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Local regularity for concave homogeneous complex
degenerate elliptic equations comparable to the
Monge-Ampeére equation
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Abstract

In this paper, we establish a local regularity result for Wlicp solutions to complex de-
generate nonlinear elliptic equations F'(D2u) = f when they are comparable to the Monge-
Ampére equation. Notably, we apply our result to the so-called k-Monge-Ampére equation.
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1 Introduction and main results

In this work, we are interested in the local regularity theory for nonlinear complex degenerate
elliptic equations of the form
F(Du) = f, (1)

where DZu denotes the complex Hessian of u.

Such equations have been studied extensively in the literature, going back to the celebrated
work [CNS85] on the Dirichlet problem in the real case and its counterpart [Li04] for the complex
setting. We recall that an important feature of degenerate equations is that, unlike uniformly
elliptic equations, the C?-regularity may fail. Perhaps one of the most important equation of
the form is the complex Monge-Ampére equation:

det(D2u) = f > 0. (2)

The regularity of the solution of this equation is studied in the literature by many authors
and by different tools. It was first proved in pioneering work [BT76] that the solution u to the
Dirichlet problem in a ball B belongs to C11(B) N C°(B) provided that the right-hand side
f € C?(B) and the boundary data is C?(0B). Another important regularity result concerning
the Dirichlet problem associated with in a strictly pseudoconvex domain, established in
[CKNS85], is the smooth regularity up to the boundary of its solution when the right-hand side,
the boundary data and the domain are all smooth (the strict positivity of the right-hand side is
also essential).
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The local regularity of (no boundary data) was also studied. A sharp result was obtained
in [BD11] by developing some methods in [Tru80]: solutions u € W2 of (@) with f € C* are
necessarily C* whenever p > n(n — 1), and no smaller exponent p can be expected in general.

The local regularity of other equations of the form were also studied. Notably, in [DK14],
a counterpart of [BDII] was proved for the so-called complex k-Hessian equation under the
assumption that u belongs to VVIZCP with p > n(k —1).

The goal of the present paper is to extend the approach of [BD11] and [DK14] to more
general nonlinear complex degenerate elliptic equations. We will introduce simple conditions on
the nonlinearity F' to obtain general local regularity results, thus considerably broadening the
field of application of this method.

In particular, we shall see that our results apply to the so-called complex k-Monge-Ampére
equation or MA-equation, k € {1,...,n}, that has recently received much attention ([HLQO9,
Sad18, [Din20bl [Din20al):

H ()\il (D2u) + ...+ N\, (D%u)) = f,

1< <...<ip<n

where A\;(DZu), ..., \,(D%u) denote the eigenvalues of DZu. For k = 1 we have the Monge-
Ampére equation det(DZu) = f and for k = n this is the Poisson equation Au = f.

Interior estimates for this equation in the real setting have been studied recently in [Din20al.
In the complex setting this operator was discussed in [Sad18] and, in the special case k =n — 1,
also in [TW17]. It has been shown in [Din20b] that this operator does not satisfy an integral
comparison principle, which makes the associated potential theory much harder to be developed.
Finally, let us also mention that the Dirichlet problem associated to this operator was studied
in [Zhol13] using a probabilistic approach.

The outline of the paper is as follows. After recalling some basic notations, we precise in
Section what kind of nonlinear operators F' are considered in this article and we present our
main results. Their proofs are the purpose of Section Some examples of Hessian equations
covered by such a framework are then given in Section [3] Finally, in Section ] we detail the case
study of the MAg-equation.

1.1 General notations
e All along this work, @ C C™ (n > 1) is a nonempty open bounded connected subset.

e Let H™ be the set of n x n Hermitian matrices. The (i, j)-th entry of a matrix A € H" will
be denoted by a;;. We recall that H" is a vector space over the field R of dimension n?.
The inner product on H" is the standard Frobenius inner product:

(A, B)y. = Trace (AB) e R, A,B e H".

The n x n identity matrix will be denoted by Id.

We will use the classical cones
Ch={AeH" | A>0}, C;={AeH" | Trace(4)>0}.
e The Fréchet derivative at A € C of a function F € C1(C,R), defined on a non empty open

subset C C H", will be denoted by DF(A) € L(H",R). It can be identified with the matrix
( oF (A)) € H" through the formula
1<i,j<n

Oa;

DF(A)B= Y af_{(A)@;, B e H"




e In this work we use the following convention for ellipticity. We say that a function F :
C — Ris:

— (degenerate) elliptic in C if
A<B = F(A) <F(B),

for every A, B € C, where we recall that A < B (resp. A < B) means that the
Hermitian matrix B — A is non-negative-definite (resp. positive-definite).

— uniformly elliptic in C if there exist 0 < m < M such that
A<SB = m|B-Alg < F(B) - F(A) < M|B - Alg, ,
for every A, B € C.
For instance with these conventions the equation Au = f is (uniformly) elliptic.

e The complex Hessian is denoted by DZu = (u;5) , where we use the standard nota-

1<ij<n

; ) - ; Ou _ 1 (0u _ ;O0u Ou _ 1 (0u  ;Ou
tions u; and wuj to denote, respectively, 5z, = 2 (a% Zayj) and 9z, — 2 (81_7 +zayj).

The Laplacian is denoted by Au = Z;L:l u;; = Trace (DZu) € R. Note that it is the
complex Laplacian, so it is one fourth the real Laplacian.

e Finally, we shall denote by C(n),C(n,), etc. a positive number that may change from
line to line but that depends only on the quantities indicated between the brackets.
1.2 Main results
Throughout this work we will always make the following assumptions:
(a
(b
(c
(d

) Domain: C C H" is a nonempty open convex cone such that C,, C C C C;.

) Regularity: F € C'(C,R).

) Positivity: F > 0in C.

) Homogeneity: F is positively homogeneous of degree d > 0 (i.e. F(aA) = aF(A) for
ever « >0 and A € ().

(e) Concavity: F'/¢ is concave in C.
(f) Comparison with determinant: there exists C' > 0 such that

F(P)Y1 > C(det(P))Y/", VP e€C,. (3)

Some examples will be presented in Section [3] below.

