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NADARAYA-WATSON ESTIMATOR FOR 1.I.D. PATHS OF DIFFUSION
PROCESSES

NICOLAS MARIET AND AMELIE ROSIER®

ABsTrACT. This paper deals with a nonparametric Nadaraya-Watson estimator b of the drift function
computed from independent continuous observations of a diffusion process. Risk bounds on b and its
discrete-time approximation are established. The paper also deals with extensions of the PCO and
leave-one-out cross validation bandwidth selection methods for b. Finally, some numerical experiments
are provided.

MSC2020 subject classifications. 62G05 ; 62MO05.

1. INTRODUCTION

Consider the stochastic differential equation

(1) Xi=x0+ /t b(Xs)ds + /t o(Xs)dWs,

0 0

where b,0 : R — R are two continuous functions and W = (W})¢(o,7] is a Brownian motion.

Since the 1980’s, the statistical inference for stochastic differential equations (SDE) has been widely
investigated by many authors in the parametric and in the nonparametric frameworks. Classically (see
Hoffmann [20], Kessler [22], Kutoyants [24], Dalalyan [9], Comte et al. [6], etc.), the estimators of the
drift function are computed from one path of the solution to Equation (1) and converge when T goes to
infinity. The existence and the uniqueness of the stationary solution to Equation (1) are then required,
and obtained thanks to restrictive conditions on b.

Let Z : (z,w) — Z(x,w) be the Ité map for Equation (1) and, for N € N* copies W',... , W/ of
W, consider X° = Z(zo, W?) for every i € {1,...,N}. The estimation of the drift function b from
continuous-time and discrete-time observations of (X!,..., X*) is a functional data analysis problem al-
ready investigated in the parametric framework (see Ditlevsen and De Gaetano [16], Overgaard et al. [27],
Picchini, De Gaetano and Ditlevsen [28], Picchini and Ditlevsen [29], Comte, Genon-Catalot and Samson
[7], Delattre and Lavielle [12], Delattre, Genon-Catalot and Samson [11], Dion and Genon-Catalot [15],
Delattre, Genon-Catalot and Larédo [10], etc.) and more recently in the nonparametric framework (see
Comte and Genon-Catalot [4, 5|, Della Maestra and Hoffmann [13] and Denis et al. [14]). In [13], the
authors also study a Nadaraya-Watson type estimator, presented bellow, of the drift function in McKean-
Vlasov models.

Under the appropriate conditions on b and o recalled at Section 2, the distribution of X; has a den-
sity pi(xo,.) for every t € (0,T], and then one can define

1

T
/ pe(xo,z)dt ; © € R
0

to

fz) =

Key words and phrases. Diffusion processes ; Nonparametric drift estimation ; Nadaraya-Watson estimator ; PCO
method ; Cross validation.
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for any tg > 0. Clearly, f is a density function:

&S] 1 T o0
/ f(z)dz = / / pi(xo, z)dadt = 1.
—c0 T -t to J—oo

Let K : R — R be a kernel (i.e. an integrable function such that [K = 1) and consider Kj(x) :=
h=tK(h~'x) with h € (0,1]. In the spirit of Comte and Genon-Catalot [4, 5|, our paper deals first with
the continuous-time Nadaraya-Watson estimator

—~

~ f T
(2) bNJL(a:) = AN’ih()
Inn(z)
of the drift function b, where
. 1 N T
= Kn(X] — z)dt
3) fnn(z) N(T — o) ;/to n(X{ — )
is an estimator of f and
- 1 N T
4 b T) = Kin(X] — 2)dX]
( ) fN,h( ) N(T—to) ~ )i, h( t ) t

is an estimator of bf. From independent copies of X continuously observed on [0, T, EN’h is a natural
extension of the Nadaraya-Watson estimator already well-studied in the regression framework (see Comte
[2], Chapter 4 or Gyorfi et al. [18], Chapter 5). The paper also deals with a discrete-time approximate
of the previous Nadaraya-Watson estimator:

™ g?n (I)
(5) b v (z) 1= =R
fn,N,h(x)
where
N 1 N n-—1 )
(6) Foalw) = == S 5" Ku(X], — )
i=1 j=0
is an estimator of f,
— 1 N n-l ) ) )
(7) bf v n(x) = m ; P Kh(thj - x)(thjH - XZ]‘)

is an estimator of bf, and (to,t1,...,t,) is the dissection of [ty,T] such that t; = to + (T — to)j/n for
every j € {1,...,n}. Finally, our paper deals with a risk bound on the adaptive double bandwidths
Nadaraya-Watson’s estimator

—~ be,fL(x)
N (@) = = ;
i ()

where & (resp. h') is selected via a penalized comparison to overfitting (PCO) type criterion for its
numerator (resp. denominator). However, in the nonparametric regression framework, it is established
in Comte and Marie [8] that the leave-one-out cross-validation (looCV) bandwidth selection method for
Nadaraya-Watson’s estimator is numerically more satisfactory than two alternative procedures based on
Goldenshluger-Lepski’s method and on the PCO method. For this reason, an extension of the looCV
method to Bn N, is also provided, with numerical experiments, even if it seems difficult to establish a
risk bound on the associated adaptive estimator.
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Now, let us compare BN,h with the estimator of Della Maestra and Hoffmann [13] restricted to our
framework:

> / L, (1 — ) Kp, (X} — 2)dX}
~ _ 0
bN’h(l‘) = i=1

b

N .
Z Kh, (X; - .23)
=1

where L : R — R is another kernel, hi,ha,hs € (0,1], h = (hq,h2,h3) and 7 € (0,7). In [13], the
authors provide a nice risk bound on the adaptive estimator obtained by selecting (h1, ha) (resp. hsz) via
a Goldenshluger-Lepski type procedure on the numerator (resp. the denominator) of BN,h. As mentioned
above, in Comte and Marie [§], it has been established that in the nonparametric regression framework,
this approach is numerically less satisfactory than the looCV method. However, the looCV method pro-
vided in our paper doesn’t extend to BN,h because it cannot be written easily as a linear combination.
Note also that even if it is numerically less satisfactory than the looCV method provided at Subsection
5.2, the PCO type method provided in our paper at Subsection 5.1 is easier to implement and numerically
faster than a Goldenshluger-Lepski type method because, as in the nonparametric regression framework,
the criterion to minimize depends on one variable instead of two, and because there is no constant to
calibrate. For technical reasons explained at Section 6, the condition (Nh3)~! < 1 is required on the
bandwidths collection to establish a risk bound on our PCO based adaptive estimator of bf, when Della
Maestra and Hoffmann only need the condition log(N)*(Nh)~! < 1 to establish a risk bound on their
Goldenshluger-Lepski based adaptive estimator of bp,(zg,.) in [13]. However, Remark 5.4 explains why
the condition (Nh3)~! < 1 on the bandwidths collection is not that uncomfortable. Finally, under similar
conditions on b, o and K, the rate of convergence of our continuous-time Nadaraya-Watson estimator is
of same order than the rate of convergence of the estimator of Della Maestra and Hoffmann [13] in the
nonadaptive case. There is no discrete-time approximate of EN,h studied in [13].

Finally, even if they deal with a different type of nonparametric estimators, let us say few words on
the recent papers of Comte and Genon-Catalot [4] and Denis et al. [14]. On the one hand, in [4], the
authors extend to the diffusion processes framework, for continuous-time observations, the least squares
projection estimator already well studied in the regression framework (see Cohen et al. [1], Comte and
Genon-Catalot [3], etc.). In particular, they provide a model selection procedure and establish a risk
bound on the associated adaptive estimator. As explained at Section 3, in the nonadaptive case, the
variance term of their estimator is comparable with the variance term of gN,h, but as in the nonparamet-
ric regression framework, the rate of convergence of the least squares projection estimator depends on
the regularity space associated to the projection basis. On the other hand, in [14], the authors focus on
a projection least squares estimator computed from discrete-time observations and on a B-spline space.
They provide a model selection procedure and prove both upper and lower bounds on the associated
adaptive estimator.

Section 2 deals with the existence and the regularity of the density p;(xq,.) of X; for every ¢ € (0,7, and
with a Nikol’skii type condition fulfilled by f. Section 3 deals with a risk bound on the continuous-time
Nadaraya-Watson estimator and Section 4 with a risk bound on its discrete-time approximate. Finally,
Section 5 provides extensions of the PCO and 1ooCV methods for the Nadaraya-Watson estimator studied
in this paper. Some numerical experiments on the looCV based adaptive Nadaraya-Watson estimator are
also provided. The proofs are postponed to Appendix A.

Notations and basic definitions:

e For every A, B € R such that A < B, CY([A, B];R) is equipped with the uniform norm ||.|| s 4.5,
and C°(R) is equipped with the uniform (semi-)norm ||.| -
e For every p € N, CY(R) :=n_{p € C*(R) : ¢ is bounded}.
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e For every p > 1, LP(R, dx) is equipped with its usual norm ||.||, such that

o 1/p
lelly = ([ etaras) s vp e Lr(Roaa).

—00

e H? is the space of the processes (Yi)tejo, 1], adapted to the filtration generated by W, such that

T
/ E(Y)dt < oo.
0

e For a given kernel §, the usual scalar product on L*(R,§(z)dx) is denoted by (.,.)2s and the
associated norm by ||.|2,s-
2. PRELIMINARIES: REGULARITY OF THE DENSITY AND ESTIMATES

This section deals with the existence and the regularity of the density p;(zo, .) of X for every ¢t € (0,7,
with the Kusuoka-Stroock bounds on (¢,z) — p¢(xo,z) and its derivatives, and then with a Nikol’skii
type condition fulfilled by f.

In the sequel, in order to ensure the existence and the uniqueness of the (strong) solution to Equation
(1), b and o fulfill the following regularity assumption.

Assumption 2.1. The functions b and o are Lipschitz continuous.

Now, assume that the solution X to Equation (1) fulfills the following assumption.

Assumption 2.2. There exists f € N* such that, for any t € (0,T], the distribution of X; has a B times
continuously derivable density pi(xo,.). Moreover, for every x € R,

(x —t$0)2]

€221
1172 exXp | —M2.2,1

0 < pt(x()vx) <

and

c22.2(¢ — x0)?
|08 i (0, )| < 21;27?2() ) exp [—mg,g,g(é)(xtxo)] Ve {l,...,6},

where all the constants are positive, depend on T, but not on t and x.
At Section 4, the following assumption on X is also required.

Assumption 2.3. For any x € R, the functiont € (0,T] — p(xo,x) is continuously derivable. Moreover,

2
Xr — X
|0ipe (20, 2)| < o P [_m2'3’3(t0)

where ¢33, Ma.33 and gz are three positive constants depending on I' but not on t and x.

| e,

Let us provide some examples of diffusion processes categories satisfying Assumptions 2.2 and/or 2.3.

Examples:
(1) Assume that the functions b and o belong to C2°(R), and that there exists o > 0 such that
(8) lo(z)] > a; Vo e R.
Then, by Kusuoka and Stroock [23], Corollary 3.25, X fulfills Assumptions 2.2 and 2.3.
(2) Assume that b is Lipschitz continuous (but not bounded) and that o € C{(R). Assume also that
o satisfies the non-degeneracy condition (8) and that ¢’ is Holder continuous. Then, by Menozzi
et al. [26], Theorem 1.2, X fulfills Assumption 2.2 with 8 = 1 (but not necessarily Assumption

2.3). Note that the conditions required to apply Menozzi et al. [26], Theorem 1.2 are fulfilled by
the so-called Ornstein-Uhlenbeck process, that is the solution to the Langevin equation:

t
9) Xt:xo—ﬂ/ Xeds+ oWy 5t e Ry,
0



NADARAYA-WATSON ESTIMATOR FOR LI.D. PATHS OF DIFFUSION PROCESSES 5

where 6,0 > 0 and g € Ry. In this special case, since it is well-known that the solution to
Equation (9) is a Gaussian process such that

2
]E(Xt) = xoe_gt and Var(Xt) = %(1 - e—29t) 5 Vt S [O7T]7

one can show that X also fulfills Assumption 2.3.

