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Résumé : Dans ce rapport, une fonction qui approxime la fonction de répartition d’une
somme de vecteurs aléatoires indépendants et identiquement distribués est présentée. L’erreur
d’approximation est majorée, et par consequent, une borne supérieure et une borne inférieure sur
la fonction de répartition sont obtenues. Finalement, pour des vecteurs aléatoires absolument
continues ou lattices, ’approximation proposée est identique & ’approximation du point de selle
de la fonction de répartition.

Mots-clés :  Approximation du point de selle, approximation Gaussienne
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4 Anade & Gorce € Mary € Perlaza

1 Notation

The real numbers are denoted by R, and the natural numbers are denoted by N. In particular,
0 ¢ N. The Borel sigma field on R*, with k¥ € N, is denoted by % (Rk) The Lebesgue measure
on the measurable space (R¥, Z(R*)) is denoted by 1. Given a discrete set K, the biggest
sigma field, i.e., the set of all its subsets, is denoted by 2X. The Euclidian norm in R* is
denoted by ||-]|. Given a set A C RF, the closure of the set A, denoted by clo.A, is defined

by cloA 2 {x eR¥:Vr>0,3y e A, |[xr—y|| <r}. A diagonal matrix whose diagonal is the
vector € R¥ is denoted by diag ().

2 Introduction

The calculation of cumulative distribution functions (CDFs) of sums of random vectors is om-
nipresent in the realm of information theory. For instance, the joint decoding error probability
in multi-user channels often boils down to the calculation of CDFs of random vectors, c.f., |2].
In the case of the memoryless Gaussian multiple access channel, under certain conditions on the
channel inputs, the dependence testing bound corresponds to the CDF of a sum of independent
and identically distributed (IID) random vectors [3, Theorem 2].

Unfortunately, the calculation of CDFs of random vectors requires elaborated numerical methods
which often lead to errors that are difficult to quantify. From this perspective, approximations
to these CDFs, e.g., Gaussian approximations and saddlepoint approximations [4H8] have gained
remarkable popularity [9-H15]. In the case of Gaussian approximations, multi-dimensional Berry-
Esseen-type theorems provide upper bounds on the approximation errors, c.f., [16]. These bounds
are particularly precise around the mean. Alternatively, saddlepoint approximations are known
to be more precise than Gaussian approximations far apart from the mean. Unfortunately, this
claim is often justified only by numerical analysis as formal upper bounds on the error induced
by saddlepoint approximations are rather inexistent, c.f., [6] and [7]. This paper contributes in
this direction by introducing a real-valued function that approximates the CDF of a finite sum
of real-valued IID random vectors. Both Gaussian and saddlepoint approximations are shown to
be special cases of the proposed approximation, which is referred to as the exponentially tilted
Gaussian approximation. The approximation error is upper bounded and both upper and lower
bounds on the CDF are obtained.

3 Preliminaries

Let n be a finite integer, with n > 1, and let Y1, Yo, ..., Y, be independent random vectors
such that each of them induces the probability measure Py on the measurable space (R’“7 %’(Rk)),
with k& € N. Denote by Ky : R¥ — R the cumulant generating function (CGF) of each of these
random variables. That is, for all ¢t € R”,

Ky(t)=In (Ep, [exp (tTY)]). (1)

The gradient of the CGF Ky is a function denoted by Kg,l) : R¥ — RF. More specifically, for all
t € R¥,
KP () = Epy, [Yexp (7Y — Ky (1))] - (2)

The Hessian of the CGF Ky is a function denoted by Kg) : R¥ — RFXF_ That is, for all t € R¥,

K2 (t) =Ep, {(Y — K§}>(t))<Y — K§,1>(t))Texp¢TY—KY @®)|. (3)

Inria



Saddlepoint Approximations of CDFs of Sums of Random Vectors 5

Note that Kg)(O) and Kg)(ﬂ) are respectively the mean vector and the covariance matrix of

each of the random vectors Y1, Yo, ..., Y,. In the following, K§,2) (0) is assumed to be positive
definite.
Let also "
A
X, = Z Y, (4)
t=1

be arandom vector that induces the probability measure Px, on the measurable space (R*, Z(R¥)),
with cumulative distribution function (CDF) denoted by Fx,. When for all ¢ € {1,2,...,n} the
random vector Y; in is absolutely continuous and its corresponding CGF Ky is such that
the set

Cy 2 {0 € R¥ : Ky (8) < o0} M] — o0, 0[F (5)

is not empty, the CDF Fx, can be written as a complex integral [4]. In particular, for all x € R¥,

Fx, (x) = ) dr, (6)

/C+i°° exp (nKy(T) — 7Tz
c—ioo (27T1)k Hle Tt

where i is the imaginary unit; 7 = (71, 72,...,7%); and the constant ¢ is arbitrarily chosen to
satisfy ¢ € Cy. The complex integral in @ is a multivariate Laplace inverse transform [10}/17],
and can be approximated with high precision, as shown hereunder. Denote by D the following
set

D2 {ueR’f £ 3t €] — o0, 0[F, nK P (¢) :u}, (7)
and denote by 79 € R* the unique solution in T to

KP(r) == (8)

For all « € D, a Taylor series expansion of nKy (1) — 77

the following asymptotic expansion of the integral in @:
exp (nKy(To) -7 x)
vn ’

x in the neighborhood of 7, leads to

Fx, (x) = Fx,(x)+ O ( (9)

where the function Fx, : D — R is

. nrd K& (ro)r
FXn ((L’) = exp(’LKy (TQ)—TE)—CL‘+0+(O)O FGS-O)(TLK&,Z) (To)To) N (10)

and the function F ) : R* — [0,1] is the CDF of a Gaussian random vector with mean vector

(0,0,...,0) and covariance matrix an,Q) (10).

The vector 79 and the function Fxn in are respectively referred to as the saddlepoint and
the saddlepoint approzimation of the CDF Fx . In [4], it is shown that the approximation
Fx, in also holds for the case in which for all ¢ € {1,2,...,n} the vector Y, in (4) is a
lattice random vector. Moreover, when for all i € {1,2,...,n} the random vector Y; in (4)) is a
Gaussian random vector, then the saddlepoint approrimation is exact. That is, FXW and Fix
are identical. Using the elements above, the main contributions of this work can be described as
follows:

RR n° 9388



6 Anade & Gorce € Mary € Perlaza

(a) A real-valued function that approximates the CDF Fx is presented. This approximation
is shown to be identical to the saddlepoint approximation Fxn in @D when Y1, Yo, ...,
Y, are either absolutely continuous or lattices random vectors; and

(b) an upper bound on the error induced by the proposed approximation is also presented.
The asymptotic behaviour with n of the proposed upper bound is consistent with the one

suggested by (9).

4 Gaussian Approximation

Let px € R and vx, € R**% be the mean vector and covariance matrix of the random vector
X, in . The Gaussian approximation of the measure Px  induced by X, is the probability
measure induced by a Gaussian vector with mean vector px —and covariance matrix vy . The
following theorem, known as the multivariate Berry—Esseen theorem [16], introduces an upper
bound on the approximation error.

