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I'-SUPERCYCLICITY OF FAMILIES OF TRANSLATES IN
WEIGHTED LP-SPACES ON LOCALLY COMPACT GROUPS

ARAFAT ABBAR AND YULIA KUZNETSOVA

ABSTRACT. Let w be a weight function defined on a locally compact group G,
1 <p<+o00, S C G and let us assume that for any s € S, the left translation
operator T is continuous from the weighted LP-space LP(G,w) into itself. For
a given set I' C C, a vector f € LP(G,w) is said to be (T, S)-dense if the set
{\Tsf: NeT, se€ S}isdense in LP(G,w). In this paper, we characterize the
existence of (I',S)-dense vectors in LP(G,w) in terms of the weight and the
set I

1. INTRODUCTION

Let G be a locally compact group with a left Haar measure p, and let w : G — R
be a weight on G, that is, a positive locally p-integrable function. Consider now
the weighted LP-space, 1 < p < +oc:

LP(G,w) := {f :G — C: f measurable, /G|f(t)|pw(t)p du(t) < oo}

endowed with the norm

1/p
= ([ 1r0Pe07du0))
For s € G, the left translation operator T is defined by
(T:f)(t) = f(s7't), teG, feLl(Gw).
It is known that Ty maps LP(G,w) into itself and is bounded if and only if
w(st)
M (s) := esssu

)= e ®
and M (s) is equal to the norm of Ts in this case. Let S be a subset of G. We
say that w is an S-admissible weight if, for all s € S, M(s) < 4+oo. In this case

the following notion makes sense: A function f € LP(G,w) is called S-dense if its
S-orbit

< 400,

Orbs(f) :={Tsf: s € S}
is dense in LP(G,w).

Whether S-dense functions exist, depends on S and on the weight. The first
criterion of the existence of S-dense functions in this context was obtained by
H. Salas in [14]: In the case G = Z and S = N, a necessary and sufficient condition
is liminf{w(n + ¢) + w(—n+¢q) : n € N} =0 for all ¢ € N, independently of p.
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In [1], E. Abakumov and Y. Kuznetsova gave an S-density criterion in the case
of a general group G and its subset S. The (necessary and sufficient) condition
involves series of local p-norms of w, similar to that of Theorem A below, and is in
general not simplifiable. In the case when the subgroup generated by S is abelian,
the condition simplifies to the following: For every compact set F C G and any
given 0 > 0, there exists s € S and a compact set K C F such that p(F\ K) < ¢

and esssup w < §. This is a generalization of the result of Salas, as well as that
sKUs 'K
of W. Desch et al. [6] (G =R, S=R\Ry) and C-C. Chen [4] (a single translation

operator Ty, on LP(G,w)).

An interesting necessary condition for the existence of an S-dense vector is that
G needs to be second-countable, that is, to have a countable base of topology [1,
Proposition 3], which is equivalent to saying that LP(G,w) is separable (Recall that
S and thus the orbit of f need not be countable).

If S is the sub-semigroup generated by a single point sy € G, then S-density
is equivalent to the hypercyclicity of Ts,. Recall that an operator 7' defined on a
Banach space X into itself is hypercyclic, if there exists x € X such that the orbit
of x, i.e., Orb(x,T) := {T"x : n € N} is dense in X. The result of Salas [14] is
thus a criterion of hypercyclicity of the backward shift operator on LP(Z,w). We
refer to [2, 10, 11] for more information about hypercyclicity and universality.

A bounded linear operator T' on a Banach space X is said to be supercyclic
if there exists a vector x € X whose projective orbit, i.e., Orb(Cx,T) := {\T"x :
A€ C,n e N}isdense in X. A characterization of supercyclicity of weighted shift
operators was also obtained by Salas in [15], while M. Matsui et al. [13] character-
ized the supercyclicity of one-parameter translation semigroups. Moreover, if .S is
the sub-semigroup generated by sg € G, then a characterization of supercyclicity
of Ty, was also obtained by C-C. Chen [5].

For I' C C, T-supercyclicity is a recent intermediate notion between hyper-
cyclicity and supercyclicity introduced in [3]. An operator T defined on a Banach
space X is I'-supercyclic if there exists £ € X such that the orbit of 'z, i.e.,
Orb(T'z,T) := {NI™xz : A € I, n € N} is dense in X. Instead of a single oper-
ator, one can consider a family of translation operators parametrized by a subset
S C G. On this way we come to the following definition, which can be regarded as
T'-supercyclicity of a family of translates:

Definition 1.1. We say that f € LP(G,w) is (', S)-dense in LP(G,w) if its (T, S)-
orbit, i.e.,
Orbs(Df) :={\Tsf: NeT, se S},
is dense in LP(G,w).
We have clearly a chain of implications:
S-density = (T, S)-density = (C, S)-density.

In particular, if T" is reduced to a non-zero point, then S-density coincides with
(T, S)-density. Furthermore, if S is the sub-semigroup generated by sy € G, then
(T, S)-density coincides with I-supercyclicity of T, .

Besides the case of a trivial group G = {e}, the group must be non-compact
second-countable in order to have (T',S)-dense vectors for some p,w,S,T". This
is proved in Section 2. Under the above assumptions on the group, we get the
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following density criterion extending the results of [1]. Denote, for a measurable
function f on G and a subset K of G,

1l = < /| If(t)lpdu(t)) "

Theorem A. Let G be a second-countable locally compact non-compact group. Let
S CG,1<p< 400, ' CC be such that T'\ {0} is non-empty, and let w be a
locally p-integrable S-admissible weight on G. Then the following conditions are
equivalent:

(1) There is a (T, S)-dense vector in LP(G,w).

(2) For every increasing sequence of compact subsets (Fy,)n>1 of G of positive
measure and for every sequence (0n)n>1 of positive numbers, there are se-
quences (Sp)n>1 C S, (An)n>1 C T\ {0} and a sequence of compact subsets
K, C F, such that the sets s, 'F, are pairwise disjoint, u(Fy, \ K,) < o,
and

S el < 400
n,k>0;n#k |Ak|p p’S"S;IK’“ ’
bl = bl

with sg = e being the identity, \g = 1 and Ko = (.

This theorem is stated again, with yet another equivalent condition, and proved
in Section 4.

In [16], S. Shkarin proved the equivalence of R, -supercyclicity and supercyclicity.
By Theorem A, we obtain the following generalization of this result as a corollary:

Corollary 1.2. Let |T'| denote the set {|\| : A € T'}. LP(G,w) has a (T, S)-dense
vector if and only if it has a ([T, S)-dense vector. In particular, LP(G,w) has an
(R, S)-dense vector if and only if it has a (C, S)-dense vector.

Let T be an operator on a Banach space X. If T' C C is such that I' \ {0} is
non-empty, bounded and bounded away from zero, we know that 7" is I'-supercyclic
if and only if T is hypercyclic [3]. Here we have the following similar result for a
family of translation operators:

Corollary 1.3. If T'\ {0} is bounded and bounded away from zero, then LP(G,w)
has an S-dense vector if and only if it has a (I, S)-dense vector.

If T is unbounded or zero is its limit point, then L? (G, w) may have a (T, S)-dense
vector, but no S-dense vectors, see Example 4.3.

