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QUASI-STATIONARY DISTRIBUTION FOR STRONGLY FELLER
MARKOV PROCESSES BY LYAPUNOV FUNCTIONS AND
APPLICATIONS TO HYPOELLIPTIC HAMILTONIAN SYSTEMS

ARNAUD GUILLIN', BORIS NECTOUX', AND LIMING WU

ABSTRACT. In this paper, we establish a general result for the existence and the
uniqueness of the quasi-stationary distribution pp of a strongly Feller Markov process
(X, t > 0) killed when it exits a domain D, under some Lyapunov function condition.
Our result covers the case of hypoelliptic damped Hamiltonian systems. Our method
is based on the characterization of the essential spectral radius by means of Lyapunov
functions and measures of non-compactness.
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1. INTRODUCTION

1.1. Setting and literature. The notion of quasi-stationary distribution is a central
object in the study of population processes or more generally of models derived from
biological systems, see for instance |24, [60} 25| [14], 17, 22] and references therein. More
recently, the notion of quasi-stationary distribution has attracted a lot of attention in
the mathematical justification of the very efficient accelerated dynamics algorithms [71]
81, B0l 64] (see also [65], [66]) which are widely used in practice and aim at simulating
the atomistic evolution of statistical systems over long time scales (by accelerating the
sampling of the exit event from a metastable macroscopic state D). Let us be more
precise on this. A typical process used in simulation in statistical physics to model
the evolution of the positions of the particles of a system is a (stochastic) hypoelliptic
damped Hamiltonian systems ((x,v;),t > 0) on R? x R? (see (6.1])), where z; € R
gathers the positions of the particles of the system and v, € R? their velocities at
time ¢ > 0, (d = 3N, N being the number of particles). In most applications of the
algorithms mentioned above, the macroscopic state is associated with a subdomain
D of R?? of the form D = O x R? where O is a subdomain of R?. The set O is
defined in practice as a neighborhood (bounded or not) of some local minimum of the
potential energy function V' : R — R (the interatomic potential function), where the
process (z;,t > 0) can spend a huge amount of time before leaving it EI (in this case,
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2 A. GUILLIN, B. NECTOUX, AND L. WU

D is called a metastable region). For such domains D, it is thus expected that the
conditional distribution of (z;,v;) before leaving D is close to a local equilibrium inside
D. This local equilibrium inside D is described by a quasi-stationary distribution (see
(2.3)). The exit event from D can thus be studied starting from this quasi-stationary
distribution [51], 29] 2] 56] which is at the heart of the mathematical analysis of the
accelerated dynamics algorithms mentioned above (see [53], 29, 31, 52], B0, 2] when the
considered process is the overdamped Langevin process, an elliptic diffusion).

The existence of a quasi-stationary distribution (as well as its uniqueness) for hy-
poelliptic processes is therefore of important interest in Molecular Dynamics. This
question is an open problem (as mentioned e.g. in [51], 50]) that we answer in this
work in our main result Theorem [6.9] More precisely Theorem provides existence
and uniqueness of a quasi-stationary distribution for hypoelliptic damped Hamiltonian
systems on domains D of the form O x R?. It also provides the exponential con-
vergence of the law at time ¢ of the conditioned process towards this quasi-stationary
distribution.

The method we develop in this work allows to deal with hypoelliptic damped Hamil-
tonian systems with coefficients which are only continuous. In addition, the damping
coefficient can be unbounded and the position state space O is not necessarily bounded.
The latter is of practical interest for the following reason. In many applications of the
accelerated algorithms mentioned above, O is defined as the basin of attraction of a
local minimum of the potential function V' for the dynamics & = —VV(z). In many
situations, these basins of attraction are unbounded.

Quasi-stationary distributions for hypoelliptic diffusions have also been studied at
the same time in [55] 68] for the Langevin dynamics with C*> coefficients, constant
damping coefficient, and bounded position state space O. Hypoelliptic diffusions killed
at the boundary of a subdomain D of R™ have also been studied at the same time in
[8] when D is bounded and satisfies a noncharacteristic boundary condition, and the
coefficients of the diffusions are smooth and satisfies some Hormander conditions. None
of these conditions are satisfied when D = O x R and for the processes considered in
Theorem [6.9. Let us also mention that non conservative force fields are also considered
n [55], and the approach developed in [§] allows to deal with some non strong Feller
processes.

Many different criteria have been given to ensure the existence and uniqueness of a
quasi-stationary distribution for different Markov processes, see [18|, 38, [19, [42], 21], 67,
49, [72, [74],186), 144, 20] and [76, 3] (based on the R-theory for Markov chains [77, [78]). We
also mention [43] for the study of existence of quasi-stationary distributions through
the notion of quasi-compact operators in the case of discrete time Markov chains, see
also [46], B9]. In particular, for elliptic diffusions killed when exiting a bounded sub-
domain of R?, the existence and uniqueness of a quasi-stationary distribution are well
known, see for instance [45], 211, [I8, 511, 67, 42]. When considering unbounded domains,
it is known that it might exist many quasi-stationary distributions, see [57]. We also
refer to [33], 32] for the study of quasi-stationary distributions on a finite state space
(see also [23] when considering a discrete state space) and to [26, [79, [11], 37, 60], and
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references therein, for the approximation of the quasi-stationary distribution using in-
teracting particle system in different settings (see also [9} [10]).

We finally refer to [62] for a spectral study of the kinetic Fokker-Planck operator
on L?(0 x R?) when O is bounded with several boundary conditions on 90 x R? (see
also [4, [47] and references therein).

1.2. Purpose of this work. We recall that the main result of this work is Theorem|[6.9]
It provides existence and uniqueness of a quasi-stationary distribution for hypoelliptic
damped Hamiltonian systems on domains D = O x R?, as well as the exponential
convergence of the law at time ¢ of the conditioned process towards this quasi-stationary
distribution.

Theorem is based on the general result Theorem which gives a general frame-
work (see more precisely (C1)-(C5) in the next section) in which we can establish for
general strong Feller Markov processes (X;,t > 0) valued in a Polish space S:

(1) the existence of quasi-stationary distribution pp of the process (X;,t > 0) in-
side D (see for definition);

(2) the uniqueness of a quasi-stationary distribution yp satisfying pp(WP) < 400,
where W is the Lyapunov functional appearing in (C3);

(3) the exponential convergence of the conditional distribution P,(X; € |t < op)
towards pp, for any given initial distribution v such that v(W'?) < +o0.

In particular, when the Lyapunov functional W is bounded (which is the case for in-
stance when S is compact), the uniqueness of the quasi-stationary distribution holds
(see more precisely (b) in Theorem [2.2] and the discussion after Theorem 2.2)). Our con-
ditions on the semigroup of the killed Markov processes are quite general for strongly
Feller Markov processes. We build our argument upon the litterature on non-killed
Markov processes, where Lyapunov type conditions have already been widely investi-
gated these past few years, in particular to:

e Study the stability of differential equations with random right-hand side (since
the pioneer works of Khasminskii, see the reference textbook [48]). We also refer
to [I] where Lyapunov type conditions are used to characterize the stability of
controlled diffusions or to obtain asymptotic flatness of controlled diffusions.

e Derive regularity estimates and upper bounds on the invariant measure, as it is
done in [12] Chapter 7].

e To obtain the existence of a spectral gap for the associated Markov semigroup
(see for example [34] in weighted spaces and [5] in L?).

Note that the use of Lyapunov type conditions to study quasi-stationarity is also present
in the recent works [45] 21, 18].

Then as explained, Theorem is then applied to a wide range of hypoelliptic
damped Hamiltonian systems, this is the purpose of Theorem[6.9] for which the checking
of the assumptions (C1)-(C5) of Theorem requires some extra fine analysis.

Finally, we point out that Theorem can also be used to prove existence and
uniqueness of a quasi-stationary distribution for elliptic diffusion processes, for which
the assumptions of Theorem are much easier to check.
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1.3. Organization. This paper is organized as follows. In the next section we present
the general framework and the main theoretical result Theorem for the quasi-
stationary distribution. To prove the main result, a first key point is the existence
of the spectral gap for the semigroup of the killed Markov process. For obtaining it
we will use the measures of non-weak-compactness of a positive kernel introduced in
[84] to establish the formula of the essential spectral radius by means of the Lyapunov
function for non killed Markov processes, which generalizes [84] from discrete time to
continuous time case. The use of measures of non-compactness allows us to obtain the
existence of a spectral gap for the semigroup of the killed Markov process. That is the
content of Theorem [3.5]in Section Bl

The second key ingredient for the main result is a Perron-Frobenius type theorem
(see Theorem for a general Feller kernel. This is the purpose of Section [4]

With those preparations which should have independent interest, we prove the main
result in Section [5} Finally the applications to hypoelliptic damped Hamiltonian sys-
tems are developed in Section [6]

2. MAIN RESULT

2.1. Framework: notations and conditions. Let (X;,¢ > 0) be a time homogeneous
Markov process valued in a metric complete separable (say Polish) space S, with cadlag
paths and satisfying the strong Markov property, defined on the filtered probability
space (2, F, (Ft)i>0, (Px)zes) where Po(Xy = x) = 1 for all x € S (and where the
filtration satisfies the usual condition). Its transition probability semigroup is denoted
by (P,t > 0). Given an initial distribution v on S, we write P,(-) = [ Pc(-)v(dx).
Under P, the distribution of X is v.

Let B(S) be the Borel o-algebra of S, b3(S) the space of all bounded and Borel mea-
surable functions f on S (its norm will be denoted by f € bB(S) — || fllss) =
SUPyes | f(X)]). The space D([0,7],S) of S-valued cadlag paths defined on [0,7] is
equipped with the Skorokhod topology.

We suppose that

(C1) (strong Feller property) There exists t, > 0 such that for each t > to, P, is
strong Feller, i.e. P, f is continuous on S for any f € bB(S).

(C2) (trajectory Feller property) For every T > 0, x — P(Xps € -) (the
law of Xo 11 := (X¢)iep,r) is continuous from S to the space M;(ID([0,T7,S))
of probability measures on D([0,7],S), equipped with the weak convergence
topology.

Now let D be a nonempty open domain of S, different from S. Consider the first exit
time of D
op = inf{t > 0, X; € D} (2.1)
where D¢ = S\D is the complement of D. The transition semigroup of the killed process
(X:,0<t<op)isfort>0andxeD,

Pth<X) = Ex[1t<an<Xt)]7 (22)
for f € bB(D). Let us now recall the definition of a quasi-stationary distribution.
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Definition 2.1. A quasi-stationary distribution (QSD in short) of the Markov process
(X¢,t > 0) in the domain D is a probability measure on D such that

]P)#D(Xt € A,t < UD)
PMD(t < UD)

pp(A) =P, (X, € At < op) = V> 0,A€B(D)  (2.3)

where B(D) := {AND; A€ B(S)}.

2.2. Main general result. For a continuous time Markov process, often what is given
is its generator £, not its transition semigroup (P, ¢ > 0), which is unknown in general.
We say that a continuous function f belongs to the extended domain D, (L) of L, if
there is some measurable function g on S such that fg lg|(Xs)ds < 400,Px — a.e. for
all x € §, and

M(f) = F(X0) — f(Xo) — /0 9(X,)ds (2.4)

is a P,-local martingale for all x. Such a function g, denoted by Lf, is not unique in
general. But it is unique up to the equivalence of quasi-everywhere (q.e.): two functions
g1, go are said to be equal q.e., if g; = go almost everywhere in the (resolvent) measure

Ri(x,-) = 0+°O e 'P,(x,-)dt for every x € S.
Let us introduce the Lyapunov function condition:

(C3) (Lyapunov condition) There ezist a continuous function W : S — [1, 4+00],
belonging to the extended domain D.(L), two sequences of positive constants (1)
and (b,) where r, — +00, and an increasing sequence of compact subsets (K,,)
of S, such that

—LW(x) > r,W(x) — b,1k, (x), q.e,
where 1g, is the indicator function of K,.

We say that a class A of bounded continuous functions on D is measure-separable, if
for any bounded (signed) measure v on D, if v(f) =0 for all f € A, then v = 0.