Theorem 1 ( |16, Theorem 1.1]) Assume that the measure Py induced by each of the random
vectors Y1, Ys, ..., Y, in satisfies,

Ep, [Y] =(0,0,...,0), and (11)

1
Ep, [YY7]|=diag (1,1,...,1). (12)

n
Let Pz, be the probability measure induced on the measurable space (R*, ZB(R¥)) by a Gaussian
random vector Z,, with mean vector (0,0, ...,0) and covariance matriz diag (1,1,...,1). Then,
sup |Px, (A) = Pz, (A)] < min (1ek)ynEry [IYI]). (13)

€Cxk

where Cy, is the set of all convex sets in B(R¥); and the function ¢ : N — R satisfies for all
keN,

c(k) = 42k7 + 16. (14)
The measure Pz in is often referred to as the Gaussian approximation of Px,. Simi-

larly, Fz , the CDF of the measure Pz , is referred to as the Gaussian approximation of Fx .
Theorem leads to the following inequalities for all € R¥,

Y(n,z) < Fx, (z) < £(n, z), (15)

where,
i(n,w)éan () + min (1, c(k)nEpy, {||Y||3}) , and (16a)
S(n,)2Fy () — min (1, c(k) nEp, [||Y||3D . (16b)

That is, the functions ¥(n,-) and X(n, -) are respectively a lower and an upper bound on the
CDF Fx,,.

Inria



Saddlepoint Approximations of CDFs of Sums of Random Vectors 7

5 Exponentially Tilted Gaussian Approximation

This section introduces two central results. First, given a convex set A in %(R¥), the proba-
bility Px, (A), with Px, the probability measure induced by the random vector X, in (4)), is
approximated by a function that is a measure but not necessary a probability measure. This
function, which is parametrized by a vector in R* that can be arbitrarily chosen, is often referred
to as the exponentially tilted Gaussian approximation of Px . Second, using the first result,
the CDF of X, is approximated by a function that is not necessarily a CDF. Nonetheless, this
function is parametrized by a vector in R* that can be arbitrarily chosen to locally minimize
the approximation error. Additionally, an upper bound on the approximation error induced by
both functions is provided. As a by product, an upper bound and a lower bound are provided
for both the measure Px, and the CDF Fx .

5.1 Approximation of the Measure

Given 0 € Oy, with
Oy 2 {t e R* : Ky (t) < oo}, (17)

let Y(le), Y(QB), e Y;g) be independent random vectors such that each of them induces the
probability measure Py o) on the measurable space (R, 2(RF)) that satisfies for all y € R¥,

dpy(e)
dPy

(y) = exp (8Ty — Ky (6)). (18)

That is, the probability measure Py ) is an exponentially tilted measure with respect to Py .
Denote by PY(e)Y(e) ¥v©® and Py,y,. vy, the joint probability measures respectively induced
1 2 - tn

by the independent random vectors Yge), Yée), ey YSLQ) and Yy, Yo, ..., Y, in on the

measurable space (R’””, B (R’””)). Then, for all j € {1,2,...,n} and for all y, € R¥, it holds
that

AP, 6)y.(0) " AP
Y'Y, .Y, vy (6)
T T T (g Y.y, )= , 19
Proy. v, (Y1,Y2,Y2---Yy) ap, (y;) (19)
—exp E:(eT yj—KY(B)) . (20)

=1

Using this notation, for all A C R* and for all @ € Oy, with Oy defined in , it holds that
Px, (A)=Epx, [L{x,ca] (21a)
:EPYIYZ...Yn {]1{2;‘:1 Yje,A}} (21b)

dPy,y,.y ©) (0 0
1, #(Y Y ,,..,Yﬁl)) 21c
e K I e

:]Epygm;m oy ®

dP,,(6)y-(0) +-(0) -
_ Y'Y, Y0 (3(0) 3 (6) (9))
_EPYE"’)YQQ)...Y;"’) 1{25;1 Y;‘”eA}( APy v, v, (Yl Y5 Y, (21d)

n
_ Ty (0)
_]EPYQB)YQB)...YS’) ]I{E}L:1 Y;e)e.A} exp E 1 (Ky(e) -0 Yj ) (21e)
=

RR n° 9388



8 Anade & Gorce € Mary € Perlaza

T 2]
=exp (WKy (0) Er, o) o) o0 L y®ca) O 0TS YW ()
_ =

To ease the notation, consider the random vector

n

s =3 v, (22)

j=1

which induces the probability measure Pge) on the measurable space (R¥, (R¥)). Hence,

plugging in (21) yields,
Px,, (A)=exp (nKy (0)) Ep_g,, [exp (—eT s§f>)11 (50 A}] : (23)

The equality in is central as it expresses the probability Px, (A) in terms of another
measure Psﬁf’” which is the sum of n independent random vectors. From this observation, it
follows that an approximation on Px, (A) can be obtained by arbitrarily replacing Py by
its Gaussian approximation, i.e., a probability measure stle) induced on the measurable space
(R¥, Z(R¥)) by a Gaussian random vector Z?) with the same mean vector and covariance
matrix as the random vector ng) in . Denote by Hg®) € R* and V40 € R¥** the mean

vector and the covariance matrix of the random vector Z;e), respectively. Hence,

A
M0 “Er Ed (24a)
=nEp_,, {Y(G)} (24b)
—nEp, [Y exp (eT Y - Ky(e))} (24c)
:an)(O), (24d)
where K;}) is the gradient vector of the CGF Ky defined in . Alternatively,

A T
vy0=Ep_, {(5519) - anzl)(a)) (55?) - ”ngl)(e)) ] (25a)

T
=nEp_, [(Y(9> - K<Y1>(0)) (Y“’) - K(Y”(o)) } (25b)

T

=nEp, [(Y - K@(@)) (Y - K§,1)(9)) exp (eT Y - KY(G))} (25¢)
=K (), (25d)

where Kg,z) is the Hessian matrix of the CGF Ky defined in . The equality (25b) is a
consequence of the random vector 51(19) in being a sum of independent random vectors.

Hence, the central idea for providing an approximation to Px, is to approximate the RHS
of by the function 7y : RFx %(RF) x N — R, which is such that

A T (6)
ny (0, A,n) = exp (nKy(O))]EpZ$l9) [exp (—0 Z, ) 1{Z5L9>€A}:| . (26)
Note that 7y (0, .4,n) can also be expressed as follows:

ny (0, .A, n)

Inria
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= exp (nKy (9)) /Rk exp(—BTz) ]l{zeA}dPZS” (2) (27a)
_ exp (nKy(G) - HTZ) ool - (z — an)(e))T(an)w))*l(z B an,l)(B)) dvy (2)
i \/ (27)kdet (nK;Q) (9)) ’

_ enkv(®) B

\/(27r)kdet (an)(OD

o (z_n jresall 0))T (”Ki) (0)>*1(z_nK§})(0)> . _29T(nK§,2> (0)>2(nK§3>(9))1z ()

A

(27¢)

T (2)
exp <nKy(0) + %”(0)9 - 9TnK§,1)(0)>

\/ (27)kdet (anf) (0))
.
ok (0)+ (k2 (0)0) (nk2(0)) (2 — nkD(0)+ (nk (@) 0
[l ro) b ureys)
! (27d)
- OTKL (00 1 )) 1
=exp |[n| Ky () —X—~"= -0"K,’(0)
’ p( ( i 2 Y \/(Qw)kdet(nl(g)(e))
ey @0V (@0 o — g WK
. <z K (0)+ (K (0))0)( K (;9)) (z KQD(0)+ (nk P (9)) 9) e
! (27¢)
= exp (n <KY(9) + 6%;)(9)9 — aTK<Y”(9)>> Pro(A) (27f)

where the probability measure PH<9) is the probability measure induced by a Gaussian random

vector H'®) with mean vector n (Kg})(O)ng)(H) 0) and covariance matrix an)(O) on the
measurable space (R¥, Z(R")).
Hence, the approximation of the probability Px, (A) by ny (0,4, n), follows from the arbi-

trary assumption that the probability measure Pge) can be approximated by the probability
measure PZ(Q). Given that ps“’) is an exponentiaﬁy tilted measure with respect to Px, and

P is the Gaussian approximation of Pge), the function 7y in is referred to as the
exponentially tilted Gaussian approzimation of Px,, .