If the subgroup generated by S is abelian, Theorem A simplifies to the following,
under the same assumptions on p, G, S, T" and w as in Theorem A:

Theorem B. If the subgroup generated by S is abelian, then the following condi-
tions are equivalent:
(1) There is a (T, S)-dense vector in LP(G,w).
(2) For any compact subset F C G and € > 0, there are s € S, A € '\ {0} and
a compact subset E C F such that u(F\ E) < e and

1
|Messsupw(st) < e and ——esssupw(s 't) <e.
teE Al tem
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For the proof of Theorem B, with an additional equivalent condition, see Section
6. It is worth mentioning that the condition (2) above does not depend on p, but
we need the usual assumption of local p-summability of w which does depend on p.

In the case where T' is equal to one of these sets: the complex plane, [0, 1],
[1,400], or a set which is bounded and bounded away from zero, we get a complete
characterization of (T, S)-density only in terms of the weight, see Corollary 6.2.

And finally, in the case when all translations are bounded (and not only by
s € 5), the criterion is as follows:

Proposition 1.4. Let G be abelian and let w be a continuous G-admissible weight.
Then there is a (T, S)-dense vector in LP(G,w) if and only if there exist two se-
quences (sp)n>1 C S and (A\p)n>1 C T\ {0} such that

lim max{|/\n|w(sn); ﬁw(ggl)} =0.

n—-+oo

Proposition 1.4 is a consequence of Proposition 5.4 below when G is abelian.
In the case where G is abelian, and IT" is equal to one the particular mentioned
above sets, we get a complete characterization of (T, S)-density only in terms of the
weight, see Corollary 5.5.

2. RESTRICTIONS ON THE GROUP

It has been shown in [1] that S-dense vectors can exist in LP(G,w) only if G
is non-compact second-countable. For (T, S)-density, the restrictions are the same,
even if the proofs have to be changed.

In this section and further on we denote by Xy the characteristic function of a
set K, and by e the identity of G.

Lemma 2.1. Let X be a non-separable Banach space and let 0 < M < 1. Then
there exist an uncountable set {xotacr C X of norm 1 vectors such that for all
at,..,an €1 and ¢y, ...,c, € C\ {0},

n

H Z Cila;

=1

> M min{|¢;| : 1 <i < n}.

Proof. This is an easy application of Zorn’s lemma and Riesz’s lemma: note that
| S0 cia, || = Jek|dist(za,, span{za, : k #i € {1,...,n}} for every k =1,...,n.
O

Lemma 2.2. Let G be a o-compact locally compact group. The orbit Orbg(f) of
any function f in LP(G) is separable (in the norm topology).

Proof. This fact is not new, and proved for example in [17] for p = 1. Since it is
not stated for p > 1 up to our knowledge, we include a proof here. It is known
[12, Theorem 20.4] that the map 7 : s — T f is continuous, from G to LP(G) with
the norm topology. Since G is a countable union of compact sets, the same holds
for 7(G) = Orbg(f). This is in addition a metric space, which implies that it is
separable. 0

Theorem 2.3. If for some p, S, and w there exists a (C,S)-dense vector in
LP(G,w), then G is second-countable which is equivalent to saying that LP(G,w) is
separable.
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Proof. Let us prove first that G is o-compact, which is a strictly weaker condition.
Suppose that f is a (C, S)-dense vector in LP(G,w) for some p,w and S. It is known
that f can be assumed to vanish outside a o-compact set [12, Theorem 11.40], so
that the support of f is contained in an open o-compact subgroup H of G.

Suppose now that G is not o-compact, then H # G. Pick g € G\ H. Let
U C H be a compact symmetric neighbourhood of identity. There exist v € C
and s € S such that [|[xu + Xqu — YL s fllp,w < min(||Xvlp.w: |Xgu|lpw). But this is
only possible if the support of T, f intersects both H and gH, which is false by the
choice of H.

This shows that from now on, we can assume that G is o-compact. According to
[18, Theorem 2], we have G is second-countable if and only if LP(G) is separable,
and the same is valid for LP(G,w) since this space is isometrically isomorphic to
L*(@G).

Suppose that LP(G, w) is not separable but f € LP(G,w) is a (C, S)-dense vector.
According to Lemma 2.1, there exists an uncountable set {gq }aer C LP(G,w) such
that ||ga||pw =1 for all a and

9
P > Emin{|ci| 1<i<n}

n
1> cigal
i=1

for all aq, ..., € I and ¢y, ...,c, € C\ {0}. For all a € I, we can approximate g,
1
so that [|ga — AaTs, fllpw < 0 with s, € S and A, € C\ {0}. We can choose

d > 0 so that the set J = {a € I : 0 < |Ao| < 2§} is uncountable. Now for every
«, B € J we have

1 1
)\71 a_Ts w< T < T
|| a 9 af|P7 1O|/\a| 105
and
1 1 9 1 1 1 1
Ts _Ts w> N Ya T T w__>_ i Ty S T e e
H af 3f|107 ”Aag /\ﬁg,@”P, 55 10mln{|)\a| |)\5|} 55 45

We will show next that the set J allows to find a function in L?(G) with a non-
separable orbit, which contradicts Lemma 2.2 and will prove the theorem. For every
«a € I, we have

175, f

p
pb,w

= lim |Ts,, f(z)[Pw(z)Pdp(z)
N=+00 Jlaw(z)<N}

so that there exists No € N such that [, .oy |75, f(2)[Pw(z)Pde < (165)~".
There is N € N and an uncountable set Jy C J such that N, = N for every o € Jy.
Moreover, there exists C' > 0 and an uncountable set J; C Jy such that || T || < C
for every a € Jj.

Next, for every € > 0 the function

fe(@) = f(@)X{wse) (7)
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is in LP(G). Pick € > 0 such that ||f: — f|lpw < (32C8)~'. We have now for
a, B e Ji:

ITanfe = Toufely > o - [Tan e = To e
1
> = (1T f = Tos fllpo = IXaon - [T f = Tea ] e
~ Xwsn - [Toa(Fe = 1) = Toalfe = )] lpo]
171 2
|75 = 155 — 1T (e = Dllpiw = 1T (fe = Hlps]

N
171 1
2 LT a0 pla] > b s
This means that the S-orbit of f. is nonseparable in LP(G). This is the expected
contradiction, which proves the theorem. 0

Proposition 2.4. If G is a nontrivial compact group, then the space LP(G,w) has
no (I, S)-dense vectors for any T',w, S, p.

Proof. Suppose that LP(G,w) has a (I, S)-dense vector f. If G is finite, then
Orbg(I'f) is contained in the finite union U{CT,f : g € G} of one-dimensional
lines, which cannot be dense in LP(G,w) unless G = {e}. We suppose therefore
that G is infinite.