The key assumption here is the assumption that will help us to compare our general
nonlinear equation F' (D%u) = f with the complex Monge-Ampére equation and thus use the
recent uniform estimates obtained in [ADO20].

The assumption [(a)]is quite standard (see e.g. [CNS85] pp. 261-262]). Note that this excludes
the case of the whole space C = H".

It is important to point out that we cannot only consider homogeneous functions of degree 1
by normalizing F into F*/¢ since this normalization is not in general regular up to the boundary
(e.g. F(A) =det(A)Y"in C=0C,).



Finally, by concavity and homogeneity, we can check that F satisfies for every A € C if,
and only if,
F(A+ P)Y4 > F(A)Y4 4 C (det P)Y/™,
for every A € C and P € C,,. In particular, F' is necessarily elliptic in C (but, in general, not

uniformly elliptic). We refer for instance to [ADO20, Remark 1.3] for more details.
The first result of the present paper is the following;:

Theorem 1.1. Let C and F satisfy the above standing assumptions and
. Let f > 0 in Q with f/¢ € CYY(Q). Let u € W2P(Q) with (D?u)(z) € C for a.e. z € Q
satisfy (almost everywhere)

F(Diu)=f inQ,

and assume that
p>nmax{d—1,1}. (4)

Then, for every non empty open subset w CC 2, we have Au € L (w) with
sup Au < R,
for some R > 0 depending only onn, p,d, dist (w, 09Q), |D(23uHLp(Q ) A(fl/d)HLoo(Q ) andinfq_ f

if d > 1 (resp. supq_f if d < 1), where Q. = {z€Q | dist(2,0Q) >¢c} and ¢ > 0 is some
number depending only on dist (w, 9Q).

Theorem generalizes [BD11, Theorem| and [DK14, Theorem 4.1], where the particular
cases of the complex Monge-Ampére equation and the complex k-Hessian equation were consid-
ered.

An important consequence of Theorem and of the classical theory for uniformly elliptic
real equations from [CC95] will be the following local regularity result:

Corollary 1.2. Under the framework of Theorem 1.1}, assume in addition that F satisfies the
following property:

(g) Sets of uniform ellipticity: there exists Ry > 0 such that, for every R > Ry, F is
uniformly elliptic in Cr, where

ch{Aec ‘ Trace (A) < R, ]1%<F(A)}. (5)

Then, we have the property
FeC>®(C), felC®Q) = uelC>®Q). (6)

Remark 1.3. Note that Cy is convex because F' is concave. However, it is never a cone and it
does not contain C,. Note as well that limg_, ., Cr =C.

We also point out that we do not need to assume that Cp is compact. For instance, Cg is
not bounded for the simplest example F'(A) = Trace (4) on A € C; (n > 2). However, this is
a rather pathological case and we will see in Proposition below that Cg is always bounded
whenever

ac nac, = {0}.



Remark 1.4. Whether the condition yields the smallest value of p to induce the C°°-
regularity @ may depend on the equation itself. This condition is for instance sharp in the case
of the Monge-Ampére equation, see [BD1Il p. 412], but it is still an open problem for other
equations such as the complex k-Hessian equation, the k-Monge-Ampére equation (see Section

below), etc.

The rest of the article is organized as follows. In the next section we prove our main results.
In Section [3| we present some examples of Hessian equations that are covered by our framework.
Finally, in Section [4] we discuss a bit more in detail the case of the k-Monge-Ampére equation.

2 Proofs of the main results

The proof of Theorem is inspired from the proof of [Tru80, Theorem 1] and the ideas of
[BD11] (see also [DK14, Section 4]).
We introduce the normalization

G(A) = (F(A)Y4, Aec.
Clearly, G is elliptic in C. The equation F(D2u) = f then becomes
G(DZu) = fY/1.

Throughout Section [2| the notation L, is exclusively saved for the linearization of G about
A = (Diu)(z):

(L)) = Y S (DR (=) (2) ©

1<ij<n 0
Note that L, is (degenerate) elliptic and that its coefficients are Lebesgue measurable (as
composition of a continuous function with a Lebesgue measurable function).

2.1 Preliminaries

Geometric configuration. Let w CC  and set § = dist (w, 9Q) > 0. For zp € w, let
w=wn B5/4(Zo),

where Bgr(z9) C C™ denotes the open ball of center zg and radius R > 0. Up to the transformation
2+ (2 — 20)/(6/2), we can always assume that Bj,5(20) is the open unit ball, that will simply
be denoted by Bj; in the sequel. Thus, Bs(zp) becomes Bs(0), that will simply be denoted by
Bs. Therefore, from now on, we are in the following geometric configuration:

1
W CC By CC By CcCQ, dist(w,0B;) > 1clist (w, 09). (8)

Approximation of the Laplacian. In order not to consume too much regularity, we will
need a suitable approximation of the Laplacian. This is done as in [BD11l p. 415] and [DK14!
Lemma 4.2] (see also [BT76, Proposition 6.3]).

Lemma 2.1. For every 0 < € < 1, let T, : LP(B2) — L?(B;) (1 < p < o0) be the linear

operator defined by
(Tau)(2) = " (ue(z) — ()

2




with

1
w2 = B @) /BM djin;

where here and in what follows p, denotes the Lebesgue measure in C*. Then, we have the
following properties:

(i) Positivity: If u is subharmonic in Ba, then (Teu)(z) > 0 for every z € By.

(ii) Regularity: If u € C°(By), then T.u € C°(By). If u € W?P(Bs) and p < oo, then
u. € WP(By) with Déu. = (Diu). (with a slight but obvious abuse of notation).

iii) Convergence: If u € W#P(Bsy) and p < oo, then T.u — Au weakly in 1) ase — 0.
iii) C If W2P(B d hen T, A kly in LP(B 0
(iv) Uniform bound: If u € WP (By) then, for every 0 < e < 1, we have

HTEUHLP(Bl) < C(nap) HAUHLP(BQ) .

The first point is a direct consequence of the mean value inequality (see e.g. [KIi91, Theorem
2.4.1]). The second point is not difficult to check. For the weak convergence one can for instance
adapt the proof of [KIi91, Proposition 4.2.6]. Finally, for the uniform bound, see e.g. [FSX18| p.
219].

