N

N

Mixture model for two-phase flows with high density
ratios: A conservative and realizable SPH formulation

Thomas Fonty, Martin Ferrand, Agnes Leroy, Antoine Joly, Damien Violeau

» To cite this version:

Thomas Fonty, Martin Ferrand, Agnes Leroy, Antoine Joly, Damien Violeau. Mixture model for two-
phase flows with high density ratios: A conservative and realizable SPH formulation. International
Journal of Multiphase Flow, 2019, 111, pp.158-174. 10.1016/j.ijjmultiphaseflow.2018.11.007 . hal-
03248980

HAL Id: hal-03248980
https://hal.science/hal-03248980
Submitted on 3 Jun 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-03248980
https://hal.archives-ouvertes.fr

Mixture model for two-phase flows with high density ratios: A
conservative and realizable SPH formulation

Thomas Fonty
Martin Ferrand®, Agnes Leroy®©, Antoine Joly®, Damien Violeau™®

a,C,*
Y

“LNHE, EDF R&D
YMFEE, EDF Ré&D
¢Saint-Venant Laboratory for Hydraulics (Ecole des Ponts, EDF R&D, CEREMA, UPE)
6 quat Watier, 78400 Chatou, France

Abstract

The numerical modelling of two-phase mixture flows with high density ratios (e.g. water/air) is chal-
lenging. Multiphase averaged models with volume fraction representation encompass a simple way
of simulating such flows: mixture models with relative velocity between phases. Such approaches
were implemented in SPH (Smoothed Particle Hydrodynamics) using a mass-weighted definition of
the mixture velocity, but with limited validation. Instead, to handle high density ratios, a mixture
model with a volumetric mixture velocity is developed in this work. To avoid conservation issues
raised by the discretization of the relative material displacement contribution in the volume fraction
equation, a formulation on phase volumes is derived following a finite volume reasoning. Conserva-
tivity, realizability, limit behaviour for single-phase flow are the leading principles of this derivation.
Volume diffusion is added to prevent development of instabilities due to the colocated nature of
SPH. This model is adapted to the semi-analytical SPH wall boundary conditions. Running on
GPU, this approach is successfully applied to the separation of phases in a settling tank with low
to high density ratios. An analytical solution on a two-phase mixture Poiseuille flow is also used
to check the accuracy of the numerical implementation. Then, a Rayleigh-Taylor instability test
case is performed to compare with multi-fluid SPH. Finally, a comparison with experimental and
numerical data is made on a sand dumping case; this highlights some limits of this mixture model.

Keywords: Smoothed Particle Hydrodynamics, two-phase mixture flows, large density ratios

*Corresponding author
Email address: thomas.fonty@edf.fr (Thomas Fonty)

Preprint submitted to International Journal of Multiphase Flows February 21, 2020



1. INTRODUCTION

1. Introduction

Multi-component flows with high density ratio play a prominent role in many engineering ap-
plications and imply complex strong flow dynamics (e.g. air-water turbulent mixing in hydraulic
jump or over dam spillways as in[Wan et al.| (2018)). The SPH (Smoothed Particle Hydrodynamics)
method therefore appears as a natural way to deal with such cases, due to its ability to model such
highly deformed flows (e.g. dam break or wedge entry in water detailed in |Gong et al.| (2016)).
Multi-fluid SPH models have been extensively studied to take advantage of the good ability of the
method in tracking the interface between different phases. Particular attention was paid to high
density ratio cases applied to air-water cases such that dam-break or rising-bubble cases in |Cola-
grossi & Landrini| (2003), or Rayleigh-Taylor instability and gravity currents for moderate density
ratios in |Grenier| (2009), [Monaghan & Rafiee| (2012)). However, accurately modelling multi-fluid
phenomena with the usual SPH approach in the air-water case requires choosing a particle discreti-
sation of less than the size of an air bubble or water drop, which leads to prohibitive computational
cost at the scale of practical interest for engineering applications.

Local instant formulation for multi-phase flows being generally beyond computational capability,
multi-phase averaged models have been developed, as in [Ishii & Hibiki (2011). Due to the averaging
process, the interface between phases is no longer explicitly tracked. One gets a continuum in which
phases are followed through a volume fraction representation. This kind of model encompasses two

main approachesﬂ

o Two-fluid models. Each phase is described by a continuity and a momentum equations.
Interfacial interactions introduce additional terms in these equations. They are closed by
constitutive laws, depending on the flow regime, but their determination can prove to be

tedious;

e Mizture models. The flow is seen as a single-fluid flow with one continuity and one momen-
tum equation that rule the evolution of mixture quantities (mixture density and velocity,
combinations of phase properties to be defined) complemented by an additional equation for
the mass conservation of one phase. Some additional terms linked to the relative velocity

between phases, computed through a closure law depending on the flow regime, appear in

n view of the hydraulic applications, energy considerations are neglected in what follows.
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these equations. In the absence of relative velocity, one has a homogeneous fluid model.

These models are of particular interest for modelling flows with small-scale interfaces (e.g. dispersed
air phase in a water flow) and are usually implemented using the finite volume approach, as in
Gallouét et al.| (2004). A prominent point consists in solving the volume fraction evolution properly
as underlined by |[Rusche| (2002). However, free surface tracking is not an easy task with mesh-
based approaches, so that these kinds of multi-phase models were also developed in SPH to deal
with sediment-laden flows with a two-fluid model in |Shi et al.| (2017) or separated flows with
mixture models in |Grenier| (2009)). It introduces an original way of dealing with phases in SPH:
instead of having different sets of particles for each phase, each individual SPH particle is now
able to carry the different phases with their respective volume fractions. First studies employing
volume fraction representation in SPH were done in an astrophysical framework to study gas/dust
mixtures in Monaghan & Kocharyan| (1995) and Monaghan| (1997), following a two-fluid model,
further applied to sedimentation in (Kwon & Monaghan| 2015). The unique velocity field for the
motion of SPH particles makes the mixture model enticing. It is close to the usual single-phase
set of equations and can therefore be implemented with limited effort. It is the approach taken
here. The reduced number of equations to solve is expected to limit the computations compared
to two-fluid approaches with a different set of particles for each phase, as described in (Shi et al.,

2017) or (Kwon & Monaghan, 2015)). Mixture models have already been tested in SPH:

e Price & Laibe (2015) proposed a mixture model applied to dust settling in protoplanetary discs
by rewriting the two-phase equations through the introduction of new variables, combinations
of phase variables, to overcome some issues inherent to the two-fluid approach (overdamping

at high drag, artificial trapping of dust particles);

e In the graphics community, a mixture model with a volume fraction representation was im-
plemented to capture a wide range of physical phenomena in Ren et al| (2014) but without
quantitative validation. This work includes a closure for diffusion velocities (velocity of the
phases relative to the mass centre, equal to the difference of the phase velocities and mass-

weighted mixture velocity);

e A mixture model with a volume fraction formulation and a diffusion of phases between par-

ticles following a Fick law has been implemented and successfully tested on gravity currents
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in (Cueillel (2005), extending to the Lagrangian framework the Eulerian model proposed by
Chanteperdrix| (2004);

e Following |Cueille (2005)), a mixture model with a volume fraction formulation without phase
exchanges between particles was implemented and compared to a multi-fluid formulation in
Grenier| (2009), especially on a Rayleigh—Taylor instability case. It highlighted the diffusion
of the interfaces triggered by the mixture model. The multi-fluid formulation of SPH proved

to perform better on the cases tested.