RR n° 9388
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The rest of this section follows by upper bounding the error induced by replacing Pge) by
its Gaussian approximation P, in (23). That is, establishing an upper-bound on

|Px, (A) —ny (6, A,n)|, (28)
which is the purpose of the following lemma.

Lemma 2 Given 0 = (61,0s,...,0) € Oy, with Oy in , and a convex set A € B(RF), it
holds that

[P, (A) = 0y (8,4, m)] < exp (nKy (8) — 07 a(4,0)) A Py, Pyeo ) (29)
where
A(Pyoy, P o) 2 sup | P (B) = P (B)|;
( 5 zif’)) = Sup [Py (B) = Py (B)|; (30)
eCy,
the set Cy contains all convez sets in B(RF); and the vector a (A, 0) = (a1(A,0), az(A, ), ...,
ar(A, 0)) is such that for all i € {1,2,...,k},
0 if0; =0
a; (A’ 0) é (bl,bg ,ln,bk)E.A Zf (31)
sup b; if6; <O.
(bl,bg,...,bk)GA
Proof: The proof of Lemma [2]is presented in Appendix [A] [ |
Note that the term A (Ps“’)’PZ“” in can be upper bounded by using Theorem For

doing so, consider the function ¢y : R¥ — R, such that for all ¢t € R*,
A W\ (@) (1) v
¢y (t) 2 Epy <(Y -KP®) (kP®) (v -k (t))) exp(tTY — Ky ()] - (32)

Using this notation, the following theorem introduces an upper bound on the error induced by
the approximation of the probability Px, (A) by 7y (6,A,n), where A C R¥ is a convex Borel
measurable set and @ € R¥ is a fixed parameter.

Theorem 3 For all A € Cy, with Cy the set of all convex sets in B(RF), and for all 0 =
(01,04,...,0;) € Oy, with Oy in , it holds that

P (A) = 1 (0. A )| < exp (K (6) — 7 (4,0)) min (1, 522

where the functions ¢ and 1y are respectively defined in and (27f); the vector a(A,0)
(a1(A, 0),a2(A,0),..., ar(A,0)) is defined in ; and the function &y is defined in .

Proof: The proof of Theorem [3]is presented in Appendix [B] [

Inria
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5.2 Approximation of the CDF

The CDF Fx, can be written in the form of the probability of a convex set in %(R¥). That is,
for all x = (x1,22,...,2) € R¥, let the set A, be such that

Az = {(t1,ta, ..., ty) eRF Vi€ {1,2,.. .k}, t; < x;}. (34)
Then, for all € R*, it holds that
Fx,(x) = Px,, (Az). (35)

This observation allows to use Theorem |§| to approximate the CDF Fx_ of the random vector
X, in . Explicitly, for all € R* and for all 8 € Oy, with ®y in , it holds that

IFx, (@) = 1y (8, Ag, m)| < exp (nKy (8) — 07 a(Aq, 0) ) min (1, W) . (36)

The approximation of the CDF Fx_ in can be enhanced by choosing the parameter 8 € Oy
that minimizes the right-hand side (RHS) of . From this standpoint, the parameter 8 must
be searched within a subset of ®y in which

0" a(Az,0) = 0" x < fo0. (37)

More specifically, given A, in , it follows from that the minimization must be restricted
to the set

O3 2 {(ti tay ... 1) €Oy, Vi€ {1,2,... k}, t; <O}, (38)

An arbitrary choice of 6 is the one that minimizes the exponential term exp (nKy (6)—0" a(A,,0)),
which depends on . Denote such a choice by @(x), which is defined in terms of the following
quantity:

T(x) 2 argmin (nKy (t) —t' z), (39)
teclo®y,

where clo®y, is the closure of @y.. The uniqueness of 7(z) in (39), for a given x, follows from
the fact that the set ®y in is convex and the function nKy (8) — 07 a(Ag,0) is strictly
convex with respect to 8. More specifically, the difference between a strictly convex function, i.e.,
nKy (0) and a linear function, i.e., 8" a(A,, ) is strictly convex. The former is strictly convex

due to the fact that the covariance matrix K§,2) (0) is a positive definite matrix, c.f., [6, Section
1.2] and [18 Theorem 7.1].
Given () in (39), the choice of the vector @ to reduce the RHS of is

_ T() if (x) € Oy
0(x) = { T(x)+€ otherwise, Y (40)

where € € R” is chosen such that two conditions are simultaneously met: First, ||e|| < r, with
r > 0 arbitrary small; and second, 8(x) € Oy .
The following lemma, presents some of the properties of 8(x).

Lemma 4 For all x € R¥, 6(x) in satisfies

(z—px,) () >0, (41)

RR n° 9388



12 Anade & Gorce € Mary € Perlaza

and

6(nx,) =0, (42)

where,
-
px, = (X0 X ar - X ) (43)
is the mean of the random vector X,, in .

Proof: The proof of Lemma [4is presented in Appendix [C] [ |
Let the set £x, be defined by

Ex, 2{(w1, w9, .. k) €RF Vi€ (1,2, K}, 2 > px, .} (44)

where for all i € {1,2,...,k}, px, , is defined in . From , it holds that for all z € £x,,,
the vector & — px ~is such that all components are strictly positive. Similarly, from , it
follows that @(x) is a vector whose components are all nonpositive. Hence, from , it follows
that,

6(z) =0, (45)

which leads to the Gaussian approximation of the CDF Fx  at the point . Hence, for all
x € Ex,, the choice of € in can still be improved. In this case, the objective is to focus on
1 — Fx, (x) and write it as a sum of probability measures of convex sets with respect to Px, .
The following lemma provides such a result.