Remark 2.4. Under Assumptions 2.1 and 2.2, for any p > 1 and any continuous function ¢ : R — R
having polynomial growth, t € [0,T] — E(Jp(X:)[?) is bounded. Indeed, for any t € [0,T],

oo

E(e(X)) < &(1+E(X[P) = o / (1 + 2P pr (0, 2)de

—o0
L)
§ €1€2.21 / (1 -+ |t1/2I + $0|pq)67m2‘2’1m2d1‘ < Cg(l V qu/2)
—o0
where
o0 2
oy = C1C2,271\/ [1 + (|£L'| —+ |x0|)pq]67m2,2,1w dx
—o0

and the constants ¢1,q > 0 only depend on p. Moreover,

Il = [ el seyis

—00

1 T

— o [ Blexolde < (v ),
T —to Jg,

Then, ¢ € LP(R, f(x)dz) and ||¢llp,s is bounded by a constant which doesn’t depend on to. In particular,

the remark applies to b and o with ¢ = 1 by Assumption 2.1.

Finally, let us show that f fulfills a Nikol’skii type condition.

Corollary 2.5. Under Assumption 2.1, f(x) > 0 for every x € R. Moreover, under Assumptions 2.1
and 2.2, there exists ca5 > 0, depending on T but not on ty, such that for every £ € {0,...,5 — 1} and
0 € R,

> €2.5
| 1060 - rO@pa < Tt @+ )
Remark 2.6. Assumption 2.2, Assumption 2.3 and Corollary 2.5 are cructal in the sequel, but tg has to
be chosen carefully to get reasonable risk bounds on the estimators by and /I)\mN,h. Indeed, the behavior
of the Kusuoka-Stroock bounds on (t,x) — pi(xo, ) and its derivatives is singular at point (0,x0). This is
due to the fact that the distribution of X at time 0 is a Dirac measure while that it has a smooth density
with respect to Lebesgue’s measure for every t € (0,T]. Moreover, since X is not a stationary process
in general, the Kusuoka-Stroock bounds on (t,x) — pi(xo, ) and its derivatives explode when T — co.
The same difficulty appears with the estimators studied in Comte and Genon-Catalot [4] and in Della
Maestra and Hoffmann [13]. So, it is recommended to take T as small as possible in practice. In the
sequel, only the dependence in tg is tracked in the risk bounds derived from Assumption 2.2, Assumption
2.8 and Corollary 2.5 because it is specific to our approach. Finally, these risk bounds only depend on tg
through a multiplicative constant of order 1/ min{t§,T — to} (@ > 0). So, to take to € [1,T — 1] when
T > 1 gives constants not depending on tg.

3. RISK BOUND ON THE CONTINUOUS-TIME NADARAYA-WATSON ESTIMATOR

This section deals with risk bounds on fN, h 5} N> and then on the Nadaraya-Watson estimator ENJL.

In the sequel, the kernel K fulfills the following usual assumptions.

Assumption 3.1. The kernel K is symmetric, continuous and belongs to L*(R, dx).
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Assumption 3.2. There exists v € N* such that

/00|“+1K( )|dz < 00 and / K(z)dz=0;vle{l,...,v}.

— 00

About the construction of kernels fulfilling both Assumptions 3.1 and 3.2, the reader can refer to Comte
[2], Proposition 2.10. The following proposition provides a risk bound on fx  (see (3)).

Proposition 3.3. Under Assumptions 2.1, 2.2, 3.1 and 3.2 with v = (3,

—~ K
E(frn - f13) < caaftopn® + L5 LG
with

2
aalt) = —20 (J/ 2P+ K >dz) |

|( )wgt?%(ﬁ)

Note that thanks to Proposition 3.3, the bias-variance tradeoff is reached by (the risk bound on) fN’h
when h is of order N~1/(28+1) leading to a rate of order N~26/(28+1)  Moreover, by Remark 2.6, to take
to > 1 when T > 1 gives

o] 2
B~ 118) < ok + LB it o= 20 ([ pas K Gz
Note also that in the risk bound on fN7h of Proposition 3.3, only the control of the bias term depends
on T, trough the constant ¢y 5, depending itself on the constants ¢z 22(¢), ¢ € {1,..., 8}, involved in
the Kusuoka-Strook bounds (see Assumption 2.2). Indeed, except in the special case of the Ornstein-
Uhlenbeck process which is stationary, for all the examples of diffusion processes fulfilling Assumption
2.2 (see Kusuoka and Stroock [23] and Menozzi et al. [26]), the constants c222(¢), £ € {1,..., 3}, depend
on T'. The variance term doesn’t depend on time at all.

In the sequel, L?(R, f(z)dz) is equipped with the f-weighted norm ||.|2,; defined at the end of the
introduction section. Let us recall that by Remark 2.4, for every ¢ € L2(R, f(x)dz), |¢l||2,s is bounded
by a constant which doesn’t depend on t.

The following proposition provides a risk bound on 5} N (see (4)).
Proposition 3.4. Under Assumptions 2.1 and 3.1,
E([[bf n. — bFI3) < [[(0F)n — bIIIE +

3. 4( 0)
Nh

)

Assume that bf is v € N* times continuously derivable and that there exists ¢ € LY(R, |2|771K(2)dz)
such that, for every 6 € R and h € (0, 1],

(10) /mwavmm+hmfwﬂ“*Nmﬂm<¢wm?

— 00

with (bf)p := Kp x (bf) and

1
caatto) =215 (I, + -l

If in addition K fulfills Assumption 3.2 with v = ~, then ||(bf)n —bf]|3 is of order h??, and by Proposition
3.4, the bias-variance tradeoff is reached by b f ~.n When h is of order N~ 1/(2v+1) leading to the rate
N—2v/@v+1)  Moreover, by Remark 2.6, to take to T — 1 when T > 1 gives

E([6f . = bF13) < 1(5f)n — b3 + = with ez = 2| K][5(

Note also that the variance term in this risk bound doesn’t depend on T.

2’ )
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Finally, Propositions 3.3 and 3.4 allow to provide a risk bound on a truncated version of the Nadaraya-
Watson estimator by 5 (see (2)).

Proposition 3.5. Consider the 2 bandwidths (truncated) Nadaraya- Watson (20NW) estimator

. B?N,h(x)

= =1z 2)>m with h,h/>0,
fN,h’(aj) Inon (@)>m/2

/b\N,h,h/(l’) .

and assume that f(x) > m > 0 for every x € [A, B] (m € (0,1] and A, B € R such that A < B). Under
Assumptions 2.1, 2.2, 8.1 and 3.2 with v = 3,

& cr.4(10) I3
a) < 23 109~ 071 + ) 20 (cateor?? + 02

E(Ion nn — b ey

with ¢35 := 8(]| flloc V [1*flloc) and ll@lls.a.5 := l¥1(a,p)ll2.s for every o € L*(R, f(x)dx).

Proposition 3.5 says that the risk of EN,h,h’ can be controlled by the sum of those of EJ\CN , and wah/ up to
a multiplicative constant. Now, if K fulfills Assumption 3.2 with v = 8V v, and if bf satisfies Condition
(10), then the risk bound on BN,h,h’ is of order h?Y + (h')?# +1/(Nh) 4+ 1/(Nh'), and the bias-variance
tradeoff is reached when h (resp. h') is of order N~/ (¥+1) (resp. N~1/(28+1)) leading to the rate

N2 ()N ()] =

which is of same order than the rate of the nonadaptive version of the estimator of Della Maestra and
Hoffmann [13] (see their Theorem 15). Note also that to consider the 2bNW estimator is crucial to extend
the PCO method to our framework in the spirit of Comte and Marie [8] (see Subsection 5.1). However,
by taking h = h/ of order N~V RBA+D " the bias-variance tradeoff is reached by the 1 bandwidth
(truncated) Nadaraya-Watson estimator with the same rate. Finally, if h = A’ and o is bounded, then
the variance term in the risk bound of Proposition 3.5 is comparable to the variance term in the risk
bound obtained by Comte and Genon-Catalot in [4] for their least squares projection estimator (see
[4], Propositions 2.1 and 2.2). Indeed, for a d-dimensional projection space, the variance term in the
risk bound of Comte and Genon-Catalot [4], Proposition 2.1 is of order d/N which is comparable to
1/(Nh). The rate of convergence of their least squares projection estimator depends on the regularity
space associated to the projection basis but, as in the nonparametric regression framework, not on the
regularity of f.

The limitation of our Proposition 3.5 is that m is unknown in general and must be replaced by an
estimator as well. Most of the time, as stated in Comte [2], Chapter 4, the minimum of an estimator of
f is taken to choose m in practice:

MmN, = min{fN,h/(w) ; x € [A, B}

for instance. A more naive way to solve this difficulty in practice is to take
e._2(BAY)

m=mpy = cN 2 2FN+FT — O,
N—oc0

where ¢ > 0 is a fixed constant and € € (0, 1) is chosen as close as possible to 0. Under Assumption 2.2,
by Corollary 2.5,

dNy € N: VN > Ny, Vz € [A, B], f(z) > mn.
So, by Proposition 3.5, when h (resp. h') is of order N~V (yesp. N—1/(28+1)) EN’h)h/ converges
with the slightly degraded rate

2(8A7)
N0 sGanTT

This last comment remains true for Proposition 4.5 and Corollary 5.3.
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4. RISK BOUND ON THE DISCRETE-TIME APPROXIMATE NADARAYA-WATSON ESTIMATOR

This section deals with risk bounds on fn N,hs EJ\‘n ~,h» @nd then on the approximate Nadaraya-Watson

estimator b, np.

In the sequel, in addition to Assumptions 3.1 and 3.2, K fulfills the following one.
Assumption 4.1. The kernel K is two times continuously derivable on R and K', K" € L*(R, dz).

Compactly supported kernels belonging to C?(R) or Gaussian kernels fulfill Assumption 4.1. The following
proposition provides a risk bound on f,, 5 (see (6)).

Proposition 4.2. Under Assumptions 2.1, 2.2, 2.8, 3.1, 3.2 with v = 3, and 4.1, if

1
W < 17
then there exists a constant ¢4.o > 0, not depending on h, N, n and ty, such that
-~ Cq.2 1 1 1
E —fl» < e — — .
W = 1) < ol (" + 57+ 22 ) + T

Assume that § = 1 (extreme case) and h is of order N~/3. As mentioned at Section 3, under this
condition, the bias-variance tradeoff is reached by the continuous-time estimator of f. Then, the ap-
proximation error of fm N, is of order 1/n, which is the order of the variance of the Brownian motion
increments along the dissection (to,t1,...,t,) of [to,T]. For this reason, the risk bound established in
Proposition 4.2 is satisfactory. Moreover, by Remark 2.6, to take tg > 1 when T > 1 gives

-~ 1 1 1
E 28 1
(v = £1) < a2 (h Nh + ) + Nnh3'

The following proposition provides a risk bound on E}n N (see (7).

