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‘“NTRODUCTION

“N ADDITION TO ITS IMPACT ON ECOLOGICAL DYNAMICS HUMAN ACTIVITIES ARE MAJOR DRIV
EVOLUTION OF SPECIES INTERACTING WITN ESAMPLE OF SUCH IMPACT THE EVOLUTION OF
ANTIMICROBIAL RESISTANCE -2 AMONG PARASITES OF MEDICAL IMPORTANCE IS A GROWING ¢
ACROSS THE WORLE ;!N ANTIMICROBIAL SUBSTANCE IS A CHEMICAL AGENT THAT HAS THE POT
TO INTERFERE WITH THE PHYSIOLOGY OF A BACTERIAL CELL "ECAUSE OF THEIR RELATIVE S
ANISMS OF ACTION AT LEAST FOR THE ANTIMICROBIAL FAMILIES CURRENTLY USED TO TREAT
SINGLE ANTIMICROBIAL MOLECULE DOES NOT CAUSE ANY DAMAGE TO A BACTERIUM WHILE NC
POPULATION CAN SURVIVE IN A MEDIUM FULLY SATURATED WITH ANTIMKERORIAEDS THE
NEGATIVE EFFECT OF AN ANTIMICROBIAL SUBSTANCE ON A GI$EMUBACTERREFERRED TO HERE
AS THE ANTIMICROBIAL ACTIVITY AND BENOARINCREASING FUNCTION OF ITS CONCENTRATIO
THE MEDIUM DENOTEDWITH BOUNDARKE$C) = 0 WHENC = 0 ANDA (C) ! A ot WHEN

C ! C st WHERR g5t ANDGs5t ARE SATURATING THRESHOLD LEVEL$S (BRESURED AS THE
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ANTIMICROBIAL RELATED MORTALITY RATE &ROM THIS INTUITIVE APPROACH IT FOLLOWS THAT 1
IN(0; Gsat) SUCH THAT(C?) IS EQUAL TO THE INTRINSIC RATE OF INCREASE AND REVERSES THE GR
A BACTERIAL POPULATION ALL ELSE BEING EQUAL 4HIS THRESHOLD CONCENTRATION AT WHI(
POPULATION DOES NOT GRAVRGS CALLED THE -INIMUNHIBITORY #ONCENTRATI®N -

2ESISTANCE IS THEN A CONTINUOUS TRAIT BY NATURE REFERRED TO AS ANTIMICROBIAL (
RESISTANCE Q!-2"NDEED BECAUSE OF THEIR SHORT GENERATION TIMES AND LARGE POPULATIC
BACTERIAL POPULATIONS SHOW A GREAT INTRASPECIFIC GENETIC DIVERSITY GENERATED THF
MUTATIONS 4HESE MUTATIONS DEFINE DISTINCT STRAINS WHICH THEREFORE CAN DIFFER BY T
SUSCEPTIBILITY TO A GIVEN ANTIMICRGBIM. A CONSEQUENCE THEGAN BE SEEN AS A
DISTRIBUTED VARIABLE WITHIN THE SAME BACTERIAL SPECIES UNDERPINNED BY A MAPPINC
STRAIN GENOME TO A UNIQHWHEIHESE -“# DISTRIBUTIONS ARE EXPERIMENTALLY ASSESSED ON
log, DISCRETISED SCALEESEEHE %5#!34 DATABASES USUALLY WITH A LOW SKEWNESS THAT
SPANS OVER TWO OR THREE ORDER OF MAGNITUDES OF ANTIMICROBIAL CONCENTRATIONS &
RECENT STATISTICAL MODELEXIPLAINED BY GENOMIC DATA HAS SHOWN IN THEGSHROY
GONORRHOHAMAT INDEPENDENT EXPONENTIAL CONTRIBUTIONS OF DISTINCT SUBSTITUTIONS
GOOD SET OF REGRESSORS FOR ESTNATIMBEREFORE WE HERE USE THE LOG DIFFERENCE IN -
AS A PHENOTYPIC DISTANCE BETWEEN BACTERIAL STRAINS WITH RESPECT TO ANTIMICROBIAL £
4HIS IS PARTICULARLY SUITABLE BECAUSE THE LOG SCALE ALLOWS THE ADDITIVITY OF INDEPENL
EFFECTS WHICH WILL LATER SUPPORT SYMMETRIC MUTATION KERNELS

1UANTITATIVE RESISTANCE IS KEY TO BETTER UNDERSTAND THE WITHIN HOST EVOLUTIONAF
OF -2 BECAUSE INTERMEDIATE RESISTANCE CAN ALLOW BACTERIAL POPULATIONS TO SUR
CONCENTRATIONS BELOW THOSE CONSIDERED THERAPEALTIOWS THE COEXISTENCE OF MULTIPL
STRAINS WITHIN THE HOST (ERE WE INTRODUCE A CONTINUOUS PHERIERT DESCRREBING
THE LEVEL OF RESISTANCE BETWBR®D+ 1 7E ALSO TREAT THIS QUANTITATIVE DESCRIPTOR
AS THE LABEL OF THE BACTERIAL STRAIN WITH REXSTANCEHAVENY INTER&AD) WITH
a<b ANDx 2 (a;h) IS ALSO VALID WITHIN THE CONTEXT OF THE MODEL AND RESULTS DEVELOF
(OWEVER IT IS IMPORTANT TO KEEP IN MIND THAT INTUITIVELY THERE EXIST TWOXpHRESHOL
ANDX1 CALLED REFEREMENESITIVENDRESISTANTRAINS SUCH THAT EACH STRAIN WITH RESISTAN
LEVEL LABELLE® BN BE CLASSIFIESESSITIVENTERMEDIATERRESISTANDEPENDING ON
WHETHER< X g Xg <X <X 1 ORX> X 1 RESPECTIVELY &IGURE

&IGURE #LASSIFICATION OF THE RESISTANCE (EREXy ANDX1 ARE REFERENEERISITIVE
ANDRESISTAMNSTRAINS

Sensitive (S) Intermediate (1) Resistant (R)

T Zq

-ANY MATHEMATICAL MODELS HAVE BEEN DEVELOPED TO STUDY ANTIMICROBIAL RESISTA
LUTION WITHIN A TREATED KOST 7E ALSO THINK THAT THE LITERATURE IS SO VAST THAT WE W
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NOT KNOW WHERE TO BEGIN SINCE THE MODEL USED THEN STRONGLY DEPENDS ON THE QUES
(OWEVER MOST OF THE MODELLING APPROACHES DEVOTED TO !-2 TACKLING THE CASE OF QL
OR BINARY RESISTANCE ARE GENERALLY BASED ON THE DYNAMICAL INTERACTION BETWEEN
ASITE STRAINS LEADING TO A BINARRMULATION ;4HIS ANALYSIS IGNORES THE EVOLUTIONAR
SHORT TERM TRANSIENT DYNAMICS WHICH LEAD TO THE EMERGENCE OF RESISTANCE

40 OUR KNOWLEDGE NO STUDY HAS CONSIDERED THE CONTINUOUS NATURE OF !-2 AS
APPROACH DEVELOPED HERE (OWEVER A SIMILAR FORMALISM HAS BEEN DEVELOPED IN THE C(
ANTICANCER TREATMENT SIHERE ARE ALSO PARALLELS WITH WORK ON LINKING DRUG TARGET
KINETICS WITH BACTERIAL REPLICATION BY MODELLING THE NUMBER OF TARGET MOLECULES
CELL AS A POSITIVE CONTINUOUS VARIABELBSE A SYSTEM OF INTEGRO DIFFERENTIAL EQUATIO
MODELING THE DYNAMICS OF BACTERIAL POPULATION \( T )DENSRYSISTANCE DEVER
2ESISTANCE HAS A COST AND THUS GROWTH AND DEATH RATES DEPEND ON THE BACTERIAL RES
X “N ADDITION TO THOSE EFFECTS ON THE DEATH AND BIRTH RATES BACTERIAL POPULATION RE:
ALSO MITIGATES THE ANTIMICROBIAL EFFICIENCY WITH RESPECT TO THAT POPULATION &ROM
POINT OF VIEW SOME OF THE PROPERTIES OF THIS MODEL BUILD ON PREVIOUS ANALYTICAL C
GENETICS RESULTS DEVELOPED IN; =

7E FIRST DESCRIBE OUR MODEL AND ITS MAIN PARAMETERS .EXT WE INVESTIGATE HOW CHE
APY | E DRUG TREATMENT IMPACTS BACTERIAL POPULATION STRUCTURE AT EQUILIBRIUM 4HI
THE CHARACTERIZATION OF THE RESISTANCE LEVEL ACQUIRED BY THE BACTERIAL POPULATI
ENCE OF ANTIMICROBIAL PRESSURE 7E SHOW THAT SUCH A CHARACTERIZATION IS SIMPLY
THE REPRODUCTION NURBER = WHICH WE PROVE TO PLAY THE ROLE OF THE INVASION FIT
IN EVOLUTION = .EXT WE INVESTIGATE IN WHAT CONDITIONS OF THE DRUG EFFICIENCY ME/
BY THE ANTIMICROBIAL ACTIVITY RELATIVELY TO THE HOST IMMUNE RESPONSE AND THE COS
RESISTANCE WE CAN | PREVENT BACTERIAL GROWTH TO MAKE THE PATIENT HEALTHY AND I
EMERGENCE OF A BACTERIAL POPULATION WITH A MINIMAL LEVEL OF RESISTANCE IN CASE O
FAILURE 4HIS IS CALLED THEREAFTER THE TREATMENT OBJECTIVE &INALLY WE INVESTIGAT
DURATION OF DRUG ADMINISTRATION TO ACHIEVE OUR TREATMENT OBJECTIVE AS A FUNCTION
BACTERIAL POPULATION SIZE AND THEIR AVERAGE RESISTANCE LEVEL

$ESCRIPTION

3CALING CONSIDERATIONS AND MODEL OVERVIEW

/F COURSE ANYONE CAN CLAIM TO MODEL RESISTANCE AS A QUAXBUATIVESTRATRELY

A THEORETICAL THOUGHT EXERCISE UNLESS IT CAN BE CLEARLY LINKED WITH EXISTING N
FOR SENSITIVE AND RESISTANT STRAINS AND WITH EXISTING QUANTITATIVE METRICS REL
RESISTANCE ESPECIAELAND GROWTH RATE ! BACTERIAL STRAIN IS SAID TO BE RESISTAN
GIVEN ANTIMICROBIAL IF A TREATMENT THE POSOLOGY OF WHICH DOES NOT EXCEED TOLEI
IS LIKELY TO FAILs 4HEREFORE EACH STRAIN CAN BE CLASSHNEDO IN®R RESISTANT

2 RESPECTIVELY DEPENDING ON WHETHER OR N®TIEHHEIRE THRESHOLD CONCENTRATION
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AT WHICH A BACTERIAL POPULATION DOES NOT GROW IS BELOW OR ABOVE A THERAPEUTI(
C. DEFINED FROM CLINICAL AND PHARMACOKINETICS INVESTIGATIONS &OLLOWING THE %5
NOMENCLATURE ;SENSITIVE STRAINS CAN BE CLASNEIEMASEXPOSUREOR INCREASED
EXPOSUREPREVIOUSUKTERMEDIATBUT STILL DENOTED BEPENDING ON WHETHER THEIR
- “#1S RESPECTIVELY BELOW OR ABOVE THE PHARMACOLOGCUBRESEHPDEDING TO THE
ANTIMICROBIAL CONCENTRATION REACHED BY A STANDARD POSOLOGY 4HEY RESPECTIVELY Cf
THE CONCENTRATION THRESHOLDS| ATNGRMAL AND MAXIMUM TOLERABLE POSOLOGIES ANL
ARE KNOWN AS THE TWO CLINICAL BREAKPOINTS

