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Nomenclature

x, y, z = axial, azimuthal and radial directions
∆t = time step
∆x = cell size
Lx, Nx = domain length and number of cells in axial direction
Ly, Ny = domain length and number of cells in azimuthal direction
xBmax

= axial position of radial magnetic field maximum (thruster exit plane)
Nppc = number of macroparticles per cell
ε0 = vacuum permittivity
kB = Boltzmann constant
αε = vacuum permittivity scaling factor
ne = electron density
Te = electron temperature
m = electron mass
ng = neutral density (Xenon)
vg = neutral velocity (Xenon)
Tg = neutral temperature (Xenon)
Eg = neutral total energy per volume (Xenon)
ṁ = anode neutral mass flow rate (Xenon)
Siz = ionization source term
B = radial (imposed) magnetic field
Id = discharge current

FB = Magnetic term (electron momentum conservation equation)
Ft = Temporal inertia term (electron momentum conservation equation)
Fin = Spatial inertia term (electron momentum conservation equation)
Fp = Pressure term (electron momentum conservation equation)
FE = Electric term (electron momentum conservation equation)
Fen = Electron-neutral momentum collision term (electron momentum conservation

equation)
Fei = Electron-ion friction force term (electron momentum conservation equation)

HET = Hall-effect thruster
PIC = Particle-In-Cell
MCC = Monte-Carlo Collisions
CPU = Central Processing Unit
MPI = Message Passing Interface
FFT = Fast Fourier Transform
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I. Introduction

Hall Effect Thrusters (HET) have been widely used for spacecraft propulsion in the last decade. These
cylindrical devices produce thrust by accelerating ions through an axial electric field E originating from

an imposed potential difference between an anode and a cathode. The ionization efficiency is enhanced by
a radial magnetic field B that confines electrons emitted from the cathode. These electrons are drifting in
the azimuthal direction with a large ExB velocity.

Even though many studies1,2 have been conducted on these devices, some key features are still not well
understood. One of the most important might be the electron axial transport across the magnetic field. It
has been experimentally observed3 that the electron mobility across the discharge chamber is higher than the
one expected with the classical collisional theory. This axial transport should be reduced to increase thruster
performances but to do so, we need to understand where it comes from. Recent numerical simulations4,5
have shown that Electron Cyclotron Drift Instabilities (ECDI) could be a main cause of this anomalous
transport. These instabilities are characterized by a short wavelength in the mm range and a high frequency
in the MHz range. They might be related to low-frequency (10-30 kHz) axial oscillations of the discharge
current, known as the breathing mode oscillations.6 Many other instabilities can be observed in a HET, with
a wide range of frequencies7,8 and they might also affect the discharge behavior.

As these instabilities are kinetic in nature, Particle-In-Cell (PIC) codes are needed to understand its
origin and how they influence the discharge behaviour. However, the parameters of a PIC simulation need to
comply to the well-known stability criteria: wp∆t ≤ 0.2 and ∆x ≤ λd, with wp =

√
nee2

mε0
and λd =

√
ε0kBTe

nee2

being respectively the plasma pulsation and Debye length. It gives:
∆t ≤ 0.2

√
mε0
nee2

∆x ≤
√
ε0kBTe
nee2

(1)

with ne, Te,m, e, kB and ε0 being respectively the electron density, temperature, mass, charge, the Boltzmann
constant and the vacuum permittivity. As the electron density can be higher than ≈ 1018 m−3, the numerical
parameters can be as small as ≈ 10−12 s for the time step and ≈ 10−5 m for the cell size. Hence, 2D
simulations require important computational resources while 3D simulations of a real HET configuration are
currently out of scope.

To decrease the required computational time, scaling techniques can be used, such as decreasing the
electron-ion mass ratio9 or using a geometrical scaling factor.10 Another scaling technique used by Szabo9
for 2D axial-radial PIC simulations and more recently by Coche and Garrigues11 for 2D axial-azimuthal
PIC simulations, is the scaling of vacuum permittivity. Looking at the criteria of equations 1, it appears
that increasing the vacuum permittivity ε0 allows to use bigger time step and cell size, and hence reduce
computational time, while keeping the stability. For a scaling factor αε such as ε′0 = αε × ε0, we can use
(∆x)′ =

√
αε∆x and (∆t)′ =

√
αε∆t. In Ref.11 , αε was set to 80. Here, we use 4 values of αε : 4, 16, 64

and 256.
In this paper, we will first describe the simulation model and the chosen algorithms in section II. The

results for the case with lower αε (closer to a real case) will then be presented in section III, before studying
in section IV the influence of the vacuum permittivity scaling factor αε.

