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Abstract—The logics CS4 and 1S4 are intuitionistic variants of
the modal logic S4. Whether the finite model property holds for
each of these logics has been a long-standing open problem. In
this paper we introduce two logics closely related to 1S4: GS4,
obtained by adding the Godel-Dummett axiom to 1S4, and S4l,
obtained by reversing the roles of the modal and intuitionistic
relations. We then prove that CS4, GS4, and S4l all enjoy the
finite model property.

I. INTRODUCTION

When extending intuitionistic logic with modal operators,
the absence of the excluded middle axiom raises several
variants of the distributivity axiom K leading to, mainly,
two different approaches for intuitionistic-based modal log-
ics: intuitionistic and constructive modal logics. Intuitionistic
modal logics have been studied by Plotkin and Stirling [[1]],
Fischer Servi [2]], [3] and Simpson [4], whose aim is to define
analogous of classical modalities but from an intuitionistic
point of view. Within the intuitionistic settings, the [J operator
(resp. ) imitates the behaviour of V (resp. J) in first-order
intuitionistic logic.

On the other hand, constructive modal logics [3l] are
motivated by their applications to computer science, such
as the Curry—Howard correspondence [6], type systems for
staged computation [7] and distributed computation [8] or even
hardware verification [9]. Inspired by the previous work of
Fitch [[10] and Wijesekera [11]], those logics provide specific
semantics for the { operator. The main characteristic of this
class of logics is that the addition of the Excluded Middle
does not yield classical modal logic K.

There are (at least) three prominent contstructive variants
of S4 in the literature. This paper concerns two of them,
known as 1S4 [4] and CS4 [[12]. Both logics enjoy a natural
axiomatization and are sound and complete for a class of
Kripke structures based on two preorders, one preorder < for
the intuitionistic implication, and another preorder C for the
modal [J. However, the finite model properties for both of
these logics have remained open for twenty years or more,
in the case of CS4 since at least 2001 [12]], and of 1S4 at
least since 1994 [4]]. In the case of 1S4, it is not even known
if the validity problem is decidable. The third is the logic
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IntS4 studied by Wolter and Zakharyaschev, along with related
variants of other modal logics [13]], [14]. In contrast to CS4
and 1S4, IntS4 is known to enjoy the finite model property
(FMP), although the semantics are quite different, for example
employing a different binary relation for each of ¢, .

In this paper we settle the first question and prove that
indeed CS4 has the FMP. We also introduce two mild variants
of 1S4 and show that they both enjoy the FMP. The first logic,
GS4, is defined over a subclass of the class of 1S4 models
where the intuitionistic relation is locally linear, so that it
satisfies the Godel-Dummett axiom (¢ — ) V (¢ — ¢). The
second logic, S4l, is defined over the same class of models as
IS4, except that the roles of the intuitionistic and the modal
preorders are interchanged. The frame conditions for S4I are
natural from a technical point of view, as they are the minimal
conditions required so that both modalities ) and [J can be
evaluated ‘classically’.

The key insight of our proof technique is that all of these
logics enjoy the shallow model property, meaning that any
non-valid formula ¢ may be falsified in a model where the
length of any <-chain is bounded (as usual, w < v means that
w =< vbutv & w) While shallow models may in principle
be infinite, their quotients modulo bisimulation with respect
to < are always finite.

Thus the problem of showing the finite model property is
reduced to that of proving the shallow model property. First,
for each A € {CS4, GS4, S4l}, we construct a canonical model
MA = (W, <., C.,V.) using fairly standard techniques as
found in e.g. [4], [12]. Based on this canonical model, we
fix a finite set of formulas X and construct a shallow model
ML = (Wg,<s,Cyx, Vx). The details of the construction
vary for each of the three logics we consider, but with the
general theme that w <y v may only hold if there is some
¢ € X which holds on v but not on w. Having placed this
restriction, it is readily seen that any chain

Wy <z W1 <x ... <3 Wy

The term shallow model has been used in a similar way in the context of
classical modal logic [15].
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is witnessed by distinct formulas g, . .., @,—1 of ¥ with the
property that ¢; holds on w;4; but not on w,. It follows that
the length of the chain is bounded by || + 1.

Layout: The layout of the paper is as follows. In Sec-
tion [l we present the syntax, semantics and deductive calculi
of the logics studied in this paper. In Section [[IIl we consider
the soundness of the axiomatic systems we will study, while
the corresponding completeness proofs are presented along
sections and V1

The second part of this paper is devoted to the proof of
the FMP of the constructive S4 variants studied in this paper.
To do so, we introduce X-bisimulations in Section and
Shallow models in Section Those concepts are a central
ingredient of the FMP proofs presented along sections
and X1l

We finish this paper with the conclusions and potential
future lines of research.

II. SYNTAX AND SEMANTICS

In this section we will introduce the various intuitionistic or
intermediate semantics for modal logic we will be interested
in. Fix a countably infinite set P of propositional variables.
Then, the full (intuitionistic modal) language L = Lo is
defined by the grammar (in Backus-Naur form)

o= pl L] (@A) | (V) | (g =) | Op | Op

where p € P. We also use —¢ as a shorthand for ¢ — L and
¢ <> 1 as a shorthand for (¢ — V) A (¥ — ).

Denote the set of subformulas of ¢ € £ by sub(yp), and its
size by #sub(p) or ||¢]|.

A. Deductive Calculi
Next we define the deductive calculi we are interested in.

Definition II.1. We define the logic CS4 by adding to the set
of all intuitionistic tautologies the following axioms and rules

Ko O(p = ¢) — (Op — Oy)
Ko O(p = 9) = (Op — Ov)
MP %M T Op — ¢ 40 O — OO
Nec - T
Oy o ¢ 0p 4o O0p = Op

We define the additional axioms

DP O(¢ V1Y) — Qp Vv Oy

GD (p =) V(= @)
S (Op = 0v) = O(p — 1),

Here, [DPl stands for ‘disjunctive possibility’, [GDIfor ‘Gédel-

Dummett’, [CDl for ‘constant domain,’ Nl for ‘nullary’ and[FS]

for ‘Fischer Servi’ [3]. With this, we define the logics

IS4 = CS4 HFS|-HDP|+HN]|

S4l = CS4 H{DPI-HN+CD]
GS4 = IS4 +{{GDI

CD O(p V) — Op Vv Oy,
N -1

Thus, CS4 will serve as the ‘minimalist’ logic for the
purpose of this paper, and the rest of the logics we consider
are extensions. As such, it is convenient to observe that the
following are already derivable in CS4. We leave the proofs
to the reader.

Proposition I1.2. The formulas

(1) O(p =) = (D = 0P); (2) O(p AY) = Op A QY
and (3) (Op v Oy) — O (e Vo) are derivable in CS4.

B. Semantics

We will consider several semantics leading to intuitionistic
variants of S4. It will be convenient to introduce a general
class of structures which includes all of these semantics as
special cases.

Definition II.3. An intuitionistic frame is a triple F =
(W, W=, <), where W is a set, < is a preorder (i.e., reflexive
and transitive binary relation) on W, and W+ C W is closed
under <, i.e. whenever w € W+ and w < v, we also have
that v € W [16]. We say that F is locally linear if w < u
and w < v implies that u < v or v X U.

A bi-intuitionistic frame is a quadruple F = (W,W+,<

C), where both (W,W+, <) and (W,W=,C) are intuition-
lstlc frames. The bi-intuitionistic frame JF is locally linear if
(W, W+, x) is locally linear.

The set W is called the set of fallible worlds, as in [12],
[16]. Note that in a bi-intuitionistic frame, W= is closed under
both < and C. When W+ = @ we omit it, and view F as a
triple (W, <, C). In this case, we say that F is infallible.

Given a bi-intuitionistic frame F = (W, W+ x,C), a
valuation on F is a function V: P — 2% which is monotone
in the sense that v = w € V(p) implies that v € V(p)
and such that W=+ C V/(p) for all variables p (to ensure the
validity of L — cp) A bi-intuitionistic model is a structure
M = (W,W+ <, C,V), consisting of a bi-frame equipped
with a Valuatlon.

We define the satisfaction relation |= recursively by

o« M,w)EpePifwe V(p);

o Myw)E LifweWt
s M,w) E@AYif (M,w) = ¢ and (M, w) |=
o M,w) | pVipif (M,w) [ ¢ or (M 7UJ)|:1/),
w) |:cp—>1/)1ff0r all v = w, (M,v) | ¢ implies

,w) E <><p if for all u =
hat (M, v) = ¢, and

e (M,w) = Oy if for all u,v such that w < u C v,

(M,0) E .

It can be easily proved that by induction on ¢ that for all
w,v € W, ifw\ v and (M, w) E ¢ then (M,v) E .
If M= (W,W+,<,C,V) is any model and ¢ any formula,
M E pif (/\/l,w) ): ¢ for every w € W \ W=. Given
A € {CS4, 541,541}, validity (in symbols A = ¢) on a frame
or on a class of structures (frames or models) is then defined
in the usual way.

> w there exists v J u such



Note that bi-intuitionistic models do not satisfy some of the
S4 axioms. As an example, let us consider the bi-intuitionistic
model M = (W, <,C,V), whose corresponding frame if
displayed on Figure [l and V' (p) = {x,y, z,t}. Note that we
omit W+: by convention, this means that wit =g,

C
t—— w
L, < </U Y
c C, < . <
Yy —z
T
C, =

CsxCz

Fig. 1: A bi-intuitionistic frame. Transitive arrows are not
displayed

In Figure[Il it can be checked that M, ¥ Op — O0Op and,
therefore, [] is not valid on the class of all bi-intuitionistic
frames. In order to make [4] valid, we need to enforce
additional constraints governing the interaction between < and
C. There are various properties that have been used for this
end.

