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ABSTRACT

Under stably stratified conditions, the dissipation rate « of turbulence kinetic energy (TKE) is related to the

structure function parameter for temperature C2
T , through the buoyancy frequency and the so-called mixing

efficiency. A similar relationship does not exist for convective turbulence. In this paper, we propose an an-

alytical expression relating « and C2
T in the convective boundary layer (CBL), by taking into account the

effects of nonlocal heat transport under convective conditions using the Deardorff countergradient model.

Measurements using unmanned aerial vehicles (UAVs) equipped with high-frequency response sensors to

measure velocity and temperature fluctuations obtained during the two field campaigns conducted at

Shigaraki MU observatory in June 2016 and 2017 are used to test this relationship between « and C2
T in the

CBL. The selection of CBL cases for analysis was aided by auxiliary measurements from additional sensors

(mainly radars), and these are described. Comparison with earlier results in the literature suggests that the

proposed relationship works, if the countergradient term gD in the Deardorff model, which is proportional to

the ratio of the variances of potential temperature u and vertical velocityw, is evaluated from in situ (airplane

andUAV) observational data, but fails if evaluated from large-eddy simulation (LES) results. This appears to

be caused by the tendency of the variance of u in the upper part of the CBL and at the bottom of the

entrainment zone to be underestimated by LES relative to in situ measurements fromUAVs and aircraft. We

discuss this anomaly and explore reasons for it.

1. Introduction

For locally homogeneous, stationary and isotropic

turbulence produced by shear flow instabilities in a

stably stratified atmosphere, turbulence kinetic energy

(TKE) dissipation rate « and the structure function pa-

rameter for temperature C2
T are theoretically interrelated.

The expression is (e.g., Tatarskii 1961, 73–76;Gossard et al.

1998; Kantha and Luce 2018)

«5

�
a

g

T2

C2
T

N2

�3/2

, (1)

where g is the gravitational acceleration, T is the tem-

perature,N25 (g/u)(du/dz) is the squared Brunt–Vaïsälä
(buoyancy) frequency, u is the potential temperatureCorresponding author: Hubert Luce, luce@univ-tln.fr
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and the parameter a5 (1/bu)[(12 Rf)/Rf],
1 where bu ’

3.0 is a universal constant and Rf is the flux Richardson

number given by the ratio between buoyancy flux and

turbulent energy production.

Kantha and Luce (2018) and Luce et al. (2019) tested

this theoretical relationship in the free troposphere and

in clear air conditions, from direct estimates of « and C2
T

from high-resolution wind and temperature measure-

ments made by unmanned aerial vehicles (UAVs) dur-

ing the Shigaraki UAV-Radar Experiment (ShUREX)

2016 and 2017 campaigns [see Kantha et al. (2017) for

detailed description of the campaigns]. The study con-

firmed the statistical validity of Eq. (1), with a ’ 0.17

(corresponding to Rf ; 0.14) consistent with similar

observations in the ocean (Kantha and Luce 2018).

Because the energy and flux budgets are different in

the CBL due to different sources of instabilities and

turbulence (mainly buoyancy-driven from the bottom

due to solar heating), we expect Eq. (1) does not apply to

CBL, at least for the well-mixed portion of the CBL,

where N2 is expected to be nearly zero and in the lower

part of the CBL, where it is negative. Luce et al. (2019)

reported that the largest statistical disagreement be-

tween the direct and indirect estimates of « using Eq. (1)

were indeed observed inside the CBL. In addition to

theoretical problems, the evaluation of Eq. (1) on indi-

vidual profiles is made difficult by the fact that mea-

suring local values of N2 is not easy in presence of

thermal updrafts and downdrafts (see appendix of Luce

et al. 2019).

The behavior of C2
T in CBL has been extensively

studied in the past by theoretical and experimental ap-

proaches (e.g., Kaimal et al. 1976; Fairall 1987; and

references therein). However, to the authors’ knowl-

edge, the relationship between « and C2
T in the CBL has

not been addressed. In the present work, we propose an

analog to Eq. (1) for convectively driven turbulence, by

assuming the validity of Deardorff’s (1966, 1972) ap-

proach for correcting for nonlocal effects on the vertical

heat flux in the central, well-mixed part of CBL. The

correction consists of adding a countergradient term g to

the sensible heat flux equation based on K theory. We

tentatively express g in terms of « and C2
T . These two

parameters can be accurately estimated from high-

resolution measurements of winds and temperature

(e.g., Luce et al. 2019), so that the proposed theoretical

relationship between these two parameters can be ex-

perimentally verified.

The derivations of the desired expression, based on

the heat flux budget equation and on the parameteri-

zations made by Deardorff (1972) for the well-mixed

part of the CBL, are described in section 2. Section 3

describes briefly the instrumentation used for collecting

observational data and presents the methods and crite-

ria used for selecting CBL cases used for the present

study. Section 4 describes the results of experimental

evaluation of the expression proposed in section 2, from

comparisons between UAV data and data disseminated

in the literature, mainly airplane observations and large-

eddy simulations (LES). These comparisons highlighted

significant differences between temperature fluctuation

intensity parameters,C2
T and hu2i, estimated from in situ

measurements and those predicted by LES in the upper

part of the well-mixed region and in the entrainment

zone of the CBL. These differences suggest that the ef-

fects of entrainment on C2
T and hu2i are more pro-

nounced in the atmosphere than as depicted in LES

results. Although inconsistencies between in situ ob-

servations and LES made comparison and interpreta-

tion difficult, we make the assumption that the in situ

measurements are more representative of the CBL dy-

namics and structure than the LES model results. If this

is true, then the Deardorff model of countergradient

term would be quantitatively relevant, in spite of the

deficiencies in its formulation. These issues are dis-

cussed in section 5.

