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Abstract: 

We report on the coherent control of boosted ultrashort terahertz pulse emitted 

from air plasma pumped by a femtosecond sawtooth pulse composed of three 

optical harmonic fields. With an in-line optical setup, the relative phases 

between the three optical components of the pump pulse can be varied 

independently with attosecond precision without the complexity of external 

phase stabilization. We observe that the amplitude of the terahertz emission 

pumped by the phase-optimized sawtooth wave is enhanced by 1.8 times 

compared to the widely used two-color scheme. Moreover, by manipulating 

the relative phases between the three colors at attosecond precision, coherent 

control of the azimuthal angle, ellipticity, and polarity of THz radiation is 

achieved. A local current model reproduces well the coherent control 

observations.  
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1. Introduction 

Air plasma created by ultrafast laser pulses is a unique source of coherent terahertz radiation 

because of its extremely broad bandwidth [1-4]. It reaches up to 200 THz, while other 

commonly used broadband THz radiation sources such as optical-conductive antenna or 

optical rectification crystal are usually limited to be below 5 THz [5-7]. It is well known that 

the combination of a fundamental femtosecond laser pulse with its second harmonic (2-color 

scheme) can produce THz radiation with a conversion efficiency of 10-4, two orders of 

magnitude higher than the single-color excitation [3, 5, 8-10]. With this two-color scheme, 

THz fields with amplitude exceeding 1 MV/cm have been demonstrated [11, 12]. Moreover, 

the polarization and spectrum of the THz pulse can be controlled by varying the polarization, 

duration, and spectrum of the two-color pulses [13-19]. The THz generation mechanism has 

been first interpreted as a four-wave mixing process [2, 13], and later attributed to a transient 

residual electron currents inside the plasma [3, 9, 16, 19-22]. With 2-color optical driven field, 

a net transient transverse electron current is effectively produced, since the symmetric electron 

motion in case of single-color pumping is broken [3, 20-24]. Predicted in [23] and 

experimentally demonstrated in [24], THz generation by two-color field with uncommon 

commensurate frequencies has confirmed that transient electron current is the dominating 

mechanism for such THz emission. 

 

To further increase the terahertz yield, it was theoretically proposed to use three- and multicolor 

pumping fields [18, 25]. Particularly, it was predicted that a sawtooth wave would be beneficial 

since such an optical field can increase the transient electron current by maximizing the electron 

drift velocity [25]. Numerical simulations show that THz energy can be significantly enhanced 

by such an engineered phase-optimized optical field [25-27]. The sawtooth-like wave can be 

synthesized by three or more optical fields with frequencies forming a series of harmonics, with 

their relative phase alternatively varied by  [25]. Unfortunately, active control and stabilization 

of the relative phases between N-color optical fields (N ≥ 3) in experiments are not all trivial 

and normally require complex feedback loops with attosecond control precision based on 

interferometer phase measurement [28, 29]. Therefore, THz generation using a femtosecond 

sawtooth-like wave has not yet been experimentally demonstrated, although THz enhancement 

has been observed with three-color fields obtained from Optical Parametric Amplifier (OPA), 

where the relative phases between the optical fields are usually not fixed [30, 31].  

 

In this work, we demonstrate a simple inline optical setup which enables attosecond control of 

the relative phases between three optical harmonic fields, without the need of any external phase 

stabilization system. Our method is based on the femtosecond laser pulses at 800 nm wavelength, 
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which is widely available for the laboratories engaged in ultrafast optics. With optimized relative 

phases, we find that the THz pulse amplitude obtained with the three-color sawtooth-like wave 

is 1.8 times higher than that of two-colors pumping. By adjusting the phases between the three 

colors, we show that this boosted terahertz emission can be coherently controlled in terms of 

azimuthal angle, polarity and amplitude. We simulate this coherent control process with a local 

current model that reproduces well the observations. In particular, we show that the phase period 

for THz intensity variation now becomes 2 due to the absence of mirror-symmetry of the 

sawtooth wave.   