In this paper, the physical and numerical formulations chosen for a new mixture model are
presented. It is designed to be able to deal with high density ratio flows and versatile physics. Special
attention is paid to the conservativity, realizability (respect of physical bounds) and accuracy of this
resolution, issues that have raised some noticeable interest as in [Rusche| (2002)). Then, numerical
validation on several cases is detailed, with comparisons to reference solutions in the literature.
The cases comprise an oil-water and an air-water separation cases, an analytical case similar to a

two-phase mixture Poiseuille flow, a Rayleigh—Taylor instability case and a sand dumping case.

2. Mathematical model

Let us consider a two-phase flow (e.g. air bubbles rising or sediments falling within water). This
section aims at detailing the notations and the mixture equations adopted in this work to model
such a flow. We consider the control Volum6E| presented in Figure[l] The presence of phases is taken
into account through volume fractions, as illustrated schematically in Figure[2] The two phases are

denoted by « and 8.

2.1. Notations

The mixture quantities detailed in Table [2| are computed based on the value of some phase
quantities listed in Table[I} Several choices are possible for the phase quantities to be considered:
in view of achieving the conservation of phase quantities at high density ratios, a volume formula-

tion has been retained here for the phase description (volume fractiorEI) and mixture velocity. The

2The control volume models an SPH particle that will be introduced in the next section.
3We denote a and 3 the volume fractions as well as the phase names, without any risk of confusion.
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Figure 1: Control volume (green area) in two-phase flow (here a gas phase in red, liquid phase in blue).

Figure 2: Schematic view of the control volume, the corresponding volume fractions and velocity fields.

mixture velocity is indeed defined here with respect to the volume centre, and is also called volu-
metric flux, due to weighting by volume fractions. A weighting by mass fractions would correspond
to a definition with respect to the mass center. A mass formulation using mass fractions would
lead to a simpler set of mixture equations but trigger some numerical issues for high density ratio
flows. To preserve the symmetry of the system, we choose to work with relative velocities instead

of drift/diffusion velocities.

2.1.1. Mixture quantities

As a consequence of the above-mentioned definitions, one has the following useful relations:

atp=1 (1)

v*=j+pv" and 0% =j—av" (2)

The Lagrangian derivative for a particle moving at the mixture velocity j is denoted by:

d 0

%ZEJFJ.V (3)
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Table 1: Phase quantities (k = o or 3)

Volume %4

Mass mF

Density Pk =mk/VF
Kinematic viscosity | v*

Dynamic viscosity | p*

Velocity v

Pressure pk

2.2. Mixture model

Following [Ishii & Hibiki| (2011)), the averaged model for two-phase flows gives the following set

of continuous phase equations:

dap” an oy
En + V. (ap®v®) =0 (4)
UL 1V (ap"e” @) = <V (ap) + V- (aT) + ap'g o)

where T = pu® (Vo® +! Vv®) stands for the viscous stress tensor and g the gravity vector. We ne-
glected here the interfacial terms. Combining these relations and using the mixture model variables

introduced in one gets:

op . : o) "
Qapa . a (o4 ) “ "

Under the hypothesis of constant phase densities (i.e. p* = cst and p® = cst), one gets the volume
fraction equation:
e’

% +j7-Va=-V-(afv") (8)

Summing this relation on both phases leads to a divergence-free mixture velocity field. This conser-
vation equation, if we except the relative velocity term, is somewhat similar to the Volume of Fluid
approach proposed by Hirt & Nichols| (1981)) or the topological equation introduced in 7-equations

models for two-phase flows as detailed in |Baer & Nunziato| (1986)), neglecting compressibility and



2. MATHEMATICAL MODEL

Table 2: Mixture quantities

Volume V=Ve4Vh

Mass m =m® +mP

Density p=m/V = ap® + Bp?
Volume fractions a=V*Vand B=VFV
Mass fractions Y =ap*/pand YP = Bp%/p
Mixture velocity w.r.t. the volume center | j = av® + Sv?

Mixture velocity w.r.t. the mass center u =Y +YPP
Relative velocity " =v® —vf

Drift velocity v —7J

Diffusion velocity vY —u

Mixture pressure P

thermodynamical effects. A volume fraction equation has been proposed in |Chanteperdrix| (2004])
and includes additional terms due to compressibility effects that might be considered in further
studies. In this work we choose to use the usual momentum equation using mixture velocities and
densities for the sake of simplicity, as we focus on volume fraction and density resolution in a first

attempt at deriving an SPH mixture model:

i 1 1
o2 vV.-T
i pr+ pV +g (9)

where T = pv (V35 +! Vj) with v = av® + S the mixture kinematic molecular viscosity. (Chante-
perdrix| (2004) indicates that there is no preferential argument to choose either a mixture kinematic
or dynamic viscosity. The choice done here is motivated by a momentum equation derivation in this
volume-based framework that makes a mixture kinematic viscosity appear naturally. An equation
consistent with the volume-based formulation would require additional careful work (as explained
in [Ishii & Hibiki| (2011)), including an additional viscous terms and a contribution of the form

V- (afv” @v")).

2.3. State equation

We assume the mechanical equilibrium of partial pressures as pressure relaxation time is gener-

ally small compared to other characteristic times of the flow, as illustrated in |Labois (2008) in case
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of bubbly flows:
p=p"=p’ (10)

In the standard WCSPH (Weakly Compressible SPH) approach, the mixture is considered as
barotropic and the pressure is calculated based on the density values, using the Tait equation
of state as reported in |Cole| (1948). We adapted the state equation to a two-phase mixture with a
unit polytropic index (common assumption, as in [Marrone et al.| (2011)) for example) and a sound
speed computed following |Grenier| (2009). We linked the pressure to a ratio of volumes instead of
densities:

p= (o @450 () (32 1) + 90 (1)
where V; is the reference volume equal to §72 in 2D, §r3 in 3D, dr being the particle discretization.
This formula reduces to a one-phase formulation for null or unit volume fraction: in single-phase
SPH, when particle masses are constant, the ratio of densities p/py can be identified to the ratio
of volumes V5 /V. In the following, if not specified, we assume that the background pressure pg is
null and sound speeds are chosen so as to ensure that c® > 10max (vmax, VoH ) where v,y is the
maximum mixture velocity and H the maximum height of the flow under gravity. As in classical
WCSPH, this ensures the compressibility effect is purely numerical and the sound speeds ¢® and

¢ aim at ensuring relative density fluctuations within 1%, as explained by Monaghan| (1994).

3. Numerical model

The fluid domain € is discretized with a set of SPH fluid particles F. The discrete value

Ap = A (ry, t) denotes the quantity A at the particle position vector 7}, and time ¢.

8.1. SPH operators

The continuous SPH interpolation is performed with the Wendland Cs, kernel introduced in
Wendland, (1995) denoted w. For a pair of particles (a,b), wep = w (rqp) where 7o = 74 — 7
and the kernel gradient writes Vwg, = V,w (r, — 7). Unified Semi Analytical Wall (USAW)
boundary conditions described in [Ferrand et al.| (2017) are used. In this framework, boundaries 952
of the domain are meshed by segments s € S of size dr (dr being the initial interparticle spacing)

connected at vertices v € V as illustrated in Figure [3] Those vertices are truncated fluid particles



3. NUMERICAL MODEL

Figure 3: SPH kernel and intersecting boundary.

with a volume computed with respect to a reference volume through a fraction #. The reference
volume for vertices and segments writes:
Z‘/bwab

PR N—
D> _Wab
beF
It is equal to the actual volume for fluid particles. On the other hand, 6 is defined as the angle
between two connected segments divided by 27 in 2D for vertices, 1/2 for segments and 1 for fluid
particles. Segments and vertices contribute to accurately compute fields and their derivatives close

to the boundaries through boundary and volume integrals, respectively. Vertices are indeed part

of the fluid and allow one to impose field quantities. If not stated otherwise, multi-fluid operators

adapted to this framework are employed following |Ghaitanellis et al| (2015). The SPH pressure

gradient approximation is therefore:

1 —2 —2
(VD)a = Galm} = —= > 0, (Vava + Vi) Vi
Va beFUV (13)
1 1 /—2 —2
=N = (Vip,+Vip |V
,}/ava SEZS Vs ( apa sp< ) ’Yas

In this operator, the renormalization factor v, presented in Ferrand et al.| (2017)) was used to account

for potential truncated kernel supports near boundaries:

Vo = /Qarmw (ro —7)dr (14)

where Q, denotes the kernel support of the particle a. Moreover, following [Ferrand et al.| (2017)),

the contributions to the gradient of ~ are:

Vros = ( / w(r)ds) n (15)
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where n; is the inward unit normal to the boundary segment s. These values can be computed
analytically as explained in [Ferrand et al.| (2017).
Except in subsection [4.2] the SPH Laplacian approximation used to compute the viscous stress

tensor writes:

. Atafty Jab
(V- (uV3h))y = La{pm, go} = — Z WVl Jab
@ beFUV ,ua—i—,ub Tab
(16)
_722 Jas . V'Yas
where 74 = |Tab|, Jab = Ja — Jo and p = pv being the dynamic molecular viscosity. Following

Violeau| (2009) and [Espanol & Revenga) (2003)), the alternative formulation used in case of variable

viscosities is:

= 2afty o .\ Tab - VWap
L {Mbagb} = Z ,LL ,LL (4 (Jab . eab) € + Jab) T
a ab

Y peFUV

_722 Jas e V'Yas

a€

Tab . . . . .
where ey, = —=. This formulation is used in subsection

Tab

8.2. Integral balance for a single-phase flow

The usual SPH discretisation of volume fraction equation leads to non conservative and non
realizable solutions (i.e. volume fractions may take non-physical values). We intend to derive a
realizable phase volume equation, conservative with respect to the relative velocity contribution,
through a finite-volume like approach. In this prospect, we will consider a Voronoi tesselation that
discretizes the fluid, as illustrated in Figure [dl The cells in this Figure are a representation of the
SPH particles, used to derive the subsequent equations. During a simulation, the exact shape of
the particles is never actually known (or used). a|b stands for the interface index between the cells
a and b, the outwards-oriented surface vector associated to this interface being denoted S,;. For
the sake of clarity, we first apply this approach to a single phase medium to see how one can recover
the WCSPH volume conservation equation:

av

_ - 1
g =VVi (18)

After this, a similar reasoning shall be applied to the two-phase case. To start with, we only consider

particles that do not interact with the boundaries of the domain.

10
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Figure 4: Voronoi diagram.

8.2.1. Leibniz’ rule
Let us apply the Leibniz’ rule for a scalar field A on a particle a seen as a material volume £,

moved and deformed by the fluid velocity j:

d A
—/ AdV = a—dV +/ Aj-dS (19)
dt Jo, ) Q. (1) O 09 (1)
For A = 1, equation gives:
AV, .
= / j-dS (20)
dt Jaa,
We therefore recognize an integral form of equation . For a closed surface:
/ dsS =0 (21)
0 (1)
Subtracting j, - , one gets:
dVa .
~ [ G-dn-ds (22
dt 094 (t)

3.2.2. Discrete SPH approximation
Let us proceed with a finite volume formulation of the integrals in equation . For each

neighbouring cell, one has:

/|bds = Supp (23)

/ 348 = S (24)

11
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N

Figure 5: Mixture velocity field j. jq is the mixture velocity of the particle a, constant within the volume of the

particle.

Equation is exact while equation is a definition of the interface mixture velocity j,;. By

summing over all neighbours (i.e. all the a|b interfaces), one gets:

dvy . .
dt = Z (Ja\b - .7(1) . Sa\b (25)

alb

In the above equation, j is the velocity at the continuous level, while j, is the velocity of the particle
a, which is a discrete field, constant over the support of the particle (see Figure 5)).

The similarity between SPH-ALE and Finite Volume (FV) approaches have been underlined in
Neuhauser| (2015), among others. In the SPH formalism, this analogy is based on the following
relation:

Sa\b = QVQVI,V'LUab (26)

to determine the virtual surface vector of the interface between particles. An important difference,
as highlighted by Neuhauser| (2015)), between FV and SPH, is the definition of a neighbour in each
method: only cells that share (part of) a face with the considered cell in FV are considered as
neighbours, whereas all SPH particles within the kernel support are considered as neihgbours (their
number thus depends on the smoothing length). This difference of neighbour definition requires
an adequate handling of the weighting of the neighbouring SPH particle contribution, which is
done through the presence of the kernel gradient in equation . A limit of this approach is that
the property 3, Sqip = 0, that is true in FV, does not hold in SPH (as zeroth consistency is not
fulfilled). This notation will be used throughout this document.

Choosing a centred value to approximate jg3, equation (25) becomes:

dV, . .
i = —Va;‘/b (Ja, - Jb) ' Vwab (27)

12
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We recognize a discrete SPH approximation of 7 the right hand side being an SPH discrete

divergence operator as described in [Violeau| (2012]).

8.8. Integral balance for a two-phase flow

One can now make a similar reasoning in the case of a two-phase flow. Due to the mixture
model we have adopted, we can consider that we have a single fluid, but whose characteristics will

vary depending on the local volume fraction a.

3.8.1. Leibniz rule
For A = «, equation becomes:

d Oa
— adV = / —dV +/ aj -dS 28
dt Ja, @ Q.(t) Ot 09 (1) (28)

Using to compute the right-hand side volume integral and using Gauss’ theorem, we get:

ave
dt

/ AV - j— V- (afo")]dV (29)
Qa(t)
Expanding « at the zeroth order, we make the following approximation:
/ aV - 3dV = a, V. 3dV (30)
Qa(t) Qa(t)
Subtracting aqj, - leads to:

dve aa/ (j — ja)-dS — afv” - dS (31)
dt 894 (t) % ()

8.8.2. Discrete SPH approximation

The finite volume approximation of the integrals leads to:

ave
=00 ) (Jalp = Ja) * Sapp = D (@BV") 4+ Sapy (82)

alb alb

where we identify two contributions: the first term corresponds to a divergence of the mixture
velocity field aV - j and the second to a contribution from the relative displacements of phases
V - (aBv"). The interface alb quantities still need to be defined in equation (32). Four principles

guide this definition:

e Conservativity: the fluxes must be symmetrical with respect to the particle labels (a, b);

13
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e Realizability: phase volumes V and V#? should remain positive;

e Reduction to single phase model: for « = 1 and v" = 0, we want to recover single-fluid

WCSPH equations;
e Symmetry with respect to phases: we can interchange o <> 8 without modifying the equations.

Guided by these principles, we propose the following relations on both phase volumes:

ave v, - + , -
dt = O‘aﬁ - 2VaZVb (aaﬂb {va\b ’ Vwab} + apfBa ['Ua“; : Vwab:| > (33)
beF
dvp v, - + , -
dt = /Baﬁ + 2VaZVb (aaﬂb [va|b : Vwab:| + O‘bﬂa |:’Ua‘b : Vwab:| > (34)
beF
where [2]7 = max (z,0) and []” = min (z,0). The relative velocity is computed with a centred

approach:
T 1 T T
va|b = § (va + vb) (35)

Equation was obtained from by changing « into 3, since these relations are symmetric
(this switch changes the sign of the relative velocity). There are several important choices for the

derivation of equation from equation :

e The first term of the right hand side of equation can be identified as the first term of
equation using the relation . The computation of the temporal derivative of the total
volume relies on the use of an exact time integration scheme, following what is suggested by
Ferrand et al. (2017)). It proves to be better at simulating the mixture at rest (the usual
continuity equation resolution with antisymmetric divergence led to spurious convection cells
which appeared to be linked to the accumulation of numerical errors). Starting from the SPH

volume interpolation:

Yo _
v, = > Oywa (36)
be(FUV)
one can update the total volume through:
’YIZL+1 ryg’ n n n
ntl  1n Z (Op T wi ™ — Opwyy) (37)

@ beE(FUV)

e The second term of the right hand side of equation is computed through an upwind

formulation, symmetric with respect to phases, that ensures the realizability of the scheme

14
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(under a CFL condition, see section . The flux vg‘b - 8qp at the midpoint of the pair of
particles (a, b) is split into its positive and negative parts. The factor o8 then takes a different
form depending on the sign of the flux: in a,f8, « is upwinded with respect to v” and S is
convected by (—v"). The choice of alternate indices a and b for the volume fractions ensures
the symmetry with respect to the phases and the conservation of the total quantity of each

phase.