Scale the Haar measure so that u(G) = 1. Fix ¢ € (0,1/12). There is 6 > 0 such
that u(Es) > 1 — e where Es = {t € G : w(t) > ¢}. There exist s; € S and 71 € T’
such that |X¢ — 11 Ts, fllpw < €6. Then

0e? > | 7|1 =1 f(sy ') Ppult),
Es
so that

[ s <o
N Es

Since G is infinite, p has no atoms. We know that G is second-countable, thus e
has a countable base of neighbourhoods (U,,) and one can assume them decreasing;
there exists U, with u(U,) < . By compactness, G is covered by a finite number
of translates of U,, (all of the same measure < ¢); picking a sufficient number of
them, one can form a set £ C G such that 1/2 — ¢ < u(E) < 1/2 +e. Let now
52 € 8, 72 € T be such that [|[Xg\g — 72T, fllp,w < de. As above, this implies

wers [ @bl opano)
EsNE
so that
[ P <<
55 L(EsNE)
and

/ 11— o f (1) Pdpu(t) < &,
sy (E5\E)

Denote A = s7'Es, B = s, (E; N E), C = s, (Es \ E). Now pu(AN B) >
1—pu(G\NA)—pu(G\B) > 1—e—1/2—2¢ = 1/2—3¢, and similarly u(ANC) > 1/2—3e¢.
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At the same time (the norms below are unweighted),

Y1
AN B = xXanslly < Xans Sl + IXanz( =12l < H+

so if we denote z = 71 /72 then e|z| > (1/2 — 3¢)/? —& > 1/2 — 4¢ > 1/6 by the
choice of ¢ and |z| > 1/(6¢). In particular, |z| > 2. On the other hand,

1ply | _ .
wANC) /P ,YJ ||XAmC(1 vz)””

1 1
< Iane(t =)l + Xare 21 =)l <+ bl

|72|

whence similarly |1 — z|/4 < e(1 + |z]) and |z| < 1 + 4e(1 + |z|) which implies
|z| < (144¢)/(1—4e). This is however incompatible with |z| > 2. This contradiction
proves the proposition. 0

3. CONTINUITY OF TRANSLATIONS

The condition for the translation operator T to be continuous was given in the
introduction. The question of continuity of the map S — LP(G,w), s — Tsf for
fixed f is more delicate.

Let C.(G) denote the space of continuous functions on G with compact support.
On this space, no problem occurs. In a standard way (similarly to [12, Theorem
(20.4)], using uniform continuity of f and local p-summability of w), one proves the
following

Proposition 3.1. Let G be a locally compact group, 1 < p < +00, and let w be a
G-admissible weight on G. Then for every f € C.(G) the map

G — LP(G,w)
s — Tsf

1S continuous.

If w is a G-admissible weight (all translations are bounded), the map in question
is still continuous for any f € LP(G,w):

Theorem 3.2. Let G be a locally compact group, 1 < p < 400, and let w be a
G-admissible weight on G. Then for every f € LP(G,w) the map

G — LP(G,w)
s — Tsf

s continuous.

Proof. Tt is known [8, Theorem 2.7] that every G-admissible locally summable
weight w is equivalent to a continuous weight @, in the sense that there exists
C > 0 such that 1/C < w(t)/@(t) < C for all t € G. For w locally p-summable the
same is true of course. We can thus assume that w is continuous.
Set M (s) := sup wist
e w(t)
is locally bounded on G. Fix f € LP(G,w). Let so € G and £ > 0. Since G is locally
compact, there exists an open neighborhood W of e whose closure is compact. Let
0 > 0 such that

for every s € G. According to [7, Proposition 1.16], M (s)

(1Tl +1+ sup M(s))d <e.
s€EsoW
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Since w is continuous, the space C.(G) is dense in LP(G,w), hence, there exists
¢ € C.(G) such that

1f = Ollp.w < 0.
By Proposition 3.1, there exists a symmetric open neighborhood U of e whose
closure is compact such that

1Ts0® — Ts@|lpw < 0 for every s € soU.

Let V.= U N W, then V is an open neighborhood of e. Fix s € sgV. Thus
1Ts0® — Ts@llpw < 0 and ||Ts¢ — Ts fllpw < 0 sup M(s). Hence
s€EsoW
||T50f - TSpr,w < HTSOf - T50¢| pw T HTSO¢ - T5¢|
<

(ITs | + 1+ sup M(s))d <e.
SGSoW

p,w + ||Ts¢ - Tsf|

pb,w

O

)

With a weight as above, it is not difficult to show the following “non-compactness’
of translations, necessary in the sequel:

Proposition 3.3. Let G be a locally compact non-trivial group, S C G, 1 < p <
+oo, and let ' C C be such that T'\ {0} is non-empty. If w is a G-admissible
weight on G and f € LP(G,w) is a (T, S)-dense vector, then for every compact set
K C G, fis also a (T, S\ K)-dense vector in LP(G,w).

Proof. As pointed out above, we can assume that w is continuous. Since G is not a
finite group, LP(G,w) is infinite-dimensional. By Theorem 3.2, the set {Tsf : s €
K} is compact in LP(G,w), thus the set C{Tf : s € K} is nowhere dense. Hence

LP(G,w) = int Orbg(I'f) \ C{Tf : s € K} = int Orb(g\ g (I'f),
which implies that f is a (I', S\ K)-dense vector in LP(G,w). O

However, if translations T are bounded only for s in a subset S C G, then the
translation map s — T, f may be discontinuous on S. This explains the need of the
long Lemma 3.5 below.

In the following example, we construct a continuous weight on R, prove first that
it is Ry-admissible, and then exhibit a function f € LP(R,w) such that Tsf 4 f =
Tof as s = 0.

Example 3.4. Set G =R, S =R, and a,, = n! for n > 2. Define the weight as

1 ift<O0orté€lap—1+1,ap—n],n=>3
2t~ (an—n) ift € [an, —nya, — 1]
PACE ift €lan,—1,a, —1/2]

w(t) = 14 (2" — 2)(an — 1) if t € [a, —1/2,an]

[
[
L4 @ - 12— ) 4 fansan 277
1

[

t—ap,

ift €la,+27"a,+1]

This weight is thus equal to 1 at a,, and “far from” any a,; around a,, it has two
peaks: one on the left, with the maximum value 2"~ ! taken on a whole segment
[an,—1,a,—1/2], and another on the right, with the maximum 2" taken in a,,+27".
It is clear that w is continuous.

Claim 1. w is an R -admissible weight.
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Proof. Set
t
M(s) = supw(s +4)
ek w(t)
Suppose that 0 < s < 1/2, and let n be such that 277! < s < 27", Clearly
w(a’n + S) 2n n 2n—1 1
M(s) > —F—2 =1+ (2" —2")s > 2 > —.
(s) (@) +( )s §2 o

Let us show that in fact M (s) < 2/s. To estimate M (s), let us consider all possible
cases for t € R.

o Ift <apy1—(n+1), then w(t) and w(t+ s) are between 1 and 2", so that
their ratio is bounded by 2".
o If t € [aym — m,am — 1 — s] for m > n, then
w(t+s)
w(t)
o Ift € [ay, — 1 — s,a, — 1/2] for m > n, then
w(t+s 2m—1
(w(t) ) < g1
o If t € [ay, — 1/2,ay, — 8] for m > n, then w(t + s) < w(t) and
w(t+s)
w(t)
o If t € [am — $,am + 2™ — 5] for m > n, denote u = a,, —t. We have
u€[s—2"" 4|, and
wt+s) 1+@™=1)2"(t+s— am)
wt) 1+ (2" —2)(am 1)
1+ (2™ —1)2™(s —u)
T 1+ (2 —2)u
P is a decreasing function of u on [s — 27™ 5], hence

w(t+s) _ 2m
YT < P(s—27™) =
w(t) (s ) 2mg — 25 4 2—m+l

2m 1

S o0 < —.