Lemma 5 For all x = (x1,29,...,2)" € R*, with k € N, it holds that

k
l_FXn<w):ZPXn (B(QZ,Z)% (46)

where the set B(x,1), with i € {1,2,...,k}, is

B(:B,Z):{t: (tl,tQ,...,tk) ERij € {1,2,...7]6}, tj ng Zf] <1, andtj > T ’Lf]:Z}

(47)
Proof: The proof of Lemma [5]is presented in Appendix [D] [
Note that the choice of the sets B(x,1), B(x,2), ..., B(x,k) in is not unique, c.f., the

inclusion-exclusion principle. There exist k! possible ways of choosing these sets. As shown
later, each choice induces a different approximation on Fx, and different approximation errors.
For all i € {1,2,...,k}, the probability Px, (B(x,i)) in can be approximated by using
Theorem [3] More specifically, for all i € {1,2,...,k} and for all § € Oy,

IPx.,, (B(x,)) = 1y (6, B(@,i),n)| < exp (nKy (8) - 0" a(B(,7),6) ) min (1, WY(G)) . (48)

n

Similar to the previous discussion on the minimization of the RHS of , the minimization of
the RHS of is focused only on the term exp (nKy(H) —0"a (B(w,i),@)), and thus, the

choice of @ must be constrained to a subset of Oy in which 8" a (B(x,1),0) is finite. That is,
for all z € R¥, the choice of @ must satisfy that

0" a(B(x,i),0) =0 x < 4oo. (49)

Inria
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More specifically, given a set B(x,1i), it follows from , that the the choice of 8 must be
restricted to the set

e (01,00,...,00) €Oy Vi€ {1,2,... k}, 0, <0 ifj<i0; >0if j=1i,
and 6; = 0 otherwise}. (50)

Denote such a choice by 8;(x), which is defined in terms of the following quantity:

7i(z) = argmin (nKy (t) — t" z) (51)
teclo®y,

with clo®% the closure of ®%. The uniqueness of 7;(x) in (B1), for a given x, follows from
the fact that the set ©% in (50) is convex and the function nKy (0) — 8" a(B(x, ), 8) is strictly
convex with respect to 6, as discussed above.

Given 7;(x) in (51), the choice of the vector € to reduce the RHS of is

[ mi(@  ifri(a) € O}
0,(x) = { 7;(x) + € otherwise, Y 2

where € € R* is chosen such that two conditions are simultaneously met: First, ||e|| < r, with
r > 0 arbitrary small; and second, 8;(x) € ©% .

Finally, for all i € {1,2,...,k}, it holds from that the probability Px, (B(z,i)) can be
approximated by ny (0, B(x,4),n). Using these approximations in , the approximation error
can be upper bounded as follows:

k
1-Fx, (x)— ZUY(GJ(SU),B(m,i); n)

k k
= |32 P, (Bl 1) = Yy (0 (&), Bl ), m) %
k
<> |Px, (B(x,i)) — ny (6:(x), B(x, i), n)| (54)
i=1
k
- c(k) &y (0i(x))
< ;exp (nKy(Oi(m)) -0 (x) :c) min (1, l\f/ﬁ> , (55)

where the inequality in follows from the triangular inequality; and the inequality in ((55))
follows from .

In order to ease the notation, let the functions (y : N x R¥ — R and dy : N x R¥ — R be
such that for all (n,z) € N x R¥,

ny(@(ﬁﬂ),Am,n) if © %gxn
(v (n, @)= . (56)
1= ny(0i(x), B(z,i),n) ifwecx,,
and -
exp (nKy (0(z)) — 6(x)" ) min (1, %\/%mw))) ifed¢x,
by(na)={ (57)
, c(k) &y (8i(®))\ .
Zexp (nKy(Hi(a:)) - 0] (x) :c) min (17 %) ifeelx,.

RR n° 9388 =1
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Using this notation, the following theorem summarizes the discussion above.
Theorem 6 For all € R”, it holds that

[Fx, (@) = Cy (n, @)| < by (n, @), (58)
where the functions ¢y and dy are respectively defined in and (57).

An immediate result from Theorem |§|is the following upper and lower bounds on Fx_(x), for all
x € RF

Q(n,z) < Fx, (z) < Q(n,x), (59)

where,
O(n, x)2¢y (n, ) + Sy (n, ), and (60)
Qn, 2)2¢y (n, @) — Sy (n, ) (61)

5.3 Connexion with the Saddlepoint Approximation

The following claim underlines the relation between the saddlepoint approximation Fxn in (10)
and the function (y in (56).

Claim 7 For all x € D, with D in , it holds that
(v (n,2)=Fx, (@), (62)
where the function Fxn and Cy are respectively defined in and .
Proof: From (7)), note that for all & € D the solution in ¢ to
nKP () == (63)
denoted by T exists and the components of T¢ are all strictly negative. Thus, 79 € ©3, with
O3 in (38).

Note that the vector 7¢ is also a solution to (39) for all € D. This follows from the fact that
the CGF Ky is strictly convex and K Y) is the gradient vector of the CGF Ky . Thus, the vector

6(x) in satisfies
0(x) = To. (64)

Then, for all @ € D, from (64), all the components of 6(x) are strictly negative and thus,
x ¢ Ex,. Then, plugging in yields

Gy ( y (7o, A (65)

TK(Q)
—esp ( (KY 7o) — TTED (rg) + W))PH;TO)(AG:) (66)

(2)

nty Ky’ (7o) T
=exp (TLKY To - nT-OrK( )( 0) + 02(0)0>PH5,"0)(A:°) (67)
TK(Q) To) T

=exp (nKY To - 7'033 + %(0)0 PHg;m(Aw) (68)

Inria
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TK(Q)
=exp (nKy(To) —Tix+ nTo Ky (1) o TO) F

5 airo (2), (69)

where PH;W) is the probability measure induced by a Gaussian random vector H ﬁ;"“) with mean
vector n(Kg,l)(To) - K§,2) (To)To) and covariance matrix an)(To) on the measurable space
(R*, (R¥)); and Fyyro) is the CDF of the random vector H(™)_ The equality in follows
from (27f). The equality in follows from 7( being the solution in ¢ to nK;l)(t) =zx.
Let the random vector Z(™) be such that

Z7) = HY = n (K (10) = K (ro)70) (70)

which induces the probability measure P,y on the measurable space (R¥, #(R*)) and the
corresponding CDF is denoted by F o Then, the mean vector and the covariance matrix of

Zﬁjo) are respectively (0,0,...,0) and an,z)(To). Thus, for all € R¥, it holds that

Freo (T)=F ) (w -n (Kg,l)(ro) - Kg) (70)7'0)) (71)
=F (o) (an)(To)To) ; (72)

where the equality in follows from 7 being the solution in £ to nK) (t) = a.
Plugging in yields

nrl K& (ro) 1
Cy (n, z)=exp (nKy(To) —Tix+ 0+(0)0 ) (an,z) (TO)TO> (73)
where the equality in follows from (10)). This concludes the proof. [ ]

6 Examples

Consider the case in which the independent random vectors Y1, Yo, ..., Y, in , with n fixed,
are such that for all i € {1,2,...,n},

ne (s (3)

where p € [0,1) is the Pearson correlation coefficient between the components of Y;; and both
B; and B, are independent Bernoulli random variables with parameter p = 0.25. The mean of

T
X, in is ux, =np (1,p+ V1 —p2) )

Given a vector x € R?, Figuredepicts the set Az in (34) (blue rectangle); the set B(x, 1) (grey
rectangle), and the set B(z,2) (yellow rectangle) in . Three cases are distinguished with
respect to the given vector € R? and the mean vector p x, in . In Sub-figure the mean
vector px belongs to the set B(x,1). In Sub-figure the mean vector px belongs to the
set B(x,2). In these two cases, the approximation of the CDF Fx  is done using the set A,
i.e., using the equality in (35). In Sub-figure[Tc| the mean vector px belongs to the set A,. In
this case, the approximation of the CDF Fx is done using the sets B(x,1) and B(x,2). That

is, using the equality in (46).

