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Acoustics and ultrasonics

Sound waves are a form of mechanical vibration. They correspond to particle
displacements in the matter. Unlike electromagnetic waves, which can propagate
in vacuum, sound waves need matter to support their propagation: a solid, a
liquid, or a gas. The ear is an excellent acoustic detector in air but its sensitivity
is limited to an interval between 20 Hz and 20 kHz. Audio frequency sound
is essential in communication and entertainment. The acoustics of buildings,
particularly concert halls, has been the subject of considerable study. Unwanted
audio-frequency sound is called noise. The study of noise and noise control is an
important part of engineering.

Ultrasound refers to sounds and vibrations at frequencies above this upper
limit of 20 kHz to values that can reach 1 GHz. Consequently, ultrasonics involve
higher frequencies and smaller wavelengths than audio acoustics. Conversely,
infrasound involves sounds and vibrations at low frequencies (below 20 Hz) and
long wavelengths. Because the physiological sensation of sound has disappeared
at these frequencies, our perceptions of infrasound and ultrasound are different.
Ultrasonic waves in fluids and solids are used for non-destructive evaluation. The
general principle is to excite and detect a wave at ultrasonic frequencies and
to deduce information from the signals detected. Example applications include
the detection of flaws and inhomogeneities in solids, SONAR, SODAR, medical
imaging, and acoustic microscopy.



For applications of acoustics, ultrasonics, and noise control, it is important
to have a good understanding of wave propagation in infinite fluids and solids.
The mathematical formulation of wave propagation in solids involves the use of
the concepts and principles of 3-dimensional stress and strain analysis. But we
start by outlining related concepts concerning the vibration of a single degree of
freedom mass-on-a-spring system.



Mass on a spring

Consider a mass m attached by a massless elastic spring to a motionless vertical
wall and resting on top of a horizontal frictionless surface. In the equilibrium
situation, the distance between the centre of mass and the wall is xg. The mass
is pulled back over a distance Ax by a force F. Then, for a stationary mass,

F = s Ax, (2.1)

where s is the stiffness of the spring. After release, we can define the excursion
x(t) around the equilibrium by

mX = —sx (2.2)
or 2
d—; +wix =0, (2.3)
where
S

is the natural (or resonance) frequency of the system in radians per time unit,
and
wo = 27fy, (2.5)



where fy is the resonance frequency in cycles per time unit.

Consider the following solution of (2.3): x(t) = ag cos(wot) + ay sin(wot).
Since max(x) = Ax when t = 0, ag = Ax. Also, since x = 0 when t = 0,
dy — 0.

Here, the period is given by

To==="=2m/—. (2.6)



Wave equation in fluid

Consider an infinitesimal element of length dx and cross-section dS. Let's assume
the element is rigid in all directions except for the x-direction. Also, let's define
a longitudinal compressive sound wave traveling in the x-direction. Suppose
that the centre of the element is displaced by a distance u as a result of a
sound pressure p. Then, the displacement of the boundaries is (u + %%) and

(u — g—ﬁ%), respectively. The difference in volume, therefore, is

Oudx Ou dx ou

The volumetric strain

OudxdS ou

Ex ey tes Ox dxdS Ox (3:2)

By definition, the bulk modulus of elasticity « is given by

stress p p
= =—=— 3.3
"7 strain A Ju/0x (33)
or 5
u

= —K —. 4
p=—rg (3.4)
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The difference in deformation is caused by a difference in the sound pressure is
p(u—  dx) at one side of the element and p(u+ 1 dx) at the other side. Hence,
the force acting on the element is expressed by
1 1 0

- p(u+§dx)—p(u— de) dS = —a—i dxdS. (3.5)
This force accelerates the mass p dxdS with p being the density. The accelera-
tion equals the second time derivative of the displacement in the x-direction u.
Therefore, the following balance must hold:

op 0%u
which gives the equation of motion
dp 0%u
o _ _ ou 7
0x P or (37)
Substituting (3.4) for p into (3.7) results in
0?u 0?u
k= —p—— 3.8
" ox2 P o (38)
or o o2
u_ Kk 0%u (3.9)

o2~ p Ox?'
which is the displacement wave equation of a periodic fluctuation u in the x-

direction at a speed
K

c=,/—. 3.10

p (3.10)
Taking the partial derivative to x of (3.7) gives
0?p O3u

op__, du 3.11

o2~ Poxor (3.11)

whereas taking the second derivative to t of (3.4) gives

0?p 3u

— =—K - 3.12

o2~ "oxor (3.12)

Combining (3.11) and (3.12) gives the linear wave equation

o=l =2 (3.13)



Sound speed in air

For an adiabatic change in an ideal gas
PV7 = constant, (4.1)

where P is the absolute pressure, V' the volume of an element, and ~ the ratio
of specific heats % Differentiating to V' gives

VVSC +yPVITL =0, (4.2)

Dividing this through by V77! gives

_d\</ dP = yP. (4.3)
The volumetric strain is
A= _d\‘// (4.4)
and the stress associated with it is
p=dP. (4.5)

11
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Hence, using (3.3), (4.3) can be written as
Kk ="P. (4.6)

Therefore, the speed of sound in air

_ [k _ P
C_ﬁ \/7_ (4.7)

PV = nRT, (4.8)

where n is the amount of substance, R is the gas constant, and 7 is the absolute
temperature. Replacing n by 7 and R by MR, in which M is the molar mass
and R the specific gas constant, we obtain

In an ideal gas,

PV = mRT = pVRT, (4.9)

or p
— =RT, (4.10)

p

Thus, for an ideal gas,
c =1\/7RT. (4.11)



Solutions of the 1-D wave equation

Consider the wave equation (3.13)

(32:2) = c? gi’; (5.1)
and a solution of the form
p = fi(ct — x) + f(ct + x). (5.2)
Then,
) (53)
and
»p

e R (54)
For the displacement equation (3.9), a similar solution is considered:
u=gi(ct —x)+ go(ct + x). (5.5)

If we concentrate on the wave traveling in the positive direction (progressive
wave), described by g, for the moment ignoring g», at t = 0, up = g1(—x).
Also, at t = 1, u; = gi(c — x). The displacement u; caused by p; must have