(2m —2)s ~ 2s
o If t € [ay, — s+ 27, ay,) for m > n, denote again v = a,, — t. We have

u e [0,s—27™], and

w(t+s) 1 1

=2°<2.

=2°<2.

<1

=: P(u).

w(t) [1+@2m = 2)(am =]t +5—am)  Qu)’
where Q(u) := (1 + (2™ —2)u)(s — u). It is easy to see that @ is a concave
function, and thus its minimum on any segment is attained at one of its
ends. On [0,s —27™], we have Q(0) = s and

Qs —27™)=s42172m 27 mg > (1 - 275 >

)

N »

as we suppose m > n > 1. It follows that
wit+s) 1 2
w(t) Qu)

V)
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o If t € [am, am +27™] with m > n, denote u =t — a,, € [0,27™]. We have

W(t + S) - 1 B
3 R R | (s g P oy B
where R(u) := ! . Then R is decreasing on [0, 27™],

(s +u)((22m —2m)u+1)
hence

w(t+s) 1

o Ift € [am+ 27, am + 1], then w(t + s) < w(t).
Taking maximum of these estimates, we arrive at M (s) <

Being finite on [0,1/2) and submultiplicative (i.e., M(s+s') < M(s)M(s")), M
is finite on [0, 00) so that w is an R -admissible weight. ]

2
.
+

One can verify that M (s) < oo exactly when s € Ry if s < —1, then

w(a, +277)
M(s) > su > sup 2" = +o0,
() = sup o 2 s~ 5D

=

and if —1 < s < 0 then
w(a, +27m) _
M(s) >  sup = sup 2"(27"+]s|) = +o0.
n:2=n<L1—|s| w(an +27" + |S|) n:2=n<L1l—|s|

Claim 2. There exists f € LP(R,w) such that || f — Tsf|lpw # 0, s = 0.

Proof. Set f =375 X{ay—2-*,a,]- Check first that its p,w-norm is finite:

1£1Ipw = Z/ak (14 (2 = 2)(ap, —t))7dt
k=2

ak72*"
<Y 2714 (2F - 2)27F)P < 0.
k=2

If s =27, 2 <neN, then Tof = D77, X[gp—2-k12-n qp+2-]; it equals 1 on
[an, an + 27™] while f vanishes (almost everywhere) on this segment. Thus

an+27" an+2""
=Tl [ word= [ (1 @ - 02— a) e
2 1 1
> 2p(n71)+pn/ Pdt = 92pno—n(p+1) _ gn(p—1)
0 (p+1)2° (p+1)2°
which is constant if p = 1 and tends to infinity as n — oo if p > 1. (I

The following lemma will be used in the proof of Theorem A.

Lemma 3.5. Let G be a locally compact non-compact group, S C G, 1 < p < +00,
and w an S-admissible weight. Let f be a (T, S)-dense vector in LP(G,w). Then
for every compact set K C G of positive measure, any € > 0, A\ € C\ {0} and every
compact set L C G there are v € T', s € S\ L such that

INTsf = AXkllp.w <e
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Proof. We can scale the Haar measure if necessary to have u(K) = 1. There is

3
clearly C' > 0 such that for K¢ := {t € K : w(t) > 1/C} we have u(K¢) > T

Increasing L if necessary, we can suppose that e € L = L~'. We can also take
¢ > 0 small enough to guarantee 4e < ||[AXk ||pw and 2Ce < |A|.

Suppose the contrary, that is, [|[AXx — YT sf||pw = € for every y € I, s € S\ L.
Let us prove the following

Claim. There exists M > 0 such that for all v € T" and s € S satisfying
M =T f|lpw < €, we have s € L and || > € with & := M~(|A| - 21/PCe) > 0.

Proof of the claim. There exists M > 0 such that the set X3, = {t € LK : |f(¢t)| >

1
M} has measure less than EM(KC)' Let v € I and s € S be such that [|[A\xx —
VLsfllpw < €. By assumption we have s € L and

P > ||IMx =TSS5, = / IN =~ f(s71)|Pw(t)P dul(t)

Kc

>Cr /KC N = f(sH)|Pdu(t) > CP/( A=~ f () dult).

sTIKo)\ X

If |y|M < |A|, then
RN / (A = [yIM)? dpu(t)
(s7'Ke)\Xm

> C7P(IA = W IM)P(u(K ) — (X))
Iu(Kc) L
10CP 207

(Al = M)? > o= (A = [y [ M)P,

which implies

Iy > M7Y(A| = 2Y/PCe) = € > 0

If [y|M > |)| then also |y| > &, since & < % .

The set LK is compact, so its measure is finite; pick N € N with (LK) < N/2.
Set 7 := max{l, |[Xk|pw} and \; = X+ je/2Nr, j =0,...,N — 1.
For j =0,...,N — 1 we choose §; > 0, v; € I', s; € S such that

”)‘jXK - /Yst]-f|
The choice of ¢; is specified later, but it will be less than /4. Since

pw < 5]"

g
MK = 2T, Fllpo < 85+ 1A= Al Xk lpo < 05 + 5 <&,

by the claim we have s; € L and |vy;| > . Moreover, we have

/ A =i f(s5 )P dp(t) < Cp/ w(t)P|N; — v £ (s7 )P dp(t)
K¢ Ko
< CP|NyXx — 7T, fIE., < CPP.
Set Kj:={te Kc: A - ”ij(s;lt” > 41/P5,C}. By trivial estimates,
Crsy > /K I\ = f (s )P du(t) > ACPSE u(K;),

J
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so that )
K —.
p(K;) < 1

Fort € K} := s}l(Kc \ K;) we have the estimate

|f(t) _ ﬁ < 41/pci < 41/pcﬁ
ol ;] 3

1
and p(K%) > p(Ke) — p(K;) > 3 The aim is to choose d; so that these sets are

pairwise disjoint. For this, it is sufficient to choose d; so that the disks B; := {z €
C: |z — \j/v;| <4YPC3§;/€} are pairwise disjoint. Suppose by induction that this
is done for k < j. Set §; = min{d : k < j}. If Bj N (Up<;jBi) = 0, then we
are done. If not, divide d; by 2 and pick v; € I', s; € S accordingly. If we still
have B; N (Ug<;By) # 0, continue in the same way. Either we arrive at an empty
intersection on some step — in this case we can pass to the next j — or we continue
infinitely and get a sequence v, € I, s, € S such that [|A\jXx —vj.nTs; . fllpw — 0
as n — 0o. According to the Claim, we have s;,, € L and |7;,| > &, so that

[ Pt dnt) = [ 1T, DO dul)
sTL(G\K)