"ASED ON THESE DEFINITIONS FOR ANY STRAIN OF A GIVEN BACTERIAL SPECIES EXPOSED
ANTIMICROBIAL WE CAN DEFINE A SCALE FREE QUANTITATIVE DESCRIPTOR OF !-2 VARYING IN A €
MANNER AT EACH MUTATION STEP SUCH THAT

log &
X = RS 2 R,

log &

WHERE; IS THE “# OF THE STRAIN WITH RESPECT TO THIS ANTIMICROBIAL 7ITH THIS DEFINITI
%5#!34 TYPOLOGY ; =IMPLIESTHAK O0<|< 1<R 7ITH THE ABOVE EQUATION NOTICE
THAT HAVING A NEGATIVE VALUE FOR THE RESISTAENCE<LEVBUST MEANS THAT THE GIVEN
BACTERIAL STRAIN IS MORE SENSITIVE THAN THESERESERESITRAINE G, < G

4HE MODEL FOLLOWS THE DYNAMICS OF BACTERIAL POPULATION AND ANTIMICROBIAL CONC
4HE BACTERIAL POPULATION IS ASSUMED TO BE PHENOTYPICALLY AND GENETICALLY DIVE
STRUCTURATION THROUGH THE LEVEL OF ANTIMICROBIAL RESISTANCE HERE DEFINED AS A CC
X AND REFERRED TO AS QUANTITATIVE ANTIMICROBIAL RESISTANCE 4HIS QUANTITATIVE Al
RESISTANCE LRVBANGES FRAM TO+1 AND AFFECTS DIFFERENT COMPONENTS OF THE BACTE
POPULATION LIFE CYCLE SUCH AS GROWTH AND DEATH RATE "ACTERIAL POPULATIONS WITH
LEVEX HAVE A DENSImY; X) AT TIME 4HE MAIN VARIABLES AND PARAMETERS OF THE MODEL AF
LISTED IN 4ABLE

-ODEL PARAMETERS AND GENERAL HYPOTHESIS

&OR OUR MODEL FORMULATION AND ANALYSIS THE KILLING RATE FUNCTION O& THEIUNTIMICR
BEYQUITE NATURAILYECREASING FUNCTION WITH RESPECT TO THE RESIS/TANCHE] AR
GOAL HERE IS TO DEFINE THE Flkl@()IWt]]Tﬂ-l TWO PARAMETERS NAKJFANDK; REPRESENTING
THE ANTIMICROBIAL ACTIVITY UNDERGONE BY STRANSVHHEH ARE EXAGTAKDC, AND
HEREAFTER CALLED REFERENCE STRAINS AND 4HEREFORE WE ASSUME(XHOTF THE KILLING
ANTIMICROBIAL ON THE BACTERIAL POPULATION WITH RESISAKESHHE\FEIRM

ky *

k(x) = ko P

4HE QUALITATIVE SHAPE OF THEKCYRSEBHOWN IN &IGURE

0%%2#/--5. “49 . - 14(%-14  #, 1.$  #/-05414  c1), "ULr9 OF



PCI

Math &
Comp Biol

4ABLE -ODEL STATE VARIABLES AND PARAMETERS

3TATE VARIABLES $ESCRIPTION
b(t; x) $ENSITY OF BACTERIAL POPULATION WITH RESISTANCEMEVEL
B (t) 40TAL DENSITY OF BACTERIAL POPULATION AT TIME

&UNCTIONAL PARAMETERS  $ESCRIPTION UNIT

J(x y) -UTATION PROBABILITY FROM RESISTANCEWMEVEL
PER CELL DIVISION DIMENSIONLESS
p(x) “NTRINSIC GROWTH RATE OF BACTERIAL POPULATION WITH RESISTANCE LEVEL
CELLG
k(x) +ILLING RATE OF BACTERIAL POPULATION WITH
RESISTANCE LEMBUE TO DRUG DAY
&IXED PARAMETERS $ESCRIPTION UNIT 6ALUE RANGE
Pm 5PPER BOUND OF THE INTRINSIC GROWTH RATE
Po “NTRINSIC GROWTH RATE OF THE REFERENCE SENSITIVE SORAIN pm
R8(O) 4HE REPRODUCTION NUMBER OF THE REFERENCE

SENSITIVE STRAIN WITHOUT DRUG
,IMITATION ON BACTERIAL GROWTH FACTOR

6ARIABLE PARAMETERS $ESCRIPTION UNIT RANGE
Mo 3IZE OF THE INITIAL BACTERIAL POPULATION ©;1)
(2) 2ESISTANCE VARIANCE OF THE INITIAL BACTERIAL POPULATION )
ko INTIMICROBIAL ACTIVITY ON THE SENSITIVE REFERENCE STRAIN)
P1=po 2EFERENCE RESISTANT AND SENSITIVE GROWTH RATE RATIO
k1=ko 2EFERENCE RESISTANT AND SENSITIVE DRUG EFFICIENCY RATIO

71TH FIXED AND VARIABLES PARAMETERS DEFINED IN THE TABLE ABOVE EARER TGRS ARE CALCULATED
BY = Rgﬁ P1 = Po (p1=Fb) ANDK; = ko (klzko)
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L KEWISE ONE CAN DEFINE A BACTERIAL INTRINSIC GROWTH RATE THAT INCORPORATES
RESISTANCE FOR EMPIRICAL EVIDENCE OF SUCH CGSHBHIE ®TRINSIC GROWTH RATE DENOTED
p SHOULD BE UPPER BOUNDED DUE TO PHYSIOLOGICAL CONSTRAINTS OTHERWISE A STRAIN N
AT ALL IN -2 WOULD HAVE AN INFINITE GROWITHIRATE 1 WHICH IS BIOLOGICALLY UNREALISTIC
4HEREFORE WEBET ) =: pn < 1 /N THE OTHER SIDE A STRAIN THAT TAKES AN INFINIT
CONCENTRATION OF ANTIMICROBIAL TO INHIBIT WOULD PAY AN INFINITE COST THEN COMPF
GROWTH ITSELF HBKLCE = 0: +NOWIN@y ANDp; THE INTRINSIC GROWTH RATE OF REFEREN
STRAINS AND WHICH CAN BE EXPRESSED AS FUKETRONACFUITABLE EXPRESSIONISOR

p(x) = P =
1+ Pm_ Po Po Pm P2
Po P1 Pm  Po

WITHO < p1 < pPo < Pm 4HE QUALITATIVE SHAPE OF THEpCYIREESHOWN IN &IGURE
“‘“MPORTANTLY THE ABOVE FUNCTIONALHASRI@FSRRICTLY IMPORTANT FOR OUR MODEL FORMULA
AND ANALYSIS 4HE MAIN IMPORTANT PROPERTPYSBAUAT BE A DECREASING FUNCTION WITH
RESPECT TO THE RESISTANGE LEVEL

&IGURE ,EFT “NTRINSIC GROWTHIRATEF BACTERIAL POPULATION WITH A LEVEL OF RESIST/
X 2 R 2IGHT $RUG ACTI\K(%) ON BACTERIAL POPULATION WITH RESISTANCR LEVEL

p(w) k()

k(l

"ACTERIAL POPULATION MODEL WITH QUANTITATIVE RESISTANCE LEVEL

7E USE AN INTEGRO DIFFERENTIAL EQUATION TO MODEL THE DEMOGRAPHIC AND EVOLUTIONARY
F THE BACTERIAL POPULATION T ANWAIBMEOTAL BACTERIAL POPULATION BENSHY IS
R b(t; y)dy: .EXT BACTERIAL POPULATION WITH RESISTANCRIGEVEIBIRTH TO THE BACTERIAL

POPULATION WITH RESISTANCE2 EVEL A PER CAPITA RIKE y)(l-l-p(By()t))

J(x y) IS THE PROBABILITY FOR A BACTERIAL POPULATION WITH RESIS TANTATEEMBWARDS

A LEVBLDURING THE REPRODUCTION PROGESSHE BACTERIAL INTRINSIC GROW}%%NE

IS THE EFFECTIVE GROWTH RATE ANDA SCALING CONSTANT 4HUS THE NUMBER OF BACTE!
PRODUCED AT TIMEITH RESISTANCE bB8Ekgim— rJ (X Y)P(Y)B(t y)dy: 4HE CLEARANCE

OF THE BACTERIAL POPULATION WITH RESISYANIE TEVEE IMMUNE SYSTEM OCCURS AT A

RATE(X) (ERE WE ASSUME THAT THE IMMUNE RESPOSISONSTANT IN TIME 4HE PRESENCE

b(t;y) WHERE
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OF ANTIMICROBIALS GENERATES AN ADDITIONAL MARTAMIFMGADEPENDS ON THE LEVEL OF
BACTERIAL RESISTANCE 4HEREFORE TI'*E;%%TMCOUNTS FOR THE DENSITY DEPENDENCE Ol
THE REPRODUCTION RATE 3UCH A FORMALISM IS A SUITABLE ALTERNATIVE IN REGULATING THI
STRUCTURED POPULATION WITHOUT REFERENCE TO THE CONCEPT OF CARRYING CAPACITY Wt
NOT NECESSARILY A MEASURABLE FACTOR FOR THIS TYPE OF POPULATION 4HUS 0HE PARAME
INTRODUCED ONLY TO IMPOSE THE POPULATION HOMEOSTASIS AND DOES NOT IMPACT OUR DO
RESULTS 4AKING O LEADS TO A POPULATION WITH INFINITE GROWTH IF NO EFFECT OF THE |
RESPONSE NOR OF THE ANTIMICROBIAL IS TAKEN INTO ACCOUNT /VERALL THE BACTERIAL E
DENAM|CS IS DESCRIBED BZY THE FOLLOWING DIFFERENTIAL EQUATION
@G0 g X VPONENEY (0% KGOREX): > O

>
" b(t=0;)= n():

4HE MUTATION KERMEL J- IS SUCH THA{X Y) IS THE PROBABILITY OF MUTATION FROM RESISTAN(
LEVEY TOX 7E ASSUME A 'AUSSIAN DISTRIBUTION W(R)i = pt—e 5()" WHERE > 0
REPRESENTS THE MUTATION VARIANCE IN THE PHENOTYPIC SPACE /THER MUTATION KERN
BE CONSIDERED PROVIDED THAT THEY SATISFY SOME GENERAL PROPERTIES SUCH AS PO
SYMMETRY !PPENDIX! ORELIMINARY RESULTS ON THE MAONELUDING THE EXISTENCE OF A
UNIQUE MAXIMAL BOUNDED DISSIPATIVE SEMIFLOW ARE SHOWN IN IPPENDIX %

4HE FORMULATION OF MODEALLOWS TO FOLLOW EVOLUTIONARY PARAMETERS SUCH AS THE A
LEVEL OF RESISTAMIEXPRESSED BY THE WHOLE BACTERIAL POPULATION AND THE RELATED V.