2. Theory

a. Sensible heat flux equation and
countergradient terms

From the sensible heat flux equation, assuming hori-

zontally homogeneous conditions, no subsidence, and a

steady state under Boussinesq approximation, we have

(e.g., Stull 1988)

›hwui
›t

5 052hw2i›Q
›z|fflfflfflfflfflffl{zfflfflfflfflfflffl}

M

2
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0

hu2i
|fflfflfflfflffl{zfflfflfflfflffl}

B

.

(2)

The angle brackets h���i indicate spatial averages. The

four terms on the right-hand side are as follows: M is

the so-called mean gradient production term, T is the

vertical turbulent transport term, P is the pressure

gradient–potential temperature covariance term, and B

is the buoyancy production term. The variables are

as follows: Q(z) is the background (mean) potential

1We point out that a is generally noted by g in the literature

(e.g., Kantha and Luce 2018; Luce et al. 2019). The notation has

been changed in order to avoid confusion with the countergradient

term expressed in (5).
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temperature, p is pressure perturbation, u0 is the mean

potential temperature in the CBL, and hu2i(z) and

hw2i(z) are the variance of turbulent potential temper-

ature and vertical wind fluctuations, respectively. Terms

T and P are third moments and must be parameterized

by suitable closure schemes.

By neglecting T from arguments based on observa-

tions and by using the Rotta ‘‘return to isotropy’’ closure

scheme for P,

P52
hwui
t

, (3)

where t is a pressure relaxation time scale, Deardorff

(1966, 1972) showed that Eq. (2) can be written as

hwui52K
H

�
›Q

›z
2g

D

�
, (4)

whereKH 5 hw2it is the turbulent diffusivity and gD is a

positive term called ‘‘countergradient term’’ given by

g
D
5

g

u
0

hu2i
hw2i . (5)

Equation (4) indicates that the sensible heat flux (based

on u) in the well-mixed part of the CBL is not only due to

the usual local downgradient transport but also to a

nonlocal convective transport gD. The nonlocal term gD
expresses the vertical redistribution of the surface flux of

u upward by convective eddies, independently of the

local gradient of u. The term ›Q/›z2 gD can be seen as

an apparent (negative) potential temperature gradient,

which justifies the countergradient heat transport in the

upper half of the CBL, where the temperature gradient

is expected to be stable (e.g., Deardorff 1966; Stull

1988). However, it is worth noting that the Deardorff

formulation ignores the turbulent transport term T in

the vertical heat flux budget, even as it is trying to ac-

count for heat transport by large eddies in the CBL.

Deardorff’s approach was widely accepted, until nu-

merical simulations of CBL dynamics from LES made

evaluations of each termofEq. (2) possible. Figure 1 shows

vertical profiles of M, T, P, and B according to LES per-

formed by Holtslag and Moeng (1991, hereafter referred

as HM91) and Ghannam et al. (2017, hereafter referred as

GH17) for strongly convective cases, in which buoyancy

production of TKE dominates shear production.

The profiles shown in Fig. 1 are normalized by scaling

variables used by similarity theory for strong convec-

tion. First, zi is the CBL depth defined as the altitude of

the minimum of (negative) heat flux, or, in practice as

the height of the bottom of the capping temperature

inversion. The depth of the well-mixed potion of the

CBL is generally defined by 0.2 , z/zi , 0.8. Also, w*
the Deardorff convective velocity scale and u* is the

convective temperature scale defined as w*u*5wus,

the surface sensible heat flux, that is, the main forcing

for pure convection.

LES profiles from HM91 and GH17 are very consis-

tent with each other (Fig. 1) and indicate that the tur-

bulent transport term T cannot be neglected. HM91

proposed T’P1bw2

*u*/zi for 0.1 , z/zi , 0.8 where

b ’ 2 is an empirical value found by HM91 and a

modified expression of Eq. (2):P52hwui/t2C2B (e.g.,

Stull 1988, p. 222). UsingMoeng andWyngaard’s (1986)

results, HM91 used C2 5 0.5, and got an alternative

expression for Eq. (4):

hwui52K
H0

�
›Q

›z
2 g

HM

�
, (6)

with KH0 5 hw2it/2 and

g
HM

5 b
w2

*
hw2i

u*
z
i

. (7)

Equations (5) and (7) are similar in appearance but are

based on different physical processes. Basically, Eq. (5)

arises from the buoyancy production term B after ne-

glecting the turbulent transport term T. Equation (7)

arises from not neglecting T (see HM91, 1691–1692, for

more details).

