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Compressed Sensing

Olivier Mesnil1, Massimo Ruzzene1,2

Abstract

The paper presents a compressed sensing technique for the reconstruction of guided wave-

fields. Structural inspections based on the analysis of guided wavefields have proven to be

effective at detecting and characterizing damage. However, wavefield detection is often a time

consuming process, which limits practicality. The proposed reconstruction technique estimates

the location of sources and structural features interacting with the waves from a set of sparse

measurements. Such features include damage, described as a scattering source. The wavefield

is reconstructed by employing information on the dispersion properties of the medium under

consideration. The procedure is illustrated through a one-dimensional analytical example,

and subsequently applied to the reconstruction of an experimental wavefield in a composite

panel with an artificial delamination. The results confirm the ability of the technique to iden-

tify the defect, while reconstructing the wavefield with good accuracy using a significantly

reduced number of measurements.
Keywords: Lamb wave, Sparse Wavefield Measurements, Compressed Sensing, SHM, NDE,

Wavefield Reconstruction

Email address: omesnil3@gatech.edu (Olivier Mesnil)
1D. Guggenheim School of Aerospace Engineering, Georgia Institute of Technology, Atlanta, GA, 30332,

US
2G. W. Woodruff School of Mechanical Engineering, Georgia Institute of Technology, Atlanta, GA, 30332,

US

Preprint submitted to Journal November 24, 2015



1. Introduction

Lamb wave-based inspection continues to draw significant attention within the Non-

Destructive Evaluation (NDE) and Structural Health Monitoring (SHM) communities [1].

A first group of techniques employs arrays of transducers mounted on the structure at a pre-

determined set of points [2, 3, 4, 5, 6]. These techniques generally provide a fast estimate

of the location of defects such as holes, cracks, or delaminations, but often provide limited

information on their shape, size and thickness-wise location. A second group of techniques

relies on wavefield detection and analysis [7, 8, 9, 10]. In this context, a wavefield denotes

a series of images describing the time or frequency evolution of a propagating wave. Wave-

field techniques provide a wealth of information that can effectively locate as well as quantify

damage [7, 11]. However, wavefield detection is a timely process due the common need for

multiple averages at each location to mitigate potentially low signal-to-noise ratios, and the

large number of measurements required to avoid spatial aliasing and resolve the desired in-

formation. Therefore, there is a recognized need to reduce acquisition time by reducing the

number of acquisitions. This is the focus of recent papers where the use of dedicated equip-

ment is explored to speed up acquisitions by increasing the number of measurements per unit

of time. Examples include the use of a multi-point Laser Doppler Vibrometer (LDV) [12, 13],

and of a galvanometer mirror system in conjunction with a high amplitude single frequency

piezoelectric transducer [14]. This paper contributes to this objective by exploring a process

that reduces the number of required measurements, possibly below the limits imposed by

Nyquist sampling theorem. The proposed process is based on the hypothesis that the time

response recorded at one point of the surface of a plate structure can be employed to infer the

response at any other point assuming prior knowledge of dispersion relations, plate geometry,

and location of the excitation. When this knowledge is incomplete due to the presence of

defects for example, this extrapolation is not straightforward and tools such as Compressed
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Sensing [15, 16] must be used. Compressed Sensing (CS) is a mathematical theory commonly

used as a reconstruction process for data sampled below the Nyquist frequency. Compressed

sensing deals with “sparse" or “compressible" signals randomly sampled within the domain

of interest, either time or space. A “sparse" signal is here intended as a signal with only

a few nonzero coefficients, whereas a signal is “compressible” if there exist a basis in which

the signal has a sparse representation. Applications of CS include image processing [17] and

magnetic resonance imaging [18]. Prior applications of CS to the reduction of wavefield mea-

surements can be found in [19], where, in contrast to the present paper, no prior knowledge

of the physical properties of the medium such as its dispersion relations is assumed. A more

recent paper from the same group [20] presents a wavefield reconstruction technique similar to

the one presented herein, but using analytical dictionaries such as wavelets, Fourier functions

or Gabor atoms as bases for wavefield reconstruction. Another series of papers develops a

technique called sparse "wavenumber analysis" [21, 22] for reconstructing the dispersion rela-

tions of a plate through sparse measurements. This technique has also been recently applied

to pristine wavefield reconstruction [23]. The present paper presents a process to reconstruct

a wavefield on an oversampled grid from few measurements. The paper differentiates itself

from prior work by performing the reconstruction upon locating the non-pristine material

points interacting with the wavefronts. The estimated dispersion relations of the medium are

then used to extrapolate the wavefield onto a grid of points of arbitrary size and density. The

estimated dispersion relations form the basis that sparsifies the wavefield, and allow wave-

field reconstruction. Furthermore, this basis locates all features within the plate that interact

or affect the wavefield. These include sources or scatterers such as damage. The number

of measurements required for the reconstruction is significantly smaller than the number of

measurements required by the common sampling requirements.