II. Model description

The 2D-3V Particle-In-Cell Monte Carlo collision (PIC-MCC) code LPPic has been used for this study.
After being verified by a 1D Helium benchmark12 , the radial-azimuthal plane of a HET have been exten-
sively studied13–15 with this code. Recently, a 2D axial-azimuthal benchmark for ExB discharges has been
successfully performed to verify LPPic against 6 other independently developed codes16 on a simulation
model closer to a real HET discharge.

The axial (x ) and azimuthal (y) directions of a HET are simulated, with a structured Cartesian mesh
shown in figure 1. The axial domain of length Lx = 4 cm is delimited by an anode with an imposed potential
of 300 V (x = 0 cm) and a cathode with an imposed potential of 0 V (x = Lx = 4 cm). The axial profile
of the imposed radial magnetic field is displayed on figure 2 and the position of its maximum corresponds
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to the exit plane of the thruster. To reduce computational times, only a small part of the HET azimuthal
direction is simulated (Ly = 1 cm) and periodic boundary conditions are imposed in this direction. As the
breathing mode frequency is around 20 kHz, the simulation cases have been run to at least 150 µs to capture
several periods of the breathing mode oscillations.

Figure 1: Simulation domain. x is the axial direction, y the (periodic) azimuthal direction. Black pointed
dashed line (xBmax=2.5 cm): position of maximum radial magnetic field. Xenon atoms are injected at the
cathode and electrons are emitted from the cathode.

Because of the breathing mode oscillations, the plasma density can vary by almost a factor 5 (from
ne ≈ 5×1017 m−3 to ne ≈ 2.5×1018 m−3). When the plasma density is maximum, the electron temperature
is around 40 eV. Hence, to comply with the PIC stability criteria of equations 1, the time step ∆t and the
cell size ∆x has been fixed to 2 × 10−12 s and 2 × 10−5 m, respectively. It gives a computational mesh
of Nx=2000 cells in the axial direction and Ny=512 cells in the azimuthal direction. At initialisation, the
particles are loaded uniformly with a density of np,ini= 1018 m−3 and the initial number of macroparticles
per cell has been fixed at 400 to reduce numerical noise.

Contrary to the simplified simulation case used in Ref.16 , electron-neutral and ion-neutral collisions are
taken into account (as described in Ref.17) and the ionization is calculated self-consistently. The Xenon
neutral gas is considered as a fluid and any azimuthal variation is neglected. Hence, the 1D Euler equations
for the neutrals are: 

∂tng + ∂z(ngvg) = −Siz
∂t(ngvg) + ∂z(ngv

2
g) = −∂zpg − ugSiz

∂tEg + ∂z(Egug) = −∂z(pgug)
(2)

with ng, ug, pg and Eg being respectively the neutral density, velocity, pressure and total energy per unit
volume, and Siz the ionization source term.

Equations 2 for the neutral gas are solved with a HLLC Riemann solver. The initial neutral density
axial profile is displayed in figure 2 and the initial neutral velocity is considered uniform and equal to 200
m.s−1. The neutral temperature is kept constant by adding a thermal relaxation source term to the energy
equation. The neutral mass flow rate at the anode is fixed at ṁ= 5 mg.s−1. These parameters, along with the
radial magnetic field profile, are similar to those used by Lafleur et al18 in which only the neutral continuity
equation was solved and a constant axial velocity of the neutral gas was then assumed.
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Figure 2: Axial profiles of the imposed radial magnetic field and initial neutral density. Dashed line
corresponds to the position of maximum radial magnetic field.

The electron emission at the cathode to sustain the discharge is treated differently than in Refs.11,16 in
which a current equality into the whole system was considered. Indeed, as mentioned already in previous
work9,18 , this cathode model appears to create a cathode sheath and violate the current conservation during
any transient state. Hence, we inject electrons according to a quasi-neutrality assumption: at each time step,
the charge difference between ions and electrons at the right domain boundary (cathode) is calculated and
if this charge difference is positive, the corresponding number of electrons is injected uniformly to neutralize
it. If the charge difference is negative, no electron is emitted.

As mentioned before, we simulated here 4 cases with different values of the vacuum permittivity scaling
factor: αε = 4, 16, 64 and 256. Hence, the time step and cell size has been increased by a corresponding factor
of
√
αε (while keeping the same axial and azimuthal length) which reduces significantly the computational

time. Despite this scaling technique, the code needed to be parallelized for the cases to be simulated in a
reasonable amount of time. The MPI (Message Passing Interface) protocol is used, with each CPU considering
one portion of the simulation domain (domain decomposition approach). As described by Charoy et al.,16 an
electron subcycling technique along with a load balancing algorithm are used. The simulation cases remain
very computationally expensive, with the longest case taking up to two months on 1120 CPUs.

III. Discharge behaviour

The simulation case with αε = 4, i.e. the case closer to a real case, is considered here. The simulation
has been run until 150 µs and we have obtained a representative peak of discharge current that is used to
analyse the discharge behaviour during a breathing mode cycle.