By applying C2 5 1/3, expected to be valid for iso-

tropic turbulence (e.g., Stull 1988), a generalized ex-

pression of the countergradient term can be written:

g
G
5
1

3

g

u
0

hu2i
hw2i1 b

w2

*
hw2i

u*
z
i

5
1

3
g
D
1 g

HM
. (8)

FIG. 1. Vertical profiles of each term of Eq. (1)—P, T, M, and

B—reproduced from Fig. 1 of HM91 (solid lines) and Fig. 5a of

GH17 (dashed lines) for strong convection cases.
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The literature provides many other expressions for the

generalized countergradient term, based on various

closure schemes and approximations from LES (e.g.,

Abdella and McFairlane 1997; Tomas 2007; GH17).

Figure 2 shows vertical profiles of gD and gHM esti-

mated from LES according to HM91 and calculated

from profiles of variances shown by GH17 for the

strongly convective case (called S1 in their paper). As

noted by HM91, the two expressions of the counter-

gradient term provide a similar behavior but there are

substantial differences (e.g., a factor of about 2 around

z/zi ; 0.7), which is clearly evident in Fig. 2.

b. Estimation of gD from C2
T and «

It is difficult to extract the wind velocity, especially its

vertical component, accurately from UAV measure-

ments and therefore the variance hw2i cannot be ob-

tained from UAV data. Therefore, Eqs. (5) and (7) for

the countergradient term are of little use in our context.

However, if we ignore the contribution of anisotropic

eddies in the CBL then the ratio of the variances can be

rewritten as

hu2i
hw2i’

C2
u

C2
w

, (9)

where C2
u and C2

w are the structure function parameters

for potential temperature and vertical velocity, respec-

tively. Then, we have, from Eq. (5),

g
D
’

g

u
0

C2
u

C2
w

. (10)

Equation (9) was applied by Gossard et al. (1998) for

shear generated turbulence in a stably stratified back-

ground. However, it might not be indisputably valid in

the present case. The main reason is that even if C2
u and

C2
w can be defined, Eq. (9) requires that the outer scales

of turbulence (identifying the extent of the inertial re-

gion of the spectrum) are the same for both the tem-

perature and wind fields, which may or may not be true

in the CBL. In addition, observations and LES reported

that hw2i slightly differ from hu2i or hy2i (with hw2i; 2hu2i
around the center of the well-mixed portion of the CBL

and hu2i . hw2i at the edges) (e.g., Fig. 9 of Moeng and

Sullivan 1994) indicating an anisotropic contribution to

the variance likely due to the largest convective eddies

in the well-mixed portion.

We can estimate C2
u from C2

T as follows, using the rela-

tionship between potential temperature and temperature:

C2
u ’C2

T(p0
/p)4/7 , (11)

where p0 5 1000hPa. In the CBL, C2
u and C2

T are nearly

identical. For z 5 1000m, (p0/p)
4/7 ’ 1.06.

On the other hand, C2
w reads [Eq. (1b) of Gossard

et al. 1998]

C2
w 5

4

3
c«2/3 , (12)

where c is a universal constant (;2.1). Therefore, a re-

lationship between « and C2
T can be established:

g
D
’ 0:36

g

u
0

C2
T

«2/3
, (13)

or equivalently,

«5

�
0:36

g

u
0

1

g
D

C2
T

�3/2

, (14)

where 0.36 5 3/(4c). Equation (14) is the counterpart

of Eq. (1) relating « and C2
T for stratified turbulence.

Contrary to Eq. (1), Eq. (14) does not depend on the

local static stability N2, because the heat flux is dom-

inated by nonlocal transport effects produced by

convective eddies in the well-mixed portion of the

CBL. Thus, any formulation based only on local gra-

dients would produce incorrect results (see Kantha

and Luce 2018).

Now, we are faced with two issues related to Eq. (14).

First, this equation was derived from Deardorff’s (1966)

parameterization of heat flux budget, found later to be

FIG. 2. Vertical profiles of normalizedgD (dashed lines) and gHM

(solid lines) estimated fromLES for strong convection according to

HM91 (black lines) and GH17 (red lines).
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incorrect by numerical LES studies (HM91). Second,

Eq. (13) is conditioned by the validity of Eq. (9).

Therefore, we first examined whether Eq. (13) is indeed

equivalent to Eq. (5) by comparing with gD estimated

from hw2i and hu2i. This comparison can be made from

published results in the literature, as long as «, C2
T , hw2i,

and hu2i are all estimated. This we do in section 4.

3. Selection of CBL cases

The UAV deployment is described by Kantha et al.

(2017). The UAVs were usually preprogrammed to

move up and down up to a few kilometers above the

ground, along spiraling ascents and descents in the vi-

cinity of the 46.5MHzMU radar (Fukao et al. 1990) and

1.35GHz LQ7 wind profiler (Imai et al. 2007). High-

resolution and low noise wind and temperature data

were collected from high-frequency response pitot and

cold wire temperature (CWT) sensors, respectively. The

data processing used for retrieving pseudovertical pro-

files of energy dissipation rates and C2
T from time series

is described in detail by Luce et al. (2019) and there is no

need to repeat here. Twenty-six profiles of « and C2
T

(among a total of 66 during CBL events) were selected

for this study. The selection procedure was partly sub-

jective but was made in order to retain cases of active,

strong CBL and exclude residual layers of a decaying

CBL. The selection criteria were based on the following:

1) The depth of the layers (hzii 5 1260 6 340m): The

shallow layers of a few hundred meters developing

during the early morning just after the sunrise

(around 0445 LT) were not selected (zi is the height

of the CBL).

