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!NTIMICROBIAL EFFICACY IS TRADITIONALLY DESCRIBED BY A SINGLE VALUE� THE MINIMAL INHIBITORY

CONCENTRATION �-“#	� WHICH IS THE LOWEST CONCENTRATION THAT PREVENTS VISIBLE GROWTH OF THE

BACTERIAL POPULATION� !S A CONSEQUENCE� BACTERIA ARE CLASSICALLY QUALITATIVELY CATEGORIZED AS

RESISTANT IF THERAPEUTIC CONCENTRATIONS ARE BELOW -“# AND SUSCEPTIBLE OTHERWISE� (OWEVER�

THERE IS A CONTINUITY IN THE SPACE OF THE BACTERIAL RESISTANCE LEVELS� (ERE� WE INTRODUCE A

MODEL OF WITHIN
HOST EVOLUTION OF RESISTANCE UNDER TREATMENT THAT CONSIDERS RESISTANCE AS A

CONTINUOUS QUANTITATIVE TRAIT� DESCRIBING THE LEVEL OF RESISTANCE OF THE BACTERIAL POPULATION�

4HE USE OF INTEGRO
DIFFERENTIAL EQUATIONS ALLOWS TO SIMULTANEOUSLY TRACK THE DYNAMICS OF

THE BACTERIAL POPULATION DENSITY AND THE EVOLUTION OF ITS LEVEL OF RESISTANCE� 7E ANALYZE THIS

MODEL TO CHARACTERIZE THE CONDITIONS� IN TERMS OF �A	 THE EFFICIENCY OF THE DRUG MEASURED BY

THE ANTIMICROBIAL ACTIVITY RELATIVELY TO THE HOST IMMUNE RESPONSE� AND �B	 THE COST
BENEFIT OF

RESISTANCE� THAT �I	 PREVENTS BACTERIAL GROWTH TO MAKE THE PATIENT HEALTHY� AND �II	 ENSURES THE

EMERGENCE OF A BACTERIAL POPULATION WITH A MINIMAL LEVEL OF RESISTANCE IN CASE OF TREATMENT

FAILURE� 7E INVESTIGATE HOW CHEMOTHERAPY �I�E�� DRUG TREATMENT	 IMPACTS BACTERIAL POPULATION

STRUCTURE AT EQUILIBRIUM� FOCUSING ON THE LEVEL OF EVOLVED RESISTANCE BY THE BACTERIAL

POPULATION IN PRESENCE OF ANTIMICROBIAL PRESSURE� 7E SHOW THAT THIS LEVEL IS EXPLAINED BY

THE REPRODUCTION NUMBERR 0� 7E ALSO EXPLORE THE IMPACT OF THE INITIAL BACTERIAL POPULATION

SIZE AND THEIR AVERAGE RESISTANCE LEVEL ON THE MINIMAL DURATION OF DRUG ADMINISTRATION IN

PREVENTING BACTERIAL GROWTH AND THE EMERGENCE OF RESISTANT BACTERIAL POPULATION�

+EYWORDS�!NTIMICROBIAL RESISTANCE� %VOLUTIONARY DYNAMICS� -ATHEMATICAL MODELLING� .ON
LINEAR DYNAMICAL SYSTEM

“NTRODUCTION

“N ADDITION TO ITS IMPACT ON ECOLOGICAL DYNAMICS� HUMAN ACTIVITIES ARE MAJOR DRIVERS OF THE

EVOLUTION OF SPECIES INTERACTING WITH US ;� =� !N EXAMPLE OF SUCH IMPACT� THE EVOLUTION OF

ANTIMICROBIAL RESISTANCE �!-2	 AMONG PARASITES OF MEDICAL IMPORTANCE� IS A GROWING CONCERN

ACROSS THE WORLD ;� � � =� !N ANTIMICROBIAL SUBSTANCE IS A CHEMICAL AGENT THAT HAS THE POTENTIAL

TO INTERFERE WITH THE PHYSIOLOGY OF A BACTERIAL CELL� "ECAUSE OF THEIR RELATIVE SIZE AND MECH


ANISMS OF ACTION �AT LEAST FOR THE ANTIMICROBIAL FAMILIES CURRENTLY USED TO TREAT INFECTIONS	� A

SINGLE ANTIMICROBIAL MOLECULE DOES NOT CAUSE ANY DAMAGE TO A BACTERIUM� WHILE NO BACTERIAL

POPULATION CAN SURVIVE IN A MEDIUM FULLY SATURATED WITH ANTIMICROBIALS�“N OTHER WORDS� THE

NEGATIVE EFFECT OF AN ANTIMICROBIAL SUBSTANCE ON A GIVEN BACTERIUM�S SURVIVAL� REFERRED TO HERE

AS THE ANTIMICROBIAL ACTIVITY AND DENOTEDA � IS AN INCREASING FUNCTION OF ITS CONCENTRATION IN

THE MEDIUM �DENOTEDC	� WITH BOUNDARIESA (C) = 0 WHENC = 0 ANDA (C) ! A sat WHEN

C ! C sat � WHEREA sat ANDCsat ARE SATURATING THRESHOLD LEVELS� (ERE�A IS MEASURED AS THE

0%%2# /--5. “49 “. - !4(%-!4 “#!, !.$ # /-054!4 “/.!, " “/,/'9 � OF ��



ANTIMICROBIAL
RELATED MORTALITY RATE� &ROM THIS INTUITIVE APPROACH� IT FOLLOWS THAT THERE EXISTSC?

IN(0; Csat ) SUCH THATA (C?) IS EQUAL TO THE INTRINSIC RATE OF INCREASE AND REVERSES THE GROWTH OF

A BACTERIAL POPULATION� ALL ELSE BEING EQUAL� 4HIS THRESHOLD CONCENTRATION AT WHICH A BACTERIAL

POPULATION DOES NOT GROWIN VITROIS CALLED THE -INIMUM“NHIBITORY #ONCENTRATION �-“#	�

2ESISTANCE IS THEN A CONTINUOUS TRAIT BY NATURE REFERRED TO AS ANTIMICROBIAL QUANTITATIVE

RESISTANCE �Q!-2	�“NDEED� BECAUSE OF THEIR SHORT GENERATION TIMES AND LARGE POPULATION SIZES�

BACTERIAL POPULATIONS SHOW A GREAT INTRASPECIFIC GENETIC DIVERSITY GENERATED THROUGH RANDOM

MUTATIONS� 4HESE MUTATIONS DEFINE DISTINCT STRAINS WHICH THEREFORE CAN DIFFER BY THEIR RELATIVE

SUSCEPTIBILITY TO A GIVEN ANTIMICROBIAL ;� � � =� !S A CONSEQUENCE� THE -“# CAN BE SEEN AS A

DISTRIBUTED VARIABLE WITHIN THE SAME BACTERIAL SPECIES� UNDERPINNED BY A MAPPING OF EACH

STRAIN GENOME TO A UNIQUE -“#� 4HESE - “# DISTRIBUTIONS ARE EXPERIMENTALLY ASSESSED ON A

log2 
DISCRETISED SCALE �SEEE�G�THE %5#!34 DATABASE ;� =� USUALLY WITH A LOW SKEWNESS THAT

SPANS OVER TWO OR THREE ORDER OF MAGNITUDES OF ANTIMICROBIAL CONCENTRATIONS	� &OR INSTANCE� A

RECENT STATISTICAL MODEL OF -“# EXPLAINED BY GENOMIC DATA HAS SHOWN� IN THE CASE OF.EISSERIA

GONORRHOEAE� THAT INDEPENDENT EXPONENTIAL CONTRIBUTIONS OF DISTINCT SUBSTITUTIONS PROVIDE A

GOOD SET OF REGRESSORS FOR ESTIMATING -“# ; � =� 4HEREFORE� WE HERE USE THE LOG DIFFERENCE IN -“#

AS A PHENOTYPIC DISTANCE BETWEEN BACTERIAL STRAINS� WITH RESPECT TO ANTIMICROBIAL SUSCEPTIBILITY�

4HIS IS PARTICULARLY SUITABLE BECAUSE THE LOG SCALE ALLOWS THE ADDITIVITY OF INDEPENDENT MUTATION

EFFECTS� WHICH WILL LATER SUPPORT SYMMETRIC MUTATION KERNELS�

1UANTITATIVE RESISTANCE IS KEY TO BETTER UNDERSTAND THE WITHIN
HOST EVOLUTIONARY DYNAMICS

OF !-2 BECAUSE INTERMEDIATE RESISTANCE CAN ALLOW BACTERIAL POPULATIONS TO SURVIVE DRUG

CONCENTRATIONS BELOW THOSE CONSIDERED THERAPEUTIC ;� =� AND ALLOWS THE COEXISTENCE OF MULTIPLE

STRAINS WITHIN THE HOST� (ERE� WE INTRODUCE A CONTINUOUS PHENOTYPIC TRAITx 2 R� DESCRIBING

THE LEVEL OF RESISTANCE BETWEEN�1 AND+ 1 � 7E ALSO TREAT THIS QUANTITATIVE DESCRIPTORx
AS THE LABEL OF THE BACTERIAL STRAIN WITH RESISTANCE LEVELx � .OTE THAT ANY INTERVAL(a; b) WITH

a < b ANDx 2 (a; b) IS ALSO VALID WITHIN THE CONTEXT OF THE MODEL AND RESULTS DEVELOPED HERE�

(OWEVER� IT IS IMPORTANT TO KEEP IN MIND THAT� INTUITIVELY THERE EXIST TWO THRESHOLD LEVELSx0

ANDx1 �CALLED REFERENCE�SENSITIVE� AND�RESISTANT� STRAINS	 SUCH THAT EACH STRAIN WITH RESISTANCE

LEVEL �LABELLED BYx 	 CAN BE CLASSIFIED AS�SENSITIVE�� �INTERMEDIATE�� OR�RESISTANT� DEPENDING ON

WHETHERx < x 0� x0 < x < x 1� ORx > x 1 RESPECTIVELY �&IGURE �	�

&IGURE �� #LASSIFICATION OF THE RESISTANCE LEVELx � (EREx0 ANDx1 ARE REFERENCE�SENSITIVE�

AND�RESISTANT� STRAINS�

-ANY MATHEMATICAL MODELS HAVE BEEN DEVELOPED TO STUDY ANTIMICROBIAL RESISTANCE EVO


LUTION WITHIN A TREATED HOST ;� ÿ�� =� 7E ALSO THINK THAT THE LITERATURE IS SO VAST THAT WE WOULD
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NOT KNOW WHERE TO BEGIN SINCE THE MODEL USED THEN STRONGLY DEPENDS ON THE QUESTION ASKED�

(OWEVER� MOST OF THE MODELLING APPROACHES DEVOTED TO !-2 TACKLING THE CASE OF QUALITATIVE

�OR�BINARY�	 RESISTANCE ARE GENERALLY BASED ON THE DYNAMICAL INTERACTION BETWEEN TWO PAR


ASITE STRAINS LEADING TO A BINARY -“# FORMULATION ;� =� 4HIS ANALYSIS IGNORES THE EVOLUTIONARY

SHORT
TERM TRANSIENT DYNAMICS WHICH LEAD TO THE EMERGENCE OF RESISTANCE�

4O OUR KNOWLEDGE� NO STUDY HAS CONSIDERED THE CONTINUOUS NATURE OF !-2 AS FOR THE

APPROACH DEVELOPED HERE� (OWEVER� A SIMILAR FORMALISM HAS BEEN DEVELOPED IN THE CONTEXT OF

ANTICANCER TREATMENTS ;�� =� 4HERE ARE ALSO PARALLELS WITH WORK ON LINKING DRUG
TARGET BINDING

KINETICS WITH BACTERIAL REPLICATION BY MODELLING THE NUMBER OF TARGET MOLECULES PER BACTERIAL

CELL AS A POSITIVE CONTINUOUS VARIABLE ;�� =� 7E USE A SYSTEM OF INTEGRO
DIFFERENTIAL EQUATIONS

MODELING THE DYNAMICS OF BACTERIAL POPULATION WITH DENSITYb(�; x) AND RESISTANCE LEVELx 2 R�

2ESISTANCE HAS A COST AND THUS GROWTH AND DEATH RATES DEPEND ON THE BACTERIAL RESISTANCE LEVEL

x � “N ADDITION TO THOSE EFFECTS ON THE DEATH AND BIRTH RATES� BACTERIAL POPULATION RESISTANCE LEVEL

ALSO MITIGATES THE ANTIMICROBIAL EFFICIENCY WITH RESPECT TO THAT POPULATION� &ROM A THEORETICAL

POINT OF VIEW� SOME OF THE PROPERTIES OF THIS MODEL BUILD ON PREVIOUS ANALYTICAL QUANTITATIVE

GENETICS RESULTS DEVELOPED IN ;��� ��=�

7E FIRST DESCRIBE OUR MODEL AND ITS MAIN PARAMETERS� .EXT� WE INVESTIGATE HOW CHEMOTHER


APY �I�E�� DRUG TREATMENT	 IMPACTS BACTERIAL POPULATION STRUCTURE AT EQUILIBRIUM� 4HIS INCLUDES

THE CHARACTERIZATION OF THE RESISTANCE LEVEL ACQUIRED BY THE BACTERIAL POPULATION IN THE PRES


ENCE OF ANTIMICROBIAL PRESSURE� 7E SHOW THAT SUCH A CHARACTERIZATION IS SIMPLY BASED ON

THE REPRODUCTION NUMBERR 0 ;�� =� WHICH WE PROVE TO PLAY THE ROLE OF THE INVASION FITNESS

IN EVOLUTION ;�� =� .EXT� WE INVESTIGATE IN WHAT CONDITIONS OF THE DRUG EFFICIENCY �MEASURED

BY THE ANTIMICROBIAL ACTIVITY RELATIVELY TO THE HOST IMMUNE RESPONSE	 AND THE COST
BENEFIT OF

RESISTANCE� WE CAN �I	 PREVENT BACTERIAL GROWTH TO MAKE THE PATIENT HEALTHY� AND �II	 ENSURE THE

EMERGENCE OF A BACTERIAL POPULATION WITH A MINIMAL LEVEL OF RESISTANCE IN CASE OF TREATMENT

FAILURE� 4HIS IS CALLED THEREAFTER THE TREATMENT OBJECTIVE� &INALLY� WE INVESTIGATE THE MINIMAL

DURATION OF DRUG ADMINISTRATION TO ACHIEVE OUR TREATMENT OBJECTIVE AS A FUNCTION OF THE INITIAL

BACTERIAL POPULATION SIZE AND THEIR AVERAGE RESISTANCE LEVEL�

$ESCRIPTION

3CALING CONSIDERATIONS AND MODEL OVERVIEW

/F COURSE� ANYONE CAN CLAIM TO MODEL RESISTANCE AS A QUANTITATIVE TRAITx BUT THIS IS PURELY

A THEORETICAL THOUGHT EXERCISE UNLESS IT CAN BE CLEARLY LINKED WITH EXISTING NOMENCLATURE

FOR SENSITIVE AND RESISTANT STRAINS� AND WITH EXISTING QUANTITATIVE METRICS RELATED TO DRUG

RESISTANCE� ESPECIALLY -“# AND GROWTH RATE� ! BACTERIAL STRAIN IS SAID TO BE RESISTANT TO A

GIVEN ANTIMICROBIAL IF A TREATMENT� THE POSOLOGY OF WHICH DOES NOT EXCEED TOLERANCE LIMITS�

IS LIKELY TO FAIL ;� � � =� 4HEREFORE� EACH STRAIN CAN BE CLASSIFIED AS�SENSITIVE� OR�RESISTANT�

�2	 RESPECTIVELY� DEPENDING ON WHETHER OR NOT THEIR -“# � I�E�� THE THRESHOLD CONCENTRATION
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AT WHICH A BACTERIAL POPULATION DOES NOT GROW	 IS BELOW OR ABOVE A THERAPEUTIC THRESHOLD