13
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the same form as the displacement uy caused by pg, only at a distance 1c further
on. Hence,

gi1(—x) = gi(c —x) (5.6)
and thus
—Xp=C—X1 (5.7)
or
X1 = Xp + C. (58)

For the wave traveling in the negative direction (regressive wave), described by
g», the corresponding equations are

82(%) = &(c +x) (5.9)
and
X1 = Xp — C. (5.10)

Consider a plane single-frequency (monotonous) progressive wave, for which the
pressure deviation from the ambient constant value is described by

X

p = po COS [w <t—)] = pg cos (wt — kx) . (5.11)
c
Here, po is the acoustic pressure amplitude and

k= — 5.12

: (5.12)
is the wave number or propagation constant. Consider the spatial distribution at
a fixed time wt = constant. Then, if x is equal to the wavelength A, kx must
equal 2w, ie.,

k=21 (5.13)

from which it follows that
c=fA. (5.14)



The potential energy in a sound wave is

Eb:—/ﬁdv (6.1)

Note the negative sign because a pressure increase causes a volume decrease.

Since
dp

V: V0+dV: V()—ng, (62)
K
d d
A (6.3)
K pc
Therefore,
pVo p~Vo
Ep = | —d 6.4
P il 2pc? (6:4)
The kinetic energy
1
Ex = EPVOVZ (6.5)

Here, v is the particle velocity. To find a relationship between p and v, we
combine equations (3.4) and (3.10):

ou
— _ 2"
p=—pco . (6.6)

15
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Consider (5.11) and (5.12). Since u has the form

U = Ug Cos (u)t — wx) : (6.7)
c
(6.6) can we rewritten as
_ w
p = —pCcw Ug Sin <wt— Cx> (6.8)
and 5
u w
_ 27 _ i t— — ) 6.9
v=o W Up sin (w - x) (6.9)
These result in
p = pcv. (6.10)
Therefore, ,
P~ Vo
B =500 (6.11)
and the total energy
P> Vo
Ert = Ep + Ex = . (612)
pc?

The energy per unit volume is defined by

Er p?
=~ =_—_ 6.13
E=v = (6.13)

The energy which, at any instant, is contained in a column of unit cross sectional
area and of length dt is Ec dt. Therefore, the average flow of energy, the intensity

|=&c=F. (6.14)

pc



Point and line sources

The sound power of a source is the rate at which the source produces sound
energy. It is an intrinsic property. If the power passing through an area S is W,
the intensity can also be defined as the power per unit area:

= —. (7.1)

For a point source, the intensity of the sound in point at distance r from the
source is

I = 7.2
47 r? (72)
Thus, .
Also, quoting (6.14),
I o p?. (7.4)
Therefore,
1
The complex representation (cf. Chapter 10) of the acoustic pressure is
p= Po gitwt—kn), (7.6)
r

17
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The spherical wave equation is given by

0? Kk 0°

— =—-— : 7.7
52 (P) p 5,2(P) (7.7)
For a cylindrical wave,
w
| = —. 7.8
27r (78)
Hence, )
—. 7.9
px (7.9)
The acoustic pressure is '
p = po Jo(kr) e’*t, (7.10)

Where Jy is the cylindrical Bessel function or order zero of the first kind. The
cylindrical wave equation is given by
0? 0? 10
p_=r ( Py -9 ) . (7.11)

o = p\or T ror

Doppler effect

If the sound source emitting at frequency f is moving at a velocity vs towards
its audience at rest, the wavelength is reduced to

N=(c—w)T. (7.12)
Hence, the frequency experienced is
f'
1- =2
c

If the source moves away from the audience, vs is negative. If the source moves
at supersonic speed (s > ¢), the wavefront has the shape of a cone with an

aperture
0 ¢
sin—- = —. 7.14
> (7.14)
If the audience is moving at a velocity v, towards the sound source, the frequency

experienced is

c+v V.
f = 2 = (1 ) f. 7.15
X + - (7.15)



Root-mean-square pressure

The root-mean-square pressure p,ms is defined by

T T
1 1
2 2 2 2
1
Prms _I_O/p dt To/po cos”(wt)dt, (8.1)

where T is the period. Using cos20 = 2 cos? ) — 1, this simplifies to

T
1 [p? p2 sin2wt]1” P2
2 o o o
Thus,
Poms = P2 2 0.707pq (8.3)
V2
for a monotonous wave. In general,
pressure amplitude Po
= = crest factor. (8.4)

root-mean-square pressure  Prms

19
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Superposition of waves

Consider, from (5.11) and (5.12), a sound wave consisting of two different fre-
quencies and amplitudes

Then,

p?

X
= pglcos2 {wl <t - )} + pgzcos2
: c ,

X
w2<t—

Using cos Acos B = 1 cos(A + B) + 3 cos(A — B), this becomes

p?

X [ X
= pg,cos’ {wl (t - )} + p§ 5 cos® |wy <t - =
, c , _

X _
+ Po,1Po2 COS {(t — C) (wl + u)2)

X _
+ Po,1Po2 COS {(t — C) (wl — w2) .

21

X X
p = Po,1 COS [wl (t — )} ~+ po 2 COS [wz (t — )} .
c c

)
ammen s (6= (-2

)

(9.1)
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Thus,

-
1
Pons = 7 [ PPt = PR e+ P (9-4)
0
This implies, that for waves with different frequencies but the same amplitude

pr2ms = 2pirms = 2p§,rms' (95)

For a band of frequencies,

Pons = [ Phams OF. (9.6)

If the waves have the same frequency, the phase becomes in important. Consider
the added waves

P = po1cos (wt — kx + ¢1) + po2cos (wt — kx + ¢o). (9.7)

Then,
przms = p%,rms + Pg,rms + 2pl,rmsp2,rms Ccos ((,bl - ¢2) . (98)

Obviously, for waves of the same amplitude and phase,
Prms = 2pl,rms - 2p2,rm51 (99)
whereas for waves of the same amplitude but opposite phase,

Prms = 0. (9.10)
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Complex representation of a plane,
harmonic wave

Both po cos(wt— kx) and pg cos(wt — kx — 27) = po sin(wt — kx) satisfy the wave

equation. Since e2 = j, their complex sum also satisfies the wave equation:

po cos(wt — kx) + jpo sin(wt — kx) = pyel @), (10.1)

The first time derivative of (3.4) is known as the continuity equation:

op _ Ou O
ot~ "oxor . Mox

From (10.1), it is evident that

ap .
— = W ,
ot Jwp
whereas :
ov " Jjw
—— =jkv=—v
ax 7 c
Combining these gives
K pc?
p=—V=—V=pCcV
c c

(10.2)

(10.3)

(10.4)

(10.5)
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which is the same result as (6.10). Hence, the impedance Z can also be expressed
in terms of p and v:

Z=pc=" (10.6)
v
Standing waves
Consider two waves of same amplitude moving in opposite directions:
p1 = poel@t=) (10.7)
and _
p> = poel@ttkx), (10.8)
Then . . _ _
p1+ p = poel®t (e’JkX + eJkX> = 2pgel®t cos kx. (10.9)

This is the expression for a standing wave with nodes at x = /A and antinodes
at x = (i + 3)A, where j € Z.



