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Abstract

We address the problem of scheduling jobs with non-identical sizes and distinct processing
times on a single batch-processing machine, aiming at minimizing the makespan. The exten-
sive literature on this NP-hard problem mostly focuses on heuristics. Using an arc-flow based
optimization approach, we construct a novel formulation that represents it as a problem of de-
termining flows in graphs. The size of the formulation increases with the machine capacity and
with the number of distinct sizes and processing times among the jobs, but it does not increase
with the number of jobs, which makes it very effective to solve large instances to optimality,
especially when multiple jobs have equal size and processing time. We compare our model
to other models from the literature, showing its clear superiority on benchmark instances and
proving optimality of random instances with up to 100 million jobs.
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1 Introduction

This paper addresses Batch Processing Machines (BPM) scheduling, which has been extensively
explored in the literature, motivated by applications in industries and by the challenging solution of
real-world problems. The main goal in BPM scheduling problems is to group jobs into batches and
process them simultaneously on a machine, to facilitate the tasks and to reduce the time spent in
handling the material. There are many variations of problems involving BPM with applications in
industry and manufacturing, such as the schedule of shuttle buses in the transportation system, the
schedule in tire production plants ([43], [30]), and applications in sterilization services in hospitals
([31]). The version of the BPM considered in this work is particularly suitable to applications in
the semiconductor industry ([38]) and parallel computing ([1]). Particularly, the first application
arises in reliability tests in the semiconductor industry, in operations called “burn-in” (see [38]). The
burn-in operation is used to test electronic circuits and consists of assigning them to industrial ovens,
subjecting them to thermal stress for a long period of time. The test of each circuit is considered
here as a job and requires a minimum time inside the oven, which is the processing machine. The
jobs cannot be processed directly on the machine; they need to be placed on a tray, respecting its
capacity. Each group of jobs assigned to a tray is considered a batch. The minimum time of the
circuit inside the oven is set a priori, based on the supplier requirements. It is assumed that it
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is possible to keep the circuit in the oven longer than necessary, with no ill effect, but the circuit
cannot be removed from the oven before its required processing time is fulfilled. Therefore, the
processing time of a batch is determined by the longest processing time among all jobs assigned to
it. The burn-in tests are a bottleneck in final testing operations, and the efficient scheduling of these
operations aims at maximizing productivity and reducing flow time in the stocks, which are major
concerns for management. In [19], [34], and [5], the complexity of burn-in tests on electronic circuits
and liquid crystal displays is discussed, reinforcing the importance of efficient scheduling for them.

Compared to the history of semiconductor manufacturing, the interest of researchers in BPM is
recent. A review of scheduling models considering batch-processing machines is presented in [32],
where the authors point out that the research effort in designing algorithms for these problems is
worthwhile. A survey on BPM problems is presented in [24], considering publications between 1986
and 2004 (part of 2004 only). A more recent survey is published in [27].

The BPM problem specifically addressed in this paper is the single batch-processing machine
scheduling problem denoted by 1|sj , B|Cmax, where jobs have non-identical sizes and processing
times, and the objective is to minimize the makespan. The problem was reported for the first time
in [38], where its NP-hard complexity is proven and a heuristic approach to solve it is proposed.
Heuristics are also proposed for this problem in [13] and [12], where instances with up to 100 jobs
are considered. Two approximation algorithms are presented in [42], with approximation ratios of
3/2 and 7/4 of the optimal solution value in the worst case. In [25], the simulated annealing meta-
heuristic was applied to 1|sj , B|Cmax, and a Mixed Integer Linear Programming (MILP) formulation
was presented for the problem. [25] also propose configurations for test instances that were widely
used in later works. Computational results are shown for instances with up to 100 jobs, comparing
the heuristic solutions to the solutions obtained with the MILP formulation. Other meta-heuristics
are also applied to problem 1|sj , B|Cmax in the literature, namely, genetic algorithm ([8] and [15]),
tabu search ([26]), and GRASP ([7]). These four papers consider instances with up to 100 jobs
as well. In [4], a heuristic based on a special case of the clustering problem is proposed, and
test instances with up to 500 jobs are considered. In [20], two heuristics are proposed based on a
decomposition of the original problem, where relaxations of the problem are solved. Instances with
up to 100 jobs are considered in this work. The ant colony optimization algorithm is applied to
this problem in [14]. The bee colony meta-heuristic is also applied to the problem in [1], where
results for instances with up to 200 jobs are considered. In [21], the authors propose enumeration
schemes to improve the heuristics proposed in [13]. The schemes are able to find good solutions for
instances of up to 500 jobs in less than 0.25s. The works mentioned above do not share a common
set of instances, which makes a direct comparison regarding the quality of the solutions difficult to
perform. Concerning metaheuristics, the colony algorithm proposed by [14] shows superior results
compared to the clustering algorithm, the genetic algorithm and simulated annealing. Considering
heuristics, [20] and [21] present very fast methods, which are good alternatives for finding solutions
of large-sized problems in less than 1s.

Most publications addressing problem 1|sj , B|Cmax apply heuristic and meta-heuristic approaches.
Nevertheless, exact methods are also applied in the literature, as for example in [11], [33], [37], [35],
and [29]. In [11], a branch-and-bound procedure is developed considering dominance properties for
a general enumeration. This procedure is also used as a heuristic for large instances. In [33], a
formulation for 1|sj , B|Cmax is presented using a partition problem in the context of Dantzig-Wolfe
decomposition. A branch-and-price algorithm is applied to solve the problem to optimality. In-
stances with up to 500 jobs are considered in the computational experiments. In [37] and [35], the
authors consider the exact solution of the problem, improving the formulation presented in [25].
Sets of symmetric solutions for the formulation are identified. Symmetry breaking constraints are
then proposed, taking into account specific properties of the problems and their optimal solutions
to propose new stronger formulations and avoid undesirable symmetric solutions in their feasible
sets. [29] proposes a column-and-cut generation (CCG) algorithm for the instances that could not
be solved to optimality with the model proposed by [37]. The method consists of running the model
proposed by [37] for 300 seconds to obtain an upper bound or, if possible, an optimal solution, and
then running the GCC method to improve the bounds. This work also proposes an exact algorithm
for the version of the problem that considers parallel machines.
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In this paper, we aim at solving problem 1|sj , B|Cmax to optimality as well, but considering an
arc-flow optimization approach. Arc-flow formulations from the literature, for classical combinatorial
optimization problems, make use of a pseudopolynomial number of variables and constraints. For
example, see [39], where the author proposes a branch-and-price algorithm for an arc-flow based
formulation for a cutting-stock problem. Later, the methodology was extended for the bin-packing
problem in [40]. An alternative arc-flow formulation for the cutting-stock problem is proposed in [2]
and [3], using graph compression technique. These formulations were recently tested and compared
in [10] against several other models and problem-specific algorithms on one-dimensional bin packing
and cutting stock problems. The results show that the arc-flow based formulations outperform all
other models. [22] extended the model proposed by Valério de Carvalho for the two-dimensional
cutting stock problem. The authors tested the resulting model on a set of real instances derived
from the furniture industry, and it proved to be more efficient than previous methods. In [23], the
arc-flow model and the one-cut model are compared for the one-dimensional cutting-stock problem,
and reduction techniques for both approaches are presented. [6] introduce new sets of patterns for
cutting and packing problems as, for example, arc-flow formulations. These patterns can also be
applied to several other problems. Particularly considering scheduling problems, we are aware of
some recent papers that apply an arc-flow approach. In [28], the makespan minimization problem
on identical parallel machines, P ||Cmax, is considered. In [17], problem P ||

∑
wjCj is considered,

where the goal is to schedule a set of jobs on a set of identical parallel machines, while minimizing the
total weighted completion time. Different versions of the problem are presented in [16], where release
times P |rj |

∑
wjCj are considered, and in [18], where family dependent setup times P |si|

∑
wjCj

are considered. A broader discussion of the methods and applications of the arc-flow models can
be found in [9]. In [9], theoretical foundations for pseudo-polynomial arc-flow formulations are
presented. To our knowledge, our work is the first to consider arc-flow formulations for scheduling
problems on batch processing machines.

Motivated by the good results obtained with arc-flow approaches for combinatorial problems, we
present in this paper a novel arc-flow based formulation for problem 1|sj , B|Cmax, representing it as
a problem of determining flows in graphs. A special graph G and arc-flow structures corresponding
to the distinct processing times of the jobs are introduced to form the core of our formulation. With
the approach used in the modeling, we are able to propose a formulation where neither the number
of variables nor the number of constraints increases with the number of jobs. On the other hand,
they increase with the machine capacity, i.e, with the batch size and with the number of distinct
sizes and processing times among the jobs. In this way, we see our model as an alternative option
to other models from the literature, where the number of the variables depends on the number of
jobs, but does not depend on these other features. Our model is particularly effective for solving
large instances to optimality when the machine capacity is not too large in comparison to the
sizes of the jobs, and when we have multiple jobs with equal sizes and processing times. Another
important feature of the formulation is that it does not contain some of the symmetries contained
in the formulations presented in [33] and [37]. We present numerical experiments where very large
instances of the problem, with a number of jobs never considered in the literature, are solved to
optimality in short times. In fact, the solution time for these large instances are smaller than the
solution time of much smaller instances, when using other formulations from the literature. After
the development of this work, we could also successfully extend the idea of the arc-flow model to
the case of parallel machines. Computational results for this extension can be found in [36].