The paper is organized as follows. Following this introduction, Section 2 provides a sum-
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mary of the CS formulation necessary for the development of the process. Section 3 contains

the details of the matrix formulation and of the wavefield reconstruction process. Next, Sec-

tion 4 illustrates the application of the reconstruction process to a one-dimensional (1D)

analytically generated wavefield with a reflector, and presents results on a two-dimensional

(2D) experimental wavefield on a composite panel containing an artificial delamination. Fi-

nally, Section 5 summarizes the main findings of the work and provides recommendation for

future investigations.

2. Overview of Compressed Sensing

The fundamental mathematical result of Compressed Sensing (CS) states that if a sig-

nal x ∈ RN×1 is K sparse, i.e. only K components of x are non zero, it can be exactly

reconstructed with an overwhelming probability from few linear measurements randomly cho-

sen [15, 16]. The same result holds for compressible signals, which are signals well approxi-

mated by a small number of coefficients in a given basis. The basis in which a compressible

signal is sparse is called a “sparsifying basis". In here and in the remainder of the paper, bold

lower case letters denote vectors, while capitalized bold letters will be use for matrices.

The general under-sampling problem can be expressed as :

y = Φx (1)

where y ∈ RM×1 is the measurement vector, Φ ∈ RM×N is the down-sampling measurement

matrix and x ∈ RN×1 is the unknown vector to reconstruct. It is assumed thatM < N , so that

Φ is a "short and large" type of matrix. In other words, the number of linear measurements

is smaller than the number of unknown variables in x.

For a compressible signal, the problem can be rewritten through a change of basis as
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follows:

y = ΦBα = Aα (2)

where α ∈ RP×1 is the sparse representation of x in the basis defined by B ∈ RN×P , i.e.

A = ΦB, where A ∈ RM×P is the denoted as the “sensing matrix". Thus:

x = Bα

with P denoting the number of vectors forming the basis B. Equation (2) defines a CS

problem. The objective is the estimation of the basis coefficients α that provide the best

reconstruction of the unknown set of physical variables x represented through B. Inputs to

the problem are the measurements y. Several algorithms have been proposed for the solution

of CS problems as in Equation (2). For example, greedy algorithms such as the Orthogonal

Matching Pursuit is proposed in [24, 25]. As an alternative, l1-minimization algorithms such

as Basis Pursuit have shown suitability for the reconstruction of noisy sparse signals [26, 27].

Finally, Total Variation (TV) algorithms have been employed when the gradient of the signal

to reconstruct is sparse [28, 29]. An l1-minimizer is selected for the solution of the CS problem

in this paper due to its robustness in the presence of measurement noise. The application of

l1-minimizers requires that the sensing matrix A verifies the Restricted Isometry Property

(RIP) with a RIP constant δs smaller than unity [30]. This constant is defined for a matrix

A by the smallest scalar verifying the following inequality for all y and for all sub-matrices

of A, denoted As:

(1− δs) ‖y‖22 ≤ ‖Asy‖22 ≤ (1 + δs) ‖y‖22

The δs constant is a characterization of the nearly orthogonal matrices operating on sparse

vectors. The case δs ≈ 0 corresponds to a nearly orthonormal matrix, while δs ≈ 1 indicates

that some of the vectors forming the matrix A are nearly identical or redundant. This
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requirement guarantees that the CS problem can be inverted with an overwhelming probability

through l1-minimization. There exists a list of candidate matrices A obeying this property.

These include the random Gaussian, the Bernoulli and the partial Fourier matrices [27].

However, computing these RIP constants is a non-deterministic polynomial-time hard problem

and is not possible for most matrices [31]. In practice this requirement is often replaced by

ensuring that matrices B and Φ are incoherent [32, 30]. This is mathematically verified by

checking that the coherence, i.e. the maximum value of the scalar product between all the

columns of the A matrix, is smaller than a constant defined in [33], meaning that the matrix

A is nearly orthonormal.