C1 DEFINED FROM CLINICAL AND PHARMACOKINETICS INVESTIGATIONS� &OLLOWING THE %5#!34 ����

NOMENCLATURE ;� =� SENSITIVE STRAINS CAN BE CLASSIFIED AS�NORMAL EXPOSURE� �3	 OR�INCREASED

EXPOSURE� �PREVIOUSLY�INTERMEDIATE�� BUT STILL DENOTED BY“	 DEPENDING ON WHETHER THEIR

- “# IS RESPECTIVELY BELOW OR ABOVE THE PHARMACOLOGIC THRESHOLDC0 CORRESPONDING TO THE

ANTIMICROBIAL CONCENTRATION REACHED BY A STANDARD POSOLOGY� 4HEY RESPECTIVELY� CORRESPOND TO

THE CONCENTRATION THRESHOLDS AT USUAL �I�E�NORMAL	 AND MAXIMUM TOLERABLE POSOLOGIES AND

ARE KNOWN AS THE TWO CLINICAL BREAKPOINTS�

"ASED ON THESE DEFINITIONS� FOR ANY STRAIN OF A GIVEN BACTERIAL SPECIES EXPOSED TO A GIVEN

ANTIMICROBIAL� WE CAN DEFINE A SCALE
FREE QUANTITATIVE DESCRIPTOR OF !-2 VARYING IN A SYMMETRIC

MANNER AT EACH MUTATION STEP SUCH THAT

x :=
log

�
Cx
C0

�

log
�

C1
C0

� 2 R;

WHERECx IS THE -“# OF THE STRAIN WITH RESPECT TO THIS ANTIMICROBIAL� 7ITH THIS DEFINITION� THE

%5#!34 ���� TYPOLOGY ;� = IMPLIES THATS < 0 < I < 1 < R � 7ITH THE ABOVE EQUATION� NOTICE

THAT HAVING A NEGATIVE VALUE FOR THE RESISTANCE LEVELx �I�E� x < 0	 JUST MEANS THAT THE GIVEN

BACTERIAL STRAIN IS MORE SENSITIVE THAN THE REFERENCE�SENSITIVE� STRAIN �I�E�Cx < C0	�

4HE MODEL FOLLOWS THE DYNAMICS OF BACTERIAL POPULATION AND ANTIMICROBIAL CONCENTRATIONS�

4HE BACTERIAL POPULATION IS ASSUMED TO BE PHENOTYPICALLY �AND GENETICALLY	 DIVERSE� WITH A

STRUCTURATION THROUGH THE LEVEL OF ANTIMICROBIAL RESISTANCE� HERE DEFINED AS A CONTINUOUS TRAIT

x AND REFERRED TO AS QUANTITATIVE ANTIMICROBIAL RESISTANCE� 4HIS QUANTITATIVE ANTIMICROBIAL

RESISTANCE LEVELx RANGES FROM�1 TO+ 1 � AND AFFECTS DIFFERENT COMPONENTS OF THE BACTERIAL

POPULATION LIFE CYCLE� SUCH AS GROWTH AND DEATH RATE� "ACTERIAL POPULATIONS WITH A RESISTANCE

LEVELx HAVE A DENSITYb(t; x ) AT TIMEt � 4HE MAIN VARIABLES AND PARAMETERS OF THE MODEL ARE

LISTED IN 4ABLE ��

-ODEL PARAMETERS AND GENERAL HYPOTHESIS

&OR OUR MODEL FORMULATION AND ANALYSIS� THE KILLING RATE FUNCTION OF THE ANTIMICROBIALk(�) WILL

BEÿQUITE NATURALLYÿ A DECREASING FUNCTION WITH RESPECT TO THE RESISTANCE LEVELx � /UR PRIMARY

GOAL HERE IS TO DEFINE THE FUNCTIONk(�) WITH TWO PARAMETERS� NAMELY�k0 ANDk1 REPRESENTING

THE ANTIMICROBIAL ACTIVITY UNDERGONE BY STRAINS THE -“# OF WHICH ARE EXACTLYC0 ANDC1 AND

HEREAFTER CALLED REFERENCE STRAINS � AND �� 4HEREFORE� WE ASSUME THAT THE KILLINGk(x) OF THE

ANTIMICROBIAL ON THE BACTERIAL POPULATION WITH RESISTANCE LEVELx TAKES THE FORM

k (x) = k0

�
k1

k0

� x

;

4HE QUALITATIVE SHAPE OF THE CURVEk(x) IS SHOWN IN &IGURE ��
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4ABLE �� -ODEL STATE VARIABLES AND PARAMETERS

3TATE VARIABLES $ESCRIPTION

b(t; x ) $ENSITY OF BACTERIAL POPULATION WITH RESISTANCE LEVELx AT TIMEt �

B (t) 4OTAL DENSITY OF BACTERIAL POPULATION AT TIMEt �

&UNCTIONAL PARAMETERS $ESCRIPTION �UNIT	

J (x � y) -UTATION PROBABILITY FROM RESISTANCE LEVELx TOy

PER CELL DIVISION �DIMENSIONLESS	�

p(x) “NTRINSIC GROWTH RATE OF BACTERIAL POPULATION WITH RESISTANCE LEVELx

�CELL�� G	�

k(x) +ILLING RATE OF BACTERIAL POPULATION WITH

RESISTANCE LEVELx DUE TO DRUG ���DAY	�

&IXED PARAMETERS $ESCRIPTION �UNIT	 6ALUE�RANGE

pm 5PPER BOUND OF THE INTRINSIC GROWTH RATEp ��

p0 “NTRINSIC GROWTH RATE OF THE REFERENCE SENSITIVE STRAIN0:95 � pm

R0
0(0) 4HE REPRODUCTION NUMBER OF THE REFERENCE

SENSITIVE STRAIN WITHOUT DRUG ��

� ,IMITATION ON BACTERIAL GROWTH FACTOR �

6ARIABLE PARAMETERS $ESCRIPTION �UNIT	 RANGE

m0 3IZE OF THE INITIAL BACTERIAL POPULATION (0; 1 )

� 2
0 2ESISTANCE VARIANCE OF THE INITIAL BACTERIAL POPULATION(0; 1 )

k0 !NTIMICROBIAL ACTIVITY ON THE SENSITIVE REFERENCE STRAINx = 0 (0 ; 1 )

p1=p0 2EFERENCE RESISTANT AND SENSITIVE GROWTH RATE RATIO ����	

k1=k0 2EFERENCE RESISTANT AND SENSITIVE DRUG EFFICIENCY RATIO ����	
7ITH FIXED AND VARIABLES PARAMETERS DEFINED IN THE TABLE ABOVE� OTHER MODEL�S PARAMETERS ARE CALCULATED

BY� � = p0
R 0

0 (0)
� p1 = p0 � (p1=p0) ANDk1 = k0 � (k1=k0)�
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,IKEWISE� ONE CAN DEFINE A BACTERIAL INTRINSIC GROWTH RATE THAT INCORPORATES THE COST OF

RESISTANCE �FOR EMPIRICAL EVIDENCE OF SUCH COSTS �E�G�� ;�� =	� 4HIS INTRINSIC GROWTH RATE� DENOTED

p� SHOULD BE UPPER BOUNDED DUE TO PHYSIOLOGICAL CONSTRAINTS� OTHERWISE� A STRAIN NOT INVESTING

AT ALL IN !-2 WOULD HAVE AN INFINITE GROWTH RATEp(�1 ) = 1 � WHICH IS BIOLOGICALLY UNREALISTIC�

4HEREFORE� WE SETp(�1 ) = : pm < 1 � /N THE OTHER SIDE� A STRAIN THAT TAKES AN INFINITE

CONCENTRATION OF ANTIMICROBIAL TO INHIBIT WOULD PAY AN INFINITE COST THEN COMPROMISING ITS

GROWTH ITSELF� HENCEp(1 ) = 0 : +NOWINGp0 ANDp1� THE INTRINSIC GROWTH RATE OF REFERENCE

STRAINS � AND � �WHICH CAN BE EXPRESSED AS FUNCTION OFk0� k1	� A SUITABLE EXPRESSION FORp IS

p(x) =
pm

1 +
�

pm � p0
p0

� �
p0
p1

� pm � p1
pm � p0

� x ;

WITH0 < p 1 < p 0 < p m � 4HE QUALITATIVE SHAPE OF THE CURVEp(x) IS SHOWN IN &IGURE ��

“MPORTANTLY� THE ABOVE FUNCTIONAL FORM FORp IS NOT STRICTLY IMPORTANT FOR OUR MODEL FORMULATION

AND ANALYSIS� 4HE MAIN IMPORTANT PROPERTY IS THATp SHOULD BE A DECREASING FUNCTION WITH

RESPECT TO THE RESISTANCE LEVELx �

&IGURE �� �,EFT	“NTRINSIC GROWTH RATEp(x) OF BACTERIAL POPULATION WITH A LEVEL OF RESISTANCE

x 2 R� �2IGHT	 $RUG ACTIVITYk(x) ON BACTERIAL POPULATION WITH RESISTANCE LEVELx 2 R�

"ACTERIAL POPULATION MODEL WITH QUANTITATIVE RESISTANCE LEVEL

7E USE AN INTEGRO
DIFFERENTIAL EQUATION TO MODEL THE DEMOGRAPHIC AND EVOLUTIONARY DYNAMICS

OF THE BACTERIAL POPULATION� !T ANY TIMEt � THE TOTAL BACTERIAL POPULATION DENSITY ISB (t) =
R

R b(t; y)dy: .EXT� BACTERIAL POPULATION WITH RESISTANCE LEVELy 2 R GIVE BIRTH TO THE BACTERIAL

POPULATION WITH RESISTANCE LEVELx 2 R AT A PER
CAPITA RATEJ (x � y)
p(y)

(1 + B (t)) � b(t; y)� WHERE

J (x � y) IS THE PROBABILITY FOR A BACTERIAL POPULATION WITH RESISTANCE LEVELy TO MUTATE TOWARDS

A LEVELx DURING THE REPRODUCTION PROCESS�p(y) IS THE BACTERIAL INTRINSIC GROWTH RATE�p(y)
(1+ B ( t )) �

IS THE EFFECTIVE GROWTH RATE� AND� > 0 IS A SCALING CONSTANT� 4HUS� THE NUMBER OF BACTERIA

PRODUCED AT TIMEt WITH RESISTANCE LEVELx IS 1
(1+ B ( t )) �

R
R J (x � y)p(y)b(t; y)dy: 4HE CLEARANCE

OF THE BACTERIAL POPULATION WITH RESISTANCE LEVELx DUE TO THE IMMUNE SYSTEM OCCURS AT A

RATE� (x)� (ERE� WE ASSUME THAT THE IMMUNE RESPONSE� IS CONSTANT IN TIME� 4HE PRESENCE
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OF ANTIMICROBIALS GENERATES AN ADDITIONAL MORTALITY RATEk(x)� WHICH DEPENDS ON THE LEVEL OF

BACTERIAL RESISTANCE� 4HEREFORE� THE FRACTIONp(y)
(1+ B ( t )) � ACCOUNTS FOR THE DENSITY DEPENDENCE OF

THE REPRODUCTION RATE� 3UCH A FORMALISM IS A SUITABLE ALTERNATIVE IN REGULATING THE GROWTH OF A

STRUCTURED POPULATION WITHOUT REFERENCE TO THE CONCEPT OF CARRYING CAPACITY� WHICH WE THINK IS

NOT NECESSARILY A MEASURABLE FACTOR FOR THIS TYPE OF POPULATION� 4HUS� THE PARAMETER� > 0 IS

INTRODUCED ONLY TO IMPOSE THE POPULATION HOMEOSTASIS AND DOES NOT IMPACT OUR DOWNSTREAM

RESULTS� 4AKING� = 0 LEADS TO A POPULATION WITH INFINITE GROWTH IF NO EFFECT OF THE IMMUNE

RESPONSE NOR OF THE ANTIMICROBIAL IS TAKEN INTO ACCOUNT� /VERALL� THE BACTERIAL EVOLUTIONARY

DYNAMICS IS DESCRIBED BY THE FOLLOWING DIFFERENTIAL EQUATION
8
><

>:

@t b(t; x ) =
1

(1 + B (t)) �

Z

R
J (x � y)p(y)b(t; y)dy � (� (x) + k(x))b(t; x ); t > 0;

b(t = 0 ; �) = b0(�):
����	

4HE MUTATION KERNELJ = J" IS SUCH THATJ (x � y) IS THE PROBABILITY OF MUTATION FROM RESISTANCE

LEVELy TOx � 7E ASSUME A 'AUSSIAN DISTRIBUTION WITHJ" (x) = 1
"
p

2�
e� 1

2 ( x
" )2

� WHERE" > 0
REPRESENTS THE MUTATION VARIANCE IN THE PHENOTYPIC SPACE� /THER MUTATION KERNELS COULD

BE CONSIDERED PROVIDED THAT THEY SATISFY SOME GENERAL PROPERTIES SUCH AS POSITIVITY AND

SYMMETRY �!PPENDIX !	� 0RELIMINARY RESULTS ON THE MODEL����	 � INCLUDING THE EXISTENCE OF A

UNIQUE MAXIMAL BOUNDED DISSIPATIVE SEMIFLOW� ARE SHOWN IN !PPENDIX %�

4HE FORMULATION OF MODEL����	 ALLOWS TO FOLLOW EVOLUTIONARY PARAMETERS SUCH AS THE AVERAGE

LEVEL OF RESISTANCE� (t) EXPRESSED BY THE WHOLE BACTERIAL POPULATION AND THE RELATED VARIANCE

� 2(t) AT ANY TIMEt � AS SO�

� (t) =
Z

R
x

b(t; x )
B (t)

dx; AND � 2(t) =
Z

R
(x � � (t))2 b(t; x )