2(t) AT ANY TIMEAS SO
z

o= xXEq anp 2= @)2 X5 .
R

R B() B()
&URTHERMORE THE MODEICAN BE USED TO RECOVER THE CLASSICAL MODEL FORMULATION F
QUALITATIVE OR BINARY RESISTMENEED IF WE DENOTEIBBYANDBRr THE TOTAL DENSITIES OF
HIGHLY SENSITIVEX E O AND RESISTANT XE 1 BACTERIAL POPULATIONS MODBEAN BE

REWRéITTEN AS
2 Bs :m[ﬂ "0)P(0)Bs + "op(1)Br]  ( (0)+ k(0))Bs;
;BR:a:?g%EQTW%NWBs+u "0)p(1)BR]  ( (1) + K(1))Br;

WHERE, IS THE MUTATION PROBABILITY 7E BRIEFLY SKETCH THE INTERPRETATION\GHGMSTEM
WILL ALSO HELP IN BETTER UNDERSTANDING OF 3EDEITIVE BACTHRAGROWTH AT EFFECTIVE
RATR(0)=(1+ Bs+ Br) &URTHERMORE WHILE A PROPQRTBRESPONDS TO A MUTANT GROWTH
| E MUTATIONS AWAY FROM THE SUB POPBIATIER REMAINDER "y CORRESPONDS TO A
FAITHFUL GROWTH .EXT THE SENSITIVE PGRUISACLENRED AT RA[ME + k(0) ACCOUNTING

FOR ACTIONS OF THE IMMUNE RESFONSED ANTIMICROB{fQ) 4HE SAME INTERPRETATION
HOLDS FOR THE RESISTANT POBLASINONLLY WE REFER TO !PPENDIX " FOR MORE DETAILSON T
DERIVATION OF 3YSTEM
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“NITIAL CONDITIONS

4HE INITIAL BACTERIAL POPUbAXIONTt = O IS ASSUMED TO BE COMPOSED BY A SENSITIVE
BACTERIAL POPULATION WITH AVERAGE RESISTANCEHE/EOPULATION IS CHARACTERIZED BY
TWO PARAMETERS ITSIBZERAND THE VARIANC& OF ITS LEVEL OF RESISTANCE 4HE3—|I'B-I-IHER
MORE FREQUENT RESISTANT BACTERIA ARE IN THE INITIAL POPULATION &ORMALLY WE SET

p(x)= mg N (0; o;X);

WHERRE (0; ¢;x) STANDS FOR THE NORMALIZED DENSITY FUNCTION OF THE 'AUSSIAN DISTRIBL
X WITH MEAN) AND VARIANC&

2ESULTS

7E ILLUSTRATE HOW TO USE THE MODEL TO SIMULTANEOUSLY CAPTURE THE BACTERIAL PO
NAMICS AND THE EVOLUTION OF ANTIMICROBIAL RESISTANCE 4HE SPREAD OF A BACTERIAL PC
A BACTERIA FREE ENVIRONMENT IS CLASSICALLY DETERMINED BY CALCULATING THE BASIC F
NUMBER OF THIS BACTERIAL POPULATION (OWEVER THE OUTCOME OF THE EVOLUTIONARY DY
RARE BACTERIAL POPULATION WITH RESISYANGERESIEENT POPULATION WITH RESISTANCE LEV
X IS DETERMINED BY THE INVASION FITNESS BASED ON STANDARD ADAPTIVE DYNAMICS METH
&URTHERMORE WE SHOW THAT THE LEVEL OF THE BACTERIAL POPULATION AT THE EVOLUTIONA|
OF -ODEL WILL COINCIDE WITH THE LOCAL MAXIMUM OF THE BASIC REPRODUCTION NUMB
WILL ALSO SHOW HOW THE OUTCOME OF THE TREATMENT SUCCESS OR UNSUCCESS AND THE |
BACTERIAL RESISTANCE LEVEL STRONGLY RELIES ON TWO PARAMETERSCOSHERHESFSITANCE
RATIO AND II THE DRUG EFFICIENCY OF THE REFERENCE SENSITIVE STRAIN QUANTIFIED REL
HOST IMMUNE RESPONSE &INALLY NOTICE THAT FOR ALL SIMULATIONS WE RANDOMLY SET THE
4ABLE WITH THE ONLY PURPOSE TO ILLUSTRATE OUR THEORETICAL RESULTS

"ASIC REPRODUCTION NUMBERAND INVASION FITNESS

&OLLOWING CLASSICAL STUDIES WE DEFINE THE BASIC REPRODRIEA® NHEURMEFCTED
NUMBER OF BACTERIA ARISING FROM ONE BACTERIUM IN A BACTERIA FREE ENVARGNMENT ;
SHOWN IN !PPENDIX # FOR A BACTERIAL POPULATION WITH RESXS TANCEASCEREPRODUCTION
NUMBER IS

p(x) .

+ k(x)’
7E USERo(X) TO MEASURE THE FITNESS OR EFFECTIVE GROWING CAPACITY OF A BACTERIAL F
WITH RESISTANCE MEVEHISR o CAN BE SEEN AS A PRODUCT BETWEEN | THE INTRINSIC GROJ
RATE OF NEW BACTERIAL POPULATION DURING THEIR NATARAIANBEITIVHE LIFESPAN OF
A BACTERIAL POPULATION WITH RESISTANGE LEVE(x)) “N THE FOLLOWING WE DENOTE BY
RJ THE BASIC REPRODUCTION NUMBER AS IN MORBBSENCE OF ANTIMICROBEAWBHEN
k 0

Ro(x) =
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IS STATE IN THE INTRODUCTION LET US FIRST RECALL THAT THE QUANKTFORVEHEESCRIF
BACTERIAL RESISTANCE LEVEL IS ALSO TREATED AS THE LABEL OF THE BACTERIAL STRAIN®
LEVEL 4HEN THE SPREAD OF A RARE BACTERIAL POPULATION WITH RESNAANKSHIHVEL
POPULATION WITH RESISTANCEIBEVEIDIED USING ADAPTIVE DYNAMICS 1UITE NATURALLY \
ASSUMER((x) > 1 OTHERWISE THE RESIDENT POPUWLISTNENI PERSISTENT WHICH A BIT
CONTRADICTS THE CONCRESIDENT POPULATIET TO FIND THE EVOLUTIONARY ATTRACTORS \
CALCULATE THE INVASION FLTYESSND THE RARE POPULATION WITH RESISTANZIE L BENXFADE
THE POPULATIONF AND ONLY }fy) > O 4HE SIGN OF THIS TWO DIMENSIONAL FUNEXISN
CLASSICALLY VISUALIZED USING OWRWEIEITY OLOO 0 y = IS SHOWN IN !PPENDIX #

THE INVASION FITNE$$) IS WRITTEN AS

W)= Gy R o) L

[—{zZ—

FEEDBACK OF
RESIDENT

4HE ENVIRONMENTAL FEEDBACK OF THE RESIDENT WITH REQISONITHORSEIHE ABILITY OF A
RARE POPULATION WITH RESISTANCEOUBRNADE THE RESIDENT POPULERADERENDS ON THE
CONDITIONS SET OUT BY THE RESIDENT AND BY THE EQUALITY IS REWRITTEN

fx(y) = (Ro(y) R o(x)):

1
A+ b
“T FOLLOWS THAT THE MODBDMITS AN OPTIMISATION PRINCIPLE BABRD ON y =
“NDEED THE SIGN OF THE INVASION F|TWBSSSIVEN BY THE SIGN OF THE DIFFERENCE BETWEE
Ro(y) ANDRg(x) AND THUS THE EVOLUTIONARY ATTRACTORS OF THEMGDEE WITH THE
LOCAL MAXIMA OF RyE

4YPICAL DYNAMICS SIMULATED WITH THE MODEL
/INE OF THE PARAMETERS HIGHLIGHTED THROUGH SBWRMQOBE.IS THE RATIO

_ log |
“= fogL+ )’
WHERE= {n BU=s > 3 AND = kg ki > 0 4HE RATIQ CAN BE INTERPRETED AS THE
AVERAGE FITNESS COST BENEFIT RATIO OF THE RESISTANCE FOR A GIVEN BARDERIAL POPUL
THE PARAMETERQUANTIFIES THE RELATIVE COST OF RESISTANCE OF A GIVEN BACTERIAL P(
WHEREASQUANTIFIES THE FITNESS ADVANTAGE OF THE REFERENCE RESITANT IFIAIAIN
BACTERIAL POPULATION .OTE THATCORRESPONDS TO CASES WHERE THE COST OF RESISTAN
THE GIVEN BACTERIAL POPULATION IS NEGLIGIBIOEF@NXIDASES WHERE THE FITNESS ADVANTAGE O
RESISTANCE OF THAT BACTERIAL POPULATION IS NEGLIGIBLE
"EFORE ANTIMICROBIAL TREATMENT ONSET THE FITNESS OF A BACTERIAL POPULATION MEAS
BASIC REPRODUCTION NUMBER IN THE ABSENCE OF ANRM@RDB@REASES WITH THE LEVEL OF
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RESISTANKESUCH THAT WILD TYPE SENSITIVE BAGTERDVERGROW RESISTANT ONES 4HIS IS
DUE TO THE COSWHICH ASSUMES> 0 OF BEING RESISTANT &IGURE !

4HE INITIATION OF CHEMOTHERAPY INDUCES AN AVERAGE BENEFIT MBATHRHRE B
TANT BACTERIAL POPULAIDEED THE DRUG EFFICIENGEXCREASES AS THE LEVEL OF BACTERIA
RESISTANKENCREASES &IGURE $ 4HEREFORE THE TREATMENT CAN MODIFY THE FITNESS LAN
WHICH OBVIOUSLY WILL HAVE A VERY RAPID EFFECT ON THE RISARUIES ION I9F POPULA
TION BY SHIFTING THE MAXIMUM POINT OF THE BASIC REPRODUCR@NRONKBER TO
X=X > 0 &IGURE !

4HE MODEL CAPTURES THE EVOLUTIONARY DYNAMICS OF THE SYSTEM FOLLOWING TREATME
TRACKING AT THE SAME TIME THE BACTERIAL POPULATION DYNAMICS AND THE EVOLUTION OF
BIAL RESISTANCE &IGURES "W %HE FIRST PHASE THE TREATMENT CAUSES A DECREASE IN THE
BACTERIAL POPULATION DENSITY IT THE END OF THIS PHASE THE INFECTION IS SEEMINGLY UNL
&IGURE " 4HE SECOND PHASE BEGINS WITH AN INCREASE IN BOTH THE POPULATION DENSITY .
LEVEL OF RESISTANCE 4HIS PHASE OCCURS WHEN THE AVERAGE DRUG RESISTANCE REACHES
EVOLUTIONARY THRESHOHBT DEPENDS ON THE AMOUNT OF DRUG AND ON THE FITNESS COST &
THE BACTERIAL POPULATION IS NOT CONTROLLED &IGURE " AND EVEN WORSE IT COMPLETE
TREATMENT HAVING EVOLVED A HIGH LEVEL OF RESISTANCE &IGURES # &IGURE % ILLUSTRA
DYNAMICS OF BACTERIAL POPULATION DENSITY AND RESISTANCE

%VOLUTIONARY EQUILIBRIUM AND GLOBAL DYNAMIC

IS SHOWN ABOVE THE EVOLUTIONARY AXTRAETIBRE MODEL  IN THE SET OF RESISTANCE
LEVER COINCIDES WITH THE LOCAL MAXIMUM OF THE BASIC REPRODUGR {0 RENBE R
&URTHERMORE THE EVOLUTIONARY ATTRASRARTERIZES THE BACTERIAL EVOLUTIONARY RESIST
LEVEL WHICH IS THE LEVEL OF THE BACTERIAL POPULATION AT THE EQUILIBRIUM