G\K

Jsn

)\.
< ||%XK - (Tsj-,nf)(t)”g,w

J,n

1
<EWﬂK—%ﬂ§JMM%0

Since G\ LK C sj_,ll(G \ K'), we have

/ |f(®)|Pw(s;nt)? du(t) — 0 as n — oo. (1)
G\LK

This is an exercise to show that (1) implies f =0 on G\ LK. [ If not, there is a
compact set F' C G\ LK of positive measure and § > 0 such that |f| > § on F.
Recall that s;,, € L for every j,n. Pick 61 > 0 such that the set D = {t € LF :
w(t) < 61} has measure p(D) < 15u(F). Now

[1soratstra > [ st au
F F\s; . D
9
> 88 (u(F) — (D)) > ~-5°60(F)
and cannot tend to 0.]
But now it is easy to show that f cannot be (T, S)-dense. Indeed, let g € G
be such that LKK g " LKK~' = (. For every s € G we have then either

sTIKNLK =0 or s 'gK N LK = (). In the first case, T, f vanishes on K, and in
the second case, on gK. For all vy € I" and s € S, we have then

re > [ 1-a@NOPLO W + [ 1= TAOP O dult)
K gK

> min { [ w0 aut), / W (0dult)}

so that v7 f cannot approximate Xx + Xyx arbitrarily well.

XK + Xgx — VTS f]
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This shows that the choice of required d; is always possible, yielding the pairwise
N
disjoint sets K. It follows that u(UK?) > 5 > u(LK), in particular, UK} € LK.

But by assumption, we have K ; C s}lK C LK for every j. This contradiction
proves the lemma. 1

Remark 3.6. This lemma implies that in case of existence of (T, S)-dense vectors,
not only G cannot be compact, but also S cannot be contained in a compact subset
of a non-compact group G.

4. PROOF OF THEOREM A

From now on, we assume the following.

Definition 4.1. We say that (G, S,p,w,T") is an admissible tuple if G is a second-
countable locally compact non-compact group, S C G, 1 < p < +oo, I' C C is such
that T'\ {0} is non-empty, and w is a locally p-integrable S-admissible weight on G.

Theorem A. If (G, S,p,w,T) is admissible, the following conditions are equivalent:

(1) There is a (T',S)-dense vector in LP(G,w).

(2) For every increasing sequence of compact subsets (Fy)n>1 of G of positive
measure and for every sequence (0n)n>1 of positive numbers, there are se-
quences (sp)n>1 C S, (A)n>1 C T\ {0} and a sequence of compact subsets
K, C F, such that the sets s, F, are pairwise disjoint, u(F, \ K,) < 0p

and Al
—lwll? i < oo,
n,k;n;ék |,\k|P p.snsy Kk
with so = e, \g = 1 and Ky = 0.
(3) For every N > 1, there exist N vectors {f1,..., fn} C LP(G,w) such that
the set

{)\(Tsfl, "'7TSfN) el se S}
is dense in the direct sum of N copies of LP(G,w).

Proof of Theorem A. Firstly, it is clear that (3) = (1). Let us show that (1) = (2).
Assume that so = e, A\g = 1 and Ky = (). We can suppose that the sequence (d,,)n>1
is decreasing with E,@l 0 < 400 and O < p(Fy). For each k > 1, there exist a

)
compact set |, C Fy, and 0 < ¢ < § such that pu(Fj \ F}) < ?k and

essinfw(t) > ¢, , esssupw(t) <cpl. (2)
teFy teF]
Let f € LP(G,w) be a (T, S)-dense vector. According to Lemma 3.5, there exist
two sequences (si)r>1 C S and (Ax)g>1 C I'\ {0} such that, for each k& > 1, we

have
12XF; — MTs fIB. < 6k, (3)

and s, ' Fy N sj_le = () for every 1 < j < k. By (2) and (3), we get
5> [ DT D)0~ 2Pl du®) > o [ (T D)0 — 2P dute),
Fy, Fy,

that is
Ok

1r < 0.

H)\kTSkf - 2XF,;H27F,; < Cz(Sk <
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Set K} := {t € F} : |\if(sy't)| > 1}. It follows that
Ok

%o qos [ s P () > (L KD,
4 F{\K],

é
There exists a compact subset K3, C K, such that p(K} \ Kj) < Zk According to
the above estimates, we get u(Fy \ Kj) < dx. Moreover,

;)M el e, < 2 [ SOPLOP ) < Wl < oo @

Fix n > 1. Note that, for every k # n and ¢ € 5,5, 'Ky, we have t € G\ K/, and
IA\k(Ts, £)(t)] > 1. Moreover, the sets s,,s; ' K}, are pairwise disjoint. Hence

> 2o Wl g, < D P [ An(Ts, f)(E)P dpa(t)
[Ap[P " Psn

k,k#n kfin ) Snsi

< / ()T )P ()
G\K,

<P / (T, F) (0P dps(t)
F]\K/,

n / WP 12X 8, — An(Ta, F)(OIP dpa(t)
G\F},

< ¢ u(Fy \ K7 + [12X5;, — ATy, fI1) o
< 6p + 25, < 20, (5)

According to (4) and (5) and since }_ -, 6, < +00, we obtain that the series in
the condition (2) of Theorem A converges.

(2) = (3). Without loss of generality we can assume that N = 2. Since L (G, w)
is separable, there exists a countable sequence {(pn,¢n) : n = 1} C K(G) x K(G)
dense in LP(G,w) x LP(G,w) (where K(G) is the set of essentially bounded functions
on G with compact support). Let {(gn,hn) : n > 1} be a sequence composed by
the terms (pn,¢,) so that each term appears infinitely many times.

Set F, := U}_, Sk where Sy, := supp gxUsupp hy, and «,, := max {||gn[|%, |hn % }-
Let also (07,) be a decreasing sequence such that 0 < §;, < a,;'27". Since [[w|]P 5 <
+oo for every n > 1, there exists a positive decreasing sequence (7, )n>1 such that
[wl[} g < 6y, for every E C F, satisfying u(E) < 7. Set 8, = min(r,;d;,) > 0.

By assumption, there exist (sp)n>1 C S, (An)n>1 C T'\ {0}, and K,, C F, such
that the sets s, ' F}, are pairwise disjoint, u(F, \ K,) < &, and

2\ |P
E ar < +o00  where aj, = E |)\n| [lw ||Z snsT 1K
k>0 nintk Ak [P ne TR

with sg = e, A\g = 1 and Ky = (). Hence ay, k—> 0, thus there exists a subsequence
— 400

(a1, k>0 of (ag)k>o (with lop = 0, Iy > k) such that Zk>1 agay, < +o0o. We can
also choose [, so that the pair (g;,, hi,,) is the same as (gx, hy) for every k > 1. We
then have