B (t)
dx:

&URTHERMORE� THE MODEL����	 CAN BE USED TO RECOVER THE CLASSICAL MODEL FORMULATION FOR THE

QUALITATIVE �OR �BINARY�	 RESISTANCE�“NDEED� IF WE DENOTED BYBS ANDBR THE TOTAL DENSITIES OF

HIGHLY SENSITIVE �I�E�x = 0 	 AND RESISTANT �I�E�x = 1 	 BACTERIAL POPULATIONS� MODEL����	 CAN BE

REWRITTEN AS
8
>><

>>:

_BS =
1

(1 + BS + BR ) � [(1 � "0)p(0)BS + "0p(1)BR ] � (� (0) + k(0))BS ;

_BR =
1

(1 + BS + BR ) � ["0p(0)BS + (1 � "0)p(1)BR ] � (� (1) + k(1))BR ;
����	

WHERE"0 IS THE MUTATION PROBABILITY� 7E BRIEFLY SKETCH THE INTERPRETATION OF 3YSTEM����	 � WHICH

WILL ALSO HELP IN BETTER UNDERSTANDING OF -ODEL����	 � 3ENSITIVE BACTERIABS GROWTH AT EFFECTIVE

RATEp(0)=(1+ BS + BR ) � � &URTHERMORE� WHILE A PROPORTION"0 CORRESPONDS TO A MUTANT GROWTH

�I�E�MUTATIONS AWAY FROM THE SUB
POPULATIONBS 	� THE REMAINDER �1 � "0	 CORRESPONDS TO A

FAITHFUL GROWTH� .EXT� THE SENSITIVE POPULATIONBS IS CLEARED AT RATE �� (0) + k(0)	 ACCOUNTING

FOR ACTIONS OF THE IMMUNE RESPONSE� (0) AND ANTIMICROBIALk(0)� 4HE SAME INTERPRETATION

HOLDS FOR THE RESISTANT POPULATIONBR � &INALLY� WE REFER TO !PPENDIX " FOR MORE DETAILS ON THE

DERIVATION OF 3YSTEM ����	�
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“NITIAL CONDITIONS

4HE INITIAL BACTERIAL POPULATIONb0(x) �ATt = 0 	 IS ASSUMED TO BE COMPOSED BY A SENSITIVE

BACTERIAL POPULATION� WITH AVERAGE RESISTANCE LEVELx = 0 � 4HIS POPULATION IS CHARACTERIZED BY

TWO PARAMETERS� ITS SIZE �m0	 AND THE VARIANCE �� 2
0 	 OF ITS LEVEL OF RESISTANCE� 4HE HIGHER� 2

0 � THE

MORE FREQUENT RESISTANT BACTERIA ARE IN THE INITIAL POPULATION� &ORMALLY� WE SET

b0(x) = m0 � N (0; � 0; x);

WHEREN (0; � 0; x) STANDS FOR THE NORMALIZED DENSITY FUNCTION OF THE 'AUSSIAN DISTRIBUTION AT

x WITH MEAN0 AND VARIANCE� 2
0 �

2ESULTS

7E ILLUSTRATE HOW TO USE THE MODEL TO SIMULTANEOUSLY CAPTURE THE BACTERIAL POPULATION DY


NAMICS AND THE EVOLUTION OF ANTIMICROBIAL RESISTANCE� 4HE SPREAD OF A BACTERIAL POPULATION IN

A BACTERIA
FREE ENVIRONMENT IS CLASSICALLY DETERMINED BY CALCULATING THE BASIC REPRODUCTION

NUMBER OF THIS BACTERIAL POPULATION� (OWEVER� THE OUTCOME OF THE EVOLUTIONARY DYNAMICS OF A

RARE BACTERIAL POPULATION WITH RESISTANCE LEVELy IN A RESIDENT POPULATION WITH RESISTANCE LEVEL

x IS DETERMINED BY THE INVASION FITNESS BASED ON STANDARD ADAPTIVE DYNAMICS METHODOLOGY�

&URTHERMORE� WE SHOW THAT THE LEVEL OF THE BACTERIAL POPULATION AT THE EVOLUTIONARY EQUILIBRIUM

OF -ODEL����	 WILL COINCIDE WITH THE LOCAL MAXIMUM OF THE BASIC REPRODUCTION NUMBER� 7E

WILL ALSO SHOW HOW THE OUTCOME OF THE TREATMENT �SUCCESS OR UNSUCCESS	 AND THE EVOLUTIONARY

BACTERIAL RESISTANCE LEVEL STRONGLY RELIES ON TWO PARAMETERS� �I	 THE RESISTANCE�S COST
BENEFIT

RATIO� AND �II	 THE DRUG EFFICIENCY OF THE REFERENCE SENSITIVE STRAIN� QUANTIFIED RELATIVELY TO THE

HOST IMMUNE RESPONSE� &INALLY� NOTICE THAT FOR ALL SIMULATIONS� WE RANDOMLY SET THE PARAMETERS

�4ABLE �	� WITH THE ONLY PURPOSE TO ILLUSTRATE OUR THEORETICAL RESULTS�

"ASIC REPRODUCTION NUMBERR 0 AND INVASION FITNESS

&OLLOWING CLASSICAL STUDIES� WE DEFINE THE BASIC REPRODUCTION NUMBERR 0 AS THE EXPECTED

NUMBER OF BACTERIA ARISING FROM ONE BACTERIUM IN A BACTERIA
FREE ENVIRONMENT ;�� � �� =� !S

SHOWN IN !PPENDIX #� FOR A BACTERIAL POPULATION WITH RESISTANCE LEVELx � THIS BASIC REPRODUCTION

NUMBER IS

R 0(x) =
p(x)

� + k(x)
: ����	

7E USER 0(x) TO MEASURE THE FITNESS �OR EFFECTIVE GROWING CAPACITY	 OF A BACTERIAL POPULATION

WITH RESISTANCE LEVELx � 4HISR 0 CAN BE SEEN AS A PRODUCT BETWEEN �I	 THE INTRINSIC GROWTH

RATE OF NEW BACTERIAL POPULATION DURING THEIR NATURAL LIFE TIME�p(x)� AND �II	 THE LIFESPAN OF

A BACTERIAL POPULATION WITH RESISTANCE LEVELx � 1=(� + k(x)) � “N THE FOLLOWING� WE DENOTE BY

R 0
0� THE BASIC REPRODUCTION NUMBER AS IN MODEL����	 IN ABSENCE OF ANTIMICROBIALS �I�E�WHEN

k � 0	�
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!S STATE IN THE INTRODUCTION� LET US FIRST RECALL THAT THE QUANTITATIVE DESCRIPTORx FOR THE

BACTERIAL RESISTANCE LEVEL IS ALSO TREATED AS THE LABEL OF THE BACTERIAL STRAIN WITH RESISTANCE

LEVELx � 4HEN� THE SPREAD OF A RARE BACTERIAL POPULATION WITH RESISTANCE LEVELy IN A RESIDENT

POPULATION WITH RESISTANCE LEVELx IS STUDIED USING ADAPTIVE DYNAMICS� 1UITE NATURALLY� WE

ASSUMER 0(x) > 1� OTHERWISE� THE RESIDENT POPULATIONx IS NOT PERSISTENT� WHICH A BIT

CONTRADICTS THE CONCEPT OF�RESIDENT POPULATION�� .EXT� TO FIND THE EVOLUTIONARY ATTRACTORS� WE

CALCULATE THE INVASION FITNESSf x (y)� AND THE RARE POPULATION WITH RESISTANCE LEVELy WILL INVADE

THE POPULATIONx IF AND ONLY IFf x (y) > 0� 4HE SIGN OF THIS TWO
DIMENSIONAL FUNCTIONf x (y) IS

CLASSICALLY VISUALIZED USING 0AIRWISE“NVASIBILITY 0LOT �0“0	 ; �� � �� ÿ�� =� !S SHOWN IN !PPENDIX #�

THE INVASION FITNESSf x (y) IS WRITTEN AS

f x (y) =
1

(1 + bx ) �

| {z }
FEEDBACK OF
RESIDENTx

�R 0(y) � 1: ����	

4HE ENVIRONMENTAL FEEDBACK OF THE RESIDENT WITH RESISTANCE LEVELx CONDITIONS THE ABILITY OF A

RARE POPULATION WITH RESISTANCE LEVELy TO INVADE THE RESIDENT POPULATION�“T DEPENDS ON THE

CONDITIONS SET OUT BY THE RESIDENT� AND BY ����	� THE EQUALITY ����	 IS REWRITTEN

f x (y) =
1

(1 + bx ) � (R 0(y) � R 0(x)) : ����	

“T FOLLOWS THAT THE MODEL����	 ADMITS AN OPTIMISATION PRINCIPLE BASED ONR 0 ;�� � �� ÿ�� =�

“NDEED� THE SIGN OF THE INVASION FITNESSf x (y) IS GIVEN BY THE SIGN OF THE DIFFERENCE BETWEEN

R 0(y) ANDR 0(x) AND THUS� THE EVOLUTIONARY ATTRACTORS OF THE MODEL����	 COINCIDE WITH THE

LOCAL MAXIMA OF THER 0

4YPICAL DYNAMICS SIMULATED WITH THE MODEL

/NE OF THE PARAMETERS HIGHLIGHTED THROUGH OUR MODEL�S ANALYSIS IS THE RATIO

cb =
log �

log(1 + � )
; ����	

WHERE� = (pm � p1 )=p1

(pm � p0 )=p0
> 1� AND� = k0 � k1

k1
> 0� 4HE RATIOcb CAN BE INTERPRETED AS THE

AVERAGE FITNESS COST
BENEFIT RATIO OF THE RESISTANCE FOR A GIVEN BACTERIAL POPULATION�“NDEED�

THE PARAMETER� QUANTIFIES THE RELATIVE COST OF RESISTANCE OF A GIVEN BACTERIAL POPULATION�

WHEREAS� QUANTIFIES THE FITNESS ADVANTAGE OF THE REFERENCE RESISTANT STRAIN �x = 1 	 OF THAT

BACTERIAL POPULATION� .OTE THAT� � 1 CORRESPONDS TO CASES WHERE THE COST OF RESISTANCE OF

THE GIVEN BACTERIAL POPULATION IS NEGLIGIBLE� AND� � 0 TO CASES WHERE THE FITNESS ADVANTAGE OF

RESISTANCE OF THAT BACTERIAL POPULATION IS NEGLIGIBLE�

"EFORE ANTIMICROBIAL TREATMENT ONSET� THE FITNESS OF A BACTERIAL POPULATION �MEASURED BY ITS

BASIC REPRODUCTION NUMBER IN THE ABSENCE OF ANTIMICROBIAL�R 0
0(x)	 DECREASES WITH THE LEVEL OF
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RESISTANCEx � SUCH THAT WILD TYPE SENSITIVE BACTERIA �x = 0 	 OVERGROW RESISTANT ONES� 4HIS IS