A uniform estimate for strong supersolutions. Recently, it was obtained in [ADO20, The-
orem 1.4] some new type of Alexandrov-Bakelman-Pucci estimate for various nonlinear complex
degenerate equations. Thanks to the assumptions of the present article, it applies in particular
to our linearized operator L, defined in for which it results in the following;:

Theorem 2.2. Let r,q > n. For every g € LY(By) and every w € W2 (B;) N C°(By) such that

loc
L,(—w)<g in By,
w<0 ondB,

we have

Sup w < Cn,r,q) 9+l Lags,) >
1

where g = max(g,0) denotes the positive part of g.

Estimate of the operator norm. We will need the following estimate:

Lemma 2.3. There exists C > 0 such that, for every A € C,
IDG(A)| gm0 < CIGIA) ™ A1 (9)

Proof. By continuity of DF on the compact {A €C | |[|A|j. =1} and the fact that DF is
homogeneous of degree d — 1, we have, for some C > 0,

d—
IDF(A)llzsm 2y < C I Allgga» YA EC.

The desired estimate @ then follows from the computation

DG(A)B = é(F(A))(l/d)‘lDF(A)B, AeC, BeH"



We point out that it is only to show @D that we use that F is C' up to the boundary.
Despite not needed, we mention that the inequality @D also shows that the coefficients of
the operator L, belong to L™ if d = 1, and to L?/(=1 if d > 1, which are then in L™ by the

assumption .

Jensen’s inequality in convex subsets of H". The following version of Jensen’s inequality
will be needed (see e.g. [Fer67, Lemma 2.8.1, p.76]):

Lemma 2.4. Let C C E be a non empty open convex set of a real finite dimensional space E
and let G : C — R be a concave function. Let Q C C™ (n > 1) be a non empty open bounded
subset and H € L*(Q, E) be such that H(z) € C for a.e. z € Q. Then, we have

1
Mn(Q)

& (g [, 1) 2 iy [ G000

(the right-hand side possibly being equal to —o0).

| HG)au ec,
Q

and

2.2 Proof of Theorem 1.1

We are now ready to prove our first main result.

1) Strategy of the proof.

Let 0 < e < 1. For o, 8 € [2,400) (to be determined later) let us introduce an auxiliary
function w given by
w(z) = n(z)(Teu(z))%,  z € B,

where 5
n(z) = dist (z,0B,)% = (1 - \z|2> .

Note that:

e w is unambiguously defined since T u > 0 by item of Lemma and subharmonic-
ity of u, which follows from the assumptions that Diu € C C C; (see e.g. [KIi91l
Theorem 2.5.8]).

e w € C%By) by item of Lemma since u € C°(Q) by the Sobolev embedding
W2P(Q) C C°(Q) as p > n by assumption ).

o w € Wi’f(Bl) thanks to the regularity of w and Sobolev embeddings (using that
pzn).

The goal will be to bound supp, w from above by a positive number depending only on
the quantities indicated in the statement of Theorem This will also provide an upper
bound for supg, Tru since n(z) > (dist (w, 9Q)/4)*" > 0 for z € & (recall (8). This will in
turn imply that Au € L*° (@) with the same bound as for T.u. Indeed, denoting by C a
bound for T.u we will have shown that T.u € S, where

s={9¢17@). Il <C}.



We can check that this set is closed in L? (@) (using for instance the partial converse of the
Lebesgue dominated convergence theorem [Rud87, Theorem 3.12]). Since it is also clearly
convex, it is then weakly closed in L?(®@) (see e.g. [Rud91, Theorem 3.12]). As T.u — Au
weakly in LP (@) (item of Lemma and T,u € S, it follows that Au € S as well,
which is exactly what we want.

Now, in order to bound supp, w we are going to use the condition on p to show that
(Ly(—w))4+ € LY(By) for some ¢ > n, with estimate

1-2/8
IEa(=0) 4l < € ((sgpw) . 1) 7 (10

for some C' > 0 depending only on the quantities indicated in the statement of Theorem
The conclusion will then follow from the uniform estimate of Theorem with g =
(Ly(—w))+. Note that w = 0 on dB; (in fact, this is the (only) obstruction to simply take

n=1).
Computation of L,(—w).

We have
w; = ni(Teu)a + T]OZ(TEU)Q_l(TEU)Z‘,

and

W;5 = 155 (Tou)™ + ma(TEU)a*l(Teu)j + nja(Tsu)ail(Teu)i

+ na(a — 1)(T5u)0‘_2(T5u)3(T5u)i + na(TEu)a_l(TEu)ij.

Consequently,

oG
Ly(-w)= Y - — (DEu)w;; = I + 11,
1<i,5<n v

where (using also the identity 7; = v; for any real-valued function v)

(DZu)n:(Teu);

a a.
1<ij<n i 1<ij<n i

oG N o PYe
I'= Z ) 4,{(D¢2:U)77¢5(TsU) + 2a(Tou)* *Re Z -5

+ 0y _gi(D%U)na(a—1)(TEU)“_2(TEU)J‘(T€“)“

a
1<ij<n

and

II= Z oG (DEu)no(Tou)™ ™ (Teuw),;.

1<i,j<n i

Estimate of the term I.

To estimate this term we will make use of the ellipticity and of the estimate @ Let us
introduce the following sesquilinear form on C™:

oG —
v(a,b) = Z ———(DZu)a;b;, a,beC".
1<ij<n %]



This form is nonpositive by ellipticity of G. Therefore, we can use the basic inequality
2Re p(a,b) < —p(a,a) — p(b,b) with a; = %ni and b; = vt(T.u); (t > 0 to be chosen
below), to obtain

oG 1 oG
2Me | >, —g o (DRwm(Tw); | <=3 > 5= (Deun

—t Y aaG (DZu)(Tw); (Teu);.

a
1<i,j<n v

Taking now ¢t = (o« — 1)n/T-u > 0, this removes the third term in I to give

I<(Teu)™ ) aaaG (D¢u) (nij_(a_al)nmnj>'

1<i,j<n v

Let o
B:(sz)lﬁi,jSm bzg =5 + mﬁiﬂ}

Direct computations show that
ni=—Bzn' VP ng=—Boyn' P+ BB - Dzizm' P,
where §;; denotes the Kronecker delta. Since nn < 1, we obtain

1

1Bl < Clas Bimin' =217 = Cla By mw' /P iy

Consequently, using (9)), we have
d—1 N
I<C(a,B,n)C"(f,d) ||D<c || (Tow) 2/ Bt =2/8,

where C'(f,d) = (infp, f)M/D=1if d > 1 and C'(f,d) = (supg, f)/P~1if d < 1. Note
that we cannot use the better estimate since B € C,,.