Proposition 4.3. Consider € € (0,1). Under Assumptions 2.1, 2.2, 2.8, 8.1 and 4.1, if
1

nh2—¢

the kernel K belongs to L*(R,dx) and z — zK'(z) belongs to L?(R,dx), then there exist a constant

ca.3 > 0, not depending on €, h, N, n and ty, and a constant ¢4 3(¢) > 0, depending on & but not on h,
N, n and tg, such that

— c 1
B v~ b118) € (16 -1 + 77+ )
C4,3(€) 1

min{1, tglfs)/Q} " Nnph3te’

gl;

Remark 4.4. Note that if b and o are bounded, Proposition 4.3 can be improved. Precisely, with ¢ =0
and without the additional conditions K € L*(R, dx) and z — 2K'(z) belongs to L?(R, dz), the risk bound

on EJ\”mN,h is of same order than in Proposition 4.2 (see Remark A.3 for details).

Assume that bf fulfills Condition (10) with v = 1 (extreme case), and that h is of order N~1/3. Then, for
€ > 0 as close as possible to 0, the approximation error of bf,, y , is of order N#/3 /n. If in addition b and
o are bounded, thanks to Remark 4.4, with ¢ = 0 and without the additional conditions K € L*4(R, dz)
and z — zK’(z) belongs to L?(R,dz), then the approximation error of bf,, , is of order 1/n as the
error of f?mN,h. Moreover, by Remark 2.6, to take to € [1,T — 1] when T > 1 gives
s 1 C4.3(E)
BT~ b118) < cus (107 = b1 + 577+ 1) + oo

Finally, Propositions 4.2 and 4.3 allow to provide a risk bound on a truncated version the approximate
Nadaraya-Watson estimator b, n 5 (see (5)).
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Proposition 4.5. Consider e > 0, m € (0,1], and assume that f(xz) > m > 0 for every x € [A, B]
(A, B € R such that A < B). Under the assumptions of Proposition 4.8 and, in addition, Assumptions
2.8 and 4.1, there exist a constant c45 > 0, not depending on €, A, B, h, N, n and tyg, and a constant
c15(g) > 0, depending on € but not on A, B, h, N, n and ty, such that

Py €3.5
E([[bnv.n = bllF4.8) <
" A, m2 min{1, £} 7/2 11/2 2200 20 gy

s (Hosn—osig 0t b 1) 1 )]

Nh ' n) ' Nnh3te
with bn,N,h(«) = b"*N’h(’)lfAn‘N,h(.)>m/2'

The proof of Proposition 4.5 given Propositions 4.2 and 4.3 is almost the same than the proof of Propo-
sition 3.5 given Propositions 3.3 and 3.4. Of course one can establish a risk bound on the discrete-time
approximate 2bNW estimator, but to focus on the 1 bandwidth estimator is clearer and sufficient to
introduce the looCV selection method based on discrete-time observations of X!,..., XV at Subsection
5.2. Now, assume that bf satisfies Condition (10) with v = §, and that K fulfills Assumption 3.2 with
v = B. Then, ||(bf)n — bf||3 is of order h?5. For the sake of simplicity, assume also that b is bounded,
and then let’s take € = 0 in Proposition 4.5. First, note that the minimization problem

min < A% + = + 1 + L
heE(0,00) Nh n Nnh3

has unfortunately no explicit solutions. However, let us provide an upper-bound on the rate of our
discrete-time estimator. Since (nh2)_1 < 1, Proposition 4.5 says that the risk of b, x5 is at most of

order h?? 4 1/(Nh) + 1/n. So, the optimal bandwidth for this bound is of order N~/(26+1) "leading to
the rate

N4 L
n

Moreover, by taking a bandwidth of order N~'/(8+1) such that (nh?)~' < 1, N is at most of order
n(28+1)/2 Qo clearly, the more f and bf are regular, the more N can be chosen freely with respect to n,
and if N is of order n(26+1)/2 then the risk of Zn,N’h is at most of order 1/n. Finally, note that if 3 =1,
for a bandwidth of order N~'/3 such that (nh?)~! < 1, then

1/n < h? N_2/37

and the rate of Fl;n,Nyh is of order N—2/3 (the optimal rate).

5. BANDWIDTH SELECTION AND NUMERICAL EXPERIMENTS

This section deals with extensions of the PCO (see Lacour et al. [25]) and looCV methods to the
Nadaraya-Watson estimator studied in this paper (see Subsections 5.2 and 5.1). Subsection 5.3 deals
with some numerical experiments on the looCV based adaptive Nadaraya-Watson estimator which is,
as explained in Comte and Marie (8] in the nonparametric regression framework, numerically more sat-
isfactory than the PCO based one. However, and this is its main advantage, the PCO based adaptive
Nadaraya-Watson estimator offers theoretical guarantees: an oracle inequality is established in Sub-
section 5.1. Note also that the PCO method is easier to implement and numerically faster than the
Goldenshluger-Lepski method which has been extended by Della Maestra and Hoffmann in [13] for their
estimator of the drift function in McKean-Vlasov models.

5.1. An extension of the Penalized Comparison to Overfitting method. Let Hy (resp. H/y) be
a finite subset of [hg, 1] (resp. [h{,1]), where hg > 0 and (Nh3)~ < 1 (resp. hf > 0 and (Nhj)~! < 1).
Consider an additional kernel 6,

(11) h € arg hmin {I6f N — bf nopo 13,5 + Pen(h)}
EHN



10 NICOLAS MARIET AND AMELIE ROSIER®

with
- 7 (2 3 K3 .
(12)  pen(h) := 40 TN Z< Kn(X! —)dX?, 5 Ky (X! — ~)dXS>26 ;Vh € Hy,
and
(13) 1 € arg min {||fx.n — vy ll3 + pen’(h)}
heH'y
with

pen’(h) := —to T 10)?N? Z</ Kn(X!—)ds, Kh/ (X! — )ds> ; Vh e Hiy.

2
This subsection deals with risk bounds on the adaptive estimators gf N () (see (3)), fN /() (see (4))
and

~ g.?N h (x)
bN,?L,;L/ (‘T) = fN ﬁ/(l‘) JFNjL/(Qf)>m/2 T e [A7 B]
with the notations of Proposition 3.5. In the sequel, K, § and o fulfill the following technical assumption.

Assumption 5.1. The kernels K and § are continuously derivable on R, the derivative of K belongs to
L2(R,dx), 6 is positive and its derivative is bounded, and o is bounded.

Moreover, recall that under Assumptions 2.1 and 2.2, b* and o2 belong to L'(R, f(z)dx) (see Remark
2.4).

Theorem 5.2. Under Assumptions 2.1, 2.2, 8.1 and 5.1,

(1) There exist two deterministic constants ¢s.21,¢5.2.2 > 0, not depending on N, such that for every
¥ € (0,1) and X > 0, with probability larger than 1 — C5.2,1"HN|€_/\,
(1+ /\)3}

222 o, - 011 +

(2) There exist two deterministic constants ¢5.2.1,¢5.2.2 > 0, not depending on N, such that for every
¥ € (0,1) and X > 0, with probability larger than 1 — 501 |Hyle™?,

16 7, = 0f1I3.5 < (1+9) i 16 v —

A 3
g - 113+ .

Corollary 5.3. Under Assumptions 2.1, 2.2, 3.1 and 5.1, if f(x),0(x) > m > 0 for every x € [A, B]
(m € (0,1] and A,B € R such that A < B), then there exists a deterministic constant c¢5.3 > 0, not
depending on N, A and B, such that for every 9 € (0,1),

: 265,51V [3]0) . . .
E(Bysio — blfam) < 5 G0\ 9) min L {B(F s~ b 1B) + E(L v — FI)

n . N C5.2,2
P = £18 < (1+9) min o — 1B +

mS
+5 (0f 0, ~ 0118+ 125~ A3+ 7 )

Corollary 5.3 says that the risk of the adaptive estimator EN,E,E' is controlled by the sum of the minimal
risks of . R

bfyn and  fyn; (b h') € Hy,
up to a multiplicative constant and a negligible additive term.

Remark 5.4. The condition (Nh3)~! < 1 on the bandwidths collection Hy is quite uncomfortable but
not that much because if bf satisfies Condition (10) with v = > 2, then the (unknown) bandwidth h* of
order N~=Y(B+1) sych that our estimator of bf reaches the bias-variance tradeoff (see Section 8) possibly
belongs to Hy. Indeed, there exists an unknown constant ¢* > 0 such that h* = ¢* N~V " and then

1

NP () ENmE ) <
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for N large enough. Moreover, the proof of Proposition 5.2 remains true by replacing the condition
(NR3)™E <1 by (NKE) ™! <m withm > 0. So, even for 3 =1, (N(h*)?)~1 < (¢*)™3 and then h* possibly
belongs to Hy when m is large enough.

Remark 5.5. A nice choice for § is the standard normal density:

e—x2/2
6(x) := ; Vo € R.
(z) or
First, § obviously fulfills Assumption 5.1. Moreover, ||0||oc < 1. Finally, by assuming that f(x) > my
for every x € [A,B] (m1 € (0,1] and A, B € R such that A < B), since ¢ is continuous and positive
on R (supp(d) = R), necessarily there exists ma > 0 such that §(x) > mq for every x € [A, B]. So,
f(x),6(x) >m =my Amg > 0 for every x € [A, B]. Therefore, under Assumptions 2.1, 2.2, 3.1 and 5.1,
by Corollary 5.3,

-~ 2¢ . —~ ~
By —blFa5) < 75 |+ min By = bfI5) + E(l fv = f13)}

#5530 (10080, - 11 + U~ T+ )|

for every ¥ € (0,1).

5.2. An extension of the leave-one-out cross-validation method. First of all, note that the esti-
mator b, np (see (5)) can be written the following way:

N n—1
”Nh leow J+1_thi')
i=1j
with
i K’L(Xtij - .13) ..
wi(z) = i V(4,4 €{0,...,n—1} x{1,...,N},
Z Kn(Xf, = 2)(teyr — to)
k=1 £=0
satisfying

|
—

n

N
Z w j+1—t) 1.

=17

I
<

This nice (weighted) representation of Zn ~,n(z) allows us to consider the following extension of the
well-known looCV criterion in our framework:

n—1

N
:Z Z A tij tiv1 —tj) _2anNh Xi Xz)

i=1 | j=0

with
n—1

b,y (@) = S > whiayxt,, - XF)svie{l,...,N}.

ke{1,....N}\{i} =0

Let us explain heuristically this extension of the looCV criterion. By assuming that dX; = Y;dt, Equation
(1) leads to the regression model

t; t;
Yi, = b(Xy,) + &, with / esds = / o(Xs)dWs.
0 0
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Then, a natural extension of the looCV criterion is

N n-—1
CV*(h) = ZZ — bt n (X))t — 1)
i=1 j=0
N n—1
)+ Z Z tj (tj+1 — 1)
=1 j7=0
because Y; (tj11 —t;) =~ X, — X¢, thanks to the assumption dX; = Y;dt. Of course CV*(h) is not

satisfactory because the last term of its previous decomposition doesn’t exist, but since this term doesn’t
depend on h, to minimize CV*(.) is almost equivalent to minimize CV(.) which only involves quantities
existing without the condition dX; = Y;dt.