2. Setup for the sawtooth-like wave generation and terahertz field detection 

For synthesis of the three-color femtosecond sawtooth-like wave, we used the optical setup 

schematically presented in Fig. 1. Femtosecond laser pulses first pass through a 200 m thick 

type I Beta Barium Borate (BBO) crystal cut at 29.2º for second harmonics generation, which 

is followed by a calcite phase compensator, a dual-wavelength half-wave plate, and a pair of 

fused silica optical wedges. This optical layout is commonly used for two-color field coherent 

synthesis [32]. By displacing the fused silica wedges, the change of fused silica thickness Δd 

induces a phase variation Δ  = (n−n)Δd, where n and n400 are the refractive 

indices of fused silica for 800 nm and 400 nm wavelength respectively. It should be noticed that 

a change of transverse position of the moving wedges by Δx = 10 m results in a change of the 

wedges thickness of Δd = Δx tan =  m, corresponding to Δ =  0.044 . Here  = ºis 

the angle of the fused silica wedge. This leads to a time delay of 29.3 attoseconds between the 

800 nm and 400 nm fields. Therefore, Δ can be easily controlled with attosecond precision in 

this simple setup. The synchronized 800 nm and 400 nm fields, linearly polarized in the 

horizontal plane, are focused in air by a parabolic mirror. Before the focus, a 50 m thick type 

I BBO crystal for Sum Frequency Generation (SFG) is inserted in the beam path in order to 

produce the third harmonics at 266 nm.  

 

After the SFG crystal (BBO 2), the 800, 400 and 266 nm normally have both horizontal and 

vertical components due to the birefringence of the crystal. The relative phase between the 400 

nm and 266 nm at the focus contains a constant phase component determined by the thickness 

of the BBO 2 and a variable phase  = (n−n) l/ where l is the BBO-2-focus distance, 

n400 and n266 are the refractive indices of air for 400-nm and 266-nm pulses. Therefore, one can 

change the position of the BBO 2 to control   change of l by 10 m corresponds to a phase 

change of Δ  =    In the Appendix, we presnet a detailed consideration of the physical 

sources contributing to the phase  and  . In the inset of Fig. 1, we present a comparison of a 

3-colors sawtooth-like wave and the 2-colors wave to illustrate their difference.  
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Under the focusing role of the f = 150 mm parabolic mirror, the 3-color wave was focused to 

form a plasma in air or nitrogen gas. Femtosecond pulses with 40 fs duration and pulse energy 

of 1.8 mJ before the first BBO crystal was used in the experiment. The emitted THz emission 

from the gas plasma was measured with the Electronic-Optical Sampling (EOS) technique in a 

1 mm thick ZnTe crystal. By rotation of the detection crystal and the probe polarization, we can 

measure both horizontal and vertical components of the THz field. The experimental system 

was immersed in pure nitrogen to avoid the water vapor absorption of THz radiation.  

3. Experimental results  

We first compared the THz emissions obtained by two-color and three-color sawtooth wave 

excitation. For the two-color case, the insertion of the fused silica wedge was optimized for the 

most intense THz generation [3]. The energy of the incident 800 nm pump pulse was 1.6 mJ and 

the second harmonic was 0.2 mJ. The measured THz waveform is presented in Fig. 2(a) (red 

line). Since both 800 nm and 400 nm optical fields are linearly polarized in the horizontal plane 

(Fig. 3(a)), the resulting THz electric field is observed to be horizontally polarized with a weak 

vertical component, in agreement with previous results [13]. For the three-color field excitation, 

it is observed that both the rotation and azimuth angle of the SFG crystal determine the intensity 

of the 266 nm field, as well as the polarization state of the exiting three optical fields. Moreover, 

the distance of the SFG BBO crystal with respect to the focus determines the phase Δ. In general 

case, the resulting THz emission exhibits both x and y components, with their amplitude and 

phase determined by the three-color optical fields. In the experiments, we optimize both the 

rotation and azimuth angle of the SFG crystal, as well as the relative phases Δ and Δ to 

achieve the most energetic THz emission. In Fig. 2(b), we present one such optimized THz field. 

The THz electric field now presents elliptical polarization with both horizontal and vertical 

components. The total amplitude of this optimized THz field is found to be 1.8 times higher 

than that of the 2-color pumping, corresponding to an energy enhancement of 3.2 times. The 

corresponding polarization of the 800, 400, and 266 nm optical fields are presented in Fig. 3 (b).  