> aklunlpll ¢ < 400 (6)
|‘uk|P Pitnty lEk
n,kin#k
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where ¢, = s;,, ptn = N, and By = K;,. Moreover, the sets t;lEn are pairwise
disjoint, and for every n>=1, w(S,\ En) < u(F, \ K, ) < 01, < On- So, the series

f1-—z T 1(grXE,) and  fo = Z T 1(heXE,)s

k>0 k>0

are convergent. Indeed, according to (6), we get

1
||f1||,1;,w<2w/1 ()| gr(tit) Pt < Zak Sl g, <+
k tk

Similarly, one can check that [ faf|) , < oo. To finish the proof, we have to show

that ||un (T, f1,Tt, f2) — (gn, hn)l| = 0. Note that, for any n > 1 and i # j
n—r—+0o0

such that , j # n, we have t,t; ' E; Nt,t; ' E; = ) and E, Nt,t; ' E; = . Now, for

n > 1, we have

[ [P
||/’l’nTtnf1 - gn”g,w = Z = H tntgl(gk?XEk)|

g,w + ||gn(XEn - 1)||p,w

b Pl

< Z |,LLn H p

< GellEwll? g, + N9nllENl cuppion .
kk;ﬁn

< Z |Nn ||p + o,

S potnty ' By nCln
kk;én

<en+277,

where nl?
Hn P
enim 3 ol
Ko Ikl P ,

Similarly, [|pn Ty, f2 = hallh ., < €0 +27". By (6), we get £, — 0. Hence,
HMnTtnfl gn”p, + HMnTtnf2 —hn |

p,w \ (2 n+€ )l/p n—)—+>oo 0.

O

Remark 4.2. If G is a countable discrete group, then in condition (2) of Theorem
A we can suppose that the set K, is equal to F,.

The (T, S)-density condition, for I" unbounded or unbounded away from zero, is
strictly weaker than just S-density, as can be seen on the following example.

Example 4.3. Let G = Z, let S = (nr)n>1 be a strictly increasing sequence of
positive integers, let 1 < p < +00 and let ' C C be such that T\ {0} is non-empty.
Suppose that one of the following conditions holds:

(1) T is unbounded and
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Then w is a Z-admissible weight such that L?(Z,w) has a (T, S)-dense vector, but
has no S-dense vectors.

Proof. We prove the case (1) only, and the case (2) is proved similarly. It is clear
that w is Z-admissible. Since ian max(wy,w_p) =1 # 0, it follows from [1, Corol-
ne
lary 13] that L?(Z,w) has no S-dense vector. Let us show that the condition (2) of
Theorem A holds. Let (F,),>1 be an increasing sequence of finite sets of Z. For
every n € N, set D,, := max{t : t € F,,}, d,, :=min{t : t € F,}, s =0, \p = 1
and Fy = (). We denote by card(F) the cardinality of a set F'. By induction, we
construct a subsequence (sy)n>1 C S and a sequence (A, )n>1 C I'\ {0} such that
for every k=0,1,....n— 1,
Ak [” 1
P card(F,) < on
(2) Dy + si — di, < Sp;
An|P 1 .
(3) ||/\ ||p card(Fy) w(dy, + 85 — s5)P < 0 (when choosing s, both (2) and (3)
k
can be satisfied since w(n) — 0 as n — +00).
It is clear that condition (2) implies that (F) — si) N (Fy — sp) = 0 for every k < n.
Since w is decreasing and bounded by 1, Fj, C F,, for every k < n, we have

An An|
Z |I/\ ||P|| W5 Fetsn—si = Z Z | Z (t + 50— sx)”

(1) (this choice of A, is possible since I' is unbounded);

n,k>0;n#k n>0 k;ﬁn t€F
Anl n
\Z<Z| |pz w(t+ sp — sp)? +Z| if cardFk)>
n=>0 \ k<n teF, k>n
<Y Pnl” d(Fp) w(dn + sn — s6)" + 2| card(Fy,)
Akl Akl
n=>0 \k<n k>n
1 1
<Z( > ot 2k) (by (1) and (3))
n=>0 0<k<n k>n
= Z (l + —) < 400
B PIST
n=0
This proves that LP(Z,w) has a (T, S)-dense vector. O

5. SUFFICIENT CONDITIONS

The condition of Theorem A is universal, but sometimes difficult to check. It
is therefore convenient to have simpler sufficient conditions, even if they are more
restrictive. 'We make on G, S,p,I',w the same assumptions as in Section 4, see
Definition 4.1.

Theorem 5.1. Suppose that (G, S,p,w,T) is an admissible tuple. 1If for every
compact subset K of G and for all €,6 > 0, there exist s € S , A € '\ {0} and a
compact subset E C K such that (K \ E) < § and

1
[Aesssupw <& and esssupw < &,
sE |)\| s—1E

then LP(G,w) has a (T, S)-dense vector.
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We could of course state the theorem just with one parameter e, implying 6 = ¢,
and get an equivalent statement. For the proof, we need the following lemma.

Lemma 5.2. Fix a compact set L C G. Under the assumptions of Theorem 5.1, s
can in addition be chosen outside of L.

Proof. Let K, L be two compact subsets of G. Assume, towards a contradiction,
that for some €, > 0 the assumptions of Theorem 5.1 are only satisfied if s € SN L.
This implies in particular that p(K) > 0, otherwise F = () and any s € S'\ L will
do (by Lemma 3.5, S cannot be contained in L). We can clearly decrease ¢ as to
have 0 < § < u(K).

Let Ey C K, 5o € SNL and g € T'\ {0} satisfy the assumptions of the theorem
with £,6 > 0. Set

S0 if |)\0| 2 1
to = 1 . .
EN if |Ao] < 1
Then

esssupw < €
toEo

and u(Ey) > u(K) — 0 = 61 > 0. There is next a compact subset K1 C Ej such
)
that pu(Eo \ K1) < 51 and ¢ :=essinfw > 0.

to K1
By induction, we can choose for n > 0 sequences F,, K, of compact sets,

Sn € SNL, N\, € T\ {0}, &, > 0 (with Ky := K and gy := ¢) as follows. For a
given n > 1, one chooses first E,, \,, s, such that

0 1
E, C K,, w(Kn \ En) < —1, [An|esssupw < ey, ——esssupw < &p.
o snEn | An] sitE,

Setting

P Sn if [A\] >1
T st it ] <1

n
we have then

esssupw < €. (7)
tn B

Now we choose K11 so that
01 .
Kpy1 C Ey, wWE, \ Kpy1) < ESE Entl = stls,(iriflw > 0. (8)

Setting D,, = t, E,, as in the proof of [1, Theorem 8], we first note that

4 20
w(Dy) = u(Bn) > u(K,) — 9—711 > 1(En_q) — 9_nl=
so that by induction
.25, 3
/L(Dn) > /L(EO) - g_kl > Z 51.
k=1

Next, the estimates (7) and (8) imply that p(t,Kp+1 NtxEy) = 0 for any k > n,
so that up to a null set,

D,NDy=t,E, Nt E, Ct, F, \ (tnKn+1),
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and

u( U D.n Dk)) < p(tnBn \ (nKni1)) < %.

k>n

It follows that

0 0
p(Unnby) < 3oy <5

k<n k<n

and as a consequence

S (DN U D) = S 1(Du) = n((J (DunD1)) |
n<N n]; k<n n= k<n
>

1 5N
E 10— ghl= g

But now p(LEy U L™ Ey) > (U, D) = 400, which is impossible since LEy U
L~ 'Ey is compact. 0

Proof of Theorem 5.1. For K C G, denote esssupw by ||w|eo, . Let us show that
K

condition (2) of Theorem A holds. Let (F),),>1 be an increasing sequence of com-
pact sets of positive measure and let (0,),>1 be a sequence of positive numbers.