We organize the paper as follows: In Section 2, we introduce problem 1|sj , B|Cmax and present
two formulations from the literature. In Section 3, we present an arc-flow based formulation for the
problem. In Section 4, we discuss our numerical experiments comparing the arc-flow formulation
to formulations from the literature. In Section 5, we present some concluding remarks and discuss
future work.
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2 Problem definition

The single batch-processing machine scheduling problem, or problem 1|sj , B|Cmax, can be formally
defined as follows. Given a set J := {1, . . . , nJ} of jobs, each job j ∈ J has a processing time pj and
a size sj . Each job must be assigned to a batch k ∈ K := {1, . . . , nK}, respecting the given capacity
B of the machine, so that the sum of the sizes of the jobs assigned to a batch cannot exceed B. We
assume that sj ≤ B, with sj , B ∈ Z, for all j ∈ J . The batches must be all processed in a single
machine, one at a time, and all the jobs assigned to a single batch are processed simultaneously. The
processing time τk of each batch k ∈ K is defined as longest processing time among all jobs assigned
to it, i.e., τk := max{pj : j is assigned to k}. Jobs cannot be split between batches. It is also not
possible to add or remove jobs from the machine while the batches are being processed. The goal is
to schedule the jobs on the batches so that the makespan (Cmax) is minimized, where the makespan
is defined as the time required to finish processing the last batch.

The number of batches used in the solution of 1|sj , B|Cmax is not fixed and should be optimized.
It will depend on the number of jobs, their sizes, and the machine capacity. In this section, we present
two formulations from the literature to solve the 1|sj , B|Cmax, where nK represents an upper bound
on the number of batches allowed in a solution. We will notice that this value impacts in the size of
these formulations.

In the worst case, each job is assigned to a different batch, and the number of batches used is
equal to the number of jobs nJ . It is important to note that even when it is possible to find a feasible
solution for a problem where the number of batches used is φ < nJ , we should not limit the maximum
number of batches to φ in the problem’s formulation, as we should consider the case in which creating
an additional batch in the solution would decrease the makespan. As an example of this situation,
we show in Figure 1 two feasible solutions for an instance of 1|sj , B|Cmax. Although the number of
batches used in solution (a) is smaller than in solution (b), its makespan is bigger. Therefore, to
assure the correctness of the formulations presented next, it is always considered nK = nJ .

0 Time CmaxC ′max

0

Size

B

0

Size

B

b)

a)

1

2

τ1

3

4

τ2

2

τ ′1

4

τ ′2

3

1

τ ′3

Figure 1: Feasible solutions with (a) 2 batches and (b) 3 batches.

Let us consider the following decision variables for all j ∈ J , k ∈ K:

xjk =

{
1, if job j is assigned to batch k,
0, otherwise,

yk =

{
1, if batch k is used,
0, otherwise,

τk : processing time of batch k.
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In [25] the following MILP formulation (1)–(7) is proposed for problem 1|sj , B|Cmax. Other very
similar formulations and sometimes this exactly same one, are used in other papers as a comparative
basis in computational experiments.

(MILP1) min
∑
k∈K

τk, (1)∑
k∈K

xjk = 1, ∀j ∈ J, (2)∑
j∈J

sjxjk ≤ Byk, ∀k ∈ K, (3)

τk ≥ pjxjk, ∀j ∈ J, ∀k ∈ K, (4)

xjk ≤ yk, ∀j ∈ J, ∀k ∈ K, (5)

yk ∈ {0, 1}, ∀k ∈ K, (6)

xjk ∈ {0, 1}, ∀j ∈ J, ∀k ∈ K. (7)

The objective function (1) minimizes the makespan, given by the sum of the processing times of
all batches. Constraints (2) determine that each job is assigned to a single batch. Constraints (3)
determine that the machine capacity is respected. Constraints (4) determine the processing times
of the batches. Note that constraints (5) are redundant because of (3), but are added to strengthen
the linear relaxation of the formulation. Constraints (6) and (7) define the domains of the variables.

In [37], the authors address the symmetry in formulation (MILP1). They present a new formu-
lation for the problem, where symmetric solutions are eliminated from the feasible set of (MILP1),
with the following approach. Firstly, the indexes of the jobs are defined by ordering them by non-
decreasing order of their processing times, i.e., p1 ≤ p2 ≤ . . . ≤ pnJ

. Secondly, it is determined that
batch k can only be used if job k is assigned to it, for all k ∈ K. Thirdly, it is determined that job
j can only be assigned to batch k if j ≤ k. Considering the above, the following formulation for
1|sj , B|Cmax is proposed in [37]:

(MILP+
1 ) min

∑
k∈K

pkxkk, (8)∑
k∈K:k≥j

xjk = 1, ∀j ∈ J, (9)

∑
j∈J:j≤k

sjxjk ≤ Bxkk, ∀k ∈ K, (10)

xjk ≤ xkk, ∀j ∈ J, ∀k ∈ K : j ≤ k, (11)

xjk ∈ {0, 1}, ∀j ∈ J, ∀k ∈ K : j ≤ k. (12)

The objective function (8) minimizes the makespan, given by the sum of the processing times of
the batches used. Constraints (9) determine that each job j is assigned to a single batch k, such that
k ≥ j. Constraints (10) determine that the machine capacity is respected. They also ensure that
each batch k is used if and only if job k is assigned to it. Constraints (11) are redundant, since they
have already been imposed by (10), but they are still included to strengthen the linear relaxation of
the model.

It is important to notice that both formulations MILP and MILP+
1 allow intermediate empty

batches when representing the solutions. Although this leads to symmetries in the feasible set of
MILP, where a solution can be represented with different indices attributed to the same batches,
this symmetry is eliminated in MILP+

1 as discussed in [37].
We note that there are similarities between problem 1|sj , B|Cmax and the classic bin-packing

and cutting-stock combinatorial optimization problems. [38] proves that the bin-packing problem
is a special case of 1|sj , B|Cmax, in which the processing times pj , for all jobs, are equal to one.
Therefore, any formulation for 1|sj , B|Cmax can also model the bin-packing problem. The opposite,
on the other hand, is not valid, because formulations for bin packing cannot distinguish items with
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different processing times, neither calculate the makespan. Moreover, the cutting-stock problem can
be seen as a generalization of the bin-packing problem, with unit demands, as shown in [41] and
[10]. However, it is not a generalization of problem 1|sj , B|Cmax. As the cost of each pattern in the
cutting-stock problem is originally set to one, the different processing times of the batches in the
1|sj , B|Cmax problem, cannot be represented in the cutting-stock formulation.

3 An arc-flow based optimization approach

In this section we propose an arc-flow based optimization approach to problem 1|sj , B|Cmax, for-
mulating it as a problem of determining flows in graphs. The arc-flow approach was also applied
to formulate other problems, such as the cutting-stock problem, in [39], and the bin-packing prob-
lem, in [40]. It is important to note, however, that the formulations for these problems cannot be
trivially applied to 1|sj , B|Cmax, as mentioned in the previous section. Some specific aspects of this
last problem have to be exploited and considered in the new formulation that we propose in the
following.

We initially define a directed graph G := (V,A), in which each (integer) physical space of the
batch with capacity B is represented by a node, so

V := {0, 1, . . . , B}. (13)

The set of directed arcs A is divided into three subsets: the set of job arcs AJ , the set of loss
arcs AL, and the set with a feedback arc AF . Therefore, A = AJ ∪AL ∪AF .

Each arc (i, j) of the subset AJ represents the existence of at least one job k of size sk, such that
sk = j − i. More specifically, the subset AJ is defined as:

AJ := {(i, j) : ∃ k ∈ J | sk = j − i, i, j ∈ V, i < j}. (14)

As it will become clear with the presentation of our arc-flow formulation in Subsection 3.4, to
compose valid paths and represent all possible solutions for the problem, it is necessary to include
the loss arcs in G, which represent empty spaces in the batches. More specifically, the subset of arcs
AL is defined as:

AL := {(i, B) : i ∈ V \ {0, B}}. (15)

Note that the loss arcs are all incident to the last node of the batch. This representation allocates
all the empty spaces at the end of the batch and eliminates some symmetric solutions where empty
spaces appear between two allocated jobs.

Finally, the feedback arc is used to connect the last node to the first one, defined as:

AF := {(B, 0)}. (16)

Figure 2 shows the graph G for an instance of 1|sj , B|Cmax, with 5 jobs. The machine capacity
and the sizes of the jobs are presented in Table 1.

Machine capacity Job size
B s1 s2 s3 s4 s5
5 3 2 2 1 1

Table 1: Example of problem 1|sj , B|Cmax

In our modeling approach, each unit flow in graph G, going from node 0 to node B, represents
the configuration of a batch in the solution of the problem. Moreover, a unit flow from node B to
node 0, going through the feedback arc, represents a solution using a single batch, and flows with
more than one unit on the feedback arc, represent the use of several batches.

As all flows are non-negative and G is acyclic once the feedback arc is excluded, it is possible
to decompose the multiple flow on the feedback arc into several unit flows, each corresponding to

© 2021. This manuscript version is made available under the CC BY-NC-ND 4.0 license.

https://doi.org/10.1016/j.cor.2021.105394
https://creativecommons.org/licenses/by-nc-nd/4.0/deed.en


DOI: 10.1016/j.cor.2021.105394 7

0 1 2 3 4 5

sj=1
>

sj=2
>

sj=3
>

sj=1
>

sj=2
>

sj=3
>

sj=1
>

sj=2
>

sj=3
>

sj=1
>

sj=2
>

sj=1
>

loss
>

loss
>

loss
>

loss
>

feedback
<

Figure 2: Graph G representing the arc-flow structure used to model the instance of 1|sj , B|Cmax

in Table 1.

an oriented path from node 0 to node B. Each unit flow represents the configuration of a different
batch and the flow on the feedback arc indicates the number of batches used in the solution.

Figure 3(a) depicts a particular solution for the instance of problem 1|sj , B|Cmax described in
Table 1, which is represented by the graph G in Figure 2. The multiple-flow graph of two units is
decomposed into two other graphs in Figures 3(b) and 3(c), each with a unit flow. They represent
two batches 1 and 2, such that jobs {1, 4, 5} are assigned to batch 1 (Figure 3(b)) and jobs {2, 3} are
assigned to batch 2 (Figure 3(c)). Arcs with null value are not shown. We note this decomposition
of the multiple-flow arc is not unique. The loss arc and the job arc corresponding to the fifth job
could be exchanged between the graphs in Figures 3(b) and 3(c).

