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Abstract

The multiple coherence is a spectral analysis tool allowing the estimation of the
contribution of several, possibly partially, coherent inputs to one or several outputs.
This type of analysis can be conducted using a waterfall substraction approach
(Conditioned Spectral Analysis framework) or using an eigenvalue analysis of the
input correlation matrix (Virtual Source Analysis approaches). Those techniques are
well established when dealing with converged cross-spectral estimates. In practice,
this is never the case because of the finite nature of time records, and it can bring
interpretation issues, particularly when increasing the number of references. The
significance of the estimated coherence plays a central role in the present work. It
involves the implementation of an hypothesis test based upon the statistical behavior
of the estimated coherence between incoherent signals. This test, whose principle
is to put to zero an estimated coherence that is below a significance threshold,
is extended in this work to the multiple coherence case. The TMC (Thresholded
Multiple Coherence) is first illustrated in the frame of a numerical benchmark, and
then validated in a laboratory wind tunnel test where the interest for denoising
purpose is demonstrated. The approach is finally applied to signals recorded inside
and outside the cabin of an aircraft during a flight test. The TMC is used either
from outside to inside microphones, to analyse the contribution of outside noise
sources to the interior noise, or alternatively from inside to outside sensors, for flow
noise rejection purpose.
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1 Introduction

The coherence is a frequency-dependent function estimating the level of lin-
ear dependency between two signals. It is directly related to the well known
Cauchy-Schwarz inequality

| 〈X,Y〉 |2 ≤ 〈X,X〉 〈Y,Y〉 , (1)

where X,Y are two vectors ∈ CN and 〈X,Y〉 =
∑N
n=1XnYn the standard

hermitian scalar product. In spectral analysis, X and Y contain the Fourier
coefficients of the two signals of interest x(t) and y(t) at a given frequency,
obtained for N finite realizations (called snapshots). The estimated coherence
is simply defined as the ratio between the left and right hand side of Eq.
(1), thus lying between 0 (orthogonality) and 1 (colinearity). An estimated
coherence value that is significantly greater than zero at a given frequency
indicates the existence of a linear relationship between the two signals, that
can be interpreted in vibration and acoustics as a filter or a transfer path.
The question of the significance is of prime interest : it is clear that if sig-
nals are fully dependent, the estimated coherence will be equal to one even
for low values of N(because of the colinearity of X and Y). However, if the
actual coherence value is low, the estimation error has to be considered [1]. In
the particular case of independent signals, the coherence will be systematically
overestimated since X and Y will never be fully orthogonal. As an illustration,
Fig. 1 gives some coherence functions estimated by the Welch’s periodogram
[2] between two independent gaussian time series of different durations. The
theoretical coherence should be 0 on the whole frequency range, but due to
the finite length of signals it is not the case.
It is possible to define statistically a significance threshold, in order to au-
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Fig. 1. Time data (left) and coherence estimate (right) for two independent signals
x(t) and y(t) of different finite lengths (N stands for the number of snapshots).

tomatically determine if the coherence is significantly non zero [3]. However,
this possibility has received only few attention in the literature; one can cite
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at least the work of Miles on turbofan engine noise [4], and the contribution
of Gallet and Julien [5] in the biomedical domain.
Once a coherence is established between x(t) and y(t), and considering that
x(t) is an input and y(t) an output, it is possible to determine the contri-
bution of x(t) to y(t). In the Fourier domain, this contribution is defined as
the Coherent Output Power (COP), introduced in the 70’s [6], it results di-
rectly from the product between the coherence and the power spectrum of the
output. In multiple input situations, this approach is limited by the potential
correlation between inputs, making it difficult to separate contributions of in-
puts to output(s). This issue led to the development of more advanced analysis
techniques, for instance partial and multiple coherence approaches [7,8,9], or
virtual source analysis [10,11,12], that have proven some efficiency in several
industrial applications [13,14,15,16].
Coherence-based methods have been used especially in the field of aeroacous-
tics [17,18,19,20], which can be explained by the fact that aeroacoustic sources
are often physically distributed with relatively short coherence lengths, facili-
tating their separation using statistical approaches. The difficulty is then to be
able to represent the source of interest with a sufficient number of references,
in a context where the SNR can be strongly affected by flow noise.