RR n° 9388
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Figures depict the CDF Fx, of X, in (4); the Gaussian approximation Fz, in (16)); the
saddlepoint approximation (y in ; and the saddlepoint upper and lower bounds Q in (60)
and  in ; through the line ad + px . The plots on the left and the center in Figures
are respectively for fixed vectors d = (1,1)T and d = (1,—1)T, as a function of a. The plots
on the right in Figures are in function of p for a fixed point in the line ad + px , with
a € {—6,-12,-24} and d = (1,1)T, i.e., the tail of the distribution in the direction of the
vector d = (1,1)T. Note that Gaussian and saddlepoint approximations are particularly precise
near to the mean px . That is, when a = 0. Nonetheless, away from the mean, i.e., a < —4
when n = 25, or a < —10 when n € {50,100}, the Gaussian approximation induces a large
approximation error. Note that this is in sharp contrast with the saddlepoint approximation.

For the value of n = 50, Figure |3] the lower bound 2 is negative, except when a > 5.
Alternatively, the Gaussian upper and lower bounds ¥ in (16a) and X in are trivial. That
is, the lower bound is negative and the upper bound is bigger than one, which highlights the
lack of formal mathematical arguments to evaluate the Gaussian approximation. For instance,
note that when ¢ < —10, the Gaussian approximation is bigger than the upper bound due to the
saddle point approximation. In particular, note that Figure [3| (Right) highlights the fact that
the same observation holds for all values of p.

Inria
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(©)

Figure 1: Example of the set A in (blue rectangle); the set B(x,1) (grey rectangle), and
the set B(x,2) (yellow rectangle) in

RR n° 9388



18

Anade & Gorce € Mary € Perlaza

102
i Ground truth CDF: Fy, (ad + ix,))
10 Saddlepoint approximation: Cy (n, ad + jix, )
10° 1 Upper bound (saddlepoint): ©2(n, ad + jix, )
-O- Gaussian approximation: Fy, (ad + pix,)
3 p=025a=—6n=25;d=(1,1)7
) 10
10"
102 E
107 0t
10
10°
10
102 1
Ground truth CDF: F, (ad + fix,) 106
Saddlepoint approximation: Cy(n,ad + ux,) 2
108 Upper bound (~addlepomt) Qn,ad + pix,) Sround truth ODF: Fe(ad 4 pxa) | ki
Lower bound (saddlepoint): ©(n, ad + jix,) e o Sy ux)
P X, Upper bound (saddlepoint): Q(n,ad + uix, )
Gaussian approximation: Fz, (ad + /lxr) -O- Gaussian approximation: Fz, (ad + pix,)
. p=0.25 p=0.1; n =25 and d = (1,1)". p=0.25; p=0.1; n =25; and d = (1, —1)" 107
10 5 " > 5 : A A " > . > 3 . 0 o1 02 03 04 05 06 07 08
a a P

Figure 2: Sum of the independent random vectors Y, Yo, ..., Y, with n = 25, such that for

1074 : T T T
100 ound trath ODF- P (ad 1 1))
Q- Saddlepoint approximation: Cy (n,ad + pix,)
105 Uppu bound (saddlepoint): Q(n,ad + pix, )
Ganssian approximation: Fy. (ad + i)
[7’020 a=-12n =50 d,“ )7
1072 106
107
4
10 108
10
10
10710
10"
8 Ground truth CDF: Fx_(ad + jox,) % Cround truth CDF: Fx, (ad ©
10 Saddlepoint approximation: Cy (n,ad + fix, ) g‘ﬂ,ﬁ ruth C x.(ad + jix.) d
Upper bound (saddlepoint): £(r,ad + s ) Saddlepoint approximation: Cy(n,ad + ux, )|
pper bound (saddlep: nad + jix hound (saddlepoint): O(r.ad j 1012
Lower bound (saddlepoint): Q(n,ad + pix, ) ‘jp"“_ bound (saddlepoin myad + pix,
Gausian approination: (4 x.) -O- Gaussian approximation: F, (ad + jix, ) F
25; p =0.1; n =50; and d = (1,1)" p=0.25; p=0.1; n =50; and d = (1, -1)". 13
10 10
R 10 s 0 5 10 5 15 10 5 3 5 10 15 0 01 02 03 04 05 06 07 08
a a P

all i € {1,2

10710

1078

,...,n}, Y, satisfies

Ground truth CDF: Fx (ad + fix,)
§Szul<ll<‘pmm approximation: Gy (n,ad + ix,)|
Upper bound (saddlepoint): Q(n, ad + px, )
Lower bound (saddlepoint): Q(n,ad + ix. )
Gaussian approximation: 7, (ad + jix, )
p=0.25 p=0.1; n =100; and d = (1,1)".

Saddlepoint approximation: Gy (n,ad + jix, )
Upper bound (saddlepoint): (n, ad + pix, )
-O- Gaussian approximation: Fy, (ad + jix,)
5; p=0.1; n =100; and d = (1, ~1)"

§Gmuml truth CDF: P, (ad + x,)

1020
-30

Figure 4:

alli € {1,2,...,n}, Y, satisfies

20 -10 0 10 20

Y ,,, with n = 50, such that for

108

10710

10712

107

107°

1078

1020 [ Ground truth CDF: Fx_(ad + ix,))
Saddlepoint approximation: Gy (n,ad + jix,)
Upper bound (saddlepoint): ©(n, ad + pix, )

107224 <O~ Gaussian approximation: Fz, (ad + px, )
p=025a=-24n=100;d = (1,1)].

0 o1 02 03 04 05 06 07 08

P

Sum of the independent random vectors Y1, Yo, ..., Y, with n = 100, such that for
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7 Final Remarks and Discussion

A final remark is the fact that for all @ € D, the saddlepoint approximation Fxn, (x) in
is identical to (y (n, ) in . That is, the saddlepoint approximation FXW, can be obtained
from Theorem |§| in the special case in which the vectors Y1, Yo, ..., Y, in are either lattice
or absolutely continuous random vectors. Additionally, it is worth to highlight that Theorem [f]
holds for all random variables whose CGF exists. Under this condition, the Multivariate Berry-
Essen theorem in [16, Theorem 1.1], Theorem [1} is a special case of Theorem [3] for the choice
6=0.

The advantages of approximating the probability of a convex set in Z(R*) by using Theorem
instead of Theorem [I] are twofold. First, the proposed upper bound on the approximation error
depends on the set to be approximated. Second, both the approximation and the upper bound
on the approximation error are parametrized by 6 € Oy, with Oy in . Thus, the vector
0 in can be tuned to minimize the upper bound on the approximation error. Nonetheless,
such optimization is not trivial. In this work, a non necessarily optimal choice has been made for
obtaining an approximation of the CDF Fx  in Theorem @ That being said, the possibility to
obtain tighter upper bounds on the approximation error on the measure Px, from Theorem
and on the approximation error on the CDF Fx , from Theorem [f]is not negligible.