The graph G defined above, is then replicated for each distinct processing time of the problem
in our modeling approach. Each replicated graph will be referred to, as an arc-flow structure for
our problem. We define P := {P1, . . . , Pδ} as the set with all the distinct processing times among
all jobs, and T := {1, . . . , δ} as the set of indexes corresponding to the arc-flow structures in the
problem formulation. We consider P1 < P2 < . . . < Pδ. The arc-flow structure t ∈ T , will have
the corresponding processing time fixed at Pt, meaning that all batches represented in the arc-flow
structure t will be considered in our formulation to have processing time Pt. Only jobs j with
processing time pj ≤ Pt will be allowed to be assigned to this arc-flow structure. Moreover, the
minimization of the makespan in the objective function will assure that all batches represented in
the arc-flow structure t in the optimal solution of the problem, have at least one job with processing
time Pt assigned to it. The number of batches corresponding to each arc-flow structure is indicated
by the value of the flow in the feedback arc. As each arc-flow structure can represent as many
batches as needed, it is possible to represent all solutions of problem 1|sj , B|Cmax with our arc-flow
structures. Finally, we note that, in the optimal solution of the problem, the maximum number of
batches represented in the arc-flow structure t is given by the number of jobs with processing time
Pt. This bound will only be attained when each job with processing time Pt is assigned to a different
batch.

In Figure 4, we illustrate a feasible solution for an instance of problem 1|sj , B|Cmax with fifteen
jobs. The processing times for the jobs are either 3, 4, or 5. They are grouped into six batches, two
of them per processing time. We want to emphasize here, that the number of the arc-flow structures
used in our formulation is given by the number of distinct processing times on the instance. There-
fore, for this example, only three structures are used to represent the feasible solutions. Particularly,
the solution in Figure 4 is represented by the three structures in Figure 5, one for each distinct
processing time.

The graph G and the arc-flow structures introduced above form together the core of the arc-flow
formulation for problem 1|sj , B|Cmax. It is important then to analyze what are the parameters of

© 2021. This manuscript version is made available under the CC BY-NC-ND 4.0 license.

https://doi.org/10.1016/j.cor.2021.105394
https://creativecommons.org/licenses/by-nc-nd/4.0/deed.en


DOI: 10.1016/j.cor.2021.105394 8

0 1 2 3 4 5

1
>

1
>

1
>

1
>

1
>

1
>

2
<

(a)

0 1 2 3 4 5

s1 = 3
>

s4 = 1

>

s5 = 1

>

feedback
<

(b)

0 1 2 3 4 5

s2 = 2
>

s3 = 2
>

loss
>

feedback
<

(c)

Figure 3: (a) Feasible solution for problem represented in Figure 2, with multi-flow decomposed into
(b) and (c).

the problem that interfere in the size and density of G and also in the number of arc-flow structures
that are needed to represent the solution. These are the parameters that will interfere in the size of
our problem formulation. We emphasize them in the following remark.

Proposition 1. Consider problem 1|sj , B|Cmax, with machine capacity B ∈ Z. There are a set of
jobs to be assigned to batches, with δ distinct processing times {P1, P2, . . . , Pδ} and θ distinct sizes
{S1, S2, . . . , Sθ}. Consider the graph G = (V,A) and the arc-flow structures defined as above to

represent a feasible solution to 1|sj , B|Cmax. We have |V | = B + 1, |A| = θ + (θ + 1)B −
∑θ
i=1 Si,

and the number of arc-flow structures needed to represent all feasible solutions equals to δ.

Proof. The deduction of |V | and the number of arc-flow structures is straightforward. To deduce the
number of arcs |A|, we should note that it is the sum of the number of arcs in the three subsets AJ ,
AL and AF . Considering (14), we show in Table (2), the number of arcs that are incident to each
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(c) Representation of batches with processing time P3 = 5

Figure 5: Arc-flow structures representing the solution in Figure 4.
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node j in AJ , when j belongs to each of the intervals presented. The sum of the incident arcs over
all nodes j in each interval is also shown. Adding, then, the number of arcs over all the intervals,

node # arcs incident # arcs incident
to each node j to all nodes j

j ∈ [0, S1 − 1] 0 0
j ∈ [S1, S2 − 1] 1 1× (S2 − S1)
j ∈ [S2, S3 − 1] 2 2× (S3 − S2)

...
...

...
j ∈ [Sθ−1, Sθ − 1] θ − 1 (θ − 1)× (Sθ − Sθ−1)
j ∈ [Sθ, B] θ θ × (B − Sθ + 1)

Table 2: Arcs on AJ

we obtain |AJ | = θ(B + 1)−
∑θ
i=1 Si. Moreover, from (15), we have |AL| = B − 1, and from (16),

we have |AF | = 1, which completes the proof.

We observe from Proposition 1 that the size of the proposed arc-flow formulation for problem
1|sj , B|Cmax (that we present in Subsection 3.4), increases with the number of distinct sizes and
processing times among the jobs, but does not increase with the number of jobs. In fact, the number
of decision variables on our proposed formulation depends on the number of arcs on the arc-flow
structures used to model the problem. This makes the formulation particularly suitable for large
instances where there are multiple jobs with similar characteristics, specifically with equal size and
processing time.

3.1 Mapping arc’s flows into job assignments and breaking symmetries

The solution represented by the arc-flow structure described above, does not specify exactly which
are the jobs assigned to each batch, but only the number of jobs with each size that are assigned to
it. For example, if we decompose the two-units multi-flow structure in Figure 5(a) into two unit-flow
structures, we can easily see that it represents two batches with processing time P1 = 3. One of
them has two jobs of size s = 2 and the other has two jobs of size s = 1 and one job of size s = 2. As
shown in Figure 4, the instance considered has three jobs of size s = 2 and processing time P1 = 3,
jobs 1,3, and 5. Therefore, each one of them could be assigned to the latter batch, generating three
equivalent solutions.

Moreover, the arc-flow solution determines the number of batches with each processing time, but
defines no processing ordering for them. As in problem 1|sj , B|Cmax, release times are not considered
for the jobs, any permutation in the ordering of the batches would also lead to equivalent solutions.

Frequently, mathematical programming formulations for combinatorial optimization problems,
make distinction between equivalent solutions by indexing them in different ways. These are called
symmetric solutions, and their existence in the feasible set of the problems tends to worsen the
performance of branch-and-bound algorithms for wasting effort evaluating equivalent solution un-
necessarily. In [37], the authors point out that this is the case of formulation (MILP1), and show
that the symmetry generated by exchanging the indexes assigned to the batches in the solution of
(MILP1) is broken in (MILP+

1 ). We note, however, that the symmetry generated by exchanging the
indexes assigned to jobs with the same sizes and processing times is still not broken in (MILP+

1 ).
The arc-flow formulation has neither of these symmetries in its feasible set, and with a simple

mapping, we can determine a feasible assignment of jobs to batches, according to the arc-flow optimal
solution. The mapping of arcs into jobs is easily performed in polynomial time, since each job arc
(i, j) in the arc-flow structure corresponding to processing time Pt, can be mapped into any job of
size j − i and processing time not greater than Pt. In order to guarantee that a feasible solution
is obtained, we should only map the arcs into jobs starting from the structures with the smallest
processing time and continue in increasing order of processing time. Concerning structures with the
same processing times, the ordering for the mapping among them is not relevant.
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Finally, we should observe that, although we have eliminated symmetries contained in the feasible
sets of (MILP1) and (MILP+

1 ) with the arc-flow formulation, it still contains symmetric solutions in
its feasible set, related to the “positions” occupied by the jobs in the batches, as determined by the
definition of the variables of the formulation presented in the following.

3.2 Arc reduction

Some rules can be set to decrease the number of arcs in graph G and the number of variables in our
arc-flow formulation. The set AL of loss arcs defined in (15), represents empty spaces that occur
at the end of the batch. We first note that our modeling does not represent empty spaces between
jobs or at the beginning of the batch, which avoids symmetric solutions on the feasible set of the
problem. Because of that, two rules can be created to eliminate arcs that will never be used in the
solution of the problem: Rule 1 eliminates job arcs that cannot be used in a valid flow starting at
node 0, and Rule 2 eliminates loss arcs incident to nodes that are not incident to any job arc.

Rule 1. Only job arcs (i, j) ∈ AJ that belong to at least one continuous flow starting at node 0 can
have a positive flow in the solution of the problem, and therefore, all the others may be eliminated
from graph G. The job arcs that belong to at least one continuous flow can be selected by the follow-
ing steps:

1. arc (0, j) is selected, for all j, such that (0, j) ∈ AJ ;

2. arc (i, j) ∈ AJ is selected, if an arc (k, i) has been previously selected for some node k;

3. repeat step (2) until no arc is selected.

Rule 2. Only loss arcs (i, B) ∈ AL that are incident to a node i, which is incident to a remaining
job arc after the application of Rule 1, can have a positive flow in the solution of the problem, and
therefore, all the others may be eliminated from graph G.

These rules are similar to those discussed in [40, Criterion 1-2] and widely applied in arc-flow
formulations in the literature. One difference between our formulation and the formulation in [40],
however, is that in [40] the unit loss arcs connect nodes i and i + 1, while in our formulation they
connect nodes i and B.

Figure 6 illustrates the application of Rules 1–2, where 2 job arcs and 1 loss arc are removed
from graph G.
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Figure 6: Example of arc reduction.
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3.3 Defining bounds for the variables in the formulation

In the following, we define bounds on the values of the flows in each arc of the arc-flow structures,
and therefore bounds for the variables in the proposed model.

Rule 3. The flow on each arc (i, j) ∈ A that belongs to the arc-flow structure corresponding to
processing time p cannot be greater than the number of jobs with processing time p. This upper
bound is more specifically given by ∑

k∈J:pk=p

1.