The originality of the present work is to propose the implementation of a co-
herence thresholding step in a multiple input context. The thresholding of the
coherence is not a new concept [3,4,5], but it has never been addressed, to
our knowledge, to the case of the multiple coherence. Another contribution of
the paper is to demonstrate the potential use and efficiency of the so-called
TMC (Thresholded Multiple Coherence) within two experiments in the field
of aeronautics, a first one in laboratory conditions (wind tunnel) and a second
one in the frame of an industrial application (flight tests).

The first section is dedicated to theoretical aspects of the TMC, with the
description of the hypothesis test so as to determine if a coherence is (or is
not) significantly greater than 0. An approach relying on the eigenvalue de-
composition of the reference cross spectral matrix is then proposed to adapt
the test to the multiple coherence. A numerical experiment is proposed in a
second section, so as to illustrate the efficiency of the TMC for several varying
parameters: SNR of references, number of references, and risk value associated
to the hypothesis test. A laboratory experiment is reported in the third sec-
tion of the paper, demonstrating the pertinence of the approach for denoising
applications in a wind tunnel. Finally, the TMC is implemented to analyse
microphone signals recorded during aircraft flight tests. Several microphones
are spatially distributed inside the cabin and outside on the fuselage of the
aircraft. The TMC can be used to either estimate the contribution of external
noise sources to the interior noise (in this case the references are microphones
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distributed on the fuselage, with a poor SNR due to the turbulent boundary
layer that is developed on the fuselage), or to remove from fuselage micro-
phones the contribution of the turbulent boundary layer (in this case the
references are microphones placed inside the cabin).
The basic idea of the thresholded multiple coherence has been initially pro-
posed in a former conference paper [21] by the authors of the present work.
The present paper develops the full theory behind the TMC, and illustrates
the concept with numerical and experimental application cases.

2 Theoretical aspects

2.1 Probability laws of the estimated coherence between uncorrelated signals

Let x(t) and y(t) be two uncorrelated signals. Let X and Y be the Fourier
coefficients of one finite length realization of these two signals at a given fre-
quency f (excluding 0 and Nyquist frequency bins), X and Y are random
variables following centered complex Gaussian laws. The estimated coherence
is defined as the following ratio (variable f is dropped for the sake of notation
simplicity)

γ2xy =
|Sxy|2

SxxSyy
, (2)

where Sxx, Syy and Sxy are auto and cross-spectra averaged over N finite
realizations of the signals:

Sxx =
1

N

N∑
i=1

|Xi|2 ; Syy =
1

N

N∑
i=1

|Yi|2 ; Sxy =
1

N

N∑
i=1

XiYi. (3)

The probability law of the estimated coherence of uncorrelated Gaussian sig-
nals is given by Carter [22]. The associated PDF (Probability Density Func-
tion) is:

fγ2xy(z) = (N − 1)(1− z)N−2 for 0 < z < 1 , (4)

fγ2xy(z) = 0 for z < 0 or z > 1 ,

with the following mean value and variance

E[γ2xy] =
1

N
; V [γ2xy] =

1

N2

N − 1

N + 1
. (5)

This probability law is valid for non overlapping time segments of signals x(t)
and y(t). In practice, using some overlap between consecutive time segments
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is advised, associated to an apodization window, so as to optimize the conver-
gence of estimators for a given total record length. By doing so, the number
of averages (noted N) can artificially increase (if a strong overlap is used),
but some redundancy is created between time snapshots. The standard 1/N
rule for the variance of quadratic spectral estimates does not stand anymore.
However, this can be corrected by replacing the real number of snapshots N
by an apparent number of snapshots :

Nap =
N

cW
, (6)

where cW is a correction depending on the overlap value and the window type
[2,5]. If the overlap value is such that 1/(1 − overlap) is an integer, which is
the case for classical overlap values (50,67,75 %), so as to use the same total
record length, the apparent value of the number of snapshots can be expressed
as a function of the number of averages without overlap, noted N0 :

Nap =
1

cW

(
N0 − 1

1− overlap
+ 1

)
. (7)