Definition IL4. Let F = (W,W=.X) be an intuitionistic
frame and R CW x W. We say that R is:

1) Forward confluent (for F) if, whenever w < w' and w R
v, there is v’ such that v < v and w' R'.
2) Backward confluent (for F) if, whenever w R v < v/,
there is w' such that w < w' R’
3) Downward confluent (for F) if, whenever w < v R v/,
there is w' such that w Rw' L',
A bi-intuitionistic frame F = (W, Wt <, C) is forward con-
fluent (respectively, backward confluent, downward confluent)

if C is forward confluent (respectively, backward confluent,
downward confluent) for (W, W+, ).

Relations satisfying the above notions of confluence have
nice closure properties. Below, if R,S are binary relations
then R;S denotes their composition in order of application:
x R; S y if there is z such that x R z and z S y.

Lemma IL5. Let F = (W, W, X) be an intuitionistic frame.

1) If R,S CW x W are forward (resp. backward, down-
ward) confluent, then so is R; S.

2) If (Ri)ier € W x W are forward (resp. backward,
downward) confluent, then so is | J;c; R;.

3) If R is forward (resp. backward, downward) confluent,
then so is its transitive closure R™.

Proof. We prove only that forward confluence is closed under
composition and leave other items to the reader. Suppose that
R,S C W x W are forward confluent and v = w R;S w'.
Then, there is w” such that w R w” S w'. By forward
confluence of R, there is v’ such that v R v %= w. By forward
confluence of S, there is v/ such that v/ S v’ = w’. But then,
v R; S v = w', as needed. O

The notions of forward and downward confluence allow us
to simplify the semantic clauses for ¢ and [J, respectively.

Lemma IL6. Let M = (W,W+ <,C,V) be any bi-
intuitionistic model, w € W and ¢ € L.
1) If M is forward-confluent, then (M, w) | Op iff Jv Jw
such that (M, v) = ¢.
2) If M is downward-confluent, then (M,w) = Oy iff
Yo Jw, (M,v) = .

Proof. We prove the second claim; the first is proven similarly
by dualizing. It readily follows from the semantic clauses and
the reflexivity of < that if (M, w) = Og and v 3 w, then
(M, v) = ¢. Conversely, suppose that Vo J w, (M, v) = ¢.
Let v %= w and v' 3 v. By downward confluence, there is w’' 3
w such that w’ < v'. By our assumption, (M, w’) = ¢. By
monotonicity of the satisfaction relation, (M,v’) = . Since
v, v’ were arbitrary, we conclude that (M, w) = Oep. O

Definition I1.7. We define:

1) The class of CS4 frames to be the class of backward
confluent bi-intuitionistic frames.

2) The class of 1S4 frames to be the class of forward
confluent, infallible CS4 frames.

3) The class of S4l frames to be the class of forward and
downward confluent, infallible bi-intuitionistic frames.

4) The class of GS4 frames to be the class of locally linear
IS4 frames.

The logics S41 and GS4 seem to be new, but there is sound
motivation for both of them. Modal logics based on Godel
logic, including GS5, have already been studied [17], so it is
natural to consider GS4. Moreover, we are basing this logic
on a sub-class of Simpson’s models for 1S4 [4].

Regarding S4l, it is easy to check that (W, x,C) is an S4l
frame iff (W, C, X) is an IS4 frame, so it is natural to consider
that we are “commuting” the roles of S4 and intuitionistic
logic, which we may denote |. In fact, in the context of
expanding products of modal logics, 1S4 frames are similar to
I x ¢S4 frames, where x € is the ‘expanding product’ as defined
in [18], and similarly, S41 frames can be regarded as S4 x€ |
frames. Finally, in view of Lemma the S4l conditions
allow us to evaluate ¢ and [J classically.

III. SOUNDNESS

In this section we establish the soundness of the axiom
schemes we consider for various classes of bi-intuitionistic
frames. We begin with those axioms that are valid on the class
of all bi-intuitionistic frames.

Proposition IIL.1. The axioms and[Ag)are
valid and the inference rules and [Ned preserve validity

over any class of bi-intuitionistic frames.

Proof. The proofs are standard (and see e.g. [4]). We check
only dg] Let M = (W, W+, <, C, V) be any bi-intuitionistic
model. Suppose that (M, w) = OOp and let v > w. Then,
there is v J v so that (M, u) = Op. Since u = u, there is



u' J u so that (M, u’) £ p. By transitivity, «' J v, and since
v was arbitrary, (M, w) = Op. O

Proposition IIL.2. The axiom[d]is valid over any frame that
is either backward confluent or downward confluent.

Proof. The case for backward confluence is known, as such a
frame is a CS4 frame [12]]. If instead M = (W, W+, <, C, V)
is downward-confluent, we have by Lemma that for any
w e W, (M,w) E Op iff Vo J w,(M,v) = ¢. Using
this characterization, we may reason as in the classical case
to conclude that M |= Oy — O0e. O

Proposition TIL3. (/) 1S4 HFS| (2) 1S4 HDP
and  S4l H___DPI (3) 1S4 H N and
S4l NI (4) S41 H.CDI (5) GS4 HGDI

Proof. Ttems are proven in [4]]. For the remaining items,
fix a model M = (W, W+ <, C, V). For [[4)] assume that
M is forward- and downward-confluent, and that (M, w)
O(p V). If (M,w) = Oy, there is nothing to prove, so
assume that (M, w) = Op. From Lemma [[L.6 and downward
confluence it follows that there is v J w such that (M, v) £
@. But (M, v) = ¢V, hence (M, v) = 9, and from Lemma
but now using forward confluence, (M, w) | Q.

Item [(3)] is also well known, but we provide a proof.
Assume by contradiction that GS4 A GDI This means that
(M, w) ¢ — ¢ and (M, w) = ¢ — ¢ for some w € W.
From the former assumption it follows that there is v > w such
that (M, v) = ¢ and (M, v) [~ 1. From the latter assumption
it follows that there is v’ = w such that (M,v") E ¢
and (M,v") & . Since M is locally linear, we need to
consider two cases: if v < v’ we get that (M,v') & ¢; if
v < v we conclude that (M,v) |= 4. In any case we reach
a contradiction. g

IV. COMPLETENESS OF CS4

In this section we prove that CS4 is complete for its class
of models. This claim is already made in [12] and the main
elements of the proof are sketched, but there does not seem
to be a detailed proof in the literature. Moreover, our proof of
the finite model property relies on specific properties of the
canonical model, and establishing these properties will amount
to the bulk of the proof of completeness. For these two reasons,
we provide a full completeness proof here.

Fix a logic A. We use the standard Gentzen-style interpre-
tation of defining I' H A if - ATY — \/ A’ for some finite
I € T, A’ C A. The logic A will always be clear from
context, which is why we do not reflect it in the notation.
When working within a turnstyle, we will follow the usual
proof-theoretic conventions of writing I'; A instead of I' U A
and ¢ instead of {¢}. By A I ¢ we mean that the formula ¢
is derivable in the logic A.

A set X of formulas of L, is called prime if it is closed
under derivation in A (X F ¢ implies ¢ € X) and such that
(p V1) € X implies that either ¢ € X or ¢ € X. The prime
set X is proper if 1 &€ X.

A pre-theory ® consists of two sets of formulas denoted by
(®F; ®°). We say that ® is a A-theory (or theory if A is clear
from context) if ®* is a prime set and for any nonempty finite
set U C 90, ¢ \/ ¥ ¢ ®*. The intuition behind this definition
is the following: formulas in ®* are the ones validated by the
theory and the ones in ® are those formulas 1 such that {1
is falsified directly via C (as opposed to being falsified via a
(*; E)-accessible world).

Definition IV.1. Let A be a logic over Lyn. Given a set of
formulas =, we say that a pre-theory ® is =-consistent if for
any finite set A C ®°,

ot/ E,0\/ A

We adopt the convention that O\ @ := L. We say that ® is
consistent if it is &-consistent. If E is a singleton {1}, we
write 1)-consistent instead of {1 }-consistent.

Note that if ® is a Z-consistent theory, then & is forcibly
proper. Below, we say that a pre-theory U extends ® if @ C
Ut and ®° C ¥O,

Lemma IV.2 (Adapted from [12]). Any =-consistent pre-
theory (®T;®°) can be extended to a Z-consistent theory
(®F; ®°) such that &+ C &7,

Proof. By a standard application of Zorn’s lemma, there exists
a maximal (with respect to set inclusion) set of formulas
®}F D @ such that (®;; ®°) is S-consistent. We only need
to check that ®} is prime. Suppose that p V x € ®F. We
cannot have that (®F,p; ®°) and (@], x; ®°) are both =-
inconsistent, since by left disjunction introduction (admissible
in intuitionistic logic) we would obtain that (®, oV x; ®°) is
Z-inconsistent. However, the latter is just (®7; ®°), contrary
to assumption. Thus one of the two is Z-consistent; say,
(@}, ; ®°). But, by maximality of ®;, we must already have
© € ®F, as required. O

The proof of the following saturation lemma is stan-
dard [12].