5.3. Numerical experiments. Some numerical experiments on our estimation method are presented in
this subsection. The discrete-time approximate Nadaraya-Watson (NW) (see (5)) estimator is computed
on 4 datasets generated by SDEs with various types of vector fields. In each case, the bandwidth of the
NW estimator is selected via the looCV method introduced at Subsection 5.2. On the one hand, two
models with the same linear drift function are considered, but with an additive noise for the first one and
a multiplicative noise for the second one:

1. The so-called Langevin equation, that is
t
Xy =z — / Xyds+0.1- Wy
0

2. The hyperbolic diffusion process, that is

t t
Xt:xo—/ Xsds+0.1/ V1+ X2dW,.
0 0

On the other hand, two models having the same non-linear drift function involving sin(.) are considered,
but here again with an additive noise for the first one and a multiplicative noise for the second one:

3. The third model is defined by
t
X =z — / (X5 +sin(4X,))ds + 0.1 - W.
0
4. The fourth model is defined by

¢ t
X;=x9— / (X5 +sin(4X;))ds + 0.1/ (2 + cos(X))dWs.
0 0

The models and the estimator are implemented by taking N = 200, n =50, T =5, g = 2, to = 1 and
K the Gaussian kernel z — (27)’1/26%2/2. For Models 1 and 2, the estimator of the drift function is
computed for the bandwidths set

Hi:={0.02k ; k=1,...,10},
and for Models 3 and 4, it is computed for the bandwidths set
Ho :={0.01k ; k=1,...,10}.
Each set of bandwidths has been chosen after testing different values of h, to see with which ones the

estimation performs better. To choose smaller values in the second set of bandwidths allows to check
that the looCV method does not systematically select the smallest bandwidth for Models 3 and 4.

For each of the previous models, on Figures 1, 2, 3 and 4 respectively, the true drift function (in red) and
the looCV adaptive NW estimator (in blue) are plotted on the left-hand side, and the beam of proposals
is plotted in green on the right-hand side. On Figures 1 and 2, one can see that the drift function is
well estimated by the looCV adaptive NW estimator, with a MSE equal to 2.95 - 10~* for the Langevin
equation and to 8.31-10~* for the hyperbolic diffusion process. As presumed, the multiplicative noise in
Model 2 slightly degrades the MSE. Note that when the bandwidth is too small, the estimation degrades,
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but the looCV method selects a higher value of h which performs better on the estimation. This means
that, as expected, the looCV method selects a reasonable approximation of the bandwidth for which the
NW estimator reaches the bias-variance tradeoff. On Figures 3 and 4, one can see that the drift function
of Models 3 and 4 is still well estimated by our looCV adaptive NW estimator. However, note that there
is a significant degradation of the MSE, which is equal to 2.89 - 10~3 for Model 3 and to 9.26 - 10~ for
Model 4. This is probably related to the nonlinearity of the drift function to estimate. Once again, to
consider a multiplicative noise in Model 4 degrades the estimation quality with respect to Model 3. As
for Models 1 and 2, note that the looCV does not systematically select the smallest bandwidth.

0.0

-0.2
1

y
A

-0.4
1

-0.6
1

y.

-0.8
1

&

-1.0
-1.0

-~

FIGURE 1. LooCV NW estimation for Model 1 (Langevin equation), h = 0.04.

For Model 1, at levels n = 10,20,...,100, Figure 5 shows the evolution of the MSE of the looCV
adaptive NW estimator as a function of N. For this study, the value of N ranges from 20 to 200. Figure
5 shows that the MSE of our adaptive estimator remains low regardless to the value of (n, N) (from
4.50 - 107> to 9.01 - 1073), decreases when N increases (for each n), and decreases when n increases (for
a fixed N). This is consistent with the risk bounds of Section 4. Note also that for N > 70, there is no
significant gain to take n larger than 30. For Model 3, Figure 6 shows the evolution of the MSE of the
looCV adaptive NW estimator as a function of N and leads to the same conclusions than for Model 1.
Note anyway that due to the nonlinearity of b, the MSE of our adaptive estimator reaches higher values
(from 2.67-107% to 4.49-10~2) than for Model 1. Again, there is no significant gain to take n larger than
30, and above all larger than 70.

Finally, for each model, Table 1 gathers the mean MSE of 100 looCV NW estimations of the drift
function as well as the mean MSE of the corresponding 100 oracle estimations. The mean MSEs are
globally low, but significantly higher for the models with a nonlinear drift function (Models 3 and 4)
than for the models with a linear one (Models 1 and 2). Moreover, for each drift function, the mean
MSE is slightly degraded for the models with a multiplicative noise (Models 2 and 4) with respect to
the models with an additive one (Models 1 and 3). Note also that for each model, the mean MSE of the
looCV estimations is close to the mean MSE of the corresponding oracle estimations. This means that
our looCV method performs well in practice.
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FIGURE 2. LooCV NW estimation for Model 2 (hyperbolic diffusion process), h = 0.04.
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FIGURE 3. LooCV NW estimation for Model 3, h = 0.02.

Remark 5.6. Note that to take to > 1 (here to = 1) is recommended even in numerical experiments.
Indeed, for instance, the mean MSE of 10 looCV estimations for Model 1 is significantly lower with tg = 1
(2.49 - 107%) than with to =0 (3.82-1073).
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FIGURE 4. LooCV NW estimation for Model 4, h = 0.06.
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FIGURE 5. MSE of the looCV estimator with respect to N and n for Model 1.

6. CONCLUDING REMARKS

In this paper, first, a risk bound on our continuous-time Nadaraya-Watson estimator of b has been
established. This bound is satisfactory because it leads to a rate of same order than in the classic non-
parametric regression framework (see Comte [2], Chapter 4), and of same order than in Della Maestra
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FIGURE 6. MSE of the 1ooCV estimator with respect to N and n for Model 3.

’ \ looCV \ Oracle ‘
Model 1 ]3.03-10"%[2.67-10~7
Model 2 | 6.52-10~% [ 4.96- 102
Model 31 2.45-1073 [ 1.99-1073
Model 4 | 9.15-1073 | 6.02- 1073

TABLE 1. Mean MSEs of 100 looCV adaptive NW estimations compared to the oracle estimations.

and Hoffmann [13] for their estimator of the drift function in McKean-Vlasov models. Then, a risk bound
on a discrete-time approximate estimator of b has been established too. The bound is satisfactory when b
and ¢ are bounded, but a bit degraded when b is unbounded. To improve this bound will be the subject
of future investigations.

In a second part, two bandwidth selection methods are provided. The first one is an extension of the
PCO method to the 2bNW estimator of b in the spirit of Comte and Marie [8]. An oracle inequality is
established but under the condition (Nh3)~! < 1 (instead of (Nh)~! < 1) on the bandwidths collection.
Unfortunately, it seems difficult to bypass this condition because of some constants involved in Bernstein’s
inequality and in the concentration inequality for U-statistics of Giné and Nickl [17] (see Subsection A.7),
but as explained at Remark 5.4 this condition is not so bad. The second bandwidth selection method is
an extension of the looCV procedure for the discrete-time approximate estimator written has a convex
combination. As in the nonparametric regression framework, this method is numerically satisfactory but
it seems difficult to establish a theoretical risk bound on the associated adaptive estimator.

Finally, the estimation of b has been only investigated in the case of one-dimensional diffusion pro-
cesses because of its simplicity, but by following the same ideas than Halconruy and Marie used in the
nonparametric regression framework in [19], the major part of the results of the present paper should be
extendable to multidimensional diffusion processes.
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APPENDIX A. PROOFS

A.1. Proof of Corollary 2.5. First of all, since p;(zg,x) > 0 for every (¢,z) € (0,T] x R,

1 T
flz) = T i /to pe(xo,z)dt >0
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for every x € R. Consider ¢ € {0,...,3—1} and # € R,. Thanks to the bound on (t,z) + 9. p.(z¢, )
given in Assumption 2.2,

179 +6)~ FOI3 = / O o+ 0) - [+ o)

T [e%s)
; / / (agpt(:vo, z4xz0+0)— 8§pt(m0, T+ wo))Qdazdt
—to Jy,

" / / sup 8e+1pt(x0,z+x0)|2dxdt
—

0o zE€[x,z+0)

02 T 1 & 22
< eo22(0+ 1)? T 1y /to 20 (D) [m ze[i:ufw] exp <—2m242,2(€ + l)t) dxdt

s 0? g 1
=c222(0+1) Tt /t £2¢2(0+1) X
0

—0 2 00 2
[/ exp (—2m2,2,2(€ + 1)@_;0)) dx +0 +/ exp (—2m2,272(f + 1)2) dx] dt
oo 0

|:C192 + 93 max C2_272(k + 1)2:|
ke{0,...,6—1}

S 2nEr)
0
with

s} x2
=2 k+1)2 -2 E+1)=)d
1 ke{(f.l?,)éq} {CQ_QQ( + ) /0 exp ( m2_2,2( + ) T) :1:} s

and the same way,

1FOC —8) — fO2 < sup |05 py(wo, 2 + mo) |2dzdt

—o0 z€[x—0 :E]

62
< c2.2,2(€ + 1) T — to /to t2qz(@+1)

0 2 o] _ 2
{/ exp (—21112.2,2(@ + 1)2) dx +0 +/ exp (—21112,2,2(6 + 1)(:cte)> dx} dt
9

— 00

1
<— | 10% + 63 k+1)2%.
tngz(ZJrl) [cl * ke{g,r}.a,}é—l} c2,212( +1)

This concludes the proof.

A.2. Proof of Proposition 3.3. First of all, the bias of ]?N_’h(:c) is denoted by b(z) and its variance by
o(x). Moreover, let us recall the bias-variance decomposition of the L2-risk of fy :

E(| Fwn - fI2) = / ” b(a)de + / o).

— 00 — 00

On the one hand, let us find a suitable bound on the integrated variance of ]?N,h. Since X1,..., X" are
i.i.d. copies of X, and thanks to Jensen’s inequality,

v(x) = var (N(Tl—to / Kn(X! - x)dt)

T 2
:N( —to (/ En(X: —2)d >\ e </to Kh(XtI)T(itm)

1
gN(T—to)/to E(K,(X; — 2)?) / Kn(z —x)*f(2)dz.
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Thus, since K is symmetric,

/_O; o(z)dr < ]if/_o; f(z) /00 Kn(z — z)%dxdz
(o) [ )-8

On the other hand, let us find a suitable bound on the integrated squared-bias of J/”\N,h(x). Since

X' ..., XN areii.d. copies of X,

T
b(o) = 7 | B — @)t~ f(0)

T -t

(5 s - s

/ T K (f(hz 1) — f(x))de,

First, assume that 5 = 1. By Assumption 3.2, the generalized Minkowski inequality and Corollary 2.5,

/O:O b(z)%dr < /O:O (/O:O K()(f(hz +x) — f(z))dz>2dx
< [ | & ( JAGCEEE f<x>>2dx) v dz] et

2
€2.5 *

i (to) = o) (/ [2](1+ |Z|1/2)|K(z)|dz> .
0 — 00

Now, assume that S > 2. By the Taylor formula with integral remainder, for every z € R,

with

L ()
BRGED)

Then, by Assumption 3.2, the generalized Minkowski inequality (two times) and Corollary 2.5,

[ veran= [ (] _xe hz+x>f<z>>dz>2dx

- 2

_ |(hQ(52;|2/ (/ SK(2) /1(1 — )2 (rhy + 1) — f(B_l)(x)]dez> dx
212 J_ o \J o 0

_ h2(6-1)

SiE-2r "

V—Z 251K (2)| /01(1 )i (/Z[fw-l)(mz +a)— f<ﬁ-1>(x)]2dg;> v dez] 2

2

Co 5h26 00 51 1 4 3o y
< —=2 2IP7H K (2 / 1—7)""4|7r|z| + (7|2 dez> < ca(to)h

flhz+2) — 8>3 i: /1(1 —T)B’sz*l)(Thanx)dT.
1 0

with
2

SR T E— h z|? 2|1/ z)|dz
) = e ([ paslrminee:)

This concludes the proof.
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A.3. Proof of Proposition 3.4. First of all,

B3 s~ bf1) = [ b@Pdot [ o(w)is
where b(z) (resp. v(x)) is the bias (resp. the variance) term of g]\”N’h(x) for any 2 € R. On the one hand,

let us find a suitable bound on the integrated variance of E}N’h. Since X1',..., X" arei.i.d. copies of X,
N T 1
v(z) = —_ K dXx; —_
(I‘) var (N(T — to) ; ' h( ) ) N(T _ tO

2
(/ Kh Xt - JL‘)dXt> ]
dt 2 2
(/ Kh (Xt)T — to) =+ (T—to (/ Kh Xt - I) (Xt)th> ] .