In the single dimension case, i.e., k = 1, Theorem [3| leads to the same approximation on the
measure Px  in [19, Theorem 2]. Nonetheless, the upper bound provided in [19, Theorem 2] on
the approximation error is better than the one provided by Theorem
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A  Proof of Lemma 2

The proof relies on noticing that:

|Px, (A) —ny (0, A n)| = ’Pxn (A) —exp (nKy(H))IEpZ(ne) [eXp <_9T Z;9)> (29ca }] ,(76)

and thus, plugging in the RHS of yields
|PX,,L (-’4) - 77Y(0a A7 n)‘

_ Tg(®) T 7(0)
= exp (’nKy(a)) EPSSI,G) |:6Xp (—0 Sn ) ]I{S;G)EA}:| — EPZSI,G) |:eXp (—0 Zn ) 1{Z519)6A}:| ’ .
(77)
In the following, explicit expressions for the terms
Epsgf) [exp (—QT ,5’29))1[{5519)6A}] , and (78)
T #(0)
EPZ%G) |:eXp (_9 Zn )1{Z§LB)€A}:| ) (79)
in are obtained.
A.1 Explicit Expression of (78]
From ([78), the following holds
Epsﬁf” {exp (—GT S;"))]l{sgle)EA}} = /Rk exp (—GT w)]l{meA}dPS%m ().
(80)

The next step consists in writing the function exp (—HT :c) in the right hand-side of as

a Lebesgue integral. For doing so, consider the set K = {1,2,...,k} and let the set-valued
functions 7~ : Oy — 2K, 7 : Oy — 2K and ZT : Oy — 2F be respectively defined such that
for all w = (u1,us,...,u;) € Oy

I (uw)={te{1,2,...,k} : u; <0}, (81)
Z(u)={i € {1,2,...,k} : u; = 0}, and (82)
+()—{ze{12 kY ru; >0} (83)

Then, for all € = (z1,2,...,7;) € R¥, the following holds

exp (—GT :13)

=exp (—b1x1 — Oz — ... — Opxy) (84)

= exp(—0121) exp(—0bax2) . . . exp(—0Orxy) (85)

= H exp (—6; x;) H exp —0; ;) H exp (—0; xy) (86)
i€Z~(0) JEL(O s€ZT(0)

= H/ —0; exp (—0; t;)dt; H/dt H/ 0, exp (—0, t,)dt, (87)
€T~ (0) JEZ(0) seZt (6
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= (- )\I (9)] H/ 0; exp (—0;t;)dt H/dt wﬂsexp(—ﬁsts)dts . (88)

icT— i€Z(0) s€I+(G) s
To ease the notation, for all © € R and for all a € R, let the set B, 4 be

[0,1] ifu=0
(—o0,a] fu<0 (89)
[a,00) ifu>0.

Then, using the notation in (89), the equality in can be written as follow

exp (—OT w)

——nT @I ] /B 6 exp (—0,tdn) [ ] / 11 /3 0o 0xp (~0.1.)) (00

€I~ (0) jez(oy Be; ST+ (0
= (_1)‘17 (6)] H 0; / / / GXp ) diy ... dthtl, (91)
1€Z—(0) seI+ Boy w1/ Bog,ag Be,, ),

where the equality in follows from the linearity of the integration. To ease the notation,
consider the set defined as

89@ = 891,961 X B9z,r2 X ... X ng@k, (92)

where for all ¢ € {1,2,...,k}, the set By, , is defined in . Then, plugging in yields

exp (—BT t) dug (t) (93)

exp(—GTw):(—l)‘If(e)‘ H 0; H 0, /

i€Z-(0) S€Z+(8) Bo.=

=(—1)F" @ H 0; H 05 /exp(—OTt>]l{tege_m}dl/k(t), (94)
RF '

i€Z-(0) S€Z+(8)

where v, is the Lebesgue measure on the measurable space (R*, Z(R")).
Then, plugging in yields

]EPS%B’ {exp (—GT 5519))1{5519)@}}

(6 T
:/R(_l)| (9)] H 0; H 0, /]Rkexp(—e t)ﬂ{tel’j’gym}dyk (t)ﬂ{meA}dPSg’) (CE) (95)

* icT-(9) s€T+(0)

= (—1)'17(9)| H 91’ H 93 /k/keXp(_BTt>]1{teBg,z}]l{meA}de( )dP (e)( ) (96)
REJR

i€I-(0) SETH(0)
=)@ IT &l II ¢ /kazeXp<—0Tt)]1“659@}11{%}1}(1%-Psglm (), (97)
icT-(9) s€T+(0)
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where the Lebesgue integral in is with respect to the product measure v - Py on the
measurable space (R¥*2 %(R**?)). Note that the integral in is absolutely integrable.
Thus, using the Fubini’s Theorem [20], the right hand-side of can be written as follows

]Eps$f” {GXP (70T SE“LB)) H{S%G)GA}}

:(—1)‘1_ G H 0; H 0 exp (701— t) IL{tEBe,m}]l{weA}dPS(“’) (z) duy (t) .
Rk JRE n

i€ (0) sET+(0)
(98)
From , the indicator 1ep, .1 in can be written as follows
Liesony = | I] Litserom IT tei<en IT Tesen)- (99)
JEZ(6) i€ (0) SE€T+ ()
To ease the notation, let the set
Bg’t = Bol,h X BGz,tz X ... X ng’tk, (100)
where, for all i € {1,2,...,k}, the set By, ;, is defined by:
B R ifg; =0
Bgi’ti = (700,&} if 0, >0 (101)
Then, plugging (100) in yields
Litene .y = H Lit;e0) ]l{meﬁe,t}' (102)
JEL(8)
Hence, plugging (102)) in yields
T q(0)
EPS%G) |:€Xp (-0 Sgl )]].{SS,Q)E.A}]
:(—l)ll—i(g)‘ H 01 H 03 exp (—OT t) H ]l{tje[O,l]}
icT—(9) s€T+(0) gk oJ BE JeI(0)
]l{wes’e,t}]l{mEA}dPs;‘” (.’1)) dl/k (t) (]_03)
=(-n)F @O TT e IT ¢ exp (—BT t) IT e
i€Z- () seZ+(0) RE JET(O)
]l{mEBg,t}]l{f”EA}dPSf) (z) duy (t) (104)

Rk

:(—1)|If(9)\ H 0; H 05 exp (—OT t) H Lt ep0)y PSSLQ) (Aﬂ Bg,t)dl/k(t)(.los))

i€Z(8) seT+(0) R JEZ(0)
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Note that the support of the integrand in is a subset of R¥. Hence, the objective of
the following lines is to characterize a subset of R¥, denoted by D(A, @), that contains the
support of the integrand in . The integrand is different from zero if Ps,(") (.A N Bgyt) and
HjeI(O) L¢,€f0,1)) are simultaneously strictly positive. On the first hand, gi?/en a vector t =
(t1, ta, ..., tr) € R¥ the product HjEI(G) Lt,ef0,)y is strictly positive if and only if for all
i€ {1,2,...,k}, it holds that

t; €[0,1] if 6; = 0. (106)

On the other hand, given t = (¢, to, ..., tg) € RF, a necessary condition for PS(9> (Aﬂ Bgvt)
to be strictly positive is that the set AN Bg7t is not empty. Now a necessary condition for the

non-emptiness of A N Bgyf, is that the set 897,4‘ contains at least one element e = (e1, ea,...,ex)
such that for all ¢ € {1,2,...,k},

inf b; <e < sup b;. (107)
(bl,bg ..... bk)GA (bl,bg ..... bk)€.A

The inequalities in (107]) impose some conditions on the given vector . More specifically, from the
definition of the set Bg ¢ in (100)), the vector t = (¢1,to, ..., t;) must satisfy for alli € {1,2,...,k},
t;, > inf b; if 6; > 0; and
(b1,ba,...,bk)EA
< sup b, if6; <O0.
(b1,ba,...,bp)EA