1 dn,
We can assume that 61 < 2 On < u(Fy) and 6,41 < > for every n > 1. Set

Fy =10, so = e and A\g = 1. By induction, we choose sequences (sp)n,>1 C S and
(AM)n>1 C T\ {0} as follows. If si, Ay are chosen for k =0,...,n — 1, set

E, = -1 —
wo=(J sk U(|J FeUsp'Fr)  and G, max || Ty, || > 1
k<n k<n
Choose &, > 0 so that e p(E,)max(n,CE) < 27" There exist a compact set

E! C E, and s, € S, \, € " such that pu(E, \ E]) < %,

. 1 €
IAnlllwlloo,s, B7, < €n £n1n|)\k| and lwll o ot < ~
<n

Al maxg<n [ Ak

Moreover, by Lemma 5.2 we can choose s, such that s;an N s,;le = () for every
k < n. Set now

Ko=0 and K,=F,NE Ns,(NksnkE;) foreveryn > 1.
For fixed n > 1, we have F,, C E,, and for every k > n, F,, C s, Ej, thus
1(Fn \ Kn) < p(En \ Ey) + W(Uksnsn B \ snEy)

5 5
<D MENED) <305 <Y g = ne

k>n k>n k>n
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Since the sets s, 1 F,, are pairwise disjoint and s,lek C EJ for every k < n, we
have

2ol ' el
> MHM%{W\ZXZMP|%S T Pl o)

n,k>0;n#k

nAn P , ,
e PP 1 p%y+23mm|kwug$%)

nehu(E,) + Y CL el u(E;))

k>n

n A : Pl
—_  w(E) c? L E')
<3 (e 1 e +§:”Aw|@5m,<m

1 1
2_n+ E 2—k)<+00
]

Corollary 5.3. Let (G, S,p,w,T) be admissible. If for every compact subset K of
G there exists A € T'\ {0} such that

1
inf max {|)\| esssSupw; — esssupw} =0,
ses

|/\| sTIK
then LP(G,w) has a (T, S)-dense vector.

If we know that all translations are bounded, on the left and on the right, then
we get the following proposition. It implies Proposition 1.4 when G is abelian.

Proposition 5.4. Suppose that (G,S,p,w,T") is an admissible tuple. Let w be a
continuous weight such that for every s € G, we have

w(st) w(ts)
M(s) :=sup < 400 and R(s):=sup—= < 40
)= )= e
Then the following conditions are equivalent:

(1) There exists a (T, S)-dense vector in LP(G,w).
(2) For every compact set K C G, there exist sequences (sp)n>1 C S and
(AM)n>1 C T\ {0} such that

1
lim |A,|supw(s,t) =0 and lim supw(s- ) = 0.
"—>+°O| |t€£ (5at) n—+o0 | nl telr() S

(3) There exist sequences (sp)n>1 C S and (An)n>1 CI'\ {0} such that

1
lim |Ay|w(s,) =0 and lim ——w(s ') =0.

n—-+o0o n—-+o0o |)\n|

Proof. Note that M or R being finite implies already that w can be chosen contin-
uous [8, Theorem 2.7], so that we can assume it from the beginning. It is clear that
(2) = (3). By Theorem 5.1, we have (2) = (1). Let us show first that (3) = (2).
Fix a compact set K C G. By [7, Proposition 1.16], we know that M and R are
locally bounded. It is easy to see that for s € S and A € "\ {0},

1
max{|\|sup w(st); sup w(s ')} < sup R(t) max{|\w(s); —w(s™H)},
teK |)\| teK teK RY
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thus (2) and (3) are equivalent. Let us show now that (1) = (3). Let F C G be
a compact set of nonzero measure. By applying condition (2) of Theorem A with

F
F, =F and ¢,, = #, we get sequences (sp)n>1 C S, (An)n>1 C IT'\ {0} and a

sequence of compact sets K,, C F such that p(F"\ Kn) < dp, and

hm |A |Hw||p Sn51 K = O a'nd EIEOO |)\ |H ||p Slsn K, - O (9)
. u(F)
In particular, for every n > 1 we have u(K, N Ky) > — Let C' > 0 be such
-1
that M(s7") < C and R|K;1UK;151 < C. Then
w(sny) = inf w(sptt™) <C inf w(snt) < Cllwll, o 1 (K1) 7P
tesflKl te€sy 1K, Prinsy !
and
wispy)y = inf  w(sylsis, it < C? inf w(sys)'t)
teK1NKy, teKINK,
< C|wlly gy oot g, (KL N K) TP < 202 0(F) VP |lw| L o1 -

Combining the last inequalities with (9), we obtain

Lo — o

maX{')\n|W(Sn) 5 |An| n—+00

O

We can now easily obtain the following corollary, which provides for several types
of T a complete characterization of (T, S)-density only in terms of the weight.

Corollary 5.5. Suppose that (G,S,p,w,T) is an admissible tuple. If w is a con-
tinuous weight such that for every s € G,

w(st) w(ts)
M (s) :=su <400 and R(s):=su < 400,
)=o) () =500

then the following conditions hold:

(1) If T'\ {0} is bounded and bounded away from zero, there is a (T, S)-dense
vector in LP(G,w) if and only if

; . -1y
slrelgmax{w(s),w(s )} =0.
(2) There is a ([0,1],S)-dense vector in LP(G,w) if and only if
irelgmax{w(s)w(s_l);w(s_l)} =0.
(3) There is a ([1,+00[, S)-dense vector in LP(G,w) if and only if
ing max{w(s)w(s™);w(s)} = 0.
s€

(4) There is a (C,S)-dense vector in LP(G,w) if and only if mf w( Yw(s™h) =
0.
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Proof. In view of Proposition 5.4, the case (1) is easy to check. Suppose that the
condition on w in (2) holds. For every k > 1 there exists s € S such that

_ 1 _ 1
w(skw(s,h) < = and  w(s;') < =
1
If we set Ay = kw(s; ') then 0 < Ay, < Z <1 and
_ 1 1 _ 1
Apw(sk) = kw(sk)w(sk 1) < e )\—kw(sk 1) = T

Thanks to Proposition 5.4, LP(G,w) has a ([0, 1],.5)-dense vector. The converse
follows easily from Proposition 5.4. The proof of (3) is similar. For (4), by Propo-
sition 5.4, the condition on w is necessary. Assume now that ingw(s)w(s_l) =0.
se
For every k > 1 there exists s, € S such that
_ 1
wls(si) < 25

Set A, = w(sy, ')/ 2w(sy)~'/2, then

1
Mew(sk) = w(sp DY 2w(s)Y?2 <= — 0

k k—oo
and . .
) = el ) w2 < = o,
so that by Proposition 5.4, L?(G,w) has a (C, S)-dense vector. O

The following example shows that we do need all translations bounded to have
the equivalence (4) in Corollary 5.5. The following weight is S-admissible, but not
G-admissible.

