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Abstract:
This Letter is the first to report experimental bifurcation
diagrams of an external-cavity semiconductor laser (ECSL) in the lowto-moderate current injection regime and long-cavity case. Based on the
bifurcation cascade behavior which was unveiled by Hohl and Gavrielides
[Phys. Rev. Lett. 82, 1148-1151 (1999)], we present a detailed experimental investigation of the nonlinear dynamics of ECSLs and of the
robustness of the cascade to changes in the current and cavity length.
Also, we report for the first time a well resolved experimental Hopf
bifurcation in an ECSL. Based on the Lang and Kobayashi model, we
identify the dynamical regimes and the instabilities involved in the cascade, as well as the influence of the current and cavity length on the cascade.
© 2014 Optical Society of America
OCIS codes: (140.1540) Chaos Lasers; (140.2020) Diode lasers; (140.5960) Semiconductor
lasers; (190.3100) Instabilities and chaos.
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1.

Introduction

The dynamics of external-cavity semiconductor lasers (ECSLs) are known to be complex and
difficult to control; in view of the rich dynamical behavior as well as the technological importance of these devices, the dynamics have been widely investigated [1–5]. Nevertheless,
experimental investigations have suffered from limitations that have made it difficult to obtain bifurcation diagrams (BDs) and access the frequency dynamics [5]. Until a few years ago,
this chaotic behavior of semiconductor systems was viewed as an unwanted irritation to be engineered away. Nowadays, rather than simply being avoided, such dynamical instabilities are
of intense interest for applications, such as secure communications [6–8], light detection and
ranging(LIDAR) [9], random-number generation [4, 10, 11], and reservoir computing [12].
Various types of chaotic transitions of long-cavity ECSLs have been identified experimentally under specific conditions of cavity length L, injection current I, and feedback strength. A
common transition is the quasi-periodic route to chaos [13], in which a stable external-cavity
mode (ECM) is replaced by an attracting periodic orbit at a frequency close to the relaxationoscillation frequency fRO of the solitary laser, and this periodic attractor turns into a torus
as the feedback strength increases. In addition, a period-doubling route to chaos has been reported [14]. In this case, a cascade of period-doubling bifurcations, creating oscillations at
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frequencies close to sub-multiples of fRO , occurs. Moreover, when the operating conditions are
such that several ECMs are destabilized simultaneously, generalized multistability occurs as
several attractors or attractor ruins coexist in phase space [1] and numerous phenomena related
to attractor switching can be expected to be observed in a bifurcation diagram; an example is
the switching between a low-frequency-fluctuation (LFF) state and a state of stable emission
reported in [15].
Important insight into the dynamics of a system can often be gained by determining a BD
obtained by fixing all but one parameter and then mapping out the extremal values of a dynamical variable as that parameter is varied. It provides an easily apprehended depiction of how the
dynamics undergo transitions between qualitatively different regimes as the control variable is
changed. Several theoretical and numerical works have studied in detail the bifurcation diagrams of ECSLs as a function of the feedback strength such as a single-mode semiconductor
laser [16], vertical cavity surface-emitting lasers [17], and ring lasers [18]. Also, some experimental BDs for Er-doped fiber lasers [19], optically injected solid-state lasers [20], and gas
lasers [21] have been mapped out. However, there is an almost total lack of experimental BDs
available for ECSLs because there are several experimental hurdles that need not necessarily
be resolved for more restricted studies. Especially for ECSLs, BDs require a precise control
of the amount of feedback and accurate, stable, thermal and mechanical controls, which are
difficult to achieve [22]. Even though there are numerous studies of the dynamics of ECSLs in
restricted regimes, yet a comprehensive picture—and on that reconciled experiment and theory
across a range of operating parameters—remained, surprisingly, until now unavailable. There
is a need for such measurements as they provide a way to test the reliability of models for the
laser dynamics, such as the Lang and Kobayashi (LK) model [23].
Our Letter reports experimental BDs of an ECSL that the closest operation conditions were
in [24], where Hohl and Gavrielides focused on the case of an ECSL biased just above threshold
and subjected to feedback from a distant reflector (long-cavity case) and observed a cascade of
bifurcations between ECMs. Importantly, we reiterate: the results map out, for the first time
to our knowledge, detailed bifurcation diagrams of ECSLs as function of a feedback strength
for various L and I, thus covering a significant portion of parameter space. We have grounded
our discussion in the extensive theoretical studies based on the LK equations and observed a
cascade of BDs in accordance with our experimental results.
2.

