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We exploit echo-enabled harmonic generation (EEHG) to produce fully coherent free-electron laser
(FEL) pulses at soft-x-ray wavelengths and shape their spectrotemporal content. In an EEHG FEL, the
longitudinal phase space of the relativistic electron beam that amplifies light is precisely tailored using two
external seed lasers and two magnetic chicanes. We show that the spectrotemporal properties of the emitted
radiation can be controlled by tuning the bandwidth, linear frequency chirp, and intensity of one of the seed
lasers. The experimental data are supported by analytical and numerical models. Our results open a
pathway toward coherent control of quantum processes at short wavelengths in the fields of applied
physics, chemistry and biology, where manipulating the radiation spectrum is essential. The ability to
precisely control the spectrotemporal content of intense, short-wavelength FEL pulses and the low
sensitivity of the radiation to electron-beam imperfections make the technique an ideal candidate for use in
chirped-pulse amplification schemes.

DOI: 10.1103/PhysRevAccelBeams.23.060701

I. INTRODUCTION

The development of pulsed lasers and pulse shaping
techniques has equipped researchers with tools to probe
and control quantum dynamical processes, giving birth to a
new research field called quantum coherent control [1–3].
Advances in generation and manipulation of short laser
pulses have led to a rapid progress in the field, making it
possible to investigate and manipulate quantum interfer-
ence phenomena with a wide range of applications in
chemical reactions, quantum information processing, spec-
troscopy, and ultracold physics [4–7].
With the advent of high-gain free-electron lasers (FELs)

[8,9], short and powerful pulses in the x-ray spectral range
became available, making it possible to investigate core
electrons in atoms, molecules, and materials, which are not

accessible with conventional lasers. While ultrafast pulse
shaping techniques are well established in the visible and
infrared (IR), direct application of such methods to an x-ray
FEL is not straightforward. The first step toward spectro-
temporal control in an FEL is the generation of fully
coherent FEL pulses. Most x-ray FELs rely on self-
amplified spontaneous emission (SASE) [10], which only
guarantees generation of partially coherent pulses, typically
characterized by a burst of coherent radiation spikes with
a random mutual phase relationship. Generation of fully
coherent FEL light can be achieved by triggering the
emission with an external laser. Such seeded FELs use a
combination of a visible or IR laser, a short magnetic
undulator (modulator), and a magnetic chicane to produce
nanometer-sized bunching of electrons in a relativistic
electron beam, which then emits coherent light at harmon-
ics of the seed laser frequency in the downstream undulator
(radiator).
The development of coherent control schemes for seeded

FELs in the extreme-ultraviolet (EUV) and x-ray spectral
regions has recently started at FERMI [11,12], an exter-
nally seeded FEL based on high-gain harmonic generation
(HGHG) [13,14]. While HGHG allows generating almost
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fully coherent pulses down to around 20 nm, the sensitivity
of the method to electron-beam imperfections in the form
of unwanted energy and/or density modulations that
may build up during electron-beam acceleration, see,
e.g., Ref. [15], degrades the FEL performance in terms
of coherence and output stability at shorter wavelengths. To
provide a fully coherent and stable output of the FERMI
FEL down to 5 nm, we recently implemented a new seeding
scheme called echo-enabled harmonic generation (EEHG)
[16,17]. EEHG is less sensitive to the initial electron-beam
properties and should allow generation of stable and
coherent light at much higher harmonics of the seed
[16–21], making it possible to extend the methods of
coherent control to x-rays.
Recent experiments at FERMI have demonstrated ampli-

fication of FEL pulses using EEHG at wavelengths as short
as 5 nm and coherent emission down to 2.6 nm, i.e., the
101st harmonic of a seed operating at 264 nm [22]. Here,
we exploit the EEHG setup at FERMI to investigate the
spectrotemporal control capabilities of FEL pulses at high
harmonics (36 and 37, output wavelength ∼7 nm) of the
seed laser. We demonstrate that spectral and temporal control
over the FEL pulse can be achieved by tuning the seed laser
parameters. Such pulses may be used for probing the
evolution and dephasing of inner shell electronic coherences
using advanced spectroscopic techniques [23].

