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Abstract

Fluid flow systems provide physical expressions of dynamical
systems, typically written ẋxx = f (xxx), where xxx is the state vec-
tor and f is the system function or model. The identification
of the dynamical system f from time-series data {x1, ...,xn},
an inverse problem, is a long-held challenge. Historically, this
has been examined by linear or nonlinear regression, convolu-
tion methods, neural networks or evolutionary computation, but
these mostly lie outside the rigorous framework of Bayesian in-
ference. Here we examine the maximum a-posteriori (MAP)
Bayesian method for system identification, which is shown
to be equivalent to Tikhonov regularization, and in fact pro-
vides sound theoretical justifications for the choices of resid-
ual and regularization terms. The joint maximum a-posteriori
(JMAP) and variational Bayesian approximation (VBA) are
demonstrated by comparison to the popular SINDy regulariza-
tion method, by application to the Rössler dynamical system.

Keywords
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Introduction

A dynamical system such as a fluid flow system is typically
represented by the equation:

ẋxx(t) = f (xxx(t)), (1)

where xxx ∈ Rn is the observable state vector, ẋxx ∈ Rn is its time
derivative, and f is the system function or model. Usually, a dy-
namical system is observed at discrete time steps, giving data in
the form of a discrete time series [xxx(t1),xxx(t2),xxx(t3), ...]. A fun-
damental question is how to infer the dynamical system model f
from such data? This is generally referred to as system identifi-
cation, but if the model is known to arise from a class of models
described by a set of parameters, it may reduce to that of pa-
rameter identification. The inference problem requires the in-
version of (1), and so is described as an inverse problem. Many
methods have been applied to such problems, including linear
or nonlinear regression, convolution methods, neural networks
or evolutionary computation; however these exhibit a number
of deficiencies, in particular an inability to assess (or rank) the
appropriateness of the selected model. This arises from the fact
that such methods are usually posed outside the framework of
Bayesian inference, in which the uncertainty of the model is
handled rigorously as part of the inference process.

In recent years, there has been considerable interest in the appli-
cation of regularization methods for dynamical system identifi-
cation from time-series or spatial data [1, 2, 3]. Such methods
generally apply a sparse regression method, in which a regular-
ization term is imposed as part of the optimization process, to
enforce sparsification of the inferred matrix of parameters. Al-
ternatively, the sparsification can be imposed using a parameter

threshold, e.g., in the Sparse Identification of Nonlinear Dy-
namics (SINDy) method [1]. Such methods have proved to be
extremely useful for system (or parameter) identification, but
still involve a considerable degree of heuristic or ad hoc han-
dling, especially in the choice of regularization method and its
regularization parameter.

The aim of this study is to examine the maximum a-posteriori
(MAP) Bayesian method for dynamical system identification,
based on maximization of the Bayesian posterior probability
distribution, the product of the likelihood and prior distribu-
tions. Under the assumption of Gaussian distributions, this is
shown to reduce to an advanced form of Tikhonov regulariza-
tion, which underlies many regularization methods used to ex-
amine dynamical systems. Furthermore, the Bayesian MAP
method provides sound theoretical justifications for the choices
of residual and regularization terms. It can also be extended to
incorporate additional features of Bayesian inference, including
the estimation of uncertainties from the posterior distribution,
and if necessary the complete posterior distribution if this is
desired. Two Bayesian methods, joint maximum a-posteriori
(JMAP) and variational Bayesian approximation (VBA), are
here demonstrated by comparison to the Sparse Identification
of Nonlinear Dynamics (SINDy) regularization method [1], by
application to the Rössler dynamical system with additive noise.

Theory

In sparse regression methods applied to system identification,
the data from m time steps of an n-dimensional parameter xxx and
its time derivative ẋxx are assembled into m×n matrices [1, 2, 3]:

XXX =

xxx>(t1)
...

xxx>(tm)

=

x1(t1) . . . xn(t1)
...

...
x1(tm) . . . xn(tm)

 (2)

ẊXX =

 ẋxx>(t1)
...

ẋxx>(tm)

=

 ẋ1(t1) . . . ẋn(t1)
...