Theorem 2.2. Assume that (C1), (C2), and (C3) hold. Suppose that the killed
process (X;,0 <t < op) satisfies:

(C4) (weak Feller property) Fort > 0, PP is weakly Feller, i.e. for a measure-
separable class A of continuous bounded functions f with support contained in
D, PPf is continuous on D.
(C5) (topological irreducibility and almost sure extinction) There ezists to >
0 such that for all t > tq, for all x € D and nonempty open subsets O of D,
PP(x,0) > 0
(we can assume this ty > 0 is the same as the one in (C1)), and there is some
xo € D such that Py, (op < +00) > 0.
Then, for any p €]1,400] fized:
(a) There is only one QSD %, of the process (X, t > 0) in D satisfying

W) = [ WP () < +ox. (2.5)
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(b) In particular if W is bounded over D, the QSD inside D is unique.

(¢) There exists N, > 0 (which is often called least Dirichlet eigenvalue of the killed
Markov process) such that the spectral radius of PP on bwu»B(D) equals to e bt
for all t > 0. Furthermore, 2,PP = e=*0!y? for all t > 0, and p2(O) > 0 for all
nonempty open subsets O of D. In addition, there is a unique continuous function
©P bounded by cWP such that b (oP) = 1 and

PPoP = ¢ typ? on D, Vt > 0. (2.6)

Moreover, ¢? > 0 everywhere on D. Here by1,B(D) is the Banach space of all
B(D)-measurable functions on D with norm

/()

C O C R STV

< +00.

(d) There are some constants 6 > 0 and C > 1 such that for any initial distribution v
on D with v(W/P) < 400,
W1/p)
P,(X; € Alt < op) — p(A < ce VW)
‘ ( t € | OD) MD( )| > be V(gDp)

(e) Px(op < +00) =1 for every x € D, X,,, and op are P» -independent and

, VA€ B(D),t > 0. (2.7)

P (t < op) =e P

Notice that the set of initial distributions v on D with v(W'/?) < 400 includes any
initial distribution v with compact support in D, and thus includes in particular Dirac
measures 0x (x € D), which is for instance of interest to analyse the mathematical
foundations of the accelerated algorithms we mentioned in the introductionﬂ. In addi-
tion, choosing v = 0, in (2.7) (x € D) for each p > 1, one deduces that 4, is actually
independent of p > 1 (and then also \), i.e. for any p,q > 1, ¥, = ph and N, = A%,

Theorem is applied in Section [6] to hypoelliptic damped Hamiltonian systems,

see ([6.1)) and Theorem [6.9} Let us mention that under the assumptions of Theorem
from Corollary [3.6| and (j5.3)), for each ¢ > 2¢; (see (C1)):

PP by1/sB(D) = by1/,B(D) is compact.
Remark 2.3. From Definition (2.3), up is a QSD if and only if
pp PP = Nt)pp, A(t) = Pup(t < op)

in other words, up must be a common positive left-eigenvector of PP. The part (c)
above says that \(t) = e *?! is exactly the spectral radius of PP on by, B(D).

We now discuss the assumptions (C1) and (C3), and the uniqueness of the QSD in
the whole space of measures on D.

On assumption (C1). As already explained, a key point in the proof of Theorem[2.2)
is the existence of the spectral gap for the semigroup of the killed Markov process. This

2Which is based on the comparison of the exit event from D when Xy = x € D and when Xj is
distributed according to a quasi-stationary distribution of the process (Xy,t > 0) in D.
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spectral gap is obtained using the formula (3.3 valid for a bounded nonnegative kernel
P on § satisfying in particular the condition (see (3.1) and (A1))

N > 1, B, (1gPY) = 0, for all compact subset K of S. (2.8)

This is where (C1) is used in this work (see Remark [3.3). Condition (A1) is not
restricted to strong Feller kernels but they are cases where it is easier to check (A1). We
have decided to work with (C1) instead of for ease of exposition and because most
of the hypoelliptic processes we consider in Section @ satisfy (C1). We also mention
that one advantage of the method based on the formula ({3.3) is that it provides an
explicit upper bound on the spectral radius (see Theorem [3.5). This can be used to
derive a spectral gap when one has a sufficiently good lower bound on the spectral
radius of the killed process, and we hope to develop this method for non strong Feller
processes in future works.

On Assumption (C3). If we replace in (C3), the assumption that r, — +oo as

n — 400 by 1, = ro asn — +0o with 7o, > Ap, then all the statements of Theorem [2.2]
remain valid. It is the condition used by [21]. Such a criterion is in practice quite hard to
check since one does not know the Dirichlet eigenvalue Ap. Note that (C3) is known to
imply various functional inequalities, depending on the growth of r, to infinity such as
logarithmic Sobolev inequalities or various F-Sobolev type inequalities, see [0}, [16, [15].
If r,, goes to infinity slowly one may show that the F-Sobolev inequalities implied by
(C3) is weaker than ultracontractivity, condition which was behind the ”coming down
from infinity” property used in [14] for example.
Let us also comment on the other assumptions imposed in [2I]. The authors introduce
condition (F) which includes in particular the variant of (C3), (F2) in their work, but
also a local Harnack inequality (F3) which seems quite hard to verify in non elliptic case.
We prefer to use our conditions (C4) and (C5), easily verified for muldimensionnal
elliptic diffusion processes thus recovering the extent of their results [21], Sect. 4.], but
which will be also useful in hypoelliptic cases.

Let us also mention that Lyapunov type conditions to study quasi-stationary dis-
tributions has also been used before in [20]. The Lyapunov conditions in [20] imply
uniqueness of the QSD, which does not hold in general assuming only (C3) (see indeed
the next discussion). Note also that (C3) only involves the non killed process.

We finally mention that (C3) implies that LW < b, W, which causes that the quasi-
stationary measure pp satisfies pup(W/P) < oo, p > 1.

Uniqueness of the QSD in certain cases. We give two situations for which there
will be a unique QSD of (X;,¢ > 0) in D (i.e. in the whole space of probability measures
over D).

e When in addition to (C1)—(C5) in Theorem [2.2] it holds for some ¢ > 0 and
some p > 1, P,(byw1/,B(S)) C bB(S), then the process (X, ¢ > 0) has a unique
QSD in D.

e When (C1), (C2), (C4), and (C5) hold, and S is compact, all the results of
Theorem are valid with W = 1 there (indeed (C3) is always satisfied with
W=1, K, =38, and r, = b, = n for instance). Thus, in this case, item (b)
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in Theorem holds and item (d) in Theorem is satisfied for any initial
distribution v in D.

Without extra assumptions in Theorem , (X, t > 0) does not have a unique QSD in
D. Indeed consider the Ornstein Uhlenbeck process dX; = —X;dt + dB; on S = R and
with D = R* (for which it is known that there are infinitely many QSD [57]). One can
easily check with much easier arguments than those used in Section @ (since this process
is elliptic), that Theorem [2.2]is valid with W(z) = e/ (e € (0,1)). Theorem allows

us to catch its minimal QSD, namely vy = 2ze", see [57] and references therein.

Remark 2.4. The key, like in the current literatures, consists in proving that PP has
a spectral gap at its spectral radius ry,(PP) acting on some Banach lattice space B
of functions. We will work on B = bwB(S), Cyw(S) (introduced in Section below),
which are well adapted to our Lyapunov function condition (C3). The problem is: PP is
not strongly continuous on such Banach spaces, and the domain Dg(L) of the generator
L is not dense in B. So we cannot use the spectral theory of strongly continuous
semigroups in Functional Analysis. Let us finally mention [58] for an analytical study
(using the notions of minimal positive solutions and weak generator) of some classes of
non strongly continuous nor analytical Markov semigroups induced by some degenerate
second-order operators on R (the case of unbounded domains is also considered there
for uniformly elliptic second-order operators).

3. ESSENTIAL SPECTRAL RADIUS OF P,

The purpose of this section is to prove Theorem |3.5| which aims at giving a lower bound
on the essential spectral radius of P;, t > 0. To this end, we first recall a characterization
of the essential spectral radius of a semigroup of transition kernels (see Theorem [3.4))
obtained in [84].

3.1. Essential spectral radius. Let B be a real Banach lattice and P a nonnegative,
linear and bounded operator on B. A complex number A € C is said to be in the
resolvent set p(P) of P if the inverse (A — P)~! on the complexified Banach space B¢
of B exists and is bounded, by definition. The complementary o(P) := C\p(P) is the
spectrum of P on B. The spectral radius of P is given by Gelfand’s formula

rop(Ple) = sup {A; A € o(P)} = Tim (P s5)""

A complex number A € C does not belong to the (Wolf) essential spectrum o.ss(P|g)
of P|g, iff A\I — P is a Fredholm operator on the complexified Banach space B¢ of B,
by definition. For a point A\ in the spectrum o(P|g), Ao & 0ess(Plg) iff Ag is isolated in
o(P|p) and the associated eigen-projection

B\, = i (A — P)"tdx
2m Jr
(Dunford integral in the counter-clockwise way) is finite dimensional, where I' is a
circumference of sufficiently small radius: |A — \g| = ¢ such that the disk |A — A\g| < 0
contains no other spectral point than \g. Let us recall that by definition, the algebraic
multiplicity of A\g ¢ 0ess(P|p) is the dimension of the range of E,,. Let us finally
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mention that since P is bounded, \g ¢ 0.ss(P|p) is a pole of the resolvent [85, Theorem
4 in §8 in Chap. VIII].

Definition 3.1. The essential spectral radius of P on B s defined by
Fess(P|p) = sup {|)\|; S 0688(P|B)}.

3.2. Two parameters of non weak compactness and the formulas of the es-
sential spectral radius. Our state space S is Polish with a compatible metric d (i.e.,
(8,d) is complete and separable), whose Borel o-field is denoted by B(S). The nota-
tion “A CC & means that K is compact in S. Let My(S) (resp. M, (S), M;(S)) be
the space of all g-additive (resp. and nonnegative; probability) measures of bounded
variation on (S, B(S)). The pair relation between v € M, (S) and f € bB(S) is

W, f) == u(f) = /3 F(x)dv(x).

Using the pair above, M,;(S) is a subspace of the dual Banach space (bB(S))*. For
a nonnegative kernel P(x,dy), bounded on bB(S), its adjoint operator P* on (bB(S))*
keeps M,,(S) stable, i.e., for each v € M,(S),

Pu() = (vP)() ::/u(dx)P(x,-) € My(S).

S

Besides the variation norm ||v||7y-topology, we shall also consider the following two
weak topologies on M, (S). The weak topology o(My(S),bB(S)) (i.e., the weakest
topology on M, (S) for which v — v(f) is continuous for all f € bB(S)), according
to the usual language, will be called 7-topology, denoted simply by 7. And the weak
topology o(My(S),Cp(S)) (the most often used weak convergence topology) will be
denoted by w. The space Cy(S) is the space of all functions f € bB(S) such that f is
continuous on &S (its norm is the one of bB(S) but we will sometimes write it || - [|¢,(s)
when we want to emphasize that we work on Cy(S)).

The following measures of non weak compactness of a positive (i.e. nonnegative and
non-zero) kernel P(x,dy) were introduced in the third author’s [84].

Definition 3.2. (a) For a bounded sub-family M of M, (S), define

Buw(M) = Kigés Usgja v(K°)
Br(M) :=sup lim sup v(A4,)

(An) n—00 ,c M

(3.1)

where sup ) is taken over all sequences (Ay), C B(S) decreasing to (.

(b) Let P(x,dy) be a nonnegative kernel on S such that sup,cp P(x, S) = || P1||ps(s) <
+00 (i.e., the boundedness of kernel P). We call

Bu(P) = u(M); B-(P) := (M) (3.2)

[/

where M = {P(x,-); x € 8}, measure of non-T-compactness and measure of non- “w
compactness of P, respectively.
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Here and in the following, 1 will denote the constant function equal to 1 on §. Introduce
the following assumption

Buw(lgP)=0and AN > 1: B,(1xP") =0, VK CC S. (A1)

Remark 3.3. If P is Feller and P* is strong Feller on S, i.e. P*(bB(S)) C Cy(S), then
(A1) is satisfied with N = k.