Decibel scale

The threshold of normal hearing at 1 kHz py, is 2 x 107> Pa. The threshold of
pain at 1 kHz is 20 Pa. These extremes represent a hearing range factor of 10°
in Pa. The intensity equivalent of the threshold of hearing is

(11.1)

The power equivalent to the threshold of hearing is taken W, = 10712 W.
These thresholds are used as reference quantities when defining sound levels on
logarithmic scales:

w
sound power level SWL = 10log;, Wo dB re Wy;
0

/
intensity level IL = 10log;q T dB re y;
02 (11.2)
sound pressure level SPL = 10 Ioglop—2
Ph

= 20 IogmB dB re py.
Ph

25
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For air at room temperature (20°C) and normal pressure (1.01 x 10° Pa), the
density p = 1.21 kg m~3 and the sound speed ¢ = 343 ms™!. Hence, the acoustic
impedance

Z = pc = 415kgm ?s7 ! = 415 rayls. (11.3)

Then, the resulting relative intensity

Lo _ P _( P >_ P2(1>2 (11.4)
ly  Zly 415x10-12  \2.038x10-5/) \p, 1.019/ ' '

so that the intensity level

/ p 2 1 2
IL = 10log,, — = 10log,, { — | + 10log;, ()

= 20log;, l';’ — 20log; 1.019 = SPL — 0.160 dB.
h

Hence, the difference between the sound pressure level and the intensity level is
negligible.

Propagation from a point source

The acoustic power of a point source in a lossless medium is

W = 4rr?l, (11.6)
so that
W  4nr’p? (11.7)
and
Wo o p?. (11.8)
It follows that the sound power level relates to the sound pressure level
w 47r?p?
Wo Ph
(11.9)

= 20logy, > + 10log,q 47> = SPL + 20logyo r + 11 dB
Ph

or
SPL = SWL — 20 log,, r — 11 dB. (11.10)
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On hard ground,

w
| = 11.11
2rr?’ ( )
resulting in
SWL = SPL + 20log,q r + 8 dB (11.12)
or
SPL = SWL — 20log;, r — 8 dB. (11.13)
Similarly, at a junction between a floor and a wall,
w
| = — 11.14
. (11.14)
resulting in
SWL = SPL + 20log;qr +5 dB (11.15)
or
SPL = SWL — 20log;, r — 5 dB. (11.16)
In general,
Q
PL = SWL + 101 — 11.17
S SWL + 10logyq -t ( )

where @ is the directivity factor.

Distance doubling

Consider the sound pressure levels SPL; at a distance r; and SPL, at a distance
r, = 2r; from the source. Then, for a point source,

SPL; = SWL — 20logyon — 11 dB (11.18)

and
SPL, = SWL — 20log;,2rn — 11 dB

= SWL — 20log;y2 — 20log;, 1 — 11 dB

= SPL; — 20log;, 2 (11.19)
= SPL; — 6 dB.
For a line source,
r_wi . (11.20)

b Wo2rr
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Therefore,

w
0

= SWL — 10log;, r — 8 dB.

In this case,
SPL; = SWL — 10log,y 1 — 8 dB

and
SPL, = SWL — 10log;,2r; — 8 dB

= SWL — 10log;q2 — 10log;, 1 — 8 dB
= SPL; — 3 dB.

(11.21)

(11.22)

(11.23)



Sound perception

Consider Appendix B. Each contour line connects the sound pressure levels
which appear to the average listener to be equal for different frequencies. Equal
loudness contours are labeled by SPL value at 1,000 Hz, usually expressed in
phons.

The level below which we cannot hear is called the threshold of audibility
or the minimum audible field. The other extreme, the limit above which sound
becomes painful, is called the threshold of feeling.

The frequencies of speech lie between 200 and 10,000 Hz. For speech to
be understood, the range from 1,000 Hz to 2,500 Hz is necessary. The lower
frequencies are useful to recognize the speaker’s voice. Music extends from 20 Hz
to 4,000 Hz.

Octave bands

Consonance means, that two tones of different pitch simultaneously played to an
audience sound pleasant, whereas dissonance means that they sound unpleasant.
Consonance can be explained by the level of coincidence of the overtones of the
two tones played. The interval that shows the highest degree of consonance is
indicated by the term octave. A shift in octave is equal to a doubling in frequency.

29
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Tones with an octave distance are indicated with the same letter. An octave can
be subdivided into 12 semitones (cf. a piano keyboard). Other intervals and their
frequency ratios are shown in Table 12.1. The pure tones are derived from these
intervals.

Table 12.1: Definitions of some intervals in music.

Interval # semitones Frequency ratio
Perfect octave 12 2:1
Perfect fifth 7 3:2
Perfect fourth 5 4:3
Major third 4 5:4
Minor third 3 6:5
Major second 2 9:8
Minor second 1 16:15

Playing a middle C on a piano corresponds to a pitch of 256 Hz. Shifting by
a perfect fourth (F) and then a perfect fifth (C') gives the expected octave shift
4 3 2
r— o — e — = . — =
f'=256- 25 =256 7 =512 Hz (12.1)
However, shifting by a major third (E), another (Ab), and another (C’) gives the
rather unexpected

5\3 125
Z) =256.—" 4512 Hz. 12.2
4) 56 g4 7 512 Hz (12:2)

f = 256 (
Hence, musical instruments have to be tuned using deviations from the pure tone
scales to compensate for this discrepancy.
For many practical purposes in acoustics, such as audiology, we define octave
bands. Although these might be chosen arbitrarily, the most common series,
expressed by mid-frequencies, is shown in Table 12.2.