IN EXPLICIT EXPRESSION Q% DIFFICULT TO OBTAIN WITH OUR PARAMETER SETTING (OWEVER
THE %5#134  NOMENCLATURE = AND DEFINING THE COST BENERIF BRATIO WE FIND THAT
LOW VALUES OF COST BENEFIERATIO(1  p1=pm) = CAN LEAD TO EITHER HIGH RESISTANCE
LEVELSE x 1 INTERMEDIATEE 0 X 1 ORLOWE x O AT THE EVOLUTIONARY
ATTRACTOR .EXT INTERMEDIATE COST BENHETRATION,) ~<cp< (1  Po=pm) °
ARE ASSOCIATED WITHAEOW O ORINTERMEDIATE O x 1 LEVELS OF RESISTANCE
AT THE EVOLUTIONARY ATTRACTOR &INALLY HIGH COSTIBENEFIT @ATIRSP,)
CORRESPOND TO A LOW RESISTANCE LEVELS AT THE EVOLUTIGNARY AT BEEGTOBRE
AND WE REFER TO IPPENDIX $ FOR MORE DETAILS

EXT WE SIMULTANEOUSLY STUDY THE EPIDEMIO EVOLUTIONARY DYNAMICS B¥ MODEL
RELAXING THE TIME SCALE SEPARATION ASSNDEHETORUR ANALYSIS ALLOWS TO JOINTLY PERFC
| THE ASYMPTOTIC BEHAVIOR OF THESISDSEE VARIAKLE) AND Il THE LONG TERM BEHAVIOR
OF THE SYSTEM IN RELATION TO THE SPACE OF RESISTANCE/EEMED THAT THE GLOBAL
DYNAMICS OF MODEL  ARE FULLY DESCRRHR BWS FOLLOWS

I “FRo(X ) < 1 ALL STRAINS ASYMPTOTICALLY DIE OUT AND THE BACTERIAL POPULATION CANN
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&IGURE 4YPICAL DYNAMICS SIMULATED WITH THE MOBEE BASIC REPRODUCTION NUMBERS
Ro(x) ANDR$(x) WITH AND WITHOUT DRUG RESPECTIVELY $ $RUGKERFIGMENTHE INITIAL
BACTERIAL POPULATION WITH AVERAGE LEVEL OF RESISTAINEGEEVOLUTION OF THE TOTAL
BACTERIAL POPULATI®(; x)dx  # $ISTRIBUTION OF THE BACTERIAL PORNLAYI@NTH
RESPECT TO TtMEND RESISTANCE LEVEIOGARITHMIC TIME SCALE IS USED TO BETTER HIGHLIC

TRANSIENT DYNAMICS OF THE BACTERIAL POPULATION DENSITY "%

AND THE INCREASE OF Tt

POPULATION RESISTANCE LEVEL # (ERE WE HAYBSES Mg = 0:05 ko =3 p1=pp =0:5
ki=kg = 0:01 AND OTHER PARAMETERS ARE GIVEN BY 4ABLE

“FRo(x ) > 1 MODEL

—
o

~—.

Basic reproduction number

0
-0.5 0 0.5

1 1.5

Level of resistance (z)

D

Drug efficiency

Level of resistance ()

=4
o

14
=

I °
5 o ®

S
'S
Average resistance level

Logy total bacteria

S
o

-1 -0.5 0 0.5 1 1.5 2 -1 -05 0 0.5 1 5 2

1
Logy of time (¢ Logyg of time (¢

Bacteria density b(t, z)
o000
st

R
IE limy; o b(t;x)dx =0 !PPENDIX &’

EXHIBITS A UNIQUE POSITIVE STATIONARY BFABE ) AND

THE BACTIﬂ?IAL POPULATION IS PERSISTENT MEANING THAT THERBSHEERISTHAT

|iminft[1

g D(t x)dx >

IPPENDIX ( “

&URTHERRRG(X ) > 1 AND THE MUTATION VARIANCEHE PHENOTYPIC SPACE IS SMALL THE
UNIQUE POSITIVE STATIONARY $TJASECONCENTRATED AROUND THE EVOLUTIONARY ATTRA
X INTHE SPACE OF RESISTANCE 2HYEN OTHER WORDS THE AVERAGE BACTERIAL RESISTA

LEVEL AT EQUILIBRIUM MND WE HAME () !

x () WHEN'! 0O 4HIS CONVERGENCE

HOLDS EOR THE NARROW TOPOLOGY THAT IS FOR ANY CONTUNUO(R) RDNE BN
lim+ o u(x)b (x)dx = u(x ):
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&IGURE %VOLUTIONARY RESISTANCEX_EVHTH RESPECT TO THE RESISTAROBT BENEFIT
RATIOlog() =log(1+ ) AND DRUG EFFICIENRY= ON THE REFERENCE SENSITIVE STRAIN
QUANTIFIED RELATIVELY TO THE HOST IMMUNE RESPONREASR | ANDS CORRESPOND TO
PARAMETER COMBINATIONS WHERE THE EVOLUTIONARY LEVEKX OISFERISTANIE 1

0 <x < 1 ANDx 0 RESPECTIVELY 4HE TREATMENT SUCCESS HOLDS ABOVE THE LE\
fR o(x ) =19 THAT IS FOR THE ZONE IN GRAY 4HE TREATMENT IS UNSUCCESSFUL BELOW THE
fR o(x ) = 1g THAT IS FOR ZORESANDS BELOW THE PURPLE CURVE 4HE CURVES LABELLI
X =0 INYELLOW AMD =1 INRED INDICABENSITIVENDRESISTANHRESHOLDS
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ICHIEVING A SUCCESSFUL TREATMENT

#OMBINING THE ASYMPTOTIC RESULTS DESCRIBED ABOVE &IGURE WITH THE CLASSIFICAT
EVOLUTIONARY BACTERIAL RESISTAN@ELEWS_US TO IDENTIFY A PATH TO ACHIEVE SUCCES:!
TREATMENT THAT PREVENTS BACTERIAFNGREIWTHOR A GIVEN COST BENEFIT RATIO TO DF
RESISTANGE OUR ANALYSIS ALLOW US TO DETERMINE THE MINIMUM LEVEL OF DRUG ACT!
THE REFERENCE STRAIN QUANTIFIED RELATIVELY TO THE HOST IMMUNE RESPRNSE
REQUIRED TO ACHIEVE A SUCCESSFUL TREATMENT 4HIS CAN BE DONE BECAUSE WE SHOW
THE PLANE); ko= ) IT IS POSSIBLE TO CHARACTERIZE THREHE (&VK4=SETRo(x ) =19
f(co; ko= ):x =0g f(cp;ko= ):x =1g THAT DETERMINE THE POTENTIAL PERSISTENCE OF
BACTERIAL POPULATION WITH AN EVOLUTIONARY REISBASOREEVEL

7E FIND THAT THE THRESHOLD VALEE BBR WHICH A SUCCESSFUL TREATMENT HOLDS INCRE;
NON LINEARLY WHEN THE COST BENERIBIRRAOMES SMALL &IGURBITERESTINGLY THE TREAT
MENT IS SUCCESSFUL IF AND (@jIR63F) > fR o(x ) = 1g WHICH MEANS THIS CAN HAPPEN
IF THE EVOLUTIONARY RESISTANCEISBENSITIVES: ko= ) f x =0g INTERMEDIATE
fx =0g< (ch ko= ) < fx =1gOREVERESISTANG,; ko= ) f X =1g &GURE GRAY
AREA 4HE CORRESPONDING EVOLUTIONARY DYNAMICS ARE SIMILAR TO THAT SHOWN IN &IGL
THE TOTAL BACTERIAL POPULATION DIES OUT .OTE THAT THE TREATMENT RESULTS IN THE A
AN INTERMEDIATE LEVEL OF RESYSBWTHEE BACTERIAL POPULATION &IGURE # (OWEVER THI
POPULATION IS UNABLE TO GROW BECAUSE THE TREATMENT IMPOSES AT THE EVOLUTIONAR®
LEVEX A FITNESS SMALLER THANRH(KTY < 1 &IGURE $

&AILURE IN ACHIEVING A SUCCESSFUL TREATMENT LEADS TO THE EMERGENCE
RESISTANT BACTERIAL POPULATION WHATEVER THE COST BENEFIT RATIO

4HE TREATMENT IS UNSUCCESSFUL WHEN {@dEKgOINTS BELOW THE LEVERSE(X ) = 1¢
&IGURE /VERALL FOR A GIVEN COST BENEET RAERAPEUTIC FAILURE OCCURS WHEN THE DRL
ACTIVITKo= QUANTIFIED RELATIVELY TO THE HOST IMMUNE RESPBEISBV A THRESHOLD
CHARACTERIZED BY THE LEfREL(REY = 1g $EPENDING ON THE ORDER OF MAGNIT&DE OF
SUCH THERAPEUTIC FAILURE LEADS TO THE EMERGENCE OF A BACTERIAL POPULATION WITH F
ARER MODERATE & GURE ARESR LOW &GURE ABEKLEVELS OF RESISTANUEED WITH
HIGH COST BENEFIT RATIO \BIUES  po=pn) ' THERAPEUTIC FAILURES IS ALWAYS ASSOCIAT
WITH THE PERSISTENCE OF BACTERIA WITH LOW RESISTANCE LEVESS KTGEREPEADNE
FAILURE WITH INTERMEDIATE VALUES OF COST BENEFID:RARIDS <Cp < (1 po=pm) *
LEADS TO THE EMERGENCE OF BACTERIAL POPULATIONS WITH EITHER LOW RESISTANCE LE
ARE/S OR INTERMEDIATE &GURE ZONENALLY WHEN THE COST BENEFIT RATIO IS RELATI\
LOWe, < (1 p1=pm) ' A THERAPEUTIC FAILURE REGIMEN CAN LEAD TO THE EVOLUTION OF B/
POPULATION WITH LOW AS IN & GURES AREBRMEDIATE AS IN &IGURE ARBR HIGH &IGURE
ZONER RESISTANCE LEVEL
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&IGURE %VOLUTIONARY DYNAMICS WITH LETHAL TREATOARAMETER VALUES ARE

(' 0;Mo; Ko; p1=po; k1=ko) = (0:05;0:05; 20; 0:5; 0:3) OR DEFAULT AS SHOWN IN 4ABLE 4HE
VERTICAL DASHED LINE IN PANEL " SHOWS THE TIME FROM WHICH THE TOTAL BACTERIAL PO
ALWAYS 10 10

$ISCUSSION

[PTIMIZING ANTIMICROBIAL TREATMENT DOSAGE IS IMPORTANT IN PREVENTING BACTERIAL GROW
EMERGENCE OF RESISTANT BACTERIA THE 4WOFOLD 4REATNENT /BUEZIIROBIAL EFFICACY
IS TRADITIONALLY DESCRIBED BY A SINGLE VALUE THE MINIMAL INHIBITORY @ORNOEERNTRATIOI
GIVEN BACTERIAL POPULATION 4HE DISTRIBY#HORREBSS BACTERIAL STRAINS IS OFTEN BIMOD
AND THIS METRIC IS THEREFORE USED TO CREATE A QBMARYITVASSHICATION IN THE TWO
DISCRETE CATEGORIES SEBIRARNNRESISTANT-OST MODELLING STUDIES MODEL DRUG RESISTANCI
AS A BINARY TRAIT BUT AS SHOWN BY¥ THES-A CONTINUOUS TRAIT WITH VARYING DEGREES
INTERMEDIATE RESISTANCE 4HIS ANTIMICROBIAL QUANTITATIVE RESISTANCE Q!-2 IS ASSOCIAT
REDUCTION IN THE BACTERIAL KILLING RATE OF AN ANTIMICROBIAL AND FITNESS COST