II. EXPERIMENTAL SETUP AND THEORY

The EEHG setup (Fig. 1) is based on two modulating
sections, each consisting of a seed laser, short undulator
(modulator) to facilitate the interaction of the seed with the
electron beam, and a dispersive section. The first seed laser
imprints a sinusoidal energy modulation with a wave
number k1 onto the electron beam in the first modulator
(M1). The beam coming out of the strong magnetic chicane
(DS1) is longitudinally stretched, resulting in a striated
phase space with several energy bands. A second seed is
then used to once again periodically modulate the electron-
beam energy with a wave number k2. After passing through

a weaker chicane (DS2), the periodic energy modulation is
converted into a density modulation (bunching) with
frequency components at high harmonics of the seed.
The evolution of the electron-beam energy-longitudinal

coordinate phase space ðp; zÞ through the EEHG line is
described by the following equations [16,17,24]:

p1 ¼ pþ A1ðzÞ sin½k1zþ ψ1ðzÞ� þ Δp1ðzÞ;
z1 ¼ zþ B1p1=k1;

p2 ¼ p1 þ A2ðz1Þ sin½k2z1 þ ψ2ðz1Þ� þ Δp2ðz1Þ;
z2 ¼ z1 þ B2p2=k1; ð1Þ

where A1;2ðzÞ ¼ ΔE1;2ðzÞ=σE are normalized energy
modulations along the beam due to the two seed lasers,

B1;2 ¼ k1R
ð1;2Þ
56 σE=E are normalized dispersions, E is the

electron-beam energy and σE the slice energy spread,
Δp1;2ðzÞ are additional energy distortions that may be
introduced along the linear accelerator (linac) and in the
modulating sections (and exclude the seed laser modula-
tions), and ψ1;2ðzÞ are longitudinal phase variations of the
first and second seed lasers and include chirp as well as
laser phase fluctuations.
Starting from Eq. (1) and following Refs. [24] and [22],

the bunching factor, i.e., the Fourier transform of the
electron-beam density distribution, which determines the
EEHG output around harmonic aE ¼ nþmk2=k1, where
n and m are integers, is written as:

bðkÞ ¼ e−
1
2
ðξEþk−kE

k1
BÞ2

Z þ∞

−∞
Jm

�
−

k
k1

B2A2ðzÞ
�

× Jn

�
−
�
ξE þ k − kE

k1
B

�
A1ðzÞ

�
eiðφðzÞ−ðk−kEÞzÞdz;

ð2Þ

where ξE ¼ nB1 þ aEB2 is the EEHG scaling factor, which
governs the performance of the bunching process [19,24],

FIG. 1. The components of the EEHG scheme: first modulator (M1), first (strong) dispersive section (DS1), second modulator (M2),
and second (weaker) dispersive section (DS2); see text for details. The nanobunched electron beam exiting DS2 is injected into the
radiator (R), whose periodic magnetic field forces the electrons to emit coherent and powerful EUV or soft-x-ray pulses.
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kE ¼ aEk1 is the bunching (central) wave number, and
B ¼ B1 þ B2. The bunching around a specific harmonic aE
is optimized by minimizing jξEj.
In Eq. (2), the terms that contribute to the bunching

phase φðzÞ are the energy distortions and seed laser phase
variations:

φðzÞ ¼ −ξEΔp1ðzÞ − aEB2Δp2ðzÞ þ nψ1ðzÞ þmψ2ðzÞ:
ð3Þ

EEHG is typically operated with m ≫ jnj. This means that
the phase variations of the first seed have a small effect on
the bunching bandwidth and only decrease the bunching
factor [25].
If the first seed pulse is much longer than the second one

[24], the bunching bandwidth obtained from the spectrum
in Eq. (2) can be evaluated as σ2k ¼ σ2kE þ σ2φ0 , where σkE is
the transform-limited (TL) bandwidth obtained by setting
φðzÞ ¼ 0, and σφ0 ¼ σdφ=dz is the bandwidth due to the
nonlinear phase structures. If the main contribution to σφ0

comes from the (second) seed laser linear frequency chirp
[26], the relative bandwidth in the case of optimized
bunching can be approximated as [24]:

σ̄2λ ¼ ðσλ=λEÞ2 ¼ ðσk=kEÞ2

¼ 4σ̄2λL
3x2m4=3

�
1þ 3

4
m2=3ðx2 − 1Þ

�
; ð4Þ

where σ̄λL ¼ σλL=λL ¼ σk2=k2 is the relative seed band-
width and x ¼ τ=τ0 ≥ 1, with τ0 and τ the TL and chirped
seed durations, respectively.