The Basis Pursuit Denoising (BPDN) [26, 27] algorithm is a l1-minimization algorithm

that guarantees exact reconstruction [34] by solving the following problem

min ‖α‖1 subject to ‖y −Aα‖22 ≤ σ (3)

where σ is a constant related to the noise level in the measurements, with σ = 0 in the absence

of noise. The BPDN algorithm used is this paper is SGPL1, which is a solver for large scale

sparse reconstruction that employs convex optimization to find a sparse representation of

α even when B is an over-complete dictionary of basis functions [35, 36]. Accordingly, an

estimation of the sparse optimum can be found even if the vectors in B are coherent with one

another. As many of the BPDN solvers, SPGL1 is robust to measurement noise and takes σ

as the only input parameter.

3. Guided wavefield reconstruction through Compressed Sensing

We formulate the reconstruction process by considering a wavefield as a compressible

signal in space. Accordingly, let P be the number of regularly spaced pixels on which a

wavefield is defined. The goal is to reconstruct the wavefield from the knowledge of M sparse
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measurements such that M < P . The dispersion relations of the media and the Lamb wave

propagation equation are used to formulate a sparsifying basis for the wavefield. In the

proposed process, location of the sources are first estimated from M measurements by means

of a l1-minimizer and the sparsifying basis (Equation (3)). The estimated sources are then

used to extrapolate, or reconstruct, the wavefield over a desired grid of P points, which can

be of arbitrary size and density. For the cases presented in the paper, the fully measured

wavefield is used to assess the quality of the reconstructed wavefield. All estimations are

based on the expression of excitation and response in the frequency domain.

3.1. CS problem formulation

The Lamb wave propagation equation [37] for a single propagating mode (µ) is used to

express the time evolution of the response y at point m, (m = 1, ..,M):

ym(t) =
S∑
s=1

1√
dm,s
F−1

(
F
(
v(µ)
s (t)

)
e−ik

(µ)
m,s(f)dm,s

)
(4)

Here S is the number of sources emitting wavefronts, dm,s is the distance between the source s

and the measurement point m, while F and F−1 denote the Fourier transform and its inverse.

Furthermore, v(µ)
s (t) is the excitation function of mode (µ) at source s, f is frequency, and

k
(µ)
m,s(f) is the wavenumber of mode (µ) along the line joining the source s to the measurement

point m. Equation (4) assumes that amplitude decays solely due to geometrical spreading,

and therefore material dissipation is neglected. Equation (4) can be conveniently expressed

in the frequency domain:

ym(f) =
S∑
s=1

1√
dm,s

(
v(µ)
s (f)e−ik

(µ)
m,s(f)dm,s

)
(5)

The objective is to reconstruct the wavefield with a limited number of measurements

and without prior knowledge of all sources that contribute to the propagation of guided waves
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within the plate-like structure under consideration. Surface mounted transducers, boundaries,

structural features such as holes, interfaces, stiffeners, and defects are considered as potential

sources. Since their number and location is initially unknown, all points belonging to the

pixellated region of interest are treated as potential source locations. Thus, the number of

pixels P = S in Equation (5). In general, the grid of potential sources is defined to at least

satisfy Nyquist criterion for proper sampling of the wavefield, i.e. two per wavelength.

3.2. Matrix formulation

Assuming multi-modal wave propagation, Equation (5) can be expressed in matrix form

as follows:

ym(f) =
N(µ)∑
µ=1

H(µ)(f)v(µ)(f) (6)

where y(f) ∈ RM×1 is the vector containing the measurements in the frequency domain:

y(f) = [y1(f), · · · , yM (f)]T

Also, N (µ) is the number of propagating modes, while H(µ)(f) is the matrix of basis

functions whose m, s term is:

h(µ)
m,s(f) = e−ik

(µ)
m,s(f)dm,s√
dm,s

(7)

Furthermore, vector v(µ)(f) ∈ RS×1 is given by:

v(µ)(f) = [v(µ)
1 (f), · · · , v(µ)

S (f)]T

and contains unknown amplitude and phase information for source s at frequency f . In this

paper, the basis functions are selected upon assumption of the dispersion relations of the

structure, which is based on knowledge of thickness and material properties. Specifically,

the wavenumbers k(µ)
m,s(f) are estimated using the Semi-Analytical Finite Element method
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(SAFE) described in [38]. Hence, for every measurement-sources pair, the only unknown

in Equation (5) is v(µ)
s (f). While it is understood that the assumption of the dispersion

properties is a source of uncertainty and potential errors, this choice allows the formulation

of the problem within the framework under consideration, while employing knowledge of the

physics of wave motion. This is considered a viable approach that guides the choice of the

basis function based on physical considerations, and not solely on interpolation principles.