A. Breathing mode and ECDI

In a HET, the discharge current Id corresponds to the anodic current, i.e. to the sum of the electron and
ion currents collected at the anode. The time evolution of Id is plotted in figure 3. After a transient
regime characterized by two high-amplitude peaks, the discharge current oscillations get more steady. The
corresponding frequency is 20 kHz. One can notice that two distinct regimes can be identified during one
oscillation cycle: Id grows in a short time and no additional oscillations are observed (regime I), while it
decreases in a longer time with high frequency oscillations of the order of hundreds kHz (regime II). These
oscillations have been observed previously in Ref.11 and could be associated to ion-transit time instabilities.
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Figure 3: Time evolution of discharge current for αε=4. Markers correspond to the time interval chosen in
figure 4 for the top row (red) and the bottom row (green).

Instabilities propagating in the azimuthal direction are studied for these two regimes. In figure 4, two
snapshots of the azimuthal electric field are shown. The first row corresponds to regime I (growth) and the
second row to regime II (decrease). 2D FFTs inside the thruster (x = 1 cm) and at the exit plane (x =
2.5 cm) have been calculated and are displayed on the corresponding row. We can see that the behaviour
inside the thruster is quite similar, with short-wavelength (λ ≈ 0.5 mm) and high frequency (f ≈ 5 MHz)
waves that are characteristic of the ECDI. The amplitude of the azimuthal electric field oscillations is not
displayed for clarity purpose but we observed that it is twice higher in regime I, which seems to correspond
to the regime associated with the wave growth. The simulation performed by Lafleur et al.18 was showing
the same behaviour for a real case without any vacuum permittivity scaling but with only the beginning of
regime I simulated.

The ion-acoustic dispersion relation ω = f(k) has been displayed on the 2D FFTs of figure 4, along with
its corresponding growth rate γ: 

ω ≈ k.vdi ±
kcs√

1 + k2λ2d

γ ≈ ±
√
πm

8M

k.vde

(1 + k2λ2d)
3/2

(3)

with M the ion mass, vdi the axial ion drift velocity, vde the azimuthal electron drift velocity and cs
the ion sound speed. We observe that inside the thruster, the wave exhibits an ion-acoustic behaviour.
However, outside the thruster the wave is not monochromatic anymore and a long-wavelength wave develops
during regime II and is convected very quickly axially. More analysis need to be performed on the wave
characteristics in this regime, near the exit plane and in the plume.
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Figure 4: Left column: 2D snapshots of azimuthal electric field during peak growth (a, top row) and peak
decrease (d, bottom row). Middle column: corresponding 2D FFT at x = 1 cm (green dashed line of left
column). Right column: corresponding 2D FFT at x = 2.5 cm (black dashed line of left column). White
thick line: ion-acoustic dispersion relation. Red dashed line: ion-acoustic growth rate rescaled by a constant
factor to fit the image. The time interval chosen for the 2D FFT are shown in figure 3.

B. Axial electron transport

As mentioned earlier, the electron axial transport is still not well understood even though it has a major
impact on the thruster performances. Similarly to what has been done in Ref.18 , we consider here the
electron momentum conservation equation in the axial and azimuthal direction, that gives respectively:{

qneve,yB = ∂t(mneve,x) + ∂x(mnev
2
e,x) + ∂x(Πe,xx)− qneEx −Ren,x −Rei,x

qneve,xB = ∂t(mneve,y) + ∂x(mneve,xve,y) + ∂x(Πe,xy)− qneEy −Ren,y −Rei,y
(4)

If we define FB,x = qneve,yB and FB,y = qneve,xB respectively the axial and azimuthal magnetic term,
Ft,x = ∂t(mneve,x) and Ft,y = ∂t(mneve,y) respectively the axial and azimuthal temporal inertia term,
Fin,x = ∂x(mnev

2
e,x) and Fin,y = ∂x(mneve,xve,y) respectively the axial and azimuthal spatial inertia term,

Fp,x = ∂x(Πe,xx) and Fp,y = ∂x(Πe,xy) respectively the axial and azimuthal pressure term, FE,x = −qneEx
and FE,y = −qneEy respectively the axial and azimuthal electric term, Fen,x = −Ren,x and Fen,y = −Ren,y
respectively the axial and azimuthal electron-neutral momentum collision term and Fei,x = −Rei,x = −q <
δneδEx > and Fei,y = −Rei,y = −q < δneδEy > respectively the axial and azimuthal electron-ion friction
force term; the above equations become in both directions:

FB = Ft + Fin + Fp + FE + Fen + Fei (5)