A similar formulation can be found in (Shi et al.,|[2017)) that details a two-phase model for sediment
laden flows with an asymmetric treatment of the liquid and solid phases. The volume fraction of
sediment is updated with an equation looking like but with 3 taken to 1 and a usual SPH
divergence of the fluid velocity field to compute the total volume variation. Instead of a 5 equation,
an equation on p? is solved. Our approach has the advantage to keep a symmetrical treatment of
both phases and to be conservative with respect to the relative velocity contribution. The model
can therefore handle only water or air phase within a particle when the approach detailed in (Shi
et al.l 2017) assumes constant water mass in particles, which may trigger some significant volume
variations. We are only solving three equations instead of four, which decreases the computational
cost of the approach. A mixed upwind/downwind operator in a finite volume framework is proposed
in [Larreteguy et al| (2017) to solve a volume fraction equation with drift velocities and a mass-
weighted mixture velocity (« is upwinded whereas the drift velocity encompassing 8 and v" is
downwinded). Such a distinction between upwind and downwind, due to a stencil limited to a pair
of particles in SPH, does not seem possible to implement.

As in usual WCSPH, the total volume is not conserved due to weakly-compressibility. However,
the antisymmetry of the discrete terms concerning the relative velocity ensures that the relative
phase motion does not affect the total volume. Introducing the wall renormalization factor v of

equation , the phase volume equation becomes:

dzl/;‘a _ aa% - 2%2% (aaﬂb {”5“’ , Vwabr + B [vglb : Vwab}> (38)
Y peF

the temporal variation of V, being computed from , the symmetry of the relative velocity
term is somewhat broken by this factor, as always with the USAW technique but it did not prove
to introduce significant discrepancies. No boundary term is considered so as to ensure a no-flux
condition at the boundaries. Let us finally underline that in the numerical implementation phase

volumes have been adimensionalized by the reference volume V) to avoid the accumulation of

15
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numerical errors that triggered some spurious pressure profiles.

3.4. Volume diffusion

For constant relative velocities, checkerboard effects clearly appear in simulations as a conse-
quence of the colocated nature of SPH. One possible way to circumvent this issue is to introduce
volume diffusion when phase volumes are updated. The derivation of this additional term is detailed

in [Append A

3.5. Particle characteristics

Once phase volumes are computed, one can assess the other particle quantities according to

their definitions (here particle labels a were dropped for the sake of simplicity):
o m = (ap™ + Bp°)Vo
e p=m/V
e a=V/V

Special attention shall be paid to the particle mass computation. In single-fluid SPH, particle
masses are usually constant (except in the Arbitrary Lagrangian-Eulerian approaches such as in
Vila) (1999)), so that they do not vary due to compressibility effects; only the density does. To
recover this behaviour, we introduce the reference volume Vj to compute particle masses, so that
they only vary due the volume fraction variations. With this choice, we indeed have a varying
density due to the fluid (weak) compressibility. This way of calculating the particle quantities
constitutes a discrete approximation of the original continuous equations @ and . To check

that, one can deduce from the discrete governing equations of the mixture density and volume

fraction:
dp . Pa dVa
AT )
_ ( — pﬁ 72 <aaﬁb [ AT a|bj| ! + apfBa {vg‘b . Sa|b] _>
a p
Z—Cz = _VL (%ﬁb [’UZU) ) Sa|brr + awfa ["’Z\b ’ Sa\b] > (40)
@ p

the sum on the right hand side being an SPH approximation of V (afv"), as previously explained.

16
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3.6. Closure law for the relative velocity

The closure law for the relative velocity is flow-dependent and one can refer to the extensive
literature, for example (Ishii & Hibiki, 2011)), to find adequate closures depending on the two-
phase flow regime. The relations used in this article assume constant particle sizes. More complex
models solving transport equations for particle diameters exist but we will focus on the simple
closures described hereafter. Let us note vy the rising velocity of a single, small spherical bubble
of diameter d, within an infinite medium at rest under gravity, according to Stokes’ law:

(0™ —p") dy

57 (41)

Vo =

Under the assumption that a local equilibrium can be reached over a short spatial length scale,
one can write an algebraic expression of the relative velocity according to Manninen & Taivassalo

(1996). Several cases are presented in this work:

e A constant relative velocity:

v =1y (42)

e In[Brethour & Hirt|(2009)), the relative velocity is variable and linked to the pressure gradient

through: ( B)
Vp a(p® —p
v'=———"—"—"Vp (43
Ky P )
where the drag coeflicient K, is computed as:
1. 4 o 2408
K, = = Ay0" (Culo"| + (44)
2 dp

with 4, = %wdi and V, = %wdi the cross sections and volumes of the bubbles. To account for
the particle-particle interactions, the Richardson-Zaki correlation can be employed to compute
the effective relative velocity:

vl = aSv” (45)

where ¢ is computed using the Reynolds number Re = d,|v"|/v? as:

Re <1 ¢ = 4.35/Re%03
1< Re <500 (=4.45/Re’! (46)
500 < Re ¢ =239
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To close , we use here Vp = pg in the separation case assuming hydrostatic equi-

librium.
e Finally, we propose a relative velocity including a volume fraction gradient:
v =vy - K— (47)
@

where the coefficient K > 0 accounts for turbulent-like diffusion effects. The presence of a
gradient requires some numerical precautions: to avoid double summation that can lead to
instabilities, a second order SPH operator is used. Substituting in , one gets:

Ve v,
dt % dt

> (@Bv0)yp Sap + KD (BVa),, - Sapp (48)

bEF bEF
The relative velocity contribution in the phase volume equation is divided in two parts: the
vy part is treated as in whereas the diffusion term in K is discretized separately as a
usual SPH Laplacian introduced by Morris et al.| (1997)):

Ve Ve
dt Tt dt

Z [%ﬂb (V0,6 - Sapp]  + @Ba [Vo,app - Sab]-q

beF

+KZ Ba '2|_ By g — ap Tab Sa\b
beF Tab Tab
3.7. CFL condition
The resolution of the phase volume equation introduces a condition on the time step for

positivity of the phase volume (i.e. realizability of the numerical scheme). Let us consider the

relative velocity of general form . It is associated to the numerical Péclet number
(50)

where vmax = max (|vg|) and o is the kernel standard deviation described in [Violeau & Leroy

(2014)). |Appendix B|details the derivation of the sufficient condition that guarantees the positivity
of V& +1 given the positivity of V", VA

UmaxOt 1\!
CFL = “‘:’;X <¢ (77 + Peg) (51)
The non-positivity of V* can trigger some instabilities so that this sufficient condition of positivity
is interpreted as a condition of stability. For an advection-diffusion of the volume fraction « along
the vertical axis, we got numerically £ = 1.1 and n = 0.8 for Pe, € [0.0012,0.12] (optimized with

respect to the £1 norm of the relative error). The fitting curve is displayed in Figure @
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e o o Numerical
—— Fitting (51)

0 0.02 0.04 0.06 0.08 0.1 0.12
Pe,

Figure 6: Advection-diffusion: limit of stability of the volume fraction profile (stability region below the curve).