Frequency weighting

The A-weighted sound level is the level, in dB re 20 pPa, of a sound impinging
upon a microphone that has been electronically altered with a weighting network



31

Table 12.2: Octave bands.

Band # Mid-frequency (Hz)
1 63
125
250
500
1,000
2,000
4,000
8,000

O ~NO O~ WD

(filter) whose frequency response is called the A-weighting curve. The curve,
shown in Fig. 12.1, approximates an inverse of the equal loudness contour at
40 phons. Clearly, the A-weighting curves attenuates low and very high audible
frequencies. Generally, the A-weighted sound level, which is sometimes expressed
in dB(A), is a good indication of the loudness of most common noises.

A broad-band sound or noise is one that has an equally-distributed sound
pressure level over all frequencies of interest. A narrow-band sound or noise has
its the main energy in a narrow frequency range. Tonal sound means that it is
possible to pick out discrete frequencies or pure tones in its spectrum.
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relative response [dB]
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-80
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frequency [Hz]

Figure 12.1: A-weighting curve.

10

10



Vectorial notation of the wave equation

The 3-dimensional wave equation in terms of pressure is given by

p = c®Vp.

where ¢ = \/moduludseﬁiigllasticity is the phase velocity,

9

ox

o |2

=1 3

9

0z

and

VZ B v v B 82 82 82

+ + .
Ox?  0Jy? 0z
In vector notation,
p= poej(wtfk-r),

where k is the wave vector and r is the distance vector. Note that

k= |K|.

33

(13.1)

(13.2)

(13.3)

(13.4)

(13.5)
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Rewriting the wave equation in terms of a particle displacement vector u gives
i = c?Vu. (13.6)

Here, _
u = upelt k), (13.7)
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Plane waves in isotropic media

So far, we have dealt with compressive (longitudinal) waves only, which cause
displacement parallel to the direction of propagation. Shear (transverse) waves
cause displacement perpendicular to the direction of propagation. Since fluids
cannot support shear stresses, shear waves can only propagate through solids.

In elastic media, the equation of motion (3.7) is rewritten in terms of the
stress tensor:

0 9%u
ox ot
Ox Txy Txz 9 62
_ v
Tyx Oy Tyz By = —p T (14-1)
Tzx Tzy Oz
0*w
0z Era
Let's restate Hooke's law:
[c] = 2G[e] + AA[U], (14.2)

35
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where G is the shear modulus, A = k — %G is Lamé’s constant, and
Ex  3Vyx  3Vex
1 1
[e] = 3Ty €y 3Vzy | (14.3)
Ve 3Vyz €z

in which the strains and shear strains are given by

_Ou, _ v, _ ow,
T ox oy 27 9z
(14.4)
_8u v ov  ow ow Ou

= o + — = — +t = = —— + —.
Ty dy  Ox Tz = 5 dy 7 ox 0z
Inserting Hooke's law into (14.1) yields the wave equation for isotropic solids. In
vector notation:

2
(>\+ZG)V(V-u)—GVxqu:pg;. (14.5)

In an isotropic solid, the vector displacement of matter u can be written as
u=Vo+V x1. (14.6)

The displacement involves a scalar potential ¢ and a vector potential ¥ resulting
from the fact that the movement consists of a translation and a rotation. This
means that the wave equation can be split into two equations. One corresponds
to the propagation of a compressional (longitudinal) wave, while the other corre-
sponds to a shear (transverse) wave. In terms of the potentials the two equations
are:

1 9%
20
Vg = 2 or (14.7)
and 1 o2
2,

where ¢, and ¢, are the phase velocities of the compressional wave and the shear
wave, respectively. They are characteristic for the material and given by

¢ = ,/”sz (14.9)
G

¢ =4/~ 14.10

; (14.10)

and
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Waves in fluids (special case of a solid)

In fluids, no shear deformation can occur. Hence, the shear modulus G = 0 and
the stress tensor

[c] = p[U]. (14.11)
Thus, Hooke's law reduces to
[c] = AA[U]. (14.12)
Furthermore,
K=\ (14.13)

Consequently, the speed of sound is given by

Co = /| —. (14.14)
"\
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Mechanisms of wave attenuation

All media attenuate sounds, so that the amplitude u of a plane wave in the
x-direction decreases exponentially with the distance as

uoc e ¥, (15.1)

where « is the attenuation coefficient. « is usually expressed in m~! or in
Neper/m. Since the acoustic power or the intensity are proportional to the
squared amplitude, the corresponding attenuation coefficients become 2q, as
shown in (15.10). The attenuation of a plane wave arises from the scattering
of energy from the parallel beam by regular reflection, refraction and diffraction,
and from absorption mechanisms as a result of which the mechanical energy is
converted into heat.
Three main mechanisms of sound absorption can be identified:

1. Viscous damping. This corresponds to the friction associated with the
relative motion of the particles.

For a fluid, the viscous damping coefficient is given by
_ W
~ 2pc’

Qy

(15.2)

39



40

where 7 is the viscosity of the fluid. In principle, a second viscosity coef-
ficient can be defined but this is ignored here. Note that o, oc w?. The
dissipation mechanisms can also be accounted for in solids by considering
the elastic moduli to be complex.

. Thermal damping. Here, a fraction of the energy carried by the wave is

converted into heat by thermoelasticity. Thus, energy is dissipated in the
material by thermal conductivity.

The mechanism of attenuation by thermal conductivity is related to the
cycles of compression—dilatation associated with the passage of the wave.
These cycles are responsible for the establishment of local thermal gra-
dients within the material. Since the material is thermally conductive,
the temperature tends towards uniformity within the material. This phe-
nomenon contributes to the increase of the wave attenuation. The thermal
damping ap ox w?, as well. The relative importance of the viscous/thermal
attenuation depends on the state of matter. For gases,

(67 3
— -, 15.3
g (15.3)
for liquids,
% <1073, (15.4)
Qy
and for solids, o
~ ~o. (15.5)
Qy

This means that the viscous losses in gases are approximately three times
more important than the thermal losses and in some cases thermal effects
must be considered. In solids and liquids, the attenuation is mainly due to
viscous friction and thermal effects can be ignored.