2) The « profiles estimated from Pitot data: The se-

lected layers are associated with the largest levels of

«, relatively constant over the depth of the CBL. For

0.2 # z/zi # 0.8, log10(h«i) 5 22.50 6 0.37 (i.e.,

h«i ; 3.2mWkg21, for the selected cases. By doing

so, CBLs in their decaying stage, that is, when the

residual layer associated with more variable and

significantly smaller values of « starts to form, were

excluded from the statistics.

3) Independent observations from MU radar (when zi
exceeded the altitude of the first radar gate (;900m

AGL) and from the LQ7 wind profiler. The mor-

phology of the radar echoes associated with an

active CBL is generally easily recognizable. There

are bumpy structures of strongly enhanced echo

power around the top of the layer, in the capping

inversion and entrainment zone. Large vertical ve-

locity disturbances associated with convective up-

drafts and downdrafts, and enhanced spectral width

due to turbulence are clearly evident. The spectral

width has been used for estimating kinetic energy

dissipation rates from MU radar measurements

(Luce et al. 2018). During decaying stages, the radar

echoes are significantly weaker around the entrain-

ment zone, and so are the velocity disturbances and

spectral width.

4) Humidity profiles, micropulse lidar (MPL) data and

fish-eye camera pictures: Sustained convective bound-

ary layers are expected to develop, when radiative

heating at the ground is persistent and strong, that is,

during periods of clear sky. The absence of clouds in the

CBL and in the free atmosphere was confirmed from

MPL data during selected UAV flights. However,

sparse broken cumulus clouds were observed at the

CBL top during some UAV flights or after (6 flights

among 11), suggesting that humid air parcels reached

the lifting condensation level on these occasions.

Because we did not observe substantial differences

between the results with and without clouds at the

CBL top, we did not consider the presence of clouds

as a relevant factor. Two selected flights were made

in presence of midlevel clouds but these flights ful-

filled the other conditions (especially number 2).

5) Surface data: The wind speed at the ground was weak

(typically about 1–2m s21) during the flights. The

solar flux measured at the ground was also useful for

estimating the scaling variables.

The time and duration of each of the 11 selected UAV

flights are shown in Fig. 3. Each flight provided one to six

vertical profiles of atmospheric parameters collected

during ascents and descents. The profiles (Fig. 4) asso-

ciated with the selected flight DH64 (four profiles

around 1200 LT) show the following properties (note

that in Figs. 4 and 5, the altitude is MSL and the ground

altitude was 348m MSL):

1) N2 is weak over the whole depth of the CBL layer

and shows a pronounced peak at the top, signature of

the capping inversion.

2) C2
T is strongly enhanced in the CBL and is maximum

around the peak of N2. Above CBL, C2
T is about two

orders of magnitude weaker. Although not clearly

visible on the individual profiles, C2
T tends to be

minimum near the center of the CBL.

3) « is also strongly enhanced in the CBL, but slowly

decreases up to the CBL top. Above the CBL top,

« quickly decreases by almost three orders of mag-

nitude and was too weak to be estimated at some

altitude ranges.

These characteristics are at least qualitatively consistent

with those reported in the literature for CBL. Section 4

will emphasize the similarities and differences.

JULY 2020 LUCE ET AL . 2315
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Vertical profiles of N2, C2
T , and « for a rejected flight

(DH52, ;1500 LT) are shown in Fig. 5. Contrary to the

selected case shown in Fig. 4, enhanced values ofN2 can

be seen around 1000 and 1800mMSL below the capping

inversion at 2400m MSL. The C2
T and « profiles during

DH52 exhibit much weaker values than during DH64

(except around ;1000m MSL). They also show large

variations with height (up to three orders of magnitude

for «) with remarkably similar tendencies between the

ascent and descent. These features suggest that a strati-

fied residual layer has started to form. This hypothesis can

be strengthened from information provided by the radars

(Figs. 6, 7). The time–height cross section of LQ7 radar

echo power on 23 June 2017 shows the time evolution of

CBLs developing on 20 and 23 June 2017. The enhanced

echoes related to CBLs are clearly distinguishable at the

bottomof each plot.On 20 June 2017, the echo powerwas

enhanced over the entire CBL until;1500 LT, especially

during the three selected UAV flights (DH62, DH63 and

DH64). On 23 June 2017, echo power in the CBL started

to decrease from ;1400 LT with a more stratified ap-

pearance and a deep minimum just below an elevated

layer of enhanced echo power generally assumed to be

the signature of the CBL top (e.g., Kumar and Jain 2006).

The formation of a residual layer, well before the sunset,

may be explained by the presence of high-level clouds

(decreasing the solar heating and therefore the surface

heat flux), followed by precipitation from ;2000 LT.