3.8. Boundary conditions

In what follows, except in subsection the volume fraction at boundaries is computed with

a Neumann condition using the following approximation:

a,u = Z ‘/;)awab (52)

beF
This value of the volume fraction of vertex particles is used in some of the operators described

above.

3.9. Time marching scheme

The detailed resolution of our system is as follows (particle labels are dropped here):
1. Relative velocity update using 3.6
v =g (p",a", ") (53)

2. Operator splitting for the momentum equation: velocity update

e Potential force step:

1
Jjr=g"+dt {—anp"—kg} (54)
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e Viscous fOI‘CG step:
1
7-n+1 = 7'* + 0t {V . T*] with T = pny" (Vj* —|—t Vj*) (55)

3. Particle position update:

T = gy tt (56)

4. Total volume update using :
S AR (57)
5. Phase volume computations with and :

et = yenr g ot (Vi V) — 6tV - (@) (58)
VOl =y g (VI V) 6V - (@7 B ) (59)

6. Computation of other flow features using

7. Pressure computation using state equation :
p7z+1 =p (an—i-l’ﬂn—&-l, pn-i-l) (61)

To comply with the saturation condition , we deduce 8 = 1 — a when needed in the implemen-

tation.

4. Numerical validation

All our application cases are two-dimensional with particles initially placed on a Cartesian

lattice.

4.1. Separation

The separation of liquid dispersions, the sedimentation in a settling tank, etc. are common
industrial separation problems. In this subsection, we investigate two applications of this separation
phenomenon illustrated in Figure[7] This test case is of particular interest to check the realizability

and conservativity of the numerical scheme.
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a=20 a=20

Figure 7: Separation case: initial and final states.

4.1.1. Separation of an oil-water dispersion

A vertical rectangular column (0.24 mx0.915 m) contains a mixture of oil of density p* = 837
kg/m? and demineralized water of density p® = 996 kg/m3, with an initial uniform volume fraction
of oil ag = 0.3. The kinematic viscosities v* = 107% m?/s and v” = 1.5 1076 m? /s are used for the
relative velocity computation. Sound speeds are set as ¢ = ¢ = 45 m/s. The particle discretization
is dr = 0.005 m to have an accurate tracking of the interface position. In the momentum equation,
in order to stabilize the flow, we used higher viscosities, equal for both fluids »®* = v# = 0.03
m?/s. As the mixture is assumed to remain in hydrostatic equilibrium, this should not influence
the result very much: particles have negligible motions and the separation is driven by the phase
volume equation that triggers phase exchanges between particles. Experimental and numerical
validation (Flow-3D® software) are provided in [Jeelani & Hartland| (1998) and [Brethour & Hirt
(2009), respectively. Flow-3D® is a finite difference code based on structured meshes as described
in |Freitas| (1995). It uses a semi-implicit resolution of the continuity/momentum equation with
a first order convergence. For dispersed two-phase flow, it provides a mixture model similar to
the one exhibited in this paper with a volume-based formulation using a volume-weighted mixture
velocity (to automatically enforce incompressibility). This model together with the closure of
the relative velocity are described in [Brethour & Hirt| (2009) and detailed in . A switch of
the definition of the dispersed phase is done at the threshold @ = 0.5, so that continuous and
dispersed phase are exchanged in the relative velocity definition. The relative velocity parameters
are d, = 1.2 mm and Cy = 0.7 (values used in Flow-3D®). The temporal evolution of the separation

is displayed in Figure We can observe the generation and motion of two clear interfaces until
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Figure 8: Separation of an oil-water dispersion: density evolution through the decantation process.

complete separation of oil and water phases. Figure [J] shows the evolution of the positions of
these interfaces through the separation process, and shows good agreement with Flow-3D® and
experimental results. Convergence is illustrated by the final interface position, located at 30% to
the top wall. The slowdown of the interface progression velocity around 50 s is reproduced, and
appeared to be linked to the switch of definitions of dispersed and continuous phases made at

a = 0.5 for the computation of the relative velocity.

4.1.2. Separation of an air-water mizture

A vertical rectangular column (1 mx2 m) contains a mixture of air of density p® = 1.23 kg/m>
and water of density p? = 1000 kg/m?, with an initial volume fraction of air oy = 0.5. As a first step,
high kinematic viscosities v% = v = 0.03 m?/s are taken. Sound speeds are ¢ = ¢ = 45 m/s. The
particle discretization is ér = 0.01 m. The relative velocity is set to 0.45 m/s. Figure shows
that at convergence, both fluids are separated, and volume is conserved (the interface appears in the
middle of the domain). Once the separation is established, we observe some instabilities developing
near the interface, due to the pressure gradient computation, as highlighted in Figure The
pressure gradient discontinuity is however well computed, as shown in Figure One can see in
Figure that there is a non negligible error at the interface, but also near the upper boundary
as pressure values are quite small (for the relative error computation, the minimum pressure in the
domain has been subtracted, as a constant pressure offset was present throughout the domain). In

the bulk of the fluid domain, the error is close to 1%, as expected in WCSPH.
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Figure 9: Separation of an oil-water dispersion: evolution of the upper and lower interface positions. Comparison of

experimental data of [Jeelani & Hartland| (1998) and numerical results (Flow-3D® results are taken from

[ ] (2009)).

(a) Global view (b) Focus on the interface

Figure 10: Separation of an air-water mixture: separated state.
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Figure 11: Separation of an air-water mixture: pressure for the separated state.

4.2. Two-phase mixture Poiseuille flow

The computation domain is a rectangle of height 2e and length e, periodic along the = direction
as illustrated in Figure The fluid is submitted to a longitudinal force F' mimicking a pressure
gradient as in a Poiseuille flow. However, no gravity is introduced as it proved to trigger some small
instabilities in the velocities and pressure profiles (the gravity effect is all included in the definition
of the relative velocity). Starting from an homogeneous mixture o = gy at rest, the flow should
converge towards the analytical dimensionless steady stateE| detailed in obtained with
a relative velocity given by at constant mixture kinematic viscosity v® = v%. The volume

fraction at vertices v of normal n, is computed thanks to a second order approximation method

for Robin boundary condition as detailed in Mayrhofer et al| (2013). The no-flux condition at the

boundary:
foJe}
T=0 <+— n)——=0 62
v a(vg - n) 3 (62)

40Obtained with an incompressibility hypothesis.
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Figure 12: Two-phase mixture Poiseuille flow: initial and final states.

where n is the normal to the wall is approximated using;:

a, = bef‘f: (YU (1= (vo - 1) (rop - 1) JK) — Zy (7o - n,,)Q) W (63)

A, = XY, 72 (64)

Xv - Z% (1 - (UO 'nv) (r'ub nv)/K)2 Wyb (65)
bEF

Yv = Z% (Tvb ' nv)4 Wyp (66)
beF

4y = va (1 - ('UO . nv) (T'ub . n'u) /K) (rvb : nv)2 Wy (67)
beEF

This flow is analogous to a Rouse flow described in [Rouse (1937) but with a rising instead of
settling velocity and constant turbulent coefficient K. The following parameters were used: e = 1
m, p® = 1.23 kg/m?, p? = 1000 kg/m?, v* = v# = 0.03 m?/s. Sound speeds are ¢* = ¢ =1
m/s. Background pressure is set to pg = 250 Pa to avoid particle disorder near boundaries that
usually appears in Poiseuille flows. The particle discretization is ér = 0.01 m. Initially starting
with a uniform volume fraction distribution oy = 0.05 and a fluid at rest, for F' = 0.02 N and
Pe = 7.26 (K = 0.1 m?/s and dp, = 0.2 m, values chosen arbitrarily to exhibit a steep volume
fraction gradient), one gets, after convergence, volume fraction and longitudinal velocity profiles
displayed in Figures [[3] and [[4] There is a very good agreement between analytical and numerical
solutions. Let us underline that the highest relative errors are obtained in zones where the volume
fraction or the mixture velocity are very small.