Rule 4. The flow on each job arc (i, j) ∈ AJ that belongs to the arc-flow structure corresponding
to processing time p cannot be greater than the number of jobs of size j − i and processing time not
greater than p. This upper bound is more specifically given by∑

k∈J:sk=j−i,
pk≤p

1.

3.4 Arc-flow formulation

In this section, we formulate problem 1|sj , B|Cmax as the problem of determining the flows from
node 0 to node B on the arc-flow structures associated to the distinct processing times of the jobs.
The objective is to minimize the sum of the flows on the structures, weighted by their associated
processing times. We emphasize that the flow on the structure associated to the processing time
Pt indicates the number of batches with processing time Pt in the solution, therefore, the objective
function of our model represents the makespan of the batch-processing machine.

Besides the set of variables and constraints that determine the flows on the arcs of the structures
and ensure the flow conservation on the nodes, a set of variables and constraints is also required to
ensure that all jobs are assigned to an arc-flow structure (or equivalently, to a batch), and that each
structure considers the correct number of jobs of each size that are available to be assigned to it.

We recall that our approach requires the arc-flow structures to be sorted by increasing processing
time, i.e., the structure t is associated to the processing time Pt, and P1 < P2 < . . . < Pδ, where
δ is the number of distinct processing times among all jobs. Let us then suppose that the arc-flow
structure t has β jobs of size S` still available to be assigned to it, where, considering θ to be the
number of distinct sizes among all jobs, we have ` ∈ {1, . . . , θ}. These are all the jobs of size S` and
processing time not greater than Pt, that have not already been assigned to an arc-flow structure
with corresponding processing time smaller than Pt. A variable z`,t is defined in our model to
represent how many of these β jobs of size S` were not assigned to the arc-flow structure t. As β
is the total number of jobs available and assuming that α is the number of jobs that were assigned
to structure t, the variable z`,t assumes value β − α. This variable will “offer” the remaining β − α
jobs of size S` to the next arc-flow structure, t + 1, corresponding to next processing time of the
problem, greater than Pt. In the end, all jobs should be assigned to a structure, and, therefore, we
should have z`,δ = 0.

Our arc-flow formulation is presented next.

Sets and parameters
B : machine capacity.
δ : number of distinct processing times among all jobs.
P := {P1, . . . , Pδ} : set of distinct processing times of jobs, where P1 < P2 < . . . < Pδ.
T := {1, . . . , δ} : set of indexes of the arc-flow structures.
θ : number of distinct sizes among all jobs.
S := {S1, . . . , Sθ} : set of distinct sizes of jobs.
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NT`,t :=
∑

j∈J:sj=S`,
pj=Pt

1 : number of jobs of size S` and processing time Pt, for ` = 1, . . . , θ, t ∈ T .

NT+
`,t :=

∑
j∈J:sj=S`,
pj≤Pt

1 : number of jobs of size S` and processing time ≤ Pt, for ` = 1, . . . , θ, t ∈ T .

NJt :=
∑
j∈J:
pj=Pt

1 : number of jobs with processing time Pt, for t ∈ T .

The set of nodes V and the sets of arcs AJ and AL are defined respectively in (13), (14), and (15).

Decision variables
fi,j,t : flow on job arc (i, j) ∈ AJ in arc-flow structure t. The variable indicates the quantity of

batches created with position i occupied by jobs with size j − i.
yi,t : flow on the loss arc (i, B) ∈ AL in arc-flow structure t.
vt : flow on the feedback arc in arc-flow structure t. The variable indicates the number of batches

required with processing time Pt.
z`,t : number of jobs with size S`, not allocated in the batches with processing time smaller than

or equal to Pt. Theses jobs are allowed to be allocated in the batches with processing time Pt+1.

(FLOW) min
∑
∀t∈T

Pt.vt (17)∑
(0,i)∈AJ

f0,i,t − vt = 0 , t ∈ T (18)

∑
(i,j)∈AJ

fi,j,t −
∑

(j,i)∈AJ

fj,i,t − yj,t = 0 , t ∈ T, j ∈ {1, . . . , B − 1} (19)

∑
(i,B)∈AJ

fi,B,t +
∑

(i,B)∈AL

yi,t − vt = 0 , t ∈ T (20)

NT`,t −
∑

(i,j)∈AJ :
j−i=S`

fi,j,t =

 z`,t , if t = 1 ,
−z`,t−1 , if t = δ ,
z`,t − z`,t−1 , if 1 < t < δ ,

t ∈ T, ` ∈ {1, . . . , θ} (21)

fi,j,t ≤ min(NJt, NT
+
j−i,t) , fi,j,t ∈ Z , t ∈ T, (i, j) ∈ AJ (22)

vt ≤ NJt , vt ∈ Z , t ∈ T (23)

yi,t ≤ NJt , yi,t ∈ Z , t ∈ T, (i, B) ∈ AL (24)

z`,t ≤ NT+
`,t , z`,t ∈ Z , t ∈ T : t < δ, ` ∈ {1, . . . , θ} (25)

The objective function (17) minimizes the makespan. Constraints (18), (19), and (20) ensure
the flow conservation in node 0, nodes 1, . . . , B − 1, and node B, respectively . Constraints (21)
ensure that all jobs are assigned and also control the number of jobs of each size that are assigned
to each arc-flow structure. Constraints (22), (23), (24) and (25) define the domains of the variables
and their respective upper bounds, defined by Rules 3–4.

4 Computational results

In this section, we discuss the numerical experiments where we compare the new arc-flow formulation
(FLOW) for problem 1|sj , B|Cmax, to the formulations from the literature, (MILP1) and (MILP+

1 ).
Three sets of test instances were considered in our experiments. The first and second sets were
respectively created by the authors of [4] and [29], who kindly made them available. The third set
was created in this work, with instances randomly generated. The selection of the parameters for
generating these instances aimed at making them challenging for our formulation. The experiments
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were executed on a computer with a 2.70GHz Intel Quad-Core Xeon E5-2697 v2 processor and
64GB of RAM, using CPLEX, version 12.7.1.0. The computational time was limited to 1800 seconds
for each run. The computational time to construct the graphs for the arc-flow formulation is included
in the computational time for all tables.

4.1 Instances from Chen et al. (2011)

The first set of test instances for problem 1|sj , B|Cmax is the same one considered in [4]. To generate
the instances used in our tests, six different numbers of jobs (nJ) were considered, as well as two
intervals of integers (p1,p2), from which the processing times were randomly selected, and three
intervals of integers (s1,s2,s3), from which the sizes of the jobs were randomly selected. Considering
the parameters shown in Table 3, instances of 36(6 × 2 × 3) configurations were tested. For each
configuration, 100 instances were generated. We solved the test instances with CPLEX, configured to
run in only one thread.

Number of jobs Processing time Job size Machine capacity
nJ pj sj B

10, 20, 50, p1: [1, 10] s1: [1, 10] B = 10
100, 300, 500 p2: [1, 20] s2: [2, 4]

s3: [4, 8]

Table 3: Parameter setting for instances from [4].

The following statistics were considered in our comparative analysis: the computational time
of CPLEX in seconds (T (s)), the makespan corresponding to the best solution obtained by CPLEX

(Cmax), the duality gap of CPLEX at the end of its execution (Gap), and the number of instances for
which CPLEX finds the optimal solution (#O).

We present in Table 4 comparison results among the three formulations for problem 1|sj , B|Cmax.
For a quicker overview of the results in the table we mark bold the best solution between (MILP+

1 )
and (FLOW) ((MILP1) is always the worst), i.e., the best Cmax, Gap and #O. If they are the same,
none is marked bold. Concerning the time, it is marked bold only if it is smaller and corresponds to
the best solution (or one of the best solutions, if they are the same). The same bold mark was used
in Tables 7 and 10 – 14, presented in the remainder of this section. All values presented in these
tables are average results computed over the instances of the same configuration. We note that if
some instances in a group are not solved to optimality, the average computational time shown still
considers all the instances, assuming that the time for the unsolved instances is equal to the 1800
second time limit.

The comparative tests clearly show that formulation (FLOW) is far superior to (MILP1) and
(MILP+

1 ) for these instances, especially when the number of jobs increases. This is the first time opti-
mal solutions are shown for all these instances, with up to 500 jobs. Considering the small instances,
with 50 jobs or less, we see that (MILP+

1 ) can solve some of the instances in less computational time
than (FLOW), but the difference between times is always a fraction of a second. Additionally, the
duality gaps shown for (MILP1) reveal the difficulty in obtaining good lower bounds with this for-
mulation. This difficulty is reduced with the use of (MILP+

1 ), but only (FLOW) can show results
with no gap for any instances with 50 jobs or more. With formulation (FLOW), we were able to
prove the optimality for 86% of the instances in less than 1 second, while with models (MILP+

1 ) and
(MILP1), we prove optimality for 56.75% and 17.28% of the instances, respectively. Furthermore,
the total computational time spent on our 3600 test instances, was approximately 45 minutes when
using (FLOW), 16 days when using (MILP+

1 ), and 50 days when using (MILP1).
Unlike what occurs with models (MILP1) and (MILP+

1 ), the number of variables in (FLOW)
does not increase when the number of jobs increases. Moreover, the flow graph does not change in
this case. Only the bounds on the variables change. The flow graphs of two distinct instances will
be the same if the settings in the parameters Processing Time, Job Size, and Machine Capacity are
the same. In fact, this is a very important characteristic of the flow approach. We finally note that

© 2021. This manuscript version is made available under the CC BY-NC-ND 4.0 license.

https://doi.org/10.1016/j.cor.2021.105394
https://creativecommons.org/licenses/by-nc-nd/4.0/deed.en


DOI: 10.1016/j.cor.2021.105394 15

Instance (MILP1) (MILP+
1 ) (FLOW)