. Molecular relaxation. In this case, the temperature or pressure variations

associated with the passage of the wave is responsible for alterations in
molecular energy level configurations.

The cycles of compression—dilatation are also responsible for a modification
of the molecular configuration of matter. During the passage of the wave,
there may be a transition from one molecular configuration to another.
Afterwards, the molecules can revert to their original configuration. This
process transfers energy and is responsible for wave attenuation by molec-
ular relaxation. A relaxation time is associated with this phenomenon.
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In the linear regime, a solution of the wave equation can be written in a complex

form as '
u = upel R, (15.6)

where k is the complex wave number including the effect of sound attenuation

k = kRe —jOé. (157)

Hence, .
u = uge X elWikrex) (15.8)

and _
p= poe—ozxej(wt—kRex) (159)

It can be shown that the formulae for the characteristic impedance, surface
impedance, reflection and transmission coefficients introduced for real wave num-
bers later are valid when the complex wave number is used. Since | o p?,

| = lpe™>. (15.10)
Hence,

SPL ~ IL = 10log;, e 2** = 10 - 0.434 log, e 2%~

15.11
= —8.69ax dB, (15.11)

yielding an attenuation D of

D = —8.69a dBm™". (15.12)
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Sound propagation and attenuation
outdoors

The propagation of sound outdoors is sensitive to effects of wind, temperature
gradients, air turbulence, and humidity. The presence of wind means that the
equilibrium position, about which air particles oscillate during the passage of a
sound wave, is no longer stationary. Consequently, the sound speed has the wind
speed superimposed on it. Because the wind is slowest near the ground where
viscous drag is important, the effect of wind on sound speed increases with height
and causes sound rays and wave fronts to curve. Upwind of the source, sound
rays bend upwards away from the ground, creating a shadow zone near to the
ground.

The sound speed increases with the temperature. The earth’s surface is
warmed by the sun. A hypothetical parcel of air next to the ground is warmed
and rises as a result of becoming less dense. In rising, it moves to lower pressure
and therefore expands. If it expands adiabatically, i.e., it neither gains from nor
loses energy to its surroundings, the energy for expansion comes from within
the parcel and it cools. The calculated rate of cooling is approximately 1°C
per 100 m increase in altitude. Thus, the temperature gradient approximates
—0.01°Cm~%, which is known as the dry adiabatic lapse rate and is the rate in
stable (windless) or neutral atmospheric conditions. In a meteorological neutral
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atmosphere, therefore, sound waves tend to bend away from the ground, creating
a shadow zone near the ground. The edge of the shadow zone is defined by the
limiting ray that just grazes the ground. For source close to the ground, the
distance to the shadow zone x; is approximated by

= |22 <ﬁ+ ﬁ) , (16.1)

dz

where ¢ is the sound speed at ground level, h is the height of the sound source,
and h, is the height of the receiver. A superadiabatic lapse rate is favourable to
noise reduction by distance alone.

Under inversion conditions, where temperature increases with height, the
sound rays bend towards the ground. Temperature inversion can greatly increase
traffic noise levels.

Attenuation of sound outdoors

The total attenuation of sound outdoors Ai,; can be calculated by adding the
various attenuation values to the attenuation due to the distance:

Atot - Adiv + Aatm + Aglround + Arefl + Arefr + Abarrier + Amiscy (162)
where

Agiv is the attenuation due to the geometrical divergence. For a single point
source, Agi, = 6 dB per doubling distance (dd) as a result of the spherical
spreading of the wavefronts, whereas for a line source such as a busy road,
Aqgiv = 3 dB per dd as a result of the cylindrical spreading of the wavefronts.

A.im is the attenuation due to atmospheric absorption. Air itself is a sound-
absorbing medium. The altered atmospheric absorption depends on tem-
perature, frequency, and humidity. The reductions in sound level due to
alterations in air humidity are small, being appreciable only for frequencies
above 1 kHz. A,.n at a temperature of 20°C can be estimated crudely

from
Aam%(74><|0852m 1>7dB (163)
‘ . RH ' .
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where f is the centre frequency of the band, r is the distance between
source and receiver, and RH is the relative humidity. For temperatures
other than 20°C, assuming RH = 50%, a crude approximation is

Aatm

1T GATF (164)

atm, 7 —

where 3 = 4 x 107°sK™~! and AT is the temperature difference from
20°C.

Aground is the attenuation due to the ground effect. The presence of an acous-

Arefl

Arefr

tically hard ground increases the sound level by giving a source near the
ground an effective directionality. However, the resulting increase is compli-
cated by the interference of direct waves and reflected waves. Particularly
in porous ground, the main interference effect can occur at useful frequen-
cies from the noise control point of view. The ground effect refers to a
phenomenon by which noise in a certain frequency range is reduced com-
pared with that over acoustically hard ground. The bending of sound rays
as a result of wind and temperature gradients affects the frequencies at
which the ground effect occurs.

Keast has devised a method for predicting the extra soft-ground attenua-

tion.

1500 ms~?
£ = me (16.5)

h: logyg 03m

where hg, is the mean height of the source-to-receiver path and r is the
distance from source to receiver. Agqoung in the octave band containing
fmax 1S calculated from

Aground = 15Iogu)<0.065/:>. (16.6)

If 0. 065, < 1, we take Agound = 0. In the two octave bands adjacent to
that of maX|mum attenuation, the attenuation is half the maximum value;
in all other frequency bands it is zero.

is the attenuation due to reflection from nearby vertical surfaces. Generally,
reflections result in higher sound levels. Therefore, A will be negative.

is the attenuation due to upward refraction. In inverse conditions, A is
negative.
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Aparrier is the attenuation due to diffraction by barriers. Assuming an infinitely
long barrier,
Abarrier = 1010gq0(3 + 20N), (16.7)

where N is the Fresnel number defined by

N=2 16.8
A (168)
in which 0 is the additional path between source and receiver, normally
calculated by the Pythagorean theorem.

Anisc is the attenuation due to miscellaneous factors. It represents the effects
of meteorological conditions other than refraction, trees and shrubs, and
buildings or elements of buildings.