Convergence curves are displayed for the volume fraction and longitudinal velocity profiles in

Figures [15|and [16|respectively, plotting the instantaneous £2? relative error for the steady-state field
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Figure 13: Two-phase mixture Poiseuille flow with constant kinematic viscosity: volume fraction at steady-state.
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Figure 14: Two-phase mixture Poiseuille flow with constant kinematic viscosity: longitudinal velocity at steady-state.

0.5
o
0.5

0 0.05 0.1
(.j*,th - j*)/j*,th

(b) Relative error

0.

15

.2



4. NUMERICAL VALIDATION

3

~

_C\] -1

- 10 1

3

|

S

o 2 | o+ Numerical
5.0x10 —— Order 1/2

I—2 I—1
10 10

or/e
Figure 15: Two-phase mixture Poiseuille flow: convergence study on the volume fraction profile.

as a function of the dimensionless particle size dr/e. This relative error for a field A compared to

the analytical profile Ay, is computed as:

> (A — A ())?
|A—Awmll2 | ver

HAall: S Au ()

beF

(68)

The convergence slope is approximately of order 1/2 for the volume fraction and 1 for the longi-
tudinal velocity. The upwind formulation of the phase volume equation might explain this weak
order of convergence for the volume fraction.

As a second step, one can consider a case with a varying mixture kinematic viscosity. Only the
longitudinal velocity profile is modified: its expression is detailed in All parameters
remain unchanged compared to previous configuration, except the viscosity v® = 0.001 m?/s. We
get, after convergence, the longitudinal velocity profile displayed in Figure [17| (the volume fraction
profile is unchanged). Again, analytical and numerical solutions agree very well, even though, due
to slight discrepancies on the volume fraction profiles, one can notice that the velocities are a bit
smaller than expected in the upper part of the flow (the kinematic viscosity also varies with the
volume fraction in this case, and the largest absolute errors on the volume fraction are made in the

upper part of the flow, therefore influencing the shear stress, and consequently the quality of the
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Figure 16: Two-phase mixture Poiseuille flow: convergence study on the longitudinal velocity profile.
velocity profile).

4.3. Rayleigh—Taylor instability

The computation domain is a rectangle of height 2e and length e bounded by walls. As illustrated
in Figure the fluid domain initially consists of two fluids of densities p® = 1000 kg/m? in
the lower part and p” = 1800 kg/m?® in the upper part, separated by an interface defined by

z =1—0.15sin (27z). To be consistent with the work of |Grenier et al| (2009)), both fluids have the

same kinematic viscosities v = v® = v# = 2.381 1072 m?/s and the gravitational acceleration is

taken to g = 1 m/s?. The homogeneous model is solved, i.e. without relative velocities. To compare

with the results from |Grenier et al.| (2009)), a background pressure pp = 3.6 Pa is introduced within

a state equation of the form:

p= (69)

e ()

where v = 7 is the polytropic index. Sound speeds are ¢® = 14 m/s and ¢® = 10 m/s to comply

with the idea used for example in (Colagrossi & Landrini, [2003) that one should choose values

such that p® (ca)2 =pf (05)2. As spurious fragmentation occurs at the interface between fluids, a

small repulsive force was added in the pressure gradient, following |Grenier et al.| (2009). This force
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Figure 17: Two-phase mixture Poiseuille flow with varying kinematic viscosity: longitudinal velocity profile at

steady-state.

consists of an additional term in the pressure gradient when the neighbouring particle belongs to
another phase. Its expression was extended to the mixture model:

1
- > (Vipa + Vi'ps) Vwas

YbeF

1
v Z (el + asBa) (Vi lpal + Vi pel) Vwas

G, {pb} =
(70)
+e

where the factor (aq8p + apf,) is equal to 1 when a and b belong to distinet phases, and 0 otherwise
as long as phases remain separated, as in this Rayleigh—Taylor case without relative velocity. The
relevance of this term for intermediate volume fractions is questionable. As suggested by
, € is taken equal to 0.01. This test case aims at checking the numerical behaviour for
separated phases: the multi-fluid behaviour should be recovered. Figure shows the temporal
evolution of the phases with the finest resolution (300 particles per unit length). Figure
displays a convergence study of the shape of the interface at the adimensional time ¢, = t\/g% =5
in which one can see the convergence of the interface shape. Figure compares the finest

discretization interface with the one obtained in |Grenier et al. (2009) with SPH and a Level-Set

model at equivalent discretizations, showing a good agreement. Some discrepancies can be observed
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Figure 18: Rayleigh—Taylor instability: initial and final states.

(a) tx =0 (b) te =1.25 (c) te =2.5 (d) tx =3.75 () t« =5

Figure 19: Rayleigh—Taylor instability: light (blue) and heavy (red) phases evolution for a discretization of 300

particles per unit length.

in the curling up region of the mushroom-shaped heads.

Introducing a constant relative velocity chosen arbitrarily with d, = 0.07 m, interfaces first
diffuse and rapidly converge towards a separated state as in section [£.1] Simulations without and
with relative velocity are displayed in Figure One can see that without relative velocity (i.e.
configuration equivalent to the multi-fluid model), phases are not fully separated as some drops
remain in both phases and are under-resolved because of the size of SPH particles (a steady state is
not reached even at ¢, = 500 even though phases are then more clearly separated). An inaccurate
pressure gradient computation for those small size structures might explain this behaviour, making

our mixture approach useful in such circumstances.
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Figure 20: Comparison of the interfaces for the Rayleigh—Taylor instability case at t« = 5. On the left, a convergence

study is displayed for 75 (red line), 150 (blue line) and 300 (black line) particles per unit length. On the right, a

comparison is made between Level-Set (red line) and SPH (blue line) results of |Grenier et al|(2009) and the present

SPH model (black line) for the same resolution.
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Figure 21: Rayleigh—Taylor instability: evolution of the volume fractions from the light (blue) to heavy (red) phases

without (upper series) and with (lower series) relative velocity for a discretization of 300 particles per unit length.

4.4. Limits of the mizture model: a sand dumping case

In this section, the performances of the presented mixture model are assessed on a case of
sand dumping described in . This case implies enriched physics compared to the
previous sections, with the presence of a free surface and a physically-based relative velocity closure.
« denotes the sediment phase, and § the water phase. The configuration is a square water tank
(1 mx1 m) with a free surface as described in Figure In the middle of the domain, just under
the free surface, a sand block is released initially with a volume fraction ag equal to the maximum
sediment concentration. Many different configurations were considered by but
we will focus on the tests for which experimental results are available. The sand cloud is initially
Wy = 2 or 4 cm wide and Hy = 2.5 c¢cm high. The three sizes of sediment d, considered are 0.8
mm, 1.3 mm and 5 mm that correspond roughly to settling velocities of 12.6 cm/s, 19.61 cm/s and
49.52 cm/s, respectively. The particle discretization is ér = 0.005 m.