DUE TO THE COST� �WHICH ASSUMES� > 0	 OF BEING RESISTANT �&IGURE �!	�

4HE INITIATION OF CHEMOTHERAPY INDUCES AN AVERAGE BENEFIT �MEASURED BY� 	 IN THE RESIS


TANT BACTERIAL POPULATION�“NDEED� THE DRUG EFFICIENCY �k	 DECREASES AS THE LEVEL OF BACTERIAL

RESISTANCEx INCREASES �&IGURE �$	� 4HEREFORE� THE TREATMENT CAN MODIFY THE FITNESS LANDSCAPE

�WHICH OBVIOUSLY WILL HAVE A VERY RAPID EFFECT ON THE DISTRIBUTION OFx VALUES IN THE POPULA


TION	 BY SHIFTING THE MAXIMUM POINT OF THE BASIC REPRODUCTION NUMBERR 0 FROMx = 0 TO

x = x � > 0 �&IGURE �!	�

4HE MODEL CAPTURES THE EVOLUTIONARY DYNAMICS OF THE SYSTEM FOLLOWING TREATMENT ONSET BY

TRACKING� AT THE SAME TIME� THE BACTERIAL POPULATION DYNAMICS AND THE EVOLUTION OF ANTIMICRO


BIAL RESISTANCE �&IGURES �"�#�%	�“N THE FIRST PHASE� THE TREATMENT CAUSES A DECREASE IN THE TOTAL

BACTERIAL POPULATION DENSITY� !T THE END OF THIS PHASE� THE INFECTION IS SEEMINGLY UNDER CONTROL

�&IGURE �"	� 4HE SECOND PHASE BEGINS WITH AN INCREASE IN BOTH THE POPULATION DENSITY AND THE

LEVEL OF RESISTANCE� 4HIS PHASE OCCURS WHEN THE AVERAGE DRUG RESISTANCE REACHES AN OPTIMUM

EVOLUTIONARY THRESHOLDx � THAT DEPENDS ON THE AMOUNT OF DRUG AND ON THE FITNESS COST� &INALLY�

THE BACTERIAL POPULATION IS NOT CONTROLLED �&IGURE �"	� AND EVEN WORSE� IT COMPLETELY ESCAPES

TREATMENT HAVING EVOLVED A HIGH LEVEL OF RESISTANCE �&IGURES �#	� &IGURE �% ILLUSTRATES THE JOINT

DYNAMICS OF BACTERIAL POPULATION DENSITY AND RESISTANCE�

%VOLUTIONARY EQUILIBRIUM AND GLOBAL DYNAMIC

!S SHOWN ABOVE� THE EVOLUTIONARY ATTRACTOR �x � 	 OF THE MODEL����	 � IN THE SET OF RESISTANCE

LEVELR� COINCIDES WITH THE LOCAL MAXIMUM OF THE BASIC REPRODUCTION NUMBERR 0 �!PPENDIX #	�

&URTHERMORE� THE EVOLUTIONARY ATTRACTOR �x � 	 CHARACTERIZES THE BACTERIAL EVOLUTIONARY RESISTANCE

LEVEL� WHICH IS THE LEVEL OF THE BACTERIAL POPULATION AT THE EQUILIBRIUM�

!N EXPLICIT EXPRESSION OFx � IS DIFFICULT TO OBTAIN WITH OUR PARAMETER SETTING� (OWEVER� USING

THE %5#!34 ���� NOMENCLATURE ;� = AND DEFINING THE COST
BENEFIT RATIOcb BY����	 � WE FIND THAT

LOW VALUES OF COST
BENEFIT RATIO �I�E� cb � (1 � p1=pm ) � 1 	 CAN LEAD TO EITHER HIGH RESISTANCE

LEVELS �I�E� x � � 1	� INTERMEDIATE �I�E� 0 � x � � 1	� OR LOW �I�E� x � � 0	 AT THE EVOLUTIONARY

ATTRACTOR� .EXT� INTERMEDIATE COST
BENEFIT RATIOS �I�E� (1 � p1=pm ) � 1 < c b < (1 � p0=pm ) � 1	

ARE ASSOCIATED WITH A LOW �I�E� x � � 0	 OR INTERMEDIATE �I�E� 0 � x � � 1	 LEVELS OF RESISTANCE

AT THE EVOLUTIONARY ATTRACTOR� &INALLY� HIGH COST
BENEFIT RATIOS �I�E� cb � (1 � p0=pm ) � 1 	

CORRESPOND TO A LOW RESISTANCE LEVELS AT THE EVOLUTIONARY ATTRACTOR �I�E�x � � 0	� 3EE FIGURE �

AND WE REFER TO !PPENDIX $ FOR MORE DETAILS�

.EXT� WE SIMULTANEOUSLY STUDY THE EPIDEMIO
EVOLUTIONARY DYNAMICS OF MODEL����	 BY

RELAXING THE TIME
SCALE SEPARATION ASSUMPTION�“NDEED� OUR ANALYSIS ALLOWS TO JOINTLY PERFORM

�I	 THE ASYMPTOTIC BEHAVIOR OF THE MODEL�S STATE VARIABLEb(t; �)� AND �II	 THE LONG
TERM BEHAVIOR

OF THE SYSTEM IN RELATION TO THE SPACE OF RESISTANCE LEVELx 2 R� 7E FIND THAT THE GLOBAL

DYNAMICS OF MODEL ����	 ARE FULLY DESCRIBED BYR 0(x � ) AS FOLLOWS�

�I	 “FR 0(x � ) < 1� ALL STRAINS ASYMPTOTICALLY DIE OUT AND THE BACTERIAL POPULATION CANNOT PERSIST�
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&IGURE �� 4YPICAL DYNAMICS SIMULATED WITH THE MODEL��!	 4HE BASIC REPRODUCTION NUMBERS

R 0(x) ANDR 0
0(x) WITH AND WITHOUT DRUG RESPECTIVELY� �$	 $RUG EFFICIENCYk(x) AND THE INITIAL

BACTERIAL POPULATION WITH AVERAGE LEVEL OF RESISTANCEx = 0 � �"	 4IME EVOLUTION OF THE TOTAL

BACTERIAL POPULATION
R

R b(t; x )dx � �#	 $ISTRIBUTION OF THE BACTERIAL POPULATIONb(t; x ) WITH

RESPECT TO TIMEt AND RESISTANCE LEVELx � ! LOGARITHMIC TIME SCALE IS USED TO BETTER HIGHLIGHT

TRANSIENT DYNAMICS OF THE BACTERIAL POPULATION DENSITY �"�%	� AND THE INCREASE OF THE BACTERIAL

POPULATION RESISTANCE LEVEL �#	� (ERE� WE HAVE SET� 0 = 0 :05� m0 = 0 :05� k0 = 3 � p1=p0 = 0 :5�

k1=k0 = 0 :01AND OTHER PARAMETERS ARE GIVEN BY 4ABLE ��

I�E�� lim t !1
R

R b(t; x )dx = 0 �!PPENDIX &
'	�

�II	 “FR 0(x � ) > 1� MODEL����	 EXHIBITS A UNIQUE POSITIVE STATIONARY STATEb� (�) = b�
" (�) AND

THE BACTERIAL POPULATION IS PERSISTENT� MEANING THAT THERE EXISTS� > 0 SUCH THAT�

lim inf t !1
R

R b(t; x )dx > � �!PPENDIX (
 “	�

�III	 &URTHER� IFR 0(x � ) > 1 AND THE MUTATION VARIANCE" IN THE PHENOTYPIC SPACE IS SMALL� THE

UNIQUE POSITIVE STATIONARY STATEb� (�) IS CONCENTRATED AROUND THE EVOLUTIONARY ATTRACTOR

x � IN THE SPACE OF RESISTANCE LEVELx 2 R� “N OTHER WORDS� THE AVERAGE BACTERIAL RESISTANCE

LEVEL AT EQUILIBRIUM ISx � AND WE HAVEb� (�) ! � x � (�) WHEN" ! 0� 4HIS CONVERGENCE

HOLDS FOR THE NARROW TOPOLOGY� THAT IS� FOR ANY CONTINUOUS FUNCTIONu 2 C (R) ONE HAS

lim " ! 0
R

R u(x)b� (x)dx = u (x � ) :
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&IGURE �� %VOLUTIONARY RESISTANCE LEVEL �x � 	 WITH RESPECT TO THE RESISTANCE�S COST
BENEFIT

RATIO �log(�) =log(1 + � )	 AND DRUG EFFICIENCY �k0=� 	 ON THE REFERENCE SENSITIVE STRAIN�

QUANTIFIED RELATIVELY TO THE HOST IMMUNE RESPONSE �� 	� !REASR� I � ANDS CORRESPOND TO

PARAMETER COMBINATIONS WHERE THE EVOLUTIONARY LEVEL OF RESISTANCEx � IS SUCH THATx � � 1�

0 < x � < 1� ANDx � � 0 RESPECTIVELY� 4HE TREATMENT SUCCESS HOLDS ABOVE THE LEVEL SET

fR 0(x � ) = 1 g� THAT IS� FOR THE ZONE IN GRAY� 4HE TREATMENT IS UNSUCCESSFUL BELOW THE LEVEL SET

fR 0(x � ) = 1 g� THAT IS� FOR ZONESR� I ANDS �BELOW THE PURPLE CURVE	� 4HE CURVES LABELLED

�x � = 0 � �IN YELLOW	 AND�x � = 1 � �IN RED	 INDICATE�SENSITIVE� AND�RESISTANT� THRESHOLDS�
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!CHIEVING A SUCCESSFUL TREATMENT

#OMBINING THE ASYMPTOTIC RESULTS DESCRIBED ABOVE �&IGURE �	 WITH THE CLASSIFICATION OF THE

EVOLUTIONARY BACTERIAL RESISTANCE LEVELx � ALLOWS US TO IDENTIFY A PATH TO ACHIEVE SUCCESSFUL

TREATMENT� THAT PREVENTS BACTERIAL GROWTH�“N FACT� FOR A GIVEN COST
BENEFIT RATIO TO DRUG

RESISTANCE �cb	� OUR ANALYSIS ALLOW US TO DETERMINE THE MINIMUM LEVEL OF DRUG ACTIVITY ON

THE REFERENCE STRAIN �k0=� 	� QUANTIFIED RELATIVELY TO THE HOST IMMUNE RESPONSE �� 	� THAT IS

REQUIRED TO ACHIEVE A SUCCESSFUL TREATMENT� 4HIS CAN BE DONE BECAUSE WE SHOWED THAT IN

THE PLANE(cb; k0=� ) IT IS POSSIBLE TO CHARACTERIZE THREE LEVEL SETSf (cb; k0=� ) : R 0(x � ) = 1 g�

f (cb; k0=� ) : x � = 0g� f (cb; k0=� ) : x � = 1g THAT DETERMINE THE POTENTIAL PERSISTENCE OF A

BACTERIAL POPULATION WITH AN EVOLUTIONARY RESISTANCE LEVELx � �&IGURE �	�

7E FIND THAT THE THRESHOLD VALUE OFk0=� FOR WHICH A SUCCESSFUL TREATMENT HOLDS INCREASES

NON
LINEARLY WHEN THE COST
BENEFIT RATIOcb BECOMES SMALL �&IGURE �	�“NTERESTINGLY� THE TREAT


MENT IS SUCCESSFUL IF AND ONLY IF(cb; k0=� ) > fR 0(x � ) = 1 g� WHICH MEANS THIS CAN HAPPEN

IF THE EVOLUTIONARY RESISTANCE LEVELx � IS �SENSITIVE� (cb; k0=� ) � f x � = 0g� �INTERMEDIATE�

f x � = 0g < (cb; k0=� ) < f x � = 1g OR EVEN�RESISTANT� (cb; k0=� ) � f x � = 1g �&IGURE �� GRAY

AREA	� 4HE CORRESPONDING EVOLUTIONARY DYNAMICS ARE SIMILAR TO THAT SHOWN IN &IGURE � WHERE

THE TOTAL BACTERIAL POPULATION DIES OUT� .OTE THAT THE TREATMENT RESULTS IN THE ACQUISITION OF

AN INTERMEDIATE LEVEL OF RESISTANCEx � BY THE BACTERIAL POPULATION �&IGURE �#	� (OWEVER� THIS

POPULATION IS UNABLE TO GROW BECAUSE THE TREATMENT IMPOSES� AT THE EVOLUTIONARY RESISTANCE

LEVELx � � A FITNESS SMALLER THAN UNITYR 0(x � ) < 1 �&IGURE �$	�

&AILURE IN ACHIEVING A SUCCESSFUL TREATMENT LEADS TO THE EMERGENCE OF A

RESISTANT BACTERIAL POPULATION WHATEVER THE COST
BENEFIT RATIO

4HE TREATMENT IS UNSUCCESSFUL WHEN THE POINT(cb; k0=� ) IS BELOW THE LEVEL SETfR 0(x � ) = 1 g
�&IGURE �	� /VERALL� FOR A GIVEN COST
BENEFIT RATIO �cb	� THERAPEUTIC FAILURE OCCURS WHEN THE DRUG

ACTIVITY �k0=� 	� QUANTIFIED RELATIVELY TO THE HOST IMMUNE RESPONSE �� 	� IS BELOW A THRESHOLD

CHARACTERIZED BY THE LEVEL SETfR 0(x � ) = 1 g� $EPENDING ON THE ORDER OF MAGNITUDE OFcb�

SUCH THERAPEUTIC FAILURE LEADS TO THE EMERGENCE OF A BACTERIAL POPULATION WITH HIGH �&IGURE ��

AREAR	� MODERATE �&IGURE �� AREAI 	� OR LOW �&IGURE �� AREAS	 LEVELS OF RESISTANCE�“NDEED� WITH

HIGH COST
BENEFIT RATIO VALUES�cb > (1 � p0=pm ) � 1� THERAPEUTIC FAILURES IS ALWAYS ASSOCIATED

WITH THE PERSISTENCE OF BACTERIA WITH LOW RESISTANCE LEVELS �&IGURE �� ZONES	� ! THERAPEUTIC

FAILURE WITH INTERMEDIATE VALUES OF COST
BENEFIT RATIOS�(1 � p1=pm ) � 1 < c b < (1 � p0=pm ) � 1�

LEADS TO THE EMERGENCE OF BACTERIAL POPULATIONS WITH EITHER LOW RESISTANCE LEVEL �&IGURE ��

AREAS	 OR INTERMEDIATE �&IGURE �� ZONEI 	� &INALLY� WHEN THE COST
BENEFIT RATIO IS RELATIVELY

LOW�cb < (1 � p1=pm ) � 1� A THERAPEUTIC FAILURE REGIMEN CAN LEAD TO THE EVOLUTION OF BACTERIAL

POPULATION WITH LOW �AS IN &IGURE �� AREAS	� INTERMEDIATE �AS IN &IGURE �� AREAI 	� OR HIGH �&IGURE

�� ZONER	 RESISTANCE LEVEL�
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&IGURE �� %VOLUTIONARY DYNAMICS WITH LETHAL TREATMENT�0ARAMETER VALUES ARE

(� 0; m0; k0; p1=p0; k1=k0) = (0 :05; 0:05; 20; 0:5; 0:3) OR DEFAULT AS SHOWN IN 4ABLE �� 4HE

VERTICAL DASHED LINE IN PANEL �"	 SHOWS THE TIME FROM WHICH THE TOTAL BACTERIAL POPULATION IS

ALWAYS� 10� 10 �

$ISCUSSION

/PTIMIZING ANTIMICROBIAL TREATMENT DOSAGE IS IMPORTANT IN PREVENTING BACTERIAL GROWTH AND THE

EMERGENCE OF RESISTANT BACTERIA �THE 4WOFOLD 4REATMENT /BJECTIVEÿ 44/	� !NTIMICROBIAL EFFICACY

IS TRADITIONALLY DESCRIBED BY A SINGLE VALUE� THE MINIMAL INHIBITORY CONCENTRATION �-“#	 FOR A

GIVEN BACTERIAL POPULATION� 4HE DISTRIBUTION OF -“#S ACROSS BACTERIAL STRAINS IS OFTEN BIMODAL

AND THIS METRIC IS THEREFORE USED TO CREATE A QUALITATIVE �OR�BINARY�	 CLASSIFICATION IN THE TWO

DISCRETE CATEGORIES SENSITIVE�3� AND RESISTANT�2�� -OST MODELLING STUDIES MODEL DRUG RESISTANCE

AS A BINARY TRAIT BUT� AS SHOWN BY THE -“#� IT IS A CONTINUOUS TRAIT WITH VARYING DEGREES OF

INTERMEDIATE RESISTANCE� 4HIS ANTIMICROBIAL QUANTITATIVE RESISTANCE �Q!-2	 IS ASSOCIATED WITH A

REDUCTION IN THE BACTERIAL KILLING RATE OF AN ANTIMICROBIAL AND FITNESS COST�

4HE FIRST ACHIEVEMENT OF THIS WORK IS THAT WE INTRODUCE A CONTINUOUS TRAITx 2 R THAT

DESCRIBES THE NORMALIZED LEVEL OF RESISTANCEÿUSING CLINICAL BREAKPOINTSÿ BETWEEN�1 AND

+ 1 � "Y SIMULTANEOUSLY ADDRESSING THE POPULATION AND EVOLUTIONARY DYNAMICS� THE MODEL WITH

Q!-2 DOES NOT IGNORE THE EVOLUTIONARY AND EPIDEMIC SHORT
TERM TRANSIENT DYNAMICS WHICH

LEAD TO THE EMERGENCE OF RESISTANCE� &URTHERMORE� SUCH A CONTINUOUS LEVEL OF RESISTANCE IS

SHOWN TO BE STRONGLY LINKED TO THE -“# OR GROWTH RATE� WHICH MEANS IT CAN BE INFORMED FROM

ACTUAL DATA�

5SING AN INTEGRO
DIFFERENTIAL MODEL� WE PRECISELY INVESTIGATE HOW CHEMOTHERAPY IMPACTS
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&IGURE �� %VOLUTIONARY DYNAMICS UNDER SUB
INHIBITORY DRUG CONCENTRATIONS��:ONE