Experimental setup

Fig. 1. Experimental setup. PD: photodiode, BS: beam splitter, LP: linear polarizer, Q:
quarter-wave plate, M: mirror, OI: optical isolator.

The experimental setup is shown in Fig. 1. Light from the laser-diode is split into two freespace optical paths using a beam splitter (BS). One optical path is used for feedback into the
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laser-diode and the other is for coupling and/or observing the dynamics of the intensity detected
at the photodiode. The semiconductor laser used in our experiments is an intrinsically singlelongitudinal mode InGaAsP DFB laser that oscillates at wavelength 1550 nm with maximum
power of 15 mW. The free-running threshold current (Ith ) is 9.27 mA. A real-time oscilloscope
with 12 GHz bandwidth is used to capture the time series of the optical intensity. We also
measure the RF spectrum with a spectrum analyzer with 23 GHz bandwidth and the optical
spectrum with a scanning Fabry-Perot interferometer of 10 GHz free spectral range and finesse
equal to 150. L is chosen to be 15, 30, or 65 cm corresponding to external-cavity round time τ
= 1, 2, or 4.3 ns, respectively.
In order to overcome the experimental challenges encountered in such a broad study, it is
necessary to have highly stabilized temperature (temperature stability / 24 hours < 0.002 ◦ C)
and I (drift / 24 hours < 100 μ A). Also, the experimental feedback strength η is controlled by
minutely and slowly changing, with a motorized rotation stage, the angle of the quarter-wave
plate (QWP) in the external cavity. This allows for very good horizontal resolution of the BDs;
indeed, the rotation velocity is 0.01 degree/minute and the resolution of the angle of QWP is
1/100 degree, leading to a 4500 possible different values of the feedback in a BD. Maximum
feedback, corresponding to η =1.0, is reached when the QWP angle is such that the polarization
is not subjected to any rotation. In that case, ∼20% of the optical power is fed back onto the
collimating lens.
3.

Biufurcation-cascade diagram

Fig. 2. Experimental BD of I=11.24 mA and L=30 cm.

Figure 2 shows the experimentally observed BD for I = 11.24 mA. Here L = 30 cm, resulting
in a frequency spacing between ECMs of ∼500 MHz. The experimental BD is obtained by
taking the local extrema of the intensity time series from the high-speed oscilloscope used
in the experiment as a function of η . Density is high in white (blue in the color figure) but
low in black regions. A bifurcation cascade between apparently stable and unstable regions is
observed. Because of the low current chosen, the photodetected optical intensity is weak and
does not always stand out of system noise. Consequently, the thinner regions in the optical
intensity, that we call stable, do not necessarily correspond to stable CW behavior but also
contain regimes in which instabilities around a single ECM have developed. The wider regions
in the optical intensity, referred to as unstable regions, typically correspond to regimes in which
trajectories wander around several ECMs and thus clearly stand out of noise.
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Fig. 3. (a) Ellipse structure of fixed points in the phase-difference-vs.-N plane for κ = 0.009
and τ = 1 ns. (b) Numerical BD of p = 1.03 and L = 15 cm (τ = 1 ns).

The single-longitudinal-mode description of a semiconductor laser in terms of rate equations
has proven to be a fruitful approach for analyzing the dynamics. Clearly, the LK equations
integrate out spatial degrees of freedom, therefore obviation the possibility of accounting in a
detailed fashion for a number of effects. Nonetheless, while obtaining perfect correspondence
between theory and experiment for identical parameters is not to be expected, the LK equations have reliably predicted trends in the dynamical behavior as a function of various parameters [25], and is widely employed. The LK model in the external cavity is described by three
parameters: theoretical feedback strength κ , proportional to η , delay time τ , proportional to L,
and the feedback phase ωo τ , which is the product of τ and the solitary laser angular frequency
ωo .
The LK equations for the complex amplitude E(t) and the carrier density N(t) are