The different terms of the azimuthal equation are displayed in figure 5 which shows the different contri-
butions to the electron axial velocity at two different times of a breathing mode cycle. The right hand-side of
equation 5 is shown (SUM curve) to be equal to the left hand-side. The Fei,y term (cyan curve) corresponds
to the drag force on the electrons, enhanced by the instabilities propagating in the azimuthal direction.
When the discharge current is minimum, the electron axial velocity is low and even though the electron-ion
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friction force Fei,y is not negligible, the main contribution for the axial electron transport are the electron-
neutral collisions Fen,y that are predominant inside the thruster. However, when the discharge current is
maximum, the axial electron transport is greatly enhanced (by almost one order of magnitude), mainly by
the electron-ion friction force that contributes more than the electron-neutral collisions. In both cases, the
friction force is always dominant in the plume where the neutral density is low and the electron-neutral
collisions are scarce.
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(a) At discharge current minimum
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(b) At discharge current maximum

Figure 5: Azimuthal terms of electron momentum conservation equation 5 for two times of a breathing mode
cycle, if αε = 4. The black line ("SUM") corresponds to the sum of the right hand-side terms of equation
5. The cyan Fei,y line corresponds to the instability-enhanced drag force on the electrons. Inset: Time
evolution of discharge current, red dot indicating the corresponding time.

Hence, we have shown that the instability-enhanced electron-ion friction force is the main contributor
to the electron axial transport. When the discharge current increases, the azimuthal instabilities amplitude
grows and it enhances this electron-ion friction force: its relative importance to the electron axial transport
is increased compared to the classical electron-neutral collisions.

IV. Influence of vacuum permittivity scaling

A 2D PIC simulation without any artificial scaling requires very important computational resources. It
is then important to characterize how the use of a scaling on the vacuum permittivity would impact the
discharge in order to know in what extent it could be used to study HET discharges.

The discharge current time evolution for 4 values of αε is shown in figure 6. We can see that we retrieved
a similar breathing mode frequency of 20kHz but the oscillation amplitude seems to be damped when αε is
increased.
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Figure 6: Time evolution of discharge current (a) and corresponding FFT (b), for 4 values of αε.

The azimuthal terms of the electron momentum conservation equation for αε = 16 and αε = 64 when
the discharge current is maximum, are shown in figure 7. We can notice that when αε is increased, the
electron axial transport is decreased and the electron-neutral collisions become the dominant contribution
to this transport, with a significant decrease of the electron-ion friction force. It is interesting to note that
the electron-neutral momentum collisions looks almost constant with αε.
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(a) αε = 16
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(b) αε = 64

Figure 7: Azimuthal terms of electron momentum conservation equation at a discharge current maximum for
two values of αε. The black line ("SUM") corresponds to the sum of the right hand-side terms of equation
5. The cyan Fei,y line corresponds to the instability-enhanced drag force on the electrons. Inset: Time
evolution of discharge current, red dot indicating the friction force diagnostic time.
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If we average over 2 breathing mode cycles, we observe in figure 8 that an increase of the vacuum
permittivity scaling factor results in a significant decrease of the electron-ion friction force. This behaviour
was predicted by the theory developed in Lafleur et al19 where the expected ECDI growth rate was inversely
proportional to the Debye length as shown in equation 3. An increase of the vacuum permittivity damps the
growth rate, whereas the instability convection rate remains the same (it proceeds at the wave group velocity
which is close to the axial ion drift velocity). Hence, the instability amplitude at equilibrium is expected to
be lower and so is the friction force.
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Figure 8: Axial profiles of electron-ion friction force averaged over 2 breathing mode cycles, for different
values of αε. Dashed line corresponds to the position of maximum radial magnetic field.

V. Conclusion

In this paper, two-dimensional axial-azimuthal Particle-In-Cell simulations have been performed with
a self-consistent ionization obtained via a Monte Carlo Collision module and the neutral dynamic solved
at each time step. Low-frequency axial oscillations of the breathing mode have been observed and their
coupling with azimuthal high-frequency oscillations known as ECDI has been discussed. We have observed
that the growth of these azimuthal instabilities is associated with an increase of the discharge current in
the thruster. This growth enhances the so-called electron-ion friction force that enhances in return the
axial electron transport. We have shown that this friction force is the main contributor for the observed
axial electron anomalous transport during the discharge current increase and maximum, while the classical
collisional transport is dominant when the discharge current is low.

These results have been obtained by artificially increasing the vacuum permittivity by a factor αε in order
to reduce computational time. This scaling technique is still needed to perform self-consistent 2D simulations
of a HET. Its impact on the discharge behaviour and more specifically on the azimuthal instabilities and axial
electron transport has been discussed. As expected by previous theoretical works, increasing the vacuum
permittivity damps the ECDI growth and hence, reduces the electron-ion friction force, which results in a
decrease of the axial electron transport.

More analysis need to be performed on the characterization of the azimuthal instabilities when the
discharge current decreases and ideally, a different simulation case needs to be found (which gives lower
plasma densities), in order to be used to simulate a real case without any scaling.
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