3	 SUB
LETHAL DOSE WITHOUT EMERGENCE OF RESISTANCE IN THE BACTERIAL POPULATION�

�:ONE “	 SUB
LETHAL DOSE WITH EMERGENCE OF INTERMEDIATE RESISTANCE IN THE BAC


TERIAL POPULATION� �:ONE 2	 SUB
LETHAL DOSE WITH EMERGENCE OF HIGH RESISTANCE

IN THE BACTERIAL POPULATION� 0ARAMETER VALUES ARE(� 0; m0; k0; p1=p0; k1=k0) =
(0:05; 0:05; 0:03; 0:5; 0:01); (0:05; 0:05; 3; 0:5; 0:01); (0:05; 0:05; 55; 0:5; 0:01) FOR ZONES 3�“� AND

2 RESPECTIVELY� /THER PARAMETERS ARE SHOWN BY 4ABLE ��
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BACTERIAL POPULATION STRUCTURE AT EQUILIBRIUM� 7E FIRST CHARACTERIZE THE LEVEL OF ACQUIRED

EVOLUTIONARY RESISTANCE BY BACTERIAL POPULATIONS IN THE PRESENCE OF ANTIMICROBIAL PRESSURE�

7E SHOW THAT THIS LEVEL IS GOVERNED BY A SINGLE METRIC� THE REPRODUCTION NUMBERR 0� WHICH

WE PROVE TO PLAY THE ROLE OF INVASION FITNESS IN EVOLUTION� 7E THEN BUILD ON OUR ANALYSIS TO

SHOW WHICH LEVELS OF BOTH DRUG ACTIVITY ON THE WILD
TYPE SENSITIVE BACTERIAL POPULATION AND

THE BACTERIAL RESISTANCE COST
BENEFIT RATIO ARE REQUIRED TO ACHIEVE OUR 44/ OBJECTIVE� &INALLY�

WE COMPARE THE EFFECT OF LETHAL AND SUB
LETHAL TREATMENTS ON ACHIEVING OUR 44/ OBJECTIVE�

AND INVESTIGATE THE IMPACT OF THE INITIAL BACTERIAL POPULATION CHARACTERISTICS �I�E�� SIZE� INITIAL

RESISTANCE FREQUENCY	 ON THE MINIMAL DURATION OF DRUG ADMINISTRATION TO ACHIEVE OUR 44/�

/UR ANALYSIS EMPHASIZES THAT THE POTENTIAL SUCCESS OF THE TREATMENT DOES NOT DEPEND

ON THE ANTIMICROBIAL ACTIVITY �k0	 ALONE BUT SHOULD WE ASSESSED WITH RESPECT TO THE LEVEL

OF HOST IMMUNITY �� 	 AS WELL� 4HESE RESULTS SUGGEST THAT TREATMENTS WITH LOW ANTIMICROBIAL

ACTIVITY SHOULD BE LIMITED TO INFECTIONS WHICH ELICIT A WEAK IMMUNE RESPONSE �E�G� RESPIRATORY

INFECTIONS	� 4HEY ALSO ECHOED EARLIER STUDIES ON THE SYNERGY BETWEEN CHEMOTHERAPY AND

IMMUNE RESPONSE�E�G�;�� � �� =� /UR MODEL FORMULATION ASSUMES THAT THE IMMUNE RESPONSE

� IS CONSTANT IN TIME� WHICH ALLOWS GETTING SOME PRECISE ANALYTICAL INSIGHTS INTO THE MODEL�S

EVOLUTIONARY DYNAMICS� &URTHERMORE� THIS ASSUMPTION OF CONSTANT IMMUNITY IS QUITE PLAUSIBLE

IN THE EARLY MOMENTS AFTER THE INITIATION OF TREATMENT� (OWEVER� IT IS A POTENTIAL LIMITATION AND

CONSTITUTES ONE POSSIBLE EXTENSION OF THE MODEL PRESENTED HERE�

4HE ANTIMICROBIAL CONCENTRATION IN THE HOST MUST NOT BE TOO LOW� TO CLEAR THE BACTERIAL

POPULATION EFFICIENTLY� BUT IT CANNOT BE TOO HIGH WITHOUT TOXIC EFFECTS IN A PATIENT ;�� =� ! SUB


LETHAL TREATMENT IS DEFINED HERE AS A TREATMENT WHERE THE DRUG ACTIVITYk0=� IS NOT SUFFICIENT

TO AVOID THE PERSISTENCE OF BACTERIAL POPULATION WITH THE EVOLUTIONARY RESISTANCE LEVELx � �

-ATHEMATICALLY� WE HAVER 0(x � ) > 1� 3UCH A CONFIGURATION CAN OCCURS WHATEVER THE VALUE OF

COST
BENEFIT RATIOcb FOR WHICH THE POINT(cb; k0=� ) IS BELOW THE LEVEL SETfR 0(x � ) = 1 g �&IGURE

�	� 4HE CORRESPONDING EVOLUTIONARY DYNAMICS ARE SIMILAR TO THAT SHOWN IN &IGURE ��

7E DEFINE A LETHAL TREATMENT WHEN THE DRUG ACTIVITYk0 IS ENOUGH TO ENSURE THAT NO BACTERIAL

POPULATION IS PERSISTENT�I�E�THATR 0(x � ) < 1� 4HE THRESHOLD OF THIS FEASIBLE RANGE WITH RESPECT

TO THE INITIAL DRUG ACTIVITYk0 AND COST
BENEFIT RATIO OF RESISTANCEcb IS SUCH THAT(cb; k0=� ) IS

ABOVE THE LEVEL SETfR 0(x � ) = 1 g �&IGURE �	� AND OUR 44/ OBJECTIVE ALWAYS HOLDS IN SUCH

CONFIGURATIONS�“N OTHER WORDS� FOR ANY VALUE OF COST
BENEFIT RATIOcb �LOW� INTERMEDIATE� OR

HIGH	� THERE EXISTS A MINIMUM DRUG ACTIVITYk0=� THAT GUARANTEES A LETHAL TREATMENT �&IGURE ��

GRAY AREA	� 4HE CORRESPONDING EVOLUTIONARY DYNAMICS ARE SIMILAR TO THAT SHOWN IN &IGURE �

WHERE THE TOTAL BACTERIAL POPULATION DIES OUT�

!S POINTED BY SOME THEORETICAL STUDIES ;�� � �� � �� =� A HIGH DRUG DOSE ��HITTING HARD� OR

�AGGRESSIVE CHEMOTHERAPY�	 IS NOT NECESSARILY THE BEST STRATEGY TO LIMIT THE SPREAD OF RESISTANT

STRAINS� 7E FIND THAT A HIGH ANTIMICROBIAL DOSE IS NECESSARILY TO ACHIEVE OUR 44/ OBJECTIVE IF AND

ONLY IF ANTIBIOTIC RESISTANCE COMES WITH LITTLE COSTcb� QUANTIFIED BY THE THRESHOLD(1 � p1=pm ) � 1

�&IGURES �� GRAY ZONE	� (OWEVER� IF THE TREATMENT FAILS FOR AGGRESSIVE CHEMOTHERAPY� IT WILL FAVOR

THE EMERGENCE AND SPREAD OF A BACTERIAL POPULATION WITH A HIGH RESISTANCE LEVEL �&IGURE �� ZONE
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R	� 4HIS PHENOMENON IS IN ACCORDANCE WITH THE STRONG RELATIONSHIP BETWEEN THE RESISTANCE

LEVEL OF THE EMERGING BACTERIAL POPULATION AND THE ANTIMICROBIAL DOSE ;��� ��=�

4HE MINIMAL DURATION OF ANTIMICROBIAL TREATMENT TO ACHIEVE OUR 44/ OBJECTIVE IS A DEBATED

QUESTION IN THE LITERATURE ;�� � �� � �� � �� =� ,ONGER TREATMENT DURATION IS ASSOCIATED WITH A

HIGHER FREQUENCY OF RESISTANCE AT THE END OF THE EXPERIMENT ;�� ÿ�� =� LEADING TO THE SUGGESTION

THAT SHORT ANTIMICROBIAL COURSES MAY LIMIT THE EVOLUTION OF RESISTANCE AT THE POPULATION LEVEL�

AND STUDIES TO DETERMINE WHETHER SUCH SHORT COURSE DURATION WOULD LEAD TO GOOD INFECTION

OUTCOMES ;�� ÿ�� =� 7E QUANTIFY THE MINIMAL DURATION �TOP	 OF DRUG ADMINISTRATION TO ACHIEVE

OUR 44/ OBJECTIVE WHEN COST
BENEFIT RATIOcb AND DRUG ACTIVITYk0=� �RELATIVELY TO THE HOST

IMMUNE RESPONSE� 	 ON THE INITIAL BACTERIAL POPULATION LIE IN THE PLANE(cb; k0=� ) > fR 0(x � ) =
1g�&IGURE �	� 7E DEFINETOP AS THE TIMEt FROM WHICH THE TOTAL BACTERIAL POPULATION

R
R b(t; x )dx

IS ALWAYS� 10� 10 �FOR EXAMPLE THE VERTICAL DASHED LINE IN &IGURE �"	� 4HIS THRESHOLD CAN BE

VIEW AS THE POINT AT WHICH THE IMMUNE RESPONSE� PREVENTS FURTHER EXPANSION OF THE BACTERIAL

POPULATION� /VERALL� FOR A FIXED INITIAL BACTERIAL POPULATION DENSITY� OUR ANALYSIS SHOWS THAT THE

MINIMAL DURATION OF DRUG ADMINISTRATION TO ACHIEVE OUR 44/ OBJECTIVE IS RELATIVELY SHORT AS

SOON AS(cb; k0=� ) LIES IN REGIONS THAT GUARANTEE THE 44� �&IGURE �� GRAY AREA	� 4HIS COMBINED

EFFECT OF THE COST
BENEFIT RATIO �cb	 AND DRUG ACTIVITY �k0=� 	 ON THE TIMETOP IS SHOWN &IGURE ��

7E SEE THAT�TOP IS RELATIVELY LARGE AROUND THRESHOLD VALUES OFk0=� THAT GUARANTEE OUR 44/

OBJECTIVE� .EXT�TOP DECREASES EXPONENTIALLY WITH A SLIGHT INCREASE INk0=� COMPARED TO THE

THRESHOLD VALUES FOR OUR 44/ OBJECTIVE� &INALLY� EXCEPT AROUND THE THRESHOLD VALUES OFk0=�
THAT GUARANTEE OUR 44/ OBJECTIVE� THE TIMETOP VERY SHORT AND BARELY VARIES WITHcb�

4HE CHARACTERISTICS OF THE INITIAL BACTERIAL POPULATION �SIZEm0 AND THE FREQUENCY OF RESIS


TANCE� 0	 ARE IMPORTANT FOR TREATMENT SUCCESS ;�� � �� � �� =� 7E ASSESS THE COMBINED EFFECT OF

m0 AND� 0 ON THE MINIMAL DURATION �TOP	 OF DRUG ADMINISTRATION TO ACHIEVE OUR 44/ OBJECTIVE

�&IGURE �	� /VERALL� THE SIZEm0 OF THE INITIAL BACTERIAL POPULATION HAS A MARGINAL EFFECT ONTOP

AS SOON AS THE COST
BENEFIT RATIOcb AND THE INITIAL DRUG ACTIVITYk0=� �RELATIVELY TO THE HOST

IMMUNE RESPONSE� 	 IS SUCH THAT THE PAIR(cb; k0=� ) LIES ABOVE THE LEVEL SETfR 0(x � ) = 1 g OF

&IGURE �� 7HATEVER THE INITIAL POPULATION SIZE� OUR ANALYSIS SUGGESTS THAT OUR 44/ OBJECTIVE

ALWAYS HOLDS IN A RELATIVELY SHORT TIME PERIOD� ONCE THE PAIR(cb; k0=� ) LIES ABOVE THE LEVEL

SETfR 0(x � ) = 1 g� "Y CONTRAST� THE FREQUENCY OF RESISTANT STRAINS INITIALLY PRESENT� 0 HAS

A STRONG IMPACT ON THE MINIMAL DURATION �TOP	 OF DRUG ADMINISTRATION TO ACHIEVE OUR 44/

OBJECTIVE �&IGURE �	� %VEN IF OUR 44/ OBJECTIVE IS STILL ACHIEVED AS SOON AS(cb; k0=� ) LIES ABOVE

THE LEVEL SETfR 0(x � ) = 1 g� THE TIMETOP INCREASES NEARLY EXPONENTIALLY WITH THE FREQUENCY OF

RESISTANCE �&IGURE �	�

4HE WITHIN
HOST DYNAMICS IS OFTEN IGNORED BY CLASSIFYING HOSTS ACCORDING TO WHETHER THEY

ARE INFECTED WITH A GIVEN STRAIN OR NOT ;�� =� ! SUCH SIMPLIFICATION FAILS TO TAKE INTO ACCOUNT THE

GENETIC DIVERSITY OF THE BACTERIAL RESISTANT POPULATION ;� � � = AND THE SHORT
TERM EVOLUTIONARY

TRANSIENT DYNAMICS WHICH LEAD TO THE EMERGENCE OF RESISTANCE AT THE WITHIN
HOST LEVEL� !DOPT


ING A NESTED MODELS APPROACH ;�� ÿ�� = IS ONE OPTION TO SIMULTANEOUSLY TRACK THE LEVEL OF Q!-2

WITHIN THE HOST AND THE BETWEEN
HOST EVOLUTIONARY EPIDEMIOLOGY� /UR PRECISE DESCRIPTION OF
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THE WITHIN
HOST BACTERIAL DYNAMICS� COUPLED WITH ANTIMICROBIAL ACTIVITY� IMMUNE RESPONSE� AND

