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Abstract— This paper presents a set membership method
to deal with the kidnapping problem in mobile robotics. By
using a range sensor, the odometry and a discrete map of
an indoor environment, a robot has to detect a kidnapping
situation, while performing a pose tracking, and then perform
a global localization to estimate its new pose (position and
orientation). In a bounded error context the IAL (Interval
Analysis Localization) algorithm searches a small box (interval
vector) that includes the robot’s pose, using interval analysis
and constraint propagation tools. This algorithm allows to
perform a pose tracking and a global localization. Using this
algorithm, it is possible to deal with the kidnapping problem.

This method is tested using real data, recorded during the
CAROTTE challenge, organized by the French ANR (National
Research Agency) and the French Army.

As it is shown in this paper with the IAL algorithm, interval
analysis is an efficient tool to solve the kidnapping problem.

[. INTRODUCTION

Robot localization is one of the most important issue of
mobile robotics [1], [2]: a robot has to know its location to be
able to perform navigation tasks. The localization problem
can be divided into two categories: the pose tracking and
the global localization. In the pose tracking problem a robot
has to find its new pose using the knowledge of its previous
pose. In the global localization problem a robot does not have
the knowledge of its previous pose. It has to find its new
pose globally in the environment. The kidnapping problem
is a combination of those two problems: while the robot
is performing a pose tracking, it is kidnapped (moved to
an other pose, has too many outliers in the measurement
set, does too many drifting...). The robot has to detect this
kidnapping situation and then perform a global localisation
before processing a pose tracking again.

Most of the proposed solutions to localize a robot are
based on probabilistic estimation techniques (see [3], [4]).
The Kalman Filter [5], [6] and its improvements [7] are used
for pose tracking in [8] and more precisely for the SLAM
problem (see [9], [10]). Particle filters [11] with for example
the Monte Carlo algorithm [12] and its spin-off [13], [14]

are used to deal with global localization and kidnapping
problems.

In this paper a set membership approach will be considered
for the kidnapping problem using the Interval Analysis
Localization (IAL) algorithm.

The paper is organized as follows. First the considered
kidnapping problem is presented in Section The IAL
algorithm and the kidnapping resolution are detailed in
Section[[MI]and tested in Section[[V] Section[V]presents a way
to integrate the IAL module in an mobile robot architecture
and Finally concludes this paper.

II. THE KIDNAPPING PROBLEM
This section presents the considered problem.

A. The Robot

A mobile wheeled robot (depicted in Figure [I) with a
range sensor is considered. This system is characterized by
the following discrete time dynamic equations:

{ x(k+1) = f(x(k), u(k)) (1)
y(k) = g.(x(k)) (2)

The robot’s pose x(k) = (z1(k),z2(k),0(k)) is defined
by its location (x1(k),z2(k)) and its orientation 6(k) in the
environment denoted [E at discrete time k. E in R? is a two
dimentional domain where the robot moves. The function f
characterizes the robot’s dynamic and the vector u(k) is the
control vector at time k. The vector y(k) = (y1(k), ..., yn(k))
is the vector of measurements. Note that y(k) depends on
the robot pose x(k) and the environment E. In fact, y;

corresponds to the distance into the direction 7; between
the robot and the first obstacle in E (Figure [2).

B. The Environment

The environment E where the robot is moving is approx-
imated by an occupancy grid map [3]. Figure [3] represents
an example of indoor environment. The grid map, named G,
is composed of n x m cells (i,7) and at each cell (i,7) is
associated g; ; € {0,1}:
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Fig. 2: Sensor measurements y(k) = (yi(k),...,yn(k)).
Ymaz denotes the maximal range of the sensor.

0 if the cell corresponds to a free subspace

9i,5 = of E,

1 else.

G is a discrete version of E. Figure [ represents an
example of occupancy grid map with 35 x 38 cells.

C. The Objective

To solve the kidnapping problem, the objective is to have
an algorithm that:

- is able to perform a pose tracking,

- is able to detect a kidnapping situation,

- is able to perform a global localization.