Jobs Type T (s) Cmax Gap #O T (s) Cmax Gap #O T (s) Cmax Gap #O

Instances with p1 = [1, 10]

10 p1s1 0.08 36.86 0.00 100 0.00 36.86 0.00 100 0.01 36.86 0.00 100
10 p1s2 0.04 20.38 0.00 100 0.01 20.38 0.00 100 0.02 20.38 0.00 100
10 p1s3 0.10 43.79 0.00 100 0.00 43.79 0.00 100 0.00 43.79 0.00 100
20 p1s1 42.62 68.07 0.06 99 0.01 68.07 0.00 100 0.03 68.07 0.00 100
20 p1s2 300.49 37.13 1.17 92 0.09 37.13 0.00 100 0.06 37.13 0.00 100
20 p1s3 24.37 83.69 0.03 99 0.00 83.69 0.00 100 0.01 83.69 0.00 100
50 p1s1 1618.35 164.17 7.83 15 0.84 164.08 0.00 100 0.19 164.08 0.00 100
50 p1s2 1800.00 87.94 66.65 0 317.12 87.39 0.20 88 0.36 87.39 0.00 100
50 p1s3 1649.45 202.03 14.17 13 0.02 202.03 0.00 100 0.02 202.03 0.00 100
100 p1s1 1800.00 325.38 73.99 0 70.24 318.99 0.02 97 0.17 318.99 0.00 100
100 p1s2 1800.00 183.78 88.82 0 1689.67 170.58 1.41 7 0.61 170.58 0.00 100
100 p1s3 1800.00 401.70 83.99 0 0.11 396.96 0.00 100 0.02 396.96 0.00 100
300 p1s1 1800.00 1832.31 99.38 0 467.18 928.64 0.05 76 0.23 928.63 0.00 100
300 p1s2 1800.00 2508.79 99.53 0 1800.00 496.07 0.86 0 1.04 495.66 0.00 100
300 p1s3 1800.00 1999.85 99.44 0 20.40 1174.46 0.0009 99 0.10 1174.46 0.00 100
500 p1s1 1800.00 3112.85 99.77 0 825.10 1544.31 0.05 59 0.18 1544.30 0.00 100
500 p1s2 1800.00 4970.07 99.80 0 1800.00 832.43 0.72 0 0.98 831.04 0.00 100
500 p1s3 1800.00 3347.23 99.88 0 34.39 1949.76 0.0005 99 0.02 1949.76 0.00 100

Avg. 1201.97 1079.22 51.92 34.33 390.29 475.31 0.18 79.17 0.22 475.21 0.00 100.00

Instances with p2 = [1, 20]

10 p2s1 0.07 67.62 0.00 100 0.00 67.62 0.00 100 0.02 67.62 0.00 100
10 p2s2 0.04 40.22 0.00 100 0.02 40.22 0.00 100 0.03 40.22 0.00 100
10 p2s3 0.09 81.05 0.00 100 0.00 81.05 0.00 100 0.01 81.05 0.00 100
20 p2s1 22.35 133.09 0.01 99 0.01 133.09 0.00 100 0.09 133.09 0.00 100
20 p2s2 215.7 72.88 0.96 94 0.09 72.88 0.00 100 0.13 72.88 0.00 100
20 p2s3 16.49 159.11 0.00 100 0.00 159.11 0.00 100 0.01 159.11 0.00 100
50 p2s1 1596.95 314.76 9.40 15 0.38 314.57 0.00 100 0.62 314.57 0.00 100
50 p2s2 1800.00 169.93 65.57 0 178.70 168.11 0.06 94 1.81 168.11 0.00 100
50 p2s3 1701.53 384.15 15.56 8 0.02 384.13 0.00 100 0.02 384.13 0.00 100
100 p2s1 1800.00 622.84 76.62 0 33.35 610.64 0.01 99 0.87 610.64 0.00 100
100 p2s2 1800.00 357.69 89.35 0 1717.84 326.14 0.99 6 4.71 326.11 0.00 100
100 p2s3 1800.00 775.50 83.96 0 0.10 766.91 0.00 100 0.04 766.91 0.00 100
300 p2s1 1800.00 3979.09 99.42 0 329.03 1793.54 0.02 83 0.96 1793.52 0.00 100
300 p2s2 1800.00 5925.99 99.66 0 1800.00 965.42 1.08 0 6.56 962.77 0.00 100
300 p2s3 1800.00 3983.88 99.43 0 21.78 2247.39 0.0005 99 0.17 2247.39 0.00 100
500 p2s1 1800.00 6264.18 99.92 0 780.62 2964.62 0.03 63 0.89 2964.57 0.00 100
500 p2s2 1800.00 9937.42 99.94 0 1800.00 1592.72 0.86 0 5.66 1587.50 0.00 100
500 p2s3 1800.00 6822.02 99.92 0 97.16 3701.79 0.0013 96 0.13 3701.79 0.00 100

Avg. 1197.40 2227.30 52.21 34.22 375.51 910.55 0.17 80.00 1.26 910.11 0.00 100.00

Table 4: Computational results for the instances available by [4] for the 1|sj .B|Cmax problem.
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the computational time to construct the graphs for the flow formulation was included in these times.
However, we should mention that the maximum time to construct a graph for any instance in these
experiments was 0.008 second.

In Table 5 we also analyze the quality of the formulations (MILP+
1 ) and (FLOW) by comparing

the solution costs of their linear relaxations, and verifying how tight the bounds generated by them
are. The following statistics are shown: the makespan corresponding to the optimal solution of
the instance previously calculated (Cmax∗), the makespan corresponding to the solution costs of the
relaxations (Cmax), the gap given by: Gap = (Cmax∗ - Cmax)/Cmax, the number of simplex iterations
(Iter.), and the computational time in seconds (T (s)). We mark bold the best Gap and the best
Cmax between the two formulations. The time and number of iterations are also marked bold if they
are smaller and correspond to the best Gap or the best Cmax.

We notice that the linear relaxation of (FLOW) is much tighter than the linear relaxation of
(MILP+

1 ) for most instances, especially when the number of jobs increases. For instances of type s2,
the solutions of the linear relaxations are very close to each other, but (FLOW) is slightly better
in this case. Another critical point is that (FLOW) presents lower computational time for solving
the linear relaxations. For instances with 500 jobs and type p2s2, the time for linear relaxation of
(FLOW) is 0.66% of the time for the linear relaxation of (MILP+

1 ). This time difference tends to
increase when the number of jobs increases. These results give us some insight into why (FLOW)
overcomes (MILP+

1 ).
The results in Tables 4 and 5 show that instances of configuration s2 require more computational

time and are more difficult when compared to the other instances for all formulations. The reason
for this is the small sizes of the jobs when compared to the machine capacity, which allows more
combinations of assignment to a batch. In this way, the number of feasible solutions for instances
of type s2 is greater than for the other instances.

With the new formulation (FLOW), it is possible to find the optimal solution of all the instances
proposed by [4] with good computational times.

4.2 Instances from Muter (2020)

The second set of test instances for problem 1|sj , B|Cmax is the same one considered in the recent
work [29]. To generate these instances, four different numbers of jobs (nJ) were considered, as well
as three intervals of integers (p1,p2,p3), from which the processing times were randomly selected,
and three intervals of integers (s1,s2,s3), from which the sizes of the jobs were randomly selected.
Considering the parameters shown in Table 4.2, instances of 36(4×3×3) configurations were tested.
For each configuration, 20 instances were generated. We solved the instances with CPLEX configured
in the default settings, with multi-threading enabled. We emphasize that we use in these tests
similar configuration to the one used in [29].

We keep the notation used by the author to represent the instances in Table 7, where nj is the
number of jobs, and s̄ and p̄ are the maximum sizes and processing times of the jobs in the interval.
The same statistics presented in Table 4 are presented in Table 7 comparing (MILP+

1 ) and (FLOW)
on this other set of instances.

For the second set of instances we have a similar analysis to the one obtained for the first
set. Although most instances were solved to optimality by both formulations, on the most difficult
instances, (FLOW) still performs better. These are specifically all the instances with s̄ = 4 and
nJ equal to 50 or 100. Considering the small instances, with 20 jobs or less, we see that (MILP+

1 )
can solve almost all instances in less computational time than (FLOW), but the difference between
times is a fraction of a second. Considering instances with 50 or 100 jobs, we see that the average
time used by (FLOW) is smaller than the average time used by (MILP+

1 ). The average time to
solve all instances was 121.73 seconds for (MILP+

1 ), compared to only 14.41 seconds for (FLOW).
However, we should note that the difficulty for (FLOW) increases when the processing time increases,
which is expected. With formulation (FLOW), we were able to prove the optimality for 99.6% of
the instances, while with (MILP+

1 ) we prove optimality for 93.9% of them. The longest graph
construction time of the arc-flow formulation for these instances is 0.005s.