Additional information from MU radar observations

during DH64 and DH52 consistent with different stages

of CBL evolution are shown in Figs. 7a and 7b, respec-

tively. The bumpy structures in the echo power image

around the altitude of 2000m MSL are the signature of

enhanced refractive index turbulence at the edges of the

convective cells during DH64 (Fig. 7a). These enhanced

FIG. 4. Example of a selected flight. Vertical profiles of (a)N2, (b)C2
T , and (c) « estimated from data gathered during two ascents (black

solid and dotted lines) and two descents (blue solid and dotted lines). The vertical lines in (a) indicate the vertical extent of the CBL for

each of the four profiles. Note that the altitude is m MSL.

FIG. 3. Time and duration of the 11 UAV flights associated with

the selected unsaturated CBLs during clear skies (blue rectangles)

andwithmidlevel clouds (gray rectangles). Sunrise and sunset were

around 0445 and 1910 LT, respectively.
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echoes clearly delimit the top of a region of enhanced

Doppler variance s2 due to dynamic turbulence. In ad-

dition, strong vertical velocityW fluctuations (exceeding

62ms21) can be seen, for example, around 1215 LT,

consistent with strong updrafts and downdrafts in the

entrainment zone of the CBL.

In contrast, the radar echo power image for DH52

(Fig. 7b) reveals a nearly flat CBL top at an altitude

consistent with the altitude indicated by the LQ7 radar

(i.e.,;2500mMSL). The echo pattern is more typical of

stratified conditions. In addition, s2 is weakly enhanced

within nearly horizontal bands and the W disturbances

FIG. 5. As in Fig. 4, but for a rejected flight.

FIG. 6. Time–height cross sections of LQ7 (UHF) radar echo power (dB) at vertical incidence

up to the altitude of 7.0 km on (top) 23 and (bottom) 20 Jun 2017.
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FIG. 7a. Time–height cross sections of (top) MU radar echo power (dB) at vertical in-

cidence operating in range imaging mode on 23 Jun 2017 around DH64 flight, (middle

right) Doppler variance s2 (m2 s22), and (bottom right) vertical velocity W (m s21) up to

7.0 km. Also shown are the mean and median profiles of (middle left) s2 and (bottom left)

W during the observation window. The horizontal bars indicate61 standard deviation. For

identification of the CBL, the echo power contour level at an arbitrary value is super-

imposed on the s2 and W plots. The triangle-shaped echoes are due to the detection of

the UAV.
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are weak. These features confirm the different stages of

the above two CBL events.

4. Results of analyses

a. Mean profiles of UAV-derived parameters
(N2, C2

T, and «)

The 26 selected vertical profiles ofN2, log10(C
2
Tz

2/3
i /u2*),

and log10[«/(w
3

*/zi)] versus z/zi are shown in Fig. 8.

Normalization was made with constant scaling variables

u*’ 0:08K andw*’ 2m s21 and zi’ 1500mmaking use

of surface measurements of solar heating, and coarse ap-

proximations for estimating other terms of radiative budget

(see appendix 1 of Troen and Mahrt 1986). These scaling

values are subject to some uncertainties and produce CBL

heights slightly larger than the observed ones, but they are

relatively common according to the literature. Part of the

scatter in Fig. 8 can be due to normalization with constant

FIG. 7b. As in (a), but for data collected on 20 Jun 2017 around DH52.
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values for u* and w*. However, the mean tendencies with

height should not be affected, sincemore accurate values of

u* and w* may not be significantly different from the es-

timated ones. In addition, the comparisons with past ob-

servational studies from literature presented in section 4b

showed that the chosen values make these comparisons

quite consistent. Alternative methods used by Kim and

Kwon (2019) and based on parameters measured by UAV

may be applied for future studies.

The mean profile of N2 estimated from the (dry) po-

tential temperature (red curve) is qualitatively consis-

tent with that expected for CBL but shows slightly

positive values (;3 3 1025 rad2 s22 on average) every-

where in the well-mixed portion of the CBL (0.2, z/zi,
0.8). In the standard scheme of a CBL, the mean value

of N2 is expected to be negative below z/zi ; 0.4 to 0.5

and positive above (e.g., Stull 1988; GH17). Humidity is

not the cause of this discrepancy because similar values

of N2 are obtained from the virtual potential tempera-

ture (blue curve) in the well-mixed portion of the CBL.

The stability of the capping inversion (above z/zi . 1) is

however affected by humidity due the strong decrease of

the mixing ratio at the CBL top. At the present time,

we do not know if the larger mean values of N2 in the

well-mixed part of the CBL are due to instrumental

or/and atmospheric effects. TheN2 estimates fromUAV

measurements can be affected by various biases, espe-

cially when vertical air velocities are not negligible with

respect to the UAV ascent rate (as may be the case in

CBL; see appendix of Luce et al. 2019). However, con-

current observations from radiosondes showed a similar

mean tendency in the CBL (not shown). Also, Bélair
et al. (1999) reported potential temperature profiles

measured from radiosondes slightly steeper than ex-

pected from their numerical simulations (their Fig. 10).

The mean value of log10(C
2
Tz

2/3
i /u2*) is large near the

surface and around the CBL top. It is almost uniform in

the well-mixed region near the middle of the CBL but

shows a minimum around z/zi ; 0.5, so that the curve is

almost symmetric with respect to the center of the CBL.