Lemma IV.3. Every theory ® = (®1;®°) satisfies the
following properties:

1) ®7 is deductively closed, i.e. if ®+ & ¢ then ¢ € ®F;

2) if o A € DT, then @,1p € T,

3)if oAy & DT, then o & PT or 1 & O,

4) if pV 1) € ®F, then o € T or 1 € BT,

5) if Vb & B, then 1) ¢ B,

6) if op— 1 €T, then p & T or p € T,

7) if Op € ®F, then p € ®T,

8) if p € B, then Oy & O,

If ® is a theory then ®7 % {p € Lon: Op € B}
Definition IV.4 (Adapted from [12]). We define the canonical
model for CS4 as MS>* = (W, Wi, <.,C., V), where

o W, is the set of all CS4-theories;
« W= {(Lom: @)}
o <Xc C W, x W, is defined by ® <.V iff T C U+,



e C. C W, x W, defined as ® T, ¥ iff 2 C Ut and
PO C \I/O;
o V. is defined by V.(p) ={® |p e ®T}.

Remark IV.5. The notation W,., <., etc. will also be used
for the canonical models of logics distinct from CS4. The
meaning of the notation will be made clear at the beginning
of each section and will remain constant throughout. In this
section, this notation will always refer to the components of
the structure MS>*,

Lemma IV.6. MS>* is a bi-intuitionistic model.

Proof. 1t is easy to see that <. is a preorder given that C is
itself a preorder, and the monotonicity conditions for V. and
W are easily verified. We focus on showing that C. is a
preorder.

Let us take ® € W, and Op € 7. Due to the Axiom [T
and[MP] ¢ € ®*. Therefore, ®~ C ®*. Trivially, ° C ®°,
so in conclusion, T, is reflexive.

To see that C. is transitive, let us consider ®, ¥, ) € W,
such that ® C. ¥ and ¥ C,. Q. Let us take Cp € ®*. From
Axiom @] and[MP] O0¢p € ®*. From ® C. ¥ and ¥ C, Q
we get Oy € UF and ¢ € QF. Therefore @~ C QF.

Let us take now ¢ € ®°. Since ® C. ¥ then ¢ € WO,
Since ¥ C. ) then ¢ € Q°. This means that ®¢ C Q.
Consequently, ® C. €2, so C, is transitive. O

Proposition IV.7. MSS“ is backward confluent. In particular,
fOC, U< Q then Y := (®F; @) satisfies ® <. T C. Q.

Proof. Take ®, ¥ and 2 in W, such that ® C. ¥ <. Q and
let us define T = (T, ). &7 is already prime, so T € W..
By definition ®* C Y, thus ® <. Y, and YO C Q. Take
O € YTT. By definition (i € ®T. Since ® T, ¥ <.
then ¢ € QF. Since (p was chosen arbitrarly, Y5 C Q7 so
<. YT, O O

Lemma IV.8. for all I' € W, and for all Oy and Oy in Lon,
the following items hold.

o O €TV if and only if for all ¥ =, T there is A € W,
such that W C, A and o € AT,

o U € 'Y if and only if for all ¥ and A such that T’ <.
VL. A pe AT

Proof. We start with the first item. From left to right, assume
that O € I'", and let ¥ =, I". We claim that there is A J. ¥
such that » € AT. Let us take T = (T, {©}; U0). We
show that Y is consistent. If not, let x1,...,Xxn € U and
Y1,...,%, C U0 be such that, for y := A;x; and ¢ =
V. ¥i, CSA4F x A — Otp, so that CS4 F x — (¢ — O9).
By [Ned and it follows that CS4 + Oy — T (p — O).
By O(e — O¢) € ¥ and, by Axiom Qp —
QO € UT. Since I' <. ¥ and Q¢ € I'" then Qp € ¥T.
By MPl 00y € ¥*. By Axiom [dg] O¢ € ¥, which
contradicts the consistency of W. We conclude that T is
consistent. By Lemma T can be extended to a theory
A = (A*T;A9), such that A € W, O¥*+ C At and
UO C A0, therefore ¥ C. A. Moreover ¢ € AT, as needed.

Conversely, let us assume that O € I't and let us define
U = (T'F; {¢}). It is easy to see that ¥ is consistent, and since
I'* is prime, ¥ € W,. Moreover, I' <. ¥. We claim that for
all A € W,, if ¥ C. A then ¢ € AT. To prove it, let us take
any A € W, satisfying ¥ C. A. By definition, ¥¢ C A?,
so ¢ € A®. By definition, Ov &€ A, so ¢ & AT because of
Axiom as needed.

Let us consider now the case of Uy. From left to right, let
¥ and A be such that Jp € 't and ' <. ¥ C,. A. We claim
that o € AT, Since I' <, ¥ . A, Tt C ¥+ and UH C AT,
Since [y € 't then p € AT, as needed.

Conversely, let us assume that (o ¢ T'" and let us define
U = (I';2). Obviously, ¥ is a theory and it satisfies
I <. U. Let us take T = (U5, @). T is @-consistent, since
otherwise [Ned|, and would yield that OW5 F e,
contradicting Oy ¢ I'". In view of Lemma T can be
extended to a @-consistent theory A = (AT; @) € W, such
that Y+ C A™. By definition of ¥, ¥ C. A and ¢ € AT, as
needed. o

Lemma IV.9 (Truth Lemma). For any theory ® € W, and
v € Lon,
pePT & (M ®) o

Proof. By induction on the complexity of ¢. The case of
propositional variables is proven by the definition of V.. The
case of A and V are proved by induction. We consider the —
connective next.

Assume that ¢ — ¢ € ®* and let ¥ =, ® be such that
(MSES* W) = . By the induction hypothesis, ¢ € U™ Since
® <, U then ¢ — 1y € U, By [MP] ) € ¥, and by the
induction hypothesis, (MS>*, W) |= 1). Since ¥ was arbitrary,
(ME*, @) = ¢ = 4.

If o - ¢ ¢ ®F, let us take T = (®F, {p};@). We
claim that Y is ¢-consistent. If not, by definition of I,
there exists y € ®T such that CS4 - x A o — . It
follows that CS4 + x — (¢ — ). Since Y € ®T then
@ — 1 € ®*: a contradiction. Hence T is ¢-consistent, so
that by Lemma T can be extended to a maximal -
consistent ¥ = (U*; &) such that YT C &*. By induction
on ¢ and ¥, (MS* ¥) | ¢ and (MSS4 W) £ . By
how Y is defined, ¥ C UT, so & <. U. Therefore,
(MES*, D) = 5 — 1

The case of the [l formulas is proved next. If Cp € &,
by Lemma[[V.8 for all I' <. ¥ C. Q, ¢ € Q. By induction
(MSE>* Q) |= ¢. As a consequence, (MS>*, @) = O

If Op ¢ &, thanks to Lemma there exist ® <.
U C,. Q such that ¢ ¢ Q. By induction (MS54, Q) [~ ¢. As
a consequence, (MS>* @) B~ Cp.

We finish by considering the case of Qp. If O € ®T,
by Lemma for all ® <. U there exists ¥ C. Q such
that ¢ € Q. By induction (MS>* Q) |= ¢. Consequently,
(M, @) |= Ogp.

If 0o € ®T, by Lemma there exists ® <. ¥ such
that for all ¥ C. Q, ¢ € Q. By induction, if ¥ C. 2 then
(MES4 Q) F~ ¢. From the semantics, (MS4, @) |~ Op. O



It follows from the above considerations that CS54 is com-
plete for its class of models, and in particular, any formula
that is not derivable is falsifiable on MS*. We defer the
formal statement to Section [VI] after we have constructed the
canonical models for the other logics we consider.

V. COMPLETENESS OF G54

In this section we show that GS4 is complete by techniques
analogous to those used for the completeness of CS4. In
particular, we continue working with theories. Say that a
theory ® is precise if for each formula v, ¢1p € &+ U &°.
In the case of a precise theory, any false instance of () is
already falsified via C, according to the semantics for ¢ on
GS4 frames, as given by Lemma

We need the following strengthening of Lemma [[V.2] which
yields precise theories.

Lemma V.1. Any Z-consistent pre-theory (®+;®%) can be
extended to a precise, =-consistent theory (&7 ; ®°) such that
ot C oF.

Proof sketch. First, extend ® to (&}, ®°) as in the proof of
Lemma Then, define ®0 = {¢ : Op ¢ ®F}. It is not
hard to check that ®, is a precise theory extending ®. O

In fact Lemma already holds over CS4, but pre-
cise theories were not needed then. We define the canon-
ical model for GS4 as MS* = (W, <., C., V), where
a) W, is the set of precise, consistentﬁ GS4-theories
U = (UH;U0); b) Wt = @; ¢) <¢, C. and V. are defined
as for M>*. We leave to the reader to verify that MS5* is an
infallible bi-intuitionistic model, and instead focus on showing
that it satisfies the GS4 frame conditions of local linearity and
forward and backward confluence.

Lemma V.2. MS* is locally linear.

Proof. Assume toward a contradiction that <. is not locally
linear. Let the theories ®, ¥ and ) be such that ® <. U,
D <. Qbut ¥ £, Qand Q £, V. From the definition of
<. we get that U & QF and QT € U™, Therefore, there
exists two formulas ¢ and v such that ¢ € U+, o ¢ QF,
1 € QF and ¢p ¢ UT. Therefore ¢ — 1 ¢ ¥+ O &F and
P — @ & QF D &, Consequently, (o — 1) V (¢ — @) &
®7: a contradiction. O

Lemma V.3. M%* is forward and backward confluent.

Proof. We first check that it satisfies forward confluence. Let
®, ¥ and © in W, be such that ® <. W and & C. ©. We claim
that (U5, ©F; T?) is consistent. If not, there exist p € U5,
x € ©F and ¢ € ¥° such that GS4 - ¢ A x — Ot (note

2In fact, the component ®° is not required for treating GS4, but it is
convenient for the sake of keeping some later proofs uniform.