However, the robustness of this technique and the uncertainty introduced by this assumption

needs to be investigated, and will be the object of future studies.

Here, all investigations and experiments consider frequencies that are below the A1 and

S1 mode cut-off frequencies so that only the A0 and S0 modes propagate in the specimen.

While this choice is made for convenience of experimentation and computation, it is noted

that the formulation can be extended to include a higher number of modes. Accordingly, for

N (µ) = 2, Equation (6) can be rewritten as:

y(f) = HS0(f)vS0(f) +HA0(f)vA0(f) = H(f)v(f) (8)

where H(f) and v(f) are obtained respectively by horizontal and vertical concatenations of

the corresponding matrices and vectors. The dimensions of H(f) are M ×SN (µ), where S is

the number of potential sources and M the number of measurement.

Equation (8) is in the same form of Equation (2), so that the following CS problem can

be solved at a given frequency f :

min ‖v(f)‖1 subject to ‖y(f)−H(f)v(f)‖22 ≤ σ (9)

The l1-minimization in Equation (9) estimates amplitude and phase of each component

of the source vector v(f), and therefore defines the contribution of the potential sources

to the measured wavefield. It is worthwhile emphasizing that this source vector includes
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excitation provided by transducers employed to originate the wavefield along with any sources

of scattering resulting from both known structural features and unknown defects. Of note is

also the fact that the contribution to each mode is evaluated separately, which accounts for

the fact that excitation through surface mounted transducers such as piezoelectric disc and

scattering occurs with different efficiency for each participating mode. The sparsity of the

formulation exploited herein relies on the fact that vector v(f) is sparse in space, which is

based on the reasonable assumption that the number of sources, either known or unknown,

can be considered small compared to the number of pixels in the region of interest. Therefore

only a few components of v(f) are expected to be non-zero. Note that the wavenumbers

k
(µ)
m,s(f) are functions of direction, hence the dictionaryH(f) created with the basis functions

h
(µ)
m,s(f) shares the isotropy or anisotropy property of the material through the dispersion

relations k(µ)
m,s(f). However it is assumed that every source is omni-directional in amplitude

and no empirical or theoretical model is used to infer the amplitude directionality of each

source because amplitude directionality may come from either the nature of the material or

from the nature of the source or scatter.

3.3. Implementation and wavefield reconstruction

The wavefield reconstruction process can be described by the two steps process depicted in

Figure 1. The first step consists in the estimation of the excitation function spectra for each

potential sources and each mode through l1-minimization. The inputs of this step are the

M measurements and the sensing matrix H(f), created using the dispersion relations of the

media and the location of measurements and potential sources. The measurements are selected

from a jittered distribution [39], as depicted in Figure 2, meaning that one measurement is

randomly selected within each cell of a regular grid defined in the region of interest. A

Compression Ratio (CR) of the reconstructed wavefield with respect to Nyquist theorem is
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defined by:

CR(%) = 100× (1− M

MNyq
) (10)

whereMNyq is the number of measurements required by Nyquist theorem. This is determined

by considering two measurements per minimum wavelength in the considered frequency range

of excitation. The CR expresses the reduction of the number of measurements to acquire

with respect to the full capture of the wavefield based on sampling criteria. Critical to the CS

problem solution is the choice of the stopping criteria σ in Equation (3). In practice, relating

σ to the norm of the measurement has been proven to be efficient [40] therefore σ = ‖y(f)‖2
10

is fixed.

Figure 1: Schematic of the two step wavefield reconstruction process.

The first step provides as an output the vector v(f). This is performed by employing the

Basis Pursuit solver SPGL1 [36] which is used to invert Equation (8) through l1-minimization

of Equation (3). In practice, looking for a sparse representation of the wavefield in the basis

H(f) constrains the wavenumber on a finite set of values for a frequency and direction of

propagation. In other words, for a given pair of measurement-source forming an angle θ0

with respect to a reference direction and at frequency f0, the wavenumber is constrained to

take one of the following two scalar values: kS0(f0, θ0) or kA0(f0, θ0). These values are based

on dispersion properties estimated on the undamaged part. Delaminations cause a change in
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Figure 2: Jittered sampling of the measurement region: the region of interest is split in cells (black lines) and

one measurement (red circles) is taken randomly within each cell. The black dots represent the points required

for spatial discretization according to Nyquist criterion.