Estimate of the term I1.
For this term, we will use the concavity of F' to show that

11 < o T (/)| (T

To prove such an estimate, we would like to use the concavity inequality
G(B) < G(A)+DG(A)(B—-A4), ABeC, (11)

with
A= (D¢u)(2), B = (Dguc)(2).

But first observe that B = (DZu).(z) (see Lemma and apply Jensen’s inequality
(Lemma to see that indeed B € C for a.e. z € By with, in addition,

G((D2u).) > (G(D2u))..

We can now use (1)) to obtain the desired estimate:

> 2 D)y < " (G(DR) — (G(DRW),) = ~T(1).

1<ij<n i




5) Choices of o and f.

In summary, we have obtain the inequality

(Lu(—w))4 < Cla, B,0)C"(f,d) | D2ullg. (Tew)**/Puw'=2/% 4 pa ‘Ta(fl/d)‘ (Teu)* .

Thanks to the condition (4]) on p, we can find ¢ > n such that p/q > 1 and (p/q)—(d—1) > 0.
Consequently, taking
p 2c0
= 1 —_— = —
Uy Py

q
we have «,8 > 2 and (L,(—w))+ € L%(B;), with the following estimate (by Holder’s

inequality and of Lemma :

d—1 2c _
H(Lu(_w))-‘rHLtZ(Bl) < C(avﬁvn)cl(fa d)C(n,p) HD([QIUHLP(Bl) ||AUHLP{§2) S;llpwl 2/8

p/q

FnaCnp) AP I8l

L

This yields the desired estimate . O

2.3 (C* regularity

In this section, we show how to deduce Corollary [[.2] from Theorem [I.T] and the classical theory
for uniformly elliptic real equations from [CC95].

We follow the presentations of [Wanl2, TWWY15]. Let S** be the space of 2n x 2n real
symmetric matrices. The inner product on S?” is the standard Frobenius inner product.

In this section, a function u of n complex variables (z1, ..., 2z,) will also be a considered as a
function of 2n real variables (x1,...,2n,y1,...,%y), where z; = z; + iy;. The real Hessian of u
is then denoted by

uﬂﬂil’j uwiyj

D3u = € s,

The open ball in R?" of center 0 radius » > 0 will be denoted by B,..
Corollary is essentially a consequence of the following fundamental general result and
Schauder’s estimates:

Theorem 2.5. Let F : S?® — R be concave and uniformly elliptic, and let f ¢ C%P(By)
O<p<1) Ifue Wli’f(Bl) is a strong solution to

F(Diu)=f in By,
and p > 2n, then there exist o € (0,1) and ¢ € (0,1) such that
u € C**(B.).

We recall that “strong solution” simply means that the equation holds almost everywhere.
This theorem is a consequence of [CC95, Theorem 8.1] (see e.g. [Wanl2 Section 2| for details).
In this reference the result deals in fact with C-viscosity solutions, but we recall that a strong
solution u € I/Vlif with p > 2n is a C-viscosity solution, see [Lio83|, Section III].

10



In order to apply this result we need two preliminary observations: firstly, we have to associate
to our equation F(D2Zu) = f an equation for the real Hessian F(D3u) = f and, secondly,
this I has to be defined over the whole space S?". This is done in a standard way (see e.g.
[B1099, [Wan12, TWWY15], etc.):

e We identify n x n Hermitian matrices with the subspace of S?* given by matrices invariant
by the canonical complex structure:

J(HY) = {Aes™ | AJ-JA=0}, J:<O _Id>,

where the map ¢ : H* — S?” is given by

A +iB) = (g AB) .

Let us also introduce the projection 7 : S2* — ((H") given by

S+ JTST

7(S) 3

The complex and real Hessians are then related by the identity

1(2D3u) = m(D3u).

As a result, if u solves F(D2u) = f, then it solves as well
F(Diu) = f,

where F': £ — R is given by

and £ C S?" is defined by
Er=7"1(L(2CR)).
We recall that Cg is defined in and that it is not a cone, so that the factor 2 cannot be

removed.

It is clear that £ is an open convex set and that F is concave in Eg. Since F is uniformly
elliptic in Cr by assumption of Corollary it is also clear that F' is uniformly elliptic in
ER-

e Let us now extend F to S2*. This is done by considering F' : $?* — R defined by

F(A) = inf {L(A) ‘ L:S* R affine linear, mld < DL < MId, L>Fin 53} ,

where 0 < m < M denote the ellipticity constants ofNﬁ‘ . We can check that F is concave
and uniformly elliptic in §?7, and that we have F' = F in g (see e.g. [TWWY15, Lemma
4.1]).

Corollary [T.2] is now an easy consequence of the previous results.

11



Proof of Corollary[1.2 After translation and dilation of the coordinates if necessary, it is suffi-
cient to show that u € C°°(B,) for some ¢ € (0,1) when B; CC By CC .
From Theorem [T.1] we know that, for some R; > 0,

Au < Ry in Bs.

On the other hand, by our assumptions on f, there exists Ry > 0 such that
1
F(Dgu) = f > —.
(Dgu) = f R,
Consequently, for any R > max {Ry, R1, R2} we have
D%u € Cg.

It now follows from the previous discussion that w is a strong solution to the concave and
uniformly elliptic real equation -
F(D3u)=f in By.

Besides, u € W?P(By) for every 1 < p < oo by Calderén-Zygmund estimates since u, Au €
L*>°(By). We can then apply Theorem and obtain that u € C*%(B.) for some « € (0,1) and
€ (0,1).

As a result, u € C>*(B,) solves F(D3u) = f in B.. Since

FeC®(C) = FeC>®E&r),

it follows that u € C*°(B;) from the classical Schauder’s estimates, see e.g. [CC95 Proposition
9.1] (the proof in this reference is carried out for £g = " but all the arguments go through after
noticing that {¢tD?*u(z + hex) + (1 —t)D?u(z) | t€[0,1], 2 € H, 0 < h < dist (H,09)/2} is
a compact set of S?" which is included in £g).