In [29], a column-and-cut generation CCG algorithm is applied to all the instances of the test set
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Instance (MILP+
1 ) - Relax (FLOW) - Relax

Jobs Type Cmax∗ Cmax Gap Iter. T (s) Cmax Gap Iter. T (s)

Instances with p1 = [1, 10]

10 p1s1 36.86 32.34 12.26 29.41 0.00 34.41 6.66 79.52 0.00
10 p1s2 20.38 18.61 8.70 36.66 0.00 16.79 17.61 82.88 0.00
10 p1s3 43.79 34.82 20.49 34.09 0.00 41.72 4.74 14.77 0.00
20 p1s1 68.07 61.42 9.77 80.21 0.00 65.34 4.02 181.54 0.00
20 p1s2 37.13 34.54 6.99 103.60 0.00 33.38 10.11 133.90 0.00
20 p1s3 83.69 66.80 20.18 96.61 0.00 81.49 2.63 26.04 0.00
50 p1s1 164.08 151.94 7.40 330.65 0.01 161.03 1.86 318.89 0.01
50 p1s2 87.39 83.07 4.94 341.59 0.01 83.15 4.85 168.99 0.00
50 p1s3 202.03 165.65 18.01 385.43 0.01 199.71 1.15 42.95 0.00
100 p1s1 318.99 302.63 5.13 675.16 0.04 315.98 0.94 386.88 0.01
100 p1s2 170.58 165.68 2.87 720.13 0.05 165.99 2.69 178.51 0.00
100 p1s3 396.96 328.82 17.17 742.44 0.05 394.65 0.58 56.13 0.00
300 p1s1 928.63 902.86 2.77 2729.99 0.36 925.87 0.30 467.62 0.01
300 p1s2 495.66 490.81 0.98 3186.63 0.44 490.85 0.97 180.92 0.01
300 p1s3 1174.46 988.13 15.87 3043.30 0.40 1172.12 0.20 62.20 0.00
500 p1s1 1544.30 1513.43 2.00 4673.94 1.19 1541.61 0.17 480.35 0.01
500 p1s2 831.04 826.12 0.59 5387.19 1.64 826.12 0.59 180.45 0.01
500 p1s3 1949.76 1645.82 15.59 5354.30 1.47 1947.47 0.12 61.54 0.00

Avg. 475.21 434.08 9.54 1552.85 0.32 472.09 3.34 172.45 0.003

Instances with p2 = [1, 20]

10 p2s1 67.62 59.67 11.75 30.16 0.00 62.33 7.82 109.14 0.00
10 p2s2 40.22 36.55 9.14 37.14 0.00 32.69 18.72 101.74 0.00
10 p2s3 81.05 64.90 19.93 33.71 0.00 77.00 5.00 18.71 0.00
20 p2s1 133.09 119.97 9.86 84.59 0.00 128.09 3.75 253.47 0.01
20 p2s2 72.88 68.24 6.37 105.44 0.00 65.23 10.50 181.63 0.00
20 p2s3 159.11 129.26 18.76 97.66 0.00 154.68 2.78 38.11 0.00
50 p2s1 314.57 291.85 7.22 331.51 0.01 309.22 1.70 566.30 0.02
50 p2s2 168.11 161.19 4.12 352.33 0.01 159.89 4.89 295.78 0.00
50 p2s3 384.13 313.80 18.31 374.71 0.01 379.53 1.20 73.38 0.00
100 p2s1 610.64 579.74 5.06 693.34 0.05 605.19 0.89 782.51 0.02
100 p2s2 326.11 316.77 2.86 742.66 0.05 317.20 2.73 335.60 0.01
100 p2s3 766.91 633.63 17.38 783.24 0.05 762.26 0.61 102.42 0.00
300 p2s1 1793.52 1737.65 3.11 2786.36 0.36 1788.23 0.29 963.18 0.03
300 p2s2 962.77 952.38 1.08 3181.75 0.41 952.79 1.04 357.50 0.01
300 p2s3 2247.39 1892.29 15.80 3161.54 0.41 2242.72 0.21 135.67 0.00
500 p2s1 2964.57 2895.60 2.33 4966.34 1.25 2959.25 0.18 1017.03 0.04
500 p2s2 1587.50 1577.43 0.63 5496.04 1.51 1577.56 0.63 360.63 0.01
500 p2s3 3701.79 3138.60 15.21 5664.89 1.52 3697.31 0.12 136.55 0.00

Avg. 910.11 831.64 9.38 1606.86 0.31 903.95 3.50 323.85 0.008

Table 5: Comparison between the linear relaxations for (MILP+
1 ) and (FLOW) for the 1|sj , B|Cmax

problem.
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Number of jobs Processing time Job size Machine capacity
(nJ) (pj) (sj) (B)

10, 20, 50, p1: [1, 10] s1: [1, 10] B = 10
100 p2: [1, 20] s2: [2, 4]

p3: [1, 100] s3: [4, 8]

Table 6: Parameter setting for instances from [29].

Instance (MILP+
1 ) (FLOW)

nj s̄ p̄ T (s) Cmax Gap #O T (s) Cmax Gap #O

10 4 10 0.05 21.45 0.00 20 0.08 21.45 0.00 20
10 4 20 0.05 39.15 0.00 20 0.10 39.15 0.00 20
10 4 100 0.06 202.35 0.00 20 0.11 202.35 0.00 20
10 8 10 0.01 44.85 0.00 20 0.02 44.85 0.00 20
10 8 20 0.02 78.25 0.00 20 0.03 78.25 0.00 20
10 8 100 0.01 414.10 0.00 20 0.03 414.10 0.00 20
10 10 10 0.03 34.25 0.00 20 0.05 34.25 0.00 20
10 10 20 0.02 71.35 0.00 20 0.05 71.35 0.00 20
10 10 100 0.02 333.85 0.00 20 0.06 333.85 0.00 20
20 4 10 0.10 37.35 0.00 20 0.09 37.35 0.00 20
20 4 20 0.12 72.90 0.00 20 0.16 72.90 0.00 20
20 4 100 0.13 357.95 0.00 20 0.35 357.95 0.00 20
20 8 10 0.02 82.65 0.00 20 0.04 82.65 0.00 20
20 8 20 0.02 159.05 0.00 20 0.04 159.05 0.00 20
20 8 100 0.04 811.65 0.00 20 0.06 811.65 0.00 20
20 10 10 0.04 66.85 0.00 20 0.07 66.85 0.00 20
20 10 20 0.04 123.45 0.00 20 0.10 123.45 0.00 20
20 10 100 0.06 639.95 0.00 20 0.21 639.95 0.00 20
50 4 10 55.52 88.30 0.00 20 0.31 88.30 0.00 20
50 4 20 13.30 171.95 0.00 20 0.96 171.95 0.00 20
50 4 100 20.39 819.15 0.00 20 6.34 819.15 0.00 20
50 8 10 0.07 205.05 0.00 20 0.05 205.05 0.00 20
50 8 20 0.04 397.80 0.00 20 0.06 397.80 0.00 20
50 8 100 0.06 1839.65 0.00 20 0.09 1839.65 0.00 20
50 10 10 0.15 163.70 0.00 20 0.11 163.70 0.00 20
50 10 20 0.17 316.50 0.00 20 0.24 316.50 0.00 20
50 10 100 0.19 1580.25 0.00 20 1.95 1580.25 0.00 20
100 4 10 1688.21 172.50 1.04 3 0.34 172.50 0.00 20
100 4 20 1670.83 319.50 0.90 2 2.50 319.50 0.00 20
100 4 100 928.37 1555.40 0.29 11 499.95 1555.35 0.07 17
100 8 10 0.15 399.35 0.00 20 0.06 399.35 0.00 20
100 8 20 0.17 766.75 0.00 20 0.08 766.75 0.00 20
100 8 100 0.16 3808.15 0.00 20 0.17 3808.15 0.00 20
100 10 10 1.71 312.50 0.00 20 0.19 312.50 0.00 20
100 10 20 0.97 597.85 0.00 20 0.29 597.85 0.00 20
100 10 100 0.86 2989.95 0.00 20 3.44 2989.95 0.00 20

Avg./Sum. 121.73 558.214 0.06 676 14.41 558.213 0.002 717

Table 7: Computational results for the instances available by [29] for the 1|sj .B|Cmax problem.
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considered in Table 7 that could not be solved to optimality in 300 seconds when using formulation
(MILP+

1 ). The results presented in the paper show that the total number of instances solved increase
from 676 to 694, still less than the 717 instances solved by (FLOW). The experiments reported in
[29] were conducted on the nodes of a computing cluster, each with two Intel E5- 2650 v2 CPUs (16
cores in total) running at 2.60 GHz. The CCG algorithm was also solved under a time limit of 1800
seconds.

4.3 New instances proposed

From the computational tests with the instances proposed by [4], we notice that these instances
are not challenging enough for (FLOW). We illustrate the application of our approach to instances
with a large number of jobs, where multiple jobs have equal size and processing time. We created
new instances where the number of jobs goes up to 100 million, but the intervals from which the
processing times and sizes are selected, were maintained respectively, as p2 and s2. We aim at
emphasizing here how the formulation is particularly suitable for this type of instance. Table 8
shows the computational results obtained. With (FLOW), we could find the optimum solution of
all the instances with up to 100 million jobs in no more than 6.05 seconds. We note that column
“Construction Time” in Table 8 considers the times to read the data of the instance, sort the jobs
and create the parameters to the model, i.e., to construct the graph G. The algorithm to construct G
is polynomial in the number of jobs, but the construction phase can take longer than the resolution
of the problem, when the number of jobs increases. Although the construction time increases with
the number of jobs, even when added to the solution time of model (FLOW), it leads to very small
times to solve instances of this particular type, when comparing to other formulations from the
literature. The column “Nodes” show the number of nodes required by CPLEX to solve the problem.

Table 8: Computational results for large random instances for the 1|sj , B|Cmax problem.

Instance (FLOW)

Jobs Type T (s) Cmax Gap Nodes Construction Time (s)

1000 p2s2 4.90 3241 0.00 8043 0.03
10000 p2s2 3.66 31719 0.00 3625 0.16

100000 p2s2 3.22 314945 0.00 4668 1.44
1000000 p2s2 2.80 3152697 0.00 3011 14.24

10000000 p2s2 6.05 31495193 0.00 17111 145.07
100000000 p2s2 3.25 314996812 0.00 4325 886.14

Also, from the tests with the instances proposed by [29], we can see that high processing times
increase the difficulty for the (FLOW) model. Therefore, a third set of test instances for problem
1|sj , B|Cmax is proposed in this work, with the parameter setting depicted in Table 9. The main
idea is to generate more difficult instances, specifically for (FLOW), in order to better verify for
which instances the model is more effective. For this, we explore the increase in the value of the
parameter B, and in the size of the intervals from which pj and sj are selected. These increases
directly affect the number of variables and constraints in formulation (FLOW). Comparing with
the set of instances from [4] this new set of instances considers three larger values for the machine
capacity B. The processing times are randomly selected from two intervals of integers again, but
the second interval is much larger when we have a large number of jobs. This will lead to more
distinct values of processing times among the jobs, and therefore, to the necessity of more arc-flow
structures to represent the solutions. Finally, job sizes are randomly selected from three intervals
of integers, where the ranges are proportional to the size of the machine, for example, the interval
s2 := [0.2B, 0.4B]. Note that when B = 100, the interval is [20, 40], so it keeps the similar
characteristics of the instances from [4], in terms of scale.