N (108)

Hence, from (106) and (108) the set D(A, @) can be defined as follows
D(A,e)é{(tl,tz,...,tk) ERF:Vie{1,2,... .k} t; €[0,1] if 6; = 0,

P = inf b; if #; >0, and t; < sup b; if 0; <0,. (109)
(b1,b2,...,bx) €A (b1,ba,....br)EA

Then, the equality in (105]) can be written as follows
_9T §(®
Er o (0750 )10

T I e I /

exp (—OT t) P,
€T (0) s€T+(8) D(A,6)

5(® (.A N 897,:) dug (t). (110)

A.2 Explicit Expression of (79)

Following similar steps as in Subsection the following holds with the random vector Z(:
T 7(6)
EPZ%G) |:6Xp (—0 Zn )]I{ZSf)eA}]

=(—1)IZ"©) H 0, H 0, /

exp (_0T t) Py (AN Boy) duy (t).  (111)
icT—(8) s€T+(0) D(A,9)
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A.3 Upper Bound on (77)

The proof ends by plugging (110) and (111)) in the right hand-side of . This yields,
|Px, (A) —ny (6, A,n)

=eXp(n —1)lz7 @I i s ex 2] t 1%
PO (iey(e)g) (seg(e)e) /D(A,O) p( ? t> s >(Am89 )d <)
—(=1)T"©® 0; 0, exp (=07 t) P (AN Bgt) dv 112
oY (iey(e) ) (seg(l?) )/D(A,B) p( ) z )( e ) #(8)) (12)
=exp(nKy (0) ( H 0;( H 95>
(€L~ (0) s€Z+(0)
/D(A,G) exp (—BT 'L’) (Psgfy) (.A N Bgﬂg) Z(e) (.A n Bg t)) dyg, (t) . (113)

The set Bg+N.A in (113) is convex Borel measurable, given that A is convex Borel measurable
from the assumptions of the lemma. From (30), it holds that

’PS(e) AOBQ t) Z(e) (AQBO t) S z

Then, plugging (114) in - yields

‘PXn( ) - nY(07A7 n)|

< exp (nKy(H))( II )—el-) ( ngs) /D (A)e)exp(—eT t) A(Psw,PZE?))Vk(dt)(lw)

<A (P ©, P (e)) . (114)

i€Z- (0 sETH(
— exp (nKy(B))A(P ©,P <9>) I - IT o exp(—@Tt)Vk(dt)(.lm)
S’IL ’ Z7L ,D(A 9)
€L~ (0) s€Z+(0) ’

The expression [}, , o) €xp (—GT t) dvg (t) in (116)) using the notation in and can be

written in the form

/D(A,e) exp (—BT t) duy, (¢)

a;(A,0) S
= H / exp (—0;t;) dt; H / exp (—0sts) dts (117)
ieZ-(0)Y s€T+(0) as(A,0)
_ H _&Xp (_61' a; (-Aa 0)) H CXp (_95 Qs (-Aa 0)) (118)
€T (0) 0; s€T+(0) s
exp (—OT a (A, 0))
(119)

(HieI—(O) _9i> (HSEI"’(G) 98)
where the vector a (A,0) = (a1(A,0),a2(A,0),...,a,(A,0)) is defined in (3I). Hence, plug-

ging (119) in (L16) yields

IPx.,(A) = 1y (6, A,m)| < exp (nKy (6) — 67 a(A,0)) A (P, Py ). (120)
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which completes the proof.

B Proof of Theorem [3

From Lemma [2] it holds that

1Px. (A) — 1y (8, A, )| < exp (nKy(O) — 0" a (A, 0)) A (Pssf> : PZ@) . (121)

Hence, the objective is to provide an upper bound on A (Ps“’) , PZ(e)). An upper bound would

be obtained immediately from Theorem 1} except for the fact that the vectors Yge), Yéa), .
Y;e) in (22) do not have means (0,0,...,0) and variances %diag(l, 1,...,1), as required by
Theorem Denote by py ey € R* and vye) € R¥¥F respectively, the mean vector and the
covariance matrix of these random vectors, for some 8 € Oy, with Oy in . Then, the
following holds,

Hy (o) éE’PY(g) [Y(e)] (1223‘)
—Ep, [Y exp (oT Y - Ky(e))] (122b)
=k(0), (122¢)

where Kg)(e) is the gradient vector of the CGF Ky defined in (2). Alternatively,

vy@=Ep_, {(Y@ - K;“(o)) (Y<9> - K;”(a)ﬂ (122d)
—Ep, [(Y - K$>(a)) (Y -~ K<Y1>(9))T exp (aT Y - KY(G))} (122¢)
—Kk{(6), (122f)

where K§3>(0) is the Hessian matrix of the CGF Ky defined in (3. Let the Cholesky decompo-
sition of the matrix vy o) be

Uy () = LY(B)L;(e)u (123)

where ly-o) is a real lower triangular matrix. Note that the matrix vy (o) is nonsingular. This
follows from the assumption that the covariance matrix K §,2 ) (0) is positive definite, which implies

that the CGF Ky is strictly convex and thus, its Hessian matrix Kg) is positive definite.
Let the random vector Rﬁf) be such that

A1
RY = %lylm (Sﬁe) - n#yw)) (124)

which induces the probability measure Ppe) on the measurable space (Rk,% (Rk)). Plugging

in (124) yields:

1
R;G)Zﬁlyl( (Y§9) - NY<9>) (125)
=1
—~ 1 ®)
=" =Lt (Y — iy (126)
j=1
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- 0
=S"u, (127)
=1
where
A
UEO) \F ly(@) (Y;G) - HY<9>> (128)

is a random vector that induces the probability measure Py on the measurable space (R*, Z(R*)).
Thus, the random vector Rgf) in (124)) is the sum of n IID random vectors Uge), Uge), ce

Ugf) such that each of them induces the probability measure Fp;e) on the measurable space
(R*, Z(RF)), which satisfies,

Ep U(9) {U(e)} ﬁEP (6) [lyie) ( Y(® _NY<8))] (129)
== (Y iy )] (130)
=0, (131)

and

1

Ep 5 (6) [U(Q)U(G)T]:E EPY(‘;) {lyl(m (Y(G) — Ny(9)> (L;;%e) (Y(") _ ;I,Yw)))T} (132)

= LY“,)IEP o {(Y“’) — uym) (Y<9> — ,LY@)T] )" (133)
=% Lovye (k)" (134)
= by o (1) (135)
:%diag(l,l,...,l). (136)

Similarly, let the random vector ng) be such that

A1
WL ot (20 o). "

which induce the probability measure Py, @) on the measurable space (R*, 2 (R¥)). The mean

vector and the covariance matrix of the random vector Z ;‘9) are identical to those of the random
vector ng’). See for instance and . Then, from and , it holds that the mean
vector and the covariance matrix of the random vector W'?) are identical to those of the random
vector R;e).