 

We now examine the role of the relative phases Δ  and Δ. We present in Fig. 2(c) the profile 

of the THz electric field oscillation for a systematic variation of the phase Δ The azimuthal 

angle of the THz radiation, as well as its ellipticity, are observed to be controlled by this phase 

factor. The phase Δ was also changed by displacing the SFG crystal and the resulting THz field 

profile are shown in Fig. 2(d). In this case, the THz field is found to be gently modified by the 

change of Δ in terms of the azimuthal angle and the ellipticity. 

 

To get insight into the underlying physics mechanism and simplify the measurements, below 

we concentrate ourselves to one dimension of the THz field, namely, the vertically (y) polarized 
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terahertz component. In Fig. 4, we present a systematic measurement of temporal waveform of 

the vertically polarized THz field in the time domain by varying Δ, where five different Δ 

 were chosen. As seen, we coherently control the amplitude and polarity of the THz pulse by 

manipulation of Δ.  As an example, in Fig. 5(a) we present two representative THz wave forms 

with opposite polarities, achieved by Δ =  and Δ =  versus Δ' =  and Δ' =  We 

present the squared modulus of THz peak-to-peak amplitude |𝑈𝑇𝐻𝑧|2, which is proportional to 

the THz pulse energy, as a function of Δ  in Fig. 5(b)  Here, a 2−periodic variation of the 

THz energy is observed for all five different Δ   The experimental results in Fig. 5(b) are well 

reproduced by numerical simulation, as presented in Fig. 5(c), which will be discussed later.  

 

We next studied the role of Δ while the phase Δ was fixed at three chosen values. Systematic 

experimental results of the THz waveform are presented in Fig. 6. It is interesting to notice that 

the variation of BBO-2-focus distance (Δ) does not necessary lead to polarity change of the 

THz pulse, although its amplitude can be strongly modulated. We present in Fig. 7(a) the THz 

amplitude as a function of the BBO-2-focus distance. A periodic oscillation with a period of the 

BBO-2-to-focus distance of 18.0 mm was observed for all three chosen Δ , corresponding to a 

2 change of Δ. The maximum THz amplitudes correspond to values of Δφ differing by 

n (n =  ± ±  ), while the polarity of THz pulse remains unchanged for varying Δ For 

other values of Δφ THz polarity change can also be observed, for example in the case where  

= 0.352fs (corresponding to Δ =  ) as shown in Fig. 6(b) and Fig. 7(a). 

4. Discussion and numerical simulations 

To corroborate our experimental findings, we utilized the local current (LC) model while 

neglecting the propagation effects [3, 19, 20, 24, 25]. The electric field projection E(t) in linearly 

polarized three-color laser pulse is expressed as 

𝐸(𝑡) = exp(
−2ln2𝑡2

𝜏2 ) × [𝐸800 sin( 𝜔0𝑡) + 𝐸400 sin( 2𝜔0𝑡 + 𝜋 + Δ𝜑) + 𝐸266 sin( 3𝜔0𝑡 + Δ𝜑 + Δ𝛾)]                (1)                                                                                  

where t is the time variable, τ is the intensity full width at half-maximum, 0 = 2c/ is the 

fundamental frequency. E800, E400 and E266 are the field amplitudes of the fundamental, second 

and third harmonic laser field, respectively. More details concerning Eq. (1) can be found in the 

Appendix. For standard sawtooth-like pulse, the amplitude ratios should be set to E400 = E800/2 

and E266 = E800/3 and the phase shifts Δ and Δ should be set to zeros. In our experiment, the 

pulse energies of the 400 nm and 266 nm are measured to be 230 J and 22.5 J, respectively. 

However, due to the intensity clamping effect inside the plasma for the fundamental 800 nm 

pulse and the strong defocusing effect of the plasma on the 400 nm and 266 nm pulses, the 

precise laser intensities of the three optical pulses cannot be identified easily.  Therefore, in our 
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simulations, we have tested a vast range of laser intensity ratio between the three optical fields 

and we found the best agreement between experiments and simulations is obtained in case of 

E400 = E800/4 and E266 = E800/5.  