Themean value of log10[«/(w
3

*/zi)] is alsomaximumnear

the ground, slowly decreasing with height in the CBL

and drops quickly just above z/zi ; 1. Incidentally,

profiles of log10[«/(w
3

*/zi)] estimated from MU radar

Doppler variances (ShUREX2017) available when CBL

was detected above the first altitude sampled by the

radar are superimposed (thick solid lines). The pro-

cessing methods, model and results are described by

Luce et al. (2018, 2019). The radar-derived profiles agree

quite well with the UAV-derived profiles, partially

confirming the conclusions that VHF radars can provide

relevant estimates of energy dissipation rates from

Doppler spectral width.

b. Comparisons of normalized log10(C
2
T) and log10(«)

profiles with literature

The references used for the comparisons are given in

the legends of the figures cited below. Some references

FIG. 8. (a) Vertical profiles of N2 estimated from potential temperature, (b) log10(C
2
Tz

2/3
i /u2*), and (c) log10[«/(w

3

*/zi)] vs z/zi in dotted

lines. The red curves show the averaged profiles. In (a), the blue curve shows the mean profile of N2 estimated from the virtual potential

temperature. In (c), the solid black lines show the corresponding profiles of log10[«/(w
3

*/zi)] estimated from the Doppler variance mea-

sured by the MU radar and using the empirical model proposed by Luce et al. (2018). Note that z is the altitude AGL.
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have already applied polynomial fittings for deriving

empirical models. When this is not the case, for ease

of legibility, some scatterplots have been replaced by a

polynomial fit, representative of the tendency of the dis-

tributions. Horizontal bars, representative of the vari-

ability of these distributions, are not shown, for legibility

and because this variability was found sufficiently weak

for giving credence to the observed tendency. The reader

can find the original plots, sometimes plotted in log scale

for altitude, in the indicated references.

Vertical profiles of log10[«/(w
3

*/zi)] derived from

UAV data compare well with those derived from in situ

measurements (i.e., airplane data) (Caughey and Palmer

1979; Lenschow 1974; Lenschow et al. 1980; Druilhet

et al. 1983) and numerical LES (Fig. 9) for strong con-

vection (Moeng and Sullivan 1994). All the dimensionless

profiles reveal approximately the same shapes and levels

at all altitudes indicating a truly universal tendency with

height of the TKE dissipation rate in the CBL.

Vertical profiles of log10(C
2
Tz

2/3
i /u2*) do not show a

consensus in the upper well-mixed portion of the CBL

and in the entrainment zone (Fig. 10). In particular, the

LES profile from Peltier and Wyngaard (1995) differs

strongly from the UAV profile. It has a skewed distri-

bution and exhibits a deep minimum around z/zi ; 0.7.

In contrast, the airplane profile fromDruilhet et al. (1983)

is very similar to the UAV profile and is larger than LES

profile by about a factor of 2–3 around z/zi ; 0.7. The

profile described by Caughey and Palmer (1979) has

characteristics intermediate to the UAV and LES profiles.

Fairall (1987) has already reported that LES under-

predicts C2
T in the upper part of the CBL with respect to

in situmeasurements, suggesting that effects of entrainment

might be underestimated by LES. Based on the model of

top-down and bottom-up diffusion introduced by Moeng

andWyngaard (1986) and Fairall (1987) used an additional

scaling parameter R defined as the ratio of entrainment

(top) heat flux to the surface heat flux, for modeling en-

trainment effects. The value ofR is;20.2 for conventional

LES of CBL (strong convection). For this value, the LES

profile is consistent with the Fairall model (dashed red and

pink curves of Fig. 10). For smaller (more negative) values of

R (20.5,20.7),C2
T significantly increases in theupper part of

the CBL and the altitude of the minimum of C2
T decreases,

but these profiles do not fit the observed ones (except

CaugheyandPalmer’s profile, to someextent, forR520.5).

Observations from Wyngaard and Lemone (1980) show a

largedispersion anddonot seem tobe consistentwith anyof

the other profiles. Therefore, they are not considered for the

rest of this work. The domain of validity of the Wyngaard

and Lemonemodel (red dotted line) does not extend above

the well-mixed part of the CBL (i.e., z/zi , 0.8).

c. Comparisons between profiles of hw2i and hu2i
As for «, the vertical profiles of normalized vertical

velocity variance hw2in 5 hw2i/w2

* in the CBL obtained

from LES, models or airplane observations do not

show significant differences, except near the surface

(Fig. 11). In contrast, the vertical profiles of normalized

hu2in 5 hu2i/u2* from LES studies (HM91; Tomas 2007;

GH17) clearly differ from observed hu2in (Caughey and
Palmer 1979; Lenschow et al. 1980; Druilhet et al.

1983; Therry and Lacarrère 1983) (Fig. 12). All the

LES hu2in profiles for strong convection show a trend

similar to normalized C2
T , C

2
Tn LES profiles, that is, a

deep minimum around z/zi ; 0.7. All the observed hu2in
profiles show larger values, especially near the entrain-

ment zone, but observed hu2in values converge toward

FIG. 10. As in Fig. 9, but for log10(C
2
Tz

2/3
i /u2*). The lines

and symbols correspond to the references indicated in the

legend.