In fact for any sequence A, | 0 in B(S), f,(z) = P*(x, A,) is continuous and converges
to zero for every x € S. In addition f,,11(x) < f,(x) for all n and x € S§. Then, by Dini’s
monotone convergence theorem, for each K CC S, lim,,_, 4 o0 SUp,cg 1x (x) P¥(x, A,,) = 0.
That yields 8, (1x P*) = 0.

When P is Feller, the fact that 8,(1xP) = 0 for all K CC S is proved similarly using
Prokorov’s theorem (see for instance [84, (a.i7i) in Lemma 3.1]).

Theorem 3.4. ([84, Theorem 3.5]) Let P be a bounded nonnegative kernel on S satis-
fying (A1). Then, it holds:

. n\11/n
ress(P‘bB(S)) :nh—>rgo [6w<P )] / :

(3.3)

3.3. Lyapunov function criterion for the essential spectral radius of (P, > 0).
The main objective of this section is to apply the results of Theorem to P, where
we recall that (P;,t > 0) is the semigroup of the (non killed) process (X;,t > 0). Let us
first introduce some notation. Given a continuous function W : & — [1, +oo[ (weight
function), let

bwB(S) = {f : S — R measurable such that || f||,,5(s) := sup 709 < —i—oo} :
xXES W(X)
and
Cow(S) = {f € bwB(S) such that f:S — R is continuous}

which are Banach spaces with norm || - ||»,5(s). Notice that when W = 1, bwB(S) =
bB(S) and Cyw(S) = Cy(S), where bB(S) and Cy(S) are introduced above. The space of
measures

Mupw(S) = {v € M,(S) such that W(x)v(dx) € M,(S)}

is a subspace of the dual Banach space (bwB(S))* by regarding each v € Myw(S) as
a bounded linear form f — v(f) on bwB(S). We now turn to the main result of this
section.

Theorem 3.5. Assume (C1) and (C2). Assume that there is some continuous Lya-
punov function W : S — [1,4+00| such that for some K CC S, r > 0, and b > 0, it
holds:

LW
and for some p > 1,
LWP < WP, (3.5)

Then for everyt > 0,
Buw(Pow) < e ™ and in particular Fess (Pilni(s)) < ot (3.6)
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where for x,y € S, we set
W(y)
P, dy) = —=<P,(x, dy). :
t,W(XJ y) W(X) t(x7 y) (3 7)
Proof. Let t > 0 be fixed. Consider the isomorphism My : f — Wf from bB(S) to
bwB(S). We have, for t > 0, P,w = M\X,lPtMW. Then
ress(f)t|bWB(S)) - ress(Pt,W|bB(S))-

Then, (Pw,t > 0) is again a semigroup of transition kernels, but it is not Markov in
general.

Step 1. Let us check that Q = P, satisfies (A1) for ¢ > 0. At first, from (3.5,
(e7""WP(X,),t > 0) is a supermartingale, and then for any x € S, t > 0,

PWP(x) = "E,[e ""WP(X,)] < e"WP(x). (3.8)

Therefore, for any compact K CC S, letting ¢ = p/(p — 1), we have using in addition
Holder’s inequality,

BullkQ) = inf _sup Q(x, S\K')

inf
'CCS xek
1/p
P,WpP
< inf sup (( ! )(X))

P, ORE
T K'CCSyek W(X) t(X’ S\ )

1/q
< ebt/p( inf sup P(x, S\K/>)

K,CCS XEK

=0

by the Feller property of P; (guaranteed by (C2)), see Remark [3.3]
Let us check the second condition in (A1) with some N so that Nt > ¢, (see (C1)).

B,(14QY) = sup lim sup Q¥ (x, 4,,)
(An) n—oo xeK
1/p
PynyWP
< sup lim sup (( e )(X>)

Pri(x, A,) M4
(An) oo K W(X) Nt( )

1/q
< NP | sup lim sup Puy(x, A,)
(Ap) "R xEK
where the sup above is taken over all sequences (A,), in B(S) decreasing to (). The
last factor above, being 3, (15 Py:), is equal to zero by the strong Feller property of Py,

(see (C1)) and Remark [3.3|

Step 2. Let us prove (3,(Q) < e ", which yields £,(Q™) < [,(Q)™ ([84, Proposition
3.2.(e)]) for all n and then the desired result by Theorem (results that we can use
since () satisfies (A1)).

To prove that 3,,(Q) < e, we introduce the first hitting time 75 := inf{s > 0; X, €
K} to the compact K for the process (X;,t > 0), where K is the compact set appearing
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in the Lyapunov condition (3.4). We then have
— 1 !/
Bu(Q) = inf S;EEQ(X’ S\K')

inf L omwixn (39)
= s W W(Xi)1x,gx]-
Notice that for x € S, we have
1 1 1
WEx[W(Xt)lxtgzK’] < WEx[W(Xt)lxteéK',mgt] + WEx[W(Xt)lTpt] 510
3.10

1/q
1
< ebt/p (sup Py(3s € [0,1], X, ¢ K')) + WEx[W(Xt)lnot}

yeK

where the second inequality follows by Holder’s inequality and the strong Markov prop-
erty of the process (X¢,t > 0).

Let us first deal with the first term in the r.h.s. of (3.10). By condition (C2), for
any € > 0, there is some compact subset A. in D([0,¢],S) such that

sup P, (X[O,t] ¢ Ag) <e.
yeK
By the well known property of the Skorokhod topology ([36]), the set
B, = U {7(3); v E As}
s€[0,t]
is relatively compact in S. Thus
inf supPy(3s € [0,¢], X, ¢ K') <supP,(3s € [0,t], X, ¢ B)

<supPy (X € AZ) <e.
yeK

As € > 0 is arbitrary, infgsccs sup,c g Py(3s € [0,1], X ¢ K') = 0. Substituting it into
(3.10)), we see from (3.9) that it remains to show that

1
W(x)
This is the purpose of the next step.
Step 3. Let us deal with (3.11). To this end, introduce for ¢ > 0,

M, == \\:vaé)) exp (— Ot %(xg%) :

The key ingredient is the fact that (M;,t > 0) is a local P,-martingale (for every x), by
Ito’s formula. Thus, (M;,t > 0) is then a supermartingale by Fatou’s lemma. Then, by
the Lyapunov condition (3.4]),

E, [ W(X()1 ) <e ™ VxeS. (3.11)

1
ertW(X) ]Ex[W(Xt)]-TK>t] S ]Ex[Mt] S MO — 1

This is (3.11]). Therefore, the proof of Theorem is complete. O
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Corollary 3.6. Assume that (C1), (C2), and (C3) are satisfied. If (3.5) holds, then,
for each t > 2ty (see (C1)), PP : bwB(D) — bwB(D) is compact.

Proof. From the first step of the proof of Theorem , P, w satisfies (A1) with N such
that Nt > ty. For t > 0, one has

W(y) W(y)
Pl = o0 T 00 dy) < s Pl dy) = P, dy).
Let us show that for ¢ > ¢, P,w is strongly Feller like P;, i.e. for any f € bB(S),
P,(Wf) is continuous. Let us consider, for any n > 1, let
W AR
fuim T

Since W f,, is bounded, P,(Wf,) is continuous by the strong Feller property of P, (by
(C1)). Now for any compact K CC S, it holds

sup [P (W) (x) = PuWF) 00 < sup [(PW) 6] sup [P = £17) 6] "

We have for all n, |f, — f| < ||flleses), and |fn — f| | 0 pointwisely on S. Since
P, is strongly Feller (by (C1)), the sequence of functions h,(x) = (F|f. — f|9)(x)
is continuous over §. Moreover, h, | 0 pointwisely on §. Consequently, by Dini’s
monotone convergence theorem, we then have

sup (P fn — f|?)(x) — 0.
xeK

Thus, for t > to, P,(Wf) is continuous, which implies that P, is strongly Feller.
From Theorem [3.5] (with r = 1, = 400 by (C3)), we obtain

Bw(Pt,Dw) < Bw(Prw) =0, for each ¢t > 0. (3.12)
Because for each ¢ > ty, P, is strongly Feller on S, we have for all K CC D:
B-(1xPRy) < Br(1xPow) = 0, for cach t > t. (3.13)

Therefore, by [84, (f) in Proposition 3.2], it holds for each s > 0:

ﬁr(Pﬁto,w) < Bw(Ps?W)ﬁT(Ptlo),W) =0.

Finally, applying [84, (g) in Proposition 3.2], P, \y : bB(D) — bB(D) is compact.
This concludes the proof of Corollary [3.6] O

4. A PERRON-FROBENIUS TYPE THEOREM ON by

In this section, we present a version of Perron-Frobenius’ theorem we will need for Feller
kernels @ on bwB(S) or Cyw(S), which is of independent interest.

Theorem 4.1. Let Q = Q(x,dy) be a positive bounded kernel on S and W > 1 a
continuous weight function on S. Assume that:

(1) There exists Ny > 1 such that Q¥ is Feller for all k > Ny, i.e. Q¥f € Cy(S) if
f e Cy(S).
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(2) There exists Ny > 1 such that for any x € S and nonempty open subset O of S,
Q™ (x,0) > 0.
(3) For some p > 1 and constant C > 0, it holds:
QWP < CWP.
Notice that this implies that Q is well defined and bounded on bywB(S).
(4) @ has a spectral gap in bwB(S),

Fess (Qlows(s)) < Fsp(Qlows(s))- (4.1)
Then, there exist a unique couple (u, @) where p is a probability measure on S with

w(W) < 400, ¢ € Cow(S) is positive everywhere on S with u(yp) = 1, and constants
r €]0,1[,C > 1, such that

/LQ = rSp(Q’bWB<S)):u7 QSO = rsp(Q|bWB($))90 (42)
and .
S — Ly -
Fop(Qlows(s))" / gpﬂ(f)”
In particular
(a) If v € Muw(S) satisfies for some A € R, vQ = Iv and v(p) # 0, then A\ =
rop(Q@lowss)) and v = cp for some constant c.
(b) If f € bwB(S) satisfies X € R, Qf = Af and pu(f) # 0, then X\ = ry,(Qlpys(s)) and
f = cyp for some constant c.

< " b . 4.
) = Cr|| fllswss), V.f € bwB(S) (4.3)

Remark 4.2. Let us mention that the standard Krein-Rutman theorem [35, Theo-
rem 1.2] or its generalization [69, Theorem 7], with the natural choice of cone K = {¢ €
B,¢ > 0} (recall B = bwB(S),Cow(S) which is endowed with the norm supg |f|/W),
do not apply here in general, for the following reason. Let S C R¢ be a smooth
bounded domain and Q(x, ) = Py(X; € -,1 < 0s) where (X;,t > 0) is a standard (d-
dimensional) Brownian motion. It is well-known that @) has a smooth (positive) density
q(x,y) in § x § w.r.t. the Lebesgue measure on S, which moreover has a continuous
extension to S x S which vanishes on 9(S x S). Thus, if u € B is an eigenfunction
for (Q on B associated with an eigenvalue » > 0, then u = r~'Qu has a continuous
extension to S which vanishes on dS. Thus, u ¢ int(K) = {¢ € B,3c > 0s.t. ¢ > c}
and therefore [69, (2) in Theorem 7] (see also [69, (2) in Theorem 1)) as well as [35]
Theorem 1.2] cannot hold. Notice that one would naturally then want to work with
K, ={¢p€C(S),¢ > 0,6 =0on dS}, but K; has empty interior. Note also that Q
satisfies (1)—(4).

We start the proof of Theorem [4.3] with the following lemma.

Lemma 4.3. Let Q be a bounded (resp. and Feller) kernel with ry,(Qlus(s)) = 1. Then,
(a) For any X\ in the resolvent set p(Qles(s)) with [N > ress(Qlos(s)).
ROV = (M~ Q)

is a bounded (resp. and Feller) kernel.
(b) [fQ 18 Feller, rsp(Q|Cb($)) = rsp(leB(S)); and ress(Q|Cb(3)) = ress(Q‘bB(S))-
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Proof. (a). At first for A > r,(Qlps(s)),

)\n—i—l

is a bounded (resp. Feller) kernel.