The main effects of atmospheric turbulence are to reduce the ground effect and
to scatter sound into the shadow zones. Turbulence may also cause the noise
level to fluctuate, particularly at high frequencies.
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Derivation of Snell’'s law

Huygens' principle, that each point on a wavefront can be treated as a secondary
source, is consistent with the period T being constant between media. Since

1
T=- 17.1
-, (171)

the frequency f does not change with a change of media.

Consider oblique incidence of a wavefront on a plane interface, as shown in
Fig. 17.1. The angle of incidence relative to the normal of the interface is 6; and
the angle of transmission is #;. The sound speed of the incident wavefront is ¢;
and of the transmitted wavefront ¢,. We chose such equidistant rays through A,
B, C, ..., so that it takes exactly T for the wavefront to advance from (A,B,...)
to (A",B’,...), and again T to advance from (A",B’,...) to (A",B",...). Therefore,
the distance AA' = A'A" = BB’ = ¢; T = A, whereas B B" = & T = A,. The
shared hypotenuse of the triangles AB'A” and B'A"B" is denoted by d, so that

dsin,=c, T (17.2)
and

dsinby =T, (17.3)
from which it follows, that

sinty o A ke
== =—=— 17.4
sin Gt C )\2 ki ( )
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Figure 17.1: Incident rays on a plane interface.

or

ki sin ; = k; sin 6. (17.5)

This is known as Snell's law.
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Critical angle

In case ¢, > c1, there exists a critical angle of #; at which transmission occurs
parallel to the interface, i.e.,
sinf;, = 1 (17.6)

or
cos 6y = 0. (17.7)

2
cos 0 = /1 — sin? 0, = \/1 - (f) sin? 6. (17.8)
1

The critical incidence angle is found at

Since

i = arcsin e (17.9)
G
The index of refraction is defined by
G
= —. 17.10
n= 2 (17.10)
For n>> 1, according to 17.8,
cosf, ~ 1 (17.11)
and thus
0, ~ 0. (17.12)

This means that the refracted sound travels in the direction of the normal to the
surface, whatever the angle of the incident sound is. The surface is then said to
be locally reacting or to satisfy and impedance condition.
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Reflection and transmission of waves on
a plane fluid—fluid interface

Consider oblique incidence on a plane fluid—fluid interface, resulting in reflected
and transmitted waves. The fluids are characterised by their respective densities
and sound speeds ¢; and ¢. It is convenient to refer to the products of these
quantities, the characteristic or wave impedances Z; and Z,. These represent the
ratios between pressure and velocity at any point in the wave. At a given angle
of incidence 6; relative to the normal of the interface, the angles of reflection
6, and transmission 6, are found by writing Snell's law of conservation of the
components of the wave numbers along the interface:

kisin 6y = k. sin0, = k;sin 6, (18.1)

where the wave numbers of the incident wave k; and of the reflected wave k,

k=k="=k (18.2)

(5]

and the wave number of the transmitted wave
w

ke = — = k. 18.3
==k (183)
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This implies that

and

where 6, = 0,.

Reflection and transmission coefficients

Two basic continuity conditions must be satisfied at the interface (x

given time (t = constant):

sinf;  sinf,
a o

(18.4)

(18.5)

0) at a

1. Continuity of velocity: The normal component of the particle velocity must
be equal on either side of the interface:

v;cos by — v, cos 01 = v cos bs.

(18.6)

2. Continuity of pressure: The pressure variations must be equal on either

side of the interface:

where

Since x = 0,

Thus, (18.7) reduces to

Using (10.6), (18.6) becomes

A
L cos 0 —

Z

pl+pr :ptv

pi = Ay eI
pr = B1 ejklx;

pr = Ao g Ihex

p = Ay,

Pr = Bl;

p: = Ao.
Al + By = As.

B A
-1 cosf; = —2c0592.

Z Z,

(18.7)

(18.8)

(18.9)

(18.10)

(18.11)
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The pressure reflection coefficient is defined by

B,

R=— 18.12
= (18.12)
and the transmission coefficient by
A
T=—". 18.13
x (18.13)
Combining (18.10) and (18.11) yields
L 4
R= %% <ot (18.14)
c05292 + c05191
and
22
cos 0> cos 01

Normal incidence

At normal incidence, the cosines are equal to 1 and the expressions for R and T

are simplified to
L — 4

R = 18.16

7, 7, ( )
and 0z
2

= ) 18.17

Z 1 7 ( )

A good transmission means a low reflection coefficient. The sound power reflec-
tion coefficient is given by

B\ _ (Z-2\
RP=|—| = : 18.18
whereas the sound power transmission coefficient is given by
A\ Z 42,7
T2 = <2> st (18.19)
A) L (L+ Z)
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Adding these two yields the logical result
R*?4+ T2 =1. (18.20)

The energy loss when passing from steel to air is 99.96%. However, the trans-
mission can be improved by interposing a layer of material on the interface. The
idea is to reduce the difference of impedance by inserting an intermediate value
for the impedance.

Absorption coefficient
The absorption coefficient is related to the reflection coefficient by
A=1-|R] (18.21)

This parameter is extensively used in engineering. Since the phase of R is not
involved, A does not carry as much information as the impedance or the reflection
coefficient.

Normal incidence on a wall (two fluid—fluid bound-
aries)

Consider normal incidence on a system of two plane interfaces, at x = 0 and
x = I, respectively. At the first interface, the basic continuity conditions are
formulated as

Al+ B =A+ B, (18.22)
and

Al B A B

- — 5 =5 — 5. 18.23
4L L L 4 ( )

At the second interface, the basic continuity conditions are formulated as
Are kel L Byelkel — Ajeike! (18.24)
and

Aze_jkzl Bzejk2l . A3€_jk2/
Z Z Z

(18.25)
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This system of equations can be solved to give the following expression for the
power transmission coefficient:

(AN 4 4434 (18.26)
B A1 Z3 B V4 2 2 VAPA! 2.2 . -
( 3+ Zl) COSs k2/ + (Z2 + ?2) Sin k2/

Impedance of a rigid-backed fluid layer

If the third medium is rigid, the condition of pressure continuity at the second
interface is formulated as

Ase %! 4 Byelt! =0, (18.27)
whereas the condition of velocity continuity does not hold, since Z3 = 0.