The resulting ration between Nap and N0 is drawn in Fig. 2 for different win-
dow types, N0 and overlap values. It can be seen in particular that using a
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Fig. 2. Left: ratio Nap/N0 as a function of N0, overlap fixed at 67 %. Right: ratio
Nap/N0 as a function of the overlap, N0 fixed at 100 %. Window types : Uniform
(dashed blue o), Hanning (solid red +), Hamming (dash dot yellow ×), Blackmann
(dotted purple 3)

Hanning window, an overlap of 67 % and a number of snapshot without aver-
age larger than 100 then an asymptotic value of about 2.07 is reached.
Gallet [5] proposes to replace the real number of snapshots by the apparent
value so as to represent correctly the statistical behavior of the estimated
coherence of independent signals. Some numerical simulation have been con-
ducted to illustrate the validity of this approximation. The coherence between
two independent signals is calculated with an overlap value of 67 %, hanning
window, and different values of N0. Results are drawn as histograms in Fig.
3, together with the theoretical PDF (Eq. (4)) replacing N by Nap (Eq. (6)).
This approximation is known to slightly differ from the real distribution only
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Fig. 3. Distributions resulting from numerical draws (histograms) and theoretical
PDF (with the approximation N = Nap) of the estimated coherence (in dB) of
independent signals, Hanning window, 67 % overlap, for different values of N0.

for very low values of N0 [5]. For N0 = 3, some differences can indeed be seen
between the histogram and the theoretical distribution. However, for higher
values of N0 = 10 or 100, no noticeable differences are observed. Consequently,
the apparent value of the number of snapshots (Nap) is used in the following
in place of the true value of N .

2.2 A hypothesis test for the significance of the coherence

The probability law of the coherence (Eq. (4)), together with the correction
of N due to windowing and overlap (Eq. (7)), can be used to implement a
statistical test in order to decide if the two signals can be assumed as fully
uncorrelated or not. Let’s assume that the two signals are fully uncorrelated
(H0 hypothesis), there is an user-defined small probability α (risk of the test)
that the coherence is greater than a given threshold depending on α and N0.
If the observed value is smaller than the threshold, the coherence is considered
as not significantly different from 0 (signals are uncorrelated). If the observed
value is greater than the threshold, the H0 hypothesis is rejected, the value
of the estimated coherence is kept as it is. From Eq. (4), the threshold T is
defined by [4]

p(γ2xy < T ) =
∫ T

0
(Nap − 1)(1− z)Nap−2dz = 1− α, (8)

which gives
T (α,Nap) = 1− α1/(Nap−1). (9)

The threshold is given in table 1, as an illustration, for different values of α
and N0, with a Hanning window and an overlap equal to 67 %.
Values in Table 1 correspond to the minimal values leading to a decision that

the coherence is not zero. For instance, with a risk value of 1 %, the approach
will consider that a coherence of 10 % is not significantly greater than 0 for
N0 equal to 20. If the same coherence of 10 % is observed with N0 equal to
50, then the coherence is considered as significant.
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N0 Nap α = 5 % α = 1 % α = 0.1 %

20 40.3 0.073 0.11 0.16

50 102.6 0.029 0.044 0.066

200 413.7 0.0072 0.011 0.017

500 1036.4 0.0029 0.0044 0.0066

Table 1
Threshold T such that p(γ2xy > T | H0) = α, Hanning window, overlap 67 %.

Formally, the thresholded coherence function can be expressed as follows :

γ2xy,α = 1[γ2xy>T (α,Nap)].γ
2
xy, (10)

where 1[statement] is equal to 1 or 0 if statement is true or false, respectively.

2.3 The coherent output power for SISO and MISO cases

Let x(t) and y(t) be two signals recorded simultaneously from a given experi-
mental case. Assuming that x is an input, the Coherent Output Power (COP)
of y (with respect to x) is defined by:

S(x)
yy = γ2yxSyy, (11)

and can be interpreted as the energy of y that is linearly explained by x at the
frequency of interest. If x represents a source signal, S(x)

yy is interpreted as the
contribution of x to y. The COP is in fact related to the H1 estimator of the
Frequency Response Function Y/X that assumes that the noise contaminates
the output signal only:

S(x)
yy = γ2yxSyy =

|Syx|2

SxxSyy
Syy =

|Syx|2

Sxx
= |H1yx|2 Sxx, (12)

where H1yx = Syx/Sxx. It is clear using this formulation that the COP repre-
sents the contribution of x to y, the remaining part of Syy (equal to (1−γ2yx)Syy)
representing the contribution of the noise. In this context, the interest of
thresholding the coherence is straightforward : if the estimated coherence is
not significantly greater than 0, then the contribution of x to y is considered
as null.
In some situation it can be interesting to estimate the contribution of n refer-
ence signals, a(t), b(t), c(t), ... µ(t) to the output y(t) (MISO case for Multiple
Input Single Output). However, reference signals are rarely uncorrelated, such
that the energy of the output cannot be simply defined as the sum of the
COPs with respect to each reference. Bendat and Piersol proposed 40 years
ago [9] to proceed iteratively, reference by reference (Conditioned Spectral
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Analysis - CSA framework, that can also be interpreted as a Gram-Schmidt
orthogonalization process). The COP is firstly calculated with respect to a :

S(a)
yy = γ2yaSyy =

|Sya|2

Saa
. (13)

Then, the contribution of the first reference is removed from auto and cross
spectra of other channels :

Sij.a = Sij −
SiaSaj
Saa

,∀i, j ∈ {y, b, c...µ}. (14)

Sij.a are called auto and cross spectra conditioned by a. The second step
is to calculate a COP with respect to a second reference b using quantities
conditioned by a :

S(b)
yy.a =

|Syb.a|2

Sbb.a
. (15)

The contribution of the second reference is removed to obtain cross spectral
quantities conditioned by a and b :

Sij.a,b = Sij.a −
Sib.aSbj.a
Sbb.a

,∀i, j ∈ {y, c, ...µ}, (16)

and so on up to the last reference. At the end, the multiple coherent output
power (MCOP) can be obtain as follows :

S(a,b,...µ)
yy = S(a)

yy + S(b)
yy.a + S

(c)
yy.a,b + ....S

(µ)
yy.a,b,..., (17)

the multiple coherence corresponding to the ratio between this result and the
total output power :

Γ2
y =

S(a,b,...µ)
yy

Syy
. (18)

This multiple coherence can be interpreted as the part of the output signal
that can be linearly explained by the set of references. If the references are
representing sources, the multiple coherent output power can be interpreted
as the contribution of the referenced sources to the output signal.
An alternative to Conditioned Spectral Analysis for the estimation of the
multiple coherence is obtained through the Virtual Source Analysis (VSA),
proposed by Price and Bernhard [10] in the 80’s. This approach leads theoret-
ically to the same result for the multiple coherence than CSA, yet it is more
suited for the further developments proposed in present work. VSA is based
on an eigenvalue decomposition of the cross spectral matrix of the reference
signals. Let λ2v be the vth (real positive) eigenvalue and Φjv the jth element of
the vth eigenvector (v, j ∈ [1...n]). Eigenvalues can be interpreted as a set of
n uncorrelated virtual source powers contributing to reference channels. The
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cross spectrum between the output and the vth virtual source is:

Svy =
n∑
j=1

ΦjvSjy. (19)

The virtual coherence represents the coherence between any virtual source and
the output:

γ2vy =
|Svy|2

SvvSyy
=

1

λ2vSyy

∣∣∣∣∣∣
n∑
j=1

ΦjvSjy

∣∣∣∣∣∣
2

, (20)

with a corresponding virtual COP given by

S(v)
yy = γ2vySyy. (21)

The estimated coherence between virtual sources have the property to be zero,
such that their contributions to y can simply be added energetically :

S(1,2,...n)
yy =

(
γ21y + γ22y + ...γ2ny

)
Syy. (22)

Thus, the multiple coherence is simply obtained by adding virtual coherences
between the output and each virtual source component:

Γ2
y =

n∑
v=1

γ2vy. (23)

2.4 The Thresholded Multiple Coherence

The classical multiple coherence, expressed by Eqs. (23) or (18), does not
include the hypothesis test described on section 2.2. However, the thresholding
step can easily be adapted to the MISO case considering Eq. (23). The multiple
coherence being equal to a sum of virtual coherences, then it is straightforward
to consider a summation of virtual coherences conditioned to their significance:

Γ2
y,α =

n∑
v=1

1[γ2vy>T (α,Nap)].γ
2
vy, (24)

where γ2vy is expressed in Eq. (20) and where T (α,Nap) is given by Eq. (9). A
thresholded MCOP (TMCOP) can also be formulated based on the TMC:

S(1,2...n)
yy,α = Γ2

y,αSyy. (25)

Finally, when analysing the TMC for several outputs noted yi, it can be in-
teresting to formulate a global TMC function defining the global contribution
of the inputs to the outputs (MIMO case). The global TMC can be simply
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defined as the ratio between the average output TMCOP and the average
output spectra:

Γ2
α =

∑
i Γ

2
yi,α

Syiyi∑
i Syiyi

. (26)

3 Numerical experiment

A numerical experiment is conducted in order to illustrate the capability of
the proposed approach in various situations. The general framework of the
experiment is drawn in Fig. 4. A set of m incoherent sources is mixed through
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Fig. 4. General framework of the numerical experiment. H represents a (n+ 1)×m
linear mixing matrix.

a linear mixing matrix H so as to generate n + 1 partially coherent signals.
The n first signals are considered as references, and the n+ 1th is the output.
Incoherent noise is added to all generated signals, verifying given SNR values
for references and for the output (noted SNRref and SNRout, respectively).
The aim of the simulation is to estimate the contribution of the sources to the
output signal, using the TMC. The estimated output SNR is directly linked
to the multiple coherence value:

˜SNRout =
Γ2
y,α

1− Γ2
y,α

. (27)

Simulations are implemented for m = 2 (2 incoherent sources), N0 = 100,
a number of references equal to 1, 5 and 25, and a reference SNR (SNRref )
equal to -10, 0 and 10 dB. The multiple coherence is calculated including the
hypothesis test proposed in this work for three values of α = 100, 5, 1 %,
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α = 100 % being equivalent to the classical multiple coherence (threshold T
equal to 0). The number of incoherent sources (arbitrarily set to 2 for these
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Fig. 5. Simulation results: ˜SNRout (the estimated one) as a function of SNRout (the
real one). Top to bottom : number of references equal to 1, 5, 25. Left to right :
reference SNR set to -10, 0, 10 dB. Solid black : real SNRout. Color : ˜SNRout with
α = 100 % (no hypothesis test, dotted red) , 5 % (dash-dotted yellow), 1 % (dashed
purple).

simulations) could have been another parameter of the study. However, the
fact that the number of references should increase when the number of uncor-
related sources increases seems straightforward.
Results are given in Fig. 5, showing the estimated output SNR ( ˜SNRout) ob-
tained through Eq. (27) as a function of a real output SNR (SNRout) vary-
ing between -20 and 10 dB. When the estimated SNR is below (above) the

˜SNRout = SNRout line (solid black), it means that the SNR is under (resp.
over) estimated.

Some general trends can be drawn from Fig. 5:

• when the number of references is too small, the output SNR is underesti-
mated,
• the number of required references to get a correct estimate increases when

the SNR of references decreases,
• when the reference SNR is poor and for positive output SNR values, the

output SNR is systematically underestimated whatever the values of α and
n,
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• for α = 100 %, the estimated output SNR cannot go below a certain thresh-
old increasing with the number of references (about -15 dB for n = 5, -8
dB for n = 25), this effect is due to the statistical behaviour of the multiple
coherence, discussed in [21].

Also, it can be seen that when the number of references is high (n = 25
case), the output SNR becomes overestimated when the real output SNR is
below 0 dB. The interest of the thresholding approach proposed in this work is
illustrated by curves obtained for α = 5 %, 1 % when the number of references
increases : it strongly attenuates the systematic overestimation observed with
the classical approach. Even with a reference SNR at 0 dB, the output SNR
is correctly estimated up to -15 dB. With a very poor reference SNR (-10 dB
case), the output SNR remains slightly underestimated even with n = 25. In
such an extreme situation, the number of references could be increased, as well
as the total record length, in order to improve the results.