3Following the literature on 1S4, GS4 accepts the axiom[N] := —¢ L, which
is valid on the class of infallible models, i.e., L should be false on all worlds;
this is why we only accept consistent theories. Note, however, that our proofs
do not rely on this axiom: a ‘fallible’ version of GS4 could be considered, as
well as an ‘infallible’ version of CS4, and our proofs and results would go
through mostly unchanged.

that we can take single formulas since U5, ©F are closed
under conjunction and, in view of U9 is closed under
disjunction). Since y € ©F then ¢ — () € ©F. Thanks to
Axiom O (p — O) € OF. Therefore, ¢ — Ot & OF,
$0 ¢ — O1p & ®©. This means that O (¢ — Q1)) € ®F. Using
the derivable formula we get Op — OOy € @™, Since
&t C Ut it follows that Oy — QO € U, so Qv € U,
By Axiom [4¢} a contradiction.

In view of Lemma[VI] (¥™, ©F; ¥®) can be extended to a
precise, consistent theory Y. It is easy to check by our choice
of Ythat WC,. Y and © <. T.

Next we check that M®5% is backward confluent. Suppose
that ® C, ¥ <. O, and let = := {0¢ € Lo : £ ¢ O}
and A = {0d € Lop : O € OF}. We claim that (T, A; @)
is =-consistent. If not, there are p € ®T, Ody,...,0d, € A,
and ¢ € Z such that ¢, {Qd; }i-; - &, which using [4g] and
[0 yields ¢ = Al_, 00d; — OIE. By repeated applications
of [ES] we obtain ¢ = O (A, 06; — 0E). Since ¢ € @7,
O(A, 06 — 0) € d+. Since @ T, U, A", 00; — 0E €
U, and since ¥ <. © and each ¢§; € ©T, [0 € OF, which
by implies that £ € ©7, contradicting our choice of =.

Hence (&, A; @) is =-consistent. Then, any prime, =-
consistent extension Y satisfies ® <. T T, ©: that & <. T
follows from &+ C YT+. We check that Y T, ©. We have
that TZ C ©F, since if ¢ ¢ O it follows by the definition
of = and the fact that T is =-consistent that £ ¢ YU, while
if § ¢ ©F it follows that (6 € O, hence 0§ € A C Y™ and
§ ¢ YO, It follows that T¢ C ©9, s0 T C. O. O

Lemma V.4 (Truth Lemma). For any theory ® € W, and
v € Lom,
pedt & (MS D) E o

Proof. We consider the modalities, as other connectives are
treated as in the case for CS4. The left-to-right implication
for the case Oy is also treated as in the CS4 case.

For the other direction, we work by contrapositive. If Cp &
&7, using Zorn’s lemma, let ¥ =, ® be <.-maximal so that
Op & U, It is readily checked using maximality that U is
prime.

We claim that

Y el =0 — ) et )

By maximality of ¥, we have that ¥, ¢ - Oy, so U -
O — Oe. By U+ O — ¢), as needed.

We claim that (U5; W) is @-consistent. Noting by [DP] that
U0 is closed under disjunction, if not, we would have y € yU
and 0 € U such that x F ¢ Vv 00, and reasoning as before,
Ox F O(pV00). Tt follows that Oy, (08 — ) F O(p V),
ie. Oy, 0(080 — ¢) - Og. From [dg] we see that 000 € U
implies that Of € UT, which by contrapositive becomes 6 €
U0 implies 0 € WO, Thus we may use (I) to conclude that
O(08 — @) € ¥, so UT F Oy, a contradiction.

Hence there is a precise, p-consistent theory Y extending
(U5 W), The induction hypothesis yields (M 1) b ¢,
and it is readily verified that ® <, ¥ C. T, as needed.



For the case of Qyp, if O € ®T, then let us define © =
o, ®", and let us assume toward a contradiction that © + {¢:
Q1 ¢ ®T}. This means that there exists (y € ®T, Q¢ &
®* such that GS4 F x — (¢ — v). From [Ned K] K|
and [MP] we get O¢ € ®*: a contradiction. Therefore (0, @)
can be extended to a precise theory Y such that T+ t/ {« :
O & ®T}. 1t follows that @ C. T. Moreover, ¢ € TT. By
induction hypothesis, (MS5* 1) = ¢, so (MSE* ) = Op.

Now assume that (MS* @) = Op, so (MS* T) & ¢
for some ® C. Y. By induction, ¢ € T, hence by
Op € T, and thus ¢ € Y. It follows that ¢ ¢ ®, hence
Qp € ®T, as required. O

As before, completeness of GS4 readily follows, but we
defer the general completeness statement to the end of the
following section.

VI. COMPLETENESS OF S4|

Next we prove that S4l is complete. We follow the same
general pattern as for CS4 and GS4. We define the canonical
model for S4l as M3* = (W, <.,C.,V.), defined analo-
gously to Mi"“, except that W, is now the set of proper,
consistent S4l-theories. As before, we leave to the reader to
check that Mg‘” is a bi-intuitionistic model, and focus on those

properties of the model that are particular to S4I.
Lemma VL1. M3* is forward and downward confluent.

Proof. Forward confluence is checked as in the case of GS4,
so we focus on downward confluence. Let &, ¥ and © in W
be such that ® <. ¥ C, ©. Let = = Lo \ OF. We claim
that (®; ) is S-consistent. If not, there exist Ly € &,
Oy € @ and x € OF such that S4l = o — x V O1p. Due
to [Ned Axiom and we get that O (y V Q) € ®F.
By it follows that Oy V Q1) € ®T. Since x ¢ O then
Ox ¢ ®*. Consequently ¢v» € ®*: a contradiction. Thanks
to Lemma (®Y; ®°) can be extended to a =-consistent,
precise theory Y. It then readily follows that & T, T <. ©,
as required. |

Lemma VL2 (Truth Lemma). For all theories ® € W, and
¢ € Lon,
pedt & (MM D)y

Proof. We consider only the modalities. For the case of a
formula Oy, the left-to-right direction proceeds as usual. For
the other direction, reason by contrapositive. If Oy & @1,
we claim that (®9; ®9) is p-consistent. If not, there exists
Oy € &7, Oyp ¢ ®F such that S41 F x — ¢ Vv O
By [Ned [Kq] and [MP] we get O(¢ V Ox). By Axiom
O vV Op € ®T, a contradiction since ®* is prime and
O, O & ®T. Therefore, (<I>D;<I><>) can be extended to
a precise, @-consistent theory Y. Clearly, & C. Y. Since
T is ¢-consistent, ¢ ¢ TT. By the induction hypothesis,
(MZ¥ T) = . Therefore, (M3* @) (£ Cp.

For the case of O, the right-to-left direction is standard, so
we focus on the other. If Oy € ®T, we claim that (@D, ©; <I><>)
is consistent. If not, there exists (x € ®, ¢1p ¢ T such

that S4l - x — (¢ — Ov). From [Ned and [MP] we
get 01 € ®F: a contradiction. Therefore (&, p; ®°) can be
extended to a precise, consistent theory Y. It follows from
our construction that ® T, Y. Moreover, ¢ € TT. By the
induction hypothesis, (M>*, 1) = ¢, so (M3¥ @) | Op.

(]

Let us summarize and state our completeness results.

Theorem VIL3. For A € {CS4,GS4,S41}, A is sound and
complete for the class of A-models. In particular, M» is a A
model, and if AV/ ¢, then M2 - .

Proof. For each logic A, J\/lé‘ is a bi-intuitionistic model: this
is stated for CS4 in Lemma and checked analogously
for the other logics. In each case, we have shown in addition
that M?% satisfies the required frame conditions. If A I/ ¢,
then the pre-theory T = (&; @) is ¢-consistent, hence can be
extended to a p-consistent theory ® € W,. By Lemma [[V.9
(M2, ®) . 0

Remark VI.4. Theorem[VI 3lalso holds for 1S4, this is proven
in [3l], [4)], but also follows from the development in Section
M omitting the proof of local linearity.

VII. X-BISIMULATIONS

The remainder of the article will be devoted to establishing
the finite model property for CS4, GS4, and S4l. In this section
we develop the theory of X-bisimulations, one of the key
components in our proof.

Definition VIL.1. Given a set of formulas ¥ and a model
M= W, W <,C,V), we define the X-label of w € W to
be a pair L(w) = ({T(w); £°(w)), where

tH(w) = {p eT: (M,w) = ¢},
Ow):={p e :VoIw (M,v) £ ¢}

A Y-bisimulation on M is a forward and backward confluent
relation Z C W x W so that if w Z v then (w) = £(v). We
denote the greatest X-bisimulation by ~rx.

Notice that an arbitrary union of X-bisimulations is a -
bisimulation. Hence, ~y is well-defined. Obviously, ~s; is an
equivalence relation. For each canonical model M?%, we note
that /(®) = ® | X, where the latter is defined by @ | ¥ :=
(@t N%,d0NY).

Definition VIL2. Given a model M = (W,W+ <, C.V)
and an equivalence relation ~ C W x W, we denote the
equivalence class of w € W under ~ by [w]. We then define
the quotient M/~ = (W), W* /L S/ B[~ V) to be such
that W/~ = {[w] : w € W}, W' /u = {[w] : w € W},
[w]=/~[v] if there exist w' ~ w and v' ~ v such that w' < v/,
T/~ is the transitive closure of E°/~ defined by [w] E°/~ [v]
whenever there are w',v' so that w ~ w' T v ~ v, and
[w] € V/~(p) iff there is w' ~ w so that w' € V(p).

Lemma VIL3. Let M = (W, W+, <, C., V) and suppose that

~ is an equivalence relation that is also a X-bisimulation.