 

For the fundamental laser intensities in our experimental conditions (1014–1015 W/cm2), the 

tunneling formula can be employed to calculate the ionization rate W(t) [33]: 

                 𝑊(𝑡) =
α

|𝜀(𝑡)|
exp [− (

𝛽

|𝜀(𝑡)|
)],                                                                                 (2) 

where  𝜀(𝑡) = 𝐸(𝑡)/𝜀𝑎   is the electric field in atomic units with 𝜀𝑎  = 5.14 ×109 V/cm, α =

4𝜔𝑎𝑟5 2⁄ , 𝛽 = (2 3⁄ )𝑟3 2⁄ , 𝜔𝑎 = 4.13×1016 s-1 is the atomic frequency, and r is the ionization 

potential of the gas molecule relative to hydrogen atom 𝑟 = 𝑈 𝑈𝐻⁄ . In our simulations, we used 

U = 15.6 eV (for N2 gas) and 𝑈𝐻=13.6 eV. The free electron density 𝑁𝑒(𝑡) can be written as  

                        
𝑑𝑁𝑒(𝑡)

𝑑𝑡
= 𝑊(𝑡)[𝑁 − 𝑁𝑒(𝑡)],                                                                             (3) 

where N is the initial density of neutral gas. Considering the movement of all ionized 

electrons, the generated transverse electron current can be expressed as 

                     𝐽(𝑡) = 𝑒 ∫ 𝑣(𝑡, 𝑡′)𝑒𝑥𝑝[−𝜈(𝑡 − 𝑡′)]𝑑𝑁𝑒(𝑡′)
𝑡

−∞
,                                                 (4) 

where e is the electron charge, 𝑑𝑁𝑒(𝑡′) represents the change of the electron density in the 

interval between t' and t' + dt', 𝑣(𝑡, 𝑡′) = −
𝑒

𝑚
∫ d𝑡′′𝐸(𝑡′′)

𝑡

𝑡′
 can be seen as the velocity of an 

electron at time instant t which is born at the ionization instant t', and  𝜈 is the phenomenological 

collision rate ( 𝜈 ≈ 5 ps-1). The time–dependent electron current J(t) generates an 

electromagnetic pulse at THz frequencies. The electric field of the generated THz pulse is 

proportional to the derivative of the electron current J(t): 

                              𝐸THz(𝑡) ∝
𝑑

𝑑𝑡
[𝐽(𝑡)].                                                                               (5) 

Finally, the THz radiation spectrum is obtained by the Fourier transform of 𝐸THz(𝑡), i.e., 

𝐸THz(𝜔) = FFT[𝐸THz(𝑡)]. The THz yield is calculated as 𝑈THz ∝ ∫ 𝐸THz
2 (𝜔)d𝜔

𝜔𝑡ℎ

0
, where th

 

= 100 THz is the upper limit of the THz spectrum considered in our simulation.  

 

In Fig. 5(c), we present the calculated THz yield as a function of the relative phase Δ. As can 

be seen, the dependence agrees quantitatively with the experimental results shown in Fig. 5(b). 

The intensity variation period is 2 instead of the period of  observed in the two-color 

pumping situation [13, 20]. This is due to the fact that a change of Δ by  leads to a mirror 

symmetrical synthesized laser field in case of two-color excitation. As a result, this leads to a 

polarity inversed THz waveform of identical amplitude, which corresponds to the same THz 

energy [13, 32]. In the situation of three-color sawtooth-like wave pumping, when Δ is 

changed by  the THz amplitude becomes different since the 266 nm field breaks the mirror 
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symmetry of the 800 nm and 400 nm field. Consequently, the variation period in Fig. 5(c) 

becomes to 2 In Fig. 7(b), the simulated THz amplitude is compared with the experimental 

results, where a good agreement is also obtained. Based on a similar analysis the period with 

respect to  Δ is also 2  

5. Conclusion 

In conclusion, we demonstrated a simple and robust inline optical setup enabling precise control 

of the relative phases between three harmonic femtosecond laser fields, providing a sawtooth-

like wave. It is based on the widely available femtosecond laser pulses at 800 nm. It was 

observed that the THz radiation amplitude produced in air with this phase-optimized three-color 

sawtooth-like wave is enhanced by 80% compared to that produced with two-color laser fields. 