III. INTERVAL ANALYSIS LOCALIZATION, A
DETERMINISTIC APPROACH

The proposed method uses interval analysis and Constraint
Satisfaction Problem tools to solve the kidnapping problem.
This section presents basics of those tools and then presents
the IAL algorithm and the kidnapping resolution.

(a) (b)
Fig. 3: The environment of the CAROTTE challenge.

Fig. 4: Example of an occupancy grid map. Each dark cell
value is 1 (the white cells represent free spaces).

A. Introduction

An interval vector [15], or a box [x] is defined as a closed
subset of R™:[x] = ([z1], [z2], - --) = ([z1, 71, [22, T3], - ).
The size of a box is defined as

size(x]) = (F1 — 1) x (T3 — 22) x -+,

For instance size([2,5],[1,8],[0,5]) = 105.

It can be noticed that any arithmetic operators such as
+, —, X, + and functions such as exp, sin, sqr, sqrt, ... can
be easily extended to intervals, [16]. This interval arithmetic
can be used to solve constrain satisfaction problems [17]. In
the later, the localization problem will be seen as a constraint
satisfaction problem.

A CSFE| is defined by three sets. A set of variables V), a
set of domains (intervals) D for those variables and a set of
constraints C connecting the variables together.

Example of CSP: Let p, = (z1,,%2,),% = 1,...,4 be
four points and [p;] = ([x1,], [r2,]) four domains for those
variables. The objective is to find [a] such as Va € [a], z2, =
a.r1,,t=1,...,4. Here is the considered CSP:

V= {plap23p37p47a}

D= {[p1]7 [pZ]’ [p3]7 [p4]’ [a]} . 3)
C={zy, =axuz,,i=1,..,4}

This kind of problem can be solved by using constraint
propagation which consists in reducing the variable domains
by using contractors C,; associated to each constraints c;.

Figure [3] represents one example of that CSP. The domain
[a] is initialized with [a] = [—00,400]. On the Figure |Sa| it
can be noticed that there is no solution for this problem with
the considered initial domains [p;]: it does not exist a such
as the line zo = a.z; intersects all the boxes [p;]. The value
q represents the number of boxes intersected by the grey line
sets.

To solve this CSP it can be considered that one variable
is an outlier (a variable that does not satisfied at least one
constraint). In this context the solution is [a] such as Va € [a]
the line x5 = a.x; intersects at least three boxes. This is done
by using the relaxed intersection [18] and leads to the dark
grey area of the Figure [5b] In the IAL algorithm the relaxed
intersection is used to deal with outliers (measurements y;

IConstraint Satisfaction Problem
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Fig. 5: Example of CSP. The equation o = [a].z1 represents
all the lines that intersect at least three points. Note that the
light grey boxes in Figure [5b] correspond to the contracted
points.

that do not correspond to the first obstacle of E in the
direction 7;).

Note that the CSP resolution can also lead to a reduction
of the other domains. When [a] is known it may be possible
to reduce the other domains to be consistent with the
constraints. In the Figure [5b] the light grey boxes correspond
to the contracted domains [p,], [p5] and [p,].

B. The IAL algorithm

A bounded error context is considered for the kidnapping
problem of section [[Il Thus an interval [y;(k)] can be asso-
ciated to each measurement y;(k), according to the sensor
accuracy, and an interval [u(k)] can be associated to u(k).

In this context, the IAL algorithm is able to find a list
Ly, = {[x(k)]}i, with [x(k)] = ([z1(F)] [z2(K)], [0(k)]), that
includes the robot pose x(k).

The algorithm TAL (see Algorithm [I)) has three important
steps.

First, line 4, the prediction step. The pose at time k is
evaluated from the pose at time k — 1 by using the equation
The calculation [x(k)] = f([x(k —1)], [u(k —1)]) is done
by using interval arithmetic.