Then, for all w,v € W, [w] S/~ [v] if and only if there is
v' ~ v such that w < v'.

Proof. Clearly, if there is v/ ~ v such that w < v/, then
[w] S/~ [v]. Conversely, if [w] </~ [v], then there are w’ ~ w
and v/ ~ v such that w’ < v’. Since ~ is a bisimulation, there
is v” ~ v’ such that w < v”. But then v" ~ v, as needed. O

Of particular importance is the case where the relation ~ is
given by X-bisimulation.

Lemma VIL4. Let M = (W,WL x,C,V) be a bi-
intuitionistic model and ¥ be a set of formulas. Let ~ be
a X-bisimulation which is also an equivalence relation. Then,

1) If M is forward-confluent, so is M/~.

2) If M is backward-confluent, so is M/~.

3) If M is locally linear, so is M/~.

Proof. For forward confluence, in view of Lemma it
suffices to show that C”/~ is forward confluent. Assume that
[v] 7/~ [w] E°/~ [w']. By Lemma there is v" ~ v
such that v” = w. Since M 1is forward confluent, there is v’
such that v” J v’ = w'. Therefore, [v] 2°/~ [v'] 7/~ W],
as needed. Backward confluence is treated similarly, and we
omit it.

For local linearity, assume that [w]</~[u] and [w]=/~[v]. B
Lemma let «/, v' in W be such that u ~ v’ = w
v ~ v'. Hence, v/ < v' or v/ 5 w'. Consecuently, [u]</~[v]

[v]=/~[ul].

Lemma VILS. If M = (W,W+ %,C,V) is any model,
Y. is closed under subformulas, and ~ C W x W is a X-
bisimulation that is also an equivalence relation, then for all

weWand p € %, (M,w) = ¢ iff (M/~, [w]) = ¢.

Proof. Proceed by a standard induction on ¢. Consider only
the interesting cases.

CASE ¢ =9 — 0. If ( M,w) E ¢ — 0 and [v] 7/~ [w],
then in view of Lemma (which we henceforth use
without mention), there is v/ ~ v such that w < v’. Since
v = w, either (M,v") ¥~ 9 or (M,v") = 6, which by
the induction hypothesis and the fact that [v] = [v'] yields
(M [0]) 6 o (M/ms[u]) = 6, and since [o] =/~ [u]
was arbitrary, we conclude that (M/~, [w]) = ¢. Conversely,
if (M/~[w]) E Y — 0 and v = w, then [w] 5/~ [v], which
implies that (M/~,[v]) & ¥ or (M/~,[v]) = 6, and by the
induction hypothesis, that (M, v) = ¢ or (M,v) |= 6, as
needed.

CASE ¢ = Q1. Suppose that (M, w) = O and let [v] 7/~
[w]. We may assume that v is chosen so that v = w. Then,
there is v’ such that v C ' and (M,v’) = 1. But then
[v] E/~ [v'] and the induction hypothesis yields (M/~, [v]) E
1. We conclude that (M/~, [w]) = Q1. Conversely, suppose
that (M, w) = (1. Then, there is v 3= w such that ¢ € £°(v).
Let v' be such that [v] E/~ [v']. Then, there exist sequences
('Ui)igk and (’U;)ign such that

OS2 A<

v:vowvégvlwviE...Evnwv;:v/.

By induction on i < n, one readily verifies that 1 € (¢ (vi)N
9 (v}), from which it follows that v» € £ (v’) and, hence, 1 &
¢ (v'). By the induction hypothesis, (M/~, [v']) £ 1. Since
v = w then [v] 7/~ [w] so (M/~, [w]) K& Ot : a contradiction.

CASE ¢ = [i. This case is treated very similarly to the
previous, but working ‘dually’. We show only that (M, w) £
O implies that (M/~, [w]) = O to illustrate. If (M, w) p=
O, there are v J v = w such that (M,v") & 0. But
then, [v'] 2/~ [v] 7/~ [w] and the induction hypothesis yields

(M/~, [0']) B~ ¢, hence (M/~, [w]) B~ Oy O

Lemma VIL6. Every ~x-equivalence class of M/~ is a
singleton.

Proof. Suppose that [w] ~x [v]; we must show that w ~x v
as well to conclude [w] = [v] (note that ~y is defined both
on M and M/~). Define a relation Z C W x W given by
x Z y if [x] ~x [y]. Clearly w Z v, so it remains to check
that Z is a X-bisimulation to conclude that w ~x v. Clearly
Z preserves labels in 2. We check only the ‘forth’ clause, as
the ‘back’ clause is symmetric.

Suppose that o’ = x Z y. Since [z] ~x [y], there is 3’ such
that ['] ~x [y/] #/~% [y]. In view of Lemma [VIL3] we may
assume that 3’ is chosen so that y < y'. From [2/] ~x [y'] we
obtain x’ Z 3/, as needed. O

Quotients modulo X-bisimulation will be instrumental in
proving the finite model property for CS4 and GS4. However,
bisimulation does not preserve downward confluence, so to
treat S41, we will need a stronger notion of bisimulation.

Definition VIL.7. A strong Y-bisimulation is a X-bisimulation
Z such that both Z and Z~—' are downward confluent. We
denote the greatest strong Y-bisimulation by ~x.

Notice that an arbitrary union of strong Y-bisimulations is a
strong Y-bisimulation. Hence, =5, is well defined. Obviously,
/sy is an equivalence relation. The following is proven in es-
sentially the same way as the forward-confluence preservation
clause of Lemma

Lemma VILS8. Let M be a bi-intuitionistic model and % be
a finite set of formulas closed under subformulas. Let ~ be
a strong X-bisimulation on M which is also an equivalence
relation. Then, if M is downward-confluent, so is M/~.

We remark that the quotient M/~ may be infinite, even
taking ~ € {~s,~x}. However, in the next section we
discuss a class of models which do have finite quotients.

VIII. SHALLOW MODELS

A key ingredient in our finite model property proofs is to
work with shallow models, which are models where the heights
of worlds are bounded. Given a frame F = (W, W+, x,)
and w € W, the height of w is the supremum of all n such
that there is a sequence

wW=wy) W) <...=Wp.



The height of the frame F is the supremum of all heights
of elements of W. Height is defined in the same way if we
replace F by a model M. Note that the height of worlds or
models could be oco. If a frame or model has finite height,
we say that it is shallow. Shallow models will provide an
important intermediate step towards establishing the finite
model property, as the bisimulation quotient of a shallow
model is finite. Nevertheless, it can be quite large, as it is
only superexponentially bounded.

Below, let 27 be the superexponential function given by

T T _ 927
20 =@ and 2§, = 2%.

Lemma VIILL. For all m,n,k > 1, 2m . 2"~ ™ < gnm,
Proof. Proceed by induction on k. If k = 1, then
om 2](677«*1)7” —9m, 2(n71)m _ 22,771

If £ > 1, then note that 1 < 2,(6"__11)7”, so that

m+ 2070 < (m 4 D)2 < am ot Im S gnm
Then,
om 2én*1)m —om, 222":11)7” _ 2m+2§C":11)m < 22" onm
as needed. ([l

Lemma VIIL2. Given a bi-intuitionistic model M =
(W, W+, <, C, V) of finite height n and finite ¥ with #. = s,
#W /s < 2

Proof sketch. This is proven in some detail in e.g. [19]], but we
outline the main elements of the proof. Proceed by induction
on n € N to show that there are at most 2,218:1; Ds oy
bisimulation classes of points of height n. Let w € W. If
w has height 0, its bisimulation class is uniquely determined
by the labels ¢(v) € 2% x 2% of those v in the cluster of w
(i.e., the set of v € W such that v < w < v), and there are
at most 22¢ = 22 choices for each label, so there are at most
921" = 925 choices for the entire cluster.

For the inductive step, let {[v;] : ¢ € I} enumerate the
equivalence classes of the immediate successors of w. Note
that each v; has height less than that of w, so that by the
induction hypothesis, there are at most 2%151 choices for [v;],
and the bisimulation class of w is determined by the labels
of its cluster, for which there are 92* choices, and a possible
choice of {[v;] : ¢ € I}, of which there are at most 2241
choices. Hence there are at most

s s s 2(n+1
92% 92215 _ 9224221 L 922V _ 92(nt1)s
— n+2
choices for the bisimulation class of w. O

The following lemma is proven analogously to Lemma
Below, a bi-intuitionistic model M = (W, W+, <, C
, V') is forest-like if for every w € W, the set {v € W : v <
w} is totally ordered by <.

Lemma VIIL3. Given a forest-like bi-intuitionistic model
M = (W, W+ %,C,V) of finite height n and finite > with
T = 5, $#W/my < 220D

Remark VIIL4. Note that the forest-like assumption in
Lemma is needed, as in general there may be infinitely
many =y, equivalence classes of points if this assumption fails.
In a model consisting of an infinite sequence

Wo > Vg W1 >V W2 > ...

where p is true only on wy, no two points are strongly ~ -
bisimilar.

We conclude this section by showing that the shallow model
property implies the finite model property for any of the logics
we are interested in.

Theorem VIILS5. Let A € {CS4,154,S41,GS4} and ¢ € Lon.
1) If A # S41 and ¢ is satisfiable (resp. falsifiable) in a
shallow A-model, then ¢ is satisfiable (resp. falsifiable)
in a finite A-model.
2) If A = S4l and ¢ is satisfiable (resp. falsifiable) in
a shallow, forest-like A-model, then ¢ is satisfiable
(resp. falsifiable) in a finite A-model.