1
κ
dE 1 + iα
=
G−
E(t) + E(t − τ )e−iωo τ ,
(1)
dt
2
τp
τin
dN
N(t)
= pJth −
− G |E|2 .
dt
τs

(2)

Here, G = G[N(t) − No ] is the optical gain where G is the gain coefficient and No is the carrier
density at transparency. Other parameters are τ p , photon lifetime; τs , carrier lifetime; τin , optical round-trip time within the laser cavity; α , linewidth enhancement factor; p, pumping factor
; Jth , threshold current. We numerically integrated Eqs. (1) and (2) with the following parameters: G = 8.1 × 10−13 m3 s−1 , No = 1.1 × 1024 m−3 , τ p = 1 ps, τs = 1 ns, τin = 8 ps, α =
3, and ωo τ = 0.
Two kinds of CW solutions of Eqs. (1) and (2) exist: the ECMs that can be stable and the
antimodes that are unstable saddle points [1]. These CW solutions are plotted in the plane of
carrier density N(t) versus phase difference Δφ (t) = φ (t) − φ (t − τ ) in Fig. 3(a). In this plane,
ECMs and antimodes are known to lie on an ellipse [26]. ECMs are marked with circles and
antimodes are marked with crosses. Among ECMs, two stand out: the minimum linewidth mode
(LM) and the maximum gain mode (MGM). The MGM is the one with the lowest frequency
(high gain end of the ellipse), and is usually stable [1, 15]. The LM is the closest ECM in
frequency to the solitary laser mode.
The simulated BD of the AC part of the optical intensity as a function of κ is shown in Fig.
3(b). To mimic the experimental conditions in which η is gradually increased, the initial state,
for a given κ , is selected to be equal to the final state of the simulation corresponding to the
previous, smaller, value of κ . It is clear that, like in the experiment, alternating stable and unstable regions are observed. We show, in Fig. 4, the trajectory in (N, Δφ ) plane. The scenario of
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Fig. 4. Trajectory in phase space at τ = 1 ns. The circle indicates an ECM and the cross
indicates an antimode (a) κ = 0.0014(limit cycle), (b) 0.002(quasi-period), (c) 0.0036, and
(d) 0.00375.

the onset of the cascade bifurcation is as described in Ref. [24]; without feedback, there is only
one fixed point that corresponds to the emission mode of the solitary laser. As κ increases from
0 to 0.0014 [Fig. 3(b)α ], the first ECM 0, is initially stable and is then destabilized by bifurcations, starting with a Hopf bifurcation [Figs. 3(b)β and 4(a)]. Two pairs of new fixed points
are sequentially created by increasing κ : ECM 1 and the corresponding antimode [Fig. 4(b)],
followed by ECM -1 (the MGM) and the corresponding antimode [Fig. 4(c)]. The trajectory
wanders around ECMs 0 and 1, with a tendency to go toward ECM -1 (the MGM), but without
reaching the MGM since it is typically kicked back toward ECM 0 or ECM 1, by the antimode
-1, which is close to ECM -1. This corresponds to LFF behavior in the laser intensity [Figs.
3(b)χ and 4(c)]. As we further increase κ , the gap between ECM -1 and its antimode widens
and the trajectory finally settles on ECM -1, corresponding to CW behavior for the laser [Fig.
4(d)]. With increasing κ , a similar sequence of events occurs again: ECM -1 undergoes bifurcations, a new MGM (ECM -2) appears, dynamics involve several ECMs (LFF), and finally the
trajectories settle on the new MGM.