4 Experimental Validation in laboratory conditions

A validation of the TMC-based source separation is proposed in this section,
in the frame of a laboratory experiment. The experimental setup has been
implemented in the frame of the ADAPT EU project (Cleansky 2 joint un-
dertaking). The aim of the experiment was to compare different approaches
for the separation of acoustic and aerodynamic contributions in wall pressure
measurements in a wind tunnel (see [23] for more details). One of the mea-
surement devices used to measure the wall-pressure consisted in a thin PCB
(Printed Circuit Board) equipped with 76 MEMS microphones mounted on
its back side, communicating with the front side through submillimeter aper-
ture pinholes. The front face, free of any electronic component, is exposed to
a turbulent boundary layer (TBL) generated by a flow (20 m/s) established
in a wind tunnel (25 cm × 50 cm section). Three loudspeakers are mounted
in the roof of the tunnel, fed by 2 uncorrelated signals, and are generating
an acoustic field in the tunnel. A sketch of the setup is given in Fig. 6. The
array microphones are thus exposed by two types of pressure fluctuation, the
aerodynamic part caused by the TBL and the acoustic part resulting from
loudspeaker contributions. Note that considering that the flow velocity is rel-
atively low (Mach number 0.06), the convection effect on the acoustic part of
the signals is neglected. The acoustic part is thus considered as almost the
same for measurement configurations with or without flow.
Four reference sensors are placed on the back side of the plate, so as to be

not contaminated by the TBL developed on the front side. Two of them are
microphones, placed in a small baffled volume with foam, and the two oth-
ers are accelerometers directly pasted on the back side of the PCB. These
references are expected to be free of the flow noise, while being still exposed
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Fig. 6. General sketch of the wind tunnel experiment.

to the acoustic field crossing the plate because of its acoustic transparency.
These assumptions can be verified by checking the power spectral densities of
the different signals in configurations with or without flow (acoustic sources
switched on in both cases). These spectra are shown in Fig. 7, averaged over
the microphone array (left), over reference microphones (center) and over ac-
celerometers (right).
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Fig. 7. Spectra obtained with (solid black) and without (dashed red) flow, acoustic
sources switched on. Average spectra over the microphone array (left), reference
microphones (center) and accelerometers (right).

It is clear that with the flow, the pressure measured by the microphone array
essentially results from the aerodynamic pressure fluctuations generated by
the TBL. The SNR (ratio between acoustic and aerodynamic pressure) falls
between -35 dB at low frequency and -20 dB at high frequency. Conversely,
the spectra of reference signals with and without flow are similar, which means
that the SNR is much better than for the array microphones, especially for
accelerometers. The differences observed on reference microphones are quite
limited, except in the very low frequency range (up to 15 dB) and at mid
frequencies (3 to 5 dB). Considering that the vibration of the plate is similar
with or without flow, the differences observed on reference microphones may
be due to the noise generated by the wind tunnel coming from the outside of
the array backside cabinet.
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The ability of the PCB to filter out the TBL contribution is related to its
thin-plate behaviour. The plate is made of glass-reinforced epoxy (FR-4), and
is about 1 mm thick. According to the thin plate theory, such structures act
as low pass filters in the wavenumber domain: high wavenumber components
standing above the natural wavenumber of the structure are not able to effi-
ciently excite it [24]. Considering the present experimental case, the convective
wavenumber (carrying most of the TBL power) stands well above the natural
wavenumber of the plate for the frequency domain that is above 100 Hz. Con-
versely, the acoustic part of the exciting pressure field falls below the acoustic
wavenumber, that stands below the natural wavenumber of the plate for fre-
quencies below 20 kHz. The acoustic excitation is thus expected to be much
more efficiently transmitted to the plate than the TBL part, in a wide fre-
quency range from 100 Hz to 20 kHz.

The four reference signals are utilized hereafter so as to denoise array mi-
crophones, which means removing the aerodynamic noise contribution so as
to recover the acoustic contribution. Note that recordings have been realized
over time durations of 30 s, and cross spectral quantities are averaged using
time segments of 1/12 s, with an overlap of 66 %, Hanning window (appar-
ent number of snapshots Nap = 745). The average COP (Coherent Output
Power) with flow is given in Fig 8 (left) for different values of α (100 %, 5 %,
1 %), together with the total output power with flow. The total output power
without flow is also drawn (dashed black), and considered as representative of
the acoustic contribution with flow. The global TMC (Thresholded Multiple
Coherence) is also drawn for the same values of α in the same figure (right).
The global TMC being an estimation of the SNR, it is directly compared to
the ratio between output powers measured without and with flow. Note that
the first value of α = 100 % corresponds to the estimation of the classical
multiple coherence function.