Ase ! Byele!

— = 0. 18.2

Z 7 =0 (18.28)

Hence, '
B, = —Aye ¥kl (18.29)

Substituting this in (18.22) and (18.23) yields
AL+ By = Ay (1— e ¥9) (18.30)

and 7
_a —2jkz!

Al—Bl_Z2A2(1+e el (18.31)

respectively. The ratio of these equations is referred to as the relative surface
impedance. It represents the ratio of the acoustic pressure to the particle velocity
at x =0.

Al + Bl Zg 1-— e_2fk2’ Zg ejk?l — e‘ﬂQl

%= = el = 7 el & ol 18.32
AL— B Zy 1+ e 2kl Z elkl 4 el (18.32)
Note that
e’ —e?
cosh¢p = 5 (18.33)
and o
sinhgp= S ¢ (18.34)
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Therefore, (18.32) can be reduced to

Z
Z, = 72 coth jko/ = Z. coth jky!, (18.35)
1
where Z. = % is the relative characteristic impedance of layer 2. Its inverse,
B = + is the relative characteristic admittance.

Z.
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Aspects of sound insulation

The requirements for good airborne sound transmission loss are mass and com-
pleteness. A practical form of the mass law gives

SRI,, = 10 + 14 .5log;, 0, (19.1)

where SRI,, is the average transmission loss (or sound reduction) over frequencies
from 250 Hz to 1,000 Hz and o is the mass per unit area. A single-brick-wide
(230 mm thick) brick wall has ¢ = 415 kgm™2, giving an average insulation of
48 dB.

The sound reduction index SRI or transmission loss is defined by

1
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Transmission loss of a wall

For an infinite fluid or quasi-fluid layer between regions of the same fluid, i.e.,
p3cs = pici, (18.26) reduces to

-
= = 2
Ar 4 cos? kyl + (% + %) sin? ky/

(19.3)
- 4
" 4cos? kyl + (Z.+ ﬁc)2 sin? kol
For concrete, pyc, = 8.1 x 10° rayls. So, for a concrete wall,
P2Co 8.1 x 106 4
Z. = = ~2x 10 19.4
P1C1 415 ( )
and
B~ 5 x 107> (19.5)

Since Z. > [, we can neglect 3. in (19.3). Furthermore, at audio-frequencies,
the cos? term can be ignored and

sin k2/ =~ k2/ (196)
Hence, 19.3 further reduces to

2 2
) . 4piqg

R 19.7
LT 1o
Replacing k, by %f and po/ by o yields
415\ 1 1.75 x 10*
T ~ ( ) = : 19.8
T p3 12 £2 02f2 ( )
Consequently, the transmission loss is

This is the basis of the mass law: At a given frequency, doubling the mass leads
to a 6 dB increase in transmission loss.
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Average transmission loss of a composite wall

When calculating the sound insulation of a composite partition, i.e., one with
parts made from different materials, it is necessary to know the power transmis-
sion coefficient and area of each part. The average power transmission coefficient
is then given by
>i TS
>iSi
where S; is the area and T? is the power transmission coefficient of material
i € IN. T? can be found from the reduction indices of the respective materials

T2, = (19.10)

SRI;

T?=101m . (19.11)

The transmission loss of the composite material is given by

1

Variation of transmission loss with frequency

For a rectangular panel, supported but not clamped at its edges, the resonant

frequencies fy are given by
NN (NN
— | +
I l,

where ¢ is the speed of sound in the panel material, h is the thickness, I, is
the length, /, is the width, and N, N, are integer values € IN representing the
resonant frequencies. N, = N, = 1 is the lowest resonant frequency. Varying
the values of N, and N, gives those frequencies at which the panel resonates
and where the transmission loss is poor.

The transmission loss of a simply-supported panel is also poor when the
wavelength in air matches the wavelength of bending waves in the panel. Bending
waves produce large deflections in the structure and cause considerable radiation
of sound energy. The lowest frequency at which this matching occurs in any
component is known as its critical or coincidence frequency, given by

fn =0.45¢c_ h , (19.13)

C2

1.8h C|_.

f. = (19.14)
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Table 19.1: Mass per area times critical frequency for building materials.

Material o X f
(kg m—2xkHz)
Plywood 17
Glass 35
Brick 49
Plasterboard 50
Concrete 100
Steel 150

Table 19.1 gives the product of the mass per unit area and the critical frequency
for some building materials.



Room acoustics

A sound field in a room or enclosed space is uniform if the root-mean-square
pressure is constant throughout the room volume. A sound field is diffuse if the
acoustic intensity in waves arriving at any point in the room is independent of
the direction of arrival of the wave. A reverberant sound field is a field in which
all waves have undergone reflection at room surfaces.
Consider an enclosed space with a wall surface area S and an absorption
coefficient of the walls
A=1-|R|. (20.1)

For diffusive sound arriving at the surface, (6.14) changes to

2
jofe_ P (20.2)
4 4pc
Thus,
IL ~ SPL — 6 dB. (20.3)

The reverberation time is defined as the time it takes for impulsive sound to
decay by 60 dB in intensity. It is given by the Sabine formula

552V
RT =
SAc’

(20.4)
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where V is the volume of the room in m3. The Sabine formula is only valid

where the sound field is uniform, diffuse, and reverberant.
Consider a room in the form of a parallelepiped with dimensions /., /,, and
l,. If the walls are rigid, the following boundary conditions hold:

gi:o at x =0, x = [;
dp
?::0 atz =0,z = 1,.

Consider the 3-D wave equation
(V24 k) p=0. (20.6)
Let's assume a solution of the form
p=e"X(x)Y(y) Z(2), (20.7)

where
X(x) = Ay cos kex + By sin kyx;
Y(y) = A, cosk,y + B,sink,y; (20.8)
Z(z) = A,cosk,z + B,sink,z.

The boundary conditions are satisfied if

mlN;x

Iy

X(x) = A cos

N
Y(y) = Aycos7T .