In the right-hand side of the previous inequality, Jensen’s inequality on the first term and the isometry
property for It6’s integral on the second one give

2

T T
o) < R B X0+ sy [ IR~ o

—IE

/ Kn(z —2)*b(2)?f(2)dz + N(TQto)/_OO Kn(z —2)%0(2)2f(2)dz.

Moreover, K is symmetric and K € L?(R, dz) by Assumption 3.1, and b, o € L?(R, f(x)dx) by Remark
2.4. Then,

/:’O o(x)dx < % - Kp(z— aj)Qb(z)Qf(Z)dzdl‘ + ﬁ - Ky (z — x)Qo'(z)Qf(z)dzdﬂf
= Nlh /O:O b(z)*f(2) /O:O K(z)*dxdz + N(T2—to)h/ / K(z)*dxzdz

< %Kh'l% (/_Z b(2)?f(2)dz + Tito /_Z a(z)2f(z)dz> .

On the other hand, let us find a suitable bound on the integrated squared-bias of BJ\‘ ~.1(7). Again, since
X' ..., XN are ii.d. copies of X, and since Ito’s integral restricted to H? is a martingale-valued map,

b(z)

NT %) Z Kh X — )dXZ] —b(z) f ()
= T tOE </to Kh(Xt - Jf)dXt) - b(l‘)f(l')

= Tito lﬂi </to Kh(Xt_x)b(Xt)d> +E</ Kn(Xy —z)o (Xt)dwtﬂ —b(2) f(x)

1

T
o B~ )it = o)) = [ B = e () — b))

Then,
b(z)? = ((bf)n —bf)(2)* with (bf)n = K * (bf).
Therefore, since f is bounded and b belongs to L?(R, f(z)dz) by Remark 2.4,

/ " b(@)de = b — (bf)n .

—0o0

This concludes the proof.



NADARAYA-WATSON ESTIMATOR FOR LI.D. PATHS OF DIFFUSION PROCESSES 21

A.4. Proof of Proposition 3.5. First of all,

EJ}N,}L —bf 1
f, T\ 7 B ? b'f 1fN,h’(')>m/2 B blfA‘th/(,)gm/Q'

I

by — b= l

E}N,h —bf 1 1
o 7)Y Y sme
N fnw :

Moreover, for any = € [A, B], since f(x) > m, for every w € {]?th/(.) <m/2},

SN

Then,
2

2
+ 2||b1fN,h/(~)<m/2 Hf’A’B’
1, AB

b hn = bllFap < 2

F(@) = P (@,0)| > f(@) = T (0,0) > m— 2 = 2.

Thus,

~ 8 8 .
o h,n — b||3f,A,B < W”be,h bfl3 JT 3 2 I(f fN,h’)bH?f,A,B + 2Hb1\f(_)—fN1h/(.)\>m/2”?‘,A,B

<2 / T @ — b @) ()de

m2

B ~
ﬂjz/ (f(@) = fyn(2))?b(2) f(z)dx

+2/ b@) @ 0) F s (@) >m 20

Since f has a sub-Gaussian tail by Assumption 2.2, and since b has at most linear growth because it is
Lipschitz continuous from R into itself (see Assumption 2.1), b2 f is bounded on R. So,

e 157, 112

8||1?2f||oo =
| fv e — f||§+2||b2f||oo/ L (@)= Fa s (@) | 5m 20

o — b3 45 <
_|_

Therefore, thanks to Markov’s inequality,

2 < W7, - r13)

b2 flloo b2 oo N
+%E<nﬁv,h/—f|@> T [ 8070 - Funto) Pyt

8(I1flloc V116 £l o)
m2

E(|[bx, .1

EIBf nn = b1I3) + 2E( v e = F1I3))
Propositions 3.4 and 3.3 allow to conclude.
A.5. Proof of Proposition 4.2. First of all, note that

E(| fann — f12) < 2E(|Fxvn — FIZ) + 2E(I P — Faononll3)

<2 {63 3(to)h?*” + Nih +/ E(fN,h(x) - ﬁL,N,h(x))Qd‘T

+ /oo Var(fmh(w) - J?n,N,h(x))dl'

by Proposition 3.3, and note also that

Faoa@) = Foa@) = 5 o3 [ (Rl — Koo (X )t
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with Kp, . (.) := K3, (- — ). On the one hand, for every s,u € [tg,T] such that s < u, by Ito’s formula,
Jensen’s inequality, the isometry property for Itd’s integral and Remark 2.4,

(/ K xax + 3 [ >ﬂdl~

([ Kmxnb(Xt)d)]

oo[([[ stiecra) |

[ rosom)]

e fiom 8 (o0 [ K dx) ;

+(u—s)/ (xt / K )dt
+/S E( (X)) / K}, (X)) dx)dt}

. {(u—s)2 (u— s)? u—s}

/ " EI(Kn () — Kna(X0)) e = /

— 00
o0
< Cl/
—o0

< ottt s

where ¢; and ¢, are two positive constants not depending on s, u, h, N, n and to. Then,

/OO var(fn,N,h(m) - J?N,h(l”))df

—00
1

o ol opti
= var Ky (Xy) — Kp o (Xe))dt| do
N(T — to)? /_oo jz_:o/t (Ko (X0) = Ko (X))

j+1 .
[(Kh(X Ko (X, )2 <
N(T —to) / / ha(Xe) — Ko (Xe,))"|dzdt e

where the constant ¢3 > 0 is not depending on h, N, n and tg. On the other hand, by Assumption 2.3,

ti+1

E(frn(e) ~ Fawn(@)] < 7 i B(K o (X0)) — B(Kno(X,,)ldt

n—1

J+1
<7 IKh z =)l |pe(xo, 2) — p, (w0, 2)|dzdt
n—1 t:
1 /.7+1
< t—t;)dt
T =t jz=:o [ ts ) ]

—00 u€(to,T]

T—ty [~ hz +x —x0)?
< c2'373T(130/ |K(z)|exp [—mz.s,s(To)} dz.
0 —00

X [/OO |Kp(z — )| sup |8upu(xo,z)|dz1
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Then, by Jensen’s inequality,

0o R R oo 0o _ 2
/ E(fnn(z) — fn’N,h(x))de < ¢ / \K(z)|/ exp [—2m2‘3}3(hz+?%) dxdz

2
o thOQS oo
%6
2
n2t0q3

where
o T — x0)>
g = C5HKH1/ exp |:—2m2,373(TO):| dzx

and the constant ¢5 > 0 is not depending on h, N, n and ty. This concludes the proof.

A.6. Proof of Proposition 4.3. The proof of Proposition 4.3 relies on the two following technical
lemmas.

Lemma A.1. Consider a symmetric and continuous function ¢1 : R — R such that @, : z — z¢1(2)
belongs to L2(R,dx). Consider also @2, € C°(R) having polynomial growth. Under Assumptions 2.1
and 2.2, for every p > 0, there exists a constant ¢4 1(p) > 0, not depending on p1 and ty, such that for
every s,t € [to, T satisfying s < t,

I

2

([ ol Xu>9"2<Xu>qu) wow] da

oo 1/p
_ 1
< carlp)it o) [||sa1||%+||sol||§+t1/(2,,)(/ or(e):) ]

0

Lemma A.2. Consider ¢ € C°(R). Under Assumptions 2.1 and 2.2, for every s,t € [to,T] such that
s <t,

o0 c K|?
B )p X < 22, X,
0

— 00

The proof of Lemma A.1 (resp. Lemma A.2) is postponed to Subsubection A.6.1 (resp. Subsubsection
A6.2).

First of all, note that
E([bf nn,n = 0f113) < 2E([bf 5 = 0F113) + 2E(16f wp — bF v, ]13)

2 1070 o113 + S5 4 [ B @) = a0

N

+ / var(bF (&) — BF e (&)

— 00

3.4(t
21070 = b1+ 0+ B+ Vi

by Proposition 3.4, and note also that

N nzl oty , , ,
bf (@) = bf p non(T) = ﬁ Z Z/ (Kho(X}) — Kno(X{)))dX5.

The proof is dissected in two steps. The term V,, 5 is controlled in the first step, and then B, np is
controlled in the second one.



24 NICOLAS MARIE'! AND AMELIE ROSIER®
Step 1. First of all, by Jensen’s inequality,

n—1

1 00 tit+1
Va.Nh = m[m var {Z/t (Kho(X¢) = Kn2(Xy,))dXs | do

j=0"1

1

<N<T2_to>/°; Z

ti+1
/ E[(Kn (X)) — Ko (X0 )?b(X0)?]dt | dz 4+ V2
j=0"1i

with

, ) J+1
Vi Ng = m/ E Z/ (Kho(Xt) = Kno(Xy,))o(Xe)dWy da.

In order to control V,, v as in the proof of Proposition 4.2, a preliminary bound on Vi np has to be
established via the isometry property of It0’s integral:

0o T [n—1 2
Vinn = ﬁ [ OOE ( /t (Z(Kh,m(xt) KW(X”))a(xt)l[tj,tm](t)) th) dx

J=0

2
e / / ( Kh,xomKh,zoaj>>a<Xt>1[t,.,tj+1]<t>) dtda
a to =0

00 n—1 t
2 Jt+1
= = E[(Kp(X:) — Kno( X)) 20 (X,)? .
N(T — to) /_Oc Jzo/t] [(Kn,0(X2) na(Xe;)) o(Xe)7]dt | da
Then,
j+1
VmN,h < 7t0 / / Khw Xt) Kh,m(th))Qb(Xt)z]dl‘dt

7150 Z/t / [(Kno(X1) = Kno(Xy,) 0 (Xy)?]dadt.

For ¢ = b or ¢ = o, by It6’s formula,

Z/ / [(Kn,o(Xe) = Kno(Xe,))*0(Xe)?|dadt

/ttj+1 / ( K o(Xu )b(Xu)du>2¢(Xt)2

+E (t_K;Q’@(Xu)U(Xu)QdU> P(X0)?

J

2
t
+E ( K,@yz(Xu)o(Xu)qu> o(X,)?| | dadt

t;
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where the constant ¢; > 0 is not depending on ¢, h, N, n and t;. Moreover, for every j € {0,...,n — 1}
and ¢ € [tj,t;+1], by Lemma A.1 with p=1/(1 —¢),

/OO E < K,’l?z(Xu)a(Xu)qu> o(X)?| dx < cA_l(p)(t—tj)/_Oo K} (2)%dz

— 0o tj

+eaa(p)(t —t; )/OO 2K (2)?dz

can( 2Pd 1/p
t 3@ 1/<2p) Kh z

| (-9
1+ 5+ 2

< coe)(t —t) PR

where the constant co(¢) > 0 depends on &, but not on ¢, j, t, h, N, n and t;. Thus, by Jensen’s
inequality and Remark 2.4,

n—1

Z/ / " Bl(Kna (X)) — Ko (X)) 2p(X0)dadt

j oo

@jZ_%/t_Hl [(t@)/JE( / K (X dz) du

J

+(ttj)/t%E< / Ky dx)dqu(ttj)

C4(€) 3 1 1
———————(T -1t
min{l,télfs)m}( o) <n2h3 + n2h5 + nhdte

1 g
L o o ||

where ¢3(g) and ¢4(g) are two positive constants depending on e, but not on ¢, h, N, n and tg. Therefore,

c5(€) 1
min{1, tél_g)m} Nnh3+e

Vo, N <

where the constant ¢5(e) > 0 depends on €, but not on h, N, n and tg.