III. RESULTS AND DISCUSSION

Figure 2(a) and (b) show a series of single shot spectra
from the FERMI FEL operated in the EEHG configuration
at harmonic aE ¼ 36 of a UV seed laser. Prior to emission,
the electron beam with a normalized emittance of 1 mm
mrad was accelerated in the linac to an energy of E ¼
1.3 GeV (≃270 keV uncorrelated energy spread), com-
pressed to 700 A peak current and prepared using the
EEHG scheme shown in Fig. 1. The dispersion of the first

chicane Rð1Þ
56 was 2.25 mm, while that of the second chicane

Rð2Þ
56 was adjusted to optimize bunching at aE ¼ 36 in the

n ¼ −1 tune, according to Rð2Þ
56 ∼ ðjnj=aEÞRð1Þ

56 ∼ 60 μm.
Both seeds were near-TL with full-width half-maximum
(FWHM) durations of 120 and 90 fs, respectively for the
case in Fig. 2(a) and 175 and 130 fs, respectively for the
case in Fig. 2(b), and were operated at 264 nm.
When the second seed duration is 90 fs [Fig. 2(a)], the

FEL pulses are expected to be about 30 fs long [27] with an
energy of more than 10 μJ per pulse and root mean square
(RMS) intensity fluctuations limited to 20%. The pulse

spectra are quasi Gaussian with a relative bandwidth of
5.8 × 10−4, about 1.3 the TL-bandwidth obtained by taking
the FWHM of the bunching spectral envelope given by
Eq. (2), and a high relative central wavelength stability
of 4 × 10−5.
The first experimental goal was to try decreasing the FEL

bandwidth by using a longer [130 fs, Fig. 2(b)] second seed
pulse. In this case, the relative bandwidth decreased to
3.4 × 10−4, providing a means of controlling the spectral
width. As EEHG was shown to be relatively insensitive to
electron-beam properties at these wavelengths [22], even
longer seed pulses could be utilized, leading to narrower
spectra. This is typically not possible when FERMI is
operated in the HGHG configuration, where electron-beam
imperfections may play a significant role in determining the
bandwidth. We note here that for longer seed pulses, the
corresponding pulse energies were higher (∼20 μJ) with
similar relative intensity fluctuations.
Apart from controlling the FEL bandwidth by adjusting

the seed bandwidth (the pulse duration, while keeping the

FIG. 2. Normalized single shot EEHG spectra at the 36th
harmonic in the n ¼ −1 tune for (a) short and (b) long second
seed pulses. (c) Relative FEL bandwidth as a function of the
second seed GDD: red crosses are experimental data (error bars
show RMS fluctuations), while the dashed black and solid blue
lines show the relative bandwidths obtained from Eq. (2) and
Eq. (4), respectively (see text for details). The inset shows the
central wavelength stability as a function of the second seed
GDD. The data in c) were acquired in the n ¼ −2 tune.
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pulses near TL), another possibility is to impose a linear
frequency chirp on the second seed pulse. We demonstrate
this in Fig. 2(c), where we plot the FEL bandwidth as a
function of the group delay dispersion (GDD) of the second
seed (for the case of 87 fs TL duration), which was
controlled by a combination of a fused silica plate and a
grating compressor [28,29].
In EEHG, the second seed energy modulation scales as

A2 ∼ 1=Rð2Þ
56 . To allow optimizing the bunching also for

chirped (stretched) seed pulses with a lower peak power
(lower A2), the data in Fig. 2(c) were acquired in the
n ¼ −2 tune with the second R56 increased to ∼120 μm.
For zero GDD, the FEL pulses are close to TL—their
widths are around 30% higher than the bandwidth calcu-
lated from Eq. (2) by setting φðzÞ ¼ 0. Increasing the seed
laser GDD to ∼3000 fs2 allows doubling the FEL band-
width [30]. The experimental data is reproduced well using
the analytical expression in Eq. (4), which assumes that the
bunching phase comes only from the second seed laser
chirp. This confirms the low sensitivity of EEHG to
electron-beam properties. The properties of the FEL spectra
are therefore mainly determined by the properties of the
seed laser, such as the central wavelength, duration, and
chirp. However, Eq. (4) is an approximation [24] and
slightly overestimates the bunching bandwidth. A more
accurate trend of the TL spectral widths is provided using
Eq. (2) and neglecting the energy distortions Δp1;2ðzÞ. The
small discrepancy between the experimental data and the
black dashed line in Fig. 2(c) may come from the electron-
beam instabilities, which give rise to energy distortions
Δp1;2, seed laser phase instabilities (not taken into account
in the calculations), and a nonzero spectrometer resolution.
The seed laser phase instabilities become more important for
longer seed pulses (higher GDDs). In addition, for longer
seed durations the modulation occurs on a larger portion of
the electron beam, putting more weight on the energy
distortions Δp1;2ðzÞ. This is confirmed by larger error bars
at higher GDDs and by the inset in Fig. 2(c), which shows a
decreasing relative central wavelength stability with increas-
ing GDD, although the wavelength stability is still high and
is maintained on the 1 × 10−4 level.
In the final step, we demonstrate the ability to tune the