O

3 Application to Hessian equations

Let us now present some examples covered by our framework. We emphasize that our results
Theorem [I.T]and Corollary [I.2]do not require that our equations are Hessian, but all the examples
of application that we present here will be Hessian equations.

Let us first recall some notations.

e For A € H", its eigenvalues (which are real) will always be sorted as follows:
A (A) < Ag(A) < -+ < A(A).
We then introduce A : H* — R"™ defined by

AA) = (M (A), .., A (A)).

e A function F': C — R is said to be a Hessian operator if there exist a set I' C R™ and a
function F': I' — R such that

C=X"YI), F(4)=F(\A), vdec.

The notation I" will always be saved for sets of R™ whereas the notation C will always be
saved for sets of H".

12



e For k € {1,...,n}, we introduce the classical cones
Tp={NeR" | o¢(M,.... ) >0, Vle{l,...k}},
where oy, is the k-th elementary symmetric polynomial:
oM = Y A,
(31,5t ) EEE

where, here and in the rest of this article, we use the notation
k . . k . .
En:{(21,...,%)6{1,...711} ‘ 21<...<zk}.

We recall that card E¥ = C* = n!l/(k!(n — k)!).

e We recall that a set S C R™ is symmetric if (A-(1),..., Arn)) € S for every (A1,...,\,) €S
and every permutation 7. A function F : S —s R is symmetric if F(/\T(l), e Arm)) =
F()\l7 ...y A\n) for every permutation 7.

Let us now provide practical conditions on I' and F' to guarantee that C = A~(I') and
I = F o ) satisfy the assumptions of our main results.

Proposition 3.1. Let F' € C>(R™,R) be a symmetric polynomial, homogeneous of degree d €
N*, satisfying, for some C > 0,

n 1/n
Fo)Y>c (H M) , VAET,, (12)

i=1
and let ' C R™ be a nonempty open symmetric convex cone such that
r,crcry, ornary={0},
F>0iD, F=0ondl,

FY4 s concave in T.

Then, C = A\~Y(T") satisfies @ and F = F o \ satisfies @, @ @ and @

We emphasize that the map A\ has few nice properties, so this result is far from being triv-
ial. The proof of Proposition [.I] is postponed to the end of this section for the sake of the
presentation.

Remark 3.2. The concavity assumption is satisfied by a large class of polynomials, namely,
the hyperbolic polynomials. We recall that a polynomial a homogeneous of degree d € N* is
called hyperbolic with respect to e € R™ if F'(e) # 0 and if, for every A € R™, the one-variable
polynomial ¢t € C —s F(\ — te) has only real roots. In this case, /% is concave in the open
convex cone (called hyperbolicity cone)

F:{)\ER" ‘ F(\—te) #0, Vtgo}.
We refer to [CNS85 Section 1] and for more details.

Let us now finally present some concrete examples.

13



e The complex Monge-Ampére equation:

The degree of homogeneity is obviously d = n and the comparison property is trivial.
This polynomial is hyperbolic with respect to e = (1,1,...,1). We can check that the
associated hyperbolicity cone is indeed I';,. It clearly satisfies all the desired assumptions.

e The complex k-Hessian equation: for k € {1,...,n},
F = 0Ok, I'= Fk.

The degree of homogeneity is obviously d = k and the comparison property follows
from Maclaurin’s inequality: for any k > 2,

N opy \ /D
[y C T, <Ck> < (Ck_l) inTg_1.

This polynomial is hyperbolic with respect to e = (1,1,...,1). We can check that the
associated hyperbolicity cone is indeed I'y. It clearly satisfies all the desired assumptions
(k>1).

e For s €]0,1), let
F() = (1= 5)*\Az +5(A1 + Xo)?
= ()\1 =+ S)\Q)(S/\l + )\2),
=Ty ,={XeR® | A +sA>0, sAi+X>0}.
The cones I's_; interpolate between I's and I';. The degree of homogeneity is obviously
d = 2 and the comparison property is trivial since F'(A) > (1 — 5)?A1A2. The cone

clearly satisfies all the desired assumptions (F is also a hyperbolic polynomial with respect
to e = (1,1) but the concavity of F''/? is easily checked by a direct computation here).

e The complex k-Monge-Ampére equation: for k € {1,...,n},
F=MA,, T =T}
where

(il,‘“,ik)GEQ

P=AXNER" | A+ 4N, >0, V(ii,...,i) €EL}.

The degree of homogeneity is d = C*. The comparison property is a consequence of
the following inequality: for any k > 2,

1
k

. 1 -
(MAL)YO >~ (MA,_)V" T, (13)

/ CF/,
k—1 k 1

This property will be detailed in Section .2 below. This polynomial is again hyperbolic

with respect to e = (1,1,...,1). We can check that the associated hyperbolicity cone is
indeed T'). It clearly satisfies all the desired assumptions (k < n).

14



We conclude this section with the proof Proposition

Proof of Proposition|3.1. We only establish the non obvious properties.

1)

Regularity of F. Since Fisa symmetric polynomial, by Newton’s fundamental theorem
of symmetric polynomials we can write

F(A) =p(o1(A),...,on(N)),

for some polynomial p. Since all the functions A € H" — o, (A(A)) are C*°(H",R) (recall
that they are equal to (—1)*(9"*h/0t"~*)(0, A) where h € C°°(R x H",R) is the function
h(t, A) = det(tId — A)), we deduce that F' € C>°(H",R) by composition.

Convexity of C and concavity of F'/¢, We point out that the concavity of F%/? is
also shown in [CNS85| Section 3] but we would like to present a different proof here. Let
A,B € C and t € [0, 1] be fixed. We have to show that

AMtA+(1—-¢)B) €T,
FOA\tA+ (1 —t)B)Y4 > tF(AA)Y4 + (1 — t)F(\(B))"/<.