In order to have a fair comparison with the two-fluid approach developed in ,

several changes were introduced to deal with the complete physics of this case:
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Figure 22: Sand dumping: sand cloud features.

e Computation of the sediment viscosity following Alihan and Sleath’s formula (Alihan & Sleath),
1987)):

fe pﬁ’ Osm % - B
v =122 ( ) —1| v (71)
p [\«

where ag,, is the maximum sediment volumetric concentration, that was set to 0.607 in our

computations (instead of 0.606 in (Shi et all [2017))) to avoid singularity of the viscosity at

the initialization (indeed the sediment cloud starts at this concentration initially).

e Computation of a turbulent viscosity, added to the physical one, following a Smagorinsky

modelP}

=t (1- ) (72

sm

where C' = 0.1 and n = 5. Please note that we are using here the mixture rate-of-strain tensor

defined as:

S=-(Vj+' Vj) and ||S|| = v25: S (73)

1
2
that differs from the phase rate-of-strain tensors used for distinct phase turbulent viscosities
computations in (Shi et al., [2017)). Moreover, a sensitivity analysis has been conducted in

(Shi et al., 2017 to optimize the results with adequate choice of the Smagorinsky coefficients

and power law, choices that might not be optimal in the framework of our mixture model.

5Some prefer using the smoothing length h in place of ér. It is a matter of convenience about the definition of C.
However, we emphasize that, following (Dehnen & Aly| |2012), h is meaningless and should be replaced by the kernel

standard deviation.
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e A relative velocity closure is deduced from (Shi et al., [2017)) continuous equations. It includes
the drag effect, an hindering factor computed with Richardson and Zaki formula (Richardson

& Zakil [1997) and a turbulent diffusion of volume fraction based on a gradient transport law:

. é52'65 (p* = p®)d, Vp vt Va

= Yr_Z 2 74
3 Gl p  Scap ™
where the drag coefficient is computed according to the Reynolds number Re = ||v"||d,/v?
following:
2L (14 0.15Re%587)  if Re < 1000
CD — Re ( ) (75)

0.44 if Re > 1000
Iterations are made to converge to a well-defined value of the relative velocity, due to the

implicit relation implied by the drag. The Schmidt number Sc is taken equal to 1.

e Combining the momentum equations of both phases under the constant phase density hypoth-
esis, one can obtain a momentum equation for the mixture, distinct from @ The pressure
gradient term is modified and a convective transfer term appears. The additional viscous
terms are neglected, as they trigger some unphysical behaviours at the beginning of the simu-
lation and do not change the results described in this paper. Hence equation @ was changed
into:

C(Z=—<p0;—&-;)Vp—l—;V-T—i-g—V-(aﬁv’”@vT) (76)

A different state equation is used in (Shi et al., [2017) but the tests made did not highlight any

significant modification of the following results. One can follow temporally the evolution of the

cloud, defined as the particles with a sediment volume fraction « equal to at least 5% of the
maximum value in the domain at the considered instant, through its vertical position Z, its width

W and its frontal velocity w.. Moreoever, one can follow the free surface fluctuations at the release

point z,,: this must be handled with care however, as the flucutations after the initial jump are of the

order of the particle size. The adimensionalization coefficients used in the graphs are Lg = Wy H)

and ug = /(app® + (1 — ag) p?) gLo/pP.

Numerical results of the mixture model are compared with SPH results of (Shi et al.l 2017)

and experimental results of (Nakasuji et al., |1990) for the frontal velocity of the cloud in Figures
and [24] and for the cloud width in Figures 25] and The frontal velocity is overestimated in

the late time of the simulation, once the initial transient is passed, even though there is an overall
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Figure 23: Comparison of the cloud frontal velocity for the mixture model, (Shi et al.l 2017) numerical results and

(Nakasuji et al., |1990) experimental results for d, = 0.8 mm and Wy = 2 cm.

good trend. The cloud falls more rapidly than in (Shi et al., 2017)), especially for large sediments
(i.e. large relative velocities). The cloud width is correctly reproduced for small sediments in the
first moments of the fall, until Z = 4L, then the model fails at reproducing the change of slope
with an increase of the cloud width growth. Figure [27] displays the comparison of the free surface
fluctuations: they are well reproduced. Cloud repartition is displayed in Figure 28 The two-phase
model of (Shi et al., 2017)) predicts a double-peak turbidity distribution (two symmetrical cores) of
the sediment cloud (no experimental evidence found). The mixture model fails at reproducing this
topology: only one turbidity core is detected, at least at low resolution. With a discretization twice
finer, a double-peak configuration appears as highlighted in Figure According to (Nguyen et al.|
2012)), vorticity is largely underestimated with a single-phase model: the absence of recirculation
within the lower part of the cloud prevents any separation of the cloud. It can also explain that
the cloud falls more rapidly with the mixture model, without any recirculation slowing down the

progression of the cloud.

5. Conclusion

In this paper, a two-phase SPH mixture model suited to high density ratios was introduced.

Thanks to a finite volume-like reasoning, a realizable numerical scheme, conservative with respect
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Figure 24: Comparison of the cloud frontal velocity for the mixture model, (Shi et al} [2017) numerical results and

(Nakasuji et all}|1990) experimental results for d, = 5 mm and Wp = 2 cm.
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Figure 25: Comparison of the cloud width for the mixture model, (Shi et al.} |2017) numerical results and (Nakasuji
1990) experimental results for dp, = 1.3 mm and Wy = 4 cm.
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Figure 26: Comparison of the cloud width for the mixture model, (Shi et al} [2017) numerical results and (Nakasuji
1990) experimental results for dp = 5 mm and Wy =4 cm.
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Figure 27: Comparison of the fluctuations of the free surface for the mixture model and (Shi et al., |2017) numerical

results for dp = 0.8 mm and Wp = 2 cm.
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Figure 28: Comparison of the sediment clouds at t = 1 s for dp = 0.8 mm and Wy = 2 cm.

Figure 29: Sediment cloud for the finest resolution §r = 0.0025 m, dp = 0.8 mm and Wy = 2 cm.
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APPENDIX A. VOLUME DIFFUSION

to the relative velocity contribution, has been derived. It proved to give good results for several test
cases. Separation cases were proposed to check that conservation and realizability were achieved,
while the accuracy of the model was investigated with a two-phase mixture Poiseuille flow. A
Rayleigh—Taylor instability case was also tested. The results are overall satisfactory. Limits of the
model have been highlighted by a sand dumping case for which the model failed at reproducing
the correct falling velocity and topology of a sand cloud at a given discretization compared to a
two-velocity approach. The pressure gradient computation for high density ratios needs more inves-
tigation: indeed, the multi-fluid operator did not appear sufficient to prevent numerical instabilities
close to the interface in the separation cases. A momentum equation consistent with the volume-
based formulation shall also be further investigated. Second order schemes using slope limiters can

be studied to improve the convergence order.

Appendix A. Volume diffusion

We follow the derivation of |Brezzi & J. Pitkarantal (1984)), but apply it to the volume equation
(18) instead of the density equation. Using the momentum equation @[), the discrete volume
equation writes:

+1
Vit =-ve

= V' Do{jp"!
St a {Jb }

Q

ot L8t
ViDa{gy — —Ga{py } + —pig}
pr or

Q

Va'Da{dy'}
—Va Da{ﬁGa{pb} —0tGa{g-ry}}
a
where D, and G, stands for the discrete divergence and gradient operators and &t the time step.
Using the Laplacian operator L,, which is slightly different from the divergence of a gradient in

SPH, the volume diffusion term F, writes:

ot
]:a - VaLa{;vpb} - VaLa{étvg : Tb} (A2)
b
It is written discretely as
]-""—2V6tZV1< 2 (Pa—p) —g-T )Vw (A.3)
a a g b?“ab ot Pb Pa —Pv) =g Tab ab .