spectro-temporal content of FEL pulses by adjusting the
EEHG parameters, extending the methods developed in
Ref. [31] to soft-x-rays. Figure 3 shows the spectral maps
(spectrum vs second seed intensity) for different values of
the second seed GDD; the insets are theoretical spectral
maps obtained from Eq. (2) and agree relatively well with
the experiment. In Fig. 3(a), we plot the results for a
relatively high (absolute) value of the GDD ¼ −4100 fs2.
Starting from the optimum energy modulation that max-
imizes bunching (A2 ≈ 1.8), increasing the seed intensity,
the spectrum initially characterized by a single peak
broadens until it develops intensity modulations as a
function of the wavelength due to the process of electron

overbunching and rebunching [31]. For such high GDD,
these intensity modulations directly correspond to the
intensity modulations in the temporal domain due to the
spectrotemporal equivalence [32,33]. A split spectrum in
the wavelength domain, indicated by the vertical dashed
line in the inset of Fig. 3(a), thus corresponds to a two pulse
structure with an overall negative quadratic chirp in the

FIG. 3. FEL spectrum vs seed modulation amplitude A2 for a
GDD of (a) −4100 fs2, (b) 0 fs2, and (c) þ2000 fs2. The spectral
maps were obtained by averaging the FEL spectrum at harmonic
37 over 50 shots and normalizing the result for each value of A2.
Insets show calculated spectral maps reproduced using Eq. (2). In
all cases, A1 ≃ 4, B1 ¼ 11.4, while B2 was adjusted to maximize
bunching. The experimental spectral maps at short wavelengths
in (b) and (c) are less intense probably due to the FEL gain (not
taken into account in the calculations), as well as due to a possible
small mismatch between the optimum and actual EEHG param-
eters. The relative variation of the FEL intensity with A2 for all
cases is shown in (d).
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temporal domain, as shown in Fig. 4(a). Such pulses can
be utilized in a pump-probe [32] or coherent control
experiment [11,23], with no need for an additional second
seed pulse. The temporal separation between the pulses is
controlled by the GDD (together with adjusting A2 to
maintain exact color separation) and is limited by the
electron bunch length, while the color separation depends
on the TL seed duration and is eventually limited by the
FEL gain bandwidth.
The spectral map for zero GDD, Fig. 3(b), corre-

sponds to a TL FEL pulse structure with a flat phase
within the individual spikes, as demonstrated in
Fig. 4(b), which shows the (calculated) temporal profile
and phase for the case of the spectrum indicated by the
vertical dashed line in the inset of Fig. 3(b). The
relatively good agreement between experiment and
theory confirms the discussion based on Fig. 2, from
which we concluded that the FEL pulses are very close
to the TL. This result demonstrates deterministic con-
trol of the FEL phase.
The case of a positive GDD of 2000 fs2, Fig. 3(c), results

in a similar spectral map as in Fig. 3(a), except that the sign
of the chirp is reversed, as shown in Fig. 4(c). The small
differences between Figs. 3(a) and 3(c) are due to different
absolute values of GDD.

IV. CONCLUSION

In summary, our results demonstrate that the EEHG
scheme allows fine control over the spectrotemporal
properties of FEL pulses in the soft-x-ray region.
Starting from the optimized EEHG parameters, the seed
laser bandwidth or chirp can be used to directly manipulate
the spectral bandwidth of the FEL pulse, demonstrating
deterministic control of the phase. Furthermore, adjusting
the seed intensity, the FEL spectrum can be modified from
a single- to a double-pulse structure with adjustable
quadratic phase, as shown in Fig. 4. Increasing the seed
energy above the values indicated by the dashed lines in the

insets of Fig. 3, a more complicated pulse structure can be
achieved (e.g., three pulses with a π phase difference),
which may be utilized in advanced spectroscopic tech-
niques [11,23]. The ability to precisely control the spec-
trotemporal content of FEL pulses at these short
wavelengths and the low sensitivity to electron-beam
imperfections make EEHG the prime candidate for use
in chirped-pulse amplification schemes [34].
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