To this end, it is convenient to make use of the theory of majorization, for which we refer
to [MOAII]. The starting point is that, for every k € {1,...,n}, the function

AeH" — M(A) + ...+ A (A) is concave.
From this property, we have that t\(A)+ (1 —¢t)A\(B) “majorizes” \(tA+ (1 —t)B), that is

k k

Z (tA+(1—t)B) = > (tAj(A) + (1—-1)X;(B)), Vke{l,...,n—1},

(14)

Zn: (tA+ (1 —t)B) = Trace (tA + (1 — t)B) = zn: (tA(A) + (1 — )A(B)).

= =
It follows that (see e.g. [MOAII, Chapter 1, B.1. Lemma])
MtA+ (1 —t)B)T" = TnTy_1---TL(tA(A) + (1 — t)A(B))™,
for some matrices 11, ...,Tny € R™"*" of the form
T, =t1d+ (1—-t)P,;,

for some ¢; € [0, 1] and some elementary permutation matrix P; € R®*" (i.e. switching only
two components). Since I' is convex and symmetric, it is clear that such transformations
map I into itself. As a result, we have A(tA+ (1 —1¢)B) €T

On the other hand, since FY4 is concave and symmetric, it is Schur-concave (see e.g.
[MOA11l Chapter 3, C.2. Proposition|), meaning that the majorization implies that

FMA) + (1 —AB)Y? < F(AtA+ (1 —t)B))Y.

Using again the concavity of F''/¢, we obtain the concavity of F/<.

15



3) Uniform ellipticity of F' in Cgr. Let R > 0 be fixed. Let

n 1 )
i , =< F\) .
;A<R R<()}

We first show that the assumption OI' N dT'; = {0} implies that I'r is bounded. To this
end, it is sufficient to prove that there exists € > 0 such that

i=1

To show this property, we argue by contradiction and assume that there exists a sequence
(A%)es0 C I such that

FR—{)\GF

FC{)\GF

PN =D PPV (15)
i=1

Since I' C T'y, we have in particular that A°* # 0 and we can normalize the sequence by
considering A° = A%/ |\¢]. We have A\® € I"since T" is a cone. We can extract a subsequence,

still denoted by (X).s0, that converges to some A € T. Besides, A # 0 since ‘5\‘ = 1.
Passing to the limit ¢ — 0 in , we obtain that

0>3 A
i=1
Since I' C I'y, it follows that A € L' N AT, and thus A = 0 by assumption, a contradiction.
As a result, I'p is compact and there exist real numbers m < M such that, for every
ie{l,...,n},
'3 N
(AN <M, VXeTlkg. (16)

2

m <

Let us now prove that m > 0. To this end, it is sufficient to show that

OF

0
<N

(N, VYixel, Vie{l,...,n},

TrCT.

The inclusion T’z C T’ immediately follows from the assumption that £ = 0 on 9T,

Let us now prove the inequality. We use some ideas of the proof of [CNS85, Corollary, pp.
269-270]. Let i € {1,...,n} be fixed. Let e; denote the i-th canonical vector of R". We
have ¢; € I';, C I'. From the concavity and homogeneity of G = F'Y/? which belongs to
CHT) N CT) since F' > 0 in T, we have

0 < Gles) < G(N) + DE(N)(es — A) = DG(N)e; = gf.

Let us now prove that this inequality is strict. Assume not, and let then \* € I" be such
that (0G/0OA;)(A*) = 0. Since T is open, there exists ¢ > 0 such that \* +te; € I for every
t € [0,¢]. By concavity, we then have

(\).

@muﬂum—Daxg@mga vt € [0,€].
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As a result, .
oG
O\

Since F > 0 in T, this is equivalent to

(N +te;) =0, Vteloe].

OF
O\

(A" +te;) =0, Vte|0,e].

By analyticity, we deduce that this identity holds for any ¢ € R, in particular for negative
ones. Let then

T )=inf{teR | A\ +te; €T}
Since T' C T'j, we necessarily have T(\*) > —oo. Integrating the identity (OF/ON\;)(\* +
te;) = 0 over [T'(A\*),0] then yields

FOY) = FOF +T(O\)er).

This is a contradiction since £ > 0 in I' 3 A*, whereas F' = 0 on 9I' 3 \* + T'(\*)e;.
Therefore, holds with m > 0. To conclude, it remains to show that this implies the
uniform ellipticity of F = F o X in Cg. Let then A, B € Cy with A < B. We denote the
eigenvalues of A (resp. B) by (A1,...,An) (resp. (1,-..,pn)). By definition, we have to
show that

m'||B = Ally, < F(B) — F(A) < M"||B — Al ,

for some 0 < m’ < M’ (that do not depend on A, B). We only prove the first inequality,
the other one being proved similarly. Since B — A > 0, the first inequality is equivalent to

m/ Trace (B — A) < F(B) — F(A),

for some 0 < m”. Since Trace (B — A) = Trace (B) — Trace (A4), this is equivalent to the
following property for F':

m' Z(Hi —\i) < F(p) = F(V). (17)

Let us then prove this inequality. By definition, we have A\, 4 € I'g. Assume first that

(1ye s tin—1,2) €TR,  (B1s- s in—2, An—1,An) €CR, oo (1, A2,...,An) € LR,
(18)
Then, taking t(p1, ..., fin—1, bn) + (1 — ) (B2, - - in—1, An) € T'g in and integrating
over ¢ € [0, 1], we have

m(,un - )\n) < F(le"a/’tn—laun) _F(Mla"'aun—h)\n)'

Taking then ¢(p1, ..., prn—1, An) + (1 =) (1, -« s -2, An—1, An,) € I'g in (L6)), iterating this
process and summing all the obtained inequalities, we eventually obtain (17)) with m” = m.
The general case can be deduced from the case by an approximation argument (using
the compactness of I'g).

O
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4 Additional properties for the MA;-equation

In this section, we detail the case of the k-Monge-Ampére equation, which is important for
applications.
Let us first state explicitly the local regularity result that we have obtained for this equation.

Theorem 4.1. Let k € {1,...,n—1} (n > 2). Let f € C®°(Q) with f > 0 in Q. Let u €
W2P(Q) with (D3u)(z) € Cfy = \"Y(T},) for a.e. z € Q satisfy (almost everywhere)

loc
MAL(A\(DZu)) = f in Q.
If p>n(Ck —1), then u € C™(Q).