The rest of the proof follows by noticing that for all B € £ (Rk), the set S (B) defined by

A 1
B2y e R 30 By = Ll (0 -y} (138)
:{y € Rk : (\/ﬁly(e)y + nuy<e>) € B} . (139)
allows writing that
PS£?> (B):]EPSSLQ |:]1{55L9)€B}:| (140)
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:EPRS’) ]l{(\/j o R(9)+nuy(9))63} (141)

:PRsLe) ({y € RF . (\/>ly(e)y + TL,U,Y(Q)) S B}) (142)

—Ppo (S(B)). (143)

Similarly, from (137) and (138)), it holds that
Pzgle) (B):PW;Q) (S§(B)). (144)
This implies that,
A(Ps(e),PZ(e)):Sup PR<9) (S (B)) - PW(e) (S (B)) ) (1453)
n n Beck n n
<sup PR(B) (S) - PW(e) (8)’ (145b)
SelCy " "
=A (PRgLe) s PWE:”) 5 (145C)

where the inequality in (145b)) is a consequence of the fact that the set Ci of all convex sets in
A (RF) is stable under linear transformations. Then, from the multivariate Berry-Essen Theorem
(Theorem [), it holds that

A (PR(9> , PW<9>)
< mm (k) nEp, [||U(9)|\3D (146a)

k)nEp_, (U(G)TU(B)) 2]) (146b)
’ ) (146¢)

|
(((lyw))l (Y(e) - Ny<e>))T lyw@) (Y(g) - Ny(ﬂ))) |
(

( k)
\f
(1 \f) Py o) (Y(g) - NY(9>>T ((LY“’))_1>T @Y(e>)_1 (Y(O) - Ny(9)>) ]) (1464d)
( eh)
f
( Mg
\f

v (0)

njw
ol L— 1

Py o) ((Y(e) - ,uy(e>>T (wy@) " (Y(g) - ,uY<e>>> j) (146¢)

j 3/2

[ Y — iy ©)" (ye) (Y — NY@)) exp (eT Y - KY(H))]>7(146f)

where c is the function defined in (T4).
Finally, plugging (122c) and (122f)) in (1461]) yields

A (P Pyo)

< min(l7 C(\/]%)IEPY <(Y — Kg,l)(e))T(Kg,Q)(H))_l (Y - Kg)(9)>>3/2€xp (BTY — Ky(0)>1>
o (1 c(k)éy (9)> )
=min | 1, — ) (147b)
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where the function &y is defined in (32). Plugging (147b)) in (145c|) yields

A (PS%B)’PZELQ)> S min (17 C(k)f/ié(a)> . (148)
Finally, plugging in yields
IPx, (A) = 1y (6, A,n)| < exp (nKy (6) — 67 a(A,0)) min (1, ‘W) o (149)

which completes the proof.

C Proof of Lemma [
Note that for all € R*, it holds from and from the fact that 0 € 5, that
nKy (8(x)) — 0" (x)x < (nKy(0) —0" ) = 0. (150)

Moreover, for all € R¥ and for all 8 € clo®y, it holds that

nKy (8) — 0" x=nlog (EPY [exp (OTY)D -0z (151)
>nEp, [log (exp (BTY>)} LS (152)
—nEp, [BTY} L (153)
=0"nEp, [Y]-0" x (154)
=0 (nEp, [Y] - x) (155)
=0" (Epy, [X,]—2) (156)
=0" (ux, —x), (157)

where the inequality in (152)) follows from Jensen’s inequality [21, Section 2.6]; the equality

in (156) follows from ; and the equality in (157)) follows from .
From (150) and (157), it holds that for all z € R*, 8(z) in satisfies

0" (z) (kx, —x)<0, (158)

which implies that (x — px )T6(x) > 0 and proves the inequality in (4I]).
From ([150) and (157), it holds that for = px |,

nKy (T(HXH)) - TT(/"'XH) tx, = (”KY(O) -o0' an) = 0. (159)
Thus, the uniqueness of 7(px, ) implies from that
T(px,) =0. (160)
Finally, note that 0 € ®5 and thus, from (40), it holds that
O(nx,)=T1(nx,) =0, (161)

which concludes the proof.
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D Proof of Lemma 5

For all x = (21,7, ...,7%) € R, it holds that

1-Fx, (x)=1-Ex, lH]l{X f<xf}‘| (162)
=Ex, [1-]] ﬂ{xn,tgxt}] (163)

t=1
:EX” [max{]l{Xn,t>zt} it € {1)27 LRI k}}] . (164)

The proof continues by using a property of the max function provided by the following lemma.

Lemma 8 For all k € N, and for all (a1, as, ..., ax) € {0,1}, it holds that
ki1
max{al,ag,...,ak}zal-i-z H (1—ay). (165)
=2 j=1

Proof: The proof is made by recurrence. For k = 1, the results is trivial. For & = 2, it
holds that

max{ay,as} = a1 + az(1l — aq). (166)

Assume that for all k¥ € N and for all (by, b, ..., by) € {0,1}*, it holds that
i—1
max{by, by, . .. bk}_b1+2b [T -0 (167)
=2 gj=1

Let bi4+1 a real be such that b1 € {0,1}. Then, it holds that

max{bl, bQ, ey bk, bk+1} = max{ka, max{bl, bg7 [N ,bk}} (168)
Note that max{by,ba,...,b;} € {0,1}. Then, plugging (166) in (168) yields
Il’laX{b1, bg, Ceey bk, bk+1} = bk+1 + (1 - bk+1) max{bl, bg, . ,bk}. (169)

Then, plugging (167) in (169) yields

max{by, by, ..., b, bpr1 }=brs1 + (1 — brs1) | b1 + Zb H (1-b) (170)
i=2  j=1
k i—1
=bpy1 + [ 01(1 = bgy1) + Zbi(l — bry1) H(1 —b;) |- (A71)
=2 j=1
Let ai,as,...,ar+1 be (k+ 1) numbers such that
ai Zbk+1, and Vi € {1,2,...,k}, Qi1 = b;. (172)

Then, it holds that

max{al, ag,...,0, ak+1}=max{b1, bQ, ceey bk, bk+1} (173)
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-1
=a1 + ]. — a1 Zal+1 1-— a1 H(]. - aj+1) (174)
j=1
k i
=a1 + {ax(1—a1) + Y ami(1—ar) [J(1 —ay) (175)
=2 j=2
=a; + | ax(1 —ay) ZaHl H (1—aj) (176)
k+1 i—1
=a1 + | az(1—a1) + Y a; [J(1 —ay) (177)
i=3  j=1
k+1 i—1
=a; + ZaiJrl H(1 - aj), (178)
i=2 j=1
(179)
which concludes the proof by recurrence.
|
Using Lemma I 8| in , it follows that
k i—1
1= Fx, (@)=Ex, |1{x, 50} + 2 Ix, e || Lixe, <o} (180)
i=2 j=1
k i—1
=Ex, [1{Xn,1>m1}] + ZEXn ]l{Xn,i>Ii} H 1{Xn,j<1j} (181)
1=2 j=1
k
=Px, (B(z,1)) + Y _ Px, (B(z,1)) (182)
i=2
_Z Px., (B(x,1) (183)

where the set B(x, i) is defined in (7). The equality in (181) follows from the linearity of the
expectation. This concludes the proof.
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