wavenumber as illustrated in [11, 41, 42]. These modified wavenumbers, as defined by damage,

are not known a priori, and are therefore not included in the reconstruction bases. Thus, the

reconstruction is not accurate within the delaminated region, which is still however identified

by a cluster of effective sources. The vector v(f) contains information on the location of the

sources as well as on their amplitude and phase for each mode and frequency. As such, v(f)

may be used to detect and locate defects. Since the problem is solved at each frequency,

and in order to have a visual representation of the location of the sources that are active
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contributors to the wavefield, the following quantity is monitored:

| v(µ)
s |= 1

∆f

∫
f
v(µ)
s (f)df (11)

where ∆f defines the considered bandwidth selected for the reconstruction. Mapping of the

resulting vector | v(µ) | over the entire pixellated region provides a map of active sources

including defects. The pixels for which vector | v(µ) | is greater than zero represent the

active sources of mode (µ) and identifies a feature that contributes to the considered modal

component of the wavefield.

The second step consists in the reconstruction of the wavefield, which involves the forward

application of Equation (8), by employing the estimated v(f) into the propagation equation

(Equation (5)). The wavefield is extrapolated to a desired set of points that may be part of a

grid of points of arbitrary size and density. In this paper, the wavefields are only reconstructed

on the grid of points of the fully measured wavefield for comparison purposes.

The quality of the reconstruction is evaluated by the magnitude squared coherence defined

as

C(r, f) = |SMs,Rc(r, f)|2

SMs(r, f)SRc(r, f) (12)

where SMs and SRc are the auto-spectral densities of the fully measured and of the recon-

structed wavefield respectively, while SMs,Rc(r, f) is the cross-spectral density between the

two wavefields. The coherence at the excitation frequency f0 may be averaged over the spatial

extent of the region of interest to evaluate the effect of the number of measurement points

M and is denoted < C(f0) >. Alternatively, the average coherence is estimated as a func-

tion of frequency < C(f) > to evaluate the quality of the reconstruction over the excitation

bandwidth. Finally, the spatial variation of the coherence at the excitation frequency C(r, f0)

defines the quality of the reconstruction over the domain of interest. These various metrics

are employed in the following examples to illustrate the performance of the reconstruction
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process.

4. Results

The reconstruction approach is illustrated first on an analytically generated wavefield, and

is then applied to the analysis of experimental results on a composite plate with an artificial

delamination.

4.1. Reconstruction of a one-dimensional analytical wavefield

A one dimensional (1D) analytically generated wavefield is produced by a point source

and affected by a point scatterer (Figure 3). The superposition of two modes propagating at

different wave velocities simulates wavefield conditions typically encountered during testing.

The propagation equation in Equation (5) is used with wavenumbers corresponding to those

of 1.6 mm a glass fiber composite plate. Propagation is simulated along a 200 mm long line.

The excitation function is a 200 kHz 4-cycle sine burst that excites both A0 and S0 modes

at the same amplitude. The transducer location is at x = 30 mm, while the scatterer is at

x = 180 mm. The scatterer reflects and converts the incident waves as shown in Figure 3.

The bandwidth of analysis, estimated on the basis of the considered excitation, is 100− 300

kHz. The corresponding smallest wavelength is the one of the A0 mode, which at 300 kHz is

equal to 4.2 mm. Hence, resolution of the wavefield according to Nyquist theorem requires

MNyq = 94 regularly spaced measurements along the line.

We assume that the location of both transducer and scatterer is to be determined out of

a grid of potential sources S = 94, which defines the dimensions of the unknown vector v(f).

This vector comprises of S ×N (µ) = 188 components to include the contribution of the two

modes A0 and S0. A total of M = 50 measurements are randomly selected along the length

of the considered domain and fed to the l1-minimization solver to complete step one of the
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Figure 3: Simulated analytical 1D wavefield showing the propagation, reflection and conversion of two guided

wave modes.

process. This corresponds a compression ratio of CR = 47%. The active sources estimated

through l1-minimization are visualized by plotting the corresponding excitation amplitude

|vS0
s | + |vA0

s |, defined by Equation (11), as a function of the assumed grid points (Figure 4).

The potential sources at which |vS0
s |+ |vA0

s | ≈ 0 represent the pristine region of the specimen.