Step 2. First of all, since Ito’s integral restricted to H? is a martingale-valued map, since Kp, . is a
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kernel, by Lemma A.2, by Assumptions 2.2 and 2.3, and since b is Lipschitz continuous,

/ E(5] x p(x) — D ()%

— 00

oo n—1 t.:
1 j+1
= E((Kp 2 (Xe) — Kpo( Xy, X
[m T —t, jz_(:)/tj (Ko (Xe) hae(Xe;))b(Xy))dt
2
1 n—1 tit1
+ > E (K o(Xy) = Kno(X)o(X0)dW, | | da
Tt & s,
2 n! tit1 0 )
T -t ZO /tj /—oo E(Ena(Xe)b(Xe) = Kna(Xe; )b(Xy, ) dudt
2 n—1 tit1 00
R Z/ / E(|Kno(X,)| - [b(Xe) = b(Xy,)])*dadt
B =07t —00

<27','K”IZ L (7 teras ) e o ) = o) s

20001 || K[| = / )
Y E[(b(X¢) — b(Xy,))?dt
t(l)/Q (T - t()) ]go t; '

ANKN2 "= [ i >
< ||_||1 / (t—t;)%dt / b(2)*> sup |Oupu(wo,2)[*dz
T to = ¢ — o w€[to,T]
n—1
2C221||K||1 b2 S 2
< 6 + / t t; t
tgq3n2 téﬂ(T —to) =0/t

where the constant ¢g > 0 is not depending on h, N, n and tg. Moreover, for any j € {0,...,n — 1} and
t € [t),tj+1l,

t t
X — Xy, :/ b(Xu)du—i—/ o(Xy)dW,
t; t
and then, by Jensen’s inequality, the isometry property of [t6’s integral and Remark 2.4,
t t
E[(X; — Xy,)%] < (t—tj)/ E(b(Xu)Q)du+/ E(o(Xu)?)du
tj tj

< (t— 1 sup EGX)) 4 (- 15) swp E(o(X.)?) < erlt — 1)
UG[to,T] uG[tg,T]

where the constant ¢; > 0 is not depending on j, t, h, N, n and ty. Therefore,

—0 min{¢," ", t5

where the constant ¢g > 0 is not depending on n, N, h and t;.
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Remark A.3. Assume that b and o are bounded. Then, in Step 1, for p =b or p =0,

n—l etjin oo
E[(Kn (X0) — Kno(Xt,))%0(X0)? dudt

n—1 tit1 [e%e) t 2
<ay [T | ( / K;L,x<xu>b<xu>du> P (X,)?
=0 t; —00 t;

. 2
+E ( K;;J(Xu)a(Xu)?du) P(X,)?

J

2
t
+E ( K,’W(Xu)a(xu)dwu> o(X)?| | dedt

noloptipn poo t 2
<allelZ ) / / E ( / Kz,m(wa(xu)du)
j=0"1% - J

t 2 t 2
+E < / K;L’J(Xu)a(Xu)zdu) +E ( / K;w(xm(xu)dm) dadt.
t; tj

So, in this special case, the bound on Vi, np is established by using the exact same arguments than in
the proof of Proposition 4.2. In particular, one can take ¢ = 0, the additional conditions K € L*(R, dx)
and z — zK(z) belongs to L*(R,dx) are not required, and the bound on V,, n ., is of order 1/(Nnh?®) and
doesn’t depend on tg. When ¢ = b or ¢ = o is not bounded, since p(X3) is not o(W,,)-measurable for
every u € [t;,t) (5 €{0,...,n—1}), the Holder inequality has to be used to get a suitable bound on

2
00 t
/ E (/ K;LJ(XU)O'(XU)qu) o(X1)?| dx
—00 t;
(see the proof of Lemma A.1), and for this reason the variance term in the bound of Proposition 4.3 is
of order 1/(Nnh®*t¢) instead of 1/(Nnh?) as when b and o are bounded.

A.6.1. Proof of Lemma A.1. Consider p(x,z) := pi1(x — 2)p2(z) for every z € R, ¢ > 0 such that
1/p+1/q = 1, and s,t € [0,7T] such that s < ¢. First of all, by the isometry property of It&’s inte-
gral, Burkholder-Davis-Gundy’s inequality, Holder’s inequality, Markov’s inequality, Remark 2.4, and the
generalized Minkowski inequality,

( / t <p(a:,Xu)qu>2
(/St o(z, Xu)qu)

t 2p 1/p
(/ so(x,Xu)qu) ] E(1h( X))V COP(yh(X;)? > 22)1/ (0

1/p

(/: Sﬁ(x,Xu)2du>p] E((X,)4)1/2)

2\1/(2q) 49\1/(2q)
) [Ewoitl)/q) () 4 B

E w(Xt)Z]

2

< IE2]E 1w(Xf)2<$2‘|

+E

t
< / Elo(z, X.)2)du + ¢, (0)E

> Lp\[—1,1] (l‘)]

<a? /: Elp(x, Xu)?|du + ca(p) (/:E[w(wy Xu)Qp]”de> (5611/,11[—1,11 (z) + %LR\[—M] (x))
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where ¢1(p) and c¢a(p) are two positive constants depending on p, but not on z, s, t, ¢ and t5. On the
one hand, since ¢y has polynomial growth, by Remark 2.4, for every u € [s, ],

/ B[, Xo)2ds = /_ Z /_ O; 2200 (7 — 2)%02(2)2pu (0, 2)dzd>

— 00

= /:’0 /j’o (I‘ + Z)Qcpl(x)QwQ(Z)zpu(ﬂfo,Z)d:z?dz

2 (/o:o x2<p1(1')2d9:) </O:O ©2(2)*pu(@o, z)dz>
+2 </O; <p1(:c)2dx) </O:O 2202(2)*pu (o, z)dz>

es([@1ll3 + len )

N

N

where the constant ¢ > 0 is not depending on u, ¢1 and tg. Then,

/ / 2\dudz < cs(t — ) (8113 + 21 3)-

On the other hand, since s has polynomial growth, by Assumption 2.2, for every x € R,

t t o 1/p
/ E[cp(x,Xu)Qp]l/”du = / </ <p1(z)2p<p2(z + x)zppu(xo,z + x)dz) du

o0

< Se-9 ([ am) "

— 00

where the constant ¢4(p) > 0 depends on p, but not on z, s, ¢, ¢1 and t. Then,

0o t ) .
/;oo (/s Ew(x,Xﬂ)Qp]l/pdu) (331/‘11[—1,1] (z) + IR (93)) dx

< tfl)s/glz);z) (t—s) </°° @1(3)2%2)1/1)

—00

5(p) = ca(p) /1 dx +/ dx _
P) = ca(p 7 - 0.
° ! _y xt/e R\[-1,1] T2

A.6.2. Proof of Lemma A.2. Consider s,t € [to, T] such that s < ¢, and let p,; (resp. pys) be the density
of (X5, X;) (resp. the conditional density of X; with respect to X). Moreover, for the sake of readability,
ps(zg, .) is denoted by ps(.) in this proof. By Assumption 2.2,

with

E(Knq(Xs)p(Xs, X1))* = [|K][7 UOO E0(0) (/oo w(y7z)pt|s(zy)d2> ps(y)dy}2

—00 ”Kh,I”l —00

<Kl [ 1K) ( | so(y,z)pﬂs(zw)dz)st(y)?dy

— 00 —0o0

<K sup {supps@)} / Ky >|( [ et PGl ) i

s€[to,T] —00

c2.2.1]| K1
< 71/2 | 2)%psi(y, 2)dzdy.
0



NADARAYA-WATSON ESTIMATOR FOR LI.D. PATHS OF DIFFUSION PROCESSES 29

Therefore,
/ E(Kh’m(Xs)go(Xs,Xt))de < 17/2/ (/ |Kh z( )|d$> (/ @(y,z)st,t(y,Z)dz> dy
¢ K
_ 2211‘/|2 Hl/ / pef(y7 z)dzdy
- 17/2 [o(Xs, X)?]-

A.7. Proof of Theorem 5.2. Throughout this subsection, K is a primitive function of the kernel K. The
proof of Theorem 5.2.(1) relies on the following technical lemmas proved at the end of this subsection.
The proof of Theorem 5.2.(2) is left to the reader because it is similar but simpler than the proof of
Theorem 5.2.(1) detailed in this subsection.

Lemma A.4. Under Assumptions 2.1, 2.2, 3.1 and 5.1,
1 T

T -t
where (z,h, ) — Pp(p, ) is the map from R x (0,00) x C°([to, T];R) into R defined by

(=) i (95) L [ (22

for every x € R, h > 0 and ¢ € C°([to, T);R). Moreover,

(1) For every x € R, h >0 and ¢ € C°([to, T|; R),
2K ol K
T —tg 2h2

Kn(X; — 2)dX, = ®4(X,2) ; Vo € R, Vh > 0,

1

@h(s@,x) = T _ tO

[®n (e, )] <
(2) For every h >0 and ¢ € C°([to, T]; R),

6[|X[3 [19]lollo IS 11 K113

P . 2 < s} o0 .

|| h(‘)O’ )”2,6 X (T = to)? + B3

(8) There exists a deterministic constant ca.41 > 0 such that, for every h,h' >0,

E(@n(X",.), Pn(X?,.))3.5) < caaam(h)

with
m(h') = E([|@n (X, .)]3,5)-
(4) There exists a deterministic constant ca.42 > 0 such that, for every h >0 and ¢ € L*(R,dz),
E((®n(X,.),9)3,5) < caazllollls.
(5) There exists a deterministic constant 443 > 0 such that, for every h,h' € Hy,
(Pr(X, ), (0f Jw)2s] < caas  as.
Lemma A.5. Consider
(14) U (N) := > (n(X",.) = (bf ), @ur (X7,.) = (bf)nr)2is : VAo b € Ha.
1#]
Under Assumptions 2.1, 2.2, 8.1 and 5.1, there exists a deterministic constant c45 > 0, not depending
on N, such that for every 6 € (0,1) and X > 0, with probability larger than 1 — 5.4|Hy|e™,

sup { |Up o (N)] B Om(h) } < cas(1+ )\)3

heHn N2 N ON
and 5
Up (N fm(h 1+ A
ap {12000 O} e
heHn N N ON
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Lemma A.6. Consider
1 ,
Va(N) == D1 @n(X7,) = (0f)nll3s 5 Vh € Hy.
i=1

Under Assumptions 2.1, 2.2, 8.1 and 5.1, there exists a deterministic constant ca¢ > 0, not depending
on N, such that for every 6 € (0,1) and X\ > 0, with probability larger than 1 — 2|H e,

sup { V() = ()

_ bm(h) } < cas(l+A)
heH N b

N ON
Lemma A.7. Consider
(15) Wiw (N) := (0f xp — 0F )y (0 ) — bf )25 5 Yh, ' € Hy.