39



APPENDIX B. DERIVATION OF A CONDITION FOR POSITIVENESS OF PHASE
VOLUMES

The easiest approach is now to introduce the usual volume diffusion in both V® and V# equations,
but weighted respectively by a and 5. The new phase volumes computed by and being
denoted V**, V3* using a volume diffusion coefficient A (generally A = 0.1), we finally write at

time n + 1:
ot

yontl — yax 4 T AqnEn (A.4)

ot
Vil = ybx 4 ZAgnFn (A.5)

a
Appendix B. Derivation of a condition for positiveness of phase volumes

In the following, the particle a considered is far from boundaries (no boundary term) and we
neglect the volume diffusion term. We search for a sufficient condition of realizability of the phase

volume using equation :

avy dv, B
dt = aaﬁ - Z |:aa6b [vo,a|b : *S'a|b:|jL + abﬁa [UO,a|b . Sa\b] ]
b
B.1
+Kzﬂa+ﬂbaa70¢brab'salb ( )
b 2 Tab Tab
Let us note
6(r) = 27V o that g = —2722 Y0 5 (B.2)
" rab
Replacing a, 3 and S,);, by their definitions:
avy Ve dv, N . B
dt = 7 dt - 22 |:Va vaﬁ [vo,a\b : Vwab]Jr + VE) VaB [’1}07(1“) . Vwab:l :|
e b
—= B BY (Lo _ Yo
Qbi: (VbVa Y,V ) (Va = > bab
USing Vﬂ = V —_ VO‘:
vy Ve dv, N N B
dt - V. dt - 22 |:Va Vbﬁ [UO,a\b . VU/ab]Jr +V, Va’B [v07a|b . Vwab] }
’ (B.4)

(1 ) (12 )
b
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APPENDIX B. DERIVATION OF A CONDITION FOR POSITIVENESS OF PHASE
VOLUMES

Discretizing temporally (V**! is taken as an input here, computed separately before, its factor is

explicit):
Vaa,n+1 _ Vaa,n B Vaa,n Van+1 _ Van
St -~ Un St
*QZ Vv ooats - V] "+ Vi VI (v - V]| (B.5)
an o,n n
(o e (g
Rearranging and using [z,0]” = — [—z,0]", we finally get:
yntt Y%\ n
Va n+l _ Voz n 0 — (%Z% (ﬂb [2’1}0 alb” V’U}ab} + K (1 — 2) ab)]

+oty V" <Vaﬂ’n (200,01 - Vit "+ K (1 - > Vrgn >
b

If we assume V™ > 0 and VA" > 0 for every particle (therefore V™ > 0), then we have V"1 > 0

(and symmetrically V27! > 0) under the condition that:
Vn+1

a7l
5tZVbn (55 [2v0,0|b . ngb]+ + K (1 — 2“) ¢Zb) < ?/n (B.7)
b a

as the second term of the left hand side of equation is always positive.

We now search for an upper bound of the left hand side term of the unequality (B.7). One can

first write:
n+1
n n + n a
5t§ijb ([2v0.0p - Vi) + Koly) < i (B.8)
In the continuous interpolation framework, we have according to [Violeau & Leroy| (2014):
2

) g

with the kernel standard deviation o = %h for the C2 Wendland kernel in 2 dimensions.

Noting vymax = max (|vg|), an upper bound can be written:

max K Vn+1
ot (n” 12 ) < (B.10)
o
where n and ¢ are unknown. Volumes do not vary a lot so that we may consider that the ratio
Um

o
Vrtl/yn s close to 1. Noting Pe, the Péclet number %, one can deduce an approximate

upper bound to the CFL coefficient:

CFL:M
o

1\t
<¢(n+ ) (B.11)
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APPENDIX C. ANALYTICAL SOLUTION OF THE TWO-PHASE MIXTURE POISEUILLE
FLOW

Appendix C. Analytical solution of the two-phase mixture Poiseuille flow

At steady state, the system of equations to solve and @[) becomes:

V- (afv") =0 (C.1)

1 1
—Vpt oV (pv(Vji+'Vj))+g=0 (C.2)

Under the longitudinal periodicity condition and projecting the momentum equation along the

longitudinal axis, this system becomes:

d
e (afv” -e,) =0 (C.3)
d d
il —j-e. | = A4
dz (pydz'7 € ) 0 (C-4)
No-flux condition at boundaries implies that at steady state equation (C.3|) becomes after integra-
tion:
v e, =wv e—Kd—a—O (C.5)
z — Y0 z dz - .

In the simplified momentum equation (C.4), p = ap® + Bp® and v = av® + Bv” are variable and
depend on the volume fraction solution of equation (C.5). The adimensionalized solution for a

constant kinematic viscosity v = v® = v? writes:

e Volume fraction

a(z4) = arexp (Pe zi) (C.6)

e Longitudinal velocity

N w

(1-22)

3
+ﬁ [Lig), (z4) + Pe zi In, (z,) + Cy (Pezz* + Peln, (z*)) + Cg]
e

J(24) =

where z, = z/e, j. = j-e,/U with U = p’Fe?/ (3p”) (discharge for the usual single-fluid
Poiseuille flow), 7 = (p* — p?) /p” and Pe = e|vg|/K the Péclet number. We used the nota-
tions In, (z+) = In(1 4+ ayrexp (Pe z.)) and Lia, (2.) = Lig (—ayrexp (Pe z.)) where Lis is the
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APPENDIX C. ANALYTICAL SOLUTION OF THE TWO-PHASE MIXTURE POISEUILLE
FLOW

dilogarithm functiorﬁ C: and C5 are deduced from the no-slip condition at walls:

_ —Liy, (1) 4 Lig, (1) — Pe(In, (1) + In, (—1))
C = 2Pe? + Pe (In, (1) — In, (—1)) (C.8)

[Pe In, (1) + Lig, (1)] ln, (—1) — Pe]
2Pe+1n, (1) —In, (—1)
[Peln, (—1) — Lig, (—1)] [In, (1) + Pe]
2Pe +In, (1) — In, (—1)

ay is computed thanks to the conservation of volume:

Cy =

aq Pe
—_ = C.10
ag  sinh (Pe) ( )
To avoid complete separation of phases, (C.6) gives a condition on a;:
0 < ay <exp(—Pe) (C.11)
And therefore a condition on the initial uniform volume fraction ag using (C.10):

(C.12)

As a second step, one can consider a case with a varying mixture kinematic viscosity. Noting

R= (1/”‘ — P ) /v, only the longitudinal velocity profile is modified:

Jx(zs) = g (1 - zf) + (R—% [Pe(Rlng (z«) — rln, (24)) 24
+RLis g (24) —rLig, (24) — rlng (2z:) + 7o, (24) (C.13)

+C1 ((R—1) Pe®z, — Pe (Rlng (z.) + rln, (2.))) + Co]

where the additional notations Ing (z.) = In (1 + ey Rexp (Pe z,)) and Lig g (2+) = Lia (—a1 Rexp (Pe z.))
are used. C; and Cy are deduced from the no-slip condition at walls:
—(r+ PeR)Ing (1) +r(Pe+1)In, (—1)
2(R—r)Pe? —Pe(R(Ing (1) —lng (-1)) + r (In, (1) — In, (—=1)))
—R(Lig p (1) — Lig g (—1)) + 7 (Lig,r (1) — Liz, (=1))
2(R—r)Pe? —Pe(R(Ing (1) —Ing (-1)) + r (In, (1) — In, (—=1)))
(r — PeR)Ing (1) + r (Pe — 1)In, (1)
2(R—r)Pe? — Pe(R(Ing (1) —Ing (-1)) + r (In, (1) — In, (—1)))

Cy =

N (C.14)

+

67 - ZIn(1l —1t) . . . . T
Lig(z) = — fdt. If |z| < 1, the series expression writes Lia(z) = Z—
0 n
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Co=-C4 [(R — 1) Pe? — Pe(RIng (1) + rln, (1))]

(C.15)
—Pe[RIng (1) — rln, (1)] = RLig,g (1) + rLis, (1) + ring (1) — rn, (1)
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