Active sources, i.e. the set of potential sources at which |vS0
s |+ |vA0

s | > 0, are identified to be

exactly located at the location of both the transducer and the reflector, illustrating how the

process can be used as a defect detection method.

In the second step of the process, the estimated v(f) is employed in the forward prop-

agation equation to reconstruct the wavefield along the considered 1D spatial domain. The

result of the reconstruction process is shown in Figures 5a and 5b for the S0 and the A0 mode

respectively, which illustrates how the process allows the separate estimation of the partici-

pating modes. The quality of the reconstruction is shown by comparing the actual response

with the estimated at the three spatial locations A,B and C highlighted in Figure 3. The
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Figure 4: Estimated amplitude of excitation |vS0
s | + |vA0

s | along the considered discretization grid with S = 94

of the 1D spatial domain. The estimates are based on M = 50 measurements randomly selected along the

length of the considered domain. The actual position of the main (red) and secondary (blue) sources are shown

by the vertical dashed lines.

comparisons reported in Figure 6 show the accuracy of the reconstruction, whose difference

with the actual response is visually negligible. The very small differences are related, in the

absence of measurement noise, to the non-zero stopping criteria σ of the l1-minimization. We

note that several attempts were made to judge the predictability of the minimization process

by changing the initial set of measurements and no significant differences were observed be-

tween the results. Furthermore, no significant convergence challenges were ever encountered

in all cases run. This gives us some confidence that the minimum search finding process is

robust and leads to a solution that is physically representative. This is further substantiated

by the estimation of correlation values.

The quality of the reconstruction can be better quantified by evaluating the coherence

defined in Equation (12). First, the spatially averaged coherence is evaluated as a function

of frequency. The estimation for M = 50 shows how the reconstruction is effective in terms
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(a) (b)

Figure 5: Reconstructed wavefield obtained using 50 measurements, (a): S0 mode and (b): A0 mode.

of coherence in the relevant frequency range 100 − 300 kHz (Figure 7a). Next, the spatially

averaged coherence is evaluated at the excitation frequency for a different number of mea-

surement points M . The results of Figure 7b show that coherence values greater than 0.9 are

obtained for numbers of measurements as low asM = 18 corresponding to a compression ratio

CR = 82%. In Figure 7b, the dashed red line is a reference corresponding to MNyq = 94, the

theoretical lower bound imposed by sampling considerations according to Nyquist theorem.

Since the results presented in this section have been created analytically, it is valuable

to study the influence of an inexact estimation of the material properties used to generate

the dispersion relations of the specimen. To this end, the dispersion relations are scaled by a

parameter γ using the following relation:

kγ(µ)
m,s (f) = (1 + γ)k(µ)

m,s(f) (13)
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Figure 6: True measurements (black dots) and reconstructed signals from 50 measurements (black lines) for

the selected points (a): A, (b): B and (c): C.
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Figure 7: Spatially averaged coherence of reconstructed wavefield: (a) coherence versus frequency < C(f) > for

M = 50 and (b): coherence at excitation frequency < C(f0) > (f0 = 200 kHz) versus number of measurements.

where kγ(µ)
m,s (f) is the wavenumber scaled by the parameter γ. Even though this alteration of

the dispersion relations is trivial and may not accurately represent the conditions encountered

in experiment, the purpose of this analysis is to study the influence of inexact estimation of the

dispersion relations on the reconstruction quality. Reconstruction is then conducted with the

same parameters as previously, i.e. M = 50 and S = 94. The coherence of the reconstruction

averaged in space at the dominant frequency is then extracted and displayed as a function of

γ in Figure 8.

According to Figure 8, the reconstruction quality is highly sensitive to the precision of

the dispersion relations. More precisely, dispersion relations over or underestimated by 10%

will result in a drop of the reconstruction coherence of about 20%. However it must be

noticed that the reconstruction coherence stays above 0.7 even for a miscalculation of the

dispersion relations of 50%. In practice, it can be assumed that dispersion relations are
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Figure 8: Spatially averaged coherence at the dominant frequency f0 for the reconstruction of the analytical

wavefield conducted with a wavenumber modified by Equation 13

correctly estimated within ±5% hence resulting in a drop of the reconstruction coherence of

less than 10% only, according to Figure 8.