Under Assumptions 2.1, 2.2, 8.1 and 5.1, there exists a deterministic constant ca7 > 0, not depending
on N, such that for every 6 € (0,1) and X\ > 0, with probability larger than 1 — 2|H e,

car(l+A)?
up {[Wi g (V)] = 016y S35} < ATCEA
heHn
car(l+A)?
sup {[ Wi (V)] = 06— b3} < ATTFA g
heH N
car(l+N)?
sup {[Wan(N)] = 0(bf)n — b3 5} < AT
neTN oN

A.7.1. Steps of the proof. The proof of Theorem 5.2.(1) is dissected in four steps.
Step 1. This first step provides a suitable decomposition of ||3]\‘N;l — be%,(;. First,
16f 57 = bF 3.5 = 116f 5 7 = bF wono 13,6 + 116wy — BF 1135
—2(bf Nohy = Of N7 OF Moo — ) 2,5
Then, by (11) and the definition of pen(.) (see (12)), for any h € H,
16f N7 — bfl3,5 < 1S N = bF n.no 13,5 + Pen(h) — pen(h)
HOf N .hy — bf”%,a —2(bf N hy — bf N b Nho — bf)2s
< 6F np = bF I35 + pen(h) — pen(h)

+H5}N,ho - bf”%,a - 2<5}N,h - g}N_ﬁag}N,ho —bf)as
(16) = [Ibf w.p — bFI135 — ¥ (h) + ¥ (h)

where
Un(h) = 2(bf . = bf,bf n e — bf)2.5 — pen(h).

Let’s complete the decomposition of ||E?N 5 — 0fl3 5 by writing

YN (h) = 21N (h) + Yo, n (h) + b3 N (D)),
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where
N T T
1 , . X X Unno(N) 1
= Kp(X! —)dX? Ky (X! —)dX? — 2
’(/Jl,N<h) (T _ t0)2N2 ; < to h( s )d s? to ho( s )d s>2 5 + N2 2pen(h)
_ Unno(N)
= ER
= K XZ XZ
Yo, N (h) (; < - / ho ( )d (bf)h>2 5 +

) + (O s (b)) and

+Z< — O/ K}LX - dXZ (bf)ho>

Y3.n(h) = Wang(N) + Whon(N) + ((0f)n = bf, (bf)ng — bf)26-
Step 2. This step deals with bounds on E(¢; x(h)) and ]E(z/)j,N(ﬁ)) for j =1,2,3.
e By Lemma A.5, for any A > 0 and 6 € (0, 1), with probability larger than 1 — 5.4|Hx|e™?,

Om(h)  cas(1+ )3 om(h)  cas(l4+A)?
< + + .
Wl < = ON

2,6

and [y n(h)] <

N ON
e On the one hand, for any h,h’ € Hy, consider
Uy n(hy h) Z (X7, (0 )n)2s
By Lemma A 4,
N | poo
W n (B 1)) < — Bn (X, 2) (bf ) (2)8(2)dz| < cans as.
N =11V =

On the other hand,
0L s (0 no)2,5] < [18]loo [ Kn * (0 loo [ Eng * (01 < [16]loc [ K NZ0S oo |10 ]]1-

Then, there exists a deterministic constant ¢; > 0, not depending on N and h, such that
€1
N

1

c ~
()] < L and o n(B) < sup o ()] <L as.
heEHN

e By Lemma A.7 and Cauchy-Schwarz’s inequality, with probability larger that 1 — [Hy|e ™,

0 A’
s ()] < SOOI~ b7 + 1B, — b 15) + FATEAA

1 [0\ L2\
+2x g (5) 1008 = 0flas x 5175 (5) 10D~ bl

0 8 14 ))2
< G107 1B+ (4 5 ) 100, — b1+ AT

and

~ 0 g 1 8 1+ 2)?
an I < J100 b7+ (§+5) 100, — b3, + 27

Step 3. Let us establish that there exist two deterministic constants ¢z, ¢ > 0, not depending on N and
6, such that with probability larger than 1 — to|Hy|e 2,

—~ m(h) co(l+2)3
sup {1870 01185~ (1+0) (ery - vr1s + 20 ) b < 2L

heH N
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and
m(h) 1
hsélg’N {H(bf)h —bfl135+ N m”bfzv,h —bf

On the one hand, note that

2 < C2(1 +)\)‘3
20 S 91— 6N’

157~ 5115 = (1+0) (orn — o115+ 5

can be written

= 1+ 0)m(h
67w~ PlEs — S o ()~ a0 — b 2
where Wi, (N) := Wh ,(N) (see (15)). Moreover, for any h € Hy,

—~ Un(N) V(N
(17) 10f nn — (bf)h”%,é = ,;\(72 ) h](\f )

with Uy (N) = Up.n(N) (see (14)). So, with probability larger than 1 — to|Hy|e ™,

m(h) ’ - Gm(h)} _ 2(eas +eag) 1L+ V)
N N = ON

sup {\E?N,h .

heH N
by Lemmas A.5 and A.6, and then

- h 1+ )3
sup {1870 01185 — (1+0) (Ir — br1 s + 2 ) b < 2O AN

heHn
by Lemma A.7. On the other hand, for any h € H,

N

1) = 011155 = I0Fwn = 15,5 = [0S n = (Bnl35 = Wi ().
Then,
(1= ) (10650~ 0715+ ") = 187 0~ 05185 < W) = B0 = 7185+ () — P52
where
— h
M) = (1B 0 = 0I5~ P52

By Equality (17),

UuN) | Va(N) _ m(h)
N2 N N |

By Lemmas A.6 and A.5, there exist two deterministic constants c3, ¢3 > 0, not depending N and 6, such

that with probability larger than 1 — ¢3|H y|e ™,

m(h) (1 +N)3
—0 }< : ON

Ap(N) =

. fue

heHnN

By Lemma A.7, with probability larger than 1 — 2|H y|e™?,

car(1+X)?
sup {IWA(N)| = 016 — b 35 < ATEEN
heHnN
Therefore, with probability larger than 1 — to|H x|e ™,
V. R e T - o1+ N3
sup {100 = 01185+ T = B - 01 <

Step 4. By step 2, there exist two deterministic constants ¢4, ¢4 > 0, not depending on N, 6, h and hy,
such that with probability larger than 1 — t4|Hx|e™?,
m(h)

0 by 3
o <0 (100 05185+ ")+ (5 2) 10, — o113+ 0
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and

~ ’ﬁ 9 )\ 5
o< (”“’f i = b1l + mz(v)> + (543 ) 105, - br1g, + LEAL

Then, by step 3, there exist two deterministic constants c5,¢5 > 0, not depending on N, 6, h and hy,
such that with probability larger than 1 — t5|Hx|e ™,

9 0 2 1 1 (1+N)3
and

R 0 0 2 1 1 (1+ )3

o ()] < 77507 s = bF13,5 + <2 + 0) 10 )ny = OFII3 5 + €5 (9 19 9> N

By the decomposition (16), there exist two deterministic constants ¢g,¢ > 0, not depending on N, 6, h
and hg, such that with probability larger than 1 — ¢g|Hx|e ™,

16F 7 = bf13.5 < [BF nn — bFIIB 5 + [¥n (B)] + o (B)]
0 —~ 0 ~
< (14125 ) W wa = b+ 1 1 s~ 7B

Cs C6 (1 +)‘)3

This concludes the proof.
A.7.2. Proof of Lemma A.j. First of all, for any x € R and h > 0, by 1td’s formula,

Xr—=x Xy, — T 1 T (X —2x
= — Kp(X: — X+ — K X);.
e (F) e (F) ¢ ) e gy [w (B )ano

T Xr — X, —
/ Kh(Xt —x)dXt = ]C( Th l‘) —]C( toh JJ)
to

*2%2 /T K’ (Xth x) o(X,)2dt = (T — to)® (X, z).

to

So,

Lemma A.4.(1) is a straightforward consequence of the previous equality and Lemma A.4.(2) is easy to
establish: for every h > 0 and ¢ € C°([to, T]; R),

=ty <2 [ K (S“T,lx)rza(x)dzw | x (*”(“;x)?a(@dz

+% /0; /tTK (“”(t)h“’> a(<p(t))2dtr§(o:)d:z:

< o)+ /T o) [ K (““’”,j“”faa:)dxdt

(T —t0)?[I6]| ol 156 11K 113
h3 '
Let us prove Lemma A.4.(3,4,5). First, for any h,h’ > 0,
]E(<q>h(X17 ')a P (X27 )>§,6)

oS} T T 2
— ﬁﬂﬂ (/_ (/t Kn(X} - x)dXt1> (/t Kn (X2 - x)de) 5(I)dx>

<« 2
S (T —to)?

< 6[IKN% +

(E(AR ) + E(B )
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with

oo T T
App = / < Kn(X} - x)a(X,})de) </ K (X? — x)de) d(z)dx and
—00 to

0 T
B ;:/_ < Kh(th—a:)b(th)dt> < K (X} )dX2> §(z)dw.

Bound on E(4j ;). Since (X', W') and X? are independent,

oo oo T T
st - [ f E[( Kh<xs—x>a<xg>dwg>(t st -ty |
( / K (X dX2> ( / K ( X2y)dX2>]6(x)6(y)d:cdy.

On the one hand, for every x,y € R, by the isometry property of Itd’s integral and the definition of f,

</ Kn(X} —x)o(X}) dW></ Kn(X} —vy) (g)deN

= / E(Kn(X{ — 2)Kn(X! —y)o(X])?)dt = (T — to) /_00 Ki(z — 2)Kn(z — y)o(2)* f(2)dz.

to

Then,

B4} 0) = (T~ 1) [ Z / O; / O; Kz — 2)Kn (= - y)o(2)2/(2)

T
xE l( /t K (X? - ) ( / K (X2 —9)dX; )] §(z)6(y)dxdydz

= (T —to) /_OO o(2)? (/_OO Kn(z—z)0(x) | Kp(X2— a:)dedx> ] dz.

On the other hand, for every z € R, z — |Kp(z — z)|/||K||1 is a density function. Then, by Jensen’s

inequality,
T 2
( K (XE - m)de)
to

T 2
( K (X? - x)dX3>
to

< (T = t0)* |0 flloo 1K [ 116] o (R).

o oo

Bt < (- t)lKlh [ oP1e) [ KnG - o))

—00 — 00

drdz

<@ - t0) | KRS [ S(a)E da
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Bound on E(Bj, ;,/). Since & — |K,(X;(w) —2)|/[| K1 is a density function for every (t,w) € [to, T] x €,
by Jensen’s inequality,

T poo T 2
E(Bj ) =E ( /t /_ Kn(X} —2)b(XHo(x) | Kup (X2 - m)dedmdt)

to

T 2
( Kh,(Xf—x)dXS?) dxdt

to

<@-wiklh [ [ B - Db

T 2
< Kh,(Xg—x)dXS?) dx

to

T 2
( Kn (X% - x)dX§>

— @Il [ ([ G- e st

— 00 —00

<@ 6P I8l KR8 [ o) da

to

< (T = t0)*[I6° flloc I K113 118 scm(R).

Now, for any h > 0 and ¢ € L%(R, dx),

E((Pa(X, ), ¢)3,5) = ﬁE
2
< (T—W(E(

( L O:O o(2)5(2) /t T Kn(X, — x)dXtd;z:> 2]

Ch) +E(D}))
with

[eS) T
Cp = / w(x)d(x) Kp(X: — v)o(Xy)dWidx and

— 00 to

Dy, = /00 o(x)d(z) Kp(X: — 2)b(X})dtde.