The coherent control of azimuth angle, the polarity and amplitude of the enhanced THz pulse 

through a variation of the relative phases Δ or Δ of the three-color fields is in good agreement 

with the transient electron current model. Well controlled production of intense THz pulses of 

ultrashort duration (close to a single cycle pulse) and concomitant broadband spectrum should 

be beneficial for ultrafast dynamics application in the THz domain. Moreover, this simple and 

robust 3-color optical field synthesizer with attosecond precision can find wide applications in 

the domain of femtosecond laser-material interaction, such as high-order harmonic generation 

[34, 35], generation of white-light continuum in the mid-IR and UV regime [36-38], and field-

free molecule alignment and orientation [39], where three-color femtosecond pulse excitation 

has been found to be much more efficient and beneficial.  
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Figure 1 

 

 

 

Fig. 1. Schematic experimental setup. The femtosecond laser pulses were split into pump and probe beams with a 

beam splitter. The BBO 1 and BBO 2 were used for second harmonic and third harmonic generation. The calcite 

plate cut at 90º imposes a negative group delay for the 800 nm and 400 nm pulse, in order to compensate the positive 

delay induced by other optical elements. The dual wavelength plate (DWP) rotates the polarization plane of the 400 

nm by 90º while keeping the polarization of the 800 nm unchanged. The insertion of the fused silica wedge was 

controlled by a mechanic motor. The THz radiation emitted by the air plasma was detected by the electrical-optical 

sampling system composed of the ZnTe crystal, the quarter wave-plate, the Wollaston prism, and the balanced 

detector. Inset: the calculated synthesized laser field by two colors (gray line) and the sawtooth-like wave composed 

of three colors (red and blue lines). 
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Figure 2 

 

Fig. 2. (a) and (b), Temporal waveform of the terahertz field produced by the two-color wave and sawtooth-like three-

color wave. Both horizontal and vertical components of the THz electric field are presented. (c) and (d), Trajectories 

of the THz electric field in the x-y plane as a function of the phases Δ and Δ 
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Figure 3 

 

 

 

Fig. 3. Measurement of the polarization of the optical fields before (a) and after the SFG BBO crystal (b). The 

energies of the 800, 400, and 266 nm pulses are measured as a function of the rotation angle of a Glan-Taylor 

polarizer.  
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Figure 4 

 

 

 

Fig. 4. Temporal waveform of the terahertz pulse as a function of the phase Δ for 5 different BBO-2-focus distances 

(Δ). Form (a) to (e), the BBO-2-focus distance was increased by an increment of 1.5 mm or 2 mm, corresponding 

to a Δ increment of 0.167 or 0.222. In each panel, 33 independent THz waveforms are presented for increasing 

Δ with an increment of 0.133 (0.03 mm of fused silica thickness). For each THz waveform measurement, a 

temporal window of 3 ps has been presented. The square of the amplitude of the above THz waveforms are presented 

in Fig. 5 (b) in the manuscript.  
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Figure 5 

 

Fig. 5. (a) Experimental Terahertz temporal waveforms with opposite polarities obtained with different combination 

of Δ and Δ (b) Energy of the THz pulse as a function of the relative delay between the 800 nm and 400 nm laser 

field, while BBO-2-focus distance (corresponding to Δ ) was fixed at 5 different values. (c), THz energy from 

numerical simulations vs. relative phase Δ 
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Figure 6 

 

 

Fig. 6. Temporal waveform of the terahertz pulse as a function of the phase Δ for 3 different thicknesses of the fused 

silica wedge (Δ). From (a) to (c), the thickness of the fused silica wedge was increased by an increment of 0.12 mm, 

corresponding to an increment of the time delay between the 800-nm and 400-nm pulse by 0.352 fs. In each panel, 