We recall once again that, unless k = 1 (the Monge-Ampére equation), it is not known if this
condition on p is sharp. However, we will provide in Section below an example that shows
that a threshold does exist for such a result to be valid.

4.1 k-plurisubharmonic functions

The importance in the study of the operator MAj lies in its connection with the notion of
k-plurisubharmonic function.

Definition 4.2. A function u : © — R is said to be k-plurisubharmonic in € if it is upper
semi-continuous and if it is subharmonic whenever it is restricted to any affine complex plane of
dimension k. We denote by k-plurisubharmonic the vector space of such functions.

For instance, 1-plurisubharmonic functions are the plurisubharmonic functions, and n-pluri-
subharmonic functions are the subharmonic functions.

To make clearer the link between k-plurisubharmonic functions and the operator MAg, we
first introduce some notations.

Definition 4.3. Let A € C"*" and k € {1,...,n}. The operator D4 : A¥C™ — A*C™ is the
linear action of A as derivation on the space A*C™ of k-vectors. On simple k-vectors, this means
that

Da(vi Avg A~ Awvg) = (Avp) Avg A Ao+ A (Avg) A~ Avg + -+
+ur Ava A= A (Avg),
for every vy,...,vp € C™.

By choosing the canonical basis of the complex space AFC™ (recall that dim A*C" = CF),
D4 can be identified with a matrix of size C¥ x CF, that will still be denoted by D 4.

Example 4.4. Let A = (ui3)1<i_j<n.

e Forn =3 and k = 2, we have

U1 + Uo3 U3 —Uu13
Dy = U3z ui7 + U3z Up3
—U31 U1 Uy + U33

e Forn =4 and k = 3, we have

Up1 + U9z + Ug3 U3y U1z —Ugg
Dy — Uy3 U1 + Ugs + Uyg —Uu13 U3
Uy1 —Ug3] Uga + Uzz + Ugg Ul
—Uy2 U3z U1 U33 + Ugg + U7
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e Forn=4 and k = 2, we have

U + U3 U3 Ugj —U13 —U1j 0
U3z Upg + U33 Uzg U1z 0 —u13
Dy = Uy3 Uy3 U1 + Uyg 0 U153 U13
—Us1 U] 0 Ugs + U33 U3z —Usg
—UqT 0 Uo] Uy3 Uz + Uygg U3
0 —Uy1 u3g —Uyp U3z ugz + ugg

We can check that D4 is Hermitian if so is A and that the spectrum of D4 is exactly
{)\“(A)—F—F/\zk(A) | (il,...,ik)EEs},

so that it becomes clear that
MAL(A(A)) = det(Da),

and
C];:{AGH” | DA>O}.

This cone is linked to the notion of k-plurisubharmonic function as follows: when u € C?(Q), we
have the characterization

u is k-plurisubharmonic in @ <= (DZu)(z) € C,, Vz € Q.
For more information about k-plurisubharmonic functions we refer for instance the reader to
[HL11), HL13].

4.2 Comparison between MA, and MA,_;

In this section, we show that the crucial comparison property holds for MAy. In fact, we
prove the more precise property that allows to compare MA; and MA,_;.
Let k € {2,...,n} be fixed. Let us first show the inclusion

—1 C T
Let then A € T, and let us show that \;, +...+ \;, > 0. For any (i1,...,ix) € E¥, we denote
by I = {i1,...,ix} and
Eft ={0, - de-1) | Jieodvm1 €k 1 <o <jr-i}
Then, the claim follows from the identity

0< > My + et X ) = =1 g+ Ay (19)

(jlv--wjk—l)eE)[c;l

To show this identity, we have to count how many \;,, Ai,,... are in the sum of the left-hand
side. For A;; the only possibility is to have j; = 4;. Therefore, there are C::Ql =k — 1 such
terms. For \;, there are two and only two possibilities, namely j; = i3 or jo = is (in this second
case, necessarily j; = ;). This gives C} 3 4+ CF~2 terms, which is equal to ) by Pascal’s
rule. Repeating this reasoning leads to .

Let us now show the inequality

MAL(A) < MA,_1()),
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for A\ € I',_,. This is equivalent to show that

ch/os

EO\O
H ()\i1+~-~+)\ik)2 (kl) H ()‘47‘1"’"'_")‘.7%—1)

(i1,0e0rin ) EEE (J1seees jk—l)eE?gl

Using and the inequality of arithmetic and geometric means (note that card Eﬁ:l = k), we
have
k Z(jlv--wjkfl)eE]Icgl (/\jl SRR )\jkfl)

N bt N = 3

1/k

k
(117---,]'7@71)6EZ;1

Y

To conclude, it remains to observe the identity

11 I1 Ny A+ A

(i1,0--5ik)EEE (jl,...,jk,l)eE}“;l

kCk/ck—1

= H ()\]1 +"'+>\jk71) 5

(J1serdu—1)EERTT
which can be established as before by counting the terms A;, + ...+ \;,_, that appear in the
left-hand side (note that kCk/Ck=t =n — k + 1). O
4.3 A lower bound for p

Let us conclude Section [4| by mentioning that, even if the condition p > n(C* — 1) is not known
to be sharp, it is however necessary for the conclusion of Theorem to be true that p is not
too small. More precisely, we will show that it cannot be smaller than

p*=(n—k)Cy.

Note that p* is only equal to n(C* — 1) for k = 1 (and k = n but we have excluded this value).
This follows from the following type of Pogorelov’s example, which is built on the one of [B1099].

Proposition 4.5. Let 1 <m < n and 8 > 0. The function
w(,2") = (1+127) 121,
where (2/,2") € C™ x C"~™, satisfies:
(i) u € C®(C"\N), where N ={z € C" | 2" =0}, and (D%u)(z) > 0 for every z € C*\N.

(i) w € WEP(C") (p>1) if, and only if,

C

8>1 or <6<1 and p<q:rﬁn> (20)
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(iii) u € CLY(C™) (a € [0,1]) if, and only if, « < 28 — 1.

loc

(iv) For B = 1 — Ck/CkF (CF = 0 if m < k), we have MAL(\(D%u)) € C>®(C") with
MA,(A(DZu)) > 0 in C".