— 0o t()

Bound on E(C?). By the isometry property of 1t6’s integral and the definition of f,

et = [ [ et | B = )X, = o (X, drdady
=0t [ [ oo [ Kae— Kz~ )o(e)? dadsdy

= (T—to)/ (Kn* (90)(2)%0(2)* f(2)dz < (T — to)llo” flloc [ K [T 118l sc 40113 5-

— 00

Bound on E(D?). By the definition of f,

T 0o 2 T
E(D2) = E ( / b(X,) / Kh<xtx>so<x>6<x>dzdt> < (T~ to) / E(b(X,)? (K, * (126))(X,)?)dt

< (T—to)Q/_OO (Kn * (90))(2)*b(2)* f (2)dz < (T = t0)?[[6° fll oo 1K [ 16]| oo |0113 -
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Finally, since X is a semi-martingale and since the map (¢t,w,z) — Kp(Xi(w) — z)(bf)p (x)d(x) is
measurable and bounded for any h, h’ € Hy, by the stochastic Fubini theorem and It6’s formula,

o0

(T = to){®n(X, ), (0f )25 = (T—to)/ 5 (X, 2)(bf ) ()0 () de

— 00

_ /t /_ T K (Xs — ) (b ) (2)3(2)dwd X, as,

_ / K+ (b ) 0)](X)d X,

to
= \Ijh,h/(XT) \Ilh h’ Xto / wh h' Xt) (Xt) d

where
¢h,h’ = Kh * ((bf)}L/(S), and \Ifh,h/ = ]C(/h) * ((bf)hlé)
is a primitive function of vy, 5. On the one hand,
U = Kn* ((0f)n6)
= Kh * ((bf)h/(s/) + Kh * ((Kh/ * (bf)/)5)
= Kp* ((bf)nd") + Kp * (Kp + (0f))0) + Kp * (K * (V' f))).
Then, since bf, bf’ and ¥’ f are bounded under Assumption 2.2,
[hnlloo < IEBILIER * (0 )loolld loo + 1K n 1l Enr * (0f Moo l1dlloc + KA1 [1Er # (0" f)) oo ll0]l o
< KNI o018 lloo + K110 loo [16]loe + NENTNY flloll]lo0 < oo
On the other hand,
[Whnlloo < IEC/) ool [(Bhr * (0))6]11 < [[K]lso 16]] oo [ K[| 110 ]l1 < .

This concludes the proof because

(T = to) (P (X, ), (0f Jn)2.s] < 2[|Whnloo +

Sllthn o as.
A.7.3. Proof of Lemma A.5. For any h,h' € Hy,
U (N) = gnwr (X*, X7)
i#]
with, for every 1,2 € E = C°([0,T];R),

Inw (p1,02) 1= (Pn(p1,.) — (b )n, @i (2,.) = (bf)n)2,6-
On the one hand, since E(gy, 1/ (p, X)) = 0 for every ¢ € E, by Giné and Nickl [17], Theorem 3.4.8, there
exists a universal constant m > 1 such that for any A > 0, with probability larger than 1 — 5. 46_’\,
Unp (V)] m
N2 N2
where the constants ayp, p/(N), by p/(N), ¢pn(N) and 0y 5/ (N) are defined and controlled later. First,
note that

(18) Un(N) =3 G (X7, X7) = G (XT) = G n (X7) + B(Gy, o (X7, X7)))
i#]

(chp (NN 404 5 (NN + i (N)AY2  ap i (N)A2)

where, for every 0,7’ € Hy and 1, 92,9 € E,

Gy (P1,02) 1= (D (p1,.), By (02,.))2,6  and gy (V) 1= (Dy(1,.), (0f )iy )2.5 = E(7, 0 (¥, X)).
Let us now control ay p/ (N), by p (N), ¢ p (N) and 0y 5 (IV):
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e The constant aj,/(N). Consider

ah,h/(N) (= sup |gh,h'(§01a§02)|~
P1,p2€EE

By (18), Cauchy-Schwarz’s inequality and Lemma A.4,

aun (N) <4 sup |<<I>h<go1,.>,<I>h/<soz,.>>z,5|<4(sup ||<I>h<so1,.>|2,5)(sup ||<I>hf<soz,.>||2,a)
p1,p2€E p1EE p2€E

1/2 1/2
< 4 [ SIKIS | I8lloc oIS IHE ] 2T 6Kl o 1ol llolls IE 13 / < a
LT - t0)? h? (T'—0)? (h')? i
with
61115
=4 {(T_to)z +l8llocllo S IE N3] -

So, since (Nh3)~t < 1,
Clh7h/(N)>\2 < C1/\2 < C1)\2.
N2 N2h3 N
e The constant by, ,/(N). Consider

b1, (N)? == N sup E(gn,n (¢, X)?).
pelE

By (18), Cauchy-Schwarz’s inequality and Lemma A.4,
bh,h/ (N>2 < 16NV SU%E“@}L(@? ')7 Dy (X7 )>§,6)
pe

com(h' )N .
< 16NE(||®n (X, .)[3.5) sup @4 (0, )35 < % with ¢y = 4c;.
pe

So, for any 6 € (0,1), since (Nh3)~! < 1,

bh7h/(N)>\3/2 < i 1/2 m(h’)1/2 y 37111 1/2 c;/2>\3/2
N? T Nh3/? 0 N1/2
Om(h')  3comA3 . Om(h') N 3com\3
= 3mN2h3 ON ~ 3mN ON

e The constant ¢, ;s (N). Consider

e (N)? := N?E(gnn (X', X?)?).

By (18) and Lemma A .4,
o (N)? < 16NZE((@(X1,.), @1 (X2,.))35)
< iam(A)N?  with c3 = 16c4.4.1.
So, as previously,
o (N)AL/2 o Om(h’) = 3camA

N2 = 3mN ON
e The constant 9, ,/(N). Consider

(N i= sup B | D" ai(X)b;(X7)gnw (X', X7) |,
(a,b)e A i<j

where
N-1

N
A=< (a,b): > E(a;(X")?) <Land Y E(b;(X7)?) <1
j=2

i=1

37
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By (18), Cauchy-Schwarz’s inequality, Jensen’s inequality and Lemma A.4,

N-1
ah,h'(N) <4 sup E Z Z |a/7, Xj)ghh'<X X])l
(a,b)eA i=1 j=i+1

< ANE((®5(X1,.), @ (X2,))2 )2 < o/ *m(R')V/2N.

So, as previously,

Vpn (NN Om(h')  3cgm)?
- < +
N2 3mN ON
Therefore, there exists a deterministic constant ¢4 > 0, not depending on N, h and h/, such that with
probability larger than 1 — 5.4e™*,
U (N)| _ Om(R')  ea(1+ N)3
< + .
N2 N ON
In conclusion, with probability larger than 1 — 5.4|Hx|e™?,

{Uh,ho(N)l _ Gm(h)} el +A)°

i N2 N [ST N

and .
Unn(N)| Om(h 14 A

ap {12020 00} 0420
b U N N oN

A.7.4. Proof of Lemma A.6. First, the two following results are used several times in the sequel:

65 < 101 [ (/ Ky — )b ()f(y)dy)de

19 <o [ o010 [ Koty iy < =LK
and
E(VA(N)) = E(I#4(X,) ~ (0£)nl3)

= B2 (X )IB) + 10N =2 [ (0O B@LX )50
(20) = E(1#1(X, )35) ~ 1067 1B.s
Consider N

() 3= Vi(V) ~ (A (V) = 5 3 2(0n(X) ~ Elan(X)

with

gn (@) = [ @n(p,.) — (bf)nl3s ; Ve € E.
By Bernstein’s inequality, for any A > 0, with probability larger than 1 — 2e~?,

20, A @
N N

[on(N)| <

where

:th3H°° and Uh:]E(gh(X)Q)’

Moreover, by Inequality (19) and Lemma A.4,

1 2
r = 3 50D [9(p..) = (0l < 5 (s0p @02 s + 10l )
%)

3 peE

a 611113
< ﬁ with ¢ = 3 |:(

P 18 eI + 161 T30 11
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and, by Inequality (19), Equality (20) and Lemma A .4,
3C1

on < [lgnlloeB(Va(N)) < S5 (E(12n (X, )[5,5) = 1(BF)nll35)
h
< Czni:?E ) with ¢ = 3¢;.

Then, for any 6 € (0,1), since (Nh3)~! < 1, with probability larger than 1 — 2e~?,

com(h)A A

on NI < 2\ = + s
(c1 4 c2)A (1 4 c2)A
< —— K
< Om(h) + NS Om(h) + 7

So, with probability larger than 1 — 2|H y|e™?,

{|’Uh(N)| _ Gm(h)} < (e + Cz)/\.

e U N N ON
Therefore, by Equality (20), with probability larger that 1 — 2|Hx|e™?,

sup {;ﬂVh(N)—E(cI)h(X’_)@)é) _%}V(h)}

(1 + 2 + [[9]loo I KTENBS13) (1 + A)

< sup
heHN

heHn
{ lon(N)| _ Om(h) }

1
= T < (bl s <

ON

A.7.5. Proof of Lemma A.7. For any h,h' € Hy,

Whn( Z In.w( E(gn.n (X))

with, for every ¢ € E,
g (9) = (Pn(p,.), (bf )n — bf )26
By Bernstein’s inequality, for any A > 0, with probability larger than 1 — 2e~?,

znh,h’)\ ch,h’)\

Whn(N)| <
| h,h ( )‘ N t N
where
Chop = M and  vp = E(gnn (X)?).

Moreover, by Lemma A .4,

1 1
Chop = z sup [(Pr(ep,.), (0f ) —bf)a,s| < SI(0f ) — bfl|2,5 sup @n (0, ) ll2,5
3 pEE 3

1/2

11 6IIKIIE
3 +[10lloo ol 157113

c .
éth/QH(bf)h/—beQ,é with ¢ = = Tt

and
onpr <E(@n(X,.), (0f)n = bf)35) < caanll(0f)n —f[35.
Then, for any 6 € (0,1), with probability larger than 1 — 2e™*,

¢ A P
(W (N)] < 2¢ 2O = bF I s + 37 e = b s

2CA.4’2)\ 2C1)\2
ON ON2p3

2(caa2+ )1+ N)?

<O (b~ bf 15 + o

< O (bf ) — bfl35 +
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So, with probability larger than 1 — 2|H y|e™?,

car(l+N)?
sup {|Wi,no (N)] = 0l (bf)no — 0f35} < %7
heH N
car(l+N)?
sup {|Who,h(N)| — GH(bf)h - bf“%,é} S % and
heHn
car(l+N)?
sup {|[Wnn(N)| = 0|(bf)n — bf||§75} < %'
heH N

A.8. Proof of Corollary 5.3. On the one hand, as in the proof of Proposition 3.5 and since §(z) > m
for every = € [A, B],

E(llby s i = bllFa8) < —SEBS w7 = bfl15.4,8) + 2B fx 5 = FID)]
2¢3.5 = n
< S E6f s — bF115,6) + Bl 0 = FI2)]-
On the other hand, by Theorem 5.2 and union bounds,

5 . - 5.2, 1
B 5~ bf1Ba) < (1+0) muin (5T x — 87180) + 222 (165, 135 + )

< @Vl |0 9) i BT = 8518) + 222 (oh, — 0118+ )|

and

~ . ~ C5.2,2 1
B(1Fy - S18) < (14 0) min ECUFwr = 718+ 222 (g = I3+ )
Therefore,

_ 265501V [0]]0)

E(ly s — bl3.48) < =22 [<1+ﬁ> min  {E(6Fxp — bFIB) +E(| Faon — FI3)}

(h,h')EHN xHy

(5.3 1
+5 (0f 0, ~ 0118+ 25~ A3+ 7 )
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