Now for any A € p(Qlis(s)) With |A| > ress(Qles(s)), there is a Cl-curve t € [0,1] —
v(t) € Csuch that A = (1) and 7(0) > re,(Qles(s)) and such that Ran(y) C p(Qlws(s))-
It is enough to show that there is some (common) 6 > 0 such that for any ¢, € [0, 1]
such that R((ty)) is a bounded (resp. Feller) kernel, so is R(7y(t)) once if |t — to| < J.

To this end, let M = sup;ep ) [|[R(7(?))[|s5(s) which is finite (where |[[R(y(t))l[es(s) is

the operator norm of R(~y ( )) on bB(S)). Let t € [0, 1] such that |t —to| < m,
so that [y(to) —v(t)| < 537 Then, for such ¢, we have
+oo
R(y(t)) =Y _(v(to) = v(£))"R(y(to))" "
n=0

Thus R(7(t)) is a bounded (resp. and Feller) kernel.

(b). The fact that ry,(Qle,s)) = rsp(Qleses)) follows by Gelfand’s formula for the
spectral radius and the fact that ||Q"[|ips) = supes @ (%, S) = [|Q"]¢,s) (for all
n > 0). The fact that the essential spectral radius of @ on bB(S) and on Cy(S) is the
same is proved in [84], Proposition 4.7]. O

Proof of Theorem[{.1. The proof of Theorem [£.1]is divided into several steps.
Step 1: reduction to W = 1.

Let us consider, for x € S

Qw(x,dy) = VWV—QQ(X’ dy).

(
Since by Holder’s inequality (see also item (3) in Theorem [4.1)), we have for x € S,
QW(x) < [QLE) QWP ()] < [|Q1L,ts) CMPW(x)

where ¢ = p/(p — 1), we obtain that Qwl < ||Q1||;éq$)01/ ie. Qw is a bounded
positive kernel on S.

Let us prove that Q%, is again Feller for k > Ny, that is, for any f € Cy(S), Q* (W)
is continuous (notice that W is continuous over & but not necessarily bounded on S).
To this end, let us introduce for any n > 1 and f € Cy(S),

W AR
fn:: W f

The function Q¥(Wf,) is continuous by the Feller property of Q*. Now for any compact
K cc S, we have

Sup QW F)(x) = Q“W ) (x)] < sup [(Q°WP)(x)] ™" sup [(QF] £, — FIT)(x)] ",

xeK xeEK
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By assumption (3) in Theorem , SUD,c i [(kap)(x)}l/f? < C*Psup, W(x). Since
\fo = f| < | flless) and f, — f uniformly over compacts on S, by the tightness of
{Q%(x,dy);x € K}, we have

SBE (Qk|fn — f]q)(x) — 0.

Thus QF(Wf) is continuous.

Finally letting My f = Wf which is an isomorphism from bB(S) to bywB(S), we have
Qw = MVT,IQMW, ie. Qloyss) is similar to Qwlyses). Hence for this theorem, it is
enough to prove it for Qw on bB(S) (note that it also satisfies Condition (2)).

From now on, we assume without loss of generality that W = 1 and r,,(Qlss(s)) = 1
(otherwise consider @Q/rs,(Q|us(s)))-

Step 2: existence of positive eigenfunction and eigen probability measure.

The fact that re,(Qlsss)) (= 1 by assumption) is in the spectrum of Q|yp(s) is well
known (see [70, Chap.V, Proposition 4.1]). In addition, by condition (4), ry,(Qles(s)) ¢
Oess(Qop(s)). We recall (see Section that this implies that ry,(Q|ss(s)) is isolated
in the spectrum of Q|yz(s), its associated eigen-projection B, (Qlyses)) has finite rank,
and is a pole of the resolvent of Q|yz(s). We can thus use [70, Chap. V, Theorem 5.5
and its note] (cyclic property of the peripheral spectrum) to deduce that there exists
m > max{ Ny, Na} such that

for any A € 0(Q|ps(s)) with |A| =1, X" = 1. (4.4)

For such a m, we have:
(1) ress(Q™o8(s)) < rsp(Q™|b5(s)) = 1 (which follows from the fact that for all &k > 1,
Fsp(QFo5(5)) " = rsp(Qlosis)) = 1 and ress(Q%[us(s)) " = ress(Qlosis)) < 1)

(2) 1 = ryp(Qlips)) € 0(Qlipss))- In particular 1 is an isolated eigenvalue of Q™
and is a pole of the resolvent of Q™|y5(s).

(3) the peripheral spectrum of Q™ |y(s) is reduced to {1} (by (4.4) and the fact that
o(Q™) =o(Q)™), that is:
{AeC N =1} Nno(@ ) = {1}
Let I := {\ € C; |\ — 1| = 6} where § > 0 is such that

A EC0< A =1 <8} C p(@ ) N IV N > rea@ases)) ) (45)

Let us denote by
1
II=— A —Q™ “La. 4.6
5 F( Q" vs(s)) (4.6)
Using the Riesz decomposition theorem, Q™ |s5(s) = Q@™ |o5(s)11+ Q™ |s5(s)({ — II) where
I —1I is the Riesz projector associated with the spectrum of Q™|yz(s) in {A € C,|A| <



QSD FOR STRONGLY FELLER MARKOV PROCESSES BY LYAPUNOV FUNCTIONS 17

1}, (I = 1I) = (I — IDIT = 0, Q"|b5(s) commutes with both II and (I — II), and
rep(Q™ a5y (I — 1)) < 1, ie:

rap (Q™ [s8(s) — Q™ lus(s)es(s)) < 1. (4.7)

Notice that condition (2) still holds for all £ > N,. Indeed condition (2) implies that
Q(x, -) is positive measure for every x € S (otherwise, if Q(x;,S) = 0 for some x;, then,
QM2 (xq,8) = 0, which contradicts condition (2) in Theorem . Consequently for any
nonempty open subset O of § and for any x € S,

Q*(x,0) = /SQNQ(y,O)Qk_NQ(x, dy) > 0.

By applying [61, Theorem 4.1.4 and its note]ﬂ to Q™|c,(s) there are some nonnegative
© € Cp(S) (with ¢ # 0) and some nonnegative ¢ € (Cp(S))* (with ¢ # 0) such that

Q"o = and (Q™)") =1,

By [84], Proposition 4.3], 1 is a positive bounded measure p on §. We may assume that
1 is a probability measure. We claim that p charges all nonempty open subsets O of

S. Indeed, as p@Q™ = (Q™)*u = u,
HO) = [ @"(xO)n(ax) >0
S

since Q™(x,0) > 0 everywhere on S, proved before.
In the same way, for any x € S, since ¢ # 0 is continuous, one has

p(x) = QMp(x) = /S e(y)Q™(x,dy) > 0,

i.e. o is everywhere positive on S.
By considering ¢/u(p) if necessary, we may assume without loss of generality that

u(p) =1.

Step 3: proof that the eigenspace Ker (I — Q™) N Cy(S) is one-dimensional, i.e., gen-
erated by .

Let f € Ker (I —Q™)NGCy(S), ie. feCp(S)and Q"f = f. Then Q™|f| > |f]. Since
p(@™F1) = ulf1),

the function Q™|f| — |f| is non negative and continuous over S, and p charges all
nonempty open subsets of S, one deduces that Q™| f| = |f| everywhere on S. In other
words | f| € Ker (I — Q™) NCy(S), that is Ker (I — Q™) NCy(S) is a lattice.

If0 # f e Ker (I —Q™) NCy(S) were linearly independent of ¢, as f/¢ is not
constant, we can find ¢ € R such that the open sets

Oy ={f>cp} and O_ :={f <cp}

3Because 1 = rsp(Q™|c,(s)) is a pole of the resolvent of Q™|¢,(s). Indeed, by (b) in Lemma
1 =rep(Q™6B(s)) = rsp(Q@™c,(s))- In addition, re,(Q™ ¢, (s)) € o(Q™]¢,(s)) (see [70, Chap.V, Propo-
sition 4.1]). Finally, 1 is a pole of the resolvent of Q™ |, (s) because ress(Q™ ¢, (s)) = ress(Q™ |bB(s)) <
rsp(Q™ lb5(s)) = rsp(Q™ ey (s)) = 1.
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are both nonempty. Since (f —cp)™ € Ker (I —Q™), we obtain for x € O_,

0= (f — cp)"(x) = / (f — )" (y) Q™ (x, dy) > 0.

This contradiction shows that Ker (I — Q™) N Cy(S) is generated by .

Step 4: proof that the algebraic multiplicity and the geometric multiplicity of 1 of
Q™ |s8(s) coincide.

Let us prove that (Q™|yss) — I)II = 0. To this end, consider the Laurent series of
(M — Q™|ps(s)) " in a neighborhood of 1 in C,

M = Qi) ' =AA =D+ + A= DT YA (A= D
k=0
where (see (4.6)
A,l — H
and A_j_1 = (Q™|ps(s) — I)*II ([8H], Chap. VIII, §8). Notice that II is a bounded Feller
kernel by Lemma 4.3 and its definition, and thus, so are A_o,..., A_;.

We must prove that [ = 1. For any bounded and measurable function f over S such
that | f| < cyp for some ¢ > 0, we have for any A > 1,

+o00 1
A= DO = Q) 1 = | A= D) D 7 @™
n=0

+o00 1
<=1 @]
n=0

+oo
1 mn
<A - 1)2 )\n+1Q L
n=0

ie. {(A—=1)(M — Q™us(s)) ' f, A > 1} is uniformly bounded. Letting A — 1T, we
obtain A_j f = 0 for any k£ > 2. Because A_j, is a bounded kernel and A_j f(x) = 0 for
all x € § and such f, it holds A_; =0 for all & > 2.

Step 5: proof of (4.3).
By (b) in Lemma [4.3] and (4.7)),
rp (Q™ = Q")) < 1.
Since Q™I1¢,(s) = Il|¢,s) by Step 4 (because A_y = 0 implies Q™II|z(s) = H|b5(5)),

one has ry,((Q™ —1II)|¢,(s))) < 1 and for alln > 1, Q™"|¢,(s) — e, s) = (@™ —1I)"|¢,(s)-
Therefore, by Gelfand’s formula, there exist C' > 1 and r €]0, 1| such that

Q™" — le,s) = Q™ = IN)"ley(s) < Cr", Vi = 1.

Then IT is a nonnegative (Feller) kernel and ull = p.
As I|¢,(s) is a one-dimensional projection to {cy;c € R} by Step 3 and Step 4, there
is some ¥ € (Cy(S))* such that for any f € Cy(S),

ILf = ¥(f)e.
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Integrating it w.r.t. u and since u(p) = 1, we obtain u(f) = ¥(f) for all f € Cy(S), i.e.
IIf = u(f)p for all f € Cy(S) (and thus also for all f € bB(S)). In other words,
I(x, dy) = p(x)u(dy).
In addition, we have
Han - HHbB(S) < C?"n, n > 1. (48)

because for a Feller kernel, such as Q™" — II, its norm on bB(S) coincides with its
norm on Cy(S). This implies in particular that Ker (I — Q™|s5(s)) = {cp;c € R} and
Ker (I —(Q™)|my(s)) = {ep; c € R}

Now for any eigenfunction f of @ in bB(S) associated with 1, we have Q™ f = f,
then f = cp. Thus Q¢ = ¢. Thus QII = II on bB(S).

Finally the desired geometric convergence follows by , because for 0 < k <
m—1,

Q™™ — Mluas) = 1QM(Q™ = TD)lss) < max 1Q" les(s) - Q™ = 1) lussgs)-

Step 6: Proofs of (a) and (b).
By (4.3), if v € Myw(S) is such that vQ = Av, and v(p) # 0, we have
@ —v(e)pllry = IA"v —v(e)pllry — 0
as n — +o00. Asv(p) #0, A =1and v = v(p) - p. That is part (a). In the same way
we get part (b). This concludes the proof of Theorem [4.1] O
5. PROOF OF THEOREM

In this section, one proves Theorem [2.2f (see Section|5.2]). We first start with preliminary
results.