Then, line 5 corresponds to the contraction step. The
measurements y(k) and the observation function g, are used
to contract a pose: the idea is to find {x|g, (x) = y(k)}.

As E is approximated by G IAL algorithm searches
{[x]lg;([x]) = [y(k)]}. This problem is seen as a CSP
with the variables x(k), y(k), the domains [x(k)], [y(k)] and
constraints built with the measurements y(k) and the map
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Fig. 6: w;, the coordinates of the obstacle detected by y; in
the map’s frame.

G. To be compared with the map, the measurements [y;] are
converted to obstacle coordinates [w;] = ([w;, ], [wi,]) in G’s
frame, according to [x(k)] and 7;, as depicted in Figure[6] An
example of contraction using one measurement is presented
Figure

Finally the last main step of the IAL is the bisection line
7. If a contracted box [x(k)] is bigger than the minimal size
& we bisect [x(k)] into two boxes [x’(k)] and [x” (k)] such as
size([xX'(k)]) = size([x"(k)]) and [x'(k)] U [x" (k)] = [x(F)].

As it can be seen in line 11 a contracted box can be empty.
This happens when the box is not consistent with the data
set and means that it is impossible for the robot’s pose to be
included in that box. As said in sub-Section [II=Al outliers
are considered by using relaxed intersection.

Algorithm 1 Interval Analysis Localization (IAL)
Require: L;_1,[y(k)], [u(k — 1)]

1: Ly =
2: while L1 # () do
Lr—1.pop_-back()

3 [x(k—1)] =
4:  update [x(k — 1)] to [x(k)] according to [u(k — 1)]
5:  contract [x(k)] by using [y(k)] and G

6:  if size([x(k)]) > £ then

7: bisect [x(k)] into [x1(k)] and [x2(k)]

8: Li.push_back([x1(k)])

9: Li.push_back([x2](k))

10: else

11: if [x(k)] # 0 then

12: Ly.push_back([x(k)])
13: end if

14: end if

15: end while

16: return Ly

C. The kidnapping Resolution algorithm

Algorithm [2] represents the set membership resolution of
the kidnapping problem using the IAL algorithm. It requires
the initial pose of the robot [x(0)], such as x(0) € [x(0)].
Lines 2 to 9, at each time k the robot’s pose and the
measurement set are updated, and the new robot’s pose is
evaluated using the IAL algorithm. If the evaluated pose
corresponds to an empty set, Line 6, it means that the robot
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Fig. 7. Example of contraction. In Figure there is a
grid map G (each black cell value is 1), a pose x and
a measurement y;. The measurement is defined by w; =
(w;,,w;,), the coordinates (in G’s frame) of the detected
obstacle. The box [w;] (light grey) is a guaranteed evaluation
of w; according to [x] (dark grey) and [y;]. By using the
constraint a measurement has to intersect with an obstacle
in the map the domain [w;] is contracted (Figure and
then by using an other constrain (the distance between the
robot and the detected obstacle is y; € [y;]) it is possible to
contract the domain [x] (Figure [7b).

has been kidnapped. The current pose is so initialised by all
the possible poses, Line 8 (z and x,_ . corresponding
to the limits of the environment), in order to perform a global
localisation.

max

IV. EXPERIMENTAL RESULTS

The following data (map and sensor measurements) were
recorded during the CAROTTE challenge in June 2011, by
the team CARTOMATIC.

The CAROTTE 20 x 20 meter environment is considered,
Figure 3] By using the data sets of two different robots A and
B (exploring this environment simultaneously) a grip map is
built, Figure[§] This grid map has 2 x 2 centimetre grid cells.
Because of the SLAM method used to fuse the data sets and
build the map, some obstacles seen by the robot A and not
by the robot B do not appear in the map, and vice-versa.