FIG. 9. Vertical profiles of log10[«/(w
3

*/zi)] according to airplane

observations and someLES studies superimposed toUAV-derived

profiles. The lines and symbols correspond to the references indi-

cated in the legend.
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LES hu2in values near the top and bottom of the CBL.

As a result, the observed hu2in profiles show a lower var-

iability with height. The mean LES hu2in (blue curve) and
observed hu2in (pink curve) profiles vary by over a factor

of 5 and 2, respectively, in the well-mixed part of the CBL

(0.2 , z/zi , 0.8). However, LES results do seem to

provide better agreement with laboratory experiments

reported by Willis and Deardorff (1974).

Comparisons between the mean observed hu2in, LES
hu2in, and model hu2in profiles obtained for strong,

moderate, and weak convection are shown in Fig. 13.

The various LES and models agree very well with one

another for each of the convection intensity, but none

of the LES and model profiles fit the mean observed

profile. This indicates that the discrepancies between

LES/models and observations cannot simply be ex-

plained away by improper scaling, and that some other

issue exists. The validation of Eq. (14) is thus made

difficult by these substantial differences between ob-

servations and numerical simulations.

d. Attempt at validation of gD from Eq. (13)

To the authors’ knowledge, Caughey and Palmer

(1979) (Figs. 4, 5, 9, 10) and Druilhet et al. (1983)

(Figs. 3, 4) are the sole studies providing profiles of

(normalized) «, C2
T , hw2i, and hu2i from the same da-

tasets. Profiles of gDn 5 gDzi/u* given by Eqs. (5) and

(14) are shown in Fig. 14, along with the UAV profile

derived from the mean values of «, C2
T shown in Fig. 8.

The profiles obtained from Caughey and Palmer’s

data yield similar results for z/zi , 0.3 but the two

profiles diverge at higher altitudes: gDn values from

Eq. (13) exceed the normalized values from Eq. (5)

by a factor of 3 in the entrainment zone (z/zi . 0.8).

However, the two profiles obtained from Druilhet

et al.’s data are very similar, giving some credence to

the theoretical derivations proposed in section 2b. In

addition, they coincide very well with the UAV profile

indicating that the CBL cases studied by Druilhet

et al. (1983) were likely comparable with those we

observed, and not Caughey and Palmer (1979). The

reason for this discrepancy is not known.

The profiles of LES gDn and gHMn (Fig. 2) are su-

perimposed on the profiles of observed gDn (Fig. 14b) in

Fig. 15. One apparent paradox stands out: LES gHMn

(solid blue) fits observed gDn (black, green, and red

curves) much more accurately than LES gDn (dotted

blue). The poor agreement between observed gDn and

LES gDn was expected due to the differences between

observed hu2in and LES hu2in around z/zi ; 0.7 (see

Fig. 12). The good agreement between LES gHMn and

observed gDn is more puzzling, but it may suggest that

the two counter gradient terms gHM and gD are in

practice quantitatively similar, despite different phys-

ical mechanisms. Since LES hw2in and observed hw2in
do not differ substantially (see Fig. 11), LES gHMn also

fit observed gHMn.

The paradox may be tentatively resolved from the

following arguments:

gHMn can be rewritten as

g
HMn

5
2

hw2i
n

. (15)

Also,

g
Dn
(OBS)’

�
g

u
0

hu2i
n
(OBS)

u*zi
w2

*

�
1

hw2i
n

. (16)

Equations (15) and (16) are equivalent if the term in

the square brackets in (16) can be approximated by a

FIG. 12. As in Fig. 9, but for log10(hu2in). The lines are associated

with references indicated in the legend.

FIG. 11. As in Fig. 9, but for log10(hw2in). The lines are associated

with references indicated in the legend.
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constant equal to 2. As mentioned earlier, observed

hu2in varies over a factor of 2 only in the well-mixed part

of the CBL (0.2 , z/zi , 0.8) (see Fig. 12). Its mean

value is about 2.8 (0.45 in log10 scale). Thus,

g
Dn
(OBS)’ 2:3

1

hw2i
n

’ 1:15g
HMn

(LES) (17)

for the mean values of u*, w*, and zi used in the present

study. The generalized expression (8) would read ob-

served gGn ’ 1.2gDn. The numerical coefficients strongly

depend on the values of the scaling variables, but ob-

served gDn and gGn would nearly be proportional to

LES gHMn, in any case.

These derivations are relevant only if the Eq. (15) for

gHMn, based on closure schemes recalled in section 2a,

is still valid despite changes of hu2in, that is, changes of
the buoyancy production term B of the heat flux bud-

get. An increase of the termBmust imply a decrease of

(M 1 P 1 T) [see Eq. (1)] for equilibrium. The closure

expression used by HM91 for the term T may not be

valid anymore. Interestingly, a decrease of T above

z/zi. 0.3 tends to make it closer to 0, which would be in

agreement with the hypothesis made by Deardorff

(1966) for deriving Eq. (5). A decrease of M without

changes of hw2i implies an increase of dQ/dz (or N2)

with respect to the level expected from LES. It is at

least qualitatively consistent with what we observed in

Fig. 8a. These assertions are, of course, rather specu-

lative and require additional in situ and LES studies for

validation.

e. Application of models of countergradient terms

The mean profiles of normalized « (in log scale) re-

constructed from C2
T using Eq. (14) and various ex-

pressions of the countergradient terms,

g
D
(LES)5

g

u
0

hu2i
LES

hw2i
LES

, (18a)

FIG. 14. Vertical profiles of gDn 5gDzi/u* from Eq. (5) (green curve) and Eq. (13) (red curve) from data in

(a) Caughey and Palmer (1979) and (b) Druilhet et al. (1983). The black curve shows the corresponding estimates

from UAV data using Eq. (13).