Example 5.6. Let G =7, S =Z\ N and let w be the weight defined on G by
s 2" ifn>0
T2 <0

Then, we have

Wn+k

inf w,w_, =0 and sup <400 foralln €S,

nes kezZ Wk
so that the condition (4) of Corollary 5.5 holds. But LP(G,w) doesn’t have a

(C, S)-dense vector, since limJirnf Wnt1wW_nt1 7# 0 (see [2, Theorem 1.38]).
n—r—+00

6. COMMUTATIVE SUBGROUPS

We keep the same assumptions on G, S5, p,I',w as before, see Definition 4.1. If
the subgroup generated by S is abelian, Theorem B below shows that the converse
implication of Theorem 5.1 is also true. For convenience, we will recall Theorem B
with an additional equivalent condition.

Theorem B. Suppose that (G, S, p,w,T') is admissible. If the subgroup generated
by S is abelian, then the following conditions are equivalent:

(1) There is a (T',S)-dense vector in LP(G,w).



22 ARAFAT ABBAR AND YULIA KUZNETSOVA

(2) For any compact subset F C G and € > 0, there are s € S, A € '\ {0} and
a compact subset E C F such that u(F \ E) < ¢ and

1
|\ esssupw(st) <e and — esssupw(s 't) < e.
tell |)\| teE

(3) For any compact subset F C G and £ > 0, there are s € S, A € '\ {0} and
a compact subset E C F such that w(F \ E) < ¢ and

1
Mwllpsr <& and  Srlwlp e <e (10)

Proof of Theorem B. According to Theorem 5.1, (2) = (1) holds for any set .S and
S-admissible weight.

Let us show that (1) = (3). Let F' be a compact subset of G and ¢ > 0. It
is clear that we can assume that F' has a positive measure. For every n > 1, set
F, = F and 6,, = 27". By Theorem A, there are (sy)n>1 C S, (An)n>1 C T'\ {0}
and E, C F compact such that u(F \ E,) < 0, and

-1
n,k=0;n#k |)‘k|p p.snsy  Er —+00

with sg = e, \y = 1 and Ey = (). In particular,

lwl? 1 =0 (11)

lim —— _
k—1>r-|I-loo|)\k|p DS, Ek

Let us fix k > 1 such that 0 < % and set C := ||Ts,||. We have

DySns, Bk

ol s = [ wlordut) <l
SkSnsy,  Ek

Since | Ay ||| - 0, it follows
—+00

—1
Dysns,  Er n

Palllpsnre = 0. (12)

By (11) and (12) there exists n > k such that
1
ml\WHP,s;lEn <e and  |Afwllps, e <e

Ifweset E = ExNE,, s = s, and A = Ay, we have u(F\E) < p(F\Ey)+pu(F\E,) <
O + 0p < 20 < &, and

1
Alllwllp,se <& and mel
Let us show now that (3) = (2). Let F C G be a compact subset of G and
e > 0. Let n > 0 be such that 4y < e. There exist s € S, A € I'\ {0} and a compact
subset K C F such that u(F \ K) < n and

ps—1E < E.

RNt

1 1 1
p,sK < 771+p7 WH(“)Hp,s*lK < UHP-

Set
Ey={te K: w(st) < —}, By ={te K: w(s ) <n\},
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then

nP
[wllp s = iy K\ Er) and  lwlf Z " AP (K \ E).

p,sK = |)\|p s 1K

Hence pu(K \ E1) < nand u(K \ E3) < n, so that
/J,(K\ (E1n Eg)) < 2.

Let now E C E; N E3 be a compact subset such that u((E1 N E2) \ E) < n. Then
w(F\ E) <4n <e, and

1
[A| esssupw(st) < n < e, —esssupw(s ') <n<e.
teE Al ier

O

Remark 6.1. The condition (2) is independent of p, which means that it applies
to any p. We have however to make sure that the usual condition w € L (G) is
satisfied, and this one does depend on p.

For special types of T', one can characterize (I", S)-density only in terms of the
weight, similarly to Corollary 5.5.

Corollary 6.2. Suppose that (G, S, p,w,T") is an admissible tuple. If the subgroup
generated by S is abelian, then:

(1) There is an S-dense vector in LP(G,w) if and only if for any compact subset
F C G and e > 0, there are s € S and a compact subset E C I such that
W\ E) <e and

esssupw(st) < ¢, esssupw(s t) < e.
teE teE

(2) There is a ([0, 1], S)-dense vector in LP(G,w) if and only if for any compact
subset F C G and € > 0, there are s € S and a compact subset E C F such
that p(F\ E) < e and

esssupw(s—'t) < g, esssupw(st) esssupw(s~'t) < e.
teE teE teE

(3) There is a ([1, +o0], S)-dense vector in LP(G,w) if and only if for any com-
pact subset F C G and € > 0, there are s € S and a compact subset E C F
such that u(F\ E) < ¢ and

esssupw(st) < ¢, esssupw(st) esssupw(s~t) < e.
teE teE teE

(4) There is a (C,S)-dense vector in LP(G,w) if and only if for any compact
subset ' C G and € > 0, there are s € S and a compact subset E C F such
that p(F\ E) < ¢ and

esssupw(st) esssupw(s~t) < e.
teE teE

Proof. The assertion (1) is a part of [1, Theorem 10]. In (2), if there is a ([0, 1],.5)-
dense vector, then, as 1/|A| > 1, the condition on w follows from (2) of Theorem
B. Let us prove the converse. Suppose that the condition on w in (2) holds; we will
check the condition (2) from Theorem B. Let F' C G be a compact set. If pu(F) = 0,
the inequalities in (2) of Theorem B hold with £ = () and any s and A\. We can
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assume therefore that u(F) > 0. For every k > 1 there exist s, € S and a compact
subset Ej, C F such that u(F\ Ey) < %

1 1
esssupw(sy 't) < — and  esssupw(sit)ess supw(s, 't) < =
te by, k teER) teER) k

Set ¢ = esssupw(syt), di = esssupw(sy 't). For k big enough, the measure of Ej,
teEy teEy

is positive so that ¢, > 0 and dj, > 0. Set A\, = kdj, (If di, = 0, which may happen

for a finite number of k, we set A\, = 1). Thus for each k, we have \; € (0, 1],

1
)\ka — 0 and —dk — 0.
k—o00 Ak k—o0

Thanks to the assertion (2) of Theorem B, LP(G,w) has a ([0, 1], S)-dense vector.
The proof of (3) is similar. For (4), the direct implication follows immediately from
(2) of Theorem B. Let us prove that the condition on w in (4) implies that L? (G, w)
has a (C, S)-dense vector. We will show that the assertion (2) of Theorem B holds.
Let F' C G be a compact set, and as in (2), we can assume that p(F) > 0. For every
k > 1 there exist s; € S and a compact subset Ej, C F such that u(F \ Ex) < %
and

esssupw(sxt) esssupw(s; 't) <
teE), teby

x| =

Set ¢y = esssupw(sit), dy = esssupw(sy 't) and N, = d,lc/zclzl/2 (or A\, = 1if
teEy teEy
¢k = 0; as in (2), this may happen only for a finite number of k). Now

1
/\ka — 0 and —dk — 0.
k— o0 )\k k—o00

Thanks to the assertion (2) of Theorem B, L?(G,w) has a (C, S)-dense vector. [
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