(20.9)

where N;, N;, Ny € IN. From (20.6),

N\ N Ne )’
k=22 4 (EE) 4 (2 (20.10)
I I, I,
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N: N\ ° Ne)®
fao = o[ [ Z0) + (Z2) +(E2) . (20.11)
2\ \ %, I I

Here, fjj are the eigenfrequencies or normal mode frequencies of the room. The
sound pressure can be expressed as a summation over the eigenmodes:

Hence,

. 7 N;x 7N; Nz
p(x,y, zit) =Y pjk e’ cos [ cos lJy cos lk .
ik x y ,

(20.12)

Reverberation involves the decay of many such modes at different frequencies. In
any frequency band the sound field is a combination of many modes. Each mode
consists of a series of plane waves inclined at particular angles to the walls of the
room, depending on values of N;, N;, Ny, ensuing to give an interference pattern
of the form cos “’,\X"’X cos ”’,\y’fy cos ”’Zkz. The resulting sound field is uniform if

there are many modes so that peaks and troughs in any mode are canceled.
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Fourier transform

In acoustics, it is very useful to express a signal s(t) by its frequency content.
The (complex) spectral density is obtained by the Fourier transform:

S(w) = 217T [ s(eye =t (A1)

A signal can be recovered by the inverse Fourier transform:

o0

s(t) = / S(w) e dw. (A.2)

— 00
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Equal loudness contours
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Reprinted from Robinson DW, Dadson RS. A re-determination of the equal-
loudness relations for pure tones. Brit J Appl Phys. 1956 7(5):166-181. MAF
stands for minimum audible field.
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pNY

X

<

N

atm

> > 2> > >>

atm, 7

Abarrier
Adiv
Aglround
Amisc
Arefl

Arefr

List of symbols

M L T © dimensions

it coefficient L

incident pressure amplitude in medium /

at a given time MLt T2
pressure amplitude in direction x MLtT?
pressure amplitude in direction y MLt T2
pressure amplitude in direction z MLt T2

absorption coefficient

atmospheric absorption attenuation
atmospheric absorption attenuation at
temperature 7

attenuation due to diffraction by barriers
attenuation due to geometrical divergence
attenuation due to ground effect
attenuation due to miscellaneous factors
attenuation due to reflection from vertical
surfaces

attenuation due to upward refraction

69



70

Atot

X

fi

fmax

FTan T
5

. —
s TS S

total attenuation

reflected pressure amplitude in medium i
at a given time

pressure amplitude in direction x
pressure amplitude in direction y
pressure amplitude in direction z

sound speed

sound speed at ground level

sound speed in medium /i

sound speed in panel

phase velocity of a compressional wave
phase velocity of a transverse wave
shared hypotenuse

attenuation

kinetic energy

potential energy

total energy

energy per unit volume

frequency

experienced frequency

resonance frequency

coincidence frequency

pressure function 7/ of x

second partial derivative of f
eigenfrequency

frequency of maximal ground attenuation
resonant frequency N

force

displacement function / of x

shear modulus

thickness

height of receiver

height of sound source

mean height of the source-to-receiver path
intensity

threshold of hearing intensity

intensity level

complex number with the property j2 = —1

— = =

=
i
-

—4 - -
|_I—lll—ll—l
-
N

,_
o
_|
.

~



~ &

Tx ==

kRe

TITT A

<

AF

ST zz=z> 3
=

prms

Bessel function of order zero of the first kind
wave number

wave number in medium

wave number of incident wave
wave number of reflected wave
real wave number

wave number of transmitted wave
wave vector

location of second interface
length

width

height

mass

molar mass

minimum audible field

amount of gas

refraction index

Fresnel number

integer values in direction /
integer values € IN

acoustic pressure

pressure amplitude

pressure amplitude of wave |
acoustic pressure of wave /
root-mean-square pressure of wave |
pressure of incident wave
root-mean-square pressure at frequency f
hearing threshold

pressure of reflected wave
root-mean-square pressure
pressure of transmitted wave
pressure vector

second time derivative of p
absolute pressure

pressure difference

directivity factor

distance

distance of location /

R

—
|
N e e e

i

ZZI_I_I_I_

MLt T2
MLt T2
ML1T2
MLt T2
MLt T2
MLt T2
MLt T2
MLt T2
MLt T2
MLt T2
MLt T2
MLt T2
MLt T
MLt T2
MLt T2
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distance vector

gas constant

specific gas constant
reflection coefficient
power reflection coefficient
relative humidity
reverberation time

spring stiffness

signal

area

spectral density

element cross-section

area |

sound pressure level

sound pressure level at r;
sound reduction index
average transmission loss
reduction index of material /
sound power level

time

period

resonance period
transmission coefficient
power transmission coefficient

average power transmission coefficient

power transmission coefficient /
absolute temperature
temperature difference
displacement in the x-direction
initial displacement
displacement at time |
displacement vector

second time derivative of u
unity

displacement in the y-direction
volume

volume difference

L2

L2
L2

—H < -

L3
L3
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initial volume L3
displacement in the z-direction L

sound power ML>T3
threshold of hearing power ML2T-3
x-coordinate L
excursion L

first time derivative of x LT
second time derivative of x L T2
element length L

step size L

initial distance L
distance at time / L
distance to shadow zone L
function of x

y-coordinate L
function of y

z-coordinate L
acoustic impedance ML2T!

function of z

relative characteristic impedance

acoustic impedance of medium | ML2T!
relative surface impedance

attenuation coefficient L1
viscous damping coefficient L1
thermal damping coefficient L1
4 %1078 sK! To!

relative characteristic admittance
ratio of specific heats %
shear strain on face / in direction j

additional path L
volumetric strain

strain

strain in direction i

viscosity MLtT!?
aperture

angle of incidence in medium |
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Wijk

Vo
V3¢

V-o
V x ¢

angle of incidence

angle of reflection

angle of transmission

bulk modulus

Lamé’s constant

wavelength

reduced wavelength

wavelength in medium |
particle velocity

velocity of the audience

phase velocity of incident wave
phase velocity of reflected wave
velocity of sound source

phase velocity of transmitted wave
density

density of medium /

stress

stress in direction i

mass per area

shear stress on face i in direction j
scalar potential

phase of wave |

vector potential

angular frequency

resonance angular frequency
angular frequency /

angular eigenfrequency

8¢ 96 9o\
o= (35 %)
V- V¢ = div grad ¢

2 2 2 ;
— P ng 94 (Laplacian)
div ¢
curl ¢
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