4HE FIRST ACHIEVEMENT OF THIS WORK IS THAT WE INTRODUCE A CONTIRU®BIAS TRAIT
DESCRIBES THE NORMALIZED LEVEL OF RESBIARNCHICAL BREAKFBIRMEEEN. AND
+1 "Y SIMULTANEOUSLY ADDRESSING THE POPULATION AND EVOLUTIONARY DYNAMICS THE M(
Q!-2 DOES NOT IGNORE THE EVOLUTIONARY AND EPIDEMIC SHORT TERM TRANSIENT DYNAMIC
LEAD TO THE EMERGENCE OF RESISTANCE &URTHERMORE SUCH A CONTINUOUS LEVEL OF
SHOWN TO BE STRONGLY LINKED THIORIEROWTH RATE WHICH MEANS IT CAN BE INFORMED FR(
ACTUAL DATA

5SING AN INTEGRO DIFFERENTIAL MODEL WE PRECISELY INVESTIGATE HOW CHEMOTHERA
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&IGURE %VOLUTIONARY DYNAMICS UNDER SUB INHIBITORY DRUG CONCENTR¥EIONS

3 SUBLETHAL DOSE WITHOUT EMERGENCE OF RESISTANCE IN THE BACTERIAL PC
:ONE “ SUBLETHAL DOSE WITH EMERGENCE OF INTERMEDIATE RESISTANCE IN TH
TERIAL POPULATION ‘ONE 2 SUBLETHAL DOSE WITH EMERGENCE OF HIGH RES
IN THE BACTERIAL POPULATION OARAMETER VALUES0AREpP1=p; Ki=ko) =

(0:05; 0:05; 0:03; 0:5; 0:01); (0:05; 0:05; 3; 0:5; 0:01); (0:05; 0:05; 55; 0:5; 0:01) FOR ZONES' AND

2 RESPECTIVELY /THER PARAMETERS ARE SHOWN BY 4ABLE

- (%14 HL LS
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BACTERIAL POPULATION STRUCTURE AT EQUILIBRIUM 7E FIRST CHARACTERIZE THE LEVEL
EVOLUTIONARY RESISTANCE BY BACTERIAL POPULATIONS IN THE PRESENCE OF ANTIMICROI
7E SHOW THAT THIS LEVEL IS GOVERNED BY A SINGLE METRIC THE REPRORYCTVHINHIUMBER
WE PROVE TO PLAY THE ROLE OF INVASION FITNESS IN EVOLUTION 7E THEN BUILD ON OUR .
SHOW WHICH LEVELS OF BOTH DRUG ACTIVITY ON THE WILD TYPE SENSITIVE BACTERIAL POI
THE BACTERIAL RESISTANCE COST BENEFIT RATIO ARE REQUIRED TO ACHIEVE OUR 44/ OBJEC
WE COMPARE THE EFFECT OF LETHAL AND SUB LETHAL TREATMENTS ON ACHIEVING OUR 44
AND INVESTIGATE THE IMPACT OF THE INITIAL BACTERIAL POPULATION EHARECINERIITICS
RESISTANCE FREQUENCY ON THE MINIMAL DURATION OF DRUG ADMINISTRATION TO ACHIEVE (

/UR ANALYSIS EMPHASIZES THAT THE POTENTIAL SUCCESS OF THE TREATMENT DOES NC
ON THE ANTIMICROBIAL ACKW/IAYONE BUT SHOULD WE ASSESSED WITH RESPECT TO THE L
OF HOST IMMUNITY AS WELL 4HESE RESULTS SUGGEST THAT TREATMENTS WITH LOW ANTIN
ACTIVITY SHOULD BE LIMITED TO INFECTIONS WHICH ELICIT A WEAK IMMUNE RESPONSE E G R
INFECTIONS 4HEY ALSO ECHOED EARLIER STUDIES ON THE SYNERGY BETWEEN CHEMOTF
IMMUNE RESPONSEG,; = /JUR MODEL FORMULATION ASSUMES THAT THE IMMUNE RESPON

IS CONSTANT IN TIME WHICH ALLOWS GETTING SOME PRECISE ANALYTICAL INSIGHTS INTO
EVOLUTIONARY DYNAMICS &URTHERMORE THIS ASSUMPTION OF CONSTANT IMMUNITY IS QUIT!
IN THE EARLY MOMENTS AFTER THE INITIATION OF TREATMENT (OWEVER IT IS A POTENTIAL LIMI
CONSTITUTES ONE POSSIBLE EXTENSION OF THE MODEL PRESENTED HERE

4HE ANTIMICROBIAL CONCENTRATION IN THE HOST MUST NOT BE TOO LOW TO CLEAR Tk
POPULATION EFFICIENTLY BUT IT CANNOT BE TOO HIGH WITHOUT TOXIC EFFECTSUB A PATIEN
LETHAL TREATMENT IS DEFINED HERE AS A TREATMENT WHERE THE-DREG@OTBNVFFYCIENT
TO AVOID THE PERSISTENCE OF BACTERIAL POPULATION WITH THE EVOLUTIONARY RESIST,
-ATHEMATICALLY WE HREX ) > 1 3UCH A CONFIGURATION CAN OCCURS WHATEVER THE VAL!
COST BENEFIT R&TFOR WHICH THE PQtNKo= ) IS BELOW THE LEVEIRSE(X ) = 1g &IGURE

4HE CORRESPONDING EVOLUTIONARY DYNAMICS ARE SIMILAR TO THAT SHOWN IN &IGURE

7E DEFINE A LETHAL TREATMENT WHEN THE DRUG ISENWIDGH TO ENSURE THAT NO BACTERIAL
POPULATION IS PERSISMENHAR o(X ) < 1 4HE THRESHOLD OF THIS FEASIBLE RANGE WITH RESP
TO THE INITIAL DRUG AGHIXNIY COST BENEFIT RATIO OF RESIIBANGEH THE; ko= ) IS
ABOVE THE LEVELfBEJ{x ) = 1g &GURE AND OUR 44/ OBJECTIVE ALWAYS HOLDS IN SUCHI
CONFIGURATION®THER WORDS FOR ANY VALUE OF COST BENERIWRATERMEDIATE OR
HIGH THERE EXISTS A MINIMUM DRUG AGHVITMAT GUARANTEES A LETHAL TREATMENT &IGURE
GRAY AREA 4HE CORRESPONDING EVOLUTIONARY DYNAMICS ARE SIMILAR TO THAT SHOWN
WHERE THE TOTAL BACTERIAL POPULATION DIES OUT

IS POINTED BY SOME THEORETICAL STUDIES ; = A HIGH DRUG DOBHTING HARIR
AGGRESSIVE CHEMOTHEFRARYT NECESSARILY THE BEST STRATEGY TO LIMIT THE SPREAD OF R
STRAINS 7E FIND THAT A HIGH ANTIMICROBIAL DOSE IS NECESSARILY TO ACHIEVE OUR 44/ OBJEC
ONLY IF ANTIBIOTIC RESISTANCE COMES WITle) QUMNCTIBEED BY THE THREEHOPD=p,,) !
&IGURES GRAY ZONE (OWEVER IF THE TREATMENT FAILS FOR AGGRESSIVE CHEMOTHERAPY
THE EMERGENCE AND SPREAD OF A BACTERIAL POPULATION WITH A HIGH RESISTANCE LEVEL &l
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R 4HIS PHENOMENON IS IN ACCORDANCE WITH THE STRONG RELATIONSHIP BETWEEN THE R
LEVEL OF THE EMERGING BACTERIAL POPULATION AND THE ANTIMICROBIAL DOSE; =

4HE MINIMAL DURATION OF ANTIMICROBIAL TREATMENT TO ACHIEVE OUR 44/ OBJECTIVE IS A |
QUESTION IN THE LITERATURE ; = ,ONGER TREATMENT DURATION IS ASSOCIATED WITF
HIGHER FREQUENCY OF RESISTANCE AT THE END OF THE BXPERIEENING TO THE SUGGESTION
THAT SHORT ANTIMICROBIAL COURSES MAY LIMIT THE EVOLUTION OF RESISTANCE AT THE POF
AND STUDIES TO DETERMINE WHETHER SUCH SHORT COURSE DURATION WOULD LEAD TO GC
OUTCOMES ;y = 7E QUANTIFY THE MINIMAL DURAIYJR®F DRUG ADMINISTRATION TO ACHIEVE
OUR 44/ OBJECTIVE WHEN COST BENEF({}, RANDIORUG ACTIKGEY RELATIVELY TO THE HOST
IMMUNE RESPONSEON THE INITIAL BACTERIAL POPULATION LIE II\(EEQ-HEFLAI\]EFER o(x )=
19 &IGURE 7E DEFINEqp AS THE TIMEFROM WHICH THE TOTAL BACTERIAL POEUJN(WN
IS ALWAYS 10 © FOR EXAMPLE THE VERTICAL DASHED LINE IN & GURE " 4HIS THRESHOLD C
VIEW AS THE POINT AT WHICH THE IMMUNE RESPRENIENTS FURTHER EXPANSION OF THE BACTER
POPULATION /VERALL FOR A FIXED INITIAL BACTERIAL POPULATION DENSITY OUR ANALYSIS SH
MINIMAL DURATION OF DRUG ADMINISTRATION TO ACHIEVE OUR 44/ OBJECTIVE IS RELATIVEL
SOON A&y; ko= ) LIES IN REGIONS THAT GUARANTEE THE 44 &IGURE GRAY AREA 4HIS COME
EFFECT OF THE COST BENEFt, RADM®RUG ACTIVKE¥ ON THE TIMEop IS SHOWN &IGURE
7E SEE THAT op IS RELATIVELY LARGE AROUND THRESHOIK9/ATHESB GBARANTEE OUR 44/
OBJECTIVE .EXllop DECREASES EXPONENTIALLY WITH A SLIGHT RYSRERBEPARED TO THE
THRESHOLD VALUES FOR OUR 44/ OBJECTIVE &INALLY EXCEPT AROUND THE TIHRESHOLD VA
THAT GUARANTEE OUR 44/ OBJECTIVE THép VBB SHORT AND BARELY VARIES WITH

4HE CHARACTERISTICS OF THE INITIAL BACTERIAL PORIJIANDONBS FREQUENCY OF RESIS
TANCE ARE IMPORTANT FOR TREATMENT SUCCESSs 7E ASSESS THE COMBINED EFFECT OF
Mo AND g ON THE MINIMAL DURATTN OF DRUG ADMINISTRATION TO ACHIEVE OUR 44/ OBJECTI\
&IGURE /VERALL THE $iigEOF THE INITIAL BACTERIAL POPULATION HAS A MARGINAL EFFECT |
AS SOON AS THE COST BENEFIG, RADAOHE INITIAL DRUG ARG ITRELATIVELY TO THE HOST
IMMUNE RESPONSEIS SUCH THAT THE PeMKo= ) LIES ABOVE THE LEVHRSEX ) = 1gOF
&IGURE 7HATEVER THE INITIAL POPULATION SIZE OUR ANALYSIS SUGGESTS THAT OUR 44/
ALWAYS HOLDS IN A RELATIVELY SHORT TIME PERIOD (N K, FHELPRSRABOVE THE LEVEL
SETR o(x ) = 1g "Y CONTRAST THE FREQUENCY OF RESISTANT STRAINS INIFIAASY PRESE
A STRONG IMPACT ON THE MINIMAL DURAJIORN DRUG ADMINISTRATION TO ACHIEVE OUR 44/
OBJECTIVE &IGURE %VEN IF OUR 44/ OBJECTIVE IS STILL ACHIEVEQ ASSQQNEARBOVE
THE LEVEL $RTh(X ) =19 THE TIMH op INCREASES NEARLY EXPONENTIALLY WITH THE FREQUEN(
RESISTANCE &IGURE