FIG. 13. Profiles of log10(hu2in) for various intensities of con-

vection according to LES and models. The lines correspond to

references indicated in the legend.
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g
HM

(LES)5 b
w2

*
hw2i

LES

u*
z
i

, (18b)

g
D
(Dr83)5

g

u
0

hu2i
Dr83

hw2i
Dr83

, (18c)

are compared with measured profiles in Fig. 16. In Eq.

(18c) gD(Dr83) is the Deardorff countergradient term

estimated from variances provided by Druilhet et al.

(1983). As expected, the reconstructed profiles from

gD(LES) agree poorly with the measured profiles. In

contrast, the agreement is satisfying when using gHM(LES)

or gD(Dr83). The absolute level of the countergradient

term would be about gD ; 0.21 3 1023 to 0.37 3
1023Km21 in the well-mixed region where it is roughly

constant. These values compare quite well with the

values reported by Deardorff (1972) (gD ; 0.313 1023

to 0.52 3 1023Km21) from airplane observations.

5. Summary and conclusions

Wehave proposed a theoretical expression [Eq. (14)]

relating the TKE dissipation rate « to C2
T in a non-

saturated CBL, based on Deardorff’s (1972) formula-

tion [Eq. (5)] of the countergradient term gD for

sensible heat flux (section 2). This expression, expected to

be valid in thewell-mixed central region of theCBLwithin

the framework of Deardorff’s hypotheses, is «5a(C2
T)

3/2
,

where a5 (0:36g/u0gD)
3/2. It is the counterpart of Eq. (1)

valid for stably stratified turbulence only. We investigated

Eq. (14) by evaluating gD from observational and LES

data available in the literature and by considering an al-

ternative expression for the countergradient term gHM

from HM91, which was based on a different physical ar-

gument. These investigations have led to a cascade of

puzzling results, which we summarize below:

1) The normalized profile of gD estimated from

Eq. (5) and using airplane-derived u2 and w2

profiles reported by Druilhet et al. (1983) is sim-

ilar to the one estimated from Eq. (13) using

UAV-derived « and C2
T (Fig. 14a). The agreement

when using Caughey and Palmer (1979) aircraft

data is worse (Fig. 14b), but the results suggest

that Eq. (14) is quantitatively satisfactory, al-

though the isotropy hypothesis applied to derive

Eq. (13) may be disputable. Therefore, these first

results would make the problem relatively easily

solved, but the Deardorff formulation was questioned

by subsequent studies using LES (e.g., HM91).

2) We further found that the profiles of gD estimated

from LES using Eq. (5) do not fit those estimated

from airplanes and UAV. The cause of this discrep-

ancy is the significant difference (up to a factor of 3)

between normalized LES-derived, and hu2i (and C2
T)

values observed in the upper part of the well-mixed

portion of the CBL. There is no such difference be-

tween LES-derived and observed hw2i values.
3) By contrast, the countergradient term gHM estimated

fromLES differs from gD estimated fromLES (Fig. 2),

but confusingly fits gD estimated from UAV and air-

plane data (Fig. 15). This puzzling agreement can be

explained only if hu2i is relatively constant in the well-

mixed portion of the CBL, because gD and gHM are

proportional to hu2i/hw2i and 1/hw2i, respectively. The
LES-derived hu2i does not respect this condition but, to
some extent, airplane-derived hu2i does. Therefore,

based on observed hu2i, we found that gD and gHM

would be virtually identical, at least in shape, despite

different physical hypothesesmade in their derivations.

The more general expression [Eq. (9)], combining gD
and gHM would also yield similar profiles.

4) It turns out that if the observed hu2i values are more

representative than the LES-derived hu2i the heat

flux budget must be reexamined, since hu2i contrib-
utes to the buoyancy production term B. Therefore,

turbulence closure schemes used for deriving gHM

may not be valid anymore. It is clear that we have

fallen into a circular reasoning. It is possible to avoid

it, only if the causes of disagreement betweenLESand

observations are explained as being due to either the

inadequacy of LES tomodel the complexmechanisms

of entrainment at and near the CBL top (often rec-

ognized as much deeper down to the well-mixed

FIG. 15. Vertical profiles of gDn(LES) and gHMn(LES) per-

formed by HM91 (blue curve). The black, green, and red curves

show the normalized gDn(OBS) estimated fromUAVandDruilhet

et al. (1983) data (as in Fig. 13).
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portion of the CBL) or measurement biases from

in situ techniques. In addition, the present analysis

focused on mean tendencies. The analysis of each in-

dividual profile might yield other insights, to be con-

sidered in future work on the topic.
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