...
ẋ1(tm) . . . ẋn(tm)

 (3)

Considering ẊXX as a function of XXX , a set or alphabet of c func-
tions, such as polynomial or trigonometric functions, are ap-
plied to the data to populate a m× c matrix library, e.g.:

Θ(XXX , ẊXX) =
[
1 XXX ẊXX XXX2 ẊXX2 XXX3 ẊXX3

. . .
]
, (4)

The problem is then formulated as the matrix equation:

ẊXX = Θ(XXX , ẊXX)KKK, (5)

where KKK is a c× n matrix of coefficients ki j ∈ R. The inverse
problem requires inversion of (5) to determine KKK. This is com-
monly posed as the minimization problem:

K̂KK = argmin
KKK

J(KKK) = argmin
KKK

[
||ẊXX−Θ(XXX , ẊXX)KKK||α

β
+λ||KKK||αγ

]
(6)



where ˆ indicates an inferred value, J(KKK) is the objective func-
tion, || · ||p is the p norm, λ ∈ R is the regularization coeffi-
cient and α,β,γ ∈ R are constants. Structurally, the objective
function in (6) is composed respectively of residual and regu-
larization terms, allowing an interplay between minimization of
the residual to extract the solution, and minimization of the reg-
ularization term to overcome noise by enforcing a sparse ma-
trix [1, 2, 3]. Eqs. (6) have been applied to a wide range of
dynamical systems with α ∈ {1,2}, β = 2 and γ ∈ {0, [1,2]}
[4, 5, 6, 2, 3]. Alternatively, the now-popular SINDy method
imposes an iterative thresholding, which can be represented by
[1, 7]:

J(KKK) = ||ẊXX−Θ(XXX , ẊXX)KKK||22 with |ki j| ≥ λ, ∀ki j ∈ KKK. (7)

Regularization methods have also been shown to have strong
connections to the analysis of dynamical systems by singu-
lar value decomposition (SVD), dynamic mode decomposition
(DMD) and the application of Koopman operators [8, 9, 10].

In the Bayesian approach to the inverse problem, all variables
are treated as probabilistic quantities, represented by a proba-
bility density functions (pdfs). Rather than inverting (5), the
Bayesian seeks the posterior probability of KKK given the data,
defined by Bayes’ rule:

p(KKK|ẊXX) =
p(ẊXX |KKK)p(KKK)

p(ẊXX)
∝ p(ẊXX |KKK)p(KKK). (8)

The simplest Bayesian method is to extract the KKK that maxi-
mizes (8), known as the maximum a posteriori (MAP) esti-
mate. For higher resolution, it is usual to consider the loga-
rithmic maximum:

K̂KK = argmax
KKK

[
ln p(KKK|ẊXX)

]
= argmax

KKK

[
ln p(ẊXX |KKK)+ ln p(KKK)

]
.

(9)
Explicitly incorporating the error or noise term εεε in (5) [11, 12,
13, 14, 15]:

ẊXX = Θ(XXX , ẊXX)KKK + εεε, (10)

we then assume a multivariate Gaussian noise distribution with
covariance matrix ΣΣΣεεε:[14]:

p(εεε|KKK) = N (0,ΣΣΣεεε) ∝ exp
(
−1

2
||εεε||2

ΣΣΣ
−1
εεε

)
, (11)

where, making a change in notation, ||εεε||2AAA = εεε>AAAεεε based on
matrix AAA. From (10), we obtain the likelihood:

p(ẊXX |KKK) ∝ exp
(
−1

2
||ẊXX−Θ(XXX , ẊXX)KKK||2

ΣΣΣ
−1
εεε

)
. (12)

Secondly we assume a multivariate Gaussian prior with covari-
ance matrix ΣΣΣKKK :

p(KKK) = N (0,ΣΣΣKKK) ∝ exp
(
−1

2
||KKK||2

ΣΣΣ
−1
KKK

)
, (13)

From (12)-(13), the MAP estimator (9) becomes [14, 15]:

K̂KK = argmax
KKK

[
−1

2
||ẊXX−Θ(XXX , ẊXX)KKK||2

ΣΣΣ
−1
εεε

− 1
2
||KKK||2

ΣΣΣ
−1
KKK

]
= argmin

KKK

[
||ẊXX−Θ(XXX , ẊXX)KKK||2

ΣΣΣ
−1
εεε

+ ||KKK||2
ΣΣΣ
−1
KKK

]
.

(14)

The Bayesian MAP estimate thus provides an objective func-
tion that is very similar to that for sparse regression method
(6). Indeed, ifor isotropic Gaussian distributions for the noise
ΣΣΣεεε = σ2

εεεIII and prior ΣΣΣKKK = σ2
KKKIII, where III is the identity matrix,

it can be shown that (14) reduces to the regularization equation

(6) with α = β = γ = 2. The regularization parameter is also
obtained explicitly as λ = σ2

εεε/σ2
KKK [11, 12, 15].