5.1. Preliminary results. Let us start with the following proposition.

Proposition 5.1. If a < f € D.(L) where a € [—o0, +00], then for any C*-concave
function ¢ :la,+oo[—= R, po f € D(L) and

Loof <¢'(fILS. (5.1)
Proof. For t > 0, let

M, = [(X,) — f(Xo) — /0 CF(X.)ds

which is a local martingale. By Ito’s formula (Dellacherie-Meyer [28, p350, Théoréme
27]), ¢ o f € D(L) and

dp o J(X0) = ()X )LL)t + dM) + 5 (X )M, M+ dS,

where M, is the continuous martingale part of M, and

Si= Y (po f(Xs) = po f(Xe) = ¢ (NXF(X) = F(X)])

0<s<t

By the concavity of ¢, dpo f(X;) < @' (f)(Xi-)[Lf(Xy)dt+dM,]. Thus (5.1)) holds. O
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The following lemma establishes the strong Feller property of PP on D for t > t,.
Lemma 5.2. Under (C1) and (C4), PP is strong Feller on D for all t > t.

Proof. Let (x,)n>0 be a sequence of points in D converging to x € D. Let us prove that
PP f(z,) — PPf(x) for any f € bB(D) and t > t, fixed. Let K = {x,z,;n > 0}. One
has:

/BT(]-KPI;D) < /BT(]'KPt) =0
by the strong Feller property of (P, ¢ > 0) on S, see (C1). In other words the family
{PP(x,,-);n > 0} is relatively compact in the T-topology. That is equivalent to say

that -
{mﬂziﬂj&ggnzo}
dm

is relatively compact in the weak topology o(L'(m), L>(m)), where m is the reference
measure given by

1

m() = PPx,) + 3 oo PP ().

By the well known equivalence of the relative compactness and the sequential com-
pactness in o(L', L) (by the Dunford-Pettis theorem [27, Théoreme 25 p. 43]) , we
have only to prove that the limit point in the 7-topology of PP(z,,-) is unique and
coincides with PP(x,-), i.e. if PP(z,,, ) — v in 7-topology for a subsequence (nj),
then v = PP(x,-). By (C4), we have for any f € A,

V(f) = klggo Pth(xnk) = Pth(X)
By the measure-separability of A, v = PP(x,-). O
5.2. Proof of the main result. We will formulate a weaker version of Theorem [2.2]

Theorem 5.3. Assume that (C1l), (C2), (C3), (C4), and (C5) hold. Suppose
moreover that for some p > 1 and M > 0,

LWP < MWP. (5.2)
Then, all claims in Theorem hold with WP replaced by W.
Admitting this result, we give at first the proof of Theorem [2.2
Proof of Theorem[2.2. For any p > 1 fixed, by Proposition and (C3), it holds:

LWP < lwl/p—lﬁw < _T_"Wl/p + b—ann-
p p p
In other words, W = W'/? satisfies (C3). Furthermore for each n,
LW)P = LW < b1k, < bW = b,(W)P. (5.3)
Thus applying Theorem to W, we obtain Theorem Il

Let us now prove Theorem [5.3]
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Proof of Theorem[5.3. The proof of Theorem [5.3]is divided into several steps.

Step 1. Let ¢ > 0 be arbitrary but fixed. Let us prove that PP satisfies Assumptions
(1), (2), (3), and (4) in Theorem with & = D there. First, reasoning as in (3.8)),
one deduces using together with the fact that PP < P, that for all x € D,
PPWP(x) < eM'Wr(x). Thus PP satisfies Assumption (3) in Theorem [4.1} In addition
(C5) implies that PP satisfies Assumption (2) in Theorem Recall that

W(y) W(y)
Pl = o T 0 dy) < s Bl dy) = Puw(x, dy)
and that PR, also satisfies (A1) (by (3.12) and (3.13)). Then, by Theorem , and in
view of (3.12]),

) 1/n
ress( PP liyssp)) = lim [Bu(PRw)] " =0,

Furthermore by Lemma , PP is strong Feller on D for all t > t, (and thus PP satisfies

in particular Assumption (1) in Theorem [4.1)). This together with the topological

transitivity in (C5) implies that for any ¢ > 0, PP is my-irreducible where m; =

ftjoo e~*PP(xy,-)ds, for some x; € D. Indeed, let A € B(D) such that m;(A) > 0. The

function g;(x) := ftjoo e *PP(x, A)ds is continuous (since PP is strong Feller on D for

all t > ) and positive at x; (by choice of A). Then, by (C5), we have once if Nt > t,
P2gi1(x) >0, ¥x € D.

By Nummelin |63, Theorem 3.2],

ap (P ) = lim sup W ()

Thus, we have proved that PP satisfies the Assumption (4) in Theorem .

Step 2. Let Ap := —log s, (PP |py5(0))- Applying Theoremto Q = PP on bwB(D),
there is a unique couple (up, ¢) where up is a probability measure on D with up(W) <
+00, ¢ € Cpw/(S) positive everywhere on D, up(¢) = 1 and

—Ap

( Ex[W(Xnt)anav])l/n > 0.

pp PP = e up, PPp=e
and for all f € bwB(D) and n > 1
Hen)\DPan - MD(f)SOHbWB(D) < CeiéanwaB(D)' (54)

where C' > 1 and 6 > 0 are independent of f and n. In addition for any ¢ > 0,
since (upPP)PP = (upPP)PP = e P upPP and Ker (e7*?1 — (PP)*) in Myw (D) is
one dimensional and upPP € Muw(D), one deduces that upPP = A(t)up. By the
semigroup property, A(t +s) = A(¢) - A(s). As A\(1) = e=*?, one obtains that:

At) =e )t >0.

')

By (a) in Theorem [4.1]
oo (P b)) = A(t) = 7",
Since
P, (t < 7p) = pp PPl = e up(1) = 7!
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then Ap > 0 and
IEDM) (Xt S "t < TD) = eADt:uDPtD(') = HD,
ie. pup is a QSD. Let us now prove the uniqueness of the QSD of (X, ¢ > 0) in D in

the set of measures v such that ¥(W) < 4+o00. To this end, let us consider vp a QSD
satisfying vp(W) < +o00. Then for all t > 0

l/thD = /\(t)VD, )\(t) = ]P)VD(t < O'D).
By (a) in Theorem [4.1] this implies necessarily that
)‘<t) = rSP(Rtplwa(D)) = e " and Vp = Up,

which conludes the proof of the uniqueness. Finally for any ¢t = n + s with s € [0,1],
by (5.4) we have for all f € bwB(D)

He(nJrs /\Dpﬁi—sf - €SAD,UD<PSD]£)90HI,WB(D) < CT”GS)\D HPstHbWB(D)
As e?Pup(PPf) = pp(f) and supyeio ) | PY lawsm) < subsepoyy [[PsWllosm) < €™ (by
the proof in Step 1 of Theorem [3.5 and (C3)), we obtain for all f € bwB(D),

HetkDPth_ND SOHbWBD)<C, N fllows), 0 :=—logr, C'=Ce"e*. (5.5)

Thus, one has for all f € bwB(D) and all measures v € Myw(D):

B, [f(Xo)|t < op] — pp(f)] = 6;1;%;)13 — (/)
_ |1)(e) + Os(e W) | f i) _ (f)‘
() + Oa(e D) (W) [ Fllisco) i
> Ol e—ét V(W) WB(D
| + 01 B o) _mm‘

1+ Oz 29| 0

)

v(W)
< O5(t)——
< 040 fluyacr
where for all k = 1,2,3 and for all t > 0, |Ox(t)] < Ce™®, for some constant C
independent of v and f. That yields:

~5: V(W)
v(p)

Step 3. We have proved that A\p € [0,+00). Let us now prove that \p > 0. If
in contrary Ap = 0, then for all t > 0, up(PP1) = up(l) = 1. This implies that
PP1(x) = 1 for all x € D and ¢t > 0, due to the fact that the function 1 — PP1 is
nonnegative and continuous over D (by the Feller property of PP) and that up charges
all nonempty open subsets of D. That is in contradiction with the second assumption

in (C5). Then Ap > 0. Now for every x € D, it holds by (5.5)) with f = 1:
P,(0p = +00) = lim e PP (t < op) = 0 x p(x)up(1) = 0.

t—+00

|E,[f(X0)[t < op] — up(f)] < Ce 1 lews): Vf € bwB(D),t > 0.
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Next P, (t < op) = up(PP1) = e *?'. It remains to prove the independence of X,
and op, under P,,. For any f € bB(0D), letting for x € D,

u(x) = Eu[f (Xop)];
we have by the strong Markov property

By [f (Xap)Licon] = pp(P7u) = e pp(u) = e "By [f(Xop)] > 0,
which is the desired independence. This concludes the proof of Theorem [5.3] g

Remark 5.4 (On Step 3 in the proof of Theorem [5.3)). To prove that Ap > 0, it
is also possible to use the standard result [60, Proposition 2]. In addition, it is also
standard that X,, and op are P, -independent as soon as pip is a QSD, see indeed [60),
Proposition 2].

6. APPLICATION TO HYPOELLIPTIC DAMPED HAMILTONIAN SYSTEMS

In this section, we apply Theorem to hypoelliptic damped Hamiltonian systems on
R?® (see (6.1)) when D = O x R? (O C R?, see more precisely (6.27])). To this end, we
first define the setting we consider and then, we check that the assumptions required
to apply Theorem are satisfied for such processes (namely (C1)-(C5)): these are
the purposes of Sections and respectively. Finally, in Section [6.3, we state the
main result of this section which is Theorem [6.9]

6.1. Framework and assumptions. Let d > 1. Let (Q,F, (F;)i>0,P) be a filtered
probability space. Let (X; = (z4,v;),t > 0) be the solution of the following hypoelliptic
stochastic differential equation on R??:

{dl’t = Utdt,

1
dvt = —VV($t)dt — C<$t, Ut)'l}tdt + E(ﬂft, 'Ut)dBt, <6 )

where (By,t > 0) is a standard d-dimensional Brownian motion on (Q, F, (F;)i>0, P).
Here the state space is S = R??. Equation describes a system of N particles
(in this case d = 3N) moving under interaction forces which are subject to random
collisions. The function ¢ is the damping (or friction) coefficient and V' is the particle
interaction potential function. We refer for instance to [75] 83 59], and to the review
of the literature [56] for the study of such processes in R??. Let us define the following
assumptions on V and c:

(Avl) V:R?Y - Ris C' and V is lower bounded on R
(Acl) c¢: R* — R is continuous. In addition, there exist n > 0 and L > 0, such
that

1
Yo eRY |z| > L: 5[0(3:,1}) + " (z,v)] > I
Finally, for all N > 0,

sup  le(z,v)||ns < +oo,
|| <N,veRd

where ||c(z,v)||ns is the Hilbert-Schmidt norm of matrix and where ¢’ is the
the transpose matrix of c.



24 A. GUILLIN, B. NECTOUX, AND L. WU

(AY) ¥ : R* — R a C* function, uniformly Lipschitz over R?*? and such that for
some Yo > 0 and X > 0,

Vx € R* ¥ < B(x) < Y.

For some results below, (Acl) can be replaced by the less stringent assumption:

(Ac0) c: R?*® — R¥? is continuous and

1
JA > 0,Vo,v € R%: 5 [e(z,v) + " (z,v)] > —A Iga.
This will allow us to consider in particular the hypoelliptic damped Hamiltonian systems
with unbounded v-dependent damping coefficient:

for some ¢y > 0, Va,v € R, c(x,v) = |v]® (6.2)

and fast growing potential, in the sense that there exist ng > 2, rg > 0, and r > 0, for
all |z| > 7o,

V satisfies (Av1), rHaz|™ < V(z) < r|z|™ and r x| < 2 - VV(2). (6.3)

Notice that when (/6.2)) holds, Assumption (Acl) is not satisfied but (AcO0) is satisfied.
The condition that ng > 2 is justified in item (2) in Proposition [6.5] below.

Remark 6.1. Condition (6.3)) is satisfied for instance for a C* function V over R? which
equal a polynomial function with leading terms a|z|*", with n > 2 and a > 0, outside
a compact set of R%.

When V', ¢, and ¥ satisfy respectively (Av1l), (Ac0), and (AX), there is a unique
weak solution to (6.1]) by [83, Lemma 1.1], which is thus a strong Markov process. We
will thus always assume at least (AX), (Avl) and (Ac0) in what follows.