4HE WITHIN HOST DYNAMICS IS OFTEN IGNORED BY CLASSIFYING HOSTS ACCORDING TO Wi
ARE INFECTED WITH A GIVEN STRAIN GR N§MICH SIMPLIFICATION FAILS TO TAKE INTO ACCOUNT °
GENETIC DIVERSITY OF THE BACTERIAL RESISTANT PORABIATHENSHORT TERM EVOLUTIONARY
TRANSIENT DYNAMICS WHICH LEAD TO THE EMERGENCE OF RESISTANCE AT THE WITHIN HOST L
ING A NESTED MODELS APPROAZH = IS ONE OPTION TO SIMULTANEOUSLY TRACK THE LEVEL OF C
WITHIN THE HOST AND THE BETWEEN HOST EVOLUTIONARY EPIDEMIOLOGY /UR PRECISE DESC
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THE WITHIN HOST BACTERIAL DYNAMICS COUPLED WITH ANTIMICROBIAL ACTIVITY IMMUNE RESF
Q!-2 CAN SIGNIFICANTLY IMPROVE THE UNDERSTANDING OF HOW BACTERIA POPULATIONS ADAP
HOST AT THE BETWEEN HOST SCALE ; =

4HE CONCENTRATION PROPERTY OF M@BREIUND THE EVOLUTIONARY AKTREGUEBRECT
TO THE ASSUMPTION OF A SMALL MUTATION 'VAARTAMETEHENOTYPIC SPACE -ORE GENERALLY
THIS RESULT HOLDS AS SOON AS THE MUTATION KERNEU MERRIBSTIEV OF ISSUMPTION !
(OWEVER THAT ASSUMPTION DOES NOT MEAN THE MUTATION KERNEL HAS A VERY FAST DECAY
7E EMPHASIZE THAT THE DECAY OF THE MUTATION KERNEL DISTRIBUTION CONSIDERED HERI
ISSUMPTION ! ITEM  ALLOWS CONSIDERING THE TAILS OF A WIDE VARIETY OFNIDEERIBUTIONS
THE SHAPE OF THE DISTRIBUTION OF MUTATIONAL EFFECTS CAN BELONG TO THE DOMAIN OF C
WITH EXPONENTIAL TAILS TRUNCATED TAILS OR HEAVY TAILS THAT DECAY AS A POWER LAW ;

&INALLY IN THE MODEL PROPOSED HERE MUTATIONS ARE ASSUMED TO BE SUFFICIENTLY
DURING REPLICATIENNEW MUTANTS OCCUR DURING GROWTH AND RANDOMLY DISPLACE S
INTO THE PHENOTYPE SPACE AT EACH GENERATION ACCORDING TO A MUTATION KERNEL (O\
CONSTITUTES ANOTHER POTENTIAL LIMITATION IN THE MODEINBEHRDUINEXPONENTIALLY
GROWING CELLS MUTATIONS USUALLY OCCUR DURING RERITGOMENSTUDIES INDICATE THAT
MUTATIONS CAN BE SUBSTANTIALLY HIGHER IN NON GROWING THAN GROWIMNBJSULHERES ;
OCCURRENCE OF NEW MUTANTS DEPENDS EITHER ON THE ABUNDANCE OF PARENTAL CELLS
ABUNDANCE AND GROWTH RATE OF THE PARENFAUKHEREBORE ANOTHER POTENTIAL EXTENSIO
OF THE MODEL WOULD BE TO ALLOW BOTH PROCESSES FOR THE OCCURRENCE OF NEW MUTA|

&IGURE 4HE MINIMAL DURATIONor OF DRUG ADMINISTRATION TO ACHIEVE OUR 44/ OBJEC
TIVE ,EFT #OMBINED EFFECT OF THE COST BENEE TARWIDIRUG ACTIKE¥ QUANTIFIED
RELATIVELY TO THE HOST IMMUNE RESPONSHE TIMEop 2IGHT #OMBINED EFFECT OF THE
INITIAL BACTERIAL POPULATION SAND THE INITIAL FREQUENCY OF RESISTMNTHE TIME

Top
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I -ODEL GENERAL ASSUMPTIONS

-ODEL IS DEFINED ON THEISE(R; R) AND ITS PARAMETERS SATISFY THE FOLLOWING GENI
ASSUMPTIONS

&UNCTIONSK ANDp ARE ALWAYS POSITIVERERTHERMORBES A BOUNDED FUNCTION
ONR AND > 0 &INALLY THE FUNCRYIDEFINED IN 1S CONTINUOUSKONND SATISFIES
Ro 6 OAND lim Rg(x)=0:

jxjii

4HE MUTATIQN KERBIER BOUNDED AND INTEGRABRE CROSITIVE ALMOST EVERYWHERE
AND SATISFIES J(x)dx > 0 J( x)= J(x)

4HE MUTATION KERSIIECAYS RATHER RAPIDLY TOWARDS INFINITY IN THE(RENSE THAT
O i Askxk!1l “NOTHER WORLBN jxj"J(x) = 0; FOR ABL2 N
jxj!

" -ODEL FORMULATION FOR THE QUALITATIVE RESISTANCE

2ECALLING THAT TOTALLY SENSITIVE AND RESISTANCE BACTERIAL LEVELS QRERESPECTIVELY
WE SED(t;x) = Bs(t) o(x) + Br(t) 1(X) WHEREIBs ANDBR ARE THE TOTAL DENSITIES OF
HIGHLY SENSITIVE AND RESISTANCE BACTERIAL POPULATIXEQSARTONT MEE HAVE
Bs(t) o(X) + Br(t) 1(x) = ( (x)+ k(X))(Bs(t) o(x) + Br(t) 1(x))

(1+ Bs(t)+ Br(t)) [p(0)Bs(t)J-(x; 0) + p(1)Br(t)J-(x; 1)]:

%VALUATING THE EQUATION " SUCCESSIVELX ATCPANDX = 1 WE FIND

( Bs(t)=(1+ Bs(t)+ Br(t)) [p(0)J-(0;0)Bs(t) + p(1)Br(1)J-(0;1)] ( (0) + k(0))Bs(t);
Br(t)=(1+ Bs(t)+ Br(1)) [p(0)J-(1;0)Bs(t) + p(1)Br(1)J-(1;1)] ( (1) + k(1))Br(1):

3INCEJ- (0; 0)+ J+(0;1) = 1 ANDJ- (1;0) + J=(1;1) =1 SETTING = J-(1;0) = J-(0;1) "

YIELDS

( Bs(t)=(1+ Bs(t)+ Br(t)) [T "0)p(0)Bs(t)+ "op(1)Br(t)] ( (0)+ k(0))Bs(t);

Br(t)=(1+ Bs(t)+ Br(t)) ['op(0)Bs() +(1  "o)p(1)Br(t)] ( (1) + k(1))Br(1):

# 4HE BASIC REPRODUCTION NUMREGRND MAXIMIZATION PRIN
CIPLE

"Y FORMALLY TAKING THE'UIMIDINTO THIS SYSTEM BECOMES

@N(t; x) = POt x)  ( (x)+ K(X))b(t; x): #

(1+ B(1)
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ISSUME THAT SYSTEM REACHES A MONOMORPHIC EPIDEMIOLOGICAL EQEALIBRIUM
FOR SOME LEVEL OF RESISTBEERE A NEW MUTATION WITH THEQEZBRS .OTE THEATIS
THE ENVIRONMENTAL FEEDBACK OF THERESIDENRODUCE A SMALL PERTURBAFIONMTH
LEVEY SUCH THAt; x) = 7 ,(x) + u(t) y(x) AND SUCH THAT THE PERTURBAS IGDVERNED
BY THE LINEARIZED SYSTEM OF # ARGUMEIS READS AS

p(y)

a+) ( (Y)+ k(y)) u(t): #

u(t) =

“T FOLLOWS FROM THE CLASSICAL ADAPTIVE DYNAMICS RESUIHAT;BACTERIAL REPRODUCTION
NUMBERR (y; E?) OF A RARE MUTANT STRYTINGYHE RESIDENFOPULATION ARE GIVEN BY

ply) .
1+1) (y)+ k()

4HE INVASION FITNESS) OF A MUTANT STRAVER YHE RESIDENFOPULATION IS THEN GIVEN BY

R(y;E*) =

f.(y)= R(y;E?) L #

7HEN THE ENVIRONMENTAL FEEBBASKREDUCED TO THE BACTERIA FREE ENVIRONMENT WE H/
¥ =0 4HEN THE EPIDEMIOLOGICAL BASIC REPRODUCTION NUMBER OF THE BACTERIAL POPUL/
RESISTANCE LEVEICALCULATED AS

ply) .
(y) + k(y)’

/INCE A BACTERIAL STRAIN HAS SPREAD AND REACHED A MONOMORPHIC EQUILIBRIUM THE E
FEEDBACK ENVIRONMENBECOMES

Ro(y) =

B = (Ro(2)¥ 1L #
WHICH IS DEFINED WIRg/z) > 1 AND SATISFIES
f,(z)=0: #

,ET US GIVE SOME DETAILS ON THE DERIVATIONTOFHE MONOMORPHIC EQUILIBRIUNFROM
# WE HAVE

1
4R7 = * .
L+ Lby)dy) p()b(x) ( (x)+ k(x))b(x)=0; 8x2R; .

WHERB(X) = 7 ,(X): 4AKING = z # GIVES

G POF @+ k@)Y =o:
3INCH¥ > 0 IT COMES
p(z)

%) = v k@

= Ro(2);
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AND # FOLLOWS

.EXT WE SHOW THAT THE MODELADMITS A MAXIMIZATION PRINCIPLE ;= BASED ON
THER ¢ SUCH THAT MOBHYOLUTIONARY ATTRACTORS OR LEVELS OF RESISTANCE AT EQUILIE
CHARACTERIZED BY LOCAL MAXIMUMS PRINEHZPOINT IS IMPORTANT SINCE USUALLY THE
IDENTIFICATION OF EVOLUTIONARY ATTRACTORS TENDS MURE W@X-OROWEDATREAN
ADAPTIVE FITNESS LANDSCAPE SEPR FURTHER DISCUSEDERD BY* AND# WE HAVE

f2(z) =R(y;E*) 1
=R(Y;E*) R (zE%)
_ 1 p(y) 1 P(z)
1+b) W+k@y) @Q+P) (9+k(@)

(Ro(y) R o(2)):

-1
T+ )
4HER o MAXIMIZATION PRINCIPLE THEN HOLDS BECABUSESISNSIGNRo(y) R 0(2)) :

$ -AXIMUM POINT OF Ry

2ECALL THRY = p< + k) &ROM THE DEFINITION AWDK IT FOLLOWS TBGXR J(y)) =
SGNf (y) d(y)]; WHERE ANDg ARE POSITIVE FUNCTION DEFIREBYON
k(x)Ind baIna_

+ k(x)’ 1+ ba’
WITHI = ko=k; b= pn=p 1ANDa= po(Pm P1)=(P1(Pm Po)) &UNCTIONSRESPg ARE
DECREASING RESP NONDECREASING MONOTOROWHREB®RE THERE EXISTS A UNIQUE GLOBA
MAXIMUM OFRo ATX 2 R Ro(x )= mzaRXRO(X) &URTHER WE KNOW XHATL IF AND ONLY IF

X

f(x)= AND g(x) =

f(a) 9@ 1E
log o
x 1FF 1 P -
oo e R
3IMILARLY WE ALSO HAVE
log ke
x O0IFF 1 P2 g, -
oo g BRR

7E NOW SEARCH FOR CONDITIONS SURHXHAT 1 .OTE THAT

p(x ) _ Pm

Ro(x )= Tk(x)  ( * k(X )@+ba)

3INCH (X )= g(x ) IT COMES

- (_+ k(x))log(a) :
Lo = ( +k(x )log(a) k(x )log(d)’
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7E THEN REWRITE
(+ Kk(x))log(a) log(d)k(x ).
( +k(x ))?log(a) '

Ro(X ) = pm
4HEREFORE
Ro(x )< 10 ( +k(x))?log@>pm( + I<(>S< )log(a)  pm log(d)k(x )
+ k(x ) S 1 1 log(d) + 1 1 log(d) 2+ log(d) .