In Bayesian inference, any unknown or nuisance parameters
can be incorporated into the inferred posterior pdf. Here, the
covariance properties of the noise and prior are unknown. For
isotropic Gaussian distributions, these can be inferred by ex-
panding the posterior as follows:

p(KKK,σ2
εεε,σ

2
KKK |ẊXX) ∝ p(ẊXX |KKK)p(KKK|σ2

KKK)p(σ2
εεε)p(σ2

KKK). (15)

In the Bayesian joint maximum a posteriori (JMAP) algorithm,
(15) is maximized with respect to KKK,σ2

εεε and σ2
KKK , to give the es-

timated parameters K̂KK, σ̂2
εεε and σ̂2

KKK . In the variational Bayesian
approximation (VBA), the posterior in (15) is approximated by
q(KKK,σ2

εεε,σ
2
KKK) = q1(KKK)q2(σ

2
εεε)q3(σ

2
KKK). The individual MAP es-

timates of each parameter are extracted by minimization of a
Kullback-Leibler divergence K =

∫
q ln(q/p)dKKKdσ2

εεεdσ2
KKK . In

both cases, an analytical solution is available, from which rapid
Bayesian algorithms have been developed without the need for
optimization [11, 12].

Application

To compare the traditional and Bayesian methods for dynami-
cal system identification, we examine the Rössler system, the
simplest low-dimensional dynamical system with chaotic be-
haviour, as a proxy for more complex fluid flow systems. This
is described by the nonlinear equations [16]:

dxxx
dt

= fff (xxx) = [−y− z,x+ay,b+ z(x− c)]>, (16)

using the parameter values [a = 0.2,b = 0.2,c = 5.7] to gener-
ate chaotic behaviour. The analyses were conducted in Matlab
2018a, with numerical integration by the ode45 function, using
a time step of 0.02 and total time of 350. The position data XXX
were then modified by additive random noise, drawn from the
standard normal distribution multiplied by a scaling parameter
of 0.2. The regularization processes were then executed using a
modified version of the published SINDy code and other utility
functions [2], and modified forms of the JMAP and VBA func-
tions [11, 12] using parameters a0 = 108 and b0 = 10−8. For
each Bayesian method, the covariance matrix of the posterior
can be extracted, from which the variances (hence the standard
deviations) of each coefficient ki j can be extracted [11, 12].

Results

The calculated noisy data for the Rössler system are illustrated
in Figures 1a-b, showing the raw XXX data and the data with added
noise. The calculated regularization results are then presented
in Figures 2-4, respectively for the SINDy, JMAP and VBA
methods. In each plot, the first graph shows the differences be-
tween the known and inferred coefficient values (ki j − k̂i j) in
each dimension, while the second graph shows the noisy and
inferred time series, and their differences.

It is clear from these plots that the three methods were fairly
similar in their choices of coefficients to recreate the Rössler
system. The SINDy method provided coefficient values esti-
mated to a resolution of 10−16. In contrast, the JMAP and
VBA give an estimated resolution of the order of 10−10 on all
coefficients; the standard deviations estimated in these methods
are shown as error bars in Figures 3a and 4a. The errors on the
coefficients for the 1 and z terms are higher than the others, in
each dimension, which accords with the fact that the Rössler
system is nonlinear only in the z coordinate [16]. The Bayesian
estimates provide a more realistic estimate of the inherent errors
in the system identification method than given by the SINDy
method.
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Figure 1. The Rössler system data XXX : (a) raw data, and (b) data with added noise.

Conclusions

In this study, we examine regularization methods for dynamical
system identification from time-series data. We first show that
these can be reinterpreted within the framework of Bayesian in-
ference using the MAP estimate, with the residual term identi-
fied with the likelihood distribution, and the regularization term
identified with the prior. This provides a rational justification
for the choice of residual and regularization terms, and further-
more provides an explicit form of the optimal regularization pa-
rameter. The Bayesian approach can also be extended to the full
apparatus of the Bayesian inverse solution, for example to quan-
tify the uncertainty in the model parameters, or even to explore
the functional form of the posterior pdf.

Two Bayesian methods, JMAP and VBA, are then demonstrated
by comparison to the SINDy regularization method, by applica-
tion to the Rössler dynamical system. All three methods per-
form similarly; however the Bayesian methods enable the es-
timation of the model uncertainties, expressed in the form of
variances (or standard deviations) of the model coefficients ki j.
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Figure 2. Output of SINDy regularization: (a) differences in predicted parameters ki j− k̂i j , and (b) comparison of original and predicted time series XXX .
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Figure 3. Output of JMAP regularization: (a) differences in predicted parameters ki j − k̂i j (error bars indicate inferred standard deviations from the
posterior), and (b) comparison of original and predicted time series XXX
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Figure 4. Output of VBA regularization: (a) differences in predicted parameters ki j − k̂i j (error bars indicate inferred standard deviations from the
posterior), and (b) comparison of original and predicted time series XXX .