4.2. 2D experimental results

The reconstruction process is applied to a wavefield measured experimentally on a quasi

isotropic glass fiber specimen with the setup depicted in Figure 9. A Scanning Laser Doppler

Vibrometer (SLDV) is employed for wavefield detection over a refined grid of points. A subset

of the measurements is used for the problem formulation, while the entire set of measurements

is retained for evaluation of the accuracy of the reconstruction. The wavefield is generated

by a PZT disc bonded to the plate, and excited by a 4-cycle 300 kHz sine burst. The

specimen is a 8 layer glass fiber composite plate of dimension 600× 600× 1.6 mm and layup

[0/90/ + 45/− 45]o. The specimen contains an artificial delamination created by inserting a

Teflon disk of 25.4 mm in diameter between the second and the third ply. The PZT transducer

is located approximately 100 mm away from the center of the delamination, and is outside
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the scanned region.

Figure 9: Experimental setup used to measure guided wavefields

The dispersion relation of the specimen are computed by SAFE [38] and are the same used

in section 4.1. The following material properties provided by the supplier were used to generate

the dispersion curves with SAFE: E1 = 47.8 GPa, E2 = E3 = 13.9 GPa, G23 = 5.2 GPa,

G12 = G31 = 5.9 GPa, ν23 = 0.3 and ν12 = ν31 = 0.257. Both A0 and S0 modes are generated

and propagate in the plate in the frequency range of interest, which is 160 − 430 kHz. The

corresponding minimum wavelength to be resolved is λmin = 2.9 mm, which requires spatial

sampling of the 111 × 106 mm measurement region with a grid of MNyq = 77 × 74 = 5698

points. The snapshot of the propagating wavefield in Figure 10 shows the presence of the two

modes as well as the interaction with the delamination which scatters the incident waves and
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causes mode conversion.

Figure 10: Snapshot of the measured wavefield at t = 50µs showing propagation of two modes and interaction

with the delamination.

The PZT transducer is located outside the measurement region, which requires a grid of

potential sources to be defined over a 180× 106 mm area. This ensures that the main prove-

nance of the wavefronts can be determined from the CS problem solution. A representation of

the distributions of the potential sources and the measurements and the regions in which they

are defined is shown in Figure 11. In general, the grid of potential sources should include all

the wave interacting features of the structure. In this case, the acquisition time is limited to

avoid the inclusion of edge reflections. Thus, the need to add the boundaries of the specimen

as potential sources is avoided.

The l1-minimization is conducted for M = 2000 measurements (CR = 65%). The re-

sulting amplitude of source excitation normalized to unity is shown in Figures 12b and 12a,

respectively for the A0 and S0 mode. In both figures, two clusters of active sources are visible

in correspondence to the location of the PZT at y = 150 mm, as well as in an area that outlines

the shape of the delamination. The sparse representation of the PZT is a line approximately
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Figure 11: (a) Not to scale representation of the specimen. The red dashed lines represent the region of

the potential sources, i.e. the region including all the origins of the wavefronts. The region in which the

measurements are extracted and the wavefield is reconstructed is represented by the blue dashed box and (b)

Representation to scale of the regions of interest, blue circles: Measurements following a jittered distribution

and red crosses: Regular distribution of potential sources in the region including the transducer.

15 mm long while the actual transducer is a 12 mm diameter disk. In this case, the sparse

representation of the PZT is neither a circle nor a single point because the measurements are

only taken in the south direction with respect to the transducer, so that only the wavepackets

resulting of the elongation of the transducer along the y-axis are measured. It was found

in other reconstructions (not presented in this paper) that selecting measurements in all the

directions with respect to the transducer results in a circular cluster of active sources. Two

main differences between Figure 12b and 12a are observed. First, the location of the PZT

23



transducer is sharply identified for the S0, while the identification for A0 appears more noisy.

This is attributed to a mismatch observed upon measurement between actual wavenumbers

and those numerically predicted and used in the basis functions. Such mismatch is approx-

imately 2% for the A0 mode, while it is less than 1% for S0 mode. The lower definition

of the A0 source results from several active sources being identified by the l1 minimization,

which compensates for the mismatch in wavenumber estimations. Secondly, the excitation

amplitude of the active sources in the delaminated area appears to be much greater for the

A0 mode than for the S0. This is due to the fact the A0 wavenumber is greater than the S0

one, and better matches the wavenumber observed within the delaminated region. In fact,

the employed basis only includes the two modal components for the undamaged plate, and

has therefore limited ability to fully represent regions of different wavenumber content. In

this case, as the wavenumber of the standing wave in the delaminated area is not present in

the dictionary matrix H(f), there exist no sparse representation of the delamination, hence

the delamination is represented by a full circle of active sources instead of a ring and the

wavepackets are not successfully reconstructed in the delaminated region.