Pm 2 log(a) 4 log(a) Pm log(@)”
$

0

EXT SETTINRS = Roj, , THE BASIC REPRODUCTION NUMBER OF THE MODEL WITHOUT
TREATMENT WE HREO) = po= THATIS = 4~ ANDSO $ BECOMES
0

S
2 2

log(a) 4 log(a) R{(0) log(a) R8(0):

3ETTING
_ Pm , log(d) Po .

2 log(a) R3(0)’

THE ABOVE CONDITION BECOMES
S
2 Po Po . $
Ro(x )< 10 K(X)> + 2+ o Pn o

% S$ISSIPATIVITY AND POSITIVITY

,ETD(t; x) BE THE SOLUTION OFFOR THE INITIAL CONOXTIOND; ) = hp( ) 3ETTING(X) =
+ k AND INTRODUCING THE LOCALLY ,IPSCHITZIAN FUNCTION

Z
. — 1 . .
f(b(t; ))(x) = a+8@) RJ(X y)p(y)(t; y)dy;
EQUATION BECOMES
@b(t;x) = (x)b(t;x) + f (b(t; ))(x): %

4HEOREM % ,ET ISSUMPTION ! BE SATISFIEDy ZL! 4HEN

4HERE EXISTS A UNIQUE GLOBALVSOR)TIfONL ) ! LI (R)OF  WITH(O; lp) = by
ANDv(t; bg) = b(t; ) FOR AL: O

4HE SEMI FLOW DEFINED(BY)g; |S BOUNDED DISSIPATIVE AND ASYMPTOTICALLY SMOOTH
HENCE IT ADMITS A GLOBAL ATTRACRDR IN

4HE SEMI FLOW(t; bo)g; IS SUCH THAT FORANY ! (R) n fOg

b(t;x) > 0; FORAL: O;x 2 R:
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OROOF 3INCEf :LY! L'ISLOCALLY IPSCHITZ FOR2NY THERE EXISTi$ = Ty (bp) > 0
SUCH THAT HAS A UNIQUE SOLUDIRINC [0;Ty) R;L'! \C?! [0;Tw) R;L'! SEE; =
&URTHERDY2 LY BY %  WE EASILY FIND TiH{AT) 2 L1 FORALR (0; Ty ) 4HIS GIVES THE
LOCAL WELL POSEDNESS AND POSITIVITY OF  .EXT WE HAVE

B(t)

igf B (t);

WHICH GIVES
!
kdky, kpky *°

B(t) max khpk; inf

1 ; FORALPR [0; Ty ): %
&ROM WHERE WE ESTABLISH THE GLOBAL WELL POSEDNESS AND BOUNDEDbISSIPATIVITY IN
7E NOW SHOW THAT THE SEMI FLOW IS ASYMPTOTICALLY SMOOTH IE FOR ANY CLOSED BOUN

POSITIVELY INVARIANK SEL! THERE EXISTS A COMPACT SHT: SUCH THAF(V(t;K ); ) !
OASt!1 WHERBk = ANDdh IS THE (AUSDORFF SEMI DISTANCE ; = "Y % WE HAVE

Z t

bt )=e )+ e O 9f(ks; )ds; FOR Ojbp2 Li:
0

4HEN THE COMPACITY GFVES THAVY(t; )g: IS ASYMPTOTICALLY SMOOTH ; =

,ET u BE THE UNIQUE SOLUTION OF
8 z

2@uitx)=  (u(tx)+ 30 ypm)u(ty)dy;
7 u(0; ) = by:

"Y THE COMPARISON PRINCIPLE WEB{#AVE u(t;x) OFORALL OANDX 2 R 4HEREFORE

ITEM FOLLOW IF SH@%x) > O FOR Atl> OANDx 2 R 3ETTING[u](x) = ,J(x
y)p(y)u(y)dy ONLY(R) WE FIND THATIS CONTINUOUS AND GENERATES AN UNIFORMLY CONTINUC
AND POSITIVE SEMIGRD#Y®g, ONL*(R) 4HEN FOR EACH 0

t'U' o]

0,
I &

e [b] = X

1=0

R
WHERE THE SERIES CONVERGES IN THE OPERATOR IyGRM ?&I\I(CK)dX > 0AND
Y4

UM [bo](x) = A J(x  y)p(y)U'Tbol(y)dy;

AN ITERATION ARGUMENT ENSURES THE EXIgTRNHE BRI [p](x) > 0 FOR 2 R AND FOR
ALL lo &ROMWHERE:  GIVES THAT![ly](x) > OFOR AXI2 R 3ETTING = supg (X)

WE THEN HAVE
4

ui)=e e e IPE I ueslds e feifn]> O
0
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& LINEARIZATION AT THE BACTERIA FREE EQUILIBRIUM
I'T THE BACTERIAL FREE EQUILIBRIUM THE LINEAR SYSTEMOF  WRITES

@n(t; x) = L-[b(t; )I(x);

WITH
Lo = U+ T; &

R
ANDU-[B] = o J-(x  y)p(y)b(y)dy T[hj= b
OROPOSITION & ETS(L+) = supfRe : 2 (L-)gTHE SPECTRAL BOUND OF

“Fs(L-) > s(T) THEN(L-) IS AN ISOLATED AND SIMPLE EIGENVAMJEQSE EIGEN SPACE
ISSPANNEDBYX 2 LY(R) ANDIF 2 (L+) AND 6 s(L+) THERR, <s (L-)

“F THERE EXISTRANDO< 2 L1(R) SUCHTHAT 1=  THEN(L-)= >s (T)
s(L-)> O RESP=0 < 0 IFANDONLY(H-)> 1 RESP=1 < 1

OROOF'Y THE SAME ARGUMENT AS IN THE PROOF OF .EMMA ( WE FIND THE COMPACITY Al
IRREDUCIBILITYUOMD THE FIRST ITEM FOLLOWS FROM ; = 4HEOREM
&OR THE SECOND ITEM LER AND 2 1(R) SUCH THAT ] = 3INCET GENERATES A
UNIFORMLY CONTINUOUS POSITIVE AND UNIFORMLY EXPONENTIALLY STABLE SEMIGROUP BY
AND A GENERAL PERTURBATION RESULT NOTE THAT Ttk SEMIBOBHIVE ,&T2 Ll(R)
SUCH THAVK, 1 1 THEN FORALLO

ety _1 ekt :_1 ot SUPR et -

infr infr infr

FROM WHERE'' k  %P=_et  3NCE THE GROWTH BOUNB-Of COINCIDES WIS(H ) IT

inf R

COMES(L) AND HENCB(L) =  7E NOW SHOW THA¥ s (T) ‘NDEED = L[ ]=

H[] > AND HENCE>  supz = s(T) FROM WHERE THE SECOND ITEM FOLLOWS
“T REMAINS TO PROVE THE LAST ITEM K8)MB 4HENS(T)= supz < 0= s(L) &ROM
THE FIRST ITEM WE FINDOSUCH THAT ]=0 (ENCEH[ p J=I!IL[]+ p ="Tp

THAT IS1; p? ) IS AN EIGEN PAIRI®OF (ENCE BY ,EMMA ( IT COMESr(H) =1 .EXT
ASSUME THATH) =1 [ET > OSUCHTHAMI[ ]= 4HENL[=' p]=! 2H[] )=

0 AND THE SECOND ITEM G{EB= 0
40 CONCLUDE ON THE LAST ITEM OF THE PROPOSITION IT IS SUFFICIES(LYCPRGE THAT

r(H) > 1 ISSUMEs(L) > O THEN WE CAN FIND 0 SUCH THAT ] = s(L) (ENCE
HE D 1= 1+ =(s)=+1" 7  (@a+Pp wTk=infx >0
ITERATING ITCOMES’ P | (1+K)"° P FORAIL 1 4HISGIVES THAT'KL™  (1+K)

AN HENCE(H) 1+ Kk > 1 #ONVERSELY t@f) > 1AND > 0O THE CORRESPONDING

EIGENFUNCTION 4HER "~ p]= (r(H) )= p c= p WITK=(r(H) 1)infg >
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0 "Y CONTRADICTION ASSUMES{HA® O 4HENO 2 (L) AND( L) ' IS POSITIVE AS
GENERATES A POSITIVE SEMIGROUP (ENCE

A R YRR S B QN ST St

IS( L) = P Pl O WE FIND= P P 0 WHICH LEADS TO A CONTRADICTIONS(ENCED

AND SG(L) > 0 u

' 3TABILITY RESULTS WHEM ) < 1

4HEOREM' 4HE BACTERIA FREE EQUIIHSR8ASYMPTOTICALLY STABLEF1 AND
UNSTABLE(F-) > 1

7HENT(H-) < 1 THE BACTERIA FREE EQUIHBRSJGILOBALLY ASYMPTOTICALLY STABLE
L1(R) THATIS FOR ANY SObWTIONITH INITI 2 L1 (R) nfOg WE HAVE

b(t; )! OINL!(R)Ast!1

OROOF OROPOSITION & ALLOWS US TO DERIVE THE FOLLOWING THRESHOLD RESULT ON THE LC
OF THE BACTERIA FREE EQUILIBRIUM

"Y 4HEOREM % IT SUFFICES TO PROVE ITEM H®RANYR) nfOg WITHb(t; )k.: C
FORALL O WHERE 1 'Y WE HAVERL(t;x)  L[b(t; )](X) AND BY COMPARISON
PRINCIPLE WE FIND h(t; )  e''hy WHERE€" g; IS THE POSITIVE SEMIGROUP GENERATED BY
L .EXT BY OROPOSITION & WE H8{B < 0 BECAUSE(H-) < 1 &URTHERMORE SINCE THE
GROWTH BOUND &g, IS THE SAME A$L) WE CONCLUDE THAT

kb(t; )k.:  coe “'kipk :; 8t O;

FOR THE CONSTBNFSL ANDc; > 0 4HIS ENDS THE PROOF OF THE THEOREM ]

( %QUILIBRIUM

4HE BACTERIA FREE ENVIRONMEND IS ALWAYS AN EQUILIBRIUM OF -ODELN THIS SECTION
WE DISCUSS THE EXISTENCE OF A NONTRIVIAL HQU)L¥BRIGROM 3YSTEM ~ WE FIND FOR
ALK 2 R z o o

() RJ"(X () pb(ydy=(@1+B) pb (x):

R _
WHERE (x) = P Ro(X) ANDB = b (x)dx 3ETTING = IDp b IT COMES THATIS SOLUTION

OF THE FOLLOWING SYSTEM
4

L) RJ"(X yiv (y)dy=(1+ B ) v (x) (
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4HEREFORE THE EXISTEMOE)OF 0 1S STRONGLY RELATED TO THE SPECTRAL PROPERTY OF TH

INTEGRAL OPERAFAPEFINED ON(R) FOR ANY 1 BY
4

H-[vI(x) = ! (x) RJ" (x YtV (y)dy: (
7E THEN HAVE THE FOLLOWING THEOREM

4HEOREM ( ,ET !ISSUMPTION ! BE SATISFIED(kET THE SPECTRAL RADIUS OF GRERMIOR
» > 0 THE ASSOCIATED EIGENFUNCTION NORMALIZERISWGHITHEFINE THE QUANTITY

7HENT (H+) 1 THE THE BACTERIA FREE EQUAIYBRIUM THE UNIQUE EQUILIBRIUM OF -ODEL

7HENT (H+) > 1 IN ADDITION E® -ODEL HAS A UNIQUE NUTRIENT BACTERIA EQUILIBRIL
E > OSUCH THAT %)
i w (X
p(x) (x)
&URTHERMORE AN EXPLICIT FORMULA FOR THE SPECHIRAORADREADS (H-) = r'(', WHERE
Z

o= sup J-(x Y () (Y)v(X)v(y)dxdy: (

v2L2kvk 2=1 R?
OROOF OF 4HEOREM (ERE WE DEAL WITH THE EXISTENCE OF THE PRINCIPAL EIGENPAIR FC

LINEAR OPERAFI®RAND WE PROCEED BY SEVERAL STEPS &OR SIMPLICITY WE DO NOT EMPHASI.
" DEPENDENCY &IRST WE INTRODUCE THE FOLLOWING LEMMA

,EMMA ( 4HE FOLLOWING STATEMENTS HOLD UNDER ISSUMPTION !