It can be clearly seen in Fig. 8 (right) that the classical multiple coherence
overestimates the actual SNR on a wide frequency range (0.5 to 3 kHz). The
overestimation factor lies between a bit more than 10 at 500 Hz and decreases
to 2 only at about 2500 Hz. The TMC estimation significantly reduces this
estimation bias, the TMC with α = 5 % estimating quite well the actual SNR
between 1500 and 2500 Hz. The TMC with α = 1 % generally underestimates
the SNR for the present experimental case. At low frequency (f < 500 Hz),
it is seen that for any value of α, the TMC is strongly overestimated. This
can be explained by the fact that the wind tunnel itself generates an acoustic
background noise at low frequency. This noise, of acoustic nature, is efficiently
transmitted to the PCB and thus contributes to reference signals. The hy-
pothesis of incoherence between the noise affecting references and outputs is
thus not satisfied, the TMC logically fails to identify the actual contribution
of the acoustic source.
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Fig. 8. Left: average spectra on the microphone array with (solid black) and without
(dashed black) flow, acoustic sources switched on. In color : Global COP for different
values of α. Right : Output power ratio for array microphones without and with
flow (solid black). In color : global TMC for different values of α.

When looking at output spectra (same figure, left), the same observations can
be made : the acoustic contribution is overestimated when using the classical
multiple coherence, by up to 10 dB. The use of the TMC strongly reduces this
overestimation, except at low frequency as already discussed. Finally, it can
be said that in this case the acoustic contribution is relatively well bounded
by the COPs estimated with values of α equal to 5 % (upper bound) and 1 %
(lower bound). However, this observation may not be interpreted as a general
rule as it may depend on different parameters like the number of incoherent
sources contributing to the signal, the number of references and the length of
the recording (as it is discussed in section 3).

5 Experimental application to aircraft flight tests

Developments proposed in this work are finally applied to an industrial case, in
order to analyse measurements recorded during aircraft flight tests. Considered
signals are acquired from a set of 14 interior microphones (distributed in the
passenger cabin) and a set of 35 external microphones (distributed along the
fuselage, on one side of the plane, downstream to the wing). The sources of
interest in this application consist in all noise sources that are located outside,
mainly the engine (fan and jet) and the airframe, excluding the turbulent
boundary layer (TBL) developed on the fuselage. External microphones are
strongly disturbed by the latter, with a signal to noise ratio that can be
extremely poor (negative values). Internal microphone records are composed
of external source contributions transferred through the fuselage, and also
of the contributions of several interior noise sources such as the ventilation
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system. A sketch of the experimental setup is drawn in Fig. 9.

Fig. 9. Sketch of the flight test measurement setup.

Internal and external microphones are recorded simultaneously during sta-
tionary flight conditions. The engine is operating at a nominal condition, the
Mach number is 0.85. The total record length is 60 s, the cross spectral ma-
trix is calculated with a resolution of 4 Hz (Hanning window, overlap 67 %,
N0 = 240, Nap = 497).