Fig. 5. Experimental optical spectrum with FP interferometer for (a) η = 0.0, (b) 0.10, (c)
0.13, (d) 0.16, (e) 0.18, (f) 0.2, (g) 0.24, (h) 0.26, (i) 0.3, (j) 0.33, (k) 0.35, (l) 0.4, (m) 0.42,
and (n) 0.48. I = 11.24 mA and L = 30 cm. The arrows indicate the relaxation sidebands.
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To further explore the correspondence between experiment and modeling, we represent the
optical spectrum in Fig. 5, for I = 11.24 mA, corresponding to relaxation-oscillation frequency
fRO ∼3.2 GHz, as η is increased. It illustrates how the sequence of bifurcations and of ECMs
involved corresponds to the numerical predictions. For η ∼0, corresponding to region α of Fig.
2, the optical spectrum of Fig. 5(a) shows that the laser-output power remains in ECM 0, which
is close in frequency to the longitudinal mode of the solitary laser (0 GHz). With increasing
η , the optical spectrum of Fig 5(b) shows that 2 neighboring ECMs, called ECMs 1 and -1, at
±0.5 GHz, become active, and fRO becomes undamped and is manifested as sidebands, that
appear at around ±3.2 GHz from the ECMs [Figs. 2(β ) and 5(b)]. For a further increase in η ,
the spectral peaks at ±0.5 GHz (ECMs 1, -1) become stronger and we observe in the time series
of the optical intensity the dropout events typically associated with LFF. As we further increase
η , at η = 0.12, instability stops and stable emission occurs on ECM 1, as can be seen in Figs.
2(χ ) and 5(c). We then observe that the same sequence of events, i.e. the stable ECMs become
destabilized and itinerancy between several neighboring ECMs results until the laser stabilizes
again on an ECM shifted in frequency by -0.5 GHz. This occurs experimentally for a total of
10 ECMs, over the entire range of experimentally accessible η .
Moreover, in the unstable regions, we systematically identify LFF, and in particular the typical random power dropouts [Fig. 2(β ), 2(δ ), 2(φ ), and 2(ι )], until η ∼0.26 is reached. In
contrast, for higher η , we do not observe LFF but rather a regime of fully developed coherencecollapse (CC). The two regimes can be easily discriminated experimentally by analyzing the
optical spectrum; when the dominant modes are around the LM in unstable regimes [Fig. 5(b),
5(d), 5(f), and 5(h)], LFF is typically observed; in contrast, when the dominant modes are near
the MGM [Fig. 5(j), 5(l), and 5(n)], fully developed CC is the observed chaotic behavior. It is
important to determine the region of validity of the bifurcation casacade between ECMs as the
mechanism leading to fully developed CC. We have observed consistently the presence alternating ”stable” and ”unstable” regions for all values of the current between Ith and 1.5 Ith . In
addition, LFFs are still observed until 1.2 Ith when the ECMs lose stability, but the average time
between the LFF dropouts typically become shorter, as reported in Ref. [27].
3.1.

Varying the current

In order to analyze the effect of I, we compare the experimentally observed bifurcation cascades
for I = 11.24 mA [Fig. 2] and 14.69 mA [Fig. 6(a)]. We observe three marked phenomena with
increasing I. The first is that alternating stable and unstable regions are still observed, but no
longer a systematic cascade involving the successive MGMs. The second is that the cascade
exhibits interrupted chaotic behavior above a feedback level that decreases with increasing
I. Indeed, we have observed consistently the presence of alternating “stable” and “unstable”
regions for all values of the current between Ith and 1.5Ith . The third is that for larger I, longer
(though fewer) regions of stable CW emission exist compared to low I.
Numerical simulations help us interpret the influence of I on the BD. Larger I leads to larger
changes in intensity and thus to trajectories that explore a larger region of phase space. Also,
at low I, the unstable regions typically correspond to LFF regime, within which a drift toward
the MGM is observed. At larger I, the unstable regions typically correspond to fully-developed
CC in which chaotic itinerancy between ruins of ECMs is observed, with no drift toward the
MGM. This explains why we observe numerically that at larger I, either larger κ is needed to
get out of an unstable region and reach the MGM, or the MGM is not reached at all. This in turn
explains the “perturbed” bifurcation cascade observed experimentally, in which some of stable
regions are skipped because the trajectory never settles on the MGM. Moreover, at large κ , fully
developed CC involving ECMs that are far away from the MGM, makes the MGM inaccessible,
thus explaining the interrupted bifurcation cascade. Finally, the fact that long stable regions can
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Fig. 6. Experimental BDs for (a) I = 14.69 mA with L = 30 cm, I = 11.24 mA with L = (b)
15 cm and (c) 65 cm.

be observed at larger I stems from the fact that larger κ is needed to destabilize the MGM when
I is increased, as shown by the formula 21 in [13]. Thus, when the trajectory reaches the MGM,
it needs larger κ to leave it, thus explaining the longer CW regions in the BD.
3.2.