&OR EA@H 1 THE OPERAIRGRS COMPACT AND IRREDUCIBL(RPWITH POSITIVE SPECTRAL
RADIU$(H+) > 0 &URTHER THERE EXISTS A GYJRAR(RY SUCH THAT> OAE AND
H[up] = r(H-)u, &URTHERMOREZ2 " (R) nf0gIS SUCH THAU] = cuwITK 2 R

THEN > OAE u 2 SPAKuU,) ANDC = r(H)

4HE COMMON SPECTRAL VALUE OF THH OSERKRAR TERIZEQHB)Y= ro FOR AbL 1
WHER IS DEFINED BY

"EFORE GIVING DETAILS ON THE PROOF OF .EMMA ( LET US QUICKLY END WITH THE PROOF OF
( /BVIOUSLY E° =0 IS ALWAYS AN EQUILIBRIUM POINT OF THE MODEL 7E NOW CHECK NONTR
SOLUTIAN > 0 OF SYSTEM 5SING ABOVE NOTATIONS REWRITEHV J(x) = (1 +
B ) v (x) &ROM ,EMMA ( WEFINDr(H)=(1+ B ) > 1ANDv 2 SPAN ) WHEREIN

2 LY(R)\ L! (R) IS THE PRINCIPAL EIGENFUNCHOMIT# > 0AE AND NORMALIZED
BYk ki =1 7E THEN WRITE = FOR SOME CONSTANTO IE b = p— AND

B = pTdy 4HIS COMPLETES THE PROOF OF 4HEOREREMAINS TO PROOF ,EMMA (
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OROOF OF ,.EMMA ( 4HE PROOF IS MOSTLY BASED ON THE &ROBENIUS THEOREM WHICH GENER
THE +REIN 2UTMANN THEOREM FOR POSITIVE IRREDUCIBLE AND COMPACT LINEAR OPERATORS
LATTICES

H IS A BOUNDED OPERATORINCE THE KERNEL OPERAZQR(R)\ L' (R) THE OPERAT®R

IS A BOUNDED OPERATNIREED
z z z o

JH [u]()j” dx LX) 3yt (niuly)idy  dx

k 1 KE KIKR Uil

H IS A COMPACT OPERATORLANR) FOR ANY 1 S$ENOTE BY,f THE TRANSLATION OF
f :R! RBYh AND DEFINED B¥f (x) = f (x + h) FORAXI2 R [ETp2 [1;1 ) BEGIVEN ET
u 2 LP(R) ANDh 2 R BE GIVEN 7E HAVE
zZ Z o
knH[U] HUK, g = - [l ()3 y) P)Ix Y (Vuly)y dx

4HEN 90UNG INEQUALITY YIELDS
kKnH[Ul Huk og Kk n!3 1 keugeyk ke Kukieggy:
3INCEK 4 !1J 1J kLl(R) I 0OASh! OONE GETS THAT
rI}i!m0 nhH[u] = H[Uu]INLP(R);

WHEREIN THE ABOVE CONVERGENCE HOLDS UNIFORMLY ON BOURED SETS ON
.EXT LET 2 LP(R) ANDs > 0BE GIVEN 4HEN WE HAVE
z z z 0

JH [U](x)j” dx F(x)  J(x y)!(Miuly)jdy dx: (
jXj>s jxj>s R
,ETR > O0BE GIVEN #ONSIDER A SMOOTH AND NONNEGATIVE RUSQGTHDNHAT R 1
r(Y) = 1 IFjyj R AND gr(y) = O IFjyj R + 1: 4HEN THERE EXISTS SOME CONSTANT
C= Cp > 0 SUCH THAT EQUATION ( BECOMES
z z z o
COHMeOPA Gt I(x W) Ui Ky dx
JX]>s ij1>s R
Z p
+Cp ) J(x M@ ry)dy dx:
jxj>s RN
.OW NOTE THAT THERE EXISTS SOME CONSTANDEPENDENT @FANDR SUCH THAT
z z 0
M) I W) iU rydy  dx
jxj>s R "
Z #

CkIKD Yjjujifs g ~osup J(y) dx
jxj>s jx yj R+l
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3INCE THE FUNCTYON Sup,, y; r+1 J(y) BELONGS I&(R) WE THEN FIND A CONSTANTD
SUCH THAT THE PREVIOUS INEQUALITY BECOMES

z z o
(x) RJ(X V! iU r(y)dy dx  CkIK] Hjujif, g

jxj>s

/N THE OTHER HAND SIKCE, 1(gy =1 90UNG INEQUALITY ENSURES THAT

Z z p
L) Jx Mm@ sy dx - sup i (WPl g
ixj>s R jyi R
.OW SETTINBp(l) THE UNIT BALILINR) IT COMES THAT FOR ALD
z
limsup sup jH [u](x)j® dx Cp sup j! (y)j*:
st +1 u2B,(1) jxj>s ivi R

&INALLY BY ISSUMPTION! WE HAMG | O0ASjxj!1 &ROM WHERE

lim  sup KH[UlK oy =0:
sU+1 428, LP(fi xj sg)
4AHEREFORE THE &R'CHET +OLMOGOROQV THEOREM APPLIES ANDHENSAIRESIPAST OPERATOR
ONLP(R)

4HE SPECTRAL RADIUSHORS POSITIVE "Y ISSUMPTION | THE FUNCTIONS POSITIVE GN

THEN THE OPERAHIOR IRREDUCIBLELGKR) FORApL 1 4HEN &ROBENIUS THEOREM 4HEOREM
AND #OROLLARY  IN; = APPLIES AND ENSURES THAT ITS SPECTRAH RIDRGSITIVE

AND IT IS A SIMPLE EIGENVALUE ASSOCIATED TO AN EIGENVEZETSRO; 1) &URTHERMORE

IF 2 RIS AN EIGENVALWEASSOCIATED TO AN EIGENWEQTOR(0; 1) n fOg THEN = r (H)

ANDw > Oa:e:IN(0; 1) 4HIS ENDS WITH THE PROOF OF .EMMA ( ITEM

7E NOW PROVE THAT FORPLL 1 r(H) = ro WITHro DEFINED BY( $ENOTE BY
rp(H) THE SPECTRAL RADIUSOEFINED ONP(0; 1) FOR 1 4HEN WITHH = 1 BY ITEM

THERE EXISTS A FUNCT{GN L1(0; 1) WITHJ; > O a:e: SUCH THAT(H)u; = Hu; ET
q 1BEGIVEN !GAINBY ITEM TO SHOW M{AT) = ry(H) IT IS SUFFICIENT TO SHOW THAT
u; 2 L9(0;1) 3INCRU; 2 LY(0;1) ANDJ 2 LY(0; 1)\ L* (0;1) THEN THE CONVOLUTION PRODUCT
FJ (Fug) 2 L'(0;1)\ L* (0;1) AND THE RESULT FOLLOWS FROM 90UNG INEQUALITY &INALL
TO THE SYMMETRY HYPOTHESIS ON THE MUTATIONKERSHLF ADJOINT OPERATOR AND THEN
THE 2AYLEIGH QUOTIENT FORMULATION FOR THE PRINCIPALHEIERSVREBHBETH ) = ro:
4HIS COMPLETES THE PROOF OF AND SO THE PROOF OF EMMA (= "

“ OERSISTENCE RESULTS WHEN) > 1

4HEOREM'  3UPPOSE(H-) > 1 THEN THE SEMI AlEWh,)g: IS UNIFORMLY PERSISTENT THAT
IS THERE EXISTS A CONSTABIBUCH THAT FORBANEY L1 (R) nfOg THE UNIQUE SOLUTION
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v(t;bg) = b(t; ) OF  WITH INITIAL DBTBATISFIES
liminf kb(t; Ykis > :
OROOFE FIRST ESTABLISH THE WEAK UNIFORM PERSISTENCE THAT IS; THEREJEKISFT

limsupkb(t; )k » > 1: “
tl

"Y CONTRADICTION SUPPOSE THAT BORHERE EXIS}S2 L1 (R) nfOg SUCH THAT THE UNIQUE
SOLUTIAN(t; x) OF  WITH INITIAL DARASATISFIES

limsupkb (t; )k.»  2:
thl

2EPLACINKG BYb (t ) FOR SOME 1 AND APPLYING ITEM OF 4HEOREM % WITHOUT LOSS OF
GENERALITY WE MAY ASSUMBRHRD (t; )k.: < FORALL O 4HEN

@o(t,) L [b(t) ‘

WHERE IS THE OPERATOR DEFINED[B()](X) =  (X)u(x)+(1+ )R RRJ(x y)p(y)u(y)dy
7E ALSO INTRODUCE THE OPHRANGR](X) = Xu(x)+(1+ ) rJ (X y)p(y)u(y)dy

.OTETHAH ! H IN THE OPERATOR NORM A AND WHERH IS THE OPERATOR INTRODUCED
BY ( 3INCE (H) > 1 WE CAN CHOOSESUFFICIENTLY SMALL(HHAY > 1 AS THE SPECTRAL
RADIUS IS A CONTINUOUS FUNCTION OF COMPACT LINEAR OPERATORS "SOROPOJITION &
AND IT IS AN ISOLATED AND SIMPLE EIGENVALUE WITH CORRESPONDING EIGERRNICTION
NORMALIZED SUCH kHAk =1 ,ETc > 0BE A CONSTANT SUCHOHXK)  hb(x) FOR ALL
X 2 R "Y .EMMA ( AND GENERAL PERTURBATION RESULTISE SEMIGRObE- Otg GENERATED
BYL ° IS UNIFORMLY CONTINUOUS AND POSTIOWEES

eL Ottbo eL Otc 0 = eS(L D)tc o:

&ROM WHERE" "'bek 1 !'1 ASt!1  SINCB(L °) > 0 "Y THE COMPARISON PRINCIPLE
“ GIVESkbo(t; )k.: k € °'bki!1 ASt!1 ANDLEADING TO A CONTRADICTION

“T REMAINS TO SHOW THAT THERE EXISTS A GORSTANT
Iitrlqinf ko(t; Yk : > :

4HE FUNCTIONuU) = kuk_ 1 IS CONTINUOUS AND THE COMPACTNESS ASSUMPTION TO APPLY 4HEO
| OF; =IS SATISFIED BECAUSE THE SEMIEbG)MNDUCED BY THE NONNEGATIVE SOLUTIONS
OF  HAS A COMPACT ATTRACTOR OF BOUNDED SETS BY 4HEOREM % Y 4HBGREN %
IMPLIES (v(t;bg)) > O AND THE RESULT FOLLOWS FROM ; =
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