In total, 1320 instances were generated, 10 for each of the 132 different combinations of number
of jobs, range of processing times, range of job sizes, and machine capacity shown in the Table 9.
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We solved the test instances with CPLEX, configured to run in only one thread. The problem data
set described in this section is provided as supplementary material.

Number of jobs Processing time Jobs size Machine capacity
(nJ) (pj) (sj) (B)

s1: [1, B]

20, 50, 10010, 50, 100, 500 p1: [1, 20] s2: [0.2B, 0.4B]
1000, 5000 p2: [1, nJ ] s3: [0.4B, 0.8B]

s1: [1, B] 500, 1000

Table 9: Parameter setting for the new set of instances.

We present in Tables 10–14 comparison results between formulations (MILP+
1 ) and (FLOW) for

the new set of instances generated. Results marked with “-” indicate that the solver could not find a
feasible solution for at least one instance of the group. In this case, besides the number of instances
of the group for witch the solver proves optimality, the number of instances for witch the solver can
find a feasible solution is also indicated in parentheses in column “#O”.

The comparative tests show that new instances are more difficult for (FLOW), especially when
the processing times are selected from interval p2, as there are more distinct processing times in this
case. In this way, (FLOW) needs to consider many flow structures, one for each processing time.
The difference between the instances p1 and p2, however, are not influencing the number of variables
in (MILP+

1 ), and the computational results show that this model is more stable when the range of
the processing time changes.

(MILP+
1 ) is superior for instances of type p2 especially when the machine capacity increases.

The results in Table 11 show that (FLOW) was not able to find even a single integer solution in
some cases. This behavior occurs in the worst case scenario for (FLOW), where a large value for the
machine capacity is combined with the type of instances p2. When B = 100, the (FLOW) model
considers many nodes in the arc-flow structures, which reflects in the computational performance.
Another difference between this new set of instances and the instances tested in the previous section
is that the range of job sizes varies with the number of jobs. The number of arcs in (FLOW) increases
as the number of jobs increases.

Even with the difficulties created with this new set of instances, the (FLOW) model obtained
superior results for instances of type p1 and capacity B ≤ 100, especially when the number of
jobs increases. Considering the instances of type p1 with B up to 20, it was possible to find the
optimal solution for all instances. Finally, when B > 500, (MILP+

1 ) shows better results, even
when the number of jobs increases, as shown in Table 13. These results show that both models are
complementary, that is, there are clearly situations in which each model is superior to the other.

5 Conclusions and Future Work

We address a single batch-processing machine scheduling problem. The economic importance of the
problem has motivated the investigation of good solution approaches, and its NP-hardness has led
the majority of this research to focus on heuristic approaches. We show that by applying a good
MILP formulation for this scheduling problem, we can go a step further in the exact resolution of
applied problems, having presented optimal solutions for test instances with sizes never considered in
the literature by exact methods. We were able to present much better results for a set of benchmark
instances from the literature with the formulation proposed, when compared to results obtained
with two other formulations from the literature.

We propose an arc-flow based formulation for the problem in which the numbers of variables and
constraints do not change when the number of jobs increases. This procedure enabled us to find the
optimum solution of an instance with 100 million jobs in 3.25 seconds and define a new threshold
for the size of the instances, as the maximum number of jobs previously treated in the literature
was 500, using heuristic approaches for instances with the same parameter settings.
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Instance (MILP+
1 ) (FLOW)

Jobs Capacity Type T (s) Cmax Gap #O T (s) Cmax Gap #O

Instances with p1 = [1, 20] and B = 20

10 20 p1s1 0.01 68.50 0.00 10 0.02 68.50 0.00 10
10 20 p1s2 0.02 42.90 0.00 10 0.09 42.90 0.00 10
10 20 p1s3 0.01 65.90 0.00 10 0.01 65.90 0.00 10
50 20 p1s1 0.38 318.10 0.00 10 1.09 318.10 0.00 10
50 20 p1s2 300.17 175.90 0.00 10 9.11 175.90 0.00 10
50 20 p1s3 0.01 395.40 0.00 10 0.02 395.40 0.00 10
100 20 p1s1 0.80 629.50 0.00 10 1.19 629.50 0.00 10
100 20 p1s2 1472.37 326.30 0.86 3 36.07 326.00 0.00 10
100 20 p1s3 0.05 801.00 0.00 10 0.03 801.00 0.00 10
500 20 p1s1 621.04 2839.70 0.02 8 3.50 2839.50 0.00 10
500 20 p1s2 1800.00 1615.80 1.64 0 23.53 1599.90 0.00 10
500 20 p1s3 1.76 3841.50 0.00 10 0.06 3841.50 0.00 10
1000 20 p1s1 1721.60 5727.50 0.07 1 34.55 5726.30 0.00 10
1000 20 p1s2 1800.00 10428.00 109.37 0 24.62 3153.10 0.00 10
1000 20 p1s3 37.78 7643.40 0.00 10 0.18 7643.40 0.00 10
5000 20 p1s1 1800.00 52393.50 533.43 0 3.77 27851.60 0.00 10
5000 20 p1s2 1800.00 52514.30 99.96 0 19.66 15753.50 0.00 10
5000 20 p1s3 1663.61 38226.40 0.01 4 0.15 38224.30 0.00 10

Avg./Sum. 723.31 9891.87 41.41 116 8.76 6080.91 0.00 180

Instances with p2 = [1, nJ ] and B = 20

10 20 p2s1 0.01 35.50 0.00 10 0.03 35.50 0.00 10
10 20 p2s2 0.02 24.00 0.00 10 0.06 24.00 0.00 10
10 20 p2s3 0.00 48.70 0.00 10 0.01 48.70 0.00 10
50 20 p2s1 0.17 692.30 0.00 10 7.57 692.30 0.00 10
50 20 p2s2 75.73 414.10 0.00 10 152.06 414.10 0.00 10
50 20 p2s3 0.01 995.00 0.00 10 0.04 995.00 0.00 10
100 20 p2s1 1.41 2851.90 0.00 10 42.96 2851.90 0.00 10
100 20 p2s2 1800.00 1635.40 0.53 0 1800.00 1635.40 0.65 0
100 20 p2s3 0.05 3848.50 0.00 10 0.08 3848.50 0.00 10
500 20 p2s1 515.57 69545.40 0.02 8 895.87 69536.40 0.01 6
500 20 p2s2 1800.00 39087.00 2.20 0 1800.00 38577.40 0.92 0
500 20 p2s3 185.12 91522.60 0.001 9 192.42 91522.90 0.002 9
1000 20 p2s1 1800.00 271969.40 0.05 0 1402.05 271888.10 0.01 3
1000 20 p2s2 1800.00 501425.80 100.67 0 1800.00 155898.30 3.47 0
1000 20 p2s3 15.01 368942.80 0.00 10 99.63 368942.80 0.00 10
5000 20 p2s1 1800.00 12434970.20 507.61 0 1800.00 6624330.30 0.05 0
5000 20 p2s2 1800.00 12525365.00 99.96 0 1800.00 - - 0(2)
5000 20 p2s3 1718.22 9063247.70 0.001 1 1656.91 9063471.90 0.004 1

Avg./Sum. 739.52 1965367.85 39.50 108 747.20 - - 109

Table 10: Computational results for new instances proposed (B = 20).
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Instance (MILP+
1 ) (FLOW)

Jobs Capacity Type T (s) Cmax Gap #O T (s) Cmax Gap #O

Instances with p1 = [1, 20] and B = 50

10 50 p1s1 0.01 62.10 0.00 10 0.09 62.10 0.00 10
10 50 p1s2 0.01 40.40 0.00 10 0.16 40.40 0.00 10
10 50 p1s3 0.00 95.90 0.00 10 0.01 95.90 0.00 10
50 50 p1s1 0.16 300.60 0.00 10 17.74 300.60 0.00 10
50 50 p1s2 62.53 168.90 0.00 10 58.47 168.90 0.00 10
50 50 p1s3 0.01 437.50 0.00 10 0.04 437.50 0.00 10
100 50 p1s1 0.53 579.80 0.00 10 9.64 579.80 0.00 10
100 50 p1s2 1800.00 322.00 0.91 0 935.07 321.90 0.16 7
100 50 p1s3 0.03 795.50 0.00 10 0.06 795.50 0.00 10
500 50 p1s1 994.13 2789.50 0.05 6 78.06 2789.00 0.00 10
500 50 p1s2 1800.00 1610.50 2.60 0 1599.21 1584.70 0.48 2
500 50 p1s3 0.96 3981.00 0.00 10 0.11 3981.00 0.00 10
1000 50 p1s1 1724.32 5511.30 0.14 3 196.69 5507.90 0.003 9
1000 50 p1s2 1800.00 10430.30 114.18 0 1670.09 3138.50 0.23 3
1000 50 p1s3 86.26 7865.40 0.00 10 0.59 7865.40 0.00 10
5000 50 p1s1 1800.00 52466.40 183.12 0 32.02 27157.30 0.00 10
5000 50 p1s2 1800.00 52469.40 99.96 0 1583.74 15745.70 0.05 3
5000 50 p1s3 1426.51 38976.90 0.02 4 0.89 38971.20 0.00 10