5.1 Contribution of external sources to interior noise

A first TMC analysis can be implemented in order to determine the contribu-
tion of outside noise sources (excluding the TBL) to the interior noise. Note
that the TBL is also a source strongly contributing to the interior noise, but
it is distributed on the whole fuselage of the aircraft with very short corre-
lation lengths, which makes it impossible to capture with only few reference
sensors. Output signals are internal sensors, and references are external micro-
phones distributed on the fuselage. The global TMC (Eq. (26)) is calculated
for different values of α = 100 %, 5 % and 1 % (α = 100 % corresponding
to the classical approach without thresholding). Results are provided in Fig.
10, the global TMCOP on the left and the global TMC on the right. The
global TMC can be interpreted here as the contribution of external sources
(excluding TBL) located on the left side of the plane to interior noise, because
external sensors that are used as references are distributed exclusively on the
left side of the fuselage. This could explain why the global coherence never
exceeds 50 % (maximum global coherence at about 35 to 45 % in the low
frequency range). Assuming a symmetry between the contribution of external
sources on both sides, this global coherence could be multiplied by 2 to ac-
count for the contribution of external sources on the right side. In mid and
high frequency, the global multiple coherence decreases, and strong differences
are observed for the different values of α used for the test. For α = 100 %,
the coherence never goes below about 7 or 8 %, illustrating the systematic
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Global multiple coherence with the classical approach (α = 100 %, blue) and with
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overestimation effect of the classical multiple coherence already discussed in
section 3 and in [21]. Using the proposed test for the thresholding of the virtual
coherence, the multiple coherence drops to 2 % (α = 5 %) and even less than
1 % (α = 1 %). Some tonal components, that can be seen on either COPs or
coherences, are emerging in the high frequency range. The emergence of these
tonal components on microphones installed on the fuselage, as compared to
the background noise of the COP, is strongly improved using the proposed
approach : it is equal to 3 to 5 dB for α = 100 %, and it increases to 8 to 10
dB and even to 12 to 15 dB for α = 5 % and 1 %, respectively.

5.2 Denoising external microphones using internal references

Another useful application of the TMC is proposed here, on the same dataset,
but considering interior microphones as references, and exterior microphones
as outputs. The aim of this operation is to try to remove as much as possible
the TBL noise from fuselage microphones, so as to keep only the acoustical
part of the measured pressure (note that the problem is very similar to the lab-
oratory experiment reported in section 4). The acoustical part of the external
pressure field is much more efficiently transmitted to the interior of the aircraft
than the TBL noise. Indeed, the fuselage wall constitutes a low pass filter in
the wavenumber domain, attenuating much more efficiently small wavelengths
(TBL) than large wavelengths (acoustics). Moreover, the TBL noise inside the
cabin results from sources distributed on the whole fuselage with short cor-
relation lengths, so that the coherence between the TBL contribution to one
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external and one internal microphone is expected to be negligible. Internal
microphones are thus used here as references to try to remove from external
microphones the contribution of the TBL.
The global multiple coherence with or without the thresholding step are shown
in Fig. 11 (right) together with the corresponding averaged COPs (left). A first
observation is that the coherence values are much lower for this application
than for the previous one (taking external microphones as references). This
is logical, considering that the SNR of external microphones (strongly con-
taminated by the TBL) is expected to be quite low. The classical multiple
coherence approach leads to a reduction of the broadband noise of about 15
dB, and some tonal components, that are not seen on raw power spectra, are
emerging by a few dBs. Considering results with the thresholding step, the
high frequency broadband noise is much more reduced on COPs, by 20 dB
(α = 5 %) and even 25 dB (α = 1 %). The emergence of tonal components is
also strongly increased, at least in the high frequency range, from 1 or 2 dB
(classical approach) to 8 to 10 dB (with TMC).
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Fig. 11. Left : total (black) and Coherent (colours) output spectra with the classical
approach (α = 100 %, blue) and with α = 5 % − 1 % (red− green). Right :
Global multiple coherence with the classical approach (α = 100 %, blue) and with
α = 5 %− 1 % (red − green).

6 Conclusion

This work proposes the implementation of a statistical test so as to put to
zero an estimated coherence that can be considered as not significant. This
thresholded coherence is used to estimate a corrected Coherent Output Power
Spectrum, in order to get a better understanding of the significance of es-
timated source contributions in transfer path analysis approaches. This test
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has been extended to the multiple coherence (MISO / MIMO cases) through
the use of the virtual source decomposition concept. Numerical simulations
have shown that this test improves the estimation of source contributions
especially if a large number of noisy references is used. An illustration in lab-
oratory conditions has demonstrated the interest of the TMC (Thresholded
Multiple Coherence) as compared to the classical multiple coherence, show-
ing a significant improvement of the denoising possibilities. The interest of
the Thresholded Multiple Coherence has finally been illustrated in the frame
of an aircraft flight test experiment, either for the analysis of noise sources
contributing to the cabin noise or for denoising fuselage microphones strongly
disturbed by the turbulent boundary layer.
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