For 3 =1—1/CF, the largest p that we can obtain from the condition is when m = k
and it gives p < (n — k)C¥. Consequently, we have constructed an example that satisfies

u € WQ’p((C”)7 Vp € [1, (n— k)C,’j) ,

loc

Diu>0in C"\{z eC" | 2’ =0}, ) 9
but  u ¢ C f(CY), VYa>1- F
MA(A(DZu)) € C>=(C™), "

MA(A(DZu)) > 0 in C",

Remark 4.6. The same function can be used to obtain lower bounds for various degenerate
elliptic equations (Monge-Ampére, k-Hessian equation, etc.), although not always optimal.

Proof of. It is clear that DZu is smooth off N. Let 2 € C"\N. A direct computation shows

that we have the block decomposition

//|2[3 521_Zj |Z//|25*2

3 (1 n |z’\2) ((5 — Dziz |2+ 6y |z"\25*2)

5ij |Z

(DZu)(2) = o (21)

//|2ﬁ*2

ﬁZiZj |Z

where d;; denotes the Kronecker delta and 1 <4, j < m for the left upper block, 1 <4 < m and
m + 1 < j <n for the right upper block, etc.

Let us now find all the eigenvalues of (DZu)(z). From this expression we see that:
//‘2,3

o |z is an eigenvalue of multiplicity at least m — 1. Indeed, since the right upper block

defines a matrix of rank at most 1, the rank of DZu— |z”|2ﬁ Id is thus at most 1+n—m. By
the rank-nullity theorem, |2”/|*’
m — 1.

is an eigenvalue of multiplicity at least n — (1 +n —m) =

o Similarly, 3 (1+ /") |2"*"~>

in case of equality with the first type of eigenvalue, it is then of multiplicity n — 2.

is an eigenvalue of multiplicity at least n —m — 1. Besides,

Therefore, in every case we know n — 2 eigenvalues and to find the two remaining ones, we
are going to find their sum S and product P. The computation of S is easy. Indeed, the sum of
the eigenvalues is

Trace (D2u) = S+ (m — 1) |2"[** + (n —m — 1)8 (1 n |z’|2) 12?2,
On the other hand, from , we have
Trace (D2u) = m |2"|*® + 3 (1 + |z’|2) (n—m+B—1)2"*2.
Therefore,
S =12+ 52 (14 17) 12172
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In order to find the product P, we will use the relation with the determinant of D%u. As
product of the eigenvalues, we have

don(ptu) = P (1) (5 (11278 1)

n—m-—1
_ Pﬂnfmfl (1 + ‘Z/|2> |Z//|25(n*2)*2(n7m71) )

-1

(22)

Let us now compute det(D2u) directly from (21)). Doing the line substitutions

m

_ -2
L; < L; —Zﬂzizr|z//| Ly,
r=1
for each i € {m +1,...,n}, we obtain
5”_ |Z//|2B 521_%_ |Z//|2[3*2
det(D2u) = det ,
0 Qi

where we introduced
aig =B (8- (1+12)) zzs 12"~ 4 8oy (1+12'°) 1271772
Denoting by A = (a;j)m+1<i,j<n We have
det(D2u) = (\z”|2ﬁ)mdet(A).

To compute det(A), we note that it is the sum of a rank one matrix with an invertible matrix,
for which we have the formula

det(J + vivg") = det(J) (1 + va"J o),
for any invertible J and vectors vy, vy. Using this formula we obtain
n2\ | m28-2\""" B
det(A):(6(1+|z|)|z|6 ) T|z’|2

In summary,

det(Du) = gt (1 [/F) T e se ),
Comparing with , we finally obtain that

P=p "7

From the knowledge of the sum S and product P, the two remaining eigenvalues are given

by
S+ V82 —4P
2

where ¢ is the smooth positive function defined by

27+ 82 (14 127) + \/(|z”|2 +87 (14 |z’|2))2 —4p2 |2
o(2) = 5 -

Finally, note that all the eigenvalues are positive outside N. O

2P B2
S+/S2_4P  ¢(2)

= (=) """ and 17,
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Proof of . We only investigate the integrability of the second order derivatives since we can
check afterwards that the first order derivatives yield a less restrictive condition on the exponent
of integrability p. We recall that the only problem for the integrability of u;; is near N, see the
expression . From this expression, we also see that the “worst term” is then

B(1+121%) (8= D)z 1217,
(unless 3 = 1 but in such a case we clearly have u;; € C°(C") for every i, j).

Let us then consider the ball Bf, x BY, with R,e > 0, where B/, (resp. B}) denotes the open
ball of C™ (resp. C™~™) with center 0 and radius r > 0. We recall that ug4 denotes the Lebesgue

measure in C%. We have
p p
_ (/ (1+12) dum>
L? (Bl x BY') B

H (]. + IZ/|2) ZiZj |Z”‘2ﬂ74’
28—4
’ (/BM A d%—’”) |

The first integral in the right-hand side is clearly finite. For the second one, using standard
formula (see e.g. [KIi91, p. 23]) we have

’
R

€
[ Qe 1215 = O =y [ 2o remseo-angy
BY 0
It is well-known that this integral is finite if, and only if, the power of r is larger than —1, which
gives the desired condition ([20).
O

Proof of[(iv) Let us now compute MA(A(DZu)). We recall that
MALA) = J] Qa4 A

(il,...,ik)eEﬁ

2
"% and n —m

From what precedes we know that there are m eigenvalues of the form |z
cigenvalues of the form |2”|*’ =2 (by “of the form” we mean up to the multiplication by a smooth
positive function). Now, observe that:

e The sum \;, + ...+ A, is of the form |2”|*” if so is each element of the sum. There are
Ck possibilities for this situation to happen (Ck =0 if m < k).

e In all the other cases, the sum A;, + ...+ A;, is of the form |z”|2ﬁ72. Since there are

C* = card EF products overall in MAy, this means that such sums appear C* — C¥ times.

In summary, we have
MA, (A(D2u)) = (z) |2//|Cm GO +(Cn=Cr)(26-2)

for some smooth positive function 1. Consequently, MA(A(DZu)) € C°°(C™) when the power
of |2”| is exactly equal to zero, which gives the desired condition on 3, namely
Ck
B=1-—1.
Cy

For this value of 3 we also have MA(A(D3u)) =+ > 0 in C".
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