Q!-2� CAN SIGNIFICANTLY IMPROVE THE UNDERSTANDING OF HOW BACTERIA POPULATIONS ADAPT TO THEIR

HOST AT THE BETWEEN
HOST SCALE ;��=�

4HE CONCENTRATION PROPERTY OF MODEL����	 AROUND THE EVOLUTIONARY ATTRACTORx � IS SUBJECT

TO THE ASSUMPTION OF A SMALL MUTATION VARIANCE" IN THE PHENOTYPIC SPACE� -ORE GENERALLY�

THIS RESULT HOLDS AS SOON AS THE MUTATION KERNEL DISTRIBUTIONJ VERIFIES ITEM � OF !SSUMPTION !�

(OWEVER� THAT ASSUMPTION DOES NOT MEAN THE MUTATION KERNEL HAS A VERY FAST DECAY AT INFINITY�

7E EMPHASIZE THAT THE DECAY OF THE MUTATION KERNEL DISTRIBUTION CONSIDERED HERE �NAMELY�

!SSUMPTION !� ITEM ��	 ALLOWS CONSIDERING THE TAILS OF A WIDE VARIETY OF DISTRIBUTIONS�“NDEED�

THE SHAPE OF THE DISTRIBUTION OF MUTATIONAL EFFECTS CAN BELONG TO THE DOMAIN OF DISTRIBUTIONS

WITH EXPONENTIAL TAILS� TRUNCATED TAILS� OR HEAVY TAILS THAT DECAY AS A POWER LAW ;��=�

&INALLY� IN THE MODEL PROPOSED HERE� MUTATIONS ARE ASSUMED TO BE SUFFICIENTLY FREQUENT

DURING REPLICATION �I�E�� NEW MUTANTS OCCUR DURING GROWTH	� AND RANDOMLY DISPLACE STRAINS

INTO THE PHENOTYPE SPACE AT EACH GENERATION ACCORDING TO A MUTATION KERNEL� (OWEVER� THIS

CONSTITUTES ANOTHER POTENTIAL LIMITATION IN THE MODEL FORMULATION�“NDEED� IN EXPONENTIALLY

GROWING CELLS� MUTATIONS USUALLY OCCUR DURING REPLICATION ;�� =� BUT SOME STUDIES INDICATE THAT

MUTATIONS CAN BE SUBSTANTIALLY HIGHER IN NON
GROWING THAN GROWING CULTURES ;�� =� 4HUS� THE

OCCURRENCE OF NEW MUTANTS DEPENDS EITHER ON THE ABUNDANCE OF PARENTAL CELLS OR BOTH THE

ABUNDANCE AND GROWTH RATE OF THE PARENTAL CELLS ;�� =� 4HEREFORE� ANOTHER POTENTIAL EXTENSION

OF THE MODEL WOULD BE TO ALLOW BOTH PROCESSES FOR THE OCCURRENCE OF NEW MUTANTS�

&IGURE �� 4HE MINIMAL DURATION �TOP	 OF DRUG ADMINISTRATION TO ACHIEVE OUR 44/ OBJEC


TIVE��,EFT	 #OMBINED EFFECT OF THE COST
BENEFIT RATIO �cb	 AND DRUG ACTIVITY �k0=� 	� QUANTIFIED

RELATIVELY TO THE HOST IMMUNE RESPONSE� � ON THE TIMETOP� �2IGHT	 #OMBINED EFFECT OF THE

INITIAL BACTERIAL POPULATION SIZE �m0	 AND THE INITIAL FREQUENCY OF RESISTANCE �� 0	 ON THE TIME

TOP�
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! -ODEL GENERAL ASSUMPTIONS

-ODEL ����	 IS DEFINED ON THE SETL 1 (R; R) AND ITS PARAMETERS SATISFY THE FOLLOWING GENERAL

ASSUMPTIONS�

�� &UNCTIONS� � k� ANDp ARE ALWAYS POSITIVE OVERR� &URTHERMORE�p IS A BOUNDED FUNCTION

ONR AND� > 0� &INALLY� THE FUNCTIONR 0 DEFINED IN����	 IS CONTINUOUS ONR AND SATISFIES

R 0 6� 0 AND lim
j x j!1

R 0(x) = 0 :

�� 4HE MUTATION KERNELJ IS BOUNDED AND INTEGRABLE ONR+ � POSITIVE ALMOST EVERYWHERE�

AND SATISFIES
R

R+ J (x)dx > 0� J (� x) = J (x)�

�� 4HE MUTATION KERNELJ DECAYS RATHER RAPIDLY TOWARDS INFINITY IN THE SENSE THATJ (x) =
O

�
1

kx k1

�
ASkxk ! 1 � “N OTHER WORDS�lim

j x j!1
jxjn J (x) = 0 ; FOR ALLn 2 N�

" -ODEL FORMULATION FOR THE QUALITATIVE RESISTANCE

2ECALLING THAT TOTALLY SENSITIVE AND RESISTANCE BACTERIAL LEVELS ARE RESPECTIVELYx = 0 ANDx = 1 �

WE SETb(t; x ) = BS (t)� 0(x) + BR (t)� 1(x)� WHEREINBS ANDBR ARE THE TOTAL DENSITIES OF

HIGHLY SENSITIVE AND RESISTANCE BACTERIAL POPULATION� &ROM THEb
EQUATION� WE HAVE

_BS (t)� 0(x) + _BR (t)� 1(x) = � (� (x) + k(x))( BS (t)� 0(x) + BR (t)� 1(x))

(1 + BS (t) + BR (t)) � � [p(0)BS (t)J" (x; 0) + p(1)BR (t)J" (x; 1)] :

�"��	

%VALUATING THE EQUATION �"��	 SUCCESSIVELY AT POINTx = 0 ANDx = 1 � WE FIND
(

_BS (t) = (1 + BS (t) + BR (t)) � � [p(0)J" (0; 0)BS (t) + p(1)BR (t)J" (0; 1)] � (� (0) + k(0))BS (t);

_BR (t) = (1 + BS (t) + BR (t)) � � [p(0)J" (1; 0)BS (t) + p(1)BR (t)J" (1; 1)] � (� (1) + k(1))BR (t):
�"��	

3INCEJ" (0; 0) + J" (0; 1) = 1 ANDJ" (1; 0) + J" (1; 1) = 1 � SETTING"0 = J" (1; 0) = J" (0; 1)� �"��	

YIELDS
(

_BS (t) = (1 + BS (t) + BR (t)) � � [(1 � "0)p(0)BS (t) + "0p(1)BR (t)] � (� (0) + k(0))BS (t);

_BR (t) = (1 + BS (t) + BR (t)) � � ["0p(0)BS (t) + (1 � "0)p(1)BR (t)] � (� (1) + k(1))BR (t):
�"��	

# 4HE BASIC REPRODUCTION NUMBERR 0 AND MAXIMIZATION PRIN


CIPLE

"Y FORMALLY TAKING THE LIMIT" ! 0 INTO ����	� THIS SYSTEM BECOMES

@t b(t; x ) =
1

(1 + B (t)) � p(x)b(t; x ) � (� (x) + k(x))b(t; x ): �#��	
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!SSUME THAT SYSTEM�#��	 REACHES A MONOMORPHIC EPIDEMIOLOGICAL EQUILIBRIUME z = bz � z �

FOR SOME LEVEL OF RESISTANCEz� BEFORE A NEW MUTATION WITH THE LEVELy OCCURS� .OTE THATE z IS

THE ENVIRONMENTAL FEEDBACK OF THE RESIDENTz� 7E INTRODUCE A SMALL PERTURBATION IN�#��	 WITH

LEVELy� SUCH THATb(t; x ) = bz � z (x) + u(t)� y (x) AND SUCH THAT THE PERTURBATIONu IS GOVERNED

BY THE LINEARIZED SYSTEM OF �#��	 AROUNDE z � 4HIS READS AS

_u(t) =
�

p(y)
(1 + bz ) � � (� (y) + k(y))

�
u(t): �#��	

“T FOLLOWS FROM THE CLASSICAL ADAPTIVE DYNAMICS RESULTS ;�� � �� � �� = THAT BACTERIAL REPRODUCTION

NUMBER�R(y; E z )� OF A RARE MUTANT STRATEGY�y� IN THE RESIDENTz
POPULATION ARE GIVEN BY

R(y; E z ) =
1

(1 + bz ) �

p(y)
� (y) + k(y)

;

4HE INVASION FITNESSf z (y) OF A MUTANT STRATEGYy IN THE RESIDENTz
POPULATION IS THEN GIVEN BY

f z (y) = R(y; E z ) � 1: �#��	

7HEN THE ENVIRONMENTAL FEEDBACKE z IS REDUCED TO THE BACTERIA
FREE ENVIRONMENT� WE HAVE

bz = 0 � 4HEN� THE EPIDEMIOLOGICAL BASIC REPRODUCTION NUMBER OF THE BACTERIAL POPULATION WITH

RESISTANCE LEVELy IS CALCULATED AS

R 0(y) =
p(y)

� (y) + k(y)
:

/NCE A BACTERIAL STRAIN HAS SPREAD AND REACHED A MONOMORPHIC EQUILIBRIUM� THE ENDEMIC

�FEEDBACK	 ENVIRONMENTE z BECOMES

bz = ( R 0(z))1=� � 1; �#��	

WHICH IS DEFINED WHENR 0(z) > 1 AND SATISFIES

f z (z) = 0 : �#��	

,ET US GIVE SOME DETAILS ON THE DERIVATION OF�#��	 � !T THE MONOMORPHIC EQUILIBRIUME z � FROM

�#��	 WE HAVE�

1
(1 +

R
R b(y)dy) �

p(x)b(x) � (� (x) + k(x))b(x) = 0 ; 8x 2 R; �#��	

WHEREb(x) = bz � z (x): 4AKINGx = z� �#��	 GIVES

1
(1 + bz ) � p(z)bz � (� (z) + k(z))bz = 0 :

3INCEbz > 0� IT COMES

(1 + bz ) � =
p(z)

� (z) + k(z)
= R 0(z);
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AND �#��	 FOLLOWS�

.EXT� WE SHOW THAT THE MODEL����	 ADMITS A MAXIMIZATION PRINCIPLE ;�� � �� = BASED ON

THER 0� SUCH THAT MODEL�S EVOLUTIONARY ATTRACTORS �OR LEVELS OF RESISTANCE AT EQUILIBRIUM	 ARE

CHARACTERIZED BY LOCAL MAXIMUMS POINTS OFR 0� 4HIS POINT IS IMPORTANT SINCE� USUALLY� THE

IDENTIFICATION OF EVOLUTIONARY ATTRACTORS TENDS MORE TO FOLLOW AMINI
MAX PROCEDUREON AN

ADAPTIVE FITNESS LANDSCAPE �SEE ;�� = FOR FURTHER DISCUSSION	�“NDEED� BY�#��	 AND�#��	 WE HAVE

f z (z) = R(y; E z ) � 1

= R(y; E z ) � R (z; Ez )

=
1

(1 + bz ) �

p(y)
� (y) + k(y)

�
1

(1 + bz ) �

p(z)
� (z) + k(z)

=
1

(1 + bz ) � (R 0(y) � R 0(z)) :

4HER 0 MAXIMIZATION PRINCIPLE THEN HOLDS BECAUSE SIGN(f z (y)) = SIGN(R 0(y) � R 0(z)) :

$ -AXIMUM POINT OF R 0

2ECALL THATR 0 = p=(� + k)� &ROM THE DEFINITION OFp ANDk� IT FOLLOWS THATSGN(R 0
0(y)) =

SGN[f (y) � g(y)] ; WHEREf ANDg ARE POSITIVE FUNCTION DEFINED ONR BY

f (x) =
k(x) ln d
� + k(x)

; AND g(x) =
bax ln a
1 + bax ;

WITHd = k0=k1� b = pm =p0 � 1 ANDa = p0(pm � p1)=(p1(pm � p0)) � &UNCTIONSf � RESP�g� ARE

DECREASING� RESP� NONDECREASING� MONOTONOUSLY ONR� 4HEREFORE� THERE EXISTS A UNIQUE GLOBAL

MAXIMUM OFR 0 ATx � 2 R� R 0(x � ) = max
x 2 R

R 0(x)� &URTHER� WE KNOW THATx � � 1 IF AND ONLY IF

f (1) � g(1)� I�E�

x � � 1 IFF

�
1 �

p1

pm

� �
1 +

�
k1

�
�

log
�

k0
k1

�

log
�

p0
p1

pm � p1
pm � p0

� :

3IMILARLY� WE ALSO HAVE

x � � 0 IFF

�
1 �

p0

pm

� �
1 +

�
k0

�
�

log
�

k0
k1

�

log
�

p0
p1

pm � p1
pm � p0

� :

7E NOW SEARCH FOR CONDITIONS SUCH THATR 0(x � ) < 1� .OTE THAT

R 0(x � ) =
p(x � )

� + k(x � )
=

pm

(� + k(x � ))(1 + bax � )
:

3INCEf (x � ) = g(x � ) IT COMES

1 + bax �
=

(� + k(x � )) log(a)
(� + k(x � )) log(a) � k(x � ) log(d)

:
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7E THEN REWRITE

R 0(x � ) = pm
(� + k(x � )) log(a) � log(d)k(x � )

(� + k(x � ))2 log(a)
:

4HEREFORE�

R 0(x � ) < 1 () (� + k(x � ))2 log(a) > p m (� + k(x � )) log(a) � pm log(d)k(x � )

()
� + k(x � )

pm
>

1
2

�
1 �

log(d)
log(a)

�
+

s
1
4

�
1 �

log(d)
log(a)

� 2

+
�

pm

log(d)
log(a)

:

�$���	

.EXT� SETTINGR 0
0 = R 0jk � 0� THE BASIC REPRODUCTION NUMBER OF THE MODEL WITHOUT ANY

TREATMENT� WE HAVER 0
0(0) = p0=� � THAT IS�� = p0

R 0
0 (0) AND SO� �$���	 BECOMES

R 0(x � ) < 1 () k(x � ) >
pm

2

�
1 �

log(d)
log(a)

�
+

s
p2

m

4

�
1 �

log(d)
log(a)

� 2

+
p0pm

R 0
0(0)

log(d)
log(a)

�
p0

R 0
0(0)

:

3ETTING


 =
pm

2

�
1 �

log(d)
log(a)

�
�

p0

R 0
0(0)

;

THE ABOVE CONDITION BECOMES

R 0(x � ) < 1 () k(x � ) > 
 +

s


 2 +
p0

R 0
0(0)

�
pm �

p0

R 0
0(0)

�
: �$���	

% $ISSIPATIVITY AND POSITIVITY

,ETb(t; x ) BE THE SOLUTION OF����	 FOR THE INITIAL CONDITIONb(t = 0 ; �) = b0(�)� 3ETTING� (x) =
� + k AND INTRODUCING THE LOCALLY ,IPSCHITZIAN FUNCTION

f (b(t; �))( x) =
1

(1 + B (t)) �

Z

R
J (x � y)p(y)b(t; y)dy;

EQUATION ����	 BECOMES

@t b(t; x ) = � � (x)b(t; x ) + f (b(t; �))( x): �%���	

4HEOREM %�� ,ET !SSUMPTION ! BE SATISFIED� ,ETb0 2 L 1
+ � 4HEN

�� 4HERE EXISTS A UNIQUE GLOBAL SOLUTIONv(�; b0) : [0; 1 ) ! L 1
+ (R) OF����	 WITHv(0; b0) = b0

ANDv(t; b0) = b(t; �) FOR ALLt > 0�

�� 4HE SEMI
FLOW DEFINED BYf v(t; b0)gt IS BOUNDED DISSIPATIVE AND ASYMPTOTICALLY SMOOTH� AND

HENCE� IT ADMITS A GLOBAL ATTRACTOR INL + (R)�

�� 4HE SEMI
FLOWf v(t; b0)gt IS SUCH THAT FOR ANYb0 2 L 1
+ (R) n f 0g

b(t; x ) > 0; FOR ALLt > 0; x 2 R:
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0ROOF��� 3INCEf : L 1 ! L 1 IS LOCALLY ,IPSCHITZ� FOR ANYb0 2 L 1� THERE EXISTSTM = TM (b0) > 0
SUCH THAT����	 HAS A UNIQUE SOLUTIONb 2 C

�
[0; TM ) � R; L 1

�
\ C 1

�
[0; TM ) � R; L 1

�
� SEE ;�� =�

&URTHER� IFb0 2 L 1
+ � BY�%���	 � WE EASILY FIND THATb(t; �) 2 L 1

+ FOR ALLt 2 (0; TM )� 4HIS GIVES THE

LOCAL WELL
POSEDNESS AND POSITIVITY OF ����	� .EXT� WE HAVE

_B (t) � k J k1 kpk1
B (t)

(1 + B (t)) � � inf
R

� B (t);

WHICH GIVES

B (t) � max

 

kb0kL 1 ;
�

kJ k1 kpk1

inf R �

� 1=�

� 1

!

; FOR ALLt 2 [0; TM ): �%���	

&ROM WHERE WE ESTABLISH THE GLOBAL WELL
POSEDNESS AND BOUNDED DISSIPATIVITY INL 1
+ �

�� 7E NOW SHOW THAT THE SEMI
FLOW IS ASYMPTOTICALLY SMOOTH� I�E�� FOR ANY CLOSED� BOUNDED AND

POSITIVELY INVARIANT SETK � L 1
+ � THERE EXISTS A COMPACT SET
 � L 1

+ SUCH THATdh (v(t; K ); 
) !
0 ASt ! 1 WHEREuK = ANDdh IS THE (AUSDORFF SEMI
DISTANCE ;��=� "Y �%���	 WE HAVE

b(t; �) = e� � (x ) t b0(�) +
Z t

0
e� � (x )( t � s) f (b(s; �))ds; FORt � 0; b0 2 L 1

+ :

4HEN� THE COMPACITY OFf GIVES THATf v(t; �)gt IS ASYMPTOTICALLY SMOOTH ;��=�

�� ,ET u BE THE UNIQUE SOLUTION OF
8
><

>:

@t u(t; x ) = � � (x)u(t; x ) +
Z

R
J (x � y)p(y)u(t; y)dy;

u(0; �) = b0:

"Y THE COMPARISON PRINCIPLE� WE HAVEb(t; x ) � u(t; x ) � 0 FOR ALLt � 0 ANDx 2 R� 4HEREFORE�

ITEM �� FOLLOW IF SHOWu(t; x ) > 0 FOR ALLt > 0 ANDx 2 R� 3ETTINGU[u](x) =
R

R J (x �
y)p(y)u(y)dy ONL 1(R)� WE FIND THATU IS CONTINUOUS AND GENERATES AN UNIFORMLY CONTINUOUS

AND POSITIVE SEMIGROUPf eUt gt ONL 1(R)� 4HEN� FOR EACHt � 0�

eUt [b0] =
1X

l =0

t l U l [b0]
l !

; �%���	

WHERE THE SERIES CONVERGES IN THE OPERATOR NORM� 3INCEb0 6= 0 �
R

R J (x)dx > 0 AND

U l +1 [b0](x) =
Z

R
J (x � y)p(y)U l [b0](y)dy;

AN ITERATION ARGUMENT ENSURES THE EXISTENCE OFl0 SUCH THATU l [b0](x) > 0 FORx 2 R AND FOR

ALLl � l0� &ROM WHERE��%���	 GIVES THATeUt [b0](x) > 0 FOR ALLx 2 R� 3ETTING�� = supR � (x)�

WE THEN HAVE

u(t; �) = e� ��t eUt [b0] +
Z t

0
e� �� ( t � s) eU (t � s) [( �� � � )u(s; �)]ds � e� ��t eUt [b0] > 0:
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& ,INEARIZATION AT THE BACTERIA
FREE EQUILIBRIUM

!T THE BACTERIAL
FREE EQUILIBRIUM� THE LINEAR SYSTEM OF ����	 WRITES

@t b(t; x ) = L " [b(t; �)](x);

WITH

L " = U" + T; �&���	

ANDU" [b] =
R

R J" (x � y)p(y)b(y)dy� T[b] = � �b�

0ROPOSITION &��,ETs(L " ) = sup f Re� : � 2 � (L " )g THE SPECTRAL BOUND OFL " �

� “Fs(L " ) > s (T)� THENs(L " ) IS AN ISOLATED AND SIMPLE EIGENVALUE OFL " � WHOSE EIGEN
SPACE

IS SPANNED BY0 < � 2 L 1(R)� AND IF� 2 � (L " ) AND� 6= s(L " )� THENRe� < s (L " )�

� “F THERE EXIST� 2 R AND0 < � 2 L 1(R) SUCH THATL " [� ] = �� � THENs(L " ) = � > s (T)�

� s(L " ) > 0 �RESP�= 0 � < 0	 IF AND ONLY IFr (H " ) > 1 �RESP�= 1 � < 1	�

0ROOF�"Y THE SAME ARGUMENT AS IN THE PROOF OF ,EMMA (��� WE FIND THE COMPACITY AND

IRREDUCIBILITY OFU � AND THE FIRST ITEM FOLLOWS FROM ;��=�4HEOREM ���	�

&OR THE SECOND ITEM� LET� 2 R AND� 2 1(R) SUCH THATL[� ] = �� � 3INCET GENERATES A

UNIFORMLY CONTINUOUS� POSITIVE AND UNIFORMLY EXPONENTIALLY STABLE SEMIGROUP� BY ,EMMA (��

AND A GENERAL PERTURBATION RESULT� NOTE THAT THE SEMIGOUPf eLt gt IS POSITIVE� ,ETv 2 L 1(R)
SUCH THATkvkL 1 � 1� THEN FOR ALLt � 0

eLt v �
1

inf R �
eLt � =

1
inf R �

e�t � �
supR �
inf R �

e�t ;

FROM WHEREkeLt k � supR �
inf R � e�t � 3INCE THE GROWTH BOUND OFf eLt gt COINCIDES WITHs(L ) IT

COMESs(L ) � � AND HENCE�s(L ) = � � 7E NOW SHOW THAT� > s (T)� “NDEED��� = L [� ] =
H [� ] � �� > � �� AND HENCE� > � supR � = s(T)� FROM WHERE THE SECOND ITEM FOLLOWS�

“T REMAINS TO PROVE THE LAST ITEM� !SSUMEs(L ) = 0 � 4HENs(T) = � supR � < 0 = s(L )� &ROM

THE FIRST ITEM� WE FIND� > 0 SUCH THATL [� ] = 0 � (ENCEH [
p

�p� ] = !L [� ] +
p

�p � =
p

�p � �

THAT IS�(1;
p

�p � ) IS AN EIGEN
PAIR OFH � (ENCE� BY ,EMMA (�� IT COMESr (H ) = 1 � .EXT�

ASSUME THATr (H ) = 1 � ,ET � > 0 SUCH THATH [� ] = � � 4HENL [�=
p

�p ] = ! � 1=2(H [� ] � � ) =
0� AND THE SECOND ITEM GIVESs(L ) = 0 �

4O CONCLUDE ON THE LAST ITEM OF THE PROPOSITION� IT IS SUFFICIENT TO PROVE THATs(L ) > 0 IFF

r (H ) > 1� !SSUME s(L ) > 0� THEN WE CAN FIND� > 0 SUCH THATL[� ] = s(L )� � (ENCE�

H [
p

�p � ] = !L [� ]+
p

�p � = ( s(L )=� +1)
p

�p � � (1+ k)
p

�p � � WITHk = inf R � � 1 > 0� "Y

ITERATING� IT COMESH n [
p

�p � ] � (1+ k)n p
�p � FOR ALLn � 1� 4HIS GIVES THATkH n k1=n � (1+ k)

AN HENCEr (H ) � 1 + k > 1� #ONVERSELY� LETr (H ) > 1 AND� > 0 THE CORRESPONDING

EIGENFUNCTION� 4HENL [�=
p

�p ] = � (r (H )� 1) �=
p

�p � c�=
p

�p � WITHc = ( r (H )� 1) inf R � >
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0� "Y CONTRADICTION� ASSUME THATs(L ) < 0� 4HEN�0 =2 � (L ) AND(� L ) � 1 IS POSITIVE ASL
GENERATES A POSITIVE SEMIGROUP� (ENCE�

�=
p

�p = ( � L ) � 1(� L )[�=
p

�p ] � � c(� L ) � 1[�=
p

�p ]:

!S (� L ) � 1[�=
p

�p ] � 0� WE FIND�=
p

�p � 0� WHICH LEADS TO A CONTRADICTION� (ENCE�s(L ) � 0�

AND SOs(L ) > 0�

' 3TABILITY RESULTS WHENr (H " ) < 1

4HEOREM '�� �� 4HE BACTERIA
FREE EQUILIBRIUME 0 IS ASYMPTOTICALLY STABLE IFr (H " ) < 1 AND

UNSTABLE IFr (H " ) > 1�

�� 7HEN r (H " ) < 1� THE BACTERIA
FREE EQUILIBRIUME 0 IS GLOBALLY ASYMPTOTICALLY STABLE IN

L 1
+ (R)� THAT IS� FOR ANY SOLUTIONb(t; �) WITH INITIALb0 2 L 1

+ (R) n f 0g� WE HAVE

b(t; �) ! 0 INL 1
+ (R) ASt ! 1 :

0ROOF��� 0ROPOSITION &�� ALLOWS US TO DERIVE THE FOLLOWING THRESHOLD RESULT ON THE LOCAL STABILITY

OF THE BACTERIA
FREE EQUILIBRIUM�

�� "Y 4HEOREM %�� IT SUFFICES TO PROVE ITEM �� FOR ANYb0 2 L 1
+ (R) n f 0g WITHkb(t; �)kL 1 � C

FOR ALLt � 0� WHEREC � 1� "Y ����	 � WE HAVE@t b(t; x ) � L [b(t; �)](x)� AND BY COMPARISON

PRINCIPLE� WE FIND0 � b(t; �) � eLt b0� WHEREf eLt gt IS THE POSITIVE SEMIGROUP GENERATED BY

L � .EXT� BY 0ROPOSITION &��� WE HAVEs(L ) < 0 BECAUSEr (H " ) < 1� &URTHERMORE� SINCE THE

GROWTH BOUND OFf eLt gt IS THE SAME ASs(L )� WE CONCLUDE THAT

kb(t; �)kL 1 � c0e� c1 t kb0kL 1 ; 8t � 0;

FOR THE CONSTANTSc0 > 1 ANDc1 > 0� 4HIS ENDS THE PROOF OF THE THEOREM�

( %QUILIBRIUM

4HE BACTERIA
FREE ENVIRONMENTE 0 = 0 IS ALWAYS AN EQUILIBRIUM OF -ODEL����	 � “N THIS SECTION�

WE DISCUSS THE EXISTENCE OF A NONTRIVIAL EQUILIBRIUMb� (�) > 0� &ROM 3YSTEM����	 WE FIND� FOR

ALLx 2 R
! (x)

Z

R
J" (x � y)! (y)

p
p�b� (y)dy = (1 + B � ) � p

p�b� (x):

WHERE! (x) =
p

R 0(x)� ANDB � =
R

b� (x)dx � 3ETTINGv� =
p

p�b� � IT COMES THATv� IS SOLUTION

OF THE FOLLOWING SYSTEM

! (x)
Z

R
J" (x � y)!v � (y)dy = (1 + B � ) � v� (x): �(���	
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4HEREFORE� THE EXISTENCE OFb� (�) > 0 IS STRONGLY RELATED TO THE SPECTRAL PROPERTY OF THE LINEAR