Varying the external cavity length

The dependence of the BD on L is explored in Fig. 6(b) and (c). The experiment is executed for
L = 15, 30 [Fig. 2], and 65 cm, at I = 11.24 mA. At a short L, we again observe a cascade of
bifurcations, but with significantly longer stable regions during which the laser-output power
dwells on a single ECM before moving into the subsequent unstable regime, itself followed
by the next ECM [Fig. 6(b)]. Moreover, we also observe a well-resolved experimental Hopf
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bifurcation of the first ECM that appears in the cascade. In Fig. 6(c), when L = 65 cm, we
barely observe a cascade of bifurcations for small η (0.1≤ η ≤0.23). The laser-output power
remains briefly on a single ECM, then moves into an unstable regime followed by the next
stable ECM over a small range of η and we cannot observe any cascade behavior by further
increasing η .

Fig. 7. Numerical BD of p = 1.03, L = 65 cm and ωo τ = 0.

Numerical simulations also help us interpret the influence of L on the BD. Figure 7 shows
the simulated BD for a long cavity length L = 65 cm. The absence of a cascade is consistent
with the experimental results. When L is long, the spectral separation between ECMs is reduced
(e.g., 1 GHz→15 cm, 500 MHz→30 cm, 233 MHz→65 cm) in the optical spectrum. Therefore,
each participating mode being close in phase space, large-amplitude itinerancy between several
modes is easily observed. In the limit of a very long L, Ruiz-Oiliveras et al. have proven that
the laser is always unstable [28]. Indeed, numerical observation of the trajectories on the ellipse
shows that the proximity the ECMs impedes the development of independent attractors and thus
prevents the existence of a BD. Conversely, increased distance between the ECMs for shorter L
means that larger η is needed before attractor merging occurs, thus explaining the longer stable
regions.
4.

Discussion

We compared both forward (increasing η ) and reverse (decreasing η ) BDs. Although we can
observe the cascade behavior in both cases, the transitions between stable and unstable regions
occur for smaller feedback levels in the reverse cascade. This difference results from the fact
that as the feedback is decreased, the trajectory in an unstable regime does not switch toward a
neighboring CW ECM as soon as this ECM becomes stable but tends to remain in its current
unstable regime. On the contrary, when the feedback is increased and the laser is in a stable
regime, the trajectory, by definition, leaves the stable attractor as soon as it becomes unstable.
The inclusion of noise in the LK model, through the addition of langevin noise sources, blurs
the simulated BDs, makes them closer-looking to the experimental ones, and does not alter the
main features of the cascades. This observation confirms the deterministic origin of bifurcation
cascades in ECSLs.
Under highly stabilized temperature and I and good resolution of feedback strength i.e. controlling the angle of QWP, it is interesting to point out that Fig. 6(b) shows, for the first time
to our knowledge, a well-resolved experimental Hopf bifurcation in an ECSL (η ∼ 0.1). It corresponds to the loss of stability by the ECM that is first created (ECM 0) when η is increased,
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and to the birth of a stable limit cycle. The conditions of this observation can be interpreted in
light of the trajectory in phase space. In Fig. 4, it is clear that since ECM 0 does not have a
partner antimode, it has more room to develop in phase space than any other ECM so that it
is more likely to dominate over. This potential is fully unleashed in the case of small cavities
since ECMs 1 and -1 are distant in phase space from ECM 0 and allow for large-amplitude
instabilities to develop locally around ECM 0, before attractor merging occurs.
5.

Conclusion

In this paper, we have presented a global picture of the dynamics of an external-cavity DFB
laser diode, in the long-cavity case, and when subjected to low-to-moderate current injection, by
means of experimental BDs and optical spectrum analysis. We determine the region of validity
of the bifurcation cascade between ECMs as the mechanism leading to fully developed CC.
We observe consistently the presence alternating ”stable” and ”unstable” regions for all values
of the current between Ith and 1.5 Ith . Moreover, in the unstable regions, we systematically
identify LFF, and in particular its typical random power dropouts with lower η . In contrast,
for higher η , we do not observe LFF but a regime of fully developed CC. Also, we further
experimentally study the evolution of the bifurcation cascade when L or I is varied. We verify
that the cascade gradually disappears, as L or I is increased, because of attractor merging. We
have further explained the qualitative features of the observed BDs in light of the LK model.
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