the measure-

ment process of the transfer functions between the source at di�erent positions560

and the quantities of interest. To evaluate the radiated power, the two micro-

phone method was used to estimate the normal particle velocity. Apart from an

overestimation of the panel responses between 230 and 300 Hz due to the low

e�ciency of the monopole source and the noisy radiated power under approx-

imately 600 Hz stemming from the two microphone method, there is a fairly565

good agreement between the three types of results (numerical, SST and direct

measurements).

The total measurement time of the transfer functions needed to determine

the velocity response as well as the radiated power by the panel is approximately

60 hours. The measurement of the transfer functions needed to determine the570

radiated power by the panel are the most time consuming (approximately 46

hours) as it required to measure the radiated pressure and to estimate the

acoustic velocity using a linear array of microphone. The use of acoustic ve-

locity probes as well as a larger microphone array could greatly reduce these

measurement times. These ones are however not completely penalizing as the575

process is fully automatized. Moreover, compared to standard facilities, the

process supplies the sensitivity functions that can give some insights on how the

structure �lters out the random excitation.

As the SST process has been validated and automatized, it can be used in

the future to compare the responses of di�erent complex panels under DAF or580

TBL excitation. As the considered excitation will be represented by a model,

the comparison between di�erent panels will not be perturbed by uncertainties

and background noises related to the excitation. Moreover, the analysis of the

measured sensitivity functions will be helpful to extract the physical phenomena

contributing to the noise radiation of the panels.585
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Appendix A. Numerical calculation of the sensitivity functions

The sensitivity functions characterize the dynamical behavior of a given

structure and have been de�ned by Eq. (2). For the considered panel in

this study, these sensitivity functions are calculated using the modal expansion595

method

Hv (x,k, ω) = iω
∑
m,n

Fmn (k)φmn (x)

Mmn (ω2
mn − ω2 + iηmnωmnω)

(A.1)

where m and n are both positive integers related to the summations.

� x = (x1, x2, 0) is the point of interest on the panel surface,

� Fmn (k) is called the generalized force of the plane wave,

� φmn (x) represents the mode shape,Mmn the modal mass, ωmn the modal600

angular frequency and ηmn the modal damping.

For a simply supported panel on all edges (as shown in Fig. 1), the modal

parameters are given in the following equations

ωmn =

[(
mπ

L1

)2

+

(
nπ

L2

)2
]√

D

ρh
(A.2)

φmn(x) = sin

(
mπ

L1
x1

)
sin

(
nπ

L2
x2

)
(A.3)

Mmn =
ρhL1L2

4
(A.4)

The modal force is given by

Fmn (k) =

∫ ∫
Σp

p (x,k)φmn (x) dx (A.5)

where Σp designates the area of the panel and p (x,k) = e−ikx is the prescribed605

pressure �eld corresponding to a unit wall plane wave characterized by the

wave-vector k.

Equation (A.5) has a closed-form solution

Fmn (k) = Fmn (k1, k2) = I1
m (k1) I2

n (k2) (A.6)
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where for ξ ∈ {1, 2} and p ∈ {m,n}

Iξp (kξ) =


(
pπ

Lξ

)
(−1)pe−jkξLξ − 1

k2
ξ −

(
pπ
Lξ

)2 if |kξ| 6=
pπ

Lξ

1

2
jLξ otherwise

(A.7)
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Appendix B. Source characterization strategy using a single linear610

array of microphones: Invariance Principle

x1

x2

x3

δp

δp

δp

δp

δp

δp

δp

δpδp

Gps (measured)

GpsLinear micro-
phone array

Primary source
positions grid

Secondary source
positions

Structure plane

Figure B.19: FRFs measurements using a non-displaceable microphone array

The second step of the SST process requires the measurement of the FRFs

Gps between the source position s and the observation p on the reconstruction

surface. A linear �ush-mounted microphone array was used to achieve this

measurement. As this array does not cover the whole reconstruction surface,615

one used the invariant property in translation of the idealized considered system

(i.e. source, �at ba�e, semi-anechoic room) to deduce the required transfer

functions. This is highlighted in Fig. B.19.

The blue grid shows the primary positions occupied by the source if we had
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a rectangular array or a displaceable (with an actuator for instance) linear array620

of microphones. The secondary source positions in red are the additional source

positions needed to measure the FRFs if one had a single non-displaceable linear

array of microphones considering the invariance property in translations. Thus,

instead of measuring, for instance, the blue (dashed) FRF (see Fig. B.19), one

would displace the source at the position facing the linear microphone array625

(same x1 coordinate but di�erent x3 coordinate) and measure the green (solid

line) FRF Gps. As the linear array is along the x2 axis, there is no need to

displace the source along the x2 coordinate. With this methodology, one can

measure the transfer function Gps for any point on the reconstruction surface

with the considered linear array.630
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