In this context, the objective is to track the pose of the
robot A in the map. The Kidnapping Resolution algorithm
is initialised by [x(0)] = ([0,21,,..],[0,22,..],[0,27]).
During the pose tracking step, it appends that the ITAL
algorithm leads to an empty set £ = (), since too many
data y; (k) do not correspond to an obstacle in the map (too
many outliers that lead to a kidnapping situation). Figure [9]

Algorithm 2 Kidnapping Resolution
Require: [x(0)]

1 Lo = {[x(0)]}
2: for k =1 to end do
3: X(k) = f( ( )7“( 1))7“( ) [ll(k)}
4 y(k) = ge(x(k)),y(k) € [y(k)]
5. Lr =TAL(Lk_1,[y(k)], [u(k)])
6: if L = ( then
7: % kidnapping situation
8: = {([07‘r17nam]7 [07 $2mam}7 [0727T])}
9: end if
10: end for

11: return Ly

Fig. 8: The map of the CAROTTE arena, obtained by mixing
the data sets of two robots

represents a successful localization recovery performed after
a kidnapping situation.

V. THE CAROTTE ROBOTS’ ARCHITECTURE

In this section the presented platform named MiniRexE|
was designed at the university of Angers by the LISA and the
IUTE| of Angers in order to participate at the third round of
the CAROTTE contest (June 2012). The materiel architecture
is presented Figure [I0]

A simplified (for legibility reasons) software architecture
of the MiniRex Robots is presented Figure [I1} The actual
architecture is composed of 22 modules (C++ library), each
one with a specific functionality. Functions are used for the
communication between the modules. Those modules have
been developed with the LORIAE| [19], [20]. The presented
architecture has three levels:

- The main program which is a state machine dealing with
the different steps of the exploration: startup, navigation,
acquisition...,

- a set of four blocks detailed later,

- and an interface between the actuators/sensors and
higher levels.

ZMINI Robot for EXPloration
3Institute of Technology
4Lorraine Research Laboratory in Computer Science and its Applications
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Fig. 9: A result of a localization recovery after a kidnapping
situation. The grey cells correspond to the obstacles in the
map and the black points correspond to the data set used to
perform the localization. The black circle corresponds to a
solution x(k) € [x(k)] of the global localization.

) - LIDAR
Kinect Wifi key (UTM3O-LX)|
PC pITX-SP
Atom Z530 1.6GHz
Ubuntu LTS 10.04
Sonar ARDUINO Servo [
sensors K7 ATmega2560 K> motors
Left motor Right motor

Fig. 10: The materiel architecture of the MiniRex robots.
Note that the servomotors command the orientation of the
LIDAR.

Main program
State machine

! 1T 1 31

CheckUp

: T I 3

MiniRex
Low Level (actuators/sensors)

Expl-O-matic | | Plan-O-matic | | Slam-O-matic

Fig. 11: A simplified software architecture presentation of
the MiniRex robots.

Note that the four presented blocks are composed of
several modules. Here is a presentation of those blocks:

- The CheckUp block enables to verify the performance
of all the part (materiel and software) of the robot. This
check up is done before the beginning of an exploration
mission.

- The Expl-O-matic block computes in a distributive way
the exploration strategy and the dispersion of the robots
in the environment.

- The Plan-O-matic block enables the path planning and
the building of a path free map.

- The Slam-O-matic block deals with the simultaneous
localization and the map building during the moving of
the robots.

In order to deal with the kidnapping problem, the IAL
algorithm can be used. It has to be added to the Slam-0-
matic block. This module will verify the estimation of the
robot’s pose, and re-localize the robot if this estimation is
not consistent. Having a guaranteed estimation of the pose of
the robots leads to a reliable exploration and path planning.

VI. CONCLUSION

In this paper a set membership approach has been pre-
sented to deal with the kidnapping problem. This approach
allows to localize in a guaranteed way a robot in its envi-
ronment even in a kidnapped situation. The TAL algorithm
shows that interval analysis is an interesting tool for the
localization problems. Thanks to experimental results this
approach appears to be efficient in a real context.

According to those results, interval analysis is an interest-
ing alternative to the classic probabilistic approaches.
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