For t > 0, we recall that (P, > 0) denotes the semigroup of the process (X;,t > 0),
that is P(x, A) = Py(X; € A), where A € B(R??) and x = (z,v) € R?’. In the following,
we denote by (X?(x),t > 0) the process (X;,t > 0) when X, = x. Let us also denote by

X3 (z,v)
2

the infinitesimal generator of the diffusion (6.1)). Let us recall that D.(L£) denotes the
extended domain of the generator of the semigroup (P, ¢t > 0) of the process
(see for the definition).

Let us check that the assumptions required to apply Theorem are satisfied for
the process when D = O x R? (O C R?, see more precisely (6.25)), by prescribing
if necessary, more assumptions on V', ¢, and /.

Ly A, +0v.V, = VV(2).V, —c(z,v)v.V,, (6.4)

6.2. On the assumptions (C1)-(C5).
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6.2.1. On the assumptions (C1) and (C2). One has the following result from [83].

Lemma 6.2. Assume that V', ¢, and ¥ satisfy respectively (Av1), (Ac0), and (AX).
Then, (C1) and (C2) are satisfied for the process (6.1)).

Proof. Let us first prove that (P, ¢ > 0) satisfies (C1). Introduce the process (X =

(29, 0Y),¢ > 0) solution (in the strong sense) to the stochastic differential equation over

R4
dz? = v)dt,
dv) = (22, v))dB.

That is (X?,¢ > 0) is the process when V = 0 and ¢ = 0. Let (Pt > 0)
be the semigroup of process (6.5). Under (AX), for ¢ > 0, P has a smooth density
(x,y) € R¥ — pY(x,y) with respect to the Lebesgue measure dy by the Hérmander’s
theorem. Therefore, when (x,), converges to x € R* as n — +00, p?(x,,y) = p2(x,y).
Since for all n, [pou P (Xn,Y)dy = [poaPP(x,y)dy = 1, it follows by Scheffé’s Lemma
that p?(x,,y) — pY(x,y) in L'(R?*® dy) as n — +oco. Hence for any f € bB(R?*),
PP f(xn) = Jpea FW)IPP Y)Y = [poa F(y)P(x,y)dy = P f(x). That is, P is strong
Feller for ¢ > 0.

When V' and ¢ satisfy (Av1l) and (Ac0), using the same arguments as in the proof
of [83, Proposition 1.2], we deduce that, for ¢ > 0, P; is strong Feller and thus satis-
fies (C1).

Moreover, for any 7' > 0, the mapping

x € R* = P (Xpr € -) € My(C([0, T], R*))

is continuous with respect to the weak convergence of measures on C°([0, 7], R??)
(equipped with the uniform convergence topology). Indeed, the weak limit of the weak
solutions of with starting point x,, converges to the solution of the martingale
problem with starting point x, as x, — x € R?? by the continuity of the coefficients
in (6.1)) and the uniqueness of the weak solution of (see [83, Lemma 1.1]). Thus
(C2) is satisfied for the process (6.1)). O

(6.5)

6.2.2. On the assumption (C3). Let us define the following last assumptions on V
and c.

(Av2) There exists a C* function G : R? — R? such that G and VG are bounded over
R¢, and such that

VV(z) - G(z) = 400 as |z] = +o0.
(Ac2) There exists some C? lower bounded function U : R? — R such that

sup |c!(z,v)G(z) — VU(z)| < +o0.
z,0ERI

Remark 6.3. Let us recall some examples of functions V' and ¢ satisfying (Avl),
(Av2), (Acl), and (Ac2) (|83, Remark 3.2]):

(1) If the damping coefficient ¢ satisfies (Acl) with moreover

sup |le(z,v)||ms < oo,
z,vER
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then (Ac2) is satisfied with U = 0.
(2) Assume that V satisfies (Av1) and that:

(a) limz— 400 %V‘(x) = 400. Then, (Av2) is satisfied with
- Gz) = ﬁu - X,
T

where y : R — R is C*®, has compact support, ¥ = 1 in a neighborhood
of 0 in R%.

In particular, (Av2) and (Ac2) are satisfied when V : R — R is a C!
function such that VV(x) - x > ¢o|z|** (k € N*, ¢y > 0) outside a compact
subset of R? and ¢(z,v) = ¢;]x]* (¢ € N*, ¢; > 0) on R*® (choose indeed G
as above and U(z) = ¢1(1 — x)|z|*7™ /(2 + 1)).

(b) There exists r > 0, |z| > r +— ey (z) = VV(2)/|VV(z)] is C', bounded, and
with bounded derivatives, and lim;|—, 1o |[VV(2)| = 400. Then, (Av2) is
satisfied with

r = G(r) = ev(z)(1 - X),
where y : R — R is C*°, has compact support, and x = 1 on B(0,r + 1).
Notice that when d = 1, lim;—, oo I'V|;/|(w) = 400, (Ac2), and limpy|, 1o [VV (2)]
+o00 are equivalent (under (Av1l)).
(3) When d = 1, the case when there exist ¢y, ca, wy > 0, such that

1
Va,v € R, c(x,v) = c12® — ¢y and V(z) = §w(2]x2, (6.6)

corresponds to the the noisy Van Der Pol oscillator. Then, (Avl), (Av2),
(Acl), and (Ac2) are satisfied with G(z) = z(1—x)/|z|, and U(z) = [c1]z]*/3—
calz|](1 = x), where x : R — R is C*°, has compact support, and y = 1 in a
neighborhood of 0 (see [83, Section 5.3]).

The Hamiltonian of the process (6.1)) is, for z,v € RY,
1
H(z,v) =V(x) + §|v|2.
Assume that (AY), (Avl), (Av2), (Acl), and (Ac2) hold. Let us introduce for
(x,v) € R?* the modified Hamiltonian [83, Eq. (3.3)],
Fi(z,v) =aH(z,v) +v- (bG(x) + Vw(x))+bU(x) (6.7)

where G, U are as (Av2) and (Ac2), a > 0, b > 0, and w : R? — R is a compactly
supported C? function. Define, for all z,v € R%:

Wi(z,v) = exp [Fi(z,v) — inf Fy] > 1. (6.8)
R2d

We now give a concrete upper bound on W; which is useful to verify the integrability
condition in Theorem 2.2

Lemma 6.4. Assume that V' satisfies (Av1) and (Av2). Then lim,_, o V(z) = +o0.
Let ¢ be such that (Acl) and (Ac2) hold with limg|_, o U(x)/V(x) = 0. Then, for
any € > 0, there exists R > 0 such that if |z| + |v] > R, W, (z,v) < eal+IH@w),
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Proof. Let us prove that lim,_, ., V() = +00. Assume without loss of assumption that
V > 0. Notice that (since G is bounded) there exists C' > 0 such that 1/|G| > C over R<.
In addition, in view of (Av2), there exists ry > 0 such that |G(z)| > 0 for all |z| > 7.
Let Ry > ro and Cy > 0 be such that VV(y) - G(y) > Cj for |y| > Ry (see (Av2)).
Consider for |x| > Ry, the curve y(x) solution to Y(z) = —G(1(x))/|G(w(x))| with
Yo(z) = x, for all t € [0,Ty(x)], where Ty(z) = inf{t > 0,y (z) = Ry} € R% U {+o00}.
Notice that Ty(x) > |x| — Rp. It then holds, if Ty(z) < 400,

To(x) )
V(:C) > / VV(’)/S(ZE)) G(Vs(x))ds > CCO(|CL‘| . RO)-
0 |G ((7s(2))]
The case Ty(z) = +oc is not possible since it would imply that V' (z) > CCyt, for all t >
0. Thus lim, o V(z) = +00. The proof of the upper bound on W, is a consequence
of the fact that, for any a,b > 0 fixed, v - (bG(x) + Vw(z)) + bU(x) = o(aH(z,v)) as
|z| + |v] = +o0. O
Let us mention that because W; € CH?(R? x R?) (i.e. W, is C! in the variable x and
C? in the variable v), W; € D.(£) and LW, = LyW,; quasi-everywhere (see )
Let us now check that (C3) is satisfied for (P, ¢ > 0) under the above assumptions
on V and c. This is the purpose of the next proposition.

Proposition 6.5. Assume that 3 satisfies (AY). Assume that:

(1) The functions V and c satisfy (Avl), (Av2), (Acl), and (Ac2). Then, for a
well chosen function w € C*(R% R), and well chosen constants a > 0 and b > 0
(see [83, Eq. (3.4) — Eq. (3.9)] for explicit conditions), Assumption (C3) is
satisfied for the process with the function Wy defined in .

(2) The functions ¢ and V satisfy respectively and . Then, Assump-
tion (C38) is satisfied for the process if

by <ng—2 (6.9)

with the continuous bounded Lyapunov function Wy : R? — R defined below

Let us mention that W; (see (6.8)) and Wy (see (6.12))) in Proposition are not
unique by construction (see indeed [83, Eq. (3.4) — Eq. (3.9)] and the proof of
item (2) of Proposition [6.5] below). Moreover, let us notice that W; is not bounded over
R, Concerning item (1) in Proposition [6.5] we also refer to [83, Section 5] for other
Lyapunov functions in explicit examples like the noisy Van Der Pol oscillator.

Proof. Item (1) in Proposition is proved in [83, Section 3] (see more precisely
Eq. (3.9) there). Let us thus prove item (2) in Proposition Assume that ¢ and V/

satisfy respectively (6.2)) and (6.3]). Recall that the Hamiltonian of (6.1)) is

0]

(z,v) € R* s -+ V(z).
The infinitesimal generator of the process (6.1)) is in this case (see (6.4)), (6.2]), and (6.3])):
22
Lo = (z U)Av +v-V, — [VV(z) + [v[*v] - V,.

2
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Let us construct a Lyapunov function for such a process. To avoid any problem of
regularity at 0 in the upcoming computations, let us actually consider
2
v
(2.0) € B v Hafar0) = 10 4 V() 1k,

where kg > 0 is such that V(z) + ko > 1 for all z € R (see (6.3))). Let
a>0,a>0,b>0, and 8 > 0.

be positive real numbers. Assume that (recall ny > 2),
1 1
0<f—-—a<-—— 6.10
pasi-a (6.10)
so that the function
(z,0) € R — Fy(z,v) = —aHy*(z,v) + bz - v HE (2, v),
is bounded. Indeed, aH;* is a bounded function over R??. For the other term, set
A = [ — a, and use Young’s inequality with ¢ =2(1 —\X) > 1 (A < 1/2, see (6.10])) and
p=q/(g—1) =2(1=A)/(1—2X), to get
|z - v xP N vl

HQ(xvv)li)\ N pHZ(mav)li)\ qHZ(:CaU)li)\.
The function x,v — |x - v|Hy(z,v)*! is thus bounded if p < ng(1 — \) (see (6.3)), that
is 2(1 — A)/(1 —2X) < ng(1 — A) which writes 2 < ng — 2Ang which is precisely (6.10]).
Then set, for z,v € R,

(z,v) € R* = Wy (z,v) = exp [Fa(z,v) — inf F5], (6.12)
R2d

(6.11)

which belongs to C1?(R?xR?) (thus Wy € D.(L£)). For ease of notation, in the following,
we will simply denote Fy (resp. Hs, W3) by F (resp. H, W). It holds, 8(”/VW = V,F,
&W — v,F, and Sz = A,F + |V,F|%. Thus, one has:
LoW
W
where we recall that ¥ : R?*¢ — R is smooth and bounded, by assumption. One has,

V.F =aaVVH "+ boH ' — b(a+1— B)z - vVVH 72,

1 1
= 5zQAUF + §EQ|VUF|2 +v-V,F = [VV + |v|°v] V,F, (6.13)

and
V,F = aqvH ! 4 ppHA—1 — bla+1—p)x- voHP2,
We then have

v VoF = [VV + |v['v] V,F = H* | — aalo[**? + bjv[*H” — ba - VVH?
—bv|®z - vH? +b(a + 1 — B)z - v|v]°T2H . (6.14)
Moreover, it holds:
AF =aocH™ " —aalv*(a + DH 2 +b(f —a — 1)z - vH7*2
—(d+Db(a+1—=p)a-vH2 —bla+1—B)(B — a—2)x - vjv|*H 773,
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The functions (z,v) — aaH™"! and (x,v) — |[v|?*H=2~2 are clearly bounded over R%,
In addition, since H™! is bounded over R??, there exist C' > 0, such that

|z - v|HP272 < Clo - w|HP o = Cla - w|HA
and from the analysis led in above (see and recall that A = f—«), (z,v) —
|z - v|H#=*=2 is bounded over R*. Finally, (x,v) + |z - v||v|?|H?~*=3 is also bounded
over R?? since (see also and (6.10)), |z - v|Jv[*HP 773 = |z - v|H} x [u]*H72. One
then obtains that
Y2A,F is bounded over R??.
Similarly, the functions |v|H=71, |z|HP=2~! = |z|HA~! (recall that A < (ng — 1)/ng so
that ng(1—X) > 1, see (6.10))), and |z - v||v||[H# %2 = |z - v|H*! x |u|H™L, are bounded,
and then deduces that
¥%|V,F|? is bounded over R’

Consequently, from (6.13]) and (6.14]), one has, for some C' > 0 independent of x and v,
LoW

< C+H ] aalo]2 4 bloPHY — bo - VYV H
— bz - vH? + bla+1— Bz - U\UIZOJFQHfB’l]. (6.15)

Let us now give a lower bound on the term inside the bracket in (6.15)), that we denote
by M. Let us assume that
g < 1.