Avg./Sum. 738.64 9939.08 22.28 113 343.48 6085.74 0.05 154

Instances with p2 = [1, nJ ] and B = 50

10 50 p2s1 0.01 39.70 0.00 10 0.04 39.70 0.00 10
10 50 p2s2 0.01 23.00 0.00 10 0.14 23.00 0.00 10
10 50 p2s3 0.00 46.90 0.00 10 0.01 46.90 0.00 10
50 50 p2s1 0.16 733.90 0.00 10 29.05 733.90 0.00 10
50 50 p2s2 112.30 401.60 0.00 10 801.15 401.70 0.32 7
50 50 p2s3 0.01 965.20 0.00 10 0.07 965.20 0.00 10
100 50 p2s1 1.71 2684.50 0.00 10 685.70 2684.60 0.06 7
100 50 p2s2 1653.76 1608.40 0.48 2 1800.00 1612.80 1.29 0
100 50 p2s3 0.03 4138.30 0.00 10 0.14 4138.30 0.00 10
500 50 p2s1 660.84 66528.90 0.03 8 1600.57 66549.40 0.08 2
500 50 p2s2 1800.00 38883.80 2.73 0 1800.00 - - 0(9)
500 50 p2s3 0.83 94950.00 0.00 10 14.81 94950.00 0.00 10
1000 50 p2s1 1675.45 264095.80 0.17 2 1731.41 - - 1(9)
1000 50 p2s2 1800.00 467387.20 90.86 0 1800.00 - - 0(1)
1000 50 p2s3 186.15 370468.90 0.0003 9 208.64 370468.90 0.001 9
5000 50 p2s1 1800.00 12541306.50 163.00 0 1800.00 - - 0(0)
5000 50 p2s2 1800.00 12571888.70 99.96 0 1800.00 - - 0(0)
5000 50 p2s3 678.76 9288025.00 0.0001 8 874.70 9288030.00 0.0003 6

Avg./Sum. 676.11 1984120.91 19.85 119 830.36 - - 102

Table 11: Computational results for new instances proposed (B = 50).
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Instance (MILP+
1 ) (FLOW)

Jobs Capacity Type T (s) Cmax Gap #O T (s) Cmax Gap #O

Instances with p1 = [1, 20] and B = 100

10 100 p1s1 0.01 66.40 0.00 10 0.15 66.40 0.00 10
10 100 p1s2 0.02 45.10 0.00 10 0.26 45.10 0.00 10
10 100 p1s3 0.00 96.00 0.00 10 0.01 96.00 0.00 10
50 100 p1s1 0.08 306.10 0.00 10 10.90 306.10 0.00 10
50 100 p1s2 15.08 174.30 0.00 10 212.80 174.30 0.00 10
50 100 p1s3 0.01 399.80 0.00 10 0.06 399.80 0.00 10
100 100 p1s1 1.60 583.20 0.00 10 161.24 583.20 0.00 10
100 100 p1s2 1540.99 327.70 0.76 2 1588.46 327.90 0.76 3
100 100 p1s3 0.03 825.80 0.00 10 0.13 825.80 0.00 10
500 100 p1s1 785.67 2773.40 0.04 6 601.28 2773.00 0.01 8
500 100 p1s2 1800.00 1614.80 3.46 0 1800.00 1600.40 2.23 0
500 100 p1s3 0.98 4051.20 0.00 10 0.65 4051.20 0.00 10
1000 100 p1s1 1800.00 5555.40 0.49 0 793.25 5540.60 0.01 7
1000 100 p1s2 1800.00 10493.40 111.21 0 1800.00 3202.00 1.90 0
1000 100 p1s3 182.03 7948.70 0.00 10 1.25 7948.70 0.00 10
5000 100 p1s1 1800.00 52385.90 131.52 0 942.72 26798.70 0.001 8
5000 100 p1s2 1800.00 52390.60 99.96 0 1800.00 15849.00 0.69 0
5000 100 p1s3 576.32 39365.10 0.00 10 0.58 39365.10 0.00 10

Avg./Sum. 672.38 9966.83 19.30 118 539.65 6108.52 0.31 136

Instances with p2 = [1, nJ ] and B = 100

10 100 p2s1 0.01 32.10 0.00 10 0.15 32.10 0.00 10
10 100 p2s2 0.02 20.20 0.00 10 0.26 20.20 0.00 10
10 100 p2s3 0.00 48.30 0.00 10 0.01 48.30 0.00 10
50 100 p2s1 0.13 778.40 0.00 10 275.12 778.40 0.06 9
50 100 p2s2 33.16 425.00 0.00 10 1287.58 425.10 0.63 6
50 100 p2s3 0.01 1033.90 0.00 10 0.11 1033.90 0.00 10
100 100 p2s1 1.81 2954.60 0.00 10 609.02 2955.80 0.21 8
100 100 p2s2 1800.00 1608.70 0.50 0 1800.00 1619.10 1.97 0
100 100 p2s3 0.03 3977.90 0.00 10 0.61 3977.90 0.00 10
500 100 p2s1 982.89 66060.70 0.02 5 1800.00 - - 0(6)
500 100 p2s2 1800.00 39288.80 3.71 0 1800.00 - - 0(8)
500 100 p2s3 0.79 97723.40 0.00 10 187.89 97723.40 0.0004 9
1000 100 p2s1 1800.00 261987.60 0.40 0 1800.00 - - 0(0)
1000 100 p2s2 1800.00 502509.30 100.36 0 1800.00 181386.00 15.86 0
1000 100 p2s3 4.90 384407.30 0.00 10 77.20 384407.30 0.00 10
5000 100 p2s1 1800.00 12564195.20 110.74 0 1800.00 - - 0(0)
5000 100 p2s2 1800.00 12468660.50 99.96 0 1800.00 - - 0(0)
5000 100 p2s3 624.90 9408522.00 0.00002 9 1387.97 9408543.80 0.001 3

Avg./Sum. 691.59 1989124.11 17.54 114 912.55 - - 95

Table 12: Computational results for new instances proposed (B = 100).
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Instance (MILP+
1 ) (FLOW)

Jobs Capacity Type T (s) Cmax Gap #O T (s) Cmax Gap #O

10 500 p1s1 0.01 69.70 0.00 10 0.24 69.70 0.00 10
50 500 p1s1 0.34 287.00 0.00 10 490.97 287.10 0.12 9
100 500 p1s1 3.98 575.80 0.00 10 1169.57 577.30 0.53 4
500 500 p1s1 1118.10 2708.60 0.05 7 1800.00 - - 0(1)
1000 500 p1s1 1800.00 5414.20 1.03 0 1800.00 - - 0(0)
5000 500 p1s1 1800.00 52439.90 110.63 0 1800.00 - - 0(0)

Avg./Sum. 787.07 10249.20 18.62 37 1176.80 - - 23

10 500 p2s1 0.01 33.60 0.00 10 0.47 33.60 0.00 10
50 500 p2s1 0.15 710.80 0.00 10 436.26 710.80 0.11 9
100 500 p2s1 0.86 2616.60 0.00 10 1641.37 - - 4(8)
500 500 p2s1 932.97 63734.80 0.04 6 1800.00 - - 0(0)
1000 500 p2s1 1800.00 260454.00 0.57 0 1800.00 - - 0(0)
5000 500 p2s1 1800.00 12553378.80 100.67 0 1800.00 - - 0(0)

Avg./Sum. 755.66 2146821.43 16.88 36 1246.35 - - 23

Table 13: Computational results for new instances proposed (B = 500).

Instance (MILP+
1 ) (FLOW)

Jobs Capacity Type T (s) Cmax Gap #O T (s) Cmax Gap #O

10 1000 p1s1 0.00 65.90 0.00 10 0.89 65.90 0.00 10
50 1000 p1s1 4.11 277.90 0.00 10 698.14 278.10 0.57 8
100 1000 p1s1 2.44 567.80 0.00 10 1535.94 572.90 1.24 4
500 1000 p1s1 986.90 2683.60 0.02 8 1800.00 - - 0(1)
1000 1000 p1s1 1800.00 5491.20 0.73 0 1800.00 - - 0(0)
5000 1000 p1s1 1800.00 52521.00 109.44 0 1800.00 - - 0(0)

Avg./Sum. 765.58 10267.90 18.37 38 1272.50 - - 22

10 1000 p2s1 0.01 37.20 0.00 10 0.35 37.20 0.00 10
50 1000 p2s1 0.16 769.40 0.00 10 634.07 769.60 0.20 8
100 1000 p2s1 0.59 2861.00 0.00 10 1699.17 - - 2(6)
500 1000 p2s1 1106.21 65039.50 0.03 5 1800.00 - - 0(0)
1000 1000 p2s1 1800.00 258876.10 0.76 0 1800.00 - - 0(0)
5000 1000 p2s1 1800.00 12495215.80 100.46 0 1800.00 - - 0(0)

Avg./Sum. 784.49 2137133.17 16.87 35 1288.93 - - 20

Table 14: Computational results for new instances proposed B = 1000).
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Analyzing the parameters that affect the number of variables and constraints in our arc-flow
formulation, we conclude that the formulation is very effective for instances of the problem where,
although the number of jobs is very large, they have similar characteristics, so the numbers of
distinct processing times and job sizes are not very large. In order to investigate the scability of our
approach, we have generated a new set of instances where the parameters setting had the purpose
of making the instances more challenging for the model than the benchmark instances from the
literature. We see that our model complements another model from the literature, in the sense
that depending on the characteristics of the instances, each one can perform better than the other.
These characteristics are identified and can be found on different applications for the problem. For
example, in burn-in tests for semiconductors, it is natural to have many jobs to perform with similar
characteristics of processing times and sizes. These tests were mentioned in the literature as an
important application for the single batch-processing machine scheduling problem.

As future research, we would like to investigate if the good performance of the formulation
presented can be replicated when the arc-flow based approach is applied to other problems in the
vast area of scheduling applications as, for example, scheduling a batch-processing machine with
incompatible job families and single and parallel batch-processing machine scheduling with arbitrary
release times.
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