INTEGRAL OPERATORH " DEFINED ONL p(R)� FOR ANYp � 1� BY

H " [v](x) = ! (x)
Z

R
J" (x � y)! (y)v� (y)dy: �(���	

7E THEN HAVE THE FOLLOWING THEOREM

4HEOREM (�� ,ET !SSUMPTION ! BE SATISFIED� ,ETr (H " ) THE SPECTRAL RADIUS OF OPERATORH " AND

� " > 0 THE ASSOCIATED EIGENFUNCTION NORMALIZED SUCH THATk� " kL 1 = 1 � $EFINE THE QUANTITY

K "
0 =

(r (H " ))1=� � 1
R

R
� "p
p�

dy
: �(���	

7HEN r (H " ) � 1� THE THE BACTERIA
FREE EQUILIBRIUME 0 = 0 IS THE UNIQUE EQUILIBRIUM OF -ODEL

����	 �

7HEN r (H " ) > 1� IN ADDITION TOE 0� -ODEL����	 HAS A UNIQUE NUTRIENT
BACTERIA EQUILIBRIUM

E � > 0 SUCH THAT

E � (x) = K "
0

� " (x)
p

p(x)� (x)
: �(���	

&URTHERMORE� AN EXPLICIT FORMULA FOR THE SPECTRAL RADIUSr (H " ) OFH " READSr (H " ) = r "
0 � WHERE

r "
0 = sup

v2 L 2 ;kvkL 2 =1

Z

R2
J" (x � y)! (x)! (y)v(x)v(y)dxdy: �(���	

0ROOF OF 4HEOREM (���(ERE� WE DEAL WITH THE EXISTENCE OF THE PRINCIPAL EIGENPAIR FOR THE

LINEAR OPERATORH " � AND WE PROCEED BY SEVERAL STEPS� &OR SIMPLICITY� WE DO NOT EMPHASIZE THE

" 
DEPENDENCY� &IRST� WE INTRODUCE THE FOLLOWING LEMMA

,EMMA (�� 4HE FOLLOWING STATEMENTS HOLD UNDER !SSUMPTION !�

�� &OR EACHp � 1� THE OPERATORH " IS COMPACT AND IRREDUCIBLE ONL p(R) WITH POSITIVE SPECTRAL

RADIUS�r (H " ) > 0� &URTHER� THERE EXISTS A FUNCTIONup 2 L p(R) SUCH THATup > 0 A�E� AND

H [up] = r (H " )up � &URTHERMORE� IFu 2 L p
+ (R) n f 0g IS SUCH THATH [u] = cu WITHc 2 R�

THENu > 0 A�E��u 2 SPAN(up) ANDc = r (H )�

�� 4HE COMMON SPECTRAL VALUE OF THE OPERATORH IS CHARACTERIZED BYr (H ) = r 0 FOR ALLp � 1�

WHEREr 0 IS DEFINED BY�(���	 �

"EFORE GIVING DETAILS ON THE PROOF OF ,EMMA (��� LET US QUICKLY END WITH THE PROOF OF 4HEOREM

(��� /BVIOUSLY� E 0 = 0 IS ALWAYS AN EQUILIBRIUM POINT OF THE MODEL� 7E NOW CHECK NONTRIVIAL

SOLUTIONb� > 0 OF SYSTEM�(���	 � 5SING ABOVE NOTATIONS��(���	 REWRITESH [v� ](x) = (1 +
B � ) � v� (x)� &ROM ,EMMA (�� WE FINDr (H ) = (1 + B � ) � > 1 ANDv� 2 SPAN(� � )� WHEREIN

� � 2 L 1(R) \ L 1 (R) IS THE PRINCIPAL EIGENFUNCTION OFH WITH� � > 0 A�E�AND NORMALIZED

BYk� � kL 1 = 1 � 7E THEN WRITEv� = �� � � FOR SOME CONSTANT� > 0� I�E� b� = �� �
p

p�
AND

B � = �
R � �

p
�p

dy� 4HIS COMPLETES THE PROOF OF 4HEOREM (���“T REMAINS TO PROOF ,EMMA (���
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0ROOF OF ,EMMA (���4HE PROOF IS MOSTLY BASED ON THE &ROBENIUS THEOREM� WHICH GENERALIZES

THE +REIN
2UTMANN THEOREM FOR POSITIVE� IRREDUCIBLE� AND COMPACT LINEAR OPERATORS IN "ANACH

LATTICES�

H IS A BOUNDED OPERATOR�3INCE THE KERNEL OPERATORJ 2 L 1(R) \ L 1 (R)� THE OPERATORH
IS A BOUNDED OPERATOR�“NDEED�

Z
jH [u](x)jp dx �

Z �
! (x)

Z
J (x � y)! (y)ju(y)jdy

� p

dx

�k ! kp
1 kJ kp

1 jjujjp
L p :

H IS A COMPACT OPERATOR INL p (R) FOR ANYp � 1� $ENOTE BY� h f � THE TRANSLATION OF

f : R ! R BYh� AND DEFINED BY� h f (x) = f (x + h) FOR ALLx 2 R� ,ET p 2 [1; 1 ) BE GIVEN� ,ET

u 2 L p(R) ANDh 2 R BE GIVEN� 7E HAVE

k� h H [u] � H [u]kp
L p (R) =

Z

R

�
�
�
�

Z

RN
[� h ! (x)J (x � y) � ! (x)J (x � y)]! (y)u(y)Y�

�
�
�
�

p

dx:

4HEN 9OUNG INEQUALITY YIELDS

k� h H [u] � H [u]kL p (R) � k � h !J � !J kL 1 (RN ) k	 k1 kukL p (R) :

3INCEk� h !J � !J kL 1 (R) ! 0 ASh ! 0 ONE GETS THAT

lim
h! 0

� h H [u] = H [u] INL p(R);

WHEREIN THE ABOVE CONVERGENCE HOLDS UNIFORMLY ON BOUNDED SETS ONL p(R)�

.EXT� LETu 2 L p(R) ANDs > 0 BE GIVEN� 4HEN WE HAVE
Z

j x j>s
jH [u](x)jp dx �

Z

j x j>s

�
! (x)

Z

R
J (x � y)! (y)ju(y)jdy

� p

dx: �(���	

,ETR > 0 BE GIVEN� #ONSIDER A SMOOTH AND NONNEGATIVE FUNCTION� R SUCH THAT0 � � R � 1�

� R (y) = 1 IFjyj � R AND� R (y) = 0 IFjyj � R + 1 : 4HEN� THERE EXISTS SOME CONSTANT

C = Cp > 0� SUCH THAT EQUATION �(���	 BECOMES
Z

j x j>s
jH [u](x)jp dx � Cp

Z

j x j>s

�
! (x)

Z

R
J (x � y)! (y)ju(y)j� R (y)dy

� p

dx

+ Cp

Z

j x j>s

�
! (x)

Z

RN
J (x � y)! (y)ju(y)j(1 � � R (y))dy

� p

dx:

.OW� NOTE THAT THERE EXISTS SOME CONSTANTC > 0 INDEPENDENT OFu �ANDR	 SUCH THAT
Z

j x j>s

�
! (x)

Z

R
J (x � y)! (y)ju(y)j� R (y)dy

� p

dx

� CkJ kp� 1
1 jjujjp

L p (R)

Z

j x j>s

"

sup
j x � y j� R +1

J (y)

#

dx:
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3INCE THE FUNCTIONx 7! supj x � y j� R +1 J (y) BELONGS TOL 1(R)� WE THEN FIND A CONSTANTC > 0
SUCH THAT THE PREVIOUS INEQUALITY BECOMES

Z

j x j>s

�
! (x)

Z

R
J (x � y)! (y)ju(y)j� R (y)dy

� p

dx � CkJ kp� 1
1 jjujjp

L p (R) :

/N THE OTHER HAND� SINCEkJ kL 1 (R) = 1 � 9OUNG INEQUALITY ENSURES THAT

Z

j x j>s

�
! (x)

Z

R
J (x � y)! (y)ju(y)j(1 � � R (y))dy

� p

dx � sup
j y j� R

j! (y)jp jjujjp
L p (R) :

.OW� SETTINGBp(1) THE UNIT BALL INL p(R)� IT COMES THAT FOR ALLR > 0

lim sup
s! + 1

sup
u2 B p (1)

Z

j x j>s
jH [u](x)jp dx � Cp sup

j y j� R
j! (y)jp:

&INALLY� BY !SSUMPTION !� WE HAVE! (x) ! 0 ASjxj ! 1 � &ROM WHERE

lim
s! + 1

sup
u2 B p (1)

kH [u]kL p ( fj x j� sg) = 0 :

4HEREFORE� THE &R¨CHET
+OLMOGOROV THEOREM APPLIES AND ENSURES THATH IS A COMPACT OPERATOR

ONL p(R)�

4HE SPECTRAL RADIUS OFH IS POSITIVE� "Y !SSUMPTION !� THE FUNCTION! IS POSITIVE ONR�

THEN THE OPERATORH IS IRREDUCIBLE ONL p(R)� FOR ALLp � 1� 4HEN� &ROBENIUS THEOREM �4HEOREM

������ AND #OROLLARY ������ IN ; �� =	 APPLIES AND ENSURES THAT ITS SPECTRAL RADIUSr (H ) IS POSITIVE

AND IT IS A SIMPLE EIGENVALUE ASSOCIATED TO AN EIGENVECTOR > 0 a:e: IN (0; 1)� &URTHERMORE�

IF� 2 R IS AN EIGENVALUEH ASSOCIATED TO AN EIGENVECTORw 2 L p
+ (0; 1) n f 0g THEN� = r (H )

ANDw > 0 a:e: IN (0; 1)� 4HIS ENDS WITH THE PROOF OF ,EMMA (��� ITEM ���

7E NOW PROVE THAT FOR ALLp � 1� r (H ) = r 0� WITH r 0 DEFINED BY�(���	 � $ENOTE BY

r p(H ) THE SPECTRAL RADIUS OFH DEFINED ONL p(0; 1)� FORp � 1� 4HEN� WITHp = 1 � BY ITEM

�� THERE EXISTS A FUNCTIONu1 2 L 1(0; 1) WITHu1 > 0 a:e: SUCH THATr 1(H )u1 = Hu 1� ,ET

q � 1 BE GIVEN� !GAIN BY ITEM ��� TO SHOW THATr q(H ) = r 1(H )� IT IS SUFFICIENT TO SHOW THAT

u1 2 L q(0; 1)� 3INCEu1 2 L 1(0; 1) ANDJ 2 L 1(0; 1) \ L 1 (0; 1)� THEN THE CONVOLUTION PRODUCT

F J � (F u1) 2 L 1(0; 1) \ L 1 (0; 1) AND THE RESULT FOLLOWS FROM 9OUNG INEQUALITY� &INALLY� DUE

TO THE SYMMETRY HYPOTHESIS ON THE MUTATION KERNELJ � H IS SELF
ADJOINT OPERATOR AND THEN�

THE 2AYLEIGH QUOTIENT FORMULATION FOR THE PRINCIPAL EIGENVALUE OFH ENSURES THATr 2 (H ) = r 0:
4HIS COMPLETES THE PROOF OF �� AND SO THE PROOF OF ,EMMA (���

“ 0ERSISTENCE RESULTS WHENr (H " ) > 1

4HEOREM“�� 3UPPOSEr (H " ) > 1� THEN THE SEMI
FLOWf v(t; b0)gt IS UNIFORMLY PERSISTENT� THAT

IS� THERE EXISTS A CONSTANT� > 0 SUCH THAT� FOR ANYb0 2 L 1
+ (R) n f 0g� THE UNIQUE SOLUTION
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v(t; b0) = b(t; �) OF����	 WITH INITIAL DATAb0 SATISFIES

lim inf
t !1

kb(t; �)kL 1 > �:

0ROOF�7E FIRST ESTABLISH THE WEAK UNIFORM PERSISTENCE� THAT IS� THERE EXISTS� 1 > 0 SUCH THAT

lim sup
t !1

kb(t; �)kL 1 > � 1: �“���	

"Y CONTRADICTION� SUPPOSE THAT FOR� > 0� THERE EXISTSb�
0 2 L 1

+ (R) n f 0g SUCH THAT THE UNIQUE

SOLUTIONb� (t; x ) OF ����	 WITH INITIAL DATAb�
0 SATISFIES

lim sup
t !1

kb� (t; �)kL 1 � 2�:

2EPLACINGb�
0 BYb� (t � ) FOR SOMEt � � 1 AND APPLYING ITEM �� OF 4HEOREM %��� WITHOUT LOSS OF

GENERALITY� WE MAY ASSUME THAT0 < kb� (t; �)kL 1 < � FOR ALLt � 0� 4HEN�

@t b� (t; �) � L � [b� (t; �)]; �“���	

WHEREL � IS THE OPERATOR DEFINED BYL � [u(�)](x) = � � (x)u(x)+(1+ � ) � �
R

R J (x� y)p(y)u(y)dy�

7E ALSO INTRODUCE THE OPERATORH � [u(�)](x) = � � (x)u(x)+(1+ � ) � �
R

R J (x � y)p(y)u(y)dy�

.OTE THATH � ! H IN THE OPERATOR NORM AS� ! 0 AND WHEREH IS THE OPERATOR INTRODUCED

BY�(���	 � 3INCEr (H ) > 1� WE CAN CHOOSE� 0 SUFFICIENTLY SMALL THATr (H � 0 ) > 1� AS THE SPECTRAL

RADIUS IS A CONTINUOUS FUNCTION OF COMPACT LINEAR OPERATORS� "Y 0ROPOSITION &���s(L � 0 ) > 0
AND IT IS AN ISOLATED AND SIMPLE EIGENVALUE WITH CORRESPONDING EIGENFUNCTION� � 0 > 0 AND

NORMALIZED SUCH THATk� � 0 k = 1 � ,ET c > 0 BE A CONSTANT SUCH THATc� � 0 (x) � b� 0
0 (x) FOR ALL

x 2 R� "Y ,EMMA (�� AND GENERAL PERTURBATION RESULTS�L � 0 THE SEMIGROUPf eL � 0 t g GENERATED

BYL � 0 IS UNIFORMLY CONTINUOUS AND POSITIVE�“T COMES

eL � 0 t b� 0
0 � eL � 0 t c� � 0 = es(L � 0 ) t c� � 0 :

&ROM WHEREkeL � 0 t b� 0
0 kL 1 ! 1 ASt ! 1 � SINCEs(L � 0 ) > 0� "Y THE COMPARISON PRINCIPLE�

�“���	 GIVES kb� 0 (t; �)kL 1 � k eL � 0 t b� 0
0 kL 1 ! 1 ASt ! 1 AND LEADING TO A CONTRADICTION�

“T REMAINS TO SHOW THAT THERE EXISTS A CONSTANT� > 0

lim inf
t !1

kb(t; �)kL 1 > �:

4HE FUNCTION� (u) = kukL 1 IS CONTINUOUS AND THE COMPACTNESS ASSUMPTION TO APPLY 4HEOREM

!��� OF ; �� = IS SATISFIED BECAUSE THE SEMIFLOWv(t; b0) INDUCED BY THE NONNEGATIVE SOLUTIONS

OF ����	 HAS A COMPACT ATTRACTOR OF BOUNDED SETS BY 4HEOREM %��� "Y 4HEOREM %���� (b0) > 0
IMPLIES� (v(t; b0)) > 0 AND THE RESULT FOLLOWS FROM ;��=�
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