Then, it holds, for all s > 0 and t > 0, 2°71(s”? + %) < (s +t)? < s +#. Since there
exists 71 > 0 such that so that for all z,v € R:

0P

B-1y/8 8 B v’
27V (@) + - < Hav) < V(o) +

267
where for all z € R? we set:
Vo(z) = V(x) + ko,
which satisfies (see (6.3))), for some r > 0 and C' > 0, and all |z| > 7,
C7Hax™ < Vo(x) < Olz|™ and CHz|™ < - VV(x). (6.16)
Therefore, since b(a+ 1 — ) > 0,

b b
M < —aalv|t? 4 bjoPVy + 2—ﬂ]v|2+2f3 — 257l WV VP — §|:U - VVol[v]*

13)"[}
+ Losob [2[Vg o] + Q—Bsob || |v|fo 1428
2| VE ol 1,50 || [u]3+o+28
Pl L =0 g g e et e (61

Let us now find conditions such that —aa|v|%*2 and —2°~1bz - VV, V¥ are dominant

in the right hand side of (6.17). From (6.16]), for |z| > r,
O | tf < o WV (@) [V () = Vi (@) 2 - VVi(x), (6.18)
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for some C' > 0 independent of x. Assume that
B < €2, (6.19)
so that [v|*™2% = o(|v]%*2) as |[v| — +o0. In addition, for 0 < € < )y, using Young’s
inequality with p. = (¢ +2 —€)/2 > 1 and ¢. = p./(pe — 1) = 1+ 2/(ly — ¢€):
MQVO,B < pe—l‘v|€0+2—e + qg—l%ﬁ(lﬁ/(fre))_

From (6.19), for € > 0 small enough f < (¢y — €)/2 and thus ngB(1 +2/({y — €)) <
no + no. Then, for such € > 0, [v|072-¢ = o(|v|*2) as |[v] — +oo and V!0~ =
o(|z|mothn0) — 400 as |z| — +o0 (see (6.16)). For e < 1, using again Young’s inequality
with p = (6 +2 — )f(ty+1) = 1+ (1 - /(lo+ 1) > T and q. = p f(p. — 1) =
(lo+2—¢€)/(1—€) =14+ (ly+1)/(1 —e¢):
\U|EOH|x|VOB < p6—1’U|£0+275 + qgl|x‘%ﬁ[1+(fo+1)/(1—e)}'

Let us check that (1 4+ ngB)[1 + (bp + 1)/(1 — €)] < nof + ng. This is equivalent to
no3 < (ng —1)(1 —¢€)/(¢y + 1) — 1. Notice that from (6.9)), (no —1)/(¢p + 1) > 1 and
thus for € > 0 small enough (ngp — 1)(1 —€)/(¢p + 1) > 1. Then, assume that

o < (no —1)/(lo+1) -1 (6.20)

Voﬁ[l'*'(fo-ﬁ-l)/(l—f)] = of|z|mo+noB)

so that for € > 0 small enough, |z| . Assume also that

f<1/2 (6.21)
so that, for € > 0 small enough, p. = (fo +2 —€)/(ly + 1 +23) > 1. Then,
‘xH,U’foJrlJrQB < p;l‘v‘fo+27e + qzl‘x’(foJere)/(lfefQﬁ)'

Assume that

EO +2< (noﬁ + no)(l — 25),
which is satisfied if 3 > 0 is small enough since ¢, + 2 < ng (see (6.9)). Then for € > 0
small enough, (fp+2—¢)/(1—€—28) < ngB+ng and |z|oF2=a)/(1=6=28) — o(|g|nob+no),
Moreover, for 8 > 0 small enough, it holds ng/(1 + ng3) > 1 and thus, V + v?/2 >

C1V; /Mot P3/2-28  for some C' > 0. Then, because |z|V; /™ is a bounded function
(see (6.16))), it holds for some M > 0 independent of z and v,

‘I|1+n05|v|10+3

Vo +v%/2
If 8 < 1/4, then the left hand side of is equal to o(|v]%T2) as |v| = +o0. Finally,

since Vo + |v[2/2 > C~1V,/™ |u|M0=D/0  for some M > 0 independent of z and v,

|x||v|€0+3+2/5

Vo +v?/2
Taking 5 > 0 such that 2642/ng < 1 (this is possible because 2/ny < 1 by assumption),
the left hand side of the previous inequality is equal to o(|v|**?) as |v| — +o00. In

conclusion, all the previous estimates together with (6.18) imply that there exists n
(depending on ¢y and ng) such that if

0<p<n, (6.23)

< M|u|fot3/2+28, (6.22)

< M‘U’Zo+1+25+2/no_
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then (recalling also that 0 < o« < 8 and n < ¢y, see (6.10) and (6.19)), there exists
G.15)

C > 0 and a continuous function x,v € R% — K(z,v) such that (see )

%WSC—MLW (6.24)

with K(z,v) — 400 if |z| + |v| = +o00. This ends the proof of Proposition O

Let us now consider O, a nonempty subdomain of R? (not necessarily bounded), that is
O is a connected open subset of R?. As explained in the introduction, we are interested,
for applications in statistical physics, in the existence of quasi-stationary distributions

for the processes ([6.1]) in
D=0 x R (6.25)

Of course, other domains might be considered with our techniques. Recall that op
(see (2.1)) is the first exit time from D for the process (6.1)):

op(x) =inf {t > 0, X;(x) ¢ D} =inf {t > 0,z,(x) ¢ O}, (6.26)

where we recall that (X;(x),t > 0) stands for the process (X, ¢t > 0) when Xy = x €
R??. Let us now check the other assumptions on (PP ¢ > 0) (the semigroup of the
process (6.1)) killed when exiting D, see (2.2)) and (6.26)) needed to apply Theorem [2.2]

6.2.3. The semigroup (PPt > 0) is topologically irreducible.

Lemma 6.6. Assume that V, ¢ and ¥ satisfy (Avl), (Ac0), and (AX). Then,
(PP,t > 0) is topologically irreducible. If the open set R\ O is not empty, then for all
x€Dandt >0,

P, (op < t) > 0,
which implies in particular that Py(op < +o00) > 0 (thus (C5) is satisfied for the
process (6.1)) when D =0 x R9).

Proof. We will apply the Stroock-Varadhan support theorem.
Step 1: the case when V =0 and ¢ = 0.

Recall that the process (X} = (xt , vt) t > 0) is the solution (in the strong sense) to the
stochastic differential equation (6.5]). Denote by (X?(x),t > 0) the process (XP,t>0)
when X = x. Let (PD0 t>0) denote the semigroup of the process ) killed when
exiting D Denote by ¢% the first time the process (X} = (z?,0Y), t > 0) exits D
(see (6.26)). The stochastic differential equation (6.5) writes in the Stratonovich form

dz? = vdt,
1
dv) = —QZ(J:Q,US)VUZ(I?, V) + 3(2,0)) 0 dB,.
Let O; be a nonempty open subset of O and O, be a nonempty open subset of RY.
Consider xg = (zo,v0) € D and x; = (x1,v1) € Oy X Os. Let t > 0 and v : [0,¢] — O be

a C' and piecewise C? curve such that (0) = x¢, ¥(0) = vo, ¥(t) = z1, and ¥(t) = v;.
The construction of such a vy can be done by a local cubic interpolation in time as it
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is done for instance in [54, Lemma 4.2] (their arguments also hold though O is not

bounded). For s € [0,1], set

v(s) = (V1)) here Yy(s) = +(s) and Ya(s) = (s).
Ya(s)
Then, define the piecewise continuous function & : [0,¢] — R? by:

1 .
h(s) = m[ () + E( (5),7(s))VoX(v(s),¥(s))|, s € [0,].

Clearly, h € L%([0,t],R%), Y(0) = xo, and for all s € [0, ],
Yi(s) = Ya(s),

Ya(s —%E(Yl(S), Ya(s))VuX(Yi(s), Ya(s)) + E(Y1(s), Ya(s)) h(s).

)
By the Stroock-Varadhan support theorem [73] (see also [7, Theorem 4]), for all € > 0
and t > 0,
]P’XO< sup | X? —Y(s)| < 5) > 0.
s€[0,t]

Since for all s € [0,¢], Y(s) = (v7(s),57(s))" € O x R* = D and O is open, for ¢ > 0
small enough, if sup,co, |X? — Y(s)| < ¢, then X? = (z,,v,) € D for all s € [0,1]
(in particular ¢ < ¢ by continuity of the trajectories), and z; € B(z,2¢) C O; and
vy € B(vy,2¢) C Oy. Thus

PPOx0, 01 x O) = Py (X0 € O) x Os,t < 02) > IP’XO( sup | X0 — Y(s)| < 5) >0,
s€0,t]
which is precisely the topological irreducibility of (PtD’O,_t > 0). If the open set R?\ O
is not empty, then choosing O; such that O; C R?\ O, one deduces with the same
arguments as abovd that for all x, € D and t > 0,

P, (0% < +00) > P, (6 < t) > P (X € O; x RY) > 0.
Step 2: the case when V' # 0 and ¢ # 0.

Let us now come back to the case when V' # 0 and ¢ # 0. Pick f € bB(D). Since
V and c¢ satisfy (Av1l) and (Ac0), from [83 Lemma 1.1] (and the remark on page 7
there), for x € R?! and ¢t > 0, the law of (X,(x),s € [0,]) is equivalent to the law of
(X%(x), s € [0,¢]). In particular, for all ¢ > 0 and all x € D,

P(X; € Oy x Oq,t < op) > 0 if and only if P,(X) € O) x Oy, t < 03) > 0,

and
P,(op < t) > 0 if and only if P,(0% < t) > 0.

et 7 : [0,4] — O be a C° curve such that 7(0) = z¢ and 7(t) = 21 (O is path-connected because it
is connected and locally path-connected, since it is open). Then, apply [54, Lemma 4.2] with (using the
notation there) K = {xp,x1}, 0x = idistga(Ran n,00) > 0, K’ = {(z,v) € R??, distga(z, Ran n) <
0k /2, |v| < max(|vgl, |v1|)} (which is a compact and connected subset of D), and € = dx /2.

°In this case, consider v : [0,#] — R% be a smooth curve such that v(0) = zo, 7(0) = vo, (t) = z1,
and 4(t) = v1. Such a curve can be simply constructed by a (global) cubic interpolation in time.
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This ends the proof of Lemma O

6.2.4. Weak Feller property of PP.

Proposition 6.7. Assume that V', ¢, and 3 satisfy respectively the assumptions (Avl),
(Ac0), and (AY). Assume that O is a C? subdomain of R such that R\ O is
nonempty. Then, for t > 0, PP is strong Feller on D (and thus weakly Feller on
D). Thus, assumption (C4) is satisfied for PP.

Proof. The proof of Proposition is divided into several steps.
Step 1: properties of the process (X?,t > 0), see (6.5)).