23 independent THz waveforms are presented for increasing Δ with an increment of 0.111, by displacing the 

position of the BBO 2 with respect to the focus by Δl of 1 mm. For each THz waveform measurements, a temporal 

window of 3 ps has been presented. The amplitude of the above THz waveforms is presented in Fig. 7(a) in the 

manuscript.  
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Figure 7 

 

 

Fig. 7. (a) Amplitude of the THz pulse as a function of the BBO-2-focus distance Δl defining Δ, with delay 

 (corresponding to phase Δ) fixed at 3 different values. (b) THz amplitude from numerical simulations vs. relative 

phase Δ 
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Appendix: Phase relationship between the three-color laser fields 

In this appendix, we introduce the expression (1) used in the manuscript and describe the 

relationship between the phase terms and the experimental parameters. First, we introduce the 

expression for the three-color laser field at the focus with our optical layout. Considering the 

optical setup in Fig. 1 of the manuscript, the laser field can be written as:  

𝐸(𝑡) = exp(
−2ln2𝑡2

𝜏2 ) × [𝐸800 sin( 𝜔0𝑡) + 𝐸400 sin( 2𝜔0𝑡 + 𝜑 + 𝛼) + 𝐸266 sin( 3𝜔0𝑡 + 𝜑 + 𝛽 + 𝛾)] .            (A1) 

Here, t is the time variable, τ is the intensity full width at half-maximum, 0 = 2c/ is the 

fundamental frequency. E800, E400, and E266 are the amplitude of the fundamental, second 

harmonic and third harmonics. Now we explain the phase terms.  

(i) The phase  denotes the phase difference between the 400 nm and 800 nm field 

introduced by the movable fused silica wedge. It is related to the thickness d of the 

wedge by  = (n−n) d/ where n400 and n800 are the refractive indices of fused 

silica for 400-nm and 800-nm light pulses.  

(ii) The phase  presents the phase difference introduced by all other transmission elements 

from the BBO 1 to the focus. Five elements contribute to this phase difference: (1) the 

second harmonic generation crystal (BBO 1), (2) the calcite plate, (3) the dual-

wavelength plate, (4) the sum frequency generation crystal (BBO 2), (5) the optical pass 

in air between the BBO 1 and the focus. For a given BBO-1-focus distance (the case of 

all our experiments), the above 5 contributions of the phase difference are constant. 

Therefore, it can be represented by a phase term  

(iii) For the sum-frequency generation inside the second BBO crystal, the phase difference 

 will be transferred to the 266 nm pulse accompanying the SFG generation. Therefore, 

in the phase of the 266 nm field there also exists the term   

(iv) There are two other elements contributing to the relative phase of the 266 nm laser field. 

The first element is the SFG crystal (BBO 2), which introduces a phase constant  

determined by the BBO thickness. The second contribution is the optical pass in air 

between the rear surface of BBO 2 and the focus. The second contribution can be 

expressed as  = (n−n) l/ where l is the BBO 2-focus distance, n400 and n266 

are the refractive indices of air for 400-nm and 266-nm pulses. Therefore, one can 

change the position of the BBO 2 to control   change of l by 10 m corresponds to a 

phase change of Δ  =  .  

In view that  and  are both constant in our experiments and that  and  are variables, in order 

to write the expression of electric field to be compitable with that of the sawtooth wave in Ref. 

[25], we can always choose special  and  to fufill the following relatioship : 

                                                               𝜑0 + 𝛼 = 𝜋,                                                           (A2) 



19 

 

                                                               𝜑0 + 𝛾0 + 𝛽 = 0.                                                   (A3) 

In this case, the phase change induced by tranlation of the optical wedge or displacement of the 

BBO 2 can be expressed as : 

                                                                ∆𝜑 = 𝜑 − 𝜑0,                                                        (A4) 

                                                                 ∆𝛾 = 𝛾 − 𝛾0.                                                         (A5) 

As a result, the electric field now reads as 

𝐸(𝑡) = 𝑒xp(
−2ln2𝑡2

𝜏2
) × [𝐸800 sin( 𝜔0𝑡) + 𝐸400 sin( 2𝜔0𝑡 + 𝜋 + ∆𝜑)  + 𝐸266 sin( 3𝜔0𝑡 + ∆𝜑 + ∆𝛾)]              (A6) 

 