The estimated vector v(f) is then used for wavefield reconstruction. The result is shown in

Figure 13 in terms of wavefield snapshot at a given time instant (t = 50µs). The reconstructed

wavefield matches quite well the measured one, with the exception of the delaminated region,

where a lower wavenumber is observed. This is expected given the limitation of the basis

used, and its corresponding limited ability to resolve pristine regions characterized by high

wavenumber content. Furthermore, the wavepackets reflected from the defect are not correctly

reconstructed because the immediate vicinity of the delaminated area is dominated by the

superposition of the contributions from the cluster of sources constituting the non-sparse

representation of the delamination. To increase the quality of the reflected wavepackets, the

ratio between the number of measurements in the vicinity of the defect versus the number of
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Figure 12: Active sources estimation averaged in frequency (Equation (11)) with M = 2000 measurements:

(a) S0 mode and (b) A0 mode.

measurements inside the defect would have to be increased.

Figure 13: Snapshot of the reconstructed wavefield at t = 50µs obtained using M = 2000 measurements.
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Figure 14: Spatially averaged coherence between true wavefield and wavefield reconstructed from M = 2000.

The red dashed lines represent the limit of the reconstruction

The coherence of the reconstruction is again used to quantify the quality of the reconstruc-

tion process. The spatially averaged coherence as a function of frequency is shown in Figure

14, where it can be seen that the coherence of the reconstruction is close to one within the

limits of the reconstruction represented by the red dashed lines. Furthermore, the spatially

averaged coherence at the excitation frequency (300 kHz) as a function of number of measure-

mentsM is used as a metric for the selection ofM = 2000 in the results presented above. The

corresponding plot in Figure 15a shows that the number of measurements M required for a

coherence C > 0.9 is M = 636, corresponding to a compression ration CR = 89%. Thus, the

proposed sparse reconstruction technique is able to reconstruct this wavefield with C > 0.9

from only 1/10th the number of measurements required by Nyquist theorem, or only one mea-

surement every 5 wavelengths. For reference, the coherence at the excitation frequency with

M = 2000 is C = 0.951. The fact that the coherence does not reach one can be explained

by the non-modeled standing wave, which limits the ability to resolve the wavefield in the
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delaminated region which occupies 17% of the area of interest. This is illustrated by mapping

the coherence over the measurement region at the dominant frequency for M = 2000 (Figure

15b). The plot shows a value of the coherence close to one in the pristine area, while the value

of the coherence is very low in the delaminated region.
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Figure 15: (a) Spatially averaged coherence at 300kHz versus number of measurementsM ; vertical red dashed

line indicates Nyqvist sampling requirements. (b) Map of spatial variation of coherence at 300 kHz and for

M = 2000. Reduction within delaminated region are due to limited wavenumber content in the basis.

4.3. Comparison with other techniques

As similar techniques have been recently developed by other research groups, it is neces-

sary to compare the present technique to the existing ones. First, the technique developed in

[20] achieves compression ratios up to 90% with what appears as comparable results quality.

The main difference between this technique and the one presented in this paper is the choice

of the basis functions to create the sparsifying basis, as explained in the introduction. An-

other comparable technique presented in [23] exploits a drastically different approach as the
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dispersion relations of the specimen are first learned from a small set of measurements and

then used as basis functions for the reconstruction. To the best of our knowledge, this latest

technique was only applied to reconstruct pristine wavefields. Overall, at the current stage of

development, the presented reconstruction technique provides results and compression rates

that are comparable to those recently presented [20, 23] that are obtained with a slightly

different methodology.

5. Conclusion

A process for sparse reconstruction of a wavefield of P pixels fromM measurements (M <

P ), is developed using Compressed Sensing. The process is validated through its application

to a one-dimensional analytical wavefield and then applied to a two-dimensional experimental

wavefield in a composite panel with a delamination. Compression ratios of the order of 90%

with respect to Nyquist sampling criterion are demonstrated. The results presented suggest

potential 10-fold reductions in the number of measurements required to measure a wavefield.

In addition, the process accurately locates and quantifies the defects, and may separate modal

components. Future work will investigate the increase in accuracy resulting from a richer basis,

potentially to include wavenumbers corresponding to potential delamination scenarios that

may be encountered in a layered structure. Moreover, the capability of the method to separate

different modes will be further explored in order to improve damage identification resulting

from mode conversions.
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