Step la: Proof of (6.27).
In this step, we prove that, for y = (z,,v,) € 0D, if

n(zy) - vy 20,
then almost surely, for all ¢t > 0, there exists u € (0, t], such that
2%(y) € R4\ O. (6.27)

Equation (6.27) has been very recently proved in [54, (i) in Proposition 2.8] for the
process (6.1)) when ¥ is constant (that is, ¥ is independent of x and v). The proof

of requires further analysis when ¥ is not constant. When v, - n(z,) > 0, the
proof of is straightforward. Indeed, because 90 is C?, in a neighborhood U of
z, € 90 in R O is given by {¥ < 0} for some C? function ¥ : R? — R such that
n(zy) = VU(x,) and 00 is given by {¥ = 0}. Then, for ¢ > 0 (sufficiently small, say
t < t*(y), so that 2(y) € U for all ¢t € [0,¢*(y)]),

/ V(2 WO(y) ds.

VU (z3(y)) - v(y) = v, - n(x,) > 0
and because s > 0 +— VU (2?(x)) - v9(x) is continuous almost surely, one deduces that
for all ¢ > 0 small enough,

In addition, since

U(z}(y)) >0,
which concludes the proof of (6.27) when vy - n(z,) > 0. Let us now prove (6.27) when
vy - n(xy) = 0. One has uniformly in 2 € U (recall that V' is of regularity C'),

V¥ (z) = n(zy) + O(|z — z,]),
so that, using in addition that v2(y) - n(a)(y)) = v, - n(x,) = 0, for ¢ € [0, t*(y)],

W) = [ o+ [ DU 2B - o)+ O(ally > —n))]ds
=1 [5 va (y)dul

¢
:/ M,ds + O(t?) sup [v2(y)|? (6.28)
0

s€0,t]
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where we set for s > 0,
M. = [ () e,
0

and where (w,, u > 0) is a standard one dimensional Brownian motion (w, = B,,-n(zy)).
Then, to prove ([6.27) and in view of the previous estimate, we have to study the sign
of fot Mgds (for small ¢ > 0). To this end, it is sufficient to show that

I JoMads st surel (6.29)
im sup ~2——— almost surely, :
o L(TH(1))

where L(r) = 1/2/37%2,/loglog(1/r) (for r > 0), and where for s > 0,

T(s) = / TS2(20(y), o2(y))dus

which is (almost surely) a strictly increasing and continuously differentiable function
from RT — Rt with T'(s) = [, 2(25(y), v5(y))du > $§ X s — +00 as s — +00. Notice
that because for all s > 0, ¥os < T'(s) < X5, it holds for all u > 0,

YSdu < T Hu) < S5t
Thus for some C' > 0, it holds, for ¢ > 0 large enough,
CL(t) < L(T7t)) < CL(1).

Consequently, t*/L(T~(¢t)) — 0 as ¢ — 0 and thus, in view of ([6.28)), im-
plies . Thus, let us prove ((6.29). By assumption on X, (Mg, s > 0) is a continuous
martingale and [M];, = T'(s) — 400 as s — 400. Then, using the Dambis-Dubins-
Schwarz theorem, there exists a standard one dimensional Brownian motion (V;,t > 0)
such that for all s > 0,

M, = Vim..
Since (T7)'(u) = /T (T (w)) = Z72(27-1(s Vp-104)):

t t T-1(t)
/0 M,ds = /O V(s ds = /O Vi 272 (@10 (), 0714 (¥)) du. (6.30)
Then, setting k = T~1(t) (t > 0), (6.29) is equivalent to

lim sup foﬁ Vul (xOT*(u) (v), U%J(u) (y)) du
o L(w)

The proof of (6.31]) is the purpose of the next step.
Step 1b: Proof of (6.31])).

By assumption on ¥ and since VX2 = —2(VX) X3, uniformly on x,z € R?¢, one has:

Y3 (x) = 27%(2) + O(]x — 2]).

> 0 almost surely. (6.31)
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Thus, using also that z9..,(y) = zy + fOT_l(u) v2(y)ds and T~ (u) < T7Y(t) = k (for
0 <u <), one has:

/VUZ_2(X%_1(U))dU—E‘Z(xy,vy)/ V, du
0

O [ Vs ) = ] + 11y = 3]
=X" (xy,vy)/ V. du

+ sup |V, ]O |:cT 1wy (Y) — Ty|du + K sup 102 (y) —vy\}
uw€[0,K] u€(0,x]

:EQ(xy,vy)/ Vo du
0

+ sup VO [ sup ily)ldu+ x sup 1oly) v
0

u€[0,k] u€[0,k] u€[0,k]

:E_Z(xy,vy)/ V. du
0
+sup [V, [ sup [o0(y)|O(%) + sup [1(y) = 1,0 (x) .
u€[0,x] u€[0,k] u€[0,k]

where we have used that 7-!(u) < ¥;'u. Using Watanabe’s the law of the iterated
logarithm [82] for [V, du (see also [50, (2) in Theorem 1]), it holds:

lim sup 2y, v) foN Vo du
k—0T L(K')

Using Khinchin’s law of the iterated logarithm of sup,.¢(o ) [Vu| (see e.g. [41]), it holds:

= Y"%(zy,vy) >0 almost surely.

lim sup Supue[o,n] |Vu|
k—0t P ("i>

where P(k) = v/2ky/loglog(1/k). Thus, since % ~ V/3/k, one has almost surely as

k— 0T

=1 almost surely,

0 SUPye0,1] Vel SUDye0,x] Vul kP (k) 0
k sup |v.(y) —v = sup |v,(y) —v,| = 0,
S el = ol = P L(o) iy )

because almost surely, sup,c(o  [vn(y) — vy| = 0 as & — 0F. This concludes the proof
of (6.31) (with more precisely limsup, o+ [ VUZ*Q(X%,l(u))du/L(/{) = X %(xy,vy)
almost surely), and thus of (6.29)) and then of (6.27]).

Step 1c: Proof of (6.32)).

Let (x,), be a sequence of elements of D such that x, — x € D as n — +o00. Let us
prove that for ¢t > 0,

as n — +00, 1140 () = 1i<s0 () in P-probability. (6.32)
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Let us prove . Let us pick t > 0 and a sequence x,, = (x,, v,), converging to some
x = (z,v) € D.

First of all, recall that under (AY), for t > 0, P? has a density p) over R?*® with
respect to the Lebesgue measure. It then holds:

P (op =t) < Py () € 00) = / Py (x, z,v)dxdv = 0, (6.33)
A0 xR4

since 00 has Lebesgue measure 0. Indeed, because 90 is C!, for any x € 90O, there

exists £, > 0, such that the open subset 00 N B(x,e,) of 0O has Lebesgue measure 0.

Moreover these open subsets of 9O clearly cover 9O and because JO is Lindelof (due to

the fact that R? is Lindelof and 90 = O N (R4\ O) is closed), 00 C UjenB(;, €4,) NOO.

Thus 00 has Lebesgue measure 0. This proves (6.33)).

Let us come back to the proof of (6.32)). For n > 0, denote by d,, () = max {|X?(x,)—
X%(x)|, s € [0,t]}. We have using [40, Lemma 3.3] (Assumption (A) there is satisfied
for the process (6.5]), see indeed (AX)):

for any r > 0, lir+n P(d,(t) > r) =0. (6.34)
n—-+0oo
Let {n'} C N be a subsequence. By (6.34)), d,»(t) — 0 in P-probability as n’ — +o0,
and thus there exists a subsequence {n”} C {n'} such that

lim d,»(t) =0 as. as n” — 4o0. (6.35)
n—+o0o
Let us prove that
Licod (x,) — Licod ) 8. as n” — +o0. (6.36)

In view of (6.33), we only have to prove on the events {t < o%(x)} and {t >
o (x)}.

D(()Iz}the event {t < oh(x)}, 22(x) € O for all s € [0,{]. By and since O is
open, there exists nj such that for all n”” > nj, 2%(x,~) € O for all s € [0,t]. Thus, for
all n” > nf, t < 0%(x,v). We have therefore proved that on the event {t < o%(x)},
1t<”%(xn”) — 1= ]-t<crOD(x) as n’ — +oo.

Let us now prove on the event {t > ¢%(x)}. In this case, necessarily, since
x € D, it holds almost surely, n(xg%(x)) ~vg%(x) >0. Set a = (t —0%)/2 € (0,t —d%).
Then, from , and by the strong Markov property of the process , there exists
u € (0,a] such that xg%(xHu(x) € R’\ O. By and since R? \ O is open, there

exists ng such that for all n” > nf, xg% » o (Xnr) € R \ O. Thus, by continuity of the
trajectories of for the process (6.5), for all n” > n, o9 (x,) < o%(x) + u < t. We have
proved that on the event {t > o5(x)}, Lics0 ) = 0 = 1y60 9 as n” — +oo. This
concludes the proof of .

We now conclude the proof of (6.32)). If (6.32) does not holds, there exists r > 0,
7 >0, and {n'} C N such that for all 0/, P(|1<59 ( ,) — li<o0 9| > 1) > 7. However,
there exists {n"} C {n'} such that holds, a contradiction. The proof of is
complete.

Step 2: End of the proof of Proposition [6.7]
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Pick f : D — R a measurable and bounded function (i.e. f € bB3(D)). Extend f by 0
outside D, so that f € bB(R?*?). From [83, Lemma 1.1], it holds for x € D and ¢ > 0:

Ex [f(Xt)]-t<afD} = E[f(X?(X)) 1t<a%(x) Mt(X)L

where

t
M= xp [ [0 08) e 1208 + 9V ()5,
0

1 t
-5 [ e et )ed + vV ) s
0

Let (x,), be a sequence of elements of D such that x,, — x € D as n — 400. Then,

from the proof of [83, Proposition 1.2], f(X?(x,)) — f(X?(x)) in P-probability and

M;(x,) — My(x) in L'(Q,P), as n — +00. Then, using (6.32), in P-probability,
f(Xt()(Xn)>1t<aOD(xn) — 1t<a%(x)f(X1?(X)) as n — +00.

Thus, Ex, [f(Xt)licop] = Ex[f(Xi)licop| as n — 400, that is PP is strong Feller for

t > 0. This ends the proof of Proposition [6.7] O

Remark 6.8. If D = O x V, where V is a smooth bounded subdomain of R¢, we refer
to [13] for the strong Feller property of PP.

6.3. Quasi-stationary distributions for hypoelliptic damped Hamiltonian sys-
tems (6.1). With all the previous results (see Lemma [6.2] Proposition[6.5] Lemma [6.6]
and Proposition , one deduces from Theorem [2.2 the following theorem for the
existence and uniqueness of the quasi-stationary distribution of the process in
D=0 x R%

Theorem 6.9. Assume that ¥ satisfies (AX). Let O be a C* subdomain of R?, such
that R?\ O is nonempty. Assume that

(1) The functions V' and c satisfy (Avl), (Av2), (Acl), and (Ac2). Then, there
exist parameters w € C2(RYR), a > 0, and b > 0 (see [83, Eq. (3.4) — Eq.
(3.9)] for explicit conditions on w, a, and b) such that Theorem[2.4 is valid for
the process with D = O x R?* and with the Lyapunov function W, defined
m . We refer to Remark for concrete examples of functions V and c
satisfying these assumptions, and to Lemma for an upper bound on W;.

(2) The functions ¢ and V satisfy respectively (6.2) and (6.3), and holds.
Then, Theorem is valid for the process (6.1) with D = O x RY and with the

bounded Lyapunov function Wy defined in (6.12). Let us emphasize that since
W, is bounded (see item (2) in Proposition[6.), item (b) in Theorem (2.9 holds
and item (d) in Theorem 18 satisfied for any initial distribution v in D.

In other words, if (AX) holds, when D = O x R? (where O is as in Theorem [6.9)), there
exists a unique QSD in D for the process (6.1)) in:

(1) For all p > 1, the space #, = {v € M,y (D), v(W;/?) < 400} when (Avl),
(Av2), (Acl), and (Ac2) hold. In addition, in this case, Equation (2.7)) holds
for all v € A,
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(2) The whole space of probability measures M (D) on D when (/6.2), (6.3)), and
hold. Moreover, in this case, (2.7)) holds for all v € My (D).
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