Proof. Let A € {CS4,154,S41, GS4} and let M be a shallow
model satisfying (falsifying) . Then, for A # S4l we see that
M/~s, is finite by Lemma is a A-model by Lemma
and satisfies (falsifies) ¢ by Lemma [VIL3l For A = S4l
we further assume that M is forest-like, and use Lemma[VIL§]
to see that M/~ is downward-confluent. Reasoning as above,
it is also an S4l-model satisfying (falsifying) (. O

Thus in order to prove the finite model property for any
of these logics, it suffices to show that they have the shallow
model property: that any non-valid formula is falsifiable in a
shallow model. This is the strategy that we will employ in the
sequel.

Remark VIIL6. Note that Theorem[VIIL 3 applies to 1S54, even
though we will not establish the finite model property for 1S4
in this paper. However, this result does reduce the problem
of establishing the finite model property for 1S4 to that of
establishing the shallow model property.

IX. THE FINITE MODEL PROPERTY FOR CS4

In view of the above results, in order to prove the finite
model property for CS4, it suffices to prove the shallow model
property. To this end we define a ‘shallow’ model, M$>,
which has finite depth. In this section, the notation W, <,
etc. will refer to the canonical model M$>* for CS4.

Definition IX.1. Fix A = CS4. Given T';A € W,, define
P<s AifT <. Aand 1) T = A" or 2) there exists x € &
such that x € AT \T'F. We then define MS* = (W.., <5, Ce.
Vo).

Thus M$* is almost identical to MS>*, but we have
modified the intuitionistic accessibility relation. It is easy to
see that M%s“ is a bi-intuitionistic model.



Lemma IX.2. For allT' € W, and ¢ — 9 € ¥ we have that
o — Y et iffforall A =x T, ¢ € AT implies 1) € AT.

Proof. From left to right, let us take I' € W, such that ¢ —
1 € I'". Take any A € W, such that I <5, A. By definition,
' C AT sop = ¢ € AT. If ¢ € AT, it follows that
e AT

Conversely, assume towards a contradiction that ¢ — ¢ ¢
I'*. Therefore, there exists A =, I' such that ¢ € AT and
P & AT: 1) If ATNY = TN then we already have p € T'F
andy €T+, and I’ <5 T, as needed. 2) f ATNY ATTNY,
since A =.I', we conclude that A =5 T O

Lemma IX.3. Any <x-chain has length at most |X| + 1.

Proof. Let I'yg <y I';y <y ... <x I';, be any chain. For each
i < n there is ¢; € ¥ such that ¢; € I'f,; \ I'/. Note that if
1 < j < n then ¢; # ¢;, since by monotonicity ¢; € I‘;CH
implies that p; € I‘;r. Hence n < |X|, so the length of the
chain is at most |%| + 1. O

Lemma IX.4. The model M%S4 is backward confluent.

Proof. If & C,. ¥ <y O then also ¥ <. O, so that setting
Y := (®T; @), Proposition [V7] yields ® <. T C. O, and
clearly we also have ® <5, T, providing the required witness.

O

Lemma IX.5. The following items hold.
e If Qo € X and T € W, then O € I'T if and only if for
all U =5 T there is A such that ¥ T, A and ¢ € AT,
o If Up € X and T € W, then Oy € T'F if and only if for
all U and A such that T xx W C,. A, p € AT,

Proof. For the first item, suppose that ¢ € 3 and I' € W,
is such that Oy € I'T. Let ¥ =5 I'. It follows that ¥ =, T,
so there is A such that ¥ £, A and ¢ € A™, as needed.
Conversely, assume that $p & I't. Consider ¥ := (I'"; {¢}).
Then, ¥ =5 I" and if A 3. ¥, it follows that o &€ A™.

For the second item, from left to right assume that (p € T'"
and suppose that I' x5y ¥ C. A. It follows that ' 5. W,
so 't C ¥T and hence Oy € ¥T. Since ¥ C. A, then
€ AT, Conversely, assume that [y ¢ T'". As in the proof of
Lemma[[Vg if we define ¥ := (I'"; @), there exists A 3. ¥
such that ¢ € A™. From I't = U™, it is easy to conclude
that I' < W. [l

From Lemmas and we immediately obtain the
following.

Lemma IX.6. For all T € W, and ¢ € %, (ME4T) | ¢
iff peT.
Lemma IX.7. For p € %, CS4 I ¢ if and only if ME* = .

Proof. We know that CS4 I ¢ if and only if M$>* |= . Now,
given I' € W,, and Lemma [[X.6] yields that CS4 + ¢ implies
(/\/Clgs“,l") = (. Conversely, if CS4 7 ¢ then therce isT €
W* such that ¢ € T'F, which implies that ¢ (M$E* T') £
. O

Theorem IX.8. CS4 has the finite model property.

Proof. In view of Theorem [VIIL3| it suffices to show that CS4
has the shallow model property. Fix a formula ¢ and let ¥ be
the set of subformulas of ¢. By Lemmas M%S“
is a shallow CS4-model, and by Lemma  is valid on
MSES* iff CS4 + ¢, as needed. O

X. THE FINITE MODEL PROPERTY FOR GS4

In this section we follow a strategy similar to that of
the previous to show that GS4 also enjoys the finite model
property. In this case, the worlds of our shallow model will be
pairs (T', A), where the intuition is that I" serves as an ‘anchor’
to enforce local linearity and A represents the formulas of X
true in the given world. Recall that for © € W,., we define
01Y:=(Orn%;e’n).

Definition X.1. Let MS* = {W,, <., C.,V.} and ¥ C Lon
be closed under subformulas. We define Wx, to be the set of
pairs (I'; A) whereI' € W, and A = © | X for some © =, T
Set (FQ,AO) <n (Fl,Al) iff To =Ty and AS_ - A+, and
for a propositional variable p, set (T'; A) € Vs:(p) iff p € A™T.

Lemma X.2. The relation <Xx; is a locally linear partial order
and Vs, is monotone.

Proof. 1t is easy to check that <y is a partial order, given
that C is, and monotonicity is immediate from the definition
of 5. Suppose that (T'g, Ag) <z (I'p, A1) and (T, Ag) <»
(Fo,Ag), and write A; = ©; [ 3 with O, =. I'g. Then,
©; <. ©; for some i # j € {1,2}. It readily follows that
(Lo, A¢) < (Toy A). O

Lemma X.3. Let ¥ C L be closed under subformulas. For
all (T,A) € Wy and ¢ — 1 € X we have that ¢ — ¢ € AT
iff for all (T,¥) =5 (T',A) with ¢ € U we have 1) € UT.

Proof. From left to right, take any (I, A) € Wy satisfying
© — 1 € AT, Take any (', ¥) satisfying (I, V) =5 (T, A)
with ¢ € U+, Since AT C U+, ¢ — ¢ € U, hence ¢ €
Ut Conversely, assume that ¢ — 1 € 2\ AT, By definition,
there exists © =, I' such that A = © [ X. Clearly, ¢ —
1 & ©F. Therefore there exists T =, © such that ¢ € T+
and ¢ ¢ Y. Define ¥ = Y | ¥. We have that ¢ € U+ and
1 & U, and clearly (T, A) <z (T, ¥). O

The following is established by essentially the same reason-
ing as Lemma [[X.3

Lemma X4. If ¥ C Lo is finite, then (Wx, <x) is shallow.

Proof. Any chain (Tg,4Ag) <5 ... <x (I'n,A,) satisfies
I'; =Ty for all ¢ < j < n, and hence the elements differ
only on the second component. But a chain A C ... C Af
of subsets of 3 can have length at most |X| + 1. O

Definition X.5. For (I', A), (I", A’) € Wy we set (I, A) C%
(T, A") iff there are © =, T, © =, " such that © C. ©/,
A=0[X and A' = O’ | ¥. Then, let Cx, be the transitive
closure of CY.



Lemma X.6. The relation Cy, is reflexive and transitive.

Proof. Transitivity holds by definition. For the reflexivity, let
us take (I', A) € Wx. This means that there exists © € W,
such that A = © | ¥ and I' <. ©. Since . is reflexive,
O C. ©. By definition, (I',; A) Cx, (I', A). O

With this, we define M$* = (Wx, xx,Cyx, Vi).
Lemma X.7. M%S4 is forward and backward confluent.

Proof. For the forward condition, we only need to show that
E% is forward confluent. The claim for Cs. then follows from
Lemma Let us take (T'g,Ao), (To,A2) and (T, Aq)
in Wy, satisfying (T, Ag) <x (o, Az) and (g, Ag) EL
(T'1, A1). By definition, there exist ©¢, O3 =, 'y and ©1 =,
T’y such that A; = ©; | ¥ and ©9 C. ©,. Moreover, we
can assume that ©y <. ©,, otherwise redefine O, := .
Since MS* is forward confluent, there exists O3 such that
0, C. O3 and O <. O3. Fix A3 = O3 [ X. It follows that
(Fl,Al) <5 (F17A3) and (Fo, Ag) E% (F17A3).

For the backward condition, it once again suffices to show
that C% is backward confluent. Let us take (g, Ag), (I'1, Aq)
and (Fl,Ag) in Wyx, satisfying (FQ,AQ) E% (Fl,Al) <5
(T'1, Ag). By definition, there exist Oq =, ' and O1 =, I';
such that AO = Oy [ Y, Ay = 6, [ Y and ©9 C. O;.
Moreover, there exists ©3 =, I's such that Ay = ©5 [ ¥ and
O <. O,. Since MSS4 is backward confluent, there exists
O3 € W, such that Oy <. O3 C. O,. Define A3 = O3 [ X.
It follows that (1—‘0, AQ) <5 (FQ, Ag) Cs (Fl, Ag) O

Lemma X.8.
1) If Op € ¥ and (T1,A1) € Wy then Op € AT if and
only if there is (T2, A2) Jx (T'1, A1) such that p € AJ.
2) If Op € ¥ and (T'1,A1) € Wx then Op € AT if and
only if for every (T2, A2) Jx; =5 (D1, A1), p € AS.

Proof. For the first item, let us take (I'1, A1) € Wy satisfying
Qp € Af. By definition, there exists ©; € W, such that
A1 =01 | ¥ and O =, I'y. Therefore, there exists O C.
O such that ¢ € ©F. Define Ay = Oy | ¥. Let us take the
pair (©2, Ay). It can be checked that (T'1, A1) Cx (02, Ag).
Since ¢ € ©F N'Y then ¢ € AJ. Conversely, assume that
Qv ¢ Af and suppose that (I'1, A1) C% (T2, Ag) (we will
treat the general case for Cy; later). Then, there exist O =, I'y
and ©5 »=. I's such that ©; C,. O, and A; = ©; | X.
From ©, C,. ©5 we obtain ¢ € 93 and hence Qp & o7, so
Qp & A; Since Cy; is the transitive closure of C%, we note
that (I'1, A1) Cx (Tg, Ag) iff there exists a sequence

(T1,A1) = (B0, Yo) E% (B1,T1) 5% ...
E% (Enu Tn) = (1—‘27A2)'

By induction on i, O ¢ T, so that O ¢ AT and ¢ & AF.

Let us consider now the second item. From right to left,
assume by contrapositive that (i & AT. By definition, there
exists ©1 =, I'y such that A; = 7 [ X. Therefore, Oy ¢
9?. As a consequence, there exists ©) and Oy in Wy such
that ©; <. ©] C. O3 and ¢ ¢ @; Define A] = 0] [

and Ay = O3 | X. By definition (I';,A;) <x (I'1,A}) and
(T'1, A}) Cx (©2,As). Moreover, since ¢ & OF, p & AF.
From left to right, we may argue as in the case for ¢ that
if (['1;A1) Cx (T2; A) and Op € AT, then also Clp € A,
SO p € A; Thus if (Fl;Al) <z (1—‘3;A3) Cs (FQ;AQ),
from Oy € Af we obtain Oy € A7, and from (T'3; A3) Cx
(T'2; Ag) we obtain ¢ € AF. O

From lemmas and we immediately obtain the
following.

Lemma X.9. Ler (I'A) € Wy and ¢ € %. Then,
(ME*,(T,A) E g iff o€ AT

Lemma X.10. For ¢ € ¥, GS4 I ¢ if and only if ME* = .

Proof. We know that GS4 | ¢ if and only if M%* = ¢.
Now, given (I, A) € Wy, A = © [ X for some O € W, and
Lemma yields that GS4 - ¢ implies that ¢ € ©T, hence
(ME> (T, A)) & . Conversely, if GS4 I/ ¢ then there is
' € W, such that ¢ T, which implies that (M$* (T, T |
) I o 0

Reasoning as in the proof of Theorem [[X.8] we obtain the
finite model property for GS4.

Theorem X.11. GS4 has the finite model property.

XI. THE FINITE MODEL PROPERTY FOR S4|

In this section we fix A = S4l. Our aim is to prove that
S41 has the shallow model property, from where the finite
model property will follow. The construction we will use has
certain elements in common with those for CS4 and GS4,
with the caveat that we need to ensure that our models are
forest-like in order to apply Theorem The following
construction will ensure this. In this section, W,, <., etc. refer
to the components of ME‘“, and Wy, <y, etc. will refer to the
respective components of the model M3 to be constructed
below.

Definition XI1.1. For a set of formulas % closed under subfor-
mulas, define Wy, to be the set of all tuples T' = (T'g,...,Ty),
where 1) each T'; € W, 2) I'; <. i1 if © <n, 3) for each
i < n there is a formula ¢ € ¥ such that ¢ € T;41 \T;. We
define Vs, by T € Vs(p) iff p € T} N . Define T <z A if T
is an initial sequence of A.

Lemma XIL.2. The relation <Xy is a forest-like partial order
on Wy, and any strict <x-chain has length at most |Z| + 1.
Moreover, Vs, is monotone.

Proof. That <5, is a forest-like partial order is easily checked
from the definitions, and the bound on chains follows from the
same reasoning as for Lemma[[X.3] using the observation that
I' <x A implies that /T (I') C ¢*(A). The monotonicity of
V5, follows from the elements of I' being ordered by <.. U

Lemma XI1.3. For allT' €¢ Wy, and ¢ — ¢ € ¥ we have that
o — 1 e tH(T) iff for all A =5 T with ¢ € {T(A) we have
P € LT (A).



Proof. First assume that T' = (Tg,...,T",) is such that ¢ —
¥ € £T(T) and let A = (Ay,...,A,,) be such that T’ <5 A.
Then, m > n and A,, = T',,, which by transitivity of <.
implies that T';, <. A,y,. It follows that if ¢ € ¢T(A) then
P e LT(A).

Conversely, suppose that ¢ — ¢ € X\ £7(T"). We may
further assume, without loss of generality, that if ¢ € £7(T")
then ¢ € ¢+ (T), for otherwise we may take A = T'. Then,
there is A, 41 =c [y, such that o € A, 1 but ¢p € A, 4. For
i <msetA; =T, and define A = (A;);<n+1. It should then
be clear that A has the desired properties. |

The accessibility relation for S4l is a bit more involved than
that for CS4.

Definition X1.4. For theories ®, ¥ in W, we define ® 4% 3
if® <. Vand T NY = TN We define I' CS A if there
is © sothatI' C,. © k% A.

We define, for I' = (I'g,...,I'y) and A = (Ao, ..., Ap,) €
Wy, T CL A if there is a non-decreasing sequence ji,. .. jn
with jn, = m such that T; E% Aj, for i < n. We define Cs,
10 be the transitive closure of C..

With this, we define M3 = (Wx,<s,Cx, V). It is
easy to check using the above lemmas that ./\/1524' is a bi-
intuitionistic model. Next we show that it is indeed an S4l
model.

Lemma XLS5. The relation Cyx, is forward and downward
confluent on S.

Proof. As before, it suffices to show that Elz is forward and
downward confluent. Suppose that ® <y &' and ® 212 A and
write &' = (®;);<pm/, so that & = (®;);<,, for some m < m/,
and A = (A;)i<n. We construct A’ = (A;);<, for some
n’ > n such that ® Cx A’ and A x5 A’. Given k € [m, m/],
we assume inductively that (A;);<, have been built so that
(®i)i<k T (Ai)i<r. The base case with » = m is already
given by the assumption that & Ty, A. For the inductive step,
assume that (®;);<x Cx (A;)i<,. Then in particular, &5 C%
A,. By the definition of Q%, there is © € W, so that ®; C,
O =% A,. By forward confluence of M3*, there is Y such
that &1 C, T =, O. If AT NY = TT N X, we observe
that A, <% Y. Hence @51 T A,, so that (®;)i<k+1 Tk
(A;)i<r. In this case, we may simply set 7' = r. Otherwise,
we set 7/ =r + 1 and A1 = Y. In this case, we also have
that ((I)z)lgk E% (Az)zgr O

Lemma XL6. Let T' € Wx.
1) If Op € X then Op € (T(T) if and only if there is
A Js T such that ¢ € £T(A).
2) If Op € X then Op € £T(T) if and only if for every
A Jds T, p elt(A).

Proof. Let T = (T';);<p. For the first claim, we first prove the
easier right-to-left direction. Suppose that A = (A; )<, I5 T
is such that ¢ € ¢T(A), meaning that ¢ € A}. Then, I';, C%
A,,, which means that for some ©, I',, C,. © k% A,.. Then

@ € O©F, hence Oy € I}l = ¢F(T") by the truth lemma. If
instead A Jy, T, then there is a sequence

I ="ToCy T CL.. . CL T, =A,

and backward induction on ¢ shows that Oy € £7(T;), so that
in particular Q¢ € ¢+(T).

For the left-to-right direction, suppose that ¢ € £7(T). By
backward induction on k < n we prove that there exists some
sequence (©;)" , such that I'; C. ©; for each i € [k, n]
and ©; <. ©;41 if i € [k,n) (interval notation should be
interpreted over the natural numbers). In the base case kK = n
and, by the truth lemma, there is ©,, J. I';; such that ¢ €
©,. So, suppose that (0;)i_, ,, has been constructed with
the desired properties. Since the canonical model is downward
confluent, there is some Oy such that I'y T, O <. Opy1,
yielding the desired O.

The problem is that the sequence © = (0;);<,, may not be
an element of Wy. We instead choose a suitable subsequence
A = (0, )i<m, wWhere jj, is defined by (forward) induction on
k. For the base case, we set jo = 0, and mg = 0 (meaning
that A currently has mg + 1 elements). Now, suppose that my
has been defined as has been j; for i < my, in such a way
that (0;,)i<m, € Wx and (I';)i<x Cx (0}, )i<m, . To define
Mpt1 > my and (O, )i<m, ., we consider two cases. First
assume that there is ¢y € ¥ such that ¢ € Opy; \ O;,. In
this case, setting mgy11 = mg + 1 and jpp,,, = k+1 we
see that (0}, )i<m,., has all desired properties. In particular,
the existence of the formula ¢) guarantees that (0}, )i<m,,, €
Ws. Otherwise, set myy+1 = my. In this case we see that
Ter1 Ec Opqa #% Gjmk’ so that T'y4; E% Gjmk and
thus (T'i)ickr1 Ex (0,)i<m,,- That (0,)i<m,,, € Wx
follows from the fact that myy1; = my and the induction
hypothesis. The claim then follows by setting m = m,, and
A =(0j)i<m.

The second claim is proven similarly, but by contrapositive.
We leave the details to the reader. o

From Lemmas and we immediately obtain the
following.

Lemma XL7. For T € Wy, and ¢ € %, (M3 T) = ¢ iff
p e (t(I).

Lemma XL8. For p € 3, S4l F ¢ if and only ifMSZ‘“ E e

Proof. We know that S4l F ¢ if and only if M5 E o.
Now, given I' € Wy, ¢T(T') = © N'Y, for some prime set ©
containing all derivable formulas, so ¢ € ¢*(I"). Lemma [XL7]
yields that S41 - ¢ implies (M3, T) = ¢. Conversely, if
S41 I/ ¢ then there is I' € W, such that ¢ ¢ I', which setting
IV =(T) to be a singleton sequence yields (M3 TV) b~ .

O

Theorem X1.9. S4l has the finite model property.

Proof. In view of Theorem [VIIL3] it suffices to show that S4I
has the shallow, forest-like model property. Fix a formula ¢
and let 3 be the set of subformulas of ¢. By Lemmas



and M3H is a shallow, forest-like S4l-model, and by
Lemma ¢ is valid on M%‘” iff S4l ¢, as needed. [

XII. CONCLUDING REMARKS

We have settled the long-standing problem of the finite
model property for CS4 and introduced two logics closely
related to IS4 which also enjoy the finite model property.
The logics we considered correspond to classes of models
with a combination of the forward, backward and downward
confluence properties. There are a handful of other logics
which may be defined in this fashion. For example, consider
the class of downward confluent frames. While the axiom [CD]
holds on frames which are forward and downward confluent, it
is unclear how the class of downward confluence frames may
be axiomatized. On the other hand, it seems that the shallow
model construction we have provided for S4l should readily
adapt to frames satisfying only downward confluence. In total,
there are 8 logics that could be obtained by combining these
conditions, and 8 more for their locally linear variants.

However, we have focused specifically on GS4 and S4l
because of their similarities with I1S4. We expect that this work
will shed some light on the challenges and possible strategies
towards establishing the finite model property for 1S54.

The finite model property for GS4 suggests that a proof
that 1S4 does not have the finite model property could not be
obtained from a straightforward adaptation of the proof that
classical expanding products do not enjoy the finite expanding
model property, i.e. the finite model property with respect to
their ‘intended’ class of frames. GS4 frames are closely related
to the expanding product S4.3 x€ S4 and 1S4 to S4 x° S4.
Both of these classes of expanding products lack the finite
expanding model property, as does S4.3 x°¢ S4.3; the same
proof is used to establish these three facts, hence it does not
involve branching of either accessibility relation [18]. This
suggests that a proof that 1S4 lacks the FMP would need a new
construction which uses the non-linearity of < in an essential
way.

On the other hand, the finite model property for S41 might
suggest that a similar approach may lead to the FMP for 1S4.
However, one should be careful, as the role of the accessibility
relations <, C in the proof are not at all symmetric. We
have reduced the finite model property to the shallow model
property, but it is not clear how one should define a shallow
IS4 model from an arbitrary one; in the absence of linearity, we
have provided one construction that preserves forward conflu-
ence and one that preserves backward confluence. Preserving
both conditions seems to be much more difficult, if at all
possible.

Finally, we mention that Godel modal logics are of indepen-
dent interest (see e.g. [20], [21]]), with the Godel variants of the
modal logics K and S5 enjoying the finite model property [17].
The techniques we have developed here may be adapted to
treating other Godel modal logics. One particularly interesting
case study may be Godel linear temporal logic, in the spirit
of intuitionistic temporal logic [[19].

ACKNOWLEDGMENTS

David Ferndndez-Duque’s research is partially funded by the
SNSF-FWO Lead Agency Grant 200021L_196176 (SNSF)/
GOE2121IN (FWO). Martin Diéguez’s research is partially
funded by the research project Amorcage/ELAHC of the
program RFI Atlanstic 2020.

REFERENCES

[1] G. D. Plotkin and C. Stirling, “A framework for intuitionistic modal
logics,” in Proceedings of the 1st Conference on Theoretical Aspects of
Reasoning about Knowledge, Monterey, CA, USA, March 1986, J. Y.
Halpern, Ed. Morgan Kaufmann, 1986, pp. 399-406.

[2] G. Fischer Servi, “On modal logic with an intuitionistic base,” Studia
Logica, vol. 36, no. 3, pp. 141-149, 1977.

, “Axiomatizations for some intuitionistic modal logics,” Rend. Sem.
Mat. Univers. Politecn. Torino, vol. 42, no. 3, pp. 179-194, 1984.

[4] A. Simpson, “The proof theory and semantics of intuitionistic modal
logic,” Ph.D. dissertation, University of Edinburgh, UK, 1994.

[5] G. Bellin, V. D. Paiva, and E. Ritter, “Extended Curry-Howard corre-
spondence for a basic constructive modal logic,” 2001.

[6] G. M. Bierman and V. de Paiva, “On an intuitionistic modal logic,” Stud
Logica, vol. 65, no. 3, pp. 383—416, 2000.

[7]1 R. Davies and F. Pfenning, “A modal analysis of staged computation,”
in Proceedings of the 23rd ACM SIGPLAN-SIGACT Symposium on
Principles of Programming Languages, ser. POPL '96. New York,
NY, USA: Association for Computing Machinery, 1996, p. 258-270.
[Online]. Available: https://doi.org/10.1145/237721.237788

[8] J. Moody, “Modal logic as a basis for distributed computation,” Carnegie
Mellon University, Tech. Rep. CMU-CS-03-194, Oct. 2003.

[9] M. Fairtlough and M. Mendler, “Propositional lax logic,” Information

and Computation, vol. 137, no. 1, pp. 1 — 33, 1997.

F. B. Fitch, “Intuitionistic modal logic with quantifiers,” Portugaliae

mathematica, vol. 7, no. 2, pp. 113-118, 1948.

D. Wijesekera, “Constructive modal logics 1,” Annals of Pure and

Applied Logic, vol. 50, no. 3, pp. 271-301, 1990.

N. Alechina, M. Mendler, V. de Paiva, and E. Ritter, “Categorical and

Kripke semantics for constructive S4 modal logic,” in Computer Science

Logic, 15th International Workshop, CSL 2001. 10th Annual Conference

of the EACSL, Paris, France, September 10-13, 2001, Proceedings,

ser. Lecture Notes in Computer Science, L. Fribourg, Ed., vol. 2142.

Springer, 2001, pp. 292-307.

F. Wolter and M. Zakharyaschev, “The relation between intuitionistic

and classical modal logics,” Algebra and Logic, vol. 36, no. 2, pp. 73—

92, Mar 1997.

, Intuitionistic Modal Logic.

1999, pp. 227-238.

L. Schroder and D. Pattinson, “Shallow models for non-iterative modal

logics,” in KI 2008: Advances in Artificial Intelligence, A. R. Dengel,

K. Berns, T. M. Breuel, F. Bomarius, and T. R. Roth-Berghofer, Eds.

Berlin, Heidelberg: Springer Berlin Heidelberg, 2008.

R. Arisaka, A. Das, and L. StraBburger, “On nested sequents for

constructive modal logics,” Log. Methods Comput. Sci., vol. 11, no. 3,

2015. [Online]. Available: https://doi.org/10.2168/LMCS-11(3:7)2015

X. Caicedo, G. Metcalfe, R. O. Rodriguez, and J. Rogger, “A finite

model property for Godel modal logics,” in Logic, Language, Informa-

tion, and Computation - 20th International Workshop, WoLLIC 2013,

Darmstadt, Germany, August 20-23, 2013. Proceedings, ser. Lecture

Notes in Computer Science, L. Libkin, U. Kohlenbach, and R. J. G. B.

de Queiroz, Eds., vol. 8071. Springer, 2013, pp. 226-237.

D. Gabelaia, A. Kurucz, F. Wolter, and M. Zakharyaschev, “Non-

primitive recursive decidability of products of modal logics with ex-

panding domains,” Annals of Pure and Applied Logic, vol. 142, no. 1-3,

pp. 245-268, 2006.

P. Balbiani, J. Boudou, M. Diéguez, and D. Ferndndez-Duque, “Intu-

itionistic linear temporal logics,” ACM Transactions on Computational

Logic, vol. 21, no. 2, pp. 14:1-14:32, 2020.

X. Caicedo and R. O. Rodriguez, “Standard Godel modal logics,” Studia

Logica, vol. 94, no. 2, pp. 189-214, 2010.

G. Metcalfe and N. Olivetti, “Proof systems for a Gédel modal logic,”

in Automated Reasoning with Analytic Tableaux and Related Methods,

M. Giese and A. Waaler, Eds.  Berlin, Heidelberg: Springer Berlin

Heidelberg, 2009, pp. 265-279.

[10]
(1]

[12]

[13]

[14]

Dordrecht: Springer Netherlands,

[15]

[16]

[17]

[18]

[19]

[20]

[21]


https://doi.org/10.1145/237721.237788
https://doi.org/10.2168/LMCS-11(3:7)2015

	I Introduction
	II Syntax and Semantics
	II-A Deductive Calculi
	II-B Semantics

	III Soundness
	IV Completeness of CS4
	V Completeness of GS4
	VI Completeness of S4I
	VII -bisimulations
	VIII Shallow Models
	IX The finite model property for CS4
	X The finite model property for GS4
	XI The finite model property for S